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NUMERICAL ANALYSIS OF A NONCONVEX VARIATIONAL
PROBLEM RELATED TO SOLID-SOLID PHASE TRANSITIONS*

PIERRE-ALAIN GREMAUD'

Abstract. The description of equilibria of shape memory alloys or other ordered materials gives
rise to nonconvex variational problems. In this paper, a two-dimensional model of such materials is
studied. Due to the fact that the corresponding functional has two symmetry-related (martensitic)
energy wells, the numerical approximation of the deformation gradient does not converge, but tends
to oscillate between the two wells, as the size of the mesh is refined. These oscillations may be
interpreted in terms of microstructures. Using a nonconforming P; finite element, an estimate is
given for the rate of convergence of the probability for the approximated deformation to have its
gradient “near” one of the two (martensitic) wells.

Key words. finite element method, rate of convergence, numerical approximation, nonconvex,
variational problem.

AMS subject classifications. 65N15, 65N30, 35J20, 35J70, 73C60

1. Introduction. The goal of this paper is to study some numerical aspects
of displacive phase transformations, i.e., solid-solid phase transformations that are
accompanied by a change of shape. It is observed that for some crystals such a
transformation does not occur uniformly but rather by different amounts (i.e., defor-
mations) in different parts of the body. This nonuniformity will be referred to here as
microstructures of the material and may exhibit very complicated patterns.

From a physical point of view, the underlying assumptions are the following: we
confine our attention to two-dimensional monocrystals undergoing displacive phase
transformations. Let us remark that a fairly large class of metallic alloys can be
studied within the above frame (see [ja]). We will focus here more specifically on one
of the most simple examples of the above transformations, namely, a cubic-tetragonal
transformation. Examples of such materials are provided by some shape memory
alloys such as CuZn, CuAlNi, NiAl, and InTl.

In the sequel  C R? is the reference configuration for the crystal. It corresponds
to the undistorted cubic symmetrical and so-called austenite phase. We consider a fized
temperature at which the low symmetry tetragonal phase—the so-called martensite
phase—can possibly appear.

If y : @ — R? denotes the deformation, the bulk energy is given by

[ $(Vy(2)) dz,
Q

where ® is the energy density. We consider the following Ericksen—James energy
density:

2 2
(1.1) <1>(F)=k1(n0—2)2+k20122+k3((9“;—0”) —52) ,
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112 PIERRE-ALAIN GREMAUD

where F' = Vy and C = F*'F is the (right) Cauchy—Green strain tensor, k;, i = 1,2,3
are constant elastic moduli, and ¢ is the transformation strain.
The equilibrium configurations are those which minimize the functional

(1.2) £) = /Q (V) de

over the space V = {v € H'(Q)%v — f € H}(Q)?}, where f is a given Dirichlet
type data to be specified later and where H'(f2) is the usual Sobolev space. As a
consequence of the serious lack of convexity of the above functional (it has two wells
corresponding to the martensitic states), there is no minimizer. This is due to the
fact that the lowest energy states—those corresponding to the wells—cannot match
the boundary conditions. We are led to consider minimizing sequences instead of
minimizers. The lowest level of energy is obtained by organizing oscillations between
the wells in order to satisfy “in the mean” the boundary condition, possibly giving rise
to a twinned martensitic phase (i.e., one which consists of fine bands of the different
variants of the martensite). Many theoretical papers have been published on these
questions. The reader may, for instance, refer to [bjl], [bj2], or [ck].

The outline of the paper is as follows. In §2, we construct a minimizing sequence
using the “classical” P;-nonconforming finite element. We give the rate of convergence
of the (discrete) energy to zero with respect to the size of the mesh. The oscillations of
the minimizing sequences are analyzed in §3. Namely, we show what is the probability
with which the gradients of the minimizing sequence take their values in the vicinity of
the wells. These results extend those obtained in [ckl] and [cl2] in the one-dimensional
case and in [cc] and [ch] in the “two-dimensional scalar” case (i.e., @ C R? and
y: Q- R).

Finally, let us point out that we are not aware of any other convergence results
in the genuinely two- or multidimensional problem.

2. Construction of a minimizing sequence. In this section, we construct,
via the finite element method, a minimizing sequence. In order to produce, on a given
triangulation, a piecewise polynomial function with the lowest possible level of energy
and which verifies “in some sense” the boundary conditions, we are led to get rid of
some of the continuity requirements of the traditional finite elements. We use the P;-
nonconforming element here (see, e.g., [cr]). We prove that the corresponding discrete
energy tends to zero like h? as the size of the mesh h tends to zero.

Let us first recall some elementary properties of the energy density ®.

LEMMA 2.1. Let ® be the Ericksen—-James energy density given in (1.1). The
following properties hold:

® is frame-indifferent: ®(RF) = ®(F) VR € SO,,
® has the symmetry group of the square: ®(FR) = ®(F) VR € Dg,

where Dg is the dihedral group of order 8. Moreover, ® has two minima (® = 0) at
the Cauchy—Green strains

_(1-¢ O _(1+¢ O
C"‘( 0 1+e>’ C“( 0 1—5)'
Some remarks are now in order.

The values Cy and C; of the Cauchy—Green strain are characteristic of the two
variants of the martensitic phase.
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Let y be a stable (i.e., Vy minimizes ® almost everywhere), continuous, and
piecewise differentiable deformation. We assume that on the two different regions Vy
has two different constant values corresponding to the two variants of the martensite

above, namely,
_ /2 [(V1-e€ 0 =
Fo - CO - ( 0 \/I—-F—E-) a.nd RFl,

where

F=C= (\/1_0+'e ¢1()Te ) , with R € SO;.

The continuity requirement implies that the interface that separates the two re-
gions is a straight line (with unit normal n) and for some nonzero vector a, we must
have

(21) RFl —Fo =a®n.
The solutions of (2.1) are given by

= 6§76t e 6 1 1
_ pt _ N .
R=R _( . 6‘6*’)’ a=a —\/55( 5+>, n=n _\/§(|1>’

where we have set 6~ = /1 —¢ and 6t = /1 +¢.
Let M = {A € M?X2;®(A) = 0}. By Lemma 2.1, M is invariant under the left
action of SO., i.e.,
SO M = M.

In our case, M consists of two distinct orbits:
M = SO;Fy U SO, F;.

Let us now return to the variational problem (1.2) and pay more attention to the
boundary condition f. Two cases are possible. _
If f is such that its gradient is a convex combination of Fy and RF, i.e.,

(2.2) f(x) = A\Fo + (1 - A)RF))z, A€ o,1],
then it is easy to check, using a classical relaxation technique (see, e.g., [da]), that

(2.3) inf £(y) =0, V={ve H'(Q)*,v - f € H3(2)%}.

Moreover, if A € (0,1), then there is no minimizer. However, for any minimizing
sequence {yp} the deformation gradients {F}} = {Vy,} must in some sense approach
the set M. A precise formulation of this statement is given in the next lemma.

LEMMA 2.2. For any minimizing sequence {yn} of (2.3), such that {Vyr} = {Fr}
is bounded in L° ()%, there erists a subsequence {Fy'} and a corresponding Young
measure v, T € §2, satisfying

g(Ep (z)) — /R \ g(F)dvs(F) in L>®(Q)* weak *

for any continuous function g : R* — R. Moreover, if f verifies (2.2) with A € (0, 1),
then the Young measure is uniquely determined and equals

(2.4) Ve =V = AR, + (1= A)dgp,-
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Proof. These relations are a direct two-dimensional translation of the results ob-
tained in [bj2] in the three-dimensional case. 0

If the boundary condition f does not satisfy (2.2), the situation is much more
involved and no uniqueness results of any kind are expected in general. We do not
consider that case in this paper.

For the sake of simplicity, we assume

25) Q=(0,1? and f(z)= %(Fo + RF)z with B = R*.

REMARK 2.1. The choice of a boundary condition f satisfying (2.2) is the main
limitation of our work. In (2.5), by choosing R = R*, we select one of the two
possible directions for the microstructure, as given by the solutions of (2.1) (here
n = (1/4/2)(1,1)). Therefore the choice of f uniquely determines the microstructure,
which is known a priori (see (2.4)). Our goal in this paper is then “only” to justify
the use of the finite element method for such a problem by establishing that the right
statistic is asymptotically obtained (i.e., the Young measure is well approximated).
In doing this, we will use the information at hand and orient the mesh in order to
allow discontinuities in the gradients of the approximated deformation across planes
orthogonal to n (see below). We have not been able to extend our result to a more
general mesh.

Let us finally remark that the previous limitations on the choice of f are also
essentially present in [ch], [cc], and [ck]]. 0

Let us now introduce the following family of triangulations of 2:

7;; = {Kl,m,pal < l’m < Map= 172}7

where K, 1 (respectively, K|, 2) is the triangle with vertices (lh,(m — 1)h),
((I = 1)h,mh) and ((I — 1)h, (m — 1)h) (respectively, (lh,mh)); h stands for the mesh
size, h = 1/M, M € N. The set 7T, is clearly a decomposition of 2. Let {m;} be the
set of the midpoints along the edges of all triangles K € 7,.

We consider the P;-nonconforming element (see [cr]). The degrees of freedom are
given by the values at the midpoints and the space of approximation is P; (space of
polynomials of degree 1). The discrete space V}, is defined as follows:

Vi = {u: Q- R%u|x € Py(K)%, VK € Ty,
u is continuous at m,Vm € {m;},
u(m) = f(m),Vm € {m;} N 0N}.

We define a numerical approximation up € V;, by

(2.6) En(un) = inf En(yn) = Ep,
YhE€VR

where En(Yn) = Y ket Ji(®(Vyn) + alyn — f|*)dz, o > 0.

REMARK 2.2. We impose the boundary condition on the trial functions and by a
penalty-like method consisting in the introduction of the term « [, |yn — f |2dz in the
functional to be minimized. If the latter term was omitted, then, as will be seen in
the construction leading to the proof of Lemma 2.4, the discrete problem would admit
an infinity of minimizers having no connection with the “solution” we are looking for.
The mere “nonconforming fulfillment” of the boundary condition is not strong enough.

The use of the explicit condition on the trial functions allows us to obtain the
“optimal order corollary” (see §3).
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Now, let us prove that the approximated problem (2.6) admits a solution.
LEMMA 2.3. There exists up, € V3, such that

En(un) = yEIEI{,h En(Yn)-

Proof. A function v, € V}, is completely determined by its value at the nodes
{m;}. Given an ordering of the triangles, we denote by £ the vector of the values of
the degrees of freedom of v;, at the nodes which do not belong to 69.

Let 2(¢) = En(vr). By definition of &, = is a continuous function of £ which has
to be minimized over R%, where d is the number of nodes not on 9Q. We remark that

=E(£) — +oo  when |¢| — +oo.

Indeed if |¢] — +o00, then at least one component of £ tends to infinity. By definition
of the degrees of freedom and by definition of &, this leads to the latter relation.

Now, let £ € R? be such that Z(£) < oo and let X = {¢ € R%E(€) < E(€)}.
By continuity of 2, X is a compact set in R?. Therefore our problem consists in
minimizing a continuous function over a compact set in R% and consequently admits
one solution. 0

Let us now establish an upper bound of the discrete energy with respect to h.
The idea consists here in trying to “mimic” the twinning planes.

LEMMA 2.4.

o
= inf < —e2h.
Ep= inf &n(yn) < 35€h

Proof. Let yp, € Vj, be such that

yn(m) = f(m) vm € {m;} N 89Q,
Vynlkim, =Fo ifl+m+pisodd,
Vynlkim, =RFL ifl+m+piseven

(see Fig. 1 below). Easy (but somewhat tedious) calculations show that such a con-
struction is possible. Moreover, we have

®(Vy,) =0 a.e. in Q,
and thus

En(yn) = a/ﬂ lyn — f|?dx = Z /K lyn — f|dz.

KeTy,
By simple calculations we prove that for any K € Ty,
e2ht
«a |yh—f|2da:=a—.
. =
Therefore, since there are [2/h?] triangles, we get
272
e“h
E,<€& =a—
h < Enlyn) = a5

which proves the lemma. 0
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Fi1G. 1. Gradient of yy,.

REMARK 2.3. Let us remark that since the above function yj, is actually continu-
ous, the “nonconformity” of the element we consider is only the trick which allows us to
make the above construction by enforcing, in a suitable way, the boundary conditions
for the discrete problem (see also the concluding remarks).

3. Convergence in measure. In this section, we give an estimate for the rate
of convergence of the probability for u; to have its gradients “near” one of the two
martensitic states.

Hereafter ¢ denotes various constants independent of A.

Let us first define the following projection operator

II: M>2 5 M,
F — IIF,

where IIF is such that || F—ILF|| = min(inf¢eso, m, |F—€||, infeeso, F, |F—£||), where
|| - || stands for the fo-norm. Since M is compact in M2*2 and since the distance
d(F,-) is continuous on M, there exists, for any F in M2*2, at least one IIF.

We now remark that there exists > 0 and 8 > 0 such that

$(F) > ul|F — TIF|P.

In order to prove this result, it is useful to analyze some geometrical properties of the
wells Mg = SOy Fy and M; = SO, F;. In R%, these two wells may be viewed as two
circles with center at the origin and with radius V2. As we already know, these circles
do not intersect each other. Easy calculations show that if d(M,, M;) is the distance
between the two wells, we have

d(Mo, M;) = 2(1 — /1 —2)1/2,

LEMMA 3.1. Let ® : M2%2 — R be the energy density given in (1.1). There exists
a constant p > 0 such that

®(F) > p|F - TIF||?> VF € M?*%

Proof. We first remark that it suffices to prove the relation “at infinity” on the
one hand, and in a neighborhood of each well on the other hand.
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The first part is not difficult to check since by definition of ®, for any given F,
||F'|| > d, where d is an arbitrary number, d > d(M,y, M;), and for any 3, 0 < 8 < 8,
there clearly exists a positive number p such that

®(F) > p|F —TIF|°.

Let us consider what happens in a neighborhood of a well, say Mq. Developing ® in
a neighborhood of an arbitrary point belonging to My, say Fy, we get, after a few
calculations,

2(F) = £ (V&(F)(F - Fo), F — Fy) + O(IF - Fol1),
where
(V2®(Fy)(F — Fy), F — Fy) =8k (Tr Fi(F — Fp))”
+2k;[F§(F — Fo) + (F — o) Fol3,
+ 32k3e? ([FE(F — Fo)l1 — [FE(F — Fo)la2) ™.

Therefore, we have to prove that there exists u > 0 such that for any F' belonging to
the three-dimensional hyperplane through Fp, orthogonal to Mg in R%, we have

(V2®(Fo)(F — Fo), F — Fo) > pl|F — F|*.
Since the equation of the two-dimensional plane perpendicular to My is
{veRYvt = (g% +6,h6,h6F,—g6~ +67), h,g € R},

the generic expression of F is

(g6t +6~  hé™ & 0
F= (57 s )+r(h &) fener

Consequently, since ||F — Fp|> = 2(f2? + g% + h?), we have to prove that for some
p >0,
(V?®(Fy)(F — Fp), F — Fo) > u(f? + g* + b?).

Direct calculations yield
(V2®(Fo)(F — Fo), F — Fy) =32ky f% + 8kh?
+128¢%k3((1 — €)g® + €% f2 — 266167 gf),
and thus by the Young inequality,
(V2@(Fy)(F — Fp), F — Fp) > 32k, f* + 8koh?

+ 128¢2k3 <g2(1 —e2)(1—n)+£2f? (1 - %)) , n > 0.

Now if 7 is chosen such that

1>n> ———1——-—

LR

4et k3
we obtain that there exist three positive numbers a, b, ¢ (depending on ¢, k;, k2, and
ks) which verify

(V2@(Fo)(F — Fo), F — Fo) > af? + bg® + ch?,
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proving the lemma. 0
Let us now turn to the analysis of the approximate solution up,.
LEMMA 3.2. There exists a constant ¢, independent of h, such that

[Vup(z)|| < ¢ a.e. z €.
Proof. By Lemma, 2.4, we have
Y [ e(Vulds= 3 IKI@(Vun(px)) = O,
KeT, 'K KeT,
and thus

(3.1) > @(Vur(pk)) = O(1),

KeT,

where pg is some point belonging to the interior of K. If Vu;, was not bounded, then
there would be at least one sequence of elements {K}}»>0 C 75 and a corresponding
sequence of points {pk; }n>o0 such that Vus(pk; ) would tend to infinity as h tends
to zero. This is in contradiction with (3.1) and the fact that ®(v) — +o0 as ||v|| — +
0. 0

Now, let w be any Lipschitz domain such that w C 2. We define

wp = UkeT, K.
Kcw

Due to the particular triangulation we consider, we have
Vz € Owp, d(z,0w) < ch,

where d(z,0w) is the distance between z and Ow and c is a constant that depends
only on dw. If | - | denotes the Lebesgue measure, it follows that

(3.2) |w — wp| = O(h).
Let us introduce
Tu(w) = {K N&; K € To}.

We remark that in general 7j(w) does not only contain triangles K € 7Tj, but also
truncated triangles.
LEMMA 3.3. For any Lipschitz domain w C 2, we have

3 / [Vun — IV up|ldz = O(h).
KeTh(w) 'K
Proof. We have
3 / IVun - Vuslldz = 3 / Vun — IV | dz
K K

KeTh(w) K€Th(wn)

+ Z /K |[Vup, — ITVuy||dz,

KeTh(w)—Th(wn)
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and thus by the Cauchy—Schwarz inequality and Lemma 3.2,

1/2
/ IIVuh - HVuhlld:c <|wh|1/2 Z IIVuh - HVuhllzd.’L'
KET,(w) KeTh(wn) " K

+ clw — wh-

Since by definition |wp| < |w|, Lemma 3.1 and relation (3.2) lead to

1/2
> / (Vur — MVus||dz < |w|1/2( ) + ch.

KeTh(w)

The result is then a direct consequence of Lemma 2.4. 0
Let us introduce the following notation:

Y1 = set of the “edges of 7,”
Th(w)=ZnNo,
={z € w— Tp(w) : ||Vup — IVu|| < R},
={z € w — Tp(w) : IVup € M;,||Vur, —IVus| < R}, i=0,1,

Wl =w-wf=0RUuz(w),

where O = {z € w — Ty (w) : ||[Vur — IVup|| > R} and where R is a given positive
number.

In the next lemma, we establish that the measure of the set w (which, roughly
speaking, consists of the points at which the gradient of the approximated deformation
up, is not in a “neighborhood” of a martensitic state) tends to zero like h as h > 0
tends to zero.

LEMMA 3.4. For any Lipschitz domain w C §2, we have

|we'l = O(h).

Proof. Since the two-dimensional measure of ¥, (w) is zero for any A > 0, we have

1
lwB| _/ dz + |Zp(w)| < b Z / [Vup — IV uy ||dz.

KeTn(0R)

We conclude by Lemma 3.3, since this latter result holds for any Lipschitz subdomain
of Q. 0

We can now prove that, as a consequence of the estimate on the energy obtained
in Lemma 2.4, the average of the deformation gradients are “close” to the average of
the gradients of the function f that defines the boundary condition.

LEMMA 3.5. For any Lipschitz domain w C 2, we have

/ (Vaup, — V§)dz| = Oh3).

KeTh(w)
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Proof. We have
(3.3)

> /K(Vuh—Vf)dx <l 3 /K(Vuh—Vf)da:

KeT,(w) KeTh(wn)

> /K (Vup — Vf)dz

KeTh(w)—Th(wn)

+

By Lemma 3.2 and relation (3.2), we remark that the second term on the right-hand
side of (3.3) verifies

(34) Z /K(Vuh —Vf)dz|| < c|w — wy| < ch.

KeTh(w)—Th(wn)

On the other hand, by the divergence theorem, we have

Z /K(Vuh - Vf)dz Z /.9K(Uh - f) ® ndo

KEeTh(wr) KeTh(wn)

)

where n is the unit outer normal to K. Along each edge up ® n is a polynomial of
degree 1. Since the value of this function for two adjacent triangles is the same at the
midpoint of the common edge, we get that, in the previous expression, integrals along
the interior edges vanish. This leads to

Z /K(Vuh—Vf)dx = Z /F(uh—f)@)nda )

KGTh(wh) redwr,NéK
KeTh(wn)
Hoélder’s inequality yields
1/r
> / (Vup, — V)dz|| < |0ws|M™ > / lun = flI"do |
KeTh(wn) K redwr,NdK r
KeTh(wn)

where (1/r) + (1/7') = 1. We observe that, since w is Lipschitz, |Owy| is bounded
regardless of h, and thus for any r, 1 < r < o0,

1/r
(3.5) Z /K(Vuh —Vf)dz|[<¢c ( Z /ax llun — f”rda) .

K€eTh(wh) KETh(wn)
Now, it is known (see, e.g., [ne, p. 84]) that for any function v € W11(K), we have
lvliLraxy < E(E) (vl L2 (k) + IVYllL2(k)),

where &(K') depends only on K. We apply this relation to v = ||up — f||”. In this case,
i.e., if v = p” where p is a polynomial of degree 1, it is easily checked that there exists
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a constant ¢, independent of h, which verifies
c
lvllr oy < E("v”Ll(K) +[IVoll L1 (k)

(see the appendix for a general demonstration). It follows that

> [ - sirdo
(3.6) K€Th(wn)
<t 3 [ (w1 + [90un = 1] )
KeT, 'K

We observe that

J It = 717z = & [ = 172 112
K K

r 2 8 < ’
=5 L= | e s - ) | e

i=1 j=1
and thus, by the Cauchy—Schwarz inequality,
) 5 o\ /2
r r—1
/K“VHUh = flI"||d= < T/K lur — £ ”Z=:1 (-a?i(uhj - fj)) .

Relation (3.6) then yields

) /8 s = fIrdo

KGTh(wh)

h_l _ _ r—1
et 3 [ (un = sllfun - 51

KeTh(wn)
+rllun — FI7[Van - an)dx,

and thus, once again using Hélder’s inequality,

> [ - firao

KeTh(wn)

<ch'r E [/K llun - FII""'dz

KeTh(wn)
: (||“h = flleeoxy + [IVun — Vflle(K))]~

By setting r = 3, we obtain

3 /Mnuh—fu'das«:h-l S s - fllwam /K lun — fl12da.

KeTh(wn) KeTh(wn)

Now, by Lemma 3.2 and by the definition of uy,, there exists a constant ¢, independent
of K, such that [[ur — fllwie(k) < c. Relation (3.5), together with the previous




122 PIERRE-ALAIN GREMAUD

inequality, then leads to

> /K (Vup, — Vf)dz

KeTh(wn) KeTh(wn) " K

1/3
Sch_1/3( Z /||Uh—f||2dm) ,

and Lemma 2.4 yields

Z / (Vup, — Vf)dz| < ch/3.
KeTh(wn)
The lemma is then a direct consequence of (3.3), (3.4), and the latter relation. 0

Let us now state and prove our main result. Namely, we give an estimate for the
rate of convergence of the probability for u; to have its gradient in either of the two
martensitic states.

THEOREM 3.1. For any Lipschitz domain w C 2, we have

|wE| - % = O(h'/3), i=0,1.

Proof. We have

Vupdz = /V dr — Vud
Z /}; Up, Z K Upax KGTX"(:OE) . uRaxT

KeTh(w§)UTh(w]) K€Th(wn)
= Y /(Vuh—Vf)dw+ > /Vfdz
KeTh(w) 'K KeTn(w) 'K
- Z Vupdz — Z Vurdz.
KeTn(w—wn) ' K KeTn(aR) VK

Taking into account the fact that f is affine and introducing IIVu;,, we obtain

> / MVupdz + Y / Vupdz — |w|Vf
K K

KeTh(wf) KeTh(wf)
= — Z /(Vuh—HVuh)dz-i- Z /(Vuh—Vf)dw
KeT,(wR) 'K KeTh(w) 'K
— Z /V'u,hda;— Z /Vuhd.’l:.
KeTh(o—wn) K KeT,@R) K

Now by Lemmas 3.2-3.4 and relation (3.2), it follows that
> / MVudz + 3 / MVupdz — ||V f = O(hY3),
KeTy(wl) " K KeTn(wh) "X

where O(h'/3) € M?*? and is such that there exists a constant c, independent of h,
which verifies ||O(h'/3)|| < ch/3. We get by the definitions of IT and f,

Z |K|RKFO + E |K|RKRF1 - l—‘;—l(Fo + RFl) = 0(h1/3),
KeTh(w®) KeTh(wf)
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where we have used the fact that the rotations Rx € SO2, K € Th(wf), or Th(wF)
do not depend on z € K. It is possible to rewrite the above equation as follows:
(38.7) AFy + BRF, = O(h'/3),

where A = Exen(wg) |K|Rg — (lw|/2) and B = ZKeTh(w{l) |K|Rg — (lw]/2). We
remark that both A and B have to tend to zero. Indeed, taking into account the
structure of these matrices (i.e.,

A= a; —a2 and B = bl '-b2
a2 a by b )’

a1, az, b1, by € R), (3.7) may be rewritten as

a; 65— 0 (1+4¢)s ebt
P o st et —(1-e)t

M| | =O0G7), whee M=1 o o _ 5t  (14e5 |
by 6t 0 (1 - E)6+ €6~

and where O(h1/3) € R4, with ||O(h'/3)|| < ch/3.
It is easy to verify that M is a nonsingular matrix, and thus we get
a} + a3 + b} + b3 = O(h*/3).
We have, in particular,
(3.8) > |K|cosbk — |—“’2—| =03, i=0,1,
KET;.(w‘.R)

where Ok is the angle corresponding to the rotation Rg.
On the other hand, we have, by definition, |wf| + |wf| = |w| — |[wE|, and thus by
Lemma 3.4,

(3.9) lwg] + |wff| = w| = O(hY/?).
Now by (3.8), we have
(3.10) lwf| + | K| Z (cosOx —1) — |‘"7| =0h?, i=0,1.
KeTh(wl)
If we add these two relations, we get
lw&| + |w| + |K| Z (cosbk — 1) + | K| Z (cosOk — 1) — |w| = O(RY/3).
KeTh(wf) KeT,(wl)
Relation (3.9) then implies
K| Y (cosbx —1)+|K| Y (cosbx —1)=0(r?),
KeTh(wh) KeTh(wf)

and thus, since both terms in the latter expression have the same sign,

K| Y (cosfx —1)=0O(h'?), i=0,1.
KeT,(wR)

These relations, together with (3.10), prove the theorem. 0
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Let us remark that in the case w = €2, it it possible to improve the order of
convergence. In what follows, Qf, QF, and QF are defined according to w®, wk, and
wl i=0,1.

COROLLARY.

1

|QF| - 5 =0(k), =01

Proof. We first remark that
(3.11) > / Vupdz = / Vfdz.
KeT, K a
Indeed, by the divergence theorem, we have
Z / Vupdr = Z / up, @ ndo,
KeT, 'K KeT, /9K

where n is the unit outer normal to K. By the same argument as in the previous proof,

it follows that
Vupdr = / up ® ndo.
S [vut= ¥ [w

KeTy I‘E}?Q?@K
€1p

However, at any midpoint m € {m;} that belongs to 09, we have uy(m) = f(m), and
thus, once again using the same argument, together with the fact that f is affine, we

get
Z/wm;: > /f®ndo.
KeT, 'K redQnok T
KeTy

We conclude by the divergence theorem. Therefore, we obtain
Z / Vupdz + Z / Vupdzr = Z / Vupdx — Z / Vudz.
KeTn(oR®) 'K KeTn(oR) 'K KeT, 'K KeTn (R " K

By introducing ITIVu;, and taking (3.11) into account, we get

> /HVuhdm+ > /I'IVuhdz—|Q|Vf
K K

KeT,(QF) KeTh(Qf)

=- ¥ /K (Vup —IVup)dz — Y / Vupdz.

KeTn(QR) KeT,(QR)

Now, by Lemmas 3.3 and 3.4 in the case w = 2, we obtain

_ 0 _
> |KIRkFo+ Y |K|RxRF— %(F0 + RF) = O(h),
T (QF) Tn(2f)

and we conclude as in the previous demonstration. 0

Concluding remarks. The use of a nonconforming element, or more precisely
the nonconforming fulfillment of the boundary conditions, seems to be essential in our
demonstration. The reader can refer to [cl1] for numerical results using the continuous,
bilinear Q; element. In that case, the experimental order of convergence corresponding
to Theorem 3.1 is approximately one (see [cl1] or [co]), and thus our results seem to
be reasonable and the order 1 obtained in the corollary is probably optimal.
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As a conclusion, let us consider some possible further developments. The case of
more general boundray conditions undoubtedly deserves more study. A challenging
question is also the numerical analysis of the three-dimensional problem (see [bj2] for
an extensive theoretical analysis of this problem).

However, from a numerical point of view, the main problem seems to be the lack
of any reliable minimization algorithm in the nonconvex case.

Finally, the model we consider leads to microstructures of infinitely small size (in
[c11] the computed microstructures are of the smallest possible size, i.e., the size of
the mesh). However, typical twin band spacings are of the order of 10um in InTl,
for instance. In order to take this into account, more sophisticated models should be
considered (see [bj2] and the references quoted therein for remarks in that direction).

Appendix: Some remarks on a “sharp” trace theorem. We are interested
in the trace theorem in W1} (K), where K is a simple two-dimensional domain.

In the proof of Lemma 3.5, we claimed that, for any function v € Wl}(K), K
being a triangle,

Ivllz1ax) < CE) (Il iy + IVVllLr (k)

where, for any h small enough, C(K) < C/h, C being independent of k.

This result is certainly well known (see, e.g., [ne]), but we have been unable to
find a precise description of the constant C(K) in the literature. Here we give an
estimate of this constant in the case where K is the triangle with vertices (0,0), (k,0),
(0, ).

Let us first prove the following lemma.

LEMMA A. Let R = [a1,b1]x[a2, b2, a; < b;, i = 1,2. Then for anyv € W(R),
we have

b1 1
[ o, @)lder < = lollusc + 90l

al 2 —
for any & € [az, bs].
Proof. Since C*®(R) is dense in W!(R), it is sufficient to prove the result for

v € C*(R). Thus f:ll |v(z1,-)|dz1 belongs to C*([ag, bo]). Therefore, by the mean
value theorem, we have

be by by
ol gy = / dzy [ derlo(@, z2)| = (b2 — a2) / (1, 0)|dzr,
a ay

2 ay
where o € [az, bs]. Now, let £ € [az, b2]; we then have
b2

3
lo(z1,6)] = [v(e1,0) + / ae-(o1, )| < [o(e, )] + /

az

0
a_mv(wl,y)‘ dy.

After integration, we get

b1 bl 8
[ wton 9l < [ otar e + o
a T2

1 ay

b
L'(R)

and thus

by 1
[ en,oldm < vl + 1Volli- O
ay

~ by —asz

In order to apply the above technical result to the case of a triangle K, we consider
the following well-known result related to the extension of a function by reflection.




126 PIERRE-ALAIN GREMAUD

LEMMA B. Let K be the triangle with vertices (0,0), (h,0), (0,h) and let Q and
Q be, respectively, [0,h]? and the rectangle with vertices (h,0), (0,h), (—32Qh, 3gh),
and (¥Zh, —¥Zh).

If for any u € WY (K), we define @, an extension of u to Q by reflection with
respect to the segment (h,0), (0,h) and i, an extension of u to Q by reflections with
respect to the segment (0,0), (h,0) on one hand, and (0,0), (0,h) on the other hand,
we then have @ € WY1(Q) and @ € WH1(Q); moreover,

lallzr gy < 2lullzvky,  IVallpgy < 20VullLix),
lall gy < 2llulleiky,  IValleg) < 20Vl x)-

Proof. See, e.g., [br, Lemma IX.2]. 0

We now state and prove the main result of the appendix.

THEOREM. For any v € WY (K), where K is the triangle with vertices (0,0),
(h,0), and (0,h), we have

1\4
lvllzor) < (1 + E) 7ol ) + 61Vl ()
Proof. Let us first consider o 73,0)|dz;. By Lemma A, we have
0
h 1
[ 1@ 0ldas < Zlolzi@) + Vi@,
and thus by Lemma B,
h 2
(A1) [ toar,0)dar < Flollo + 290l
In the same way, we get
h 2
(A2) [ 10.20ldz2 < il + 2190,
By again using Lemma A, we also have
! 2
| 1utht b = )1VERdE < 2l gy + 19011y
which by Lemma B yields,
1
4
(A.3) ‘/0 |v(ht, h(1 — t))|V2hdt < —%”UHU(K) + 2|| V|| L (k).

The theorem is then a direct consequence of (A.1)-(A.3). 0
Finally, let us remark that the above result is sharp, since the inequality in the
theorem is an equality if v = C almost everywhere in K, C € R.
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