M3/6

SHELLS ON ELASTIC FOUNDATIONS

Y.C. DAS, K. K. KEDIA

Department of Civil Engineering,
Indian Institute of Technology, Kanpur-208016, India

SUMMARY

No realistic analytical work in the area of Shells on Elastic Foundations has been re-
ported in the literature. Most of the work in this area has been done on two assumptions,
namely, (a) shells behave as membranes, and (b) foundation reactions on shells have preas-
signed values.

Various foundation models have been proposed by several authors. These models in-
volve one or more than one parameters to characterise the foundation medium. Some of
these models cannot be used to derive the basic equations governing the behaviour of
shells on elastic foundations. In the present work, starting from an elastic continuum hy-
pothesis, a mathematical model for foundation has been derived in curvilinear orthogonal
coordinates by the help of principle of virtual displacements, treating one of the virtual
displacements as known to satisfy certain given conditions at its edge surfaces. In this
model, several foundation parameters can be considered and it can also be used for layered
medium of both finite and infinite thickness.

Classical equations of thin shells on elastic foundations are derived using the proposed
foundation model. Considering shells of revolution with loads that are independent of po-
lar angle as example, shell-foundation equations are solved numerically by multi-segment
method. In this method, the boundary value problem of shells is converted into initial
value problem with first order differential equations which are integrated numerically by
Gaussian elimination technique.

Numerical values of displacements, stress resultants and stress couples of shells are
presented in dimensionless form for various values of shell and foundation parameters for
a shallow spherical shell with free edge conditions. In this example, the effect of flank
(portion of foundation beyond shell) on shell-foundation system is also considered. An ef-
fective flank width is suggested for design purposes. Variation of shell-foundation inter-
action as function of above parameters is also presented.

Theoretical studies of this paper can be applied in designing ‘Tube Shell’ which can
be used in pressure vessels.
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1. Introduction : Shells on elastic foundation are of recent origin and no realistio anal-
ytioal work has been done as yet although some experimental work has been reported in the
literature. A comprehensive review of various fowdation models has been done by Kerr [1].
After the simplest one paremeter foundation model, given by Winkler [2 ], severel authors
have proposed foundation models which involve more than one parameters for the claracterisa-
tion of fowmndation medium, such as those of Wieghardt [ 3 ], Filonenko-Borodich [41],
Pasternak [5], Relesner [ 6] , Hetenyl [ 7,8 ], Vlasov and Leontov [9] and Kemeswara Reo
et al [10] .

An attempt has been made here to improve upon the existing fowmdation models by formu=-
lating the model in oxthogonal curvlilinear coordinates and consldering displacements in all
the three coordinates directions. The Mathematlcal model is derived using generalised varie
atlonal method to elastic continuum. The proposed model is simple and useful for the analy-
gls of any type of structure on elastic fowmdation and in any set of orthogonal coordinate
oystan, The model 1e capable of analysing layerd fowdations of both finite and infinite
thicknesses. This model has been ueed in deriving the thin shallow spherical shells on ela-
stio foundation, Vlasov's [11 ]sholl equations have been used in the above formulation., The
ese equations have been eolved for simply supported boundary conditions, Foundation medium
bas been agsumed to be of finite thickness and of single elastic material. Normal load tra-
ngferred by the column on shell have been considered. Kalnins [12 ] multisegment technigue
has been used to solve the boundary value problem. Results have been presented for two par
ameters (h/R) and (K/a) where (h/R) accowmts for the thinness of the shell and (R/a) repres-
ents the shallowness of the shell. Two ratios of ].i}/E‘> have been congidered. Only axisymm-
etrio case bas been reported here,

2, Basic Bquations of Flestic Foundation

The virtual wozk equations for a set of normal stresses o 19, and % and shear stres-

868 0,q9 aﬂyand °ya whioh are in equilibrium at any point in an elastic body considered in

curvilinear orthogonal coordinates a«, 8 and vy, are [11],

5 3 9
n" [ 55 Ga By B) + 55 (g H, H) * oy Cya By B)

3H 3 aH 9H .
o E 2 b 2 21 su. ag=
°s % Ta % Bt B3 8 v Hy 3y ] su,dn=o0 (1a)

wheredp = HiHH.da dp dy ie the elemental volume and §u is the virtual displacement. The
other two equations are obtalned from equAation (ta) by oyolic permutation of ccordinates and
indices. Here H1, Hz and 35 are the coefficlents of the first quadratic

ds2=H2da2+H§d82+ﬁd“(2

1
where ds 1s the elemental distance and

dr 4% ar dr E§ dr dr
- ——, == [ —, nd o
Hf da* do 5 dg° ag ay * Iy

where T is the redins vector. Prime denotes the derivative with reepect to vy .
The displacements can be presemted in a finite series in the form,

%
u(oy8,y) = 12 uy (o, 8) ¢(Y) (22)
=1
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v(a, B,v) = 321 vy(as8) .+ x4(v) (2v)
n
Cl’ s = ay ( ) (2 )
w(a,B,Y) k£1 w(a8) vy by e

where ¢i’ X, and wk are agsumed dimensionless functions consistent with the constraints of
the problem, The unknown functions u,, vj and W are the generalised displacements. On
gsubstitution of displacement functions (2) into virtual work equations, equations (1) oan
expressed in the form,

3
S U (oan 1) b + 55 (g By Fy) 9 -
3R 9
2
%up HyHp(Hy 0)! =0y Hy =20, -0 B, % b9
3H1 aH1 ] v
" %aplls g eptoy oMy ree B dy
+ [ogy B B 0,] =0 (3a)

(£ = 1,2)0005Q)>
The other two equations are obteined by oyclic permutation, With the help of stress-strain

relations for an 1lsotropio, elastic body [11],

Og= M+ 26 o (48)
Tgg= G o , (4a)
and the strain displacement relations [ 11 ),
3H PY:f
A S, s | 1 2
Oy =S 4 SV T =W (5a)
H, 3o ' HH, 36 H,Hy oY
H
B wy, %o v
ap= , 9% (51) YH, % (Ha) (54)

equations (3) can be expressed completely in terms of displacements. The other four stress-
strain relations and the strain-displacement relations can be obtained by the cyclic permu-
tations of equations (4) amd (5) respectively. In the equations (4), A and u are Iame's
constants which could be expressed in terms of Engineering constant. Using the displacement
functions (2), equations (3) can be integrated with respect to y and the resulting equatione
will be only functions of cand 8 . These will be the elastic foundation equations the acc=
uracy of which depends on the number of terms and the choice of the funotions $ys )(J and wk
guided by the experimental results or theoretical considerations, in equations (2).

2,1 Choice of the funotions ¢, X and V3

The dimensionless functions ¢, X and Y have to be chosen from the physical constraints
of the problem. For elastic foumdations of finite thickness fixed on a rigid base, the dis=
tribution of the displacaments cen be assumed to be linearly decreasing through the thickness,
especlally for thin layers

bmxayaizt (6)



M 3/6

where H is the thickness of the foundation layer., If the fomdation layer 1s relatively th-
ick, the choice ocan be made as

b=x=¥m (n)
where o denotes the rate of decrease of displacement with depth, Another cholce for & foun-
dation extending to infinity can be

dmx=vamot ()
Many such expressions can be selected depending on experimental and theoretioal considerati-

ons.

2.2 Foundation equations for axially symetric case

For axially symmetric ocase, the first quadratic equation is taken in the form
d2 L] dr2 + r2 de + dY2 (9)
In this casey, a = r, H1 = H3 = 1, H2 = r. Teking the displacemen; functions in the form
u(r,y) = u,(r) ¢,(v)

w(r,y) = w1(r) W1(Y) (10)
the fomdation equatlons can be expressed as
dw dw
__l _14 - —1_ 1 =
2112 rE Y Nt T 0T t R =0 (11a)
2
da ] daw du du u u
ok R ~ad,, —1 = B R | =
T _2" T ar MM T TE T T tonT ~irp R =0 (110)
where for ¢1(Y) = ¢1(Y) = H—ET- ’
H E E
o ) H
a -f —'—¢ dy = = (12a)
e (1-vd) (1332
H E E
- -] 2 -] 1
SIRERE- cerw IR A e - (12)
H B . E 1
°11=£ 21 +v) Y1 % dY"2h+v°52 (12¢)
H E v E v
d, = 20 'y gya-—o.0_ 1 (12a)
1 2 1% 2y 2
o (1 “’o) (1 -v7)
H E, 2 B, -
el wTesg Y O e ETe s (126)
H B, .
1
-] 1 = - 5 1] dY = l
oo _\.";) 1 (1-V%) ® (12¢)

=[op (N =0 (128)
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(120)
[o, (N = ()
Here, qy(r) will be the interaction between the foundation and the shell resting on 1t and
E_and v_ are Young's modulus and Polsson's ratio of the fowmdation material respeotively.

o

3. Shallow Shell Puations on Elastic Foundations

Huations governing the defleotions us and ws of a shallow thin spherical shell on an
elastio foundation with axially symmetric loading in the lateral direotions are [11]

2 v -v2
'l; 'll_;+(1 -zv’)u'+(1; s)%+(; hv.)x=° (136)
T R
&y 2(1+v,)
R L i
( v.) v
+ 1; 2 ;:.5+(1;v')u.+(1 )(Z-qY)=0 (13b)

where ug and W, 8re the circomferential and laterel displacements of the shell respectively,
E, = Young's modulus of shell, Vo = polsson's ratio and h = shell thicimess, X and Z are
the external loads on the shell in the circomferential and lateral directions respectively,
qY is the fowndation reaction on the shell,

The dimensionless forces and moments in the spherical shell are given by

u
ﬁ1._2 —)[ —+(1+v)w + v, (_)__s] (142)
(1-v5) T
_ n n‘-‘ _ au
T @ L 0w Fyey 2] (1)
aly v aw
1, B[22 (140)
r r dr
-l B,
M2= —)[_ = +v'—:2—] (144)
r dr dr
N N, M.a
2
whereN -EIE’ ﬂ2'E—’E1-%
8 (]
M.a - u w
ﬂznT,us-h—s,ﬁss-h—sand; f

N1 and N2 are the stress-resultants in redical and circomferential directions, M1 and M2 are
the strees - couples in radicel and circomferential directions respectively. D is the flex~
ural rigidity of the shell,

Tor a shell with eimple supports along r = a the boundary conditions are,

u1-w1=M1=0 (158)

The boundary conditions at r = O are written with the agsumption that a column of rad-
jue b is transfering a vertical load P on the shell and that the column is much stiffer
than the shell. Then the conditions at r=b (b << a) are
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dW,I
u1 =F=O (15b)
QG +a =g (15¢)

where Q1 is the trangverse shear force in the shell along r = b.

NUMERICAL CALCULATIONS AND CONCIISIONS
In all the numerical examples that have been solved, following parameter values have
been kept constant s

Ha = 2,0; b/a = 0,2; Uy = 0:255 u = 0.7

In some cases (F/a) = 4,0 has been kept constant while (h/R) and (E /8 ) ere varied and in
other cases (h/R) = 0,0333 has been kept constant while (F/a) and (E/g ) are varied. Results
have been presented in plots drawn between T and fnctional values per unlt load parameter.
Load parameter bas been taken as

Pe @ —E) (16)
E h
B
Functions per unit load parameter have been redefined as follow :
u, = u1/P (17a)
ug = U /P (170)
w, = w1/P (170)
N, =N/2 (17a)
N, = ﬁz/]" (17e)
W, = /3 (172)
i, = i/ (17¢)
a =/f (17n)

Figs. (1) and (2) represent vardation of ﬁ1 and ﬁs for different (L/R) and (Ea/Eo) values.
It can be observed from these two figures that 1'15 1s positive whereas 1'11 is negative all
along T, Also ;19 1s much larger than ?11. This bappens because the slip is permitted betwe
een shell and fowndation, G‘s’ the response representing radial displacement of the shell,
1s positive due to stretohing of the shell. Foundation being a sani-infinite contimuum will
bave negative radial dlsplacement at the surface,

Pig. (3) represents w, along T for different values of (b/R) and (EJEO). It can be obser=
ved from Pig. (3) that the nommal deflection #, 1s maximm at the centre of the shell and
also 1t 1s greater when E/Eo ratio is more, that 1s, when shalls Yomg's Modulus is rela=
tively more than foundation's Yowng's modulus, It can also be observed that G1 is greater
for small (b/R) ratio which means w 4 18 greater for thinner shells.

Pig. (4) shows the variation of ﬁ1 for different (h/R) amd (E/E ) values whereas Fig, (5)
shows the variation of ﬁ' for different (R/a) anmd (E /E,) values. It can be observed that
N1 is negetive all along T for all values of (k/R), (R/a) and EB/E )s Magnitude of N1
increases with inorease in (W/R), (R/a) and (Ea/Eo) values.
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Fig. (6) shows the variation of l\?l1 for different values of (R/a) and (EJEO) values along T,
Fig. (7) and (8) represent variation of q, the fomdation reaction, for different values of
(b/R) and (B/a) respectively.

The proposed fowndation model can be used as supporting medium for varities of structe
ures, Various problems have been solved using thie model [13].
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