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Summary and Introduction

Let the likelihood function of the population under consideration
be P(X' Ho) and P(X }H) under the hull-hypothesis Ho and the alterna-
tive H respectively, and put

A = max P(x[HO) / max P(X | H)
Then it is well-khown that, under certain conditions, the random
variable =2 logek has the Xz-distribution with suitable degrees of
freedom in the limit as the sample size tends to infinity, provided
the null hypothesis Ho is true.

S. 8. Wilks /76 7 stated this result early in 1938, and gave a

sketch of a proof based on J. L. Doob's work /9 7. Later, in 1543,
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United States Air Force through the Air Force Office of
Scientific Research of the Air Research and Development
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2
A, Wald ["5;7 obtained the same result starting from somewhat stronger
assumptions. However, as far as the present euthors ars concerned,
they have not so far seen any complete proof of this proposition
along Wilks' line, or, in other words, a complste proof based upon
Doob's paper. Thus it seems worth whils to give a completely
rigorous proof of this proposition along the lines stated. In this
note, the authors are mainly concerned with the asymptotic distribu-
tion of the statistic -2 logek defined, as before, for testing null-
hypotheses of certain types on a mixed variates population which was
discussed by one of the authors in another paper /3 7. Toward that
end, in section 1, the authors present a rigorous proof of the fact
that -2 log A on Doob's assumptions has an asymptotic Xgodistributionj
In section 2 they establish a theorem which guarantees the consistency
and the uniqueness of the solution of the maximum likelihood squation
and some discussion on the consistency of the maximum likelihood
estimate. In section 3 the authors explain ths problem of testing
hypotheses in the 3-variates (X,Y,Z) population, where X,Y are
continuous and Z is categorical. Then in section l, the validity
of Doob's conditions and the assumption of Theorem 2.1 will be
verified in the case of the population which was explained in
section 3.

1, Doob's Theorem and Wilks'! Theorem. We shall start with the
th

definition of the n™" approximation of the maximum likelihood

estimate of a parameter or simply the maximum likelihood egtimate

of a parameter calculated from a random sample of size n., For the

sake of simplicity of explanation, we shall begln with the single

parameter cass. For each value of ® in a non-degensrats point set



ﬂ s which is called the parameter space, let f(x,8) be a probability

density on the infinite interval -0 < x < 00. Let x be a chance
variable whose distribution is determined by the probability density

f(x,Go), which is called the true depnsity. Without any loss of

generality, we can assume that Oo = 0, and put

£(x) s £(x,0) .
Suppose that for each set of numbers X15 Xy eces X5 D ® 1,2,0000,
it is possible to find a value of © inﬂ , i.e., a function of

Xys Xps eees Xpy such that

n n
(1.1) T 2x,0) 2 T £(x,)
. j=1 =1
. We call @ the nth approximation of the maximum likelihood estimate

of 8 or simply the maximum likelihood estimate of @ calculated fron

the first n observations.

In the following, we shall assume that the likelihood function

n
:?Tlf(xj’G) has a relative maximum at © =’3 for £ixed X,Xp,«:e,X ¢

Proposition 1.1 (Doob) For each value of @ in some neighborhood

!G‘j 3;,8) >0 of @ = 0 (which is the true value of ), let
£(x,0) be a probability density in the infinite interval
~0 <x < ®. Let the true distribution of x be determined by

. the true probability density f(x). Suppose (i) that log £(x,6)

can be expressed in the form

2
(1.2) log £(x,0) = log f(x) + Q.a(x) + %— B(x) + y(x,0) ,



where a(x) f(x), a2(x) f(x), end p(x) f(x) are Lebesque measurable and

integrable over -0 < x < w é&nd whers
(1~3) 'S'g Y(X,Q) = Yo(x’g>

exists for I e l S 8,5 a,a, > 0, and is continuous at @ = Q,

(i) that if

,0
(1.4) #(x) = L. U. B. Lro_(xj__)l s

o<'G’532 e

then g(x) £(x) is integrable over -m < x < ®;

(1ii) that ir &(x,0) is defined by

2
(1.5) £(x,6) = f(x)f 1 + Qafx) + 'g"" [p(x) + CL(X)_? + 5(){,9)} ’

then

a0
(1.6) lim 32 5(x,0) £(x) dx = 0 .
: e=0® J
Then

© [0 0]
(1.7) o?(x) £(x) dx + J B(x) £(x) &x = 0
-0 -®
Suppose that
(o8]

(1.8) o = /(. ag(x) £f(x) dx >0 .

~-C0



If the maximum likelihood estimate of @ is consistent, i.e.,

(1.9) lim FF()/9\|> &) =0

n=>Q

for every ¢ > 0, then it follows that

1

A A

(1.10)  lm P, (o n2’6 < \) = lim Pylo 2 8'< x)
N=>00 Tie=>00

t 3¢

'5

dt
/F'

for every constant A, uniformly in A.

In the foregoing statements, it is to be observed that (1.7)
and (1.10) are the conclusions, the rest being all premises or
assumptions,

For the sake of convenience of later use, we shall state the
same theorem in the multiparametric case and shall prove it.

Proposition 1.2, For each value of 9! = (Ql, cees Gs) in the

neighborhood lG l = /2 l i <&5,a >0 of =0, let £(x,8)
be a probability density in the whole space R™ of the m-dimensional
Euclidean space. where

X! = (xl, Xpy eees xm)

denotes a point of R". ILet the true distribution of X be determined

¥ For the definition of the probability measure P_ see Doob [ 27.
Since we have not assumed the measurability of %he maximum
likelihood estimate of @, it is necessary to express the consistency
mtwmofmemmrm%weau

*%

EF stands for the inner measure.



by the probability density f(_:_cb) g £(x,0).
Sﬁppose

(1) that log f(x,8) can be expressed in the form
(1.11)20g £(x,8) = log 2(x) + 8'-a(x) + 3 Q'B(x) + ¥(x,8)

where al ( 5)

a(x) = . s B(x) = (py(x)) By(®) = Byy(x)

a (x)

and g(x) £(x), ¢(x) g'(x) £(x) and p(x) £(x) are all Lebesque

measurable and integrable over R™ » and whers

3
(1.12) S“‘é‘ Y (§,9_) = Yi(_'lﬁ_,g) » 1=21,2,0.0,8
i

exist for l e { b 8158, > 0 and are continuous functions of

e at 8=0;

(i1) that if

¥v,(x,8)
(1013) ¢i(X) = L- Uo Ba Li—’—j s i = 1,2,000,8 s

< @ _<_a2 e'e

then g(x) f(x) are integrable over R™, where

g (x)
é(ﬁ) = . s

£ (x)



(1i1) that if 6(x,8) is defined by

(L) £(x,8) = £(x) {1 + Qta(x) + -1-29'[ﬁ(:_c) + o(x) a'(x) 78 + a(g,g)},

then
(1.15) | lin -t Ja(;,g) £(x) ax =0
|¢|=0 |4l R
Then we have
(1.16) L B(x) + alx) a'(x) 7 £(x) ax = 0 .
o

Suppose that the matrix

(1.17) v = f Blx) £(x) ax
Rm

is positive difinite and symmetric. If the maximum likelihood

A
estimate © is consistent, i.e.,

. ? A
ni;ﬁo F(l_g_\> ) =0

for every ¢ > 0, then

AN N
(1.18) lim ‘PF( /n@ <)) =1lim ‘PF( /m e <})
~>00 n > X A

- 's 1{ ’( exp[—%j_:_'v-lﬁ:’ dt ,
(2n)3 [vf? )




for every constant vector A uniformly in A .

Proof: Since f(x,8) is a probability density, we get

e
Rm

for all € in the neighborhood l_q ‘ < a. Thus we have the relation

m

R
' +]6(£9§)f(?_{_)d§ = 0
m

R

(1.19) ¢ j a(x)f(x)dx + %@'[[ Blx)+va(x)a' (x)_7£(x)ax-8
Rm

If we choose @ in the neighborhood in such a way that

8, = ¢b

3 ik ? e =1,2,...,8 ,

then the relation (1.19) turns out to be

(1.20) sf o (B)E(x)ax + 362 ) /By, (x)+a2(x) 7e(x)ax

R™ R
+f5(§,9)f(§)% = 0
m

R

Dividing (1.20) by & and letting ¢ => O, we obtain on account of the

ocndition (1.15) that

fai(z) £(x) dc =0, i=1,2,.00,8 ,
Rm

For two vectors a and b, the notation a <b stands for the

simultaneous inequalities a <bl’ az<b2,..., as<bS .

1



or, in vector notation,

(1.21) fg@ £(z) &x = 0 .

Rm

2

Dividing (1.20) by ¢ and letting e —> 0, it follows on account of

relations (1.15) and (1.21) that

(1.22) i;lzfﬁii(§) + ai(;)¥7 f(x)dx = 0, 1i=1,...,8,

Next, choose & as follows:

R
g'g(OOUOOeO'OOOeOOOOO).

Then, in view of (1.21) and (1.22), the relation (1.19) can be

expressed as

(1.23) 52[[Bik(gg)*fai(gc_)ak(gs)]f(gﬁ)dgs + [G(E,E)f(gg)dx_ = 0 .
R" R"

Dividing (1.23) by ¢2 and letting e => 0, we get

(1.24) /{f Z’ﬁik(x)+a (2)a (x) 7 £(x) dx = 0 for i # k .

Now we can assume, without any loss of generality, that

(1.25) - n pik(i) f(i{) dx = giaik ’ Ei >0 , i=1,...,8.
R

In fact, if (1.25) does not hold, we shall introduce a new set of

parameters g defined by

(1.26) 8 = BYg
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where B is an opthogonal matrix such that

(1.27) B'VB = D, ,
and where
£ 0
D, = L , £ 20 .
0 £

Since we have assumed that the matrix V is positive definite,
there certainly exists such a B,
For such a new parameter system‘é, the probability density

funetion becomes

£(x,¢) = £(x,0) { 1+ g'Bra(x) + %é’B'[ Blx)+alx)g' (x)_7B¢-6(x,Bf)
which can be written as
(1.28)  £(x,8) = £(x,0) l+é'_g*(3_c)*—1-2_;1_"[B*(gs)ﬂ_z*(;)g*“(gs)_7é+5*(§,é) s
and we shall write the logarithm of it as |
(1.29)  log £(x,8) = log £'(x,0)+f'a" (x) g " (x)gy (x.9) .

It will easily be seen that

527 o % v 0% |5, 2vxe
Y7 kel D 6, Bg!i k=1 K ) g

1

¥*
‘Yi(x:

where B = (blk) , and
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#4(x) = L. U, B. s : |
i O<I£{,§a2 /é F o</e|<a, }9_’

or

(1.30) 4¥

Thus'é*(i) f*(g) is integrable over R™ . Furthermore,

(1.31)  1lim — af(§,é) £(x) ax

|gpo £

= 1m 2 | 8(x,0) f(x) ax = 0 .

o0 &2 &

Since é 1s a linear combination of 9, if @ has a consistent maximum
likelihood estimate, then‘é has also a consistent maximum likelihood
estimate. Thus all conditions inrthe theorem are satisfied with
respect to ¢ .

The logarithm of the likelihood function obtained from the first

n observations is given by

n n n
(1.32) In(@) =Z 1log £f(x.) + 8'Z a(x,) + }2. ez p(x)e
j=1 J j=1" Y j=1
n

and since Ln(g) was supposed to have a relative maximum at

A
8 = @ , we obtain the equations

n A n
(1.33) 2 alx.) +8z p(x.)+2Z
g=1 9 g=1 9

L

n AA
y(x3;8) = 0 ,
=
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where y'(x,8) = (71(5,9), ces ’75(5’9)) . This can be rewritten as

follows:
1 n
ﬁ-z i(x)+z/-—gk(- . ﬁik(x-))
J=1 J=1
n Y(x,)
+f—IG! ( = 0 ,
j=1 )e‘
i=1,2,.00,8 ,
or
A (x.,0)
g n ; n X,
1 AYS! Y X402
(1.38) 2 /me j-=2 p.(x.)-"6[=2 &
k=1 ki B e ik'=j kin j=1 )@‘
1 B )
= """"'Z [+ 4 i*lZ...S.
/..1.1.. jal i(_a 1 35 3
Since
1D
- = zjalpik(x ) giﬁ j With probability 1
as n => 00, and
( A)
n y.x.,8 n
%3 el 5%2 g, (x;)
jal E ng J
and also
1, " {
- ( — =
nz~,..1¢1 53) > gi(x) £(x) ax K, < @
J Rm

with probability 1, as n => o0, we can see that
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\
(1.35)  /fagb, = -/1-_ 2,0 oy(xg) * Ry, =108
n

where Ri => 0 in probability as n => o0,

Applying Doob's theorem / 2 7 to (1.35) and the Central Limit

Lz

Theorem /1 7 to nga (x ) , we obtain

(1.36) lim Pp /‘eg <ud, .. /‘eg <wl
>0 171 1’ ’ s8°g -

=lim P """Z Cl-(x.)<[J,’ LI

pe>0 1] /7 geL Lo Y TTT

J=1
u! _1 Z W
2 l s
= Q aon .
Cghvogd),
(2n)'2‘ (gl J ( 5 dby...dby

and consequently we get, by putting

n
z S(_J) <ul

1
%i = hi s 1=1,.00y8 ,
i
A A
(1.37) 1im P /mne <A = Ve e dt .
N==>00 F = - (2 )‘% ’ —1‘% -
n v - =00
N
In other words, /n 8 has asymptotic normal distribution around

the true value g = 9_ with variance~covariance matrix V"l.

Q. E. D,
Using the above theorem, we shall now give a rigorous proof
of the following result, stated and proved in sketch by Wilks [ 6_7,
and also proved rigorously by Wald, on assumptions somewhat different

from Doob!'s.



Proposition 1.3 (Wilks) To test a composite hypothesis

(1.38) Hyt © = e; s eer 50, =00 (r<s)

against the alternatives H # Ho in the situation given in the

previous Proposition, the statistic
max Jal £(x, [Ho)

max T(jtl f(;j lH)

(1.39) -2 log A = -2 log

has the Xz-distribution with r degrees of freedom, in the limit,
as n => ®, no matter which simple hypothesis might be trge under
the composite null-hypothesis Ho' |

Proof For the time being, we assume that the true value of the

parameter @ is

! o 0 A0
- (gl LN Org

0
r+l [y} gs) D

Iet the maximum likelihood estimate of 8 under Ho be

) 0 o] A* A
O 8(91 s Qr gr+1 s s gS) ’
| N
and let the maximum likelihood estimate of © under H be @ . Then

we have

0 Ny
(1.40) log max ﬂ f(x €) =1In(e")
j's1

- 3,7 log 202, €7)+(8%8") 2% oz, 1+5(6"°) ', p(x ) (87-0%)

J =] Jsl—

n A% 0o
zjalY(Ej’g -8 )
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and
. n N
(1.41) log max J( f(x ’ H ) = In(®)
j=1 =
n n
-3 log £(x,| 8% + (8871 2 alx,)
=1 J g=1" 7Y

n A
rHee8 plx)(@ ) v 2 vz, 8%

J=1 j=1
and we know by Prop. 1.2 that
(1.42)  /a : *n)
. n(gi-gi) gi"-—z G(_Jsj) +Ri ’ i=r+1,!to’s »
/mn j=1
\\\.
and
(1.43) S (ei-ei) £ = --/:zj ) i(x) R(n) , 1=21,2,000,8 ,
n =

where R:::(n) s R§n) converge to zero in probability as n => o .

From (1.40), (1.41) we obtain, oh account of (1.42), (1.43)

A n 8 n
(LU In(@) =2  log 2(x,,8%) +32 % ay(x,)] + &4
J=1 J i=r+l 54 /ﬁ j=1 —J "
AN n S n
(1.48)  In(8) =2  log £(x.,8°) + }2 b %: Lz a(x.) | +Bn
3=1 J 1=l 53| /@ oge1 7Y

where Rn* and Rn tend to zero in probability as n «=> . Thus

1" 2
=2 al(x)/| +Bn
1l /m = 179

where Rn converges in probability to zero as n~> o .

we obtain

r

P ]

A A
(1.46) -2 log A = =2 [Ln(_o_*) - Ln(g)J =2
1=1
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Since, by virtue of the Central Limit Theorem, the random vector

1,0 N
7 1%

n
1
= I ag(xy)

/n j=1

.J

has asymptotically the normal distribution N(Q;Dg), in the limit as
n => oo, it follows from (1.46) that -2 log A has the limiting
X2-distribution with r degrses of freedom, as n => . It is easily
seen that this limiting distribution is independent of the specific
value of g° .

Q. E. D.

2. A Theorem on Maximum Likelihood Estimate, We have seen in

the preceding section that if the maximum likelihood estimate which
was dsfined by (1.1) exists and is consistent, then under the condi-
tions posed by Prop. 1.7 or 1.2, the maximum likelihood estimate has
the asymptotic normality and further that -2 log A has limiting
Xz-distribution.
If we define the maximum likelihood estimate by
. :

A n
(2'1) j:lf(ﬁj,ﬁ) ‘Er&‘ax ;(1 f(g‘_j;_@_)

and if it exists at all, this must satisfy the likelihood equation,

i.e.,

(2.2) i=1,2,...,85.

[2 In(0) -0,
20, |o8
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We can state the following
 Theorem 2.1 Under the same situation as Prop. 1.2, if ¥(x,8)
has mixed second order partial derivatives with respect to 6 and

they are continuous functions of @ with finite expectations such that

2
8)
(2.3) K= sup ' sup vix -

i,k |8]<a, T’T’ fx) ax | < mRE e
then it follows that the maximum likelihood equation has one and
only one consistent solution for sufficiently large values of n,

A
Thus, if the maximum likelihood estimate © exists at all, then this
should be consistent in this ocase.

Proof' In this situation since the likelihood function 7( £(x 2458 ,8)
J=1

is a continuous function of @ in the closed set ’9_’5 859 it attains
A
its maximum at @ = @, and @ must satisfy the maximum likelihood

equation, i.e.,

n A 1 n
(2.4) zj=1g_(53) +9 zj,.lﬁ(éj) + zjglx(gj,g) = 0,
where - ( ) )
v,(x,0
(x,0) = | 13- » end v.(x,8) = =— ¥(x,8) .
L= ’ A Do, :
Y (x)g) *

S e

Now we shall show by an iterative method that the equation (2.14)
has a consistent solution.

Wwe shall define a sequence of successive approximationsfg(") §



v
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by the following equations,

n
(2.5) 2 alx) + e(°) ) p(x ) = 0 |,
J=1" J=1

n n
(2.6) Z  a(x.) +2(v) z x(x.,_e_("‘l)) = 0, Vve=1,2,,... .
g=1" 7 g ~

Here again we shall assume, without any loss of generality, that

(2.7) =) B(x) £(x) & =D, .
m

n
Since - lim I B(x,) = DE with probability one as n —> o, we
>0 ©* j=1 Y

=3 P2

can choose n sufficiently large so that

n

(2.8) -2z B (x) = &

s Paic'®y 1% * ¢

ik 2

where &) > 0 with probability one as n —> co, thus from (2.5)

we get

(2.9) * /n G(O) - L3 alx,) + e

where g! = (sl,...,es) and &, => 0 with probability one as n => .

Hence by the Central Limit Theorem we obtain

(2.10) lim P {/’e Shps e ,f9(°)<x

=>00

1

(5 N )2 - -(g t o, bE L )
1 jf }/ 11 ®8 aty...dt

(2n)2
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This expresses the fact that, for each i,’3§°) is distributed
asymptotically as an N(O,gi/h); and therefore é(o) also is a consis-
tent estimate of .

Next, we shall show that1é(V) converges, as v —> 00, to a
solutiong of the equation (2.l), and@ has the same limiting
distribution as that of/_\Q_(o).

From (2.6) it follows that

@A) 5" g +  Lre 80D e 027 -

j=1
or
(2.11)
A(w)_ A(v-1) 1, " A(v-1) A(v=2)\ = _
(@¥-g'vt) 2 3=1(§J)+323=1[I(£3’9' ) - xx,,8" 8 7 = 0.
Now since

2

where _Q*( v-1) stands for a certain peoint on the segment connecting

E(V-l) and E(V‘Z) in ﬂ, and by our assumption (2,3)

1 #(v-1) f Aw(v-1)
(212)  um 33 1lk( s )+ ), T8 D) £(x) ax

- Kik(g*( V—l)) 5 K

with probability one as n -> oo, therefore, for sufficiently large

values of n, we obtain from (2.11) that
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s, 1=21,2,...,8 ,

(2.13) l (v)_ /V““l)!

A(\:-1) '\g(v-a)!

and consequently

by B0 40- 1){ 51’ Av-1)_ U I
and

(2.15) ,’é(l),’é(o) < r_gc ‘

Putting

(2.16)  H(n) = _6_“’)/ ,

it will easily be seen that H(n) => 0 in probability as n => ®.

Combining (2.14), (2.15) and (2.16) we get

(2.m) ]@‘”’-@‘“‘1) < &)

If we define 8 by
(2.18) e = 9(°) . (9(1)'§(°)) + (\(2) 45(1)) e,

the right hand side of {(2.18) converges absolutely for sufficiently
A
large values of n, and @ turns out to be a solution of (2.4). Further-

more, as 1s easily seen,

_,g(o) !13 dominated by the quantity

(2.19) - - H(n) / (1 - — »

A
which converges in probability to zerc os n—~> w. Thus © has the

A
same limiting distribution as that of/®(°), i.e., @ is a consistent

estimate of 9.
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Finally we shall show the uniqueness of the solution of (2.4) for
sufficiently large values of n,

A
Suppose that (2.4) has two solutions @ and §*,‘ then we have

A n n
(e - ’é*),"% z 1ﬁ(§j) a % 23 l(x(gc_j,fe_\) - x(g,cj,@*))
J= =
or
n A
(2,20} , '% z B(Ej) 0 - @* < K Sg _':‘9* .
J=1 =

Letting n = o, we get

(2.21) 13 % ,

AR .
unless |9 -~ @ l -> 0 asa n-> 0, and (2.21) is a contradiction
to our assumption (2.3). Q. E., D.

3. Testing Hypotheses on Certain Multivariate Populations, Some of

Whose Veriates are Continuous and the Rest are Categorical 37,

We shall consider the case of a 3-variate-(X,Y,Z) population,
where X,Y are continuous variates and Z is categorical. Suppose 2
range
¢an/over r categories and suppose that the conditional distribution
of X,Y, given that Z belongs to the i-th category, is a bivariate
normal distribution with the mean
Wy (1)
E(l) = ’
Ho(1)

and with the variance-covariance matrix



22

#.Vil(i) vy2(3)
V(i) = .

v1ali) vyp(i)

Suppose we have a sample of n observations, where n is fixed from

sample to sample, such that n, individusls belong to the i-th category,
r

=1 % "
to the i-th category has two measurements (xij’ Yij)’ j=1,2,...,n

i=1,2,...,r, and hence 2 n. Every individual belonging

i.
We shall consider the following two cases separately:

I. Z is a random variable. In this case ni are random variables

subject to the restriction ziil ny

II. Z is a way of classification. 1In this case ny (i =1,2,...,r)

= n (fixed).

are fixed numbers subject to the restriction zizl n, = m,
Case I.
Let p, (1 = 1,2,...,r) be the probability that an observed
individual belongs to the i-th category and hence Eiil p; = 1.

In this case, the likelihood function is given by

(3.1) P { U,2=n } = P{U (Zﬂg P(Z=n)

T 1 ni 1 r ni =1
= expd -5 I I (U, - p(i)) V{4)(U, .- p(i)
_ i ij -1ij
1=1{ on ’V(i)l % i=1 j=1
r n
T( n,l =
4=1
here U,. = (X..,Y,.) and U stands for all U
e . 2 .. . an 8ta (o} a c . e
wher L 15243 nds for i3

We shall be concerned with testing of null~hypothesas of the

following types.
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la. Conditional independence between X and Y, given Z.

This amounts to testing the null-hypothesis

(3.2) H : Vi2(i) = 0 for all i against H # Ho .

The statistic -2 log M\ in this case turns out to be

r
(3.3) -2 n log (1-7X1)) ,
-1

1
where in) is the estimate of the ordinary correlation cosfficient
calculated fromthe sample belonging to the i-th category. We can
show that the quantity (3.4) is equal in probability to
(3.5) 20,220

i=]

It will be shown in the next section that the population
probability distribution in this case will satisfy all conditions
of Prop. 1.2 and Theorem 2.1. Hence the statistic given by (3.5)
has a limiting distribution which is tﬁe X2-distribution with

degrees of freedom r.

1b. Independence between (X,Y) and Z.

This amounts to testing the null-hypothesis

-

) v v
(3.6) Hyt u(d) = p E[ ], wi)=ve| 1 12
“‘2 V12

for all i = 1,2,...,r, against H # H , where p and V consist of

five arbitrary nuisance paramsters.
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The statistic -2 log : in this case turns out to be

A A
r Vll V22 (l',r\2)
(3.7) 2 n; log. = )
1=l vy (1) vo(1)(15%(1))

and this is equal in probability to

r VN r A TN AR AN
(3.8) ifl ng (p(i)-p) " Uy (u(1)-p) + iill 0, (¥(1)-y") Uy(y(1)x") ,
where
(3.9) y = (V11, Voo Vl2) ’
A - //\
. /A /v\ll V12 1 . Vll /‘>12
(3-19) Ul’_' [~ N s Mo 120 ’
V12 V2 B v
and .7
S
%((,‘11)2 %(4;12)2 vll(;xe
FAS
(3.11) U, = %(¢12)2 %(422)2 A12422 ,
sl
f11m2 ~22p12 NA1p22, ( 212 )2
N .J

and r is the estimated correlation coefficient caloulated from the
data pooled from all the categories. This statistic (3.8) has an

asymptotic X2-distribution with 5(r-1) degrees of freedom.

lc. Independence between (X,2) and Y.

It can be shown that this amounts to testing the null4hypothesis
(3.12) Hot pg(i) = Mo s v22(i) = Vop s Vyoli) =0 for all i =1,2,...,r

against H # H .
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The statistic -2 log A in this case turns out to be
A

and this is equal in probability to

TANN) N . N\ 2
(1) - -
(3.1h) i§1.[‘ nl(ﬁé; ) ) N ni(vzz(jge Va2) . ni@e(il;7 .

22 Voo

Thus this statistic has an asymptotic Xg—distribution with (3r-2)

degrees of freedom.

Id, Toteal independence.

What we are interested in is to test the null-hypothesis

(3.15) Hoi p(i) =u , V(i) = V where vip = 0 for all i = 1,2,...,r,

~against H # H . The statistic -2 log M is given by

r NN
(3.16) Z n, log V11722
i=] A A, A2 ’
Vll(i) V22(l) (1'r (i))

and this is equal in probability to

A A A A A
2[r Q) ((v()-v)° rony(vy(1))2
(3.17) 2|2 ny = + + 3 -k
k=1] i=1 v 2”2 =1 L A
Kk Yk 11 V22

This statistic has an asymptotic X2-distribution with (5r=y) degrees

of freedom.
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Case II

In this case we are dealing with r independent bivariate normal
populations. The hypothesis corrasponding to Ia will be that X and
Y are independent in all the r different bivariate normal populations,
that corresponding to Ib will be that (X,Y) will have the same distri-
bution in all different r populatioms, that corresponding to Id will
be that X and Y are independent and have the same distribution in
all the r populations. Ic has no analogue in case II.

For each of these problems, the statistic and the asymptotic
distribution (on the null hypothesis) are the same as the corresponding
ones in case I. Howsver, the asymptotie'Power of the test for any
problem in case II would differ frgﬁjghgccorresponding test in

case I.

L Verification of the Validity of Doob's Conditions for Some Mixed

Variates Population

We shall show in this section that all conditiens of Prop. 1.2
and Theorem 2.1 are satisfied in the special case which was treated
in section 3.

For the sake of simplicity of notation, we shall put
(B1) 8y(8) =uy(4) , By(1) = wy(3) , 0,(4) = v (1),
gh(i) = v,(1) 95(1) = vy,(1)
i = l’ 2, 'l', r L]

Assuming that go is the true value of the parameter, and dropping the
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categorical symbol i for the time being, we can express the logarithm

of the density function as follows:

(b.2)  log £(X,Y,0) = log £(X,¥,0°) + (-6°)'a(X,¥)
+ 3(6-6%)"B(X,1(8-6%) + ¥(x,1,0)

where

(1.3) (1, 7) =[~2Lo8 £0L,T,) yi=1,0..,5 ,
09 g=¢°
, ,
p'k(x’Y) = ) log;(x,x’,g_)_ ) i,k‘I,...,S ’
+ D ei§ek o = @g°

/
() ¥(X,1,0) = log ZELAL | (6.0°) 'a(x,¥) - 3(e-0°)p(X,1)(0-) .

f(X,Y,_Q_ )
Since
1
: log £(X,Y,8) = (~ $log(,6, ~62) -
(4.5) og £( ) = 08(3)4 5) m

x § @h(x-gl)2-295(:{-91)(Y-92)+93(Y-92)2 s

1t follows that

o 0y a0 o
a‘l(X.oY) = )—-——5-—-(—2—2-—10 £(X,¥,8) = QQ(X-Q )-6 (Y-92) ,

0 02
0 ©1 e 9391;'95
0 o o Te)
ay(X,¥) = ?'1% £(X,Y,8) ] S(X-O )+§2(Y-92) ,
06, e : G3Qu-95
0 o
(L.6) a,(X,Y) - )105 £(X,Y,8) - °) GLL 2
3 9o, ° (e S8,-92 )" 2(6300-02 2

o] 012 _AO0fv AO 04,0 042 (90)2
X {GH(X-QI) -sGE(X-Gl)(Y-QZHQB(Y-Ge) 2(0 g )
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@, (X,Y) = /)1% f(X Yj.. gg
2(@39b 05 ) 2(@3 W 5 02y

(£-62)°

X { Gh(X-Q;_)2-20;()(-9;)(Y-Q;)wg(Y-Gg)? 5
2(e° Gh 5 )

0

Dlog £(X,Y o e
aS(X,Y) = _._8.._.(..2_:32 = 5

02 ~

0 0,0 o2 2
29 2 855

(6%60-03°)

(x 9°)(Y-9°)

~ Hence we can easily see that

o0
J fﬁ(x’Y) f('x,y,ﬁo) dx dy =79
=00

Furthermore,

210g £(x,
511(x,y~_9) = Og_b éx y?-g— __J;L?

ﬁlg(x,y,ﬁ) = {321(X,y,9_) =

)2105 £(x,y,8) . _ 95 5
e, 2, 8,0, -0

2 A
B13(x,y,9) = [331(31,3’,_9_) = w

D62 o

55'§;:5;3§ [6,(x-0)0y-8,)7
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‘ 9 %10g £(x,7,8)
5 (x,y,g) = (x, ,Q) = OS x)yj.g
14\ Xs¥58) = By (%5758 Dede

g x-Ql
—-—""";5 [8)(x-6,)-6.(y-0,) 7+ 5

(GBQh-QS 8,0,-62

D2, ¢
B, e(x,y,8) = (x,y,8) = 2 “log £(x,y,8)
157020 T P Belbos

S o (k008,30 ] - —2
—-————T- Qh X—Ql "gs y—gz - - ——-—-—5 .

e
522(x,y,§) = - -—__}__

939)4-95

2

2
323(1,}’,9) = ﬁBQ(X:y,Q) = B ]%gé%x;y’gl

y"'92

".—L—' f’gg(x'gl)"'es( y-92)_7 -

2y2 5

th(xd’,g) = ﬁuz(x,y,g) = ‘b loggf’%c;y:@

\

0
= /- 05(x~6,)+0,(y-0,) 7 ,
(QBQh'GS )

( 1Y ) = (X’ ,G) = og ( 2y Q)
Bog(x,3,8) = Bey(x,5,8 S i? f‘ ?-—1‘:

——-5—-—- 0.(x-6, )46, (y-6,) 7 - *6

2 2
9391&-95
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e
oﬁ %
- ey = 5 [79),(x-6; )2 -20,(x-8; )(y-0,)+85(y-6, )27
2(0,8, -65) (6 9u°95)
-‘_—‘_A_"'z‘ (Y'Ga)z ’
(e gh-cs)

3210 £(x
BBh(x’y’g) = Bu3(x:y,_9) = ———%—efs-%él

L

= - 1 — b 939 + 1 3
-2 - 0.0 -62)2 (056,-0 2y
2(048)-0) 20,9, -0%)" [ 2(6,6, -85 485
x l?h(x-gl)2-295(x~91)(y-92)+03(y—02)2’]

2(°3°h-65) 2(°3°h'05)

2 2

e 0.6 +O

2 24 6, (x-0 ) -20(x-0, )(y-0 )+g (y-8 )2
2(93014-05)2 2(0 gh-GS)B L p* g\ ¥ =, y-6,)7

N .__n._____g [0 (x-0, )20 (y-02) 7 s
2(939u-95

79 log f(x,y,8)

20326

335(":3:9) 553(":3’,9) =

¢ 2
[j;he -20,6, Sy (x-6y) ‘2°S(X'91)(;-92)+03(y-ez)
(0997 Gh-o * 0,0, -0

+ eh(x'gl)(y'gz) + Qs(y-Oz)zj ’
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2
Buh(xﬂ':g) = ) Log 'f(z’y’gl
%l

e
2 B [0 +9(xm@. 1220 6. (0. )2 -0, M v=
2(e,6)-02)° £85+2(x-8,)"-848) (x-0; ) *+20,04(x-0, )(y-6,,)

+05(y-0,)°7

)2108 f(xsyL-Q_z
2 eubes

Bus(x,)':g) = ﬁs&(x’}ﬁg) =

1 2
= - (—é;-g-;:—g-g? [9395+93(x-91)(y-92)+95(x-91)

939 ( 2 o N 2
- g‘g‘f? 8),(x-6; )~20,(x-8) )(y-6,)+0(y-0,) ¢ 7 ,

37475

2
- 2 £(x,y,8)
Bss(x,Y;g) o ?22
5
1 2 5 ”
B (93‘%_92)'2 [93914*95 + 695(x-9;)(y-92)-9h(x-91) -93(y-g2)

ueZ , 3
- 939h-9§ ; oh(x-el) -295(x-91)(}’-92)+93(y-02) j 7 .

Thus, on account of the relations

(o) @
Vik T T f ﬁik(x’y!go) r\(\x:Y:go) dx dy .,
&% =00 :

Wwe obtain the following:
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e -9
V11 09092 Vi2 ® gogo_‘.gﬁﬁ » V30,7 "0,v5°0,
3°48 3745 _
(4.8) eg
V22 " 55008 * V3T 0 Ym0 Vst O
37475
and
e0? 9§2 efeg
V33" 2 (Ooeo_géﬁ)Q > Vi) 2(9090_902)§ > V35 ( G090_902)?
3Lk 5 3°h 75 3L 5
g02 0%%°
(’4-9) th = %(9090_902)2 ! vhS == (90903952)2
3475 3k 75
a%° e02
L . T,
55 (9303-922)2 (eSep-6¢ )°
It can be easily checksd that
0 7
(4.10) f f [ﬁ(x)Y) + _g(x,y)‘g’(X’Y)_7 f(x:y3§o) dx dy = 0
-0 =00

.Next we have

5
(L.11) vy (%,3,8) =2—%‘£;1ﬁ2 = a,(x,,8) ~ a;(x,,8°) -kglsiku,y)(ek-e;)
i

5 * 0 0
= kfl [Bik(x:y’g )'Bik(x’yﬁg )—7(gk-gk) )

where 9_* stands for a certain point on the segment joining € and _G_o.
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By means of Cauchy's inequality we get

;/2,

’Yi(x,yyg)’ =< {_9_ - Eo ) kfﬂl [ﬁik(x,Y,_Q_*)-ﬁik(x,y,ﬁo)_7 2] )

and hence
- '/‘z
()-L 12) ‘Yi(x,y’g) i < iil[pik(x’y’g*)—ﬁik(xsy,_go)_7 2
’ 012 - : ,
(979 ) i§1<ok-g§>2

Since, as was shown before, ﬁik(x,y,g) has continuous partial

derivatives with respect to 8, again by using the mean value

/2,

theorem and Cauchy'!s inequality, we obtain

Y (x,y,ﬁ) i 5
ksl j=1

le- ¢

where g** stands for a certain point on the segment between go
and g*.

We can find functions

. 5 5
(4.14) ﬂi(x;Y) 2 ki‘l jil m.;x [pikj(X,y,Q)I sy 1=21,2,0400,5 ,

such that di(x,y) f(x,yzgo) are integrable, and

(1.15) ’%gﬁg%is 4,(x3) .

Next we shall show that the condition (2.3) is also satisfied.

For this purpose we must introduce the new parameter'é such that
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£=3¢
B'B=1 ;

(4.16)
B' vB= DE ’

then

417)  y¥x,3,8) 3 v(x,7,Bg) = log SCLLBE) | (4.4 B1g(x,y)
f(x:.Y:Béo)

N TR TR IR

and
e Reasn - | 2,
(4.18) 32
Vicx9:8) = él lél ‘:fé?%gil P3Py
and
(4.19) zg%lé—f—? = Yn.(x,y,g) = 311,(x3y,2) -Bn.(x,y,go)

}vn.(x,y,g)} < f_e_ —§°]¢n,(x,y) ,

whers ¢11,(x,y) was defined in (L.1l4).

Thus we get
©
* #* o 5
Yik(x’y’z) £ (xay’é ) dx dy = 11§=lb3-ib1'i
- _m

0
x f f.?fx&zm&l £(x,y,6°)dxdy ,
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and hence
o0
(L.20) K, () = Yik(x,y,ﬁ) £(x,y,8°) dx dy
-00
(o0}
[0} 5 0
= IQ -8 /nz.::{libi'k #y91 (%5 ¥)2(x,5,8" Jaxdy .
-0

g - ¢°

We can choose

- 1 g-4° { sufficiently small so thab

(4.21) K = max max K, () <& ,
ik
where £ denotes the minimum characteristic root os V.
Thus we have shown that in the case which was mentioned in
section 3, all conditions required by'Docb and also the condition

(2.3) are satisfied.

5. Concluding Remarks. The exact role of the consistency condition

in this whole scheme, the precise relation between Doob's zf2;7 and
Wald's /5 7 papers and also between the present paper and Wald's
paper z—5;7 are worth a more careful consideration which is now
under way. The authors hope to be able to discuss these in a later

communication.
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