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SUMMARY

This paper is concerned with a numerical method of analysis for reinforced concrete
plates. Material and geometrical nonlinearities are included in the computational model so
that the behavior may be followed up to the ultimate carrying capacity of the plate. An arbi-
trary combination of transverse and on inplane loading may be applied to the plate. The
method permits the analysis of plates of arbitrary geometric form.

The computational model can account for several layers of reinforcement bars, each of
which may have a separate orientation. Any stress-strain diagram may be used for the steel
bars. The nonlinear stress-strain relationship for the concrete is accounted for using numer-
ical representation of the results of biaxial tests. Crack initiation in the concrete is considered
using experimental failure envelopes.

The Kirchhoff assumptions for thin plates are adopted. Large deflection effects are intro-
duced utilizing the von Karman strain expressions. Equilibrium and incremental equations
accounting for the effects described above are given for the plate.

The general quadrilateral finite elements used in the numerical solution include both
inplane and out-of-plane displacements. The stiffness relations for each element are computed
numerically by integration based on a set of discrete points distributed over the area and
through the thickness of the element. The total system of elements is solved incrementally
by applying the external loads in steps. Iterations are also carried out to assure that equili-
brium is maintained.

The state of stress is checked at every integration point for each loading step and the ma-
terial properties at these points are updated accordingly. At points where the cracking limit
has been exceeded, cracking is introduced following the direction perpendicular to the axis
of the principal tension stress. Previous cracking is memorized.

Computational examples showing the displacements and development of crack patterns
in moderately thick concrete slabs are included. Good agreement with experimental results is
demonstrated. It is further shown that the geometrical nonlinearities have a significant effect
on the behavior at high levels of loading.



1. Introduction

Analysis of reinforced concrete structures taking the real material
behavior into account is generally a very complex and difficult problem. The
design of concrete structures is usually based on simplified elastic analysis
or limit load considerations. Unfortunately, such methods can give only
limited information about the overall behavior of the structure in the non-
linear range of loading.

Modern numerical solution techniques like the finite element method have
opened new possibilities in this field. Effects like cracking of concrete,
yielding of reinforcement bars and many other nonlinear effects can be
accounted for in such finite element models. In principle, cracking may be
introduced by two different techniques. One approachcould be to form discrete
cracks by disconnecting the concrete on the two sides of the crack. Altern-
atively, assuming that the cracks are relatively densely distributed,. the
effect of cracking may be incorporated directly in the stress-strain rela-
tions of the concrete. The latter approach will be adopted here. This
technique was also utilized in references (1}, (2) and (3} whereas discrete
cracks were used in [H} and (5}.

Further, the present work includes geometric effects due to out-of-plane
displacements of the plate. It is demonstrated that these effects are of
considerable importance in evaluating the ultimate carrying capacity of rein-
forced concrete plates.

The present paper is based primarily on the Licentiat Degree Thesis [6}
of the first author.

2 Mathematical Formulation

2.1 Nonlinear Equilibrium and Incremental Equations
for the Plate

The following derivations are based on a displacement formulation of the
finite element method. The displacements at the reference plane of the plate,

see Fig. 1, are defined as follows

U N, O 0 u (1)
Vo 0 Nu 0 v
Wy 0 0 W

Here u, V and W are the nodal displacement parameters associated with the u,
v and w displacements. Nu’ NV and Nw are the corresponding interpolation
polynomials.

Adopting the Kirchhoff assumptions for thin plates, the displacements at

a distance z from the reference plane are
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u Uy z{w Nu 0 _ZNw,x u (2)
v Vo Wy 0 N, -zNw,y v
w W 0 0 0 N W

where commas denote partial differentation.
Large deflections are taken into account using the von Ki&rmén theory for
thin plates (7). The strains can then be expressed as

= 1 2
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It should be noted that the strain expressions are quadratic functions of the
out-of-plane displacement parameters W.

Applying the principle of virtual work, the following equilibrium equa-
tions for a single finite element aris

. T )

[(Bes Bys (28, + 38, we, )"0 av = R, (5
Ve

For simplicity, only the external forces Re acting at the nodal points have

been included in equation (5). The stress vector ¢ is defined by

o o (6)

Txy

Equation (5) is merely a statement of the equilibrium conditions and it is
valid regardless of material behavior.
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The incremental form of the equilibrium equations may be derived con-
sidering two configurations that are close to each other. Taking the differ-
ence between the virtual work equations for these two configurations, the
following incremental equations can be deduced when some higher order terms

are neglected

T
J (By» B,s (-2B, + B WB_ )] D (B, B,s (-zB
Ve
+ B, WB_ ))av au + j 0 av aw = AR, (7
Av Ve 0
T =
Aw Bw 9 s

The A denotes the difference between values in the two configurations and

0 is defined by

g 9, Ty (8)
T o
Xy y
DI is the incremental stress-strain relationship between the two configura-
tions

Ao = DIAe (9)

The coefficient matrix which relates the incremental forces and dis-
placements in equation (7) is usually termed the "incremental stiffness
matrix". Assuming symmetry of DI’ it is a symmetric matrix which is a
function of the current stresses and displacements.

The equilibrium equations (5) and the incremental equations (7) may be
used for constructing a wide range of different solution techniques. Equi-
valent matrices for the whole structure are obtained by standard assemblage

procedures.

2.2 Stress-strain Relations for Reinforced Concrete

As will be discussed later, the computation of the integrals defined in
equations (5) and (7) will be based on a numerical integration scheme founded
on a set of discrete integration points within the element. At every such
integration point the stress-strain relations must be updated according to
the current state of deformation and the previous load history.

Fig. 2 shows a slice of concrete parallel to the plate surfaces. As
long as the slice remains uncracked, the stress-strain relations are based
on biaxial tests performed by Kupfer (8]. A numerical representation of
these tests is used from which stresses and incremental stress-strain rela-
tions in the principal directions can be computed according to the current
strains (6). These relations are transformed to the global x-y system by a

standard transformation (2), (3).
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When the crack limit according to the test results has been reached,

cracks are introduced in the direction perpendicular to the axis of maximum

tensile stress, see Fig. 3. The stress-strain relation is then stated by

o, © 0 0 0 e DG Eag (10)

Og 0 EBB 0 g

Top 0 0 G Yag
The B-axis coincide with the direction of cracking and EBB is computed
according to uniaxial tests. G 1s kept proportional to EBB. Equation (10)

is also transformed to the global xy-system.

The fact that the concrete between cracks will retain some stiffness in
the a-direction suggests that a non-zero value of Eaa should be used in
equation (10). However, it is very hard to find an accurate value of Eaa
since it is highly dependent on the specific conditions in the cracks. The
effect of Eaa is therefore neglected in the present model.

It is further assumed that the concrete is unable to carry any stress
when tension cracking in a second direction has occurred. The coefficient
matrix in equation (10) is then set equal to zero.

Incremental stress-strain relations for cracked concrete are formed in
a similar way except that tangent modulii are used instead of secant values.

The reinforcement bars are assumed to be located in layers parallel to
the plate surface, all bars being parallel within each layer. In the
numerical treatment the bars are assumed to be closely spaced so that each
layer may be treated as a continuum. The stress-strain relation for such a

layer is given by

%mn I = [Eg O 0 €mn Dmnemn (L
o, 0 0 0
Tmn 0 0 0

Subscript m indicates the direction of the bars, and E is the current secant
modulus. Also this relation is transformed to the xy-system. Corresponding
incremental relations are formulated in a similar manner by replacing Es by

the current tangent modulus for the reinforcement.

2.3 The Finite Element

The interpolation polynomials of equation (1) remain to be defined for
the finite element. The out-of-plane displacement function w 1is chosen to
be that of the so-called Q19 plate bending quadrilateral element developed
by Clough, Tocher and Felippa (9). This element which satisfies complete
internal and external slope continuity, is an assembly of 4 triangular ele-
ments, each of which has different displacement expansions in three triangular

subregions, see Fig. U.
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A standard isoparametric formulation for quadrilateral elements is user
for the inplane displacements Nu and Nv' However, additional displacement
functions associated with the displacements of the centroid of the quadri-
lateral is also utilized, see Fig. 5 and references (10}, (6).

Following an approach suggested by Bergan and Clough (10], the stiffness
relations of equations (5) and (7) can be computed using a numerical integra-
tion scheme based on the centroidal points of the twelve triangular sub-
regions of one quadrilateral element. The area of the surrounding subregion
is thus associated with such an integration point. Also, Gaussian integra-
tion is carried out through the thickness of the plate at these centroids.

3, 5, 7, 9 or 11 points may be used. For problems involving no flexural
deformations, only one integration point is necessary through the thickness.
For further details, see references (6), (10}, (ll}.

2.4 Solution of The Nonlinear Equations

The nonconservative nature of the concrete material requires the true
deformation path be followed closely during the solution procedure. At the
same time, the equilibrium equations should be satisfied as well as possible.
These two requirements indicate that the best solution technique is to apply
the load in increments and iterate to satisfy equilibrium. A Newton-Raphson
type iteration is chosen. The incremental stiffness equation (7) is used as
gradient matrix both for the load incrementation and for the iterations. As
a rule, this gradient may be kept constant during several cycles. Accelera-
tion factors are also used in order to speed up the convergence of the equi-
librium iterations. The specific combination of load incrementation and
iterations that should be utilized depends on the particular problem to be
solved (6).

3. Numerical Examples

3.1 Simply Supported Beam

A simply supported beam subjected to a concentrated load at the midspan
was analyzed both as a plate bending and as a plane stress problem. The geo-
metry of the beam and the material properties are given in Fig. 6. The same
problem has previously been studied by Franklin (12}, whose results will be
used for comparison.

Half of the beam was idealized by 3 plate bending elements which also
included inplane displacements. Nine Gaussian points through the thickness
were used for the integration. Further, the beam was also analyzed using a
3 by L4 plane stress finite element mesh, see Fig. 8. 1In both cases, a load
incrementation technique combined with equilibrium iterations was utilized.

The results obtained for the midpoint deflection are shown in Fig. 7.
On the whole, the results agree quite well with the experiments. The dis-
crepancies between the computational and the test results just above load of

initial cracking is believed to be primarily caused by insufficient informa-
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tion about the modulus of rupture. For higher load levels there are also
other factors which may cause inaccuracies in the results. The most import-
ant of these are probably the effects of neglecting stresses in the concrete
between cracks and disregarding bond slip. Also, cracks propagate more easi-
ly in the real beam because of stress concentrations at the tip of the cracks.

The ultimate load of the test beam was limited by diagonal tension
cracking. The present plate bending model is capable only of representing
cracks normal to the midsurface of the plate. The beam strength was there-
fore overestimated in this model. A similar behavior was experienced in the
plane stress model which also was incapable of representing the large de-
formations occurring in the diagonal cracks. Better agreement with the tests
probably would have been obtained by neglecting the shear resistance of
cracked concrete. However, this would give too little stiffness for lower
levels of loading.

The development of cracked zones obtained by the two models is shown in
Fig. 8. The results are generally good although the plate bending model
gives cracks that are too shallow and a cracked zone which extends a bit too
close the supports. The fact that bond slip was neglected in the computa-
tional model is bélieved to be the reason for these discrepancies. The
cracked zone of the plane stress model seems to be quite good except for that
a few local areas disturb the picture somewhat. However, it should be re-
membered that the finite element meshed that have been utilized are very
coarsé and that more accurate results could be expected for finer mesh ideal-

izations.

3.2 Simply Supported Rectangular Plate

Fig. 9 shows the geometry and the material properties of a plate tested
by Taylor, Maher and Hayes (13). The plate was first analyzed without taking
the geometric nonlinear effects into account. Thereafter a computation in
which these effects were included was carried out. Because of double symmetry,
only one quarter of the plate was analyzed using a 2 by 2 mesh. Seven
Gaussian points were used for the integration through the thickness. A uni-
form pressure wds applied incrementally to the plate, each increment being
equal to half of the load of initial cracking. Iterations for obtaining
equilibrium was performed after each load increment.

The midpoint deflection during loading is shown in Fig. 10. Very good
agreement with the test results was obtained for the load of initial crack-
ing. However, the analysis gave deflections which were too large during the
following load increments. This was probably caused mainly by neglecting the
modulus Eaa’ see Section 2.2.

When the effects due to geometric nonlinearities were neglected, the
ultimate load obtained was close to the value resulting from the yield line
theory, see Fig. 10. The yield moment in the yield line analysis was based
on plastic flow of the reinforcement and a rectangular stress distribution

in the compression zone of the concrete with a stress equal to the uniaxial
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compressive strength.

When the changes in the geometry were accounted for, the computed
results came out very close to the experimental curve for load levels higher
than twice the load of initial cracking. One effect of the geometrical non-
linearities is that cracking will occur through the entire thickness of the
plate. This phenomenon was observed during testing [13) as well as in the
numerical computations.

The inplane displacements at the midside points are shown in Fig. 11.
The cracking led to outward displacements while the geometric nonlinearities
had the opposite effect. This is very clearly demonstrated by the two
curves.

Crack patterns for different levels of loading are shown in Fig. 12.
The results seem to be in good agreement with what could be expected. How-
ever, some of the directions of cracking are hard to explain. Probably the
performance could be improved by using smaller load increments and finer

element mesh.

4. Conclusions

A computational model for nonlinear analysis of reinforced concrete
plates has been developed. This model accounts for nonlinear stress-strain
relations both for reinforcement and congrete. Further, cracking of concrete
is taken into account by modifying the stress-strain relations. Changes in
the geometry caused by large deflections are also included in the analysis.
The model is general in that plates with different geometry, different
support conditions and with several reinforcement layers oriented in arbitrary
directions may be analyzed.

GBood agreement with experimental results have been obtained by the
present method. However, there are several factors that complicate calcula-
tions of this type. First, more knowledge about the behavior of concrete
under general biaxial states of stress is urgently needed. Another difficult
point is to find simple mathematical models for the interaction between con-
crete and reinforcement bars during cracking and bond slip. Finally, varia-
tions of the concrete properties in the real structures due to production
conditions etc. set limits for the degree of accuracy that possibly can be

obtained by numerical calculations.
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