ABSTRACT

POPLIN, PHILLIP L.. The Semiring of Multisets. (Under the direction of Professor R. Hartwig.)

The aim of this paper is to develop the basic theory of the Multiset Algebra. Multisets
provide a connection between the eigenvalue/eigenvector equations for the Max-Plus and nonnegative
real number systems. Multisets provide a more general setting than either of these two algebras.

Results about these two algebras will be developed from the theory of Multisets.
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1 Introduction and Motivation

The Max-Plus algebra is one example of the class of Path Algebras. Path algebras have evolved over
the past few decades to help answer questions that arise in weighted graph theory. At first several
different Path Algebras were investigated separately but as research evolved it was found that the
same theory held for all Path Algebras. This was the beginning of the field of idempotent semirings,
which is a subclass of semirings. This theory covers areas of path algebras as well as lattices and
weighted graph theory.

The use of the Max-Plus (max,+) algebra has allowed many problems which are non-linear
in the usual algebra system to be linearized. This has allowed difficult problems to be solved by
elementary methods. The (max,+)-algebra system has evolved to solve a multitude of problems in
seemingly different fields of study. As such the (max,+) algebra has been used in Discrete Event
Systems, transportation networks, parallel computations, project management, machine scheduling,

and many other fields. For a detailed introduction we refer to [13].

Semirings provide the global setting of the present thesis. Within this context we study
some matrix identities which can be developed analogously from the theory of rings. In particular
we show that some identities in a ring can be generalized to an analogous identity in a semiring. We
begin with an introduction to semirings. The semirings we study can be separated into three special
types; idempotent semirings (which are Path Algebras), zerosumfree semirings, and cancellative
semirings. The Max-Plus and Max-Times Algebras are subclasses of the class of Path Algebras.

As we will see in Example 5.1 the Max-Plus Algebra system can be used to solve problems of
discrete event systems using linear algebra. One aim of this thesis is to obtain a better understanding
of the relative relationship between the Max-Plus, Max-Times, Multiset, and Nonnegative number
systems. Indeed we show that 9T, 91*, and the nonnegative reals numbers can all be viewed
as a special case of multisets. We give an overview of the Max-Plus Algebra, including many of
the theorems used in connection with these problems. The Max-Times Algebra is isomorphic to
the Max-Plus Algebra system, but since it is closer to the usual algebra, it is somewhat easier to
develop. The 9T algebra is more natural for applications but 901* is easier to use. We survey the
material known about these systems and add several new results.

A search for a common enveloping theory between the Max-Times algebra and the non-
negative real number system leads to the semiring of multisets, and, subsequently, to its ring of
differences. The Multiset Algebra will allow us to recover all the cases above by performing suitable
elementwise computations.

The multiset algebra is developed. We give a detailed introduction to multisets, then pro-
ceed to equations with multisets and systems of equations involving multisets. We study the multiset
algebra system and its relationship to the other algebras. The multiset algebra allows us to keep an

optimal amount of information throughout the calculations. Keeping more information, however,
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also has disadvantages in that some problems become much more complicated. We show how multi-
sets allow us to connect the eigenvalue/eigenvector equations for the Max-Times algebra with that

of our conventional algebra system. Figure 1 shows the interconnectedness of these structures.



2 Semirings

A semiring is one of the fundamental structures in mathematics. The set most people first encounter
is the natural numbers, which is a semiring, as is the nonnegative real numbers. Since a semiring
is a more general structure than the familiar ring structure, the theory is less developed and more

fractured in its development.

2.1 Axioms
We begin with a definition of the semiring structure

Definition 2.1. A semiring is a set R, equipped with two binary operations, + and x, which have

the following properties.
1. The + operation is commutative and associative.

(a) a+b=b+aforall a,be R

(b) (a+b)+c=a+(b+c) forall a,b,c€ R
2. The x operation is associative and distributive over +.

(a) (axb) xc=ax (bxc)forall a,b,c e R
(b) ax (b+¢c)=(axb)+ (axc)foral abceR
(¢) (b+¢)xa=(bxa)+ (cxa)foral abceR

3. The set R contains a zero element 6 such that:

(a) d+a=aforallae R

(b) d xa=ax@=40"forallae R (absorption)

4. The set R contains a unit element e such that

e xa=axe=aforallae R

The zero element is absorbing, which has now become an axiom instead of a theorem. The
above axioms define a semiring. If e =6 then r=re =rf =0 for all r in R, so R={¢ }. We add the

following axiom to avoid this trivial case.
5. e#£40
We add further axioms to define specific types of semirings.

Definition 2.2. A commutative semiring is a semiring, R, with the additional axiom:

6. a xb=">bxafor all a,b € R



Definition 2.3. An additively idempotent semiring has the additional axiom:
7.a+a=aforalaecR

Although one could also define a semiring which is multiplicatively idempotent, we will
have no need for this definition in the present setting. As such we will refer to an idempotent

semiring as meaning additively idempotent.

Definition 2.4. A cancellative semiring, R, satisfies the additional axiom:
8. If a+b=a+c then b=cfor all a,b,c € R

Definition 2.5. A zerosumfree semiring, R, satisfies the additional axiom:
9. Ifa+b=10 thena=>5b=4¢.

Definition 2.6. A semifield is a semiring in which the nonzero elements of R have a multiplicative
inverse. It is noted that this definition uses the existence of the multiplicative identity as an axiom

of semirings.

If acR, and a#6, then a is a zero divisor in R if there exists a b#6 in R such that axb=6.
Although one could define a left and right zero divisor separately, the semirings in this thesis will
be commutative, so the definitions are the same.

We see from the above axioms that the important difference between these semiring struc-
tures and that of a ring is the lack of an additive inverse. It is this fact that separates rings and
semirings. Any theory that requires the existence of an additive inverse can not be handled by a
semiring structure and must be embedded in a ring structure.

If S is a subset of R which is also a semiring, then S is called a subsemiring of R.

Example 2.7. (N,+,x), the natural numbers, with the usual addition and multiplication is a famil-
iar example of a semiring. We also note that N is a subsemiring of Q T, the semiring of nonnegative

rational numbers, which is a subsemiring of Rt , the semiring of nonnegative real numbers. [ ]

2.2 Matrices

We let R,, equal the set of all nx1 vectors with elements from R. We also et R, x» equal the set of

all nxn matrices with elements from R.

Definition 2.8. Suppose A,B € R,,x,, @ € R. The following are the definitions of the basic opera-
tions of matrices in the semiring.
Iii =e Vi=1...n

1) I,=1= = Identity matrix in R xy.
Lij=0 Vi#j



(2) (axA)y; = a x ayj
(3) [A + Blij = aij + by

(4) [A x Blij = [Xp= (@i - brj)]
(5) The zero matrix, 6,,x,, is defined as the matrix with all elements equal to the #-element.

(6) The ones-matrix, J,,x,, is defined as the matrix with all elements equal to the e-element.

(132

We may omit the “x” when it is understood, or we may replace it by the “.”, as the need

arises.

Definition 2.9 (Eigenvalue-Eigenvector Equations).
Given a matrix A, if A € R and z € R,, exists such that Equation (1) holds, then A is called an

eigenvalue of A and z is called a right eigenvector of A.

apix a2 - Qip T T
az; Q22 -t A2p €2 €2

Az =Xz = . = (1)
apl1 Qp2 - Anpn Tn Tn

.
(1171 + a12%2 + - -+ + Q10T = ATy

2171 + Q222 + -+ + A2pTn = ATy

[ @11 + a2 + -+ AunZn = A2y

Definition 2.10. The matrix A is said to be reducible is there exists a permutation matrix P such
A Ay
0 Ay

that PAP~1=

If the matrix A is not reducible then we say that A is irreducible.
Theorem 2.11. If A#6 and A is reducible, then
(a) A is reducible for all k

(b) > A* is reducible.
k



B C
Proof. Suppose A =

D
(a) AF=x Bt ,
0 D*
and
B* ?

b) > AFx~ Z’“: O

3 0 Y Dk

k

The following Corollary follows immediately from the above theorem.

Corollary 2.12. If A > 0, and there exists k such that A* is irreducible, then A is irreducible.

2.3 Graphs

A weighted directed graph is a triplet (V,E;W). V is a set of vertices, called nodes. The nodes
will be labeled as S; or simply as i, where it is unambiguous. E is the set of edges, or arcs, given as
a directed line segment from node S; to S;. W is the set of weights associated with each arc. Since
all graphs in this thesis are weighted directed graphs, we simply refer to these as graphs.

A path from node S;, to S;, is a sequence: (S;,, Siy, . - . , S;,), or referred to simply as
the sequence: (ip, i1, . . . , iz). The nodes i), are said to be on the path. The path is said to pass
through the nodes. The length of the path is t. The path is said to be an elementary path if the
nodes (ij,iz,...,i;) are pairwise distinct. (No repeated nodes.) The length of an elementary path is
at most t — 1. A path is call a circuit if i = i;, and a path is called a cycle if it is an elementary
circuit. A loop is a cycle which consists of a single arc. The length of a circuit is the length of
its path. Elementary circuits have length of at most n, in a graph with n nodes. When listing the
nodes of a circuit, the first node can be any node on the graph; the other nodes are given in the
order around the circuit.

The adjacency matrix of a graph is the matrix A with elements made of the weights of

the arcs of the graph.

w;; if an arc exists from node i to node j
a;j = (3)
0 otherwise.
Definition 2.13. G(B) is the graph which has B has its adjacency matrix. A matrix B, has exactly

one graph associated with it, and a graph has a unique adjacency matrix.

We can associate a path product to each path (i, i1, ... , i) as: Wips; X Wiggy *** X Wis_ 4
If 7 is a path, say iy, iz, ..., iz, then we will write
w(T) = Wiyi;, X Wiy, X -+ X Wj,_,;,, or using the elements of the matrix A as

W(T) = Qigiy X Gigiy X -+ X a;,_,4,. We write £(7) for the length of the path .



The following theorems are from linear algebra and carry over analogously to 9T .

Theorem 2.14 (Frobenius Normal Form).
Suppose M contains k strongly connected components. Then there exists a permutation matrix P

such that M takes the following block triangular form:

My My - My
_ B My - My
M=PMP'= _ _ (4)
0 M,
where M, M, ---, M} are all irreducible submatrices which correspond to k strongly connected

components of G(M).

Theorem 2.15 (Refined Frobenius Normal Form).
Suppose M contains k strongly connected components. Then there exists a permutation matrix P

such that M takes the following block triangular form:

[ My Mo My ]
M, Moy
?
M=PMP'=| 0 My, ()
Mgy 00
0 0
L 0 M,
where M1, My, ---, Mj are all irreducible submatrices which correspond to k strongly connected

components of G(M).

The following fact shows how elements in the power of a matrix, A, are related to the graph

associated with A.

Fact 2.16. The sum of all of all t-step path-products from node S; to node S; can be represented
by:

(Bij =33 D biky braks ey (6)

k1 k2 kt—1

The proof of the following theorem is graph-theoretically based, and therefore the proof is

valid in any semiring.

Theorem 2.17. The following are equivalent:



(1) A is reducible.
(2) G(A) has an absorbing class.

(3) G(A) is not strongly connected.

Proof.
S1 Sy S’r‘-‘rl Sn
Si i
: ( ? ?
(1 =2) Suppose A *xB= g,
per
S’I‘+1
: 0 ?
s L _
Let G=G(B).
Let W={S, 11, ..., Su}, and let W¢={S;, ..., S,}. Since (B);j=0 for r+1 <i <n and

1 <j < n, then no arc exists between S; and S;. Therefore W is an absorbing class.

(2 =3) Suppose that B has an absorbing class, say W={S,41, ..., Sp}. Then G
cannot be strongly connected since there is no path from S,;; to S;.

3 =2 Suppose that G is not strongly connected. Then there exists nodes S; and
S; such no path exists from S; to S;. Let W={S;, | S; — Sy, }, and let Wl= {S; | Sx ¢ W }. We
claim that there is no path from W to WC. If such a path exists, then there is au € W, and v €
Wc, with u - v. Then S; - u —v, and S; - v and v € W, which is a contradiction. Therefore
no path exists from W to we.

(2 =1) Let W be the set of nodes in the absorbing class. Since there is no path from
By | Bs

a node in W to a node in WC then B;j=0if S; € Wand S; € WC. So B=
By

Lemma 2.18 is from [9, page 50].

Lemma 2.18. If G is a graph with no cycles then the vertices of G can be relabeled so that there

is no arc from S; to S; if i<j.

Corollary 2.19. If A is the adjacency matrix associated with the graph G and G has no cycles

"0 * e e *
0 0 o« e
then A ~B=
per
0 *
K 0




The following theorem is also graph-theoretically based and holds for any weighted graph

over a semiring.

Theorem 2.20. If G be a graph in which every vertex has out degree at least one, then G has a

circuit.

Proof. 1If G has no circuit, then as noted in 2.18, we can relabel the vertices of G so that there is no
edge from S; to S; if i<j. But then vertex S,, must have out-degree zero, which is a contradiction.

Therefore G must have a circuit. O

2.4 Polynomial Forms

The definitions in this section are the same as for rings. Let (R,+,x) be a commutative semiring

with identity. Let R[x] be the collection of all finite ordered subsets (ag, az, -« -, ap) of R where
(1) n is an arbitrary nonnegative integer.
(2) Either a,, # 0, or n=0 and ay=0.
To make R[x] into a semiring we define addition and multiplication.

Definition 2.21 (Polynomial forms over (R, +, X)).

L. p= (po.p1,p2;--. ,Pn), With p; € R.

2. 0p=n

3. The zero polynomial has no degree.

Let p and g be polynomial forms, then we define the operation of addition of these two

polynomials.

Definition 2.22 (Addition). If p=(po,p1,...,pn) and q=(q1,¢2; ... ,¢m) With n>m, then
pBqg=(po+4q.p1+aq1, - Pm+ dm,Pmt1;- - Pn)-

Proposition 2.23 (Properties of H).
1. R[x] is closed under H since R is closed.
2. H is commutative since R is commutative.
3. H is associative since R is associative.

4. § = (0,0,0,...,0) is the additive identity.



Definition 2.24 (Scalar Multiplication). If @ € R and p=(po,p1,.-. ;Pn), then
(alp) =(axpy,a X pr,...,axp,). We use, here, that a X6 = 6.

Definition 2.25 (Multiplication). If p=(po,p1,... ,Pn), and q=(qo,q1,- .- ;Gm), then

p X q=(cci,c,...,¢r), Where ¢; =3 ;4. a;jby.
This multiplication is just the normal Cauchy product of two polynomials.

Proposition 2.26 (Properties of Multiplication).
Let a, 8 € R, and p,q,r are polynomial forms.

l.aO(pBEq=aUOpBalq
2. (a+pB)0p=alpBEALD
3.elp=pe=p
4. R[x] is closed under X since R is closed.
5. X is commutative since R is commutative and associative.
6. X is distributive over H.
With the properties above, we have
Theorem 2.27. The system (R[x], H, K) is a semiring.

The notation which is sometimes used for polynomial forms is
p=(po,P1,--- ,Pn) = Po + p1Z + pax?® + -+ - + ppa™, where x’ is a place holder.

There is no division algorithm for a general semiring.

10



3 Zerosumfree Semirings

A zerosumfree semiring is a semiring that obeys the additional axiom that if a+b = 6 then a = b = 6.
This condition says that no element of the semiring R has an additive inverse. The Path Algebras

and multiset algebra are examples of zerosumfree semirings.

Definition 3.1. If G is a graph, then E is called the connectivity matrix associated with G.

e if an arc exists from S; to S;
E is defined as (E);;=

6 otherwise
Let R be a zerosumfree semiring. We note that since e # 6 in R, then e+ e # 6 and

e x e = e. We will use the notation B>6 to mean that every element of B# 6.

Note 3.2. We will assume that R contains no zero divisors. This is certainly true for the semirings
presented in this thesis. In applications this is required for otherwise a path could exist in a graph
with a path product equal to zero. This would defeat the use of path products as we require that if

a path exists then its path product is not zero.
Theorem 3.3. G is strongly connected if and only if I + E+ .-+ + E"~1 > 6.

Proof.
(=) Suppose G is strongly connected and let E be its connectivity matrix. Let
B=I+ E+---+ E"'. For all i,j, there is a path from S; to S;. Suppose that i # j and (B);;=6.
Then ((E);; + (E*)i; + --- + (E"71);;) = 6. Since R is zerosumfree we have (EF);;=6 for all k.
This implies that the sum of all path products must be zero. Again, zerosumfree implies that all
path products must be zero. This is a contradiction since G is strongly connected and a t-step path
exists from S; to S; and (E);;=e # 6. Therefore B>.
(=) Suppose that B>6. Fix i and j. Then B;; # 6 shows that there exists a k such
that (Ek)ij # 6. So at least one path product is not zero. Therefore there is a path from S; to S;.
Since this is true for every pair (i,j), the result follows.
O

The theorem above, as well as the theorem below, can be generalized to the adjacency

matrix of G provided that the semiring R has no zero divisors (which we will assume).
Theorem 3.4. G is strongly connected if and only if (I + E)"! > 6.

Proof. (I+E)" Y =1+ ("TE+ (",")E*+---+ E"™". Let B=I+ (") E+ (",)E* +--- +
E"1'. Here, we use multiplication as a shortened form of repeated addition, in other words,
("YE=E+E+---+E.

(=) Suppose that G is strongly connected and E is the connectivity matrix of G. Fix
i,j, with i#j. Since G is strongly connected then there is a k-cycle from S; to S; with 1<k< n — 1.
(EF);j=e, and (”;1)Ef > 6. Therefore (B);; # 6.

11



(=) Suppose (I + E)*~! > 6. So (B)i; # 6 for all i,j. Since R is zerosumfree then
(B)ij # 0 if and only if (I + E+ E?>+---+ E"1);; #6. And by Theorem 3.3 we have that G is

strongly connected.

O
The following theorem is a generalization of the scaling that is done in 9", or in R*.
Lemma 3.5. If A"=6, then
AN A2 4 AN AT = AT A ATTA N 2AT 4 aA (7

We make the following definition to aid the writing of the above lemma.
Definition 3.6. Let At = A7 17 4 \»=2 ... 4 47!

With this definition Lemma 3.5 becomes
Lemma 3.7. A At + A7 = AT

Theorem 3.8 illustrates how a nilpotent matrix and its associated graph relate to the
eigenvalues of the matrix. This theorem is a nice generalization of the theorems in 9. We use

that R is zerosumfree and has no zero divisors.
Theorem 3.8. Suppose A # 6, then the following are equivalent:

(a) G(A) has no cycles.

(0 * *_
g 6 * *
(b) A B =
per
Lg B

(c) A is nilpotent. If so then 6 is the only eigenvalue.

(d) If, in addition, any irreducible matrix of size at least 2x2 has a nonzero eigenvalue, then 6 is

the only eigenvalue of A

Ttem (d) above is not true for matrices over a general semiring. Tt is true for R, and

Max-Times, but not for msets.

Proof. We will prove (a) <= (b) <=(c) <=(d) , and (b) =(d)
((a) = (b)) This follows from Lemma 2.18.
((b) =(a)) This is clear, as there in no path from S; to S; if i<j.
((b) =(c) ) This, too, is seen from the fact that B"=6.

12



((c) =) ) Suppose A is nilpotent. Without loss of generality, we may assume that
A7 7

0 Ay, 7 ?

A~ B=
per o o . 7
0 0 - A,

which is the Frobenius Normal Form (FNF) of A, where A; = [f]1,1, or A; is irreducible.
Ay

Ak ?
So, A=PBP~'. So there exist k such that A* =0 = PB*P~1 ~ ?
0 o . 7

0 0 .- Ak
Since A¥ = § and A; is irreducible. Consider the first block A;. Suppose that A; corztains
a t-cycle through the first t nodes. Then (A!);; # 6. Therefore the index of nilpotency must be
greater that t. But (A!)¢ # 6 for all £. Therefore there is no number such that AT*=6.
Since Af = 6 and A; is irreducible, then A; is 61,1.

Therefore the FNF is strictly upper triangular.

((b) =>(c))
(0 a2 - e a1n i
0 0 azsz A2n
A (8)
per
6 6 - 0 ap_1inp
Lg o ... ... 0 |
z =[e,0,0,...,80]" is an eigenvector for the eigenvalue 6.

Therefore 6 is an eigenvalue.

Now, suppose the A # 6 is an eigenvalue of A. So Ax=Ax with x#£6.

( 0 ap - - a I I
0 0 as - azn T2 T2
=A (9)
g 6 - 0 ap_1n Tp—1 Tp—1
L 0 6 - .- 0 || zn | B

The last equation of (9) yields § =Ax,, = x, =0, since \ # 6.

The next to last equation of (9) yields: ap_1 2, =0 =Azp_1 = xp-1=06.
Continuing backwards to the first equation, we get:

a12x2 = a12(0) =0 = Axy = x1 = 0.

Therefore x=[0,0,. . . , 6 ], which is a contradiction to the fact that z #6.

Therefore 6 is the only eigenvalue of A.
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((d) =(c)) We need to show that if  is the only eigenvalue of A then A is nilpotent.
Suppose that A is not nilpotent. Then A can be permuted to the form

Ms

], where D is not #1x1. M; can be written as
My

Since D is irreducible then, by assumption, D has a nonzero eigenvalue, say . Let u # 6
be an associated eigenvector for D.
AtCu

Ay

Define w = . We know that w # 6 since A # 6, and u # 6.

Consider Myw.

u A C AtCu AAYCu + A"Cu (AA + A" ) Cu
1& = = =
0 D Ay A" Du A" Du
] (10)
MtCu AtCu
= = A = dw
/\n+1g )\ng

Therefore, w is an eigenvector for M; and A # 6 is an eigenvalue for M;. So

o))

and A # 60 is an eigenvalue of M, which contradicts the fact that M has only 6 as an eigenvalue.

SRS

Therefore A must be nilpotent. O

We note that not all matrices in a particular semiring possess an eigenvalue.
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4 Idempotent Semirings (Path Algebras)

Path Algebras have been developed to answer questions pertaining to weighted graphs. Examples
include finding the shortest path or longest path in a graph. A Path Algebra is a specific subclass
of idempotent semirings. Recall that an idempotent semiring satisfies axioms (1)-(4) along with
axiom (6) on page 3. Some authors also refer to these structures as idempotent dioids. Included in
this section are some examples of the different types of path algebras that are used to work with
weighted graphs. Table 1 lists some of these different algebra systems. Two particular path algebras
are presented in this thesis. We investigate the Max-Plus algebra and the Max-Times algebra. These

systems are used to determine the longest path of a weighted graph.

Set TPy TRy 0 e | Applications
{0,1} max min 0 1 | Existence of paths
R U {0} min + oo | 0 | Shortest path
Longest path
RU{— o0} max + —oo | 0 "
(critical path)
{reR|z >0} max X 0 1 | critical path
Most reliable path
{reR|0<2x<1}| max X 0 1 oSt retlable pa
network transmissions
R* U {oo} max min 0 oo | Path of greatest capacity
Listing all paths
PB(Z*) xUy | concat | @ A | ¥ =alphabet, A =empty
word
PB(S) zUy | concat ® A | Listing simple paths
Listing elementary paths
B b(xUy) | concat | @ A | computer logic circuits
b(xUy) = basic ( no abbrev)

Table 1: Examples of Path Algebras

Table 2, on page 16 lists several useful variants of the (max,+) semiring. For details of
these semiring see [19].

We shall investigate two particular path algebras in this thesis: the Max-Plus algebra
and the Max-Times algebra. These two algebras are quite similar. As mentioned before they are

isomorphic.
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Notation Semiring Name Description

(max,+) - semiring

Rinax (R U{— o0 },max,+) idempotent semifield
max algebra
_ completed — 0+ (400) = —
Rmax (RU{xo0},max,+) . ( )
(max,+) - semiring | ford @ a =6
Rumax, x (Rt max,X) (max,x) semiring isomorphic to Ryax (z — log z)
Ruin (RU {+o00},min,+) (min,+) semiring isomorphic to Ryax (z = —x)
Nmin (NU {+o00},min,+) tropical semiring (famous in Language Theory)
Riax ,min (RU {%o0},min,min) Bottleneck algebra
isomorphic to ({6.e },+,x),
B ({false,true},or,and) Boolean semiring P ({0c } ) )
for any of the above semirings
(RU{— o0}, ®p,+) . isomorphic to (Rt ,+,x)
Ry, A bh Maslov semirings
a®pb= hlog(ea/ te / ) limp, o+ Ry = Rp = Ripax

Table 2: The family of (max,+) and tropical semirings

5 Max-Plus Algebra

The Max-Plus Algebra has been developed to answer questions pertaining to the longest path in a

graph. The following example shows one application of this field.

5.1 Example

We begin with an example to introduce the subject. This will allow us to illustrate many of the
different topics that will be covered in this thesis. This is an example of using the Max-Plus algebra

system to linearize a problem which is nonlinear in the conventional algebra.

Example 5.1. Suppose we look at a simple train network. The train network is between three cities
with intercity routes also. Suppose that there are two trains at each station; one for the intracity
track and one for the intercity track. Figure 2 shows a diagram which represents the train network.
To simplify the problem we will assume that the times given include the time needed to board the

train, the time required for exiting, and the time required for change-overs. [ |

Suppose we let x; represent the time that a train leaves station i, for i = 1,2,3. We let x;(k)
represent the k' time a train leaves station i. Let us suppose, first of all, that each of the trains

leave at time=0. Therefore we have x;(1)=0, x2(1)=0, and x3(1)=0. Then we can see that the time
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Figure 2: Graph for Transportation Network

at which the trains leave the station the second time is:

21(2) = max{z1(1) + 3,23(1) + 6}
22(2) = max{z2(1) + 2,21 (1) + 5}
x3(2) = max{zz(1) + 4, 22(1) + 7}

Note the long delay due to waiting for change-overs. This set of equations is certainly nonlinear.
The question, now, is: Can this set of equations be made into a linear system? The answer is “yes”
if we change to a different algebra system. Define a & b to be the max(a,b) and a ® b to be a+ b

in the conventional algebra. Then the set of equations above can be written as:

This looks very similar to a linear algebra problem. We will assume the usual laws of
arithmetic (and matrix arithmetic) apply as usual in this example. If we let z (k) = [ x;(k), x2(k),
x3(k) ] then x(k) represents the k' time that each train leaves the station. The above equations

3 5 —o0
can be written in matrix form as z (2)7=z (1) ® A, where A = |—oc 2 7 |. Here, a; ; is

6 — 4
the travel time from station i to station j. Note that — oo is included in the matrix where no path

(route) exists, since § & a = a, and § ® a = — oo for all a € MT.
Note 5.2. We may use multiplication by x on the right if we are willing to use A’ instead of A.

This yields: z (2)T =2 ()T ® A, orz (2) = AT ® z (1).

From above we have z (2)¥ = [6,5, 7]. For z (3), we have
z(3)=ATwwz2=ATe AT @z (1) =(AT)? ® z (1)., and in general:
z (k) =AT @z (k1) = (AN @z (D).

17



Starting with the initial value z (1)=[0,0,0]%, we iterate to get:

z(1) z(2) z(3) z(4) z(5) z(6) z(7)
0 6 13 18 24 31 36
O|—=>|5|—=|11|—]| 18| —=>|22|—=>]|2|—]| 36 (11)
0 7 12 18 25 30 36

This sequence of iterates has a period of 3.

If we start with z (1)=[1,0,1]%, we get:

z(1) z(2) z(3) z(4) z(5) z(6) z(7)
1 7 13 19 25 31 37
O|l—=|6|—=|12|—=]| 18| —=|24|—=|30]|—]|36 (12)
1 7 13 19 25 31 37

Notice from this sequence that the iterates have a period=1.

This leads to the question: For what starting values does the sequence of iterates lead to
a period of 17

As we look at this example in more depth we notice that there are four cycles in the
graph. 1 — 1,2 — 2,3 — 3, and 1 — 2 — 3 — 1. The average length of these cycles are,
respectively, % =3, % =2, % = 4, w = 6. The largest average cycle mean is 6. We also note
from the iterates above that [101] ® A =6 ® [1 0 1]. Therefore, in the terms of linear algebra,
[101]% is a left eigenvector of A corresponding to the eigenvalue A = 6.

In the conventional linear algebra, this would lead to the eigenvalue/eigenvector equation
z A=Az, or AT z = A z. We see from the above problem that z = [1 0 1]7 and A =6 satisfies this

equation.

5.2 Definitions

We begin with definitions and basic properties of this system. We then present some of the basic

theorems of this algebra system. Many good references exist, including [13], [2], and [4].
Definition 5.3. The Max-Plus algebra is defined as:

(i) M =RU {—o0}, where R represents the Real Numbers.

(ii) a & b = max(a,b)

(iii) a@b=a+b

Note 5.4. We will use the notation 9™ to represent the algebraic system (90,6,®). Many authors

refer to this as the (max,+)-algebra.

In defining the (max,+) algebra we have the following:

18



(a) 6 = — oo is the additive identity of 9T, i.e. —oo ® a = afor all a € M™T.
(b) e = 0 is the multiplicative identity of M, i.e. —occ @& a = a for all a € IM™.

Table 3 contains some examples of the basic mathematical operations in 9T.

Problem in 9" | Problem in usual algebra | Answer
263 max(2,3) 3
3®5 3+5 8

32 2.3 6
101/2 .10 5
376 s 2

Table 3: Examples in (max,+) algebra

In what follows we will use @ and ® for the Max-Plus Algebra, and, 4+ and - for the

conventional algebra.
Proposition 5.5. 9T is a zerosumfree idempotent semiring.

In particular, we add that 9™ is a semifield since all nonzero elements have a multiplicative

inverse.

Elementary Properties

We begin by listing some of the elementary properties of the Max-Plus Algebra system.
Proposition 5.6.

(a) M is idempotent, i.e. a @ a = a for all a € MT

b) ak=k-a VaeM' andVkeN

(c) k>0 = 6% = 4.

(d) 6% is undefined.

() A®f =46, forall A

(f) 600=0

(g) 620 =20
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(h) % = undefined

(i) IfA >0, then A 10 =2 =0

(G) eV =1.a=9% ifA#£6.

(k) a<b<=adb=>
(1) 8 < aforall aec Mt
(m) The normal hierarchy from the conventional algebra is used, namely:
(i) Exponents

(ii) Multiplication
(iii) Addition

Matrices

The usual properties of matrices from the previous sections on semirings and zerosumfree semirings

also hold for matrices in 9+, Definition 5.7 allows for a translation of the matrix A.

Definition 5.7. If A € 9+

nxn’

A € Mt then A™1A = A — \J, where J is the nxn matrix of all

ones.

We include an example to show the matrix operations in 9.

2 3 -3 3
Example 5.8. ® =
—oo 4 0 4
The work of this example in the conventional algebra is shown:

el e - .

0 max(— oo + (—3),4+0)
From Section 2 we have our basic definitions of graphs. We continue with our investigation of graphs
in the 9T algebra.

—oc 4

Graphs

Definition 5.9. A circuit mean is the average weight of a circuit which is expressed as w(7) ao)

in the (max,+) algebra. This is equivalent to calculating the arithmetic mean of the circuit; lé’((:)) in

the conventional algebra.

Given a circuit 7, we will denote the average weight of a circuit 7 by w(7). We will denote
the set of circuits of G(A) by C(A).
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Note 5.10. If G(B) contains at least one circuit then C'(B) # @.

Definition 5.11. We define the maximal circuit mean of A, denoted by u(A) as:

” Tgléi(};)w(r) it C(A) # @ (13
M =
— o0 ifCA) =0

A circuit is called a critical circuit if w(7) = u(A). We will use CN(A) to denote the set
of all nodes of all of the critical circuits of A.

A directed graph is strongly connected if there exists a path from any node in the graph
to any other node in the graph. We say that A is irreducible if and ounly if G(A) is strongly
connected. If A is not irreducible then we say that it is reducible. Therefore, A is reducible if and
only if G(A) is not strongly connected.

We include the following lemma which will be useful in our development of cycles.

Lemma 5.12. Suppose that a,b,c,d are real numbers, with b,d>0, then

S O I "

b d

e
=
()
v+

=N

—

=

@

=

e
SURE W

v

T «lo

The result follows. O
With the use of the lemma above, we have

Lemma 5.13. We only need to consider the cycles of the graph in the calculation of the maximum

circuit mean.

Proof. Suppose we have a circuit 7 which is made up of two separate circuits, say v and o. We write

T=7+0.

daijt D apg

N _ L€y pPgE o
0 = T T o)

2 aij
w() = 2

()
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By Lemma 5.12, above, we have that

max{2(7), (0, (1)} = max{w(7), >(@)}

5.3 Eigenvalue / Eigenvector Analysis in Max-Plus algebra

We say that A € Ot is an eigenvalue of A€ 9’ if there exists a vector & # 6 such that

nXxXn

A®x =X ® z. In this case we say that z is an eigenvector of A corresponding to the eigenvalue A.

Definition 5.14 (Eigenvalue-Eigenvector equations in the Max-Plus Algebra system).

apix a2 - Qip T T
a1 G222 - Q2p T2 T2
ARz=A®zs = ® =A® (15)
apl1 Qp2 - Anpn Tn Tn
max{ai; + T1,012 + T2, - ,a1p + T} = A+ 21
max{as; + 1, a2 + T2, - ;a2 + Tn} = A+ T2
max{an1 + T1,an2 + T2, - ,Apn + Tn} = A+ T,

We begin with a few definitions and some properties of matrices in the Max-Plus algebra

system. We use J for the matrix of all ones, i.e. J=ee”, where e is the vector of all ones.

Definition 5.15. Suppose A € M and A € M*, then

nxXn
(a) ()\ ® A)” E)\+aij
(b) Al@A=4=A-)J,if A\#£6.

Lemma 5.16. Suppose A B € M . A€ M*, then

(a) A® () =A@ A\ 1) =4

(b) If A > 6 and A is nilpotent then (%) is nilpotent.

_ AB
= 52

()

>
>
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(d) A >0 and A" = 6, then (4)" =6

Proof.
(@) [A+(aij — AN)] = [ag].
(b)
Y ? 6/ ? 6 ?
4= - = (17)
0 0 6/ 6/A 9 9
(c)
@ <§>m ® <§>kj = m]?X{(aik A+ (bk; =N} = m]?x{(aik +b) -2 = f/l\—? (18)
(d) If A#86, then

Definite Matrices

In this section we give a brief overview of the subject of definite matrices. See [13] for a thorough
introduction to the theory of definite matrices in the Max-Plus algebra. The theory of definite
matrices is important as a first step in the development of eigenvalue-eigenvector equations. These
matrices are used to simplify the equations, for, as we will see, the eigenvectors are easily found for

a matrix in the Max-Plus algebra.

Definition 5.17. A matrix, B, is said to be definite if C(B)# @, w(v) < e, for all circuits v € G(B),

and suppose that there exists at least one circuit, 7, with w(7) = e.

We include some of the basic theorems on definite matrices from [13]. We present no proofs

for these theorems but refer to [13] for details. These theorems are included for completeness.
Definition 5.18. Suppose B is definite. Let

1. Bt=B®B*® ---® B"

22Bt=I@B®-®B"!

Theorem 5.19. Suppose B is definite. Then:
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(1) BBt = B*
(2) B < Bt Vr>1
3)IeBeB*®---aB"'=IeoBeB?*& .- & B"
(4) I & B =B}
(5) I&eBt=IeoBteB* Vk>n
(6) BB*& I =Bt}
(7) I e B! =pt
(8) Bt = B(I® B)"!
9) BUeB")eI=1¢B"
(10) B* =@;,_, B*, forallr >n—1
(11) BT is definite V7 > 0
(12) BT is definite
(13) B is definite
(14) There exist i such that 1<i<n and B}; = e
(15) (BT)" < B*, forall r>1
(16) Bt =B & B)" forall r > (n—1)
(17) BB'e, = Bte; for all i € ON(B)
(18) B(B"e;) = e® Bte,
(19) e is an eigenvalue of B
(20) BTeg, is an eigenvector of B, for all i € CN(B).

Theorem 5.20. Suppose B is definite and suppose that node j is an eigennode, a node on a critical

circuit. Then

(1) BT is definite.
+ _

(2) (B )jj =€

Theorem 5.21. Suppose B is definite and (B+)jj = e for some j. Then node j is an eigennode
of G(B).
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Theorem 5.22. Suppose B is definite, and j is an eigennode of G(B). Then B ® £(j) = £(j), where
£(j) is the j* column of Bt.

Proof. We need to show that B& BTe; = e®Bte,;. This is the result of Theorem 5.19, equation (18).
O

Theorem 5.23. Suppose B is definite. If £(h), £(j) are fundamental eigenvectors of B corresponding

to equivalent eigen-nodes h and k, respectively, then £(h), and £(j) are finite multiples of one another.
Theorem 5.24. Let M, =w™' ® M =M —w J, where w = u(M). Then pu(M,) =0 .

Proof. w = p(M)

Z’YMij _
w= ) and ; M;; = w £(y) (20)
LMy - W) My Y w
O = T T ) )
) ) B
R R T 0 22
O

Theorem 5.25. Given A. If w(y) < e for all v € G(A), then A} exists, and the equation AX+I1=X

has At as a solution.
Theorem 5.25 shows that A plays the role of (I — A)~! in this context.
Definition 5.26. We say that B is e-astic definite if B is definite, and (B);; < e, for (i,j=1,2, ... ,n).

Theorem 5.27. B is e-astic definite if and only if B is definite and the elements of B form a e-astic

set. In particular, if B is row- e-astic or column-e-astic, then B is e-astic definite.
Theorem 5.28. Suppose B is e-astic definite. Then:
(i) BT is e-astic definite, and B" is e-astic definite for each r > 1.

(if) If £(h), and £(k) are equivalent fundamental eigenvectors of B, corresponding to equivalent

eigen-nodes h, k respectively, then £(h) = £(k).
(iii) Each fundamental eigenvector of B is column-e-astic.

(iv) The fundamental eigenvector £(j) corresponding to a given eigen-node j of G(B) countains

components equal to e in all positions corresponding to eigen-nodes equivalent to j.

Theorem 5.29. Suppose B is e-astic definite. If £(j), (k) are fundamental eigenvectors corre-
sponding to eigen-nodes j, and k of G(B), and j, k are not equivalent, then: either (£(j))r < € or
(€(k)); <e.
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Theorem 5.30. Suppose B is e-astic definite. If £(j1),&(j2),- .. &(js) are fundamental eigenvectors
corresponding to pairwise non-equivalent eigen-nodes 71, jo,- .. , js respectively, then no one of

&(71),&(j2), - - - €(Js) is linearly dependent on the others.

Theorem 5.31. Suppose B is row-e-astic. Let £(j1),&(j2), - --£(js) be a maximal set of
non-equivalent fundamental eigenvectors for B and let ®(B) be the matrix whose columns are
&(51),&(j2), ... €(js), in that order. Then ®(B) is doubly e-astic.

Theorem 5.32. Suppose B is definite. Then each element of the eigenspace of B is an eigenvector

of B with corresponding eigenvalue equal to e.

Theorem 5.33. Suppose B is e-astic definite. Let 1 be an eigenvector of B having corresponding

eigenvalue e. If h and k are (distinct) equivalent eigen-nodes in G(B), then (n)s = (7).

Theorem 5.34. Suppose B is e-astic definite. Let 7 be a finite eigenvector of B having correspond-

ing eigenvalue e. If j is a non-eigen-node in G(B) then there is an eigen-node d of G(B) such that
(m);j = (B)ja & ()a-

Theorem 5.35. Suppose B is e-astic definite. If 5 is a finite eigenvector having corresponding
eigenvalue e, then 7 lies in the eigenspace of B.
General Matrices

In this section we investigate the theory for general matrices in 9.

The following theorem is analogous to the theorem from Nonnegative matrices.
Theorem 5.36. § = — co is an eigenvalue of A if and only if A has an infinite column.

Proof. From [4].

If (— o0, x) is an eigenpair of A and if x; is finite, then it follows from the eigenvalue-
eigenvector equation that the j-th column of A is — co. Conversely, if the j-th column of A is — oo,
then a vector with all components — oo except the j-th component serves as an eigenvector of A

with — oo as the eigenvalue. O
Corollary 5.37. If A is irreducible, then any eigenvalue is finite, i.e. if A € o(A), then A > — cc.

Proof. This is a corollary of Theorem 3.8. If A is irreducible, then A cannot have an infinite column.

Therefore — oo is not an eigenvalue of A. So any eigenvalue must be finite. (]
Theorem 5.38 (97). If A has a partly infinite eigenvector, then A is reducible.

Proof. The proof given here is essentially the proof given in [4]. Let (A\,x) be an eigenpair of A with
x partly infinite. If A = — 0o, then by Theorem 5.36, we conclude that A has an infinite column and

hence A is reducible.
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So suppose A is finite. We assume, without loss of generality, that x=[y, — co]?, where y is

finite. Partition A conformally, so that we have

A Ay
11 12 ® Y e Y
Aoy Aa — 0 — 0
Then As; ® y = A ® —o00. Since y is finite, then Ay; = — oo, and hence A is reducible. O

The following is a corollary of Theorem 5.38.

Corollary 5.39. If A is irreducible, then any eigenvector of A is finite.

The next theorem has a analogous theorem from the nonnegative matrices.
Theorem 5.40. For any matrix A, if A®x=A®x, where x> — 0o (x is finite), then A = p(A).

Proof. From [4].
If A = — o0, then as noted in Theorem 5.36, every column of A must be — oo and hence

A = p(A). So assume that A is finite. We have

max (a;; +2; ) =X + z;, fori=12,..n (23)
J
and hence, in particular,
a;;j + z; — z; <A, forij=12,..n. (24)

Since A is finite, we must have C(A) # @& by Theorem 3.8. Let 7 € C(A) be the circuit
formed by the edges (i,i2),(i2,i3), ..., (ix,i1) and add the resulting inequalities to get M4 (7) < A.

Now construct a directed graph K with vertices 1,2,...,n and an edge (i,j) if and only if
there is equality in (24), L.e. a;; + xj-x; = A. By (23), each vertex in K has out-degree at least one
and hence, by Theorem 2.20, K has a circuit, say, 7. Since A is finite, K is clearly a subgraph of
G(A). Thus 7 € C(A), and furthermore, M4(7)=A. Therefore, A = p(A). O

Work for Theorem 5.40 from (24)
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a2+ <A+

asz + 13 < A+ 2o

ap1 +x1 <A+ 2

or as

a2 ® T2 < A® T

a3 @ T3 <A@ Ty

The following theorem is one of the main theorems in the theory of matrices over ™.

Theorem 5.41. If A € M

nxn’

then p(A) is an eigenvalue of A.

Proof. The proof given here is essentially that given in [3]. If C(A) = @, then p(A) = — oo and
it is an eigenvalue of A by Theorem 3.8. So assume that C(A) # @, in which case p(A) must be
finite. Let B be the matrix with b;; = a;; - p(A). (i.e. B=(u(A))™' @ A.) for all i,j. and let
BT =B&B*®---® B". Let j € {1,2,...,n} be a vertex which belongs to a critical circuit in C(B).
Any path from j to itself in G(B) must have weight at most zero and since j belongs to a critical
circuit, there is at least one path from j to itself of weight zero. Thus Bjj = 0 and, in particular,
B}, the j-th column of BT, is not — oc.

Now observe that for any i, the maximal weight of a path, of any length, from i to j may

also be expressed as
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@ bir ® B,':j (25)
k=1

since there exists such a path (in which a vertex may occur more than once) of length at
least two, in view of the fact that j is on a critical circuit. However, (25) is precisely the i'" entry of
B ® B}. Therefore, B ® Bf = B] = 0 ® B, and hence (0,B}) is an eigen-pair of B. Now

+ + +
A® B =p(A)® B® B = u(4) ® Bj (26)
and therefore p(A) is an eigenvalue of A. O

Theorem 5.42. If A is irreducible, then u(A) is only eigenvalue of A and every eigenvector corre-

sponding to p(A) is finite.

Proof. The proof given here is from [4] and is included for completeness. Since A is irreducible,
using an argument as in Theorem 3.8, we see that C(A)# @ and hence p(A) is finite. Let B be the
n X n matrix with b;; = a;; - p(A) for all i,].

Le. A =p(A) @ B,or B= (u(A))™! @ A.
Define BT by

B+:B®BZ®...B" (27)
Then:
BT >B*Vk>n+1 (28)

Let 7 € C(A) be such that M4(7) = u(A) and let j be any vertex that belongs to 7. Any
path from j to itself in G(B) must have weight at most zero, and because j is in 7, there is at least
one path from j to itself in G(B) with weight zero. Thus Bjj = 0 and, in particular, Bj, the j-th
column of BT, is not — oo.

For any i, the maximal weight of a path in G(B) (of any length) from i to j may also be

expressed as

@bik ® B,:'j (29)
k

since there exists such a path (in which a vertex may occur more than once) of length
at least two, in view of the fact that j is in 7. However (29) is precisely the i*! entry of B ® Bj.
Therefore B ® B; = B; =0® B;, and hence (O,Bj) is an eigenpair of B. Now

A® B = n(A) ® B® B = pu(A) @ Bf (30)

and hence p(A) is an eigenvalue of A. O
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The following is a well-known theorem from linear algebra.
Theorem 5.43. If A is a nonnegative matrix then A and A’ have the same eigenvalues.
In 9™ things differ from their nonnegative counterparts.

Note 5.44. If A € M, then A and AT may have different eigenvalues.

nxXn?

The following example illustrates this fact for a small matrix over 9+,

5 _
Example 5.45. If A = > ] , then
2
40| Fl=6s| 7 (31)
0 0
and it can be shown that 6 is the only eigenvalue for A.
For AT, we see that
5 2 0 0 5 2 0 0
® =95® and ® =6®
—oo 6 — — —oo 6 4 4
and, thus, 5 and 6 are eigenvalues. [ |

Note 5.46. Although a matrix, A, may have different eigenvalues than its transpose, A’ we can
say that u(A)=p(AT). This may be seen graphically since A and AT are related by changing the
direction of all paths in the graph. Therefore the same cycles are still critical cycles, since only the

direction is changed. The maximum cycle mean of both graphs is the same.

The following three theorems come from Chen, et. al., [10]. These theorems provide a nice

classification for the eigenvalues and eigenvectors of a matrix in the Max-Plus Algebra system.

Theorem 5.47 (Canonical Form). For the matrix M in Theorem 2.14, we can recombine its

blocks by a permutation matrix P; to make it in the following form:

( A A o A, Ado |
Ay oo Ak, Ao
M=pP MP"= EU : (32)
0 Ay Akgo
l .

where A; (j=1,2,... ko, 0; kg < k) is also a block triangular submatrix; G(4;) (j=1,2,...,ko,0)

consists of several strongly connected components; and M satisfies:
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1) A >X > > X —oc (A; is the maximal circuit average weight of M) ( j=1,2,....ko) .
0 J J

There is no circuit in Ag.

(2) The block of maximal circuit average weight A; is at the right lower corner of A; and the maximal

circuit average weights of other blocks in A; are all smaller than A; (j=1,2,...,ko).
(3) The condensation graph of G(4;) (j=1,2,....ko) is singly connected.

Proof. The basic proof is given in [10]. This proof is a modification of the proof given there, including

expanding many of the steps given in that paper.

M, My --- My

_ M, - M
Consider M =P M P! = ) . from Theorem 2.14.

0 M

Find the block M}, whose maximal circuit average weight is A\; in M. When a block above
M}, has no path to My, , we shift it to the place next to My, . Continue this process until every
block above Hkl has a path to Mkl. Denote by A; the submatrix composed of Mkl and the blocks
above My, in the transformed matrix. We can then continue the same process with the submatrix
obtained by deleting the rows and columns of M}, and all rows and columns above this.

To illustrate how this is done, consider

Vi Vi ooV,
v (Ml oo Mg, - Mlq_
M= T (33)
Vi Mk1 . Mqu
. 0 . :
Vs L M, |
where \; is u(My,) = u(M).
We partition the matrix as:
Vi= Vil Vi £ Vi) (34)
Vi = {Vi | Vi — Vi, } (35)
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ordered as before. We can then create the matrix:

Vi

To show that D;=0, for i=1,2,..,5, we proceed as follows:

~

Vi Vi Vi

B,
?
D, B,
D, My,
M, +1

Ds Dy

L Ds M,

Claim: D; = 0. Proof: The vertices are written in the same numerical order as in the matrix M,

so there is no path from one node to a node that precedes it in the matrix M. ¥

Claim: Dy = 0. Proof: If S; € V, and S; € ‘71@, then a path from S; to S; would imply that S; is

in Vy, which is not the case. ¥

Claim: D3 = 0: Proof:

There is no path from a node in V}, to any node in Vi. If there was a

one-step path from a node in V' to a node in Vk, then there would be a path that goes from that

node to a node in Vy, which can not happen, by definition of a node being in V. ¥

Claim: Dy = 0: Proof: A node in V}, cannot have a path to a node in Vy, so it certainly cannot

have a one-step path to a node in Vi. ¥

Claim: D5 = 0: Proof: Reasoning similar to the proof that D;=0. ¥

So we end with a matrix of the form:

Vi

which has the form:

of Al .

B

-~

0 Vi Vi
B
0 B,
0 M,
M, +4
0 0
0 M,

, where \; = u(M ) = pu(Mj, ) which is in the lower right corner

We then continue the same process with the matrix D to arrive at the required form. O
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Theorem 5.48. Suppose A is an eigenvalue of matrix M. There is at least one circuit in G(M)

whose average weight is A.
Theorem 5.49.

1. For the matrix M in Theorem 547, A1, A2, ..., A, are its eigenvalues. If ip is a node

h

belonging to a circuit of average weight A ; then the io'"-row of Z\/Z/‘\F is an eigenvector of M
J

that corresponds to A ;.

2. M has no other eigenvalue than A 1, A2, ..., A .

If V; and V; are classes then we say that V; has access to V; if either i=j or there exists
ueV; and veV; such that there exists a path from u to v in G(A). If u(A;)> u(A;), then we say
that class V; dominates V;. The following theorem from [3] gives the condition for a (reducible)

matrix to have an eigenvalue.

Theorem 5.50. Let Aeont

e ns and suppose that A is in Frobenius Normal Form. Then A is an

eigenvalue of A if and only if there exists an i such that p(A;)=A and no class that dominates A;

has access to A;.

5 2
Example 5.51. For a simple example, consider the matrices A= [ . ] , and B=

A has one eigenvalue, A = 5, with

5 2 1
0 1 0

while B has two eigenvalues, A\; = 1 and As = 5, with

® =5®

0

_ - T o
® =1®
| 0 5 ] A | 0
and
_ - 0] o
& =5®
| 0 5 | 3 ] | 3 ]
This is the case since in matrix A, the class with 5 has access to the class with 1, whereas
in matrix B, the maximum class with 5 does not have access to the class with 1. [ |
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Theorem 5.52. If A is irreducible, then there exists k € N, and ¢ € N\{0},
such that A¥¢ =\ ® A*.

0 2 46
Example 5.53. A= 6 6 3
4 6 46
mA) =3
With the help of Theorem 5.52, since A is irreducible, we note that A* = 3% @ A!. [
Example 5.54.
1 3 21
Lo l2 330 1(A) =5
0 0 31 AP = A3 =52 @ A3
21 91
10 10 13 11 20 20 23 21
45— 10 10 13 11 4= 20 20 23 21
10 10 13 11 20 20 23 21
12 12 19 13 22 22 29 23
|
The following theorem illustrates a useful method to be used to calculate p(A).
Theorem 5.55. A formula for the maximum cycle mean p in the max-plus algebra notation is:
= @(Trace(Aj))(l/j) (38)

j=1
Justification. See [2] for more detail. Consider an nxn matrix A with corresponding precedence
graph G=(V,E). The maximum weight of all Circuits of length j which pass through node i of G can
be written as (A7);;. The maximum of these maximum weights over all nodes is &7 ; (A7);; which
can be written Trace(A7). The average weight is obtained by dividing this number by j in the usual
algebra sense, but this can be written (Trace(A47))1/9) in the max-plus algebra notation. Finally,
we have to take the maximum over all circuit lengths j. It is not necessary to consider lengths larger
than the number n of nodes since it is enough to limit ourselves to elementary circuits. Therefore

we get the above formula. O

The following theorem is due to Karp, and is included as an example of another method

which can be used to calculate pu(A) for a matrix in 9*.
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Theorem 5.56. Given an nxn matrix A, the maximum cycle mean is given by:

ny.. _ kY. .
A= max min —(A )i — (4 )”,‘v’j (39)
1<i<n 0<k<n-1 n—k

5.4 Symmetrization of the Max-Plus Algebra

The Max-Plus algebra system lacks an additive inverse. Therefore some equations do not have a
solution. For example, the equation x & 3 = 2 has no solution since there is no number x such
that max(x,3)=2. One way of trying to solve this problem is to embed the Max-Plus algebra into a
larger system which will have an additive inverse. We would like to be able to solve the equation:
a®x =0, where a € 9. This is known as symmetrizing a. The following proposition shows that

this is impossible.
Proposition 5.57. Every idempotent group is reduced to the null element.

Proof. Assume that the group (G,®) is idempotent with additive identity 6. Suppose that b is the
symmetric element of a € G , i.e., a ® b = 6. Then we have:

a=adf=ad(adb)=(ada)db=adb=>4. O

Gaubert, [18], creates the S;,ax system to extend T to a system which include additive
inverses. We give a brief overview of his technique. The technique presented there is a first attempt
to symmetrize the Max-Plus Algebra system. This system is not as transparent as one would like.
The basic operation used in this symmetrization is not transitive. One is able to get around this
initial problem, but the result, although usable, is somewhat complicated. We present this material
as a comparison to the method developed later in Section 8, where we are able to compute the
solutions to equations in a manner which is considerably easier. The embedding here is a more
difficult embedding.

The new system: Sax

We attempt to extend the Max-Plus algebra to a larger system which will include an additive inverse
in the same way that the natural numbers were extended to the larger system of integers. A thorough

introduction and treatment of this symmetrization algebra is given in [18].

Note 5.58. We use the same symbols, & and ®, that were used in 9" because there is a natural

3

correspondence between these “new” operations (on ordered pairs) and the original operations in

MT. The context of the symbols should tell which system is being used in an unambiguous way.
Definition 5.59. We let ¢ </ o+ x o+

Let x=(x1, x2), and y=(y1, y2), then we define the new operations on :
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Definition 5.60. Let x,y € 3, then

TSy = (21,72) D (Y1,92) = (21 O 2,91 S ¥2) (40)

TRY = ($1>$2) ® (yl,y2) = (xl RY1 D r2 Yz, o1 Yz E T2 ®y1) (41)

Here we have (6,6) is the additive identity, and (e,d) is the unit element (multiplicative

identity) of the set .

Definition 5.61. Let x=(x3,x2), and define:
1. 6z = (22, x1).
2. The absolute value of x: |z| = 21 @ z2 = max{zy,z2}.
3. The balance operator: z* =z &z = (|z|, |z]).

It can be verified that (3, &) is associative, commutative, and idempotent, with additive
identity (4, 6); and (B, ®) is associative, commutative and distributive over &, and the multiplicative
identity is (e, §). The additive identity is absorbing under ®. Therefore the algebraic structure
(B,®,R) is a commutative dioid. We will call this the algebra of pairs.

We can also show that the following properties hold:

1. u* = (5u)* = (u*)*

2. u®v* = (uv)*
3.8(8u)=u

4. oudv)=(cu) e (ev)

5. 0uU®v)=Bu)®v=u (8vV)

In the conventional algebra, we have a - a = 0, but in the algebra of pairs, we have

a©a=a®#(6,0) for all a € P, unless a=(d, ). So we introduce a new relation on J:

Definition 5.62 (balance relation). Let x=(x; , x2) and y=(y1 , y2). We say that x balances y,
written x A vy, if and only if 1 & y» = o B y;.

With this new relation, we have a © a = a® = (|al,|a|) A (0, 0) for all a € P. We would like
to form the quotient set using this new relation, but the big caveat is that the balance relation is not
transitive! For example: (3,2) A (3,3), and (3,3) A (2,3), but (3,2) /A(2,3). Therefore, the balance
relation is not an equivalence relation, and we can not use it to form a quotient set. Therefore we
define a new relation which is closely related to the balance operator, but that is transitive:

T1,22)A(y1, if z T and ,
(301,302) R(yl,m) " ( 1 2) (?Jl ?J2) 17 22 Y1 £ Yo (42)

(1,22) = (Y1, 92) otherwise.
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This new relation is an equivalence relation on 3. So we define the quotient set S = P/ R.
The algebraic structure S nax =(S, @, ®) is called the symmetrized maz-plus algebra. The quotient

set has three different types of equivalence classes:
o (t,—o0) ={(t,x) € P| z < t}, called max - positive;

o (—o0,t) = {(z,t) € P |z < t}, called max - negative;

o (t,t) ={(t,t) € P}, called balanced.
We see that (¢, — 00) are associated with the elements of R. Let S® = the max-positive ele-
ments, and S® = the max-negative elements, and S® = the balanced elements. Alsolet SY = S®US®.
We call SV the set of signed elements in S. So we have S = SP US® U S®. Note that

S®NSeNS*=(6,0),and § = © 6 = 6°.

Example 5.63. 2@ (63)=(2,— ) ® (—00,3) =(2,3) = (—00,3) =3 |

In general, if a,b € R, then we have:

a ifa>b
. ad (eb)=
ob ifb>a

. aca=ad(6a) =a®

The set SV\{#} is the set of invertible elements in S.

The main algebraic features of balances are:
Proposition 5.64.

(i) aAa (reflexivity)
(ii) aAb <= bAa (symmetry)
(ili) aAb <= acbA#d
(iv)aAb,cAd = ad®cAbead
(v) aAb = acAbc

Although A is not transitive, we can manipulate balances in the cases where some variables

are signed.

Proposition 5.65 (Weak substitution).

zAa
cxAb

and z €SY = calb (43)

37



Letting c=e yields:
Proposition 5.66 (Weak transitivity).
aAz, zAb, and T €SY = aAb (44)
There is one case in which we can translate balances into equations:

Proposition 5.67 (Reduction of balances).
xAy,andbothxyeS' — x=y

We can give some extra properties of balances.

Proposition 5.68.
VabceS, ae©cAb ifandonlyif aAbac.

Proposition 5.69. VabeSY, aAb — a=h.
Proposition 5.70. If x€ S, then
(a) x® b =(zxDb)*

x if x| > b
be i x| < |b|

(b) x® b* =

Example 5.71.

302°0405=30(2602) @405
=302020465
=302840265
=(3&2) 646 (295)
=3046(265)
=465

=05
]

The balance operation can be extended to vectors and matrices by applying the balance

operator elementwise.
Proposition 5.72. For all AB,C € S™*" Ao CABifandonif AAB® C.

Proposition 5.73. For all AB € (SV)"*" AAB — A=B.
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Equations to Balances

Consider the equation in Ry :

Areb=Crad (45)
in Ryax. We can rewrite equation (45) in S ™8 ag:

Az @ bACz ® d (46)
by reflexivity, and by the previous properties as:

(Ao C)z e (bo d)As (47)

We would like to solve some equations or balances when one of the elements is an element

of SV. To this end we have one lemma.
Lemma 5.74. Suppose d € S®. p=bé&éd = pAb.

Proof. Let p=(p1,p2), b=(b1,b2), d=(g,g), where g=|d|. If (p1,p2)=(b1,b2) @ (g,g), then

p1 = b1 ® g, and ps = by & g. To show that p A b we must show that p; & bs = p2 & by. So
suppose that p; & by # ps @ by, but by substitution, we get by & g & by # bs & g @ by, which is
a contradiction. Therefore, p A b. O

Lemma 5.74 allows us to remove a balanced element from an equation if we allow the
equation to become a balance.

The following are some of the basic properties of S.
Proposition 5.75. If a,b € S and d®,g®* € S°®, then
(a) Ifa A, and a € SV, then a=6.
(b) If a A 6, then a A d°.
(c) bAd*#bA6.
(d) a A d*and |a|] > |d®|, then a € S°.
(€) d* = (cd)* = (d%)*
(f) (a)®(©b)=achb.
(g) a®d® =(a®d)°.

(h) © (& a) = a.
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(i) e(aeb)=(ca)®(©b).

() o(a®b)=(0a)®@b=a® (©b).
(k) d* @ g*=(ddyg)°.

(1) acd =aod

(m) d* & g* = (deyg)*

() d* e g*=d* @ g* = (dsg)°

() a6 d = a if |a| > |d°|
@ if Ja] <"

oa if |a| > |d°|
(p) d* ca= :
@it Ja| < |

Proposition 5.76. The set of solutions of the general linear system (45) in Ryax and the set of

positive solutions of the associated linear balance (47) in S coincide.

Proof. See [24]. O

The scalar linear balance

Theorem 5.77. Let a € SY\{#} and b € SY, then the balance

az @ bAO (48)
has the unique signed solution: z’ = Sa~'b.
Proof. See [24]. O

Note 5.78. Non-trivial linear balances always have solutions in S, that is why S may be considered

as a linear closure of Ry ax.

Note 5.79. We can describe all the solutions of (48). For all t € Ry,ax, we have obviously at®A6.
Adding this balance to az” @ bAf, we get a(z® © t*) © bAH. Thus,

=2 ¢ t° (49)

is a solution to (48). If t> |2”|, then x; = b® is balanced. Conversely, it can be checked that every

solution of (48) may be written as in (49). The unique signed solution x” is also the least solution.
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Note 5.80. If b¢ SV, we lose uniqueness of signed solutions. Every x such that |az| < [b] ( i.e.

|z| < |a=1b| is a solution of balance (48).

Note 5.81. If a¢ SV, we again lose uniqueness. Assume beS" (otherwise, the balance holds for all

value of x), then every x such that |az| > |b] is a solution.

Determinants in Symmetrized Algebra

Definition 5.82 (Max-algebraic signature). If o is a permutation, then the max-algebraic sig-

nature of o is defined as:

(©) e if o iseven
sgn(o) =
ce if oisodd

Definition 5.83 (Max-algebraic determinant). Consider a matrix Ae S™*™.

The max-algebraic determinant of A is defined as:

det(4) = @) sgu(o) © Q) aio(s
i=1

oeP

(50)

Note 5.84. As in the conventional algebra system, if « € Sand A € S™*" then det(AT) =det(A),

and det(a ® A) = a ™ ® det(A).
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To illustrate the use of definition 5.83, we include the following example.

2 o1 3°
Example 5.85. Find the determinant of A= | 1 4 2
3* 2 &5
2 ol 3 1 3 1 3
6 L] 6 L]
1 6 2 |=2® cl® ®3°
2 ©5 6 2
3* 2 &5

=200 (e5)e212)
dEl)e((Eelecso2w3®)
®3*'®(Elr203°®46)

=2 @cd)a(Bl)x(665°)@3*x(63016)

1) ® (6) @ 3° ® (©3)

=20 (04 (o
= (66) & (o7) & (6°)
= (66) & (87) & (6 6)
=60(6a7®6)
=667

=o7

Theorem 5.86 (Cramer system). Let A be an nxn matrix with entries in Syax, and b € (S7,,)-

Then every signed solution of
Az Ab (52)
satisfies
detA -z A A*4p. (53)
Conversely, assume that A2%p is signed and det(A) is invertible, then the “Cramer solution”

x?=det(A) ' A2dip is the unique signed solution of (52).

The following example is included from [24, page 155]. We will work this example again

after studying msets as a comparisons of the two methods, see Example 8.95.
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Example 5.87. Find the solutions of:

max(x,y —4,1) = max(x — 1,y + 1,2)

(54)
max(x + 3,y + 2, —5) = max(y + 2,7)
This can be written in matrix form as:
0 —4 T 1 -1 1 T 2
® @ = ® @ (55)
3 2 Y ) —o00 2 Y 7
The balance corresponding the equation (55) is
0 1 2
e f | a (56)
3 2° Y 7
The det(A)=4, which is invertible.
2 el 0 3
Dw = = s Dy = = 7
T o2° 2 7

o [5]-[]ee

So, X:% =8—-4=4, and y:% =7 — 4 = 3 gives the unique positive solution in Sy .x

of Equation (56). Thus it is the unique solution of Equation (54) in Spax.
|
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6 Max-Times Algebra

6.1 Basics

In the previous sections, we have been working within the Max-Plus Algebra system. All of the
results in the Max-Plus Algebra system have analogs to corresponding theorems in the Max-Times
Algebra. Many new results, and easier proofs, can be developed using this particular Path Algebra.
The Max-Times algebra is closer to the conventional system of non-negative matrices, and thus
easier to manipulate. The notation R will be used for the nonnegative real numbers.

We begin with a definition of the Max-Times algebra.

Definition 6.1. Let RT represent the nonnegative number and define

(i) a @ b = max(a,b), where a,b € Rt.

(iil) a®b=a-b (The usual multiplication).
Note 6.2. We use the notation 90t* for the algebraic system (R ,/H,X).
Definition 6.3. If A.B € 9}, then H, and X are extended to matrices as

(i) [A B Bl;; = max(ajj;,bi;).

(if) [A® By = max {ai - br;}

There is an isomorphism between the Max-Plus Algebra and the Max-Times Algebra:
@ Mt — IM*, which is defined as

(i) ¢(z) = e*, for all x € R, with p(— o) =0,
(ii) ¢ 1(y) =In(y) forally € Rsg , with ¢~ 1(0) = — oo.

For matrices, the isomorphism is defined elementwise as [p(A)];; = [e*7]

To verify that this is an isomorphism, we note that:

(i) ¢(a @ b) = et = emax(a:b) — max (e“, eb) =e"He’ = p(a) B p(b).
sopla®b) = p(a) B p(b).

(ii) p(a®b) = e® = ettt = ¢ . ¢ = p(a) K ¢(b)
sopla®b) = p(a) Kp(b).

With this isomorphism it follows that A ® B = ¢~ (p(4) K p(B)).
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Definition 6.4. Given a cycle in G(A), we define, analogous to the Max-Plus definition, the maxi-

mum geometric circuit mean as:

A) = 57
=g, 1L &
(4,5)€v

With this definition of v(A), and the previous definition of p(A), it can be seen that
w(A) = o 1 (v(p(A))), which we may write as v(p(A)) = e#(4),

As in the case of the Max-Plus Algebra we only need to consider cycles in our calculations
of the maximum cycle means. This is the analog of Lemma 5.12 in the Max-Plus Algebra. We

present this theorem for later use.
Lemma 6.5. If a,b > 0, and m,n>0, then max{a'/™,b'/" (ab)*/(m*™} = max{a'/™ b*/"}

Proof. Suppose, without loss of generality, that am > b%, then

|-
3|

am™ >b — ad">0" <= ad"a">ad""
—

a™t > (ab)™ = aw > (ab)m+r"
O

We now give some of the basic results in the Max-Times algebra, and add proofs for

completeness.

Proposition 6.6. Let A | B € I* and a € 9" then:

nxn’

(i) If a is a scalar, then a M A = o - A.
where [a . A]” =Q- Aij

Therefore, we will only write o A instead of o X A.
(ii) If A has only one positive element in each row, then A X B = A-B.
(iii) If B has only one positive element in each column, then A X B = A-B.
(iv) If P is a permutation matrix then P X A K PT = P-A.PT.

(v) If D is a diagonal matrix, D=diag(ai1,a22,. .., a,,), where each element a;; is nonzero, then
D! exists in the Max-Times Algebra,
and D~!=diag(-L-, -1 L.

a11’ a2’ """ 7 Ann

(vi) If D is a diagonal matrix in 9%} ,, and d;; >0,
then DX A X D~! = D-A-D~%.
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(vii)

If A=[a;;] is a matrix with one nonzero element in each row and one nonzero element in each

column, then A~! exists in 91*, and (A_l)z.j = ‘117 it # 0
0  otherwise

If P is a permutation matrix then P~! exists in the Max-Times Algebra, and P~! = P¥

AXB<A-B<n(AKXB).

ATRA K- KA, <A Ay Ap <nf 1A RA K- KA.

ARE < Ak < k=t ARE

Aoy < ARk < 4k,

There exists k such that A¥ >0 <=  there exists m such that A¥™ > .

Proof.

(i) This result is obvious since calculations are element-wise.

(ii ) Consider [A W B);; = %(AikBkj). Since all elements of row i in A are zero except for

one, then the sum (max) has only one nonzero product.

(iii ) Same as (ii) except that Bj; has only one nonzero element in each column.
(iv ) Corollary of (ii) and (iii).

(v ) This is obvious as it can be seen that DD 1=I.

(vi ) Corollary of (ii) and (iii).

(vii ) It can be checked that A A='=L.

(viii ) Corollary of (vii).

(

ix)

[A&B],J Ea(Azk X Blcj

mI?X(A,'k - Bk]‘)

Z(AikBkj)
k

< n - (max(Ax - Byj))
J

IN

=n-(AXB)

x ) Use induction with (ix).
xi ) Corollary of (x).
xii ) Corollary of (xi).

(
(
(
(xiii ) Follows from (xii).

0<A|Zm§Am
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Ak AIXk
and 0< —< —— (60)

npn—1 — nk—l

The results from the Max-Plus Algebra carry over to the Max-Times Algebra through the

isomorphism. In particular we mention the following theorem.

Theorem 6.7. If A is irreducible, then v(A) is only eigenvalue of A and every eigenvector corre-

sponding to v(A) is positive.
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6.2 Spectral Radius of A and the

Maximum Geometric Mean of A

Suppose M € R}, .. We use the following two definitions in this section.
p(M) = the spectral radius of M (in the conventional algebra sense).

v(M) = the max geometric mean of all circuits in G(M).

V(M) = mas (1)1 miy (61)

This v(M) is the definition of the maximum circuit mean used in the Max-Plus algebra
translated to the Max-Times algebra. We have found that p(M) is an eigenvalue of M in the max-
plus algebra. This also carries over to the max-times algebra system in an analogous manner. The
question that arises is when, in the conventional algebra, are the two definitions equivalent; i.e. when
is the maximum geometric mean of the circuits of a graph equal to the maximum eigenvalue of the
adjacency matrix of the graph. The aim of this section is to give a necessary and sufficient condition
for the maximum geometric mean of a nonnegative matrix to equal the maximum eigenvalue of the
matrix.

We begin with the following theorem.
Theorem 6.8. Let A,,»,, € R} ,. Then p(A4) > v(A).

Proof. Suppose that A> Rf . If A has no cycles then A is nilpotent and 0 is only eigenvalue. So

p=0=v.
So assume that A has cycles. There exists a cycle, say S; — So — -+ —S; —S;. p > 0, and
v(A)>0.
app Q2 - Qi Iy I
az1 Q22 -+ A2t T2 L2
Az=pz = =p (62)
agr Qg2 o Gyt Ly Lt

PrT1=a11 01 +ai2T2 + -+ aip Ty > a12 T2

PTa = Q21 T1 + Q22 Ta + -+ - + A2 Ty > A23 T3

PT = Q1 T1 + Q2 T2 + -+ + Qe Ty > A1 X1



Therefore p(A) > v(A). O

We see from this theorem that it must be a special matrix which satisfies the conditions.
With this theorem complete, we may ask the following question: When is p(A) = v(A)? We will
answer this question by finding the necessary and sufficient conditions for p(A)=v(A). We begin

with a sufficient condition.

Theorem 6.9 (Sufficient condition).

T |
+ 0 0
0 + . .
IfA~ o _ |, then p(4) =v(4) .
per [ 11 . -0 0
+ 0 O
0 0+ 0|
A 0 0 0 —0Ain
—a91 A 0 0
Proof. Ay N)=| 0 —ag - : = A" —w(y)
0
0 0 - —apar A
and A" —w(y) =0 = A=w(y)" =w(y). O

So we see from Theorem 6.9 that if A is a matrix whose graph contains exactly one cycle,
then p(A)=v(A). In order to investigate the necessary condition for p(A) = v(A), we need a few

facts and lemmas from linear algebra.

Fact 6.10. Suppose that A>0, and irreducible. Suppose that the cycle index of A is h, which is
the greatest common divisor of the lengths of all cycles of A. Then we can permute the rows and

columns of A to get a matrix in the form:

(Oclxcl M, i
Mh OCQXCQ : :
M= ;
M; OCh71><Ch71
L My O
0 «or aee e M
M, O
which we usually write as M = )
Ms 0
0 M, O
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( My |
Mp,
or just as M =
Ms;
| o
_ My
Mh Bl
Fact 6.11. Suppose M = , then M" = , where
M; By,
L M2 -
By =A; Ay -+ Ay (63)
and Bj = Aj Aj+1 Ah A1 Aj,;[ (64)
Fact 6.12. p ( M" ) =p (A; Ay --- Ap)
Fact 6.13. p (M" )=[p (M) ]"
Proof Mx=\z = MFz=AM+1log=...=)Mz = X¥*isan eigenvalue of M¥. O
Fact 6.14.
(Al Ay - Ah )ij = Z Z E(aikl Ak1ko """ Qkp_1j ) (65)
k1 ko kn—1

Each product in the sum represents the product of the weights of the arcs of a path of
length=h from S; to S;. So, this represents the sum of all the path-products of length=h from S;
to Sj.

The following facts from linear algebra will help with our investigation.
Fact 6.15. p(A) > aj;, for all 1<i<n.

Proof. See [17].

. (Az);
p=max min (Az)i
x>0 1<i<n ¥

2£0

Letting z; = e;, we get p > el Ae; = Ay O

7

Suppose that the matrix M is a matrix which contains at least one cycle. Let 7 be a critical

cycle in G(M), and suppose, without loss of generality, that 7 contains the node S; .
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Theorem 6.16. (p(M))* > any one circuit-product through S; of length=h, say T

(P(M)Y* = p(M*) = p(A1 Ay -+ Ap)
> (4 As - Ap)y

:ZZ"'Z(A““ Appe o+ A i)

k1 ke kh_1

= Mil Mll "'Ml_i
;% Z C; Séls Z C; % 1 - o

1<i<h—1 1<i<h
E ¢ <ty < E ¢
1<i<h-2 1<i<h-1

> any one circuit-product through S; of length=h, say 7

Theorem 6.17 (Theorem 2). The length of 7 must be h.

Proof. Since h=greatest common divisor of the circuit length of all circuits in G(M), then all circuits
lengths must be a multiple of h. Suppose that the length of 7, (one of the) maximal circuits, is d-h.
Then M? = (Ay -+ Ay Ay-v---- Ap) = (Ay - Ap)?, and

~ -

d times

(A;---Ap)f, = 2 (any a1 aik o) = 3 (all dh circuit products from S; to ;) = maxi-
mal circuit product.
Therefore, all d-h circuit products must be equal to zero, except for the circuit product

corresponding to 7.

Claim. The maximal circuit cannot be an h-circuit repeated d times.

Proof of Claim. If T were an h-circuit from S; to S; and  was the circuit 7 circuit repeated d
(1/(dh))

(1/h)
times, then w(7) = w(7y), because (H(Al - Ap) > = (H(A1 Ah)d> . So, if v is
T ¥
a dh-circuit which leads to the maximum product, then 7 is an h-circuit with the same maximum

geometric mean. Therefore in the Y (---), there would be the dh-circuit product and the h-circuit
product repeated d times.
Hence, Y (---) > maximal circuit product, which can not occur.

And we see that the maximal circuit must be of length=h. O

The same reasoning as above gives that the maximal circuit also can not be a k-h-circuit
for any k<d.
Therefore, the length of 7 must be h. O

Lemma 6.18. If h | k, then v(M*) > (v(M))*
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Proof. If T is the circuit of M which has the maximum circuit product, then in M*, 7 would be
repeated (“traced”) k times. If the geometric mean of the 7-circuit is equal to A, then the geometric
mean of the repeated 7-circuit would be A¥. So the maximum geometric mean of any cycle in M*
is at least A* . It is possible that the maximum geometric mean may increase.

Suppose that p(M) = v(M), then (p(M))¥ = (v(M))* and we can conclude:

(p(M))* = p(M*) = p(Ay Ay --- Ap)
> (A1 Ay - Ap),

it

:ZZ"'Z(A““ Appy - Ap i)

k1 k2 kh_1
> the maximal circuit product

=v(M*)

So, all the quantities in the list above must be equal. O
We need a couple of more lemmas from linear algebra.

Fact 6.19. If A>0 and € > 0, then p(A+¢) > p(4) .

Fact 6.20. If A>0, and irreducible, and B 2 A, then p(B) > p(4) .

So, suppose that the 4; (i =1,2,---,h) blocks are larger than 1x1 and irreducible. Set

| .
]
N= lahl ]

la2

We have M 2 N, and v(M) = p(M) > p(N) = v(M) . This is a contradiction.
Hence, each of the A;(i =1,2,---, h) blocks must be of size 1x1.

Therefore, if p(A) = v(A), then A must be similar to a matrix with only one cycle.
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(0 0 |
+ 0 0
0 +
A= O
per
: 0
LO B | T |

We have now proven the following Theorem.

(0 N | R
0 e e e 0
0 +
Theorem 6.21. p(A) = p(A) if and only if A =
per
. 0
LO N | T |

Theorem 6.21, above, states that the Necessary and Sufficient condition for p(A)=v(A) is
that G(A) consists of exactly one cycle. We include the following example to illustrate this equality.

Example 6.22.

NI — Al = \* — 16

000 4 (4) = V16 =4
1.0 00 1/¢
A= c ]Rz_x4 (1/€(0))
0 2 0 0 /I,(A) = aij
00 20 (i:4) €70
p(A)=(1-2.2.4)i=v16 =4
Here, according to Theorem 6.21, u(A) = p(A) |
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7 Cancellative Semirings

As we recall a cancellative semiring is one which obeys the additional axiom that if a+-b=a+c then
a=c. Our aim in studying Cancellative semirings is to generalize the theory of rings. We investigate
the embedding theorems in this section. This will allow us to prove identities in Semirings which
are analogous to theorems in rings. In particular we will look at the identities involving the Adjoint
and the Determinant, which will allow us to solve problems in linear algebra using an analogy of
Cramer’s Rule.

We begin by discussing the Embeddings of Semirings into a “ring of Differences.”

7.1 Embeddings and Morphisms of Semirings

What we would like to do is to embed the semiring, S, into a ring, R, such that R has a subset, S,
which is a semiring isomorphic to S.

This is not possible in general, but if S is a cancellative semiring with no zero divisors, then
it is possible.

Golan, [20], contains the following two propositions.

Proposition 7.1. If S; is a semiring, then there exists a cancellative semiring, S, and a surjective

morphism from S to S;.

Proposition 7.2. If S is a commutative, cancellative semiring, then S is isomorphic to a subsemiring,
S,, of a ring, RP="“ring of differences,” such that every element of R” is the difference between two

elements in the image of S.

Proof. We include the construction of the Ring of Differences. Suppose that (S,+,-) is a commutative,

cancellative semiring. Form S?2 = S x S, and consider (S?, ®, ®) defined by:

Definition 7.3. If (1,s), (r1,51) € S?, then
(a) (r,8) ® (r1,51) = (r+71, s+s1)
(b) (r,8) ® (r1,s1) = (rr1+ss1, rs1+sry)

It can be checked that S? is indeed a commutative semiring with (0,0) as the additive
identity and (1,0) as the multiplicative identity.

To create “negative” elements, we look at Quotient spaces. Define the equivalence relation
“voon SZ by
Definition 7.4. (r,8) ~ (r1,51) <— r+8;=s+r;

Lemma 7.5. “~” is an equivalence relation.

Proof. (a) (Reflexive) (r,8)~(x,s) is clear is + is commutative.
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(b) (Symmetric) (r,8) ~ (r1,51) = r+s1=s+r; = ri+s=si+r = (r1,51)~(r,8)

(¢) (Transitive) Suppose (1,8)~(71,51), and (r1,s1)~(r2,r2). So r+s1=s+71, and r1+ra=s1+r2. Add
these two equations together to get r+s;+r1+ro=s+r1+s1+r2. Since S is cancellative, we get
r+ro=s+ra. Therefore, (r,5)~(ra,rs).

O

Consider the equivalence classes: (r,s) = {(r1,s1) | (r1,51) ~ (r,5)} and let 572 ={(r,s)}.

Define H and [ on 572 by :

Definition 7.6. Let (r,s), (r1,s1) € ‘%2, then

(a) (r,s)B (r1,s1) = (r + 71,5+ 1)

(b) (r,s) D (r1,s1) = (rr1 + ss1,7rs1 + s71)

We need to show that these operations are well-defined.

(a) (B) Let (r,8) ~ (r1,s1) and (p,q) ~ (p1,q1). We need to show that

(r,s) 8 (p,q) = (r1,51) B (p1,q1) (66)
(r+ps+q)=01+p,s1+q) (67)
(r+p,s+q)~ (1 +p,s1+q) (68)

To this end, we have:
r+s3=s+r (69)
p+a=q+m (70)

Add equations (69) and (70) together. Since S is associative, and commutative, we get:
(r+p)+(s1+aq)=(s+¢q) + (r1 +p1) (71)

Therefore (r+p,s+q) ~ (r1+p1,51+q1), and Equation (68) is verified, and B is well-defined.

(b) (B) Let (r,s) ~ (r1,51) and (p,q) ~ (p1,q1). We need to show that

(r,s) 8 (p,q) = (r1,51) & (p1,q1) (72)
(rp + sq,rq + sp) = (ripr + s1q1,71¢1 + S1p1) (73)
(rp + sq,rq + sp) ~ (r1p1 + s1q1,71¢1 + S1p1) (74)
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To this end, we have:

r+s=s+m (75)

ptai=q+p (76)
We multiply:
(a) Equation (75) by “p”
(b) Equation (76) by “q”
) (75) by “r”
) (76) by

(¢) Equation (75
(d) Equation (76

To get, respectively:

pr+ ps1 = ps + pry (77)
qr +qs1 = gs +qr (78)
pri+qiry = gry+pir (79)
ps1+qis1 = gs1 +pisi (80)
Add the equations by setting:
LHS(77) + RHS(78) + LHS(79) + RHS(gO) = RHS(77) + LHS(78) + RHS(79) + LHS(go)
Using the commutative and associative properties of S, we get:
(rp + sq)+(r1qr + s1p1) + (psy + qry + pr1 + gs1) (&1)
= (ps+aqr) + (rip1 + s11) + (pr1 + gs1 +qr1 + ps1)
and using the cancellative property of S, we get:
(rp +sq) + (riqy + s1p1) = (ps + qr) + (rip1 + 51q1) (82)

Therefore, (rp+sq , rq+sp) ~ (ripi1+s1q1, r1q1+s1p1), and Equation (74) is verified. We have
shown that [1 is well-defined.

Let RP = (£ | ®, 0)

In RP (a,a) = (0,0) is the additive identity, as:

(aaa) 2 (’I“,S) = (a+r,a+s) ~ (’I“, 5) (83)

= (a,a)B(r,s) =(a+r,a+s)=(rs) (84)

And (a,a) is absorbing under X, as:

(a,a) ® (r,s) = (ar + as,as + ar) ~ (0,0) (85)
= (a,a)X(r,s) =(0,0) (86)
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epi i so e

Figure 3: Relationship between semiring embeddings.

Let S2={(a,0) € £|a € S}.
We now consider the mapping: ¢:S — RP, defined by ¢(a) = (a,0).

pa+b) = (a+0b,0) = (a,0) B (,0) = p(A) B p(b) (87)

p(ab) = (ab, 0) = (a,0) & (b,0) = @(a) T p(b) (88)

Therefore ¢ is a homomorphism from S to RP.

pl@=pb) = (a.0)=(b0
= (a,0)~ (b,0) = a+0=b04+0 = a=b

Hence, ¢ is one-to-one, and we have an isomorphism between S and Ss.
O

With this embedding we can identify a cancellative semiring with its isomorphic image in
its “ring of differences.” We can consider the semiring as a subsemiring of R .

Figure 3 is a representation of these relationships. We use ¢; as the isomorphism between
S and So, and - as the epimorphism from S to Ss.

With the use of Propositions 7.1 and 7.2,we are able to conclude things about the semiring
S1, by considering the ring R?. In particular any identity in R” which is wholly in S, can be carried
over to S; by going, first, through the semiring S. We will consider identities in rings which have
an analogous identity in semirings. We refer to section 8.11 for these identities. First, we study the

new algebra of multisets.
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8 Multiset Algebra

In this section we consider the algebraic structure of the Multiset algebra, abbreviated as the Mset
Algebra. A multiset, or mset, is a collection of elements in which repetition is allowed. An mset can
be thought of a “set” in which multiplicities are allowed. For example, {1,2,2} = {2,1,2} # {1,2}.
The operations of intersection and union work similarly with msets as they do with sets. If a and
[ are two msets then e NG =§, where § is the smallest mset which is contained in « and S.

The motivation that inspires us to consider msets over S, or 3%, is that this allows much
more information to be kept throughout the problem. As we see throughout the following sections
there is much more available information accessible for our use. However, keeping these extra pieces
of information results in some equations which are not solvable in the sense of being able to write
down an explicit solution to the equation. All that is possible is a “consistency condition” that allows
us to characterize the solution to the equation. In some cases we are able to give an algorithmic
method to solve the equation. If S is a semiring, then if the problem is translated back to the system
S, then in many cases, a solution is available. Throughout this section, it may be realized that
the field R is an underlying structure which motivates the development of the subject of the mset

algebra.

8.1 Notation and Definitions

We begin with a set S, along with two binary operations:

(a) @, which is associative and commutative, with additive identity=6.

(b) ®, which is associative and commutative, with multiplicative identity=e.

(¢) © is distributive over .

Consider the set 3° derived from the basic set S above. 3° is the “power set” of all finite
msets with elements from S. We use 3° for the power set instead of the more familiar 2° to highlight

the difference between sets and multisets.

Definition 8.1. With the new system 3%, we have the operations of:
1. W, called ’fusion’, an ’addition’
2. X, a 'multiplication’

We use the name ’fusion’ to signify that this operation is different from ’union’ which is
used with sets, and ’concatenation’ which implies that order matters.
The symbol 4° can be used as the power set of S which allows infinite sets. The multisets

in this thesis will be assumed finite, so there is no need for this power set.
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Definition 8.2. We make the following definitions in the mset algebra:
Let a = {ai1,a2,... a5}, and B = {b1,b2,... ,by}, with a;,b; € S. Then

1. {a} W {b} = {a,b}, with a,b € S.

2. aWf={ai,az,...,a5,b1,ba,... b}

3. {a} R {b} ={a®b} (product with ® from the set S) usually written ab.

4. If {a} € 3% then {a} ® {b; , by ,... ,b, }={a®b,a®by,... ,a® b, }.
5. aRp={a, Obj|la; €a,b; €}

6. a&lﬁ:t;JL;J a; © B

7. The elements of S are the scalars of 3.

8. |a| = the number of elements in a.

9. [a® 8] = o] - |4]

10. f o € 3%, then " = aRa K- -Ra.
| S —

n times

11. If |a|=k, then |a™| = k™

As a matter of illustration, a multiset can be thought of as a linear combination of the
distinct elements of the multiset. For example, the multiset { a, a, a, b, b, ¢ } can be written as
{ 3a, 2b, ¢ }. This allows a nice formulation of our ’fusion’ operation. As an example, we could
define {2a, 3b, c} W { 4a, 2b, ¢} = { 6a, 5b, 2¢ } . The elements of Z are used to ’keep track’ of
the number of times an element appears in the multiset. The “mset intersection” can be formulated

4

as “take each element appearing in both msets and keep the smaller coefficient.” The “mset union”

can be formulated as “take each element appearing in both msets and keep the largest coefficient.”
In this thesis, we will not use this method of ’keeping track’ of the elements, but will only list all the
elements in the multiset explicitly; although the mset union and mset intersection can be calculated
with these definitions in mind.

8.2 Properties

In this section we list the basic properties of the operations of the mset algebra.

Proposition 8.3 (Properities of ¥ under 3°.). If ¢,3,7y € 3%, then

(1) 3% is closed under &
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(2) W is associative. a W (W) = (aW f) Wy
String the sets together, and rearrange in the appropriate order. Order does not matter in the

multisets.

(3) Wis commutative. « ¥ = fWa

There is no order in the sets, just rearrange the sets.

(4) @, the empty set, is the additive identity.
dHa = a.

(3) lawpl = laf + 6.

(6) 3° is cancellative.

If a, B, and v are msets, and a W § = a W v, then 8 = 7.

(7) W is NOT idempotent.
ada # a

{a}w{a}={aa)

(8) There are NO additive inverses in 3°.

If & € 3° and « # @, then there is no element, 3 of 3° such that a & 3 = @.

(9) 3° is zerosumfree.

IfawWpf =@ then a=p=2.

Example 8.4. {1,2,2} w {1,2,3} = {1,1,2,2,2,3} n

Proposition 8.5 (Properties of X under 3°.). If a,3,7y € 3% then
(1) 3% is closed under &

(2) X is associative.

aR(BRYy)=(aRB) Ry = ’tL’fJL’IQJaiQﬂjQW
J

(3) X is commutative.
aXp=pXKRa

(4) X is distributive over .

() la®p| = |af -1]-
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(6) {1}, the multiplicative identity of S, is the multiplicative identity.

{1} ¥ {a} = {a}.

(7) @ is absorbing under X.
g X{a} =02.

(8) fa=0,thena Xy =p0K~.

(9) If a ®y = B K, then it does not follow that a = . Example: {1} K {2, -2} = {-1} K {2, -2} .
(10) {0} ®a={0,...,0}1xk, where k = |a].
(11) S C 35. We can associate the elements of S with the singletons, or scalars, of 3°.

(12) Multiplicative inverses in 3°:
If a € S, and a is invertible in S, then {a} ® {a='} = {1}.

Example 8.6. {1,2, 3} K {4,5}=1{4,5,8,10, 12,15 }. [

Proposition 8.7. If a = (at,6,,a7), and 8 = (81,603,47), then we can more rigorously define

the size of the product of these two msets. Suppose a X 8 =, and let

o=k IBl=t  hi=u
@fl=m |Btl=q =0 )
@l=n  157l=r  hrl=w
bl =p 16—t 16.]=y

Then |a®f| =k €= (m+n+p)-(qg+7+1)

In what follows we will consider a multiset as consisting of two parts: a multiset with all
positive elements, and a multiset with all negative elements. We may write this as a = {a™,a™}.
The element 8 € S warrants special attention. At the beginning of this development, a multiset
was split into 3 parts: a = {a™',6,,a"}, where 6, is a multiset consisting of all the zeros of «
(see Proposition 8.7). As the work progressed it was seen that the 6,-multiset does not affect the
outcome. It only adds a consistency condition which must be satisfied. As we see from Equation (91),

in using <p,;1 (), the zeros of S do not affect the sum, since 6 is the additive identity of S.

With the properties illustrated above, we have the following lemma.

Lemma 8.8. If S is a semiring then 3° is a cancellative zerosumfree semiring with no zero divisors.
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It should be noticed, here, that 3° is a semiring with a cancellation property (where can-

cellation is defined as dropping elements of a multiset from each side of an equation), whereas the

set S =91*, as a path algebra, is a semiring with idempotency. In this respect we have traded the

idempotency property for a cancellation property. As we compare these two semirings, we also note

that the addition of S (&) does not play a role in 3°%; only the multiplication of S is used in the

development of the mset algebra.

8.3 Mappings

In this section we define mappings from S to 3°, and from 3° to S.

Definition 8.9. Define ¢_:S — 35 by:

{a} ifa#4

g ifa=20

¢.(a)

Definition 8.10. Define . ~1:35 — S by:

D ay ifOé;é@
¢ (@) :
0 fa=9o

Proposition 8.11. If a € S, then ¢=* (¢, (a)) = a

Note 8.12. If a € 3%, then ¢, (¢! (@)) # «, unless a consists of only one element.

In our development of the mset algebra, the addition operation of S is not used. Defini-

tion 8.10 shows how the addition operation of S is connected to the mset algebra. See Section 8.16

for more the mapping of Definition 8.10.

Definition 8.13. If A € S,,x», then

{ai]‘} if Agj 3& 0

%) ifa,'j =40

. (A)]i

8.4 Matrices over 3°

Suppose A,B € 35 and « € 35, then we define:

nxn’

1. (A (] B)ij =a; 4 b”
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2. (A X B),J = %J{aik X bk]’} = {ail ® blj,aig ® bgj, e s Qi © bn]}
3. (Oé X A),J =alX QAjj
Example 8.14. If A € 35 then
1. a;; = mset
2. A?J :{a“ &alj,aiZIZagj,... ,amIZanj}.

3. A?] = ISJ ISJ {aikl Xag,r, X akzj}.
1 k2

4. A=y -
YU kg ke

. &) {a,’kl X Qg ko X.--- KX akmflj}.
m—1

Proposition 8.15. 37, is a cancellative zerosumfree semiring with multiplicative identity.

Proposition 8.16.

1) @,=1 - | is the additive identity.
g - @
{1y - @

(2) I, = e is the multiplicative identity.
o cen {1}

Proposition 8.17. If A € 3% then:

(1) 9,0 A=A

(2 9, A=AKo2, =0,

(3) ,RA=ARI, = A
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8.5 Partial Ordering and Lattice Structure

Here, we give a brief result for msets.

Definition 8.18. We use the notation a C 8 to mean that each element (including multiplicities)

of a is also in .

Proposition 8.19. Mset-inclusion induces a partial order on 3%.
Proof. Suppose a, 3, v € 3%,

(1) a Ca.

(2) f a C B and 8 C «, then a =8.

(3) If a C B and 8 C+, then a C .

Definition 8.20. We say that o <f if and only if a C 3.

We use the usual meaning for vectors, i.e. < y means elementwise. Likewise x > & means
= #
z; > @, and at least one element of z is greater than @.

The partial ordering on 3% creates a lattice structure on 3%, where
1. aA B =an g, where ‘Y represents mset intersection.

2. aV f =aUpf, where ‘U represents the mset union.

8.6 Equations in 3°

In this section we investigate equations with coefficients in 3%. After developing the algebra of 3%,
we are interested in the solvability of certain types of equations. We assume throughout this section
that S has a total order and that the nonzero elements of S have multiplicative inverses. It is noted
that this is true for R which is a field, and for the algebras 9™ and 91* which have been used earlier

in this thesis.

Lemma 8.21. Suppose S is a semiring in which the nonzero elements have multiplicative inverses,
and suppose that S is totally ordered. Let IP be the set of “positive” elements of S. P ={a | a>6 }.
Ifa,f,yePand aXfg=al~y, then g =v

Proof. Write the elements of a, 3,7 is increasing order. Then ajb; = ajcy, since each product is the
minimal element of the multiset. Since a; > 6, and al_l exists, then multiply both sides by aj’ 1 and
conclude that by=c;. Form ' = g\{b K a}, and v = v\{c; ® a}, and repeat. O
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Example 8.22. Lemma 8.21 is not valid if “negative” numbers are allowed in a. Consider S =R,
with the usual multiplication. {1} {1,-1}={-1}{-1,1},but {1} #{-1}. [ |

Lemma 8.23. If o, 3,7 € 3% and a < 0,8 >0,7>0,and a M3 =a X, then =17

Proof. The proof is similar to the proof of Lemma 8.21 O

Note 8.24. We use 3%, msets over the real numbers in the rest of this section.
For msets, 7 > 0 means that every element of the mset « is positive.

Proposition 8.25. Solve the equation: a Xz = @.
If a # @, then x=0 is the unique solution.

The above proposition may be restated as:

alz=0 = a=9, or =0
Lemma 8.26. If a > 0, 8 > 0, and o? = 32, then a = 3.

Proof. Suppose a@ > 0 and 8 > 0.Assume «, and (8 are in ascending order. a; <as <---<ay
and by < by <--- <b,. Then a? = b?. So a3 = b;. Form o' =a\(a; Ka), and f' = 8\(a1 K a).
Continue to get a = g. O

Lemma 8.27. If au W fv = fu W av, and «, 8, u,v > 0, then a = 3, or u = v.

Proof. Write u=u1¥ us, and v=vi¥ vo with uy = unv =vj.

auy W aus W Bu W Bue = Bur W Pus W avy W avs (93)
= aus W fuy = Pus W ave (94)

In Equation (94), us, and vo, have no elements in common. So we will assume that in

Lemma 8.27, that this is also the case. So suppose we have
aul fv = fuyav (95)

with u, and v having no common elements. Assume «, 3, u, and v are written with their elements

in ascending order. Consider the minimal element on each side of Equation (95):

min{ajui, frv1} = min{Biur, ayv1} (96)

There are four cases to be investigated:

(1) crug = pivs = o =p
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(2) a1U;] = 01V — U1 =1
(3) frvn =frun = uw=n
4) fpron =11 = =5

We can now reduce the size of the appropriate mset, and continue. O

The constraints of Lemma 8.27 can be relaxed to the following lemma, whose proof is

similar to the proof of Lemma 8.27

Lemma 8.28. If au W fv = fu W av, and a, 5 > 0, then a = 3, or u = v.

The proof of the following is also similar to the proof of Lemma 8.27.
Lemma 8.29. If aXKz = g Xz, and x>0, then a =
Example 8.30. Solve the equation:
allz =0 (97)

The consistency condition for this equation is: || - || = |3

This equation is separated into three cases

1. a>0and 8> 0.
Then x>0, and this is just Lemma 8.21.

2. B > 0. Then there are two cases, as « and x cannot contain both positive and negative

elements.

(a) >0, and x > 0.

This is just the previous case.

(b) @ <0, and x < 0.

The proof of this is similar to the previous case, or to that of Lemma 8.21.

3. (General Case) (a™,a ) (zT,27) = (B1,87)

This leads to the two equations:
atztwa oz~ =47 (98)
a~rtwatzT =4 (99)

Here, we let a=a™, b=—a~, x=xT, y=-x—, ¢c=8T, and d=—" to yield:
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RN

where all entries are positive.
This can be written as:
arWby =c (101)
brWay =d (102)
If we multiply equation (101) by ’a’ and equation (102) by ’b’, combine the two equations and
cancel the common term of ’aby’, then we get:

a’z Wbd = b’z Wac (103)

Likewise, we multiply equation (101) by ’b’, and equation (102) by ’a’, combine the two

equations and cancel the common term of ’aby’, and get:

a’y Wbe = b’y Wad (104)

Equations (103), and (104) are equivalent to the solutions associated with Cramer’s Rule.
Each of these equations is an equation with only one variable. We are not able to solve these

systems for ’x’ or ’y’.

An *“algebraic” solution for x={xT, x~} is not possible in this case as the problem depends

greatly on S.

It is possible to use an algorithm to solve for x={x*, x~}, but the available algorithm

grows exponentially.

Algorithm 8.31. To solve az = 3

(1) Set n = ‘l—‘ If |a| 1 |B] then no solution exists.

al

(2) Calculate:

- Bmin
(2a) & =z}, = a

- Brin
(2b) T = Linin = S+

Qmax

(3) Calculate:

(3a) ai
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(3b) az'

(4) For each of parts (3a) and (3b) above, if all elements of the set are elements of 3, then cancel

these elements from 8. Replace 8 byfs\(az) or B\(az’)

(5) Repeat at step (2) until § = 2.
If, at any step, a contradiction occurs, then back out to the next branch. If all branches occur

with no solution, then no solution exists.

The following is another description of the algorithm. Consider (o=, a™)(z~,2") = (87, 871).
Then 3] is obtained from either (1) aj ;7 or (2) a;tz; . From these two equations, we find either

(1) zt = 2—1:, or (2) z] = i—i We pick one of these two choices, multiply by a, and cancel the

appropriate terms from 3, and continue to find the next element of “x”. If all the terms of a * z;’

(or the other) are not present, then we try the other choice. If it does not work then there is not

[{3))

solution. This algorithm will continue until we have solved for “x”, or until we have tried all 2™

choices for the elements of “x”.

Example 8.32. Use Algorithm 8.31 to solve: {2,3}x={-9, —6, 4, 6, 6, 9}.
|z] =3, = x={x1,X2,x3}

(1) {273}{}(15 X2 X3} :{_97 _67 47 67 67 9}

(a) 3==2 = —4.5

i) a2 g p
(ii) no good.

(i) ax' ={-9, -6}
(ii) B replaced by 8\ (az')

(2) {23}, x3} ={4, 6, 6, 9}.

(@) T=14=2
(i) a T = {46}
(ii) 3 replaced by 3\ (aZ)
(b) x'=
(i) ax' ¢
(ii) no good.

[SVIEN

(3) {273}{X3} :{6’ 9}'

68



(i) a7 = {6,9)
(ii) B replaced by 8\ (aZ)
(ii) 3

)

(iv) Complete.

i) ax' ¢p
(ii) no good.

For this example, we see that x={-3, 2, 3}.

We can also use Algorithm 8.39 to solve Equations (103) and (104) to arrive at a solution

to Equation (97).

Example 8.33. Solve the equation: a Xz = 8 X x.

The consistency condition for this equation is: |a| - |z| = |8| - |z, or |a| = ||

(1)

We consider three different cases to analyze this equation.

a>0,8>0,x>0.

Assume «, 3, and x are written in increasing order. Then a; K z; = piz;. Multiply by a:l_l
to get g = 3. Form (' = B\f1, &' = a\«ay. The new equation is o' Kz = '. Continue to find
g = B2, az = B3, .... Therefore, we get that a = .

8> 0.
Write {a*,a” Hz T, 27} = {aT, 27 }.

atrtwa o7 =Bz (105)

a"rtwatzs™ = pBa~ (106)

Multiply Equation (105) by 2=, and Equation (106) by 2*. Combine the equations and cancel

atztz™ to get:
(z7")? (107)
If we let a=xT,b=-x", and d=—a~, then the equation becomes:

d(b)* = d(a)* (108)
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By Lemma 8.23,
(b)? = (a)? (109)

So by Lemma 8.26, b=a.
So, T = —z~. This is the first condition to solve the equation.

Equation (105) becomes

atzt W (—a )(—z7) =Bz
= afztW(—a )zt =Pz
(110)
= (atW(—a™))zt =pa™
= atW(-a)=p
So, we have that 27 = -z, and B = at Wa .
(General case).
{aTa” HaT o} = {678 Ha" 2"} (111)
The two equations are:
atztwa 2™ =g a2t wp 2~ (112)
atr"wa ot =4z wp a2t (113)

If we let a=a™, b=—a~, c=81, d=—47, x=xT, y=—x~, then Equation (112) can be written as:

BRI

This system can be written as:

az Wby = cx Wdy (115)

brWay =dxWcy (116)

Multiply Equation (115) by ’a’, and Equation (116) by 'b’ to get

a’z W aby = acz W ady (117)
bz W aby = bdz W bey (118)

We add these equations together and cancel the term of *aby’ to get
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a’z wbdr W bey = b’z W acx W ady

(119)

And, we can also multiply Equation (115) by ’c’, and Equation (116) by ’d’, add together and

cancel a common term of ‘cdy’ to get:

acx W d’z W bey = ?x W bdz W ady

(120)

We then add Equations (119) and (120) and cancel the common terms of ’ady’ and ’bey’ to get

the equation:

(a*Wbdwbdw )z = (b*WacWacwd®)x

since x>0. Then by Lemma 8.29,

A WbdWbdw ¢ = b’ WacW acW d
This is the same equation one would get if the variable 'x’ was eliminated from
Equations (115) and (116), using the fact the y>0.
Replacing the variables by the respective elements, we get:
(@)W (=a™)(=7) W (—a7)(-F7) W (57)*
= (~a")?watprwatpt Y (-47)

(121)

(122)

(123)

Equation (123) is a consistency condition; but it is not the consistency condition that we seek,

since it does not allow us to proceed further.

So, we return to Equations (115) and (116): Multiply Equation (115) by ’y’, multiply

Equation (116) by ’x’, combine the two equations, and cancel the common terms ’axy’ and

‘exy’ to get the equation:

dz? @ by? = bx? W dy?

(124)

We can also multiply Equation (115) by ’x’, multiply Equation (116) by ’y’, combine the two

equations, and cancel the common terms ’bxy’ and ’dxy’ to get the equation:

az® ¥ cy2 =ci’ ay2
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By applying Lemma 8.27 to Equations (124) and (125) we get conditions for the solution to
the Equations (115) and (116) : either x* = —x~, or a™ = % and ™ = 3.

So we have either:

(a) o7 = —z~. In this case we go back to to equation (112) and get:
atztW(-a7)(-a7) = et W (-p7)(-27)
= aTzt W (—a )zt =ptaT W (-47)™"
= (@"¥(-a )z’ = (BT Y (-p))"

= a'W(-a)=pu(-F7)

(126)

This can be stated as: |a| = ||, and the msets composed of the absolute values of the

elements of a and [ are equal msets.

(b) a = . Then x can be any mset.

Example 8.34. Suppose that ax C Sz. Suppose, further, that a, 3,z > 0.
The following example shows that there does not need to be any relation between « and
B. In particular a g B! This is a catastrophic example for it spoils many possible results involving

eigenvalue equation proofs in the mset algebra.

{2,5} R {3,4,7} C {§ 3151420 ﬁ}&{3,4,7} (127)

7727773737 4
The previous example proves the following important lemma.
Lemma 8.35.
ar Cplxr +HaCp (128)

Although the following constraints are more strict than necessary, we have a more general

case of Example 8.34.

Example 8.36. If a,b,c,p,q>0 and a,b,c,p,q are all pairwise relatively prime then

pb gb pc qc pa qa
b,c} Ce—,—,—, =—,— — X {a,b 12
e c (&2 5 22 U (129
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Example 8.37. The general linear equation over msets is
aRzyf=yKzWd. (130)

This equation is too general for a full investigation of its general solutions. The consistency

condition for this equation is |al - |z| + || = |y| - |z| + |d]. This is equivalent to the condition that

|z| = HZ“:‘@ ||. This condition is not sufficient to determine whether a solution exists to the equation.
|

Example 8.38. Let us consider the equation, with a, 3,7+, > 0.
azyfB=yKzyd. (131)

with «a, 3,7,0 > 0.

We assume that all elements are positive, and that they are in increasing order. The
assumption that a, 8,7, > 0 is not too restrictive in the sense that Equation (131) is the equation
which results from using Cramer’s Rule to solve a system of equations. The following algorithm can
be used to find x. If the msets, «, 3,7, 4, are of the appropriate sizes to determine the exact size
of x, then we know the exact number of steps required to solve for x. If |a| = ||, then there is no
definite number of steps known, apriori. We know that a finite number of steps will be required.
This derives from the fact that at each stage of the algorithm, at least one element from each side

(N)

is removed. So after a finite number of steps, '"Y) = @. As stated we do not know how many steps

will be required.

Algorithm 8.39.
Suppose we want to solve aXzw [ = yRazWd. Assume that anNy = &, and fNJ = @. Otherwise,

these terms can be canceled from each side of the equation.
(1) x=x0, g0 =5 50 =4

(2) k=1

(3) Let & = max (%, %)

(4) We rewrite z = (21, )

(5) Substitute into the equation a Kz W =~vKz W to get

6) aR (z®) )W a1 =y R (x®) 7)) w sk

(7) az® w (ai W fED) = yz(B) @ (y2) w §k-D)

Cancel common elements.

(8) Rewrite as a R z® v 35 = ~ R £*) @ §F)
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(9) If %) = §*) = & then stop.
(10) If, at any time, the consistency condition fails then there is no solution. Stop.
(11) k=k+1
(12) Goto Step (3).
|

This algorithm may be improved by also considering the minimum element of each side.
This could improve the time of computation and also aid in approximating the number of steps

necessary to complete the algorithm.

Example 8.40. Use Algorithm 8.39 to solve:

21
(7,9} {15, %,20} = {5, 2y o {27,28,36) (132)

We go through the steps of the algorithm to get the solution.

. 36 20 80
I = mMax (3, 241) = Imax <4, ﬁ) = 4 (133)
(1) A 63 2]. (1) ~
63 21 21
{7,9}2" w {7,914} w {15, .20} = {5, -}V w {5, T-}{4}{27,28, 36} (135)
21 21
{7,9}aM w {15, %, 20, 28,36} = {5, Z}x(l) W {5, }{20, 21,27, 28, 36} (136)

63 21
{7,9}2M w {15, <=0 Z}a:<1> w {21, 27} (137)
X 271 8
&=max | o 97 ) = max(3,3) =3 (138)
1
(2) ~ 63 _ 2]. (2) ~
{759}{'77 7w}w{15az} - {551}{33 ,.’E}L‘!‘J{21,27} (139)
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{7,926 {7,9}{3} & (15, 2} = {5, 2} 0 {5, 2 3} & {21,27) (140)

{7,9}2® w {15, i—?’, 21,27} = {5, 24—1}910(2) W {15, %, 21,27} (141)
@ — g5 21,0
=g (143)

Therefore, we have x = {3,4} as the solution to equation (132)

8.7 Matrix Equations over 3°

In this section we investigate systems of equations over 3°. The natural question may arise as
to the amount of information which can be developed from the known results of Linear systems
in the conventional algebra. In this section we investigate some of the elementary properties of
Linear systems in 35. We start with a short overview of homogeneous systems and continue with an

investigation of Cramer’s Rule and its relation to the system of nonhomogeneous equations.
Homogeneous Systems
Proposition 8.41. If a1y Wasaxa W -+ - W a,x, = &, and x; # & for all i, then a; = @ for all i.

There is a very close analogy between solving systems of equations over 3° and solving
systems of equations over the nonnegative real numbers. Many of these results will involve graph
theory as the matrix A is viewed as the adjacency matrix of a graph. The mset can be considered
as the “weight” of the path in which the time for a “process” is broken into its constituent parts.
For example, {2,1} is viewed as a weight of “3” which is separated into two sub-processes, one of
weight=2 and one of weight=1.

The first system to consider is the homogeneous system of equations:
Az =@ (144)

Theorem 8.42. If A is an irreducible nxn mset matrix and Az =@, then z =().
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Proof. Suppose xj, # @. Then, for each i,
2 = (Az); = Wi a;5T; > airy

Therefore, a;,=0, for all i. So A has a column equal to @, and, hence, it is reducible. Therefore
z ={ O

We include a few results which are quite useful in the theory of mset matrices. As we see
the proofs of these results are almost identical with the proofs given in the theory of nonnegative

matrices.
Theorem 8.43. If A>@ and A is reducible, then

(a) A is reducible for all k

(b) L;c_rJAk is reducible.

B C
Proof. Suppose A = .
D
Bk 7
(a)AF ~
0 D*
and
4, Bk ?
(b) Y, A" ~ O k] O
0 W, D

Theorem 8.44. If A is an irreducible mset nxn matrix, n>2, and x > @ with exactly k elements
Z
with are not @, 1<k<n-1, then (I&/ A)z has more than k nonempty elements.

M

Proof. We suppose that A and z have been permuted so that x has the form , where z; # &,

L

So z has n-k “zero” elements. (I¢ A)z = x& Az cannot have more than n-k zero elements.

for 1<i<k.

Suppose that (I¥ A) has exactly n-k elements equal to @. Therefore (Az);=@ whenever x;=2.
Therefore (I& A)z has as many zero elements as z. So (Az);=&, for i=k+1,k+2, ..., n.

n k
(Az); =) ayz; =) aja; =2 (145)
j=1 j=1

Since xj=@, for 1<j<k then a;;=@ for j=k+1k+2,...,n. Therefore A is reducible, which is a

contradiction. So (I& A)z has more than k nonzero elements. O
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Corollary 8.45. If A is an irreducible nxn mset matrix, and z >@, then (I¢ A)" 1z >@.
7

Corollary 8.46. If A is an nxn mset matrix, then A is irreducible if and only if (I¢ A)" ! >g.

Proof. The sufficiency follows from Corollary 8.45, and the necessity follows from Theorem 8.43. O

As with many of our results the following theorem can be used for the investigation into

nonnegative matrices.

Let A>0, x>0, and consider the equation

Az = 0. (146)
We know that
[ X '
X *
0 * thi
anything
X
A~ ‘ where { X irreducible (147)
X 0 1x 1 O-matrix
X
L 0]

We first focus on ¢, =first zero. Consider the sets

V= {Vi | Vi = Vi,
Vi, — o =lvi= Ve (148)
Vi, ={Vi | Vi » Vg

Matrix A can then be permuted to the form

Vi Ve, Vi
Vi
0
A~ (149)
per wl 0 ael
-
G 0 0
0

We can continue the above process to get a matrix of the form
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My,
?
My,
Q12 Q13 Q14
Moy
Moy,
0 23 Q24
0 Q34
0
Mp
0
M, |
(150)
T
The vector z is partitioned conformally with A: z [ T ‘ Y1 ‘ 9 ‘ Y2 ‘ 4 }
Consider the last equation in (146)
Ma
=0 (151)

My,

Since My is irreducible then x;,=0.

Continuing backwards, we get that all x;’s must equal 0.

Hence, the matrix A must be nilpotent and can be replaced by the matrix
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0 a2 aiz -+ ay ( Y1 ( 0
0 a3 -+ ag Y2

0 Qy_1.4 . .

0 L Ye L 0

(152)

So if there is a path from 0; to 0, then the associated y;’s are equal to zero. For example

if there is a path from 05 to 0, then ass 7# 0 which implies that y4=0. So if there is a path from 0,

to 0; then y;=0.

Therefore a column of zeros imply that a nonzero solution exists.

Nonhomogeneous Systems

In this section we consider matrices over 3% 7. The aim is to simplify the work in the 99t* algebra.

Many results can be shown in a general semiring. In particular, see Theorem 8.101.

Suppose that we are given a mset equation

Az =b.

(153)

Oune of our main methods of solution for the nonhomogeneous equation, (153), is through

Cramer’s Rule.

Example 8.47 (Cramer’s Rule). We look at the 2 x 2 system of msets over 32T first. All

elements of each mset is positive in this first example.

Solve the following system of equations.

a1l a2
G21  Aa22

This leads to the system:

X

a117 W apy = b
(217 W azoy = by

Multiply Equation 155 by a2, and multiply Equation 156 by ai-.

(220117 ¥ 22012y = G22b1
12021 % ¥ A12G22Y = a12b2

Combining these equations yields:

22011 % ¥ A22012Y W @120y = a12021 7 W a12a22Y W a22b1
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We can cancel ajza40y and get the equation:
ao2a11L ©] a12b2 = a12a21 ©] GQle (160)

Likewise, we can multiply Equation 155 by as1, and multiply Equation 156 by a;;. Combine

the two equations, and cancel the term ajias;x from each side. This leads to the equation:
a11a22y W az by = arpany Waybs (161)
So, we get the system of equations:
a11G222 W a12by = a12a217 W azaby (162)
ai11a22y Waz1 by = a1za21y Waibs (163)

Equation (162) is an equation in “x” only , and Equation (163) is an equation in “y” only.

This can be viewed, at least for now, as Consistency Conditions for the system. If we
use the sizes of the msets, we get four consistency conditions from Equations (155) and (156), and
Equations (162) and (163).

lai1] - 2| + |aiz] - [y| = |b1] (164)
|las1| - || + |azz] - [y] = [b2] (165)
|a11a92| - || + |a12b2| = |a12a01| - || + |G22b1] (166)
lar1az| - [y[ + la21b1| = |ar2a21] - [y[ + |ax1 b2 (167)

So, we have taken the system of equations and separated the equations so that each equation
has only one unknown. The equations seem beyond an algebraic solution although Algorithm (8.39)

can be used to solve for the unknown.

The next part of this problem is to show that if we are given the system of equations,
Equations (162) and (163), then we can go back to the original system of equations, namely Equa-
tion (154).

Given the equations in (162) and (163), we multiply equation (162) by a11, and multiply
equation (163) by a2 to get:

110110227 W a1101202 = a11a12021T W ariassby (168)
a11G22012Y W a12a21b1 = a12012a21y Waii1a1abz (169)
Add the left sides of the equations and add the right sides of the equations, cancel the like

term of ajja;2be, and factor the remaining terms to get:

a11022(a11% W a12y) W a12a21b1 = a12a21 (112 ¥ a12y) W ar1a22b1 (170)
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Likewise, we could also multiply equation (162) by as;, multiply equation (163) by ass,

add together as above, cancel the common term of as;a2201, and factor the remaining terms to get:
a1122(a21% W azey) W araa21b2 = a12a21 (212 W assy) Wariassbs (171)

Consider Equation (170). Using Lemma 8.27, with & = a11a29, 8 = a12a921, 4 = a11x W a2y,
and v = by, we get that either a11a20 = a12a01, Or @112 W a2y = by.
Likewise for Equation (171), we get that either ajjass = ajsa9, or
(217§ azoy = by.
So, we see that starting with equations (162) and (163), we have either that a11a20 = a12a21
or Ax=Db, the system in Equation (154).
|

The 3 x 3 case of Cramer’s Rule is quite illustrative. We now consider this case.

Example 8.48. Solve the following system of equations of msets over 3RT Again, we note that all

elements are msets of positive elements.

alz a2 a3 T by
az; a2 a23 X €2 = bo (172)
as1  asz2 ass x3 b3

The three equations are:

a1121 (] a12T9 ©] a13L3 — bl (173)
211 (] a22T9 ©] a23L3 — b2 (174)
a31T1 &) a3z2T2 ©] a33xr3 = b3 (175)

If we multiply Equation (173) by a23, and multiply Equation (174) by a;3, combine the two equations,

and cancel the common multisets of aj3a2323 to get:
a11023%1 ¥ a12a23%2 W aizby = a13a2121 W aizazers W assby (176)
Likewise, using Equations (174) and (175), we get:
a21a33T1 W A22a33T2 W azzbs = az3a31T1 W azzazexs W assbs (177)
Likewise, using Equations (173) and (175), we get:
a13a3171 W a13a32w2 Wazzby = arnaszry Waizazses Waishs (178)

Multiplying Equation (176) by ass, Equation (177) by a;2, and Equation (178) by ass
yields:
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(11023032%1 W 1202303272 W a13a3202 = a13a21a3271 W A13G22a3222 W aszasaby (179)
(21a33012%1 W A22a33Q12T2 W A23012b3 = a23a31a1221 W a23a32a122T2 W azzai2bs (180)
(1303102271 W 1303202272 W A3302201 = a11aA3302271 W A12033022T2 & 1302203 (181)

If we add the LHS of Equations (179), (180), and (181) , and set this equal to the sum of

the RHS of the same equations and cancel equal multisets on each side then we get the equation:

(a11a23032 W A22a13031 W A33012G21) T1 W 2203301 W a13a3200 W a12a2303

= (a11a22a33 W A12023031 W A13032021) T1 ¥ a23a32b1 W a12a33b2 W a13a22b3  (182)

We note that this is an equation with only one unknown, namely ;.
We can continue to do the same calculations with the original equations ((173), (174),

(175)) to eliminate x5, and again to eliminate z3, and we get the following three equations:

(a11a230a32 W a22a13a31 W ag3a12a21) T1 W a22a33b1 W a13a3202 W a12a23b3

= (a11G22a33 W A12023031 W G13032021) T1 ¥ Q2303201 W a12a33b2 W a13a22b5  (182)

(a11a23032 W A22a13031 W A33012G21) T2 W a23a3101 W a11a3302 W ai3a2103

= (a11a22a33 W a12a23a031 W A13032021) T2 ¥ a21a33b1 W a13a3102 W ar1a23bs  (183)

(a11a23032 W a22a13a31 W a33a12G21) T3 W a21a32b1 W ag1a12b2 W ai1a2203

= (a11a22a33 W 412023031 W A13A32021) T3 ¥ a22a31b1 W a11a3202 W a12a21b3  (184)

Note 8.49. The three equations (182), (183), (184), derived from Cramer’s Rule can not be simpli-
fied further. Each equation is an equation in only one variable, and once the equation is translated
back into the semiring RT, it can be solved for x;.

Although Rt and 32" do not have a “minus”, we can manipulate the expressions identically
with expressions in (R, 4, x) in calculating the determinants. When complete the terms containing

a minus-sign are moved to the opposite side of the equation. This is equivalent to the ordinary
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Cramer’s Rule if we write:

bi a2 a3 an b ais an a2 b
by axx a3 a2 ba  ass az  az b
b3 az2 as3 az1 bz ass az1  asz b3
r1 — o = Tr3 = (185)
a1 a2 ais aip a2 ais ailr a2 ais
G21 Qa22 a3 a1 Q22 G23 a1 a2z az3
a31 az2 ass azy asz ass3 az1 asz ass

where, in calculating the “determinants”, we keep the “positive” and “negative” terms separate. In

this manner we get:

_ NSNS
M+ — M-

Here, we have M+ = |A|*, M~ =|A|~, N}t =|A;(b)|", N; = |A4;(b)|~. We use the notation A;(b)

to represent the matrix A where the it* column is replaced by b.

Ly

= MTz; + N7 =M z; + N;jf (186)

So, we can write Equation (186) as:
AT i + A (0)] 7 = |A]7 i + [ A (D) (187)

We briefly describe the system of algebraic manipulations required to show that Equa-

tions (182), (183), (184) are equivalent to the system of equations in Equation (172).

Multiply:
(1) Equation (182) by a;i,
(2) Equation (183) by a;2, and

(3) Equation (184) by a3

Set the sum of the left sides of the resulting equations equal to the sum of the right sides of
the equations. Cancel the terms which are the same on each side, and factor the result. This leads

to the following equation:

(1101102303271 ¥ (1102201303171 ¥ G11033012021T1 W 011aA22a33b1 W a11a13a32bs Wariarzasshs

W a12011023a32T2 W a12a22013031T2 ¥ 12033012021 T2 ¥ 1202303101 W a12a11a33b2 W a12a13a21b3
W a13011023a3273 W 1302201303173 ¥ 1303301202173 ¥ a13a21a3201 W a13a3101202 W a13a11 02203
= (1101102203371 ¥ 0110120230311 W A11013032021T1 W a1102303201 W a11012a3302 W a11a13a2203
W 1201102203372 ¥ a12012023031T2 ¥ a12013032021 T2 ¥ a12a2103301 W a12a13a3102 W ajaariassbs
W a13a1102203373 W 1301202303173 ¥ 413013032021 T3 ¥ a13022a3101 W a13a11a32b2 W aizaiza bs

(188)
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which can be factored as:

(@11a23032 W a13a22a31 W a12a21a33) (@121 W a12T2 W a1323)
W (a11a22033 W a12023a31 W a13032a21) by
= (a11a22a33 W a12a23a31 W a13a32021) (@1121 W @122 W a1323)

W (a11a23a32 W aizazeasy Waizaziass) by (189)
Again, using Lemma 8.27, we see that either

a11a23032 ¥ a13a22a31 W a12a21a33 = 011022033 W a12a23a31 W a13a32a021 (190)
or

anei Wapt: Wazrs = b (191)

Equation (190) corresponds to having a “determinant” equal to zero, and Equation (191)
is equivalent to the first equation of the system of equations in Equation (172).

The other two equations can be found using manipulations similar to those above.

This example has shown that the 3x3 system of positive-multiset elements is equivalent to
the equations defined by Cramer’s Rule or

(11023032 W 013022031 U A12021033 = A11022033 W 12023031 W A13032021 .

Definition 8.50. Here, we define:

“+"  if nis even
par(n) =
“«-"ifnis odd

Example 8.51. Let us consider Example 8.48 over 3R" once again. We consider the system of
manipulations required in the second part of that example in a much more systematic way that can

easily be extended to larger systems of equations. You may see Theorem 8.101 for the general case

over semirings.

3 .
M+ = aan"i W 021M2_1 G} aglMgi = iL:ﬂl ailMiplaT(l—’_l)
3 .
M~ = anMﬁ (] ale;i ] a31M3_1 = 'Ejl ailMgar(z)
Expand by first column: < . = . (192)
N = by M 8 bo My, Wb Mgy = & by M2 D

i=

- - + ~_ 3 par(i)
| VT = biMy wha My Wb My = & b M
1=
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3 .
r M+ = alefQ ] GQQMQ-S ] a32M3} = z'L:ﬂl awMipzar(z)
- + - +_ 2 par(i+1)
M~ = a12M12 (] (122M22 (] a32M32 = 'yl aing
Expand by second column: 5 = ' (193)
Ny = b1 My 8 by Moy @ bs My, = 1o b; M2

i=

3 :
L Ny = blM{E Wb M, W bgM?:; = igl bng”(H'l)

S
+
|

3 .
— par(i+1
= ars My 8 az Mz ¥ ass My = 8 aiM} (+1)

i=

3 -
— — — par(t
M~ = a13M13 W 0,23M2-§ ] a33M33 - iLijl aigMiS @

Expand by third column: 5 . (194)
N;_ = blMl—g O] 62M2_3 O] bgM;é Ejl biMl%aT(z—’_l)

i

- - + —_ 3 aper(d)
Ny = biMyz &b My 0 bsMy; = 1 M

\

Rewriting Equation (186) as three equations, we get:

Mtz WN; = M~z W N (195a)
MTay W Ny =M a2 Ny (195b)
M+CU3L‘!'JN; =M7£E3H'JN;_ (195C)

If we want to use these equations ((195a),(195b), and (195¢)) to get the first equation of

the system (172), then we consider:
a1l X (195&) W ayn X (195b) W a3 X (1950) (196)

where the left sides of the three products are added together and the right sides of the equations are
added together.

This leads to the following very long equation:
array M W ariax My, Wayiaz My W arpais My, W ayzass Mo W arsass M,
O] a13a13M1'§ W ai3az3 Moy W a13a33M3§ Wa byM; W a11b2M2+1 W a11b3 Mg,
C} (l]_zb]_Ml-; Waaba Mo, & algbgM?:Z Wayzby Mz W a13b2M2'§ W a13b3 Mg, (197)
=apanM;j ¥ G11G21M2—E Waiaz My @ 012012M1§ W araaz My, W G12G32M;§
WaizaisMz ¥ a13a23M2'§ W aizas3 Mg, W a11b1M1+1 Warbo My W allbgM;i
Wabi M, W alzbgM;; Wai2bs Mg, W algblMl‘g W a13by Myg W al3b3M§§

In this case the terms with by and b must be the same. If we consider the part of

Equation (197) that have the terms containing b, we get the following subequation:

(a11M2+1 ] algMZE ] a13M2-E)b2 = (anM{l ] algM;é ] a13M2})b2 (198)
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These two sides are equal from the method of False Cofactor Expansion, and cancel from
each side of Equation (197). Likewise, we can show, similarly, that the terms involving bs will also
cancel from each side of the equation. This same method works for the other two equations in
the system. Therefore, we have seen that Equation (172) is equivalent to the set of solutions to
Equations ((182), (183), (184)). |

Another Mapping

As we look at the progression from Equation (111) to Equation (114), we notice a method that can
be used to convert an equation with one variable (an mset) into a 2x2 system which has all mset
elements positive. This same method can be used to change a nxn-system into a (2n) x (2n)-system
which has all elements positive. With this in mind, we may further our investigation by considering

the following function ¥().

Definition 8.52. Suppose a = (a™,a™) € R. Define:

at  —a”

¥(a) = (199)
—a~ at

Proposition 8.53. We list some properties of this mapping. Let a, 3 € 3%, and c€ R.

(1) ¥(awp) =¥(a)w¥(f)

(2) ¥(a®f) = T¥(a) KE(S)

(3) ¥(cRa) = Y(feat,ca™}) =c¥(a)  ifc>0
U({ca™,ca™}) =c¥(-a) ifc<0

o @
— a=9
g o

With the results of this section at our disposal we can show that Cramer’s Rule works in

the case of general systems of equations over 3® with the aid of the following theorem.

Theorem 8.54. If Ax=b has a solution, then the system is equivalent to the system of Cramer’s
Rule equations, and, conversely, a system of Cramer’s Rule equations is equivalent to the system
Ax=b. Here A € 35, x€ 35 |, and be 35,

nxn’
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Proof. Suppose

x| = : (200)
an1  *°*  dpn Ln by,

We apply ¥ to the system to get the (2n)x(2n) system:

+ - + - ] [ + - ] + - ]
( ay;  —ap . A1 —1p Ly —&y ( by —b;
— + - + - + - +
—Q;;  ap —yy A1y —Zy Ly —b; by
X =
+ - + - + - + -
an1 —Ap L Ann Ann Ln —Lp bn _bn
- + - + + L -t
—a a —a a - T —b b
L nl nl nn nn = 2nx2n - n n = 2nx2n n n = 2nx2n
(201)

Although Equation (201) represents two separate systems of equations, it can be shown

that the two systems are equivalent by considering the block-diagonal permutation matrix P=

0 1 0 0
1 0 0 0
0 0 1
0 0 1 0
L = 2nXx2n

From this we get a system of 2n equations associated with Cramer’s Rule, in which each

equation contains only 1 variable. So we see that:
Equation (200) <= Equation (201) <= Cramer’s Rule system of equations — Equation (187).
O

8.8 Polynomials in 3°
In this section we investigate some of the properties of polynomial forms over 3%, or 3°[z].

Definition 8.55. A polynomial p € 3%[z] is an ordered list, with each element from 3.

P:(p0> P1, ---5Pn, &, - -. g) 1Where pi € 38'

We may write the polynomial as po W p1A W pa A2 W -+ - W p, A" , where ) is a “place holder”.
The degree of p, written Jp, is n.

Definition 8.56 (Addition). If p, q € 35[z], then:
P ®q=(poW¥do, P1 WAL ..., Pul¥ A, - ).

87



Proposition 8.57. The following are properties of addition in 3°[z].

(1) Addition is closed in 3°[z].

(2) Addition is commutative, since W is commutative.

(3) The empty polynomial @(x)=(2, @, ..., @) = W SAW SN2, ... is the additive identity.
(4) Addition is associative, since W is associative.

Definition 8.58 (Scalar Multiplication). If v € 3%, and p € 3° [x], then
rpr: (r)/'ZpO:fygpla 7ry|an’g’)

Proposition 8.59. If 7,6 € 3% and p,q € 3° [x], then
(1) vBpeqg=170poyHq

(2) (ywo)Up=~Lpedlp

(3) {1}Up=p

Definition 8.60 (Polynomial Multiplication). If p,q € 3°[z], thenp x q = s = (51, S2, -+, Sp, -+ - )5
where sp = po B qr W p1 W g1 W--- Wpg Wqo

This is just the usual definition of polynomial multiplication.

Example 8.61.

(Po, P1, P2) * (do, d1, q2)
= (po ™ qo, po ®q; Wp1 Mao, po Mags Wpr gy Wps Mo, pr Mge Wps Kai,peMqge) N

Proposition 8.62. The following are some properties of multiplication of polynomials in 3°[z].

(1) % is commutative since X is commutative.

Ppxq=qx*xp.

(2) « is associative.
px(qrr)=(pxq)*r

This follows from the associativity of matrix multiplication.

(3) * is distributive over @.

P*(Q@®r)=p*xq@p*r

(4) If v € S, then yx (pxq) = (7 *p) *q

We can define the following Evaluation Map.
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Definition 8.63. Given A € S,,«,, define

oalp) =po BRIy W p KA W p KA* -+ p, KA" (202)

Proposition 8.64. The following are some properties of the evaluation map.

(1)
valp®q) =valpoWaqo,p1War,...)
=(poWag)lW(prWq)AY---
(Po W aqo)l W (p1 ‘1) | (203)
= (pol Wp AW p, A2 .. )W (ol Wi AW AW ...)
=pa(p) W palq)
(2)
pa(y*p) = palyRpo,yRpi,...)
=(YXRp)lW(yXRp)AW---
(YR po) W (yRpr) (204)
=vyR (pol Wp AW py A2 W...)
=vXpa(p)
(3)
walp*q) = palp) Boa(q) (205)

8.9 The Characteristic Polynomial in the Mset Algebra

We can convert the problem of equating the sums on each side of an equation into a problem of set
inclusion, namely, showing that the msets on each side of the equation sign equal (contain exactly
the same elements). We will use the mset Algebra from the previous section to prove the main result
of this section.

Suppose that we are given a set S, along with two binary operations:
(a) @, which is associative and commutative, with additive identity.
(b) ®, which is associative and commutative, with multiplicative identity.
(c) ® is distributive over .

A matrix, A € S, xn, can be viewed as the adjacency matrix of a weighted directed graph.

Given two matrices A,B € S,,«n, then define:
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1. [A @ Bl;; = Ai; @ By;

2 [AeBly= & (Ao Ay)

3AM = & B - @ (A @Ak @@ Ak, 1)
. %) krel kol fon a1 ik k1ko km—1]

Notation

Let A€ S, xn. Let S,={1,2,...,n}. Let C} be the set of all permutations of k elements from S,,.
Let Az be the submatrix of A obtained by taking the rows of A indexed by ¢ and the columns of
A indexed by ¢, ¢ C S, and ¢ C S,,. The principal submatrices of A are denoted by A%, where
¢ C Sy

Partial Permutations

A partial permutation of S,, is a bijection, o, of a subset of S,, onto itself. The domain of o is
denoted by dom(o), and the cardinality of o is denoted by |o|. A complete permutation is defined
as a partial permutation ¢ with dom(o)=S,,. The completion of a partial permutation, denoted as
0, is defined by:

- o(i) ifie€ dom(o) (206)
i ifie S, \ dom(o)

We use the conventional definition of the signature of a permutation:

—1 if o is an odd permutation
sgn(o) = (207)
1 if o is an even permutation

The signature of a partial permutation, denoted as sig(o), is defined by:

sig(e) = (=1)*sgn(o) (208)

where sgu(o) is the conventional signature of o.

Every partial permutation has a unique representation as a set of disjoint cycles. For ex-

2 4
o= ( ) ) , we have cycle representation {(2,4)}.

4
o= ( i 421 z ;L i Z ),which has cycle representation {(1)(2,4)(3)(5) ... (n)} = {(2,4)}.

1 2 3
L3 o ), the cycle representation is {(1)(2,3)} = {(2,3)}.

This shows that the parity of o is the same as the parity of 7, i.e. sgn(o)=sgn(o).

For the permutation o = <
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The unique partial permutation of degree zero has the empty set as its cycle representation. Here
we define sig(o)=1.

If o is a cyclic partial permutation of degree k, then sig(o)=(-1)¥(-1)k¥=! = -1. It follows that for
any partial permutation, o, sig(c)=(-1)", where r is the number of cycles appearing in the cycle

representation of o.

If o is a partial permutation, then the weight of o is defined as: w(o) = iEdOG) ( )aiya(i).
Definition 8.65. Define the following msets:

(a) o§={1} 08=2 0)=2

(b) of={w(o) | 0 € C} and sgn(o)=even } Vk=1,..n

(¢) of={w(o) | 0 € C} and sgn(o)=odd } Vk=2,...,n

Define the following two formal polynomials, where each element of the sequence is viewed as a

multiset.

n

ph(\) = H—J (agar(q) X /\”_q) = (agar(”) , UZTl("*l) s e, OF 08) (209)
q=0
n

pA(A) = L—_I-J (ogar(q"'l) X /\"7‘1) = (Jgar("'H) , offf{”) y eee, 07 08) (210)
q=0

By definition, we have 0f = @, o§={1}, and ¢ = @.
Since “X” is replaced by “®” from the set S, then we will drop “X”, and simply write “®” instead.

Or we may simply drop the symbol altogether and assume the proper multiplication symbol.

{1} {2} {3}
Example 8.66. Consider the matrix A=| {4} {7} {9} |, with ® = “&”, and ©® = “” [ |
{5y {1+ {3}

We have o§={1}, 0§=2,
0§={1,3,7}, 0¥=0,
05={3,7,21}, 0§={8,9,15},
05={12,21,90}, 09={9,24,105}

PEO) = {11RN wo R AW {3,7,21} AW {9,24,105} = {1}A\3 & {3,7,21} A {9,24,105} and
pi(N) = @RANW{1,3, 7} RA2 W {8,9, 15} KA {12,21,90} = {1,3, T}A* & {8,9, 15} A& {12, 21,90}

To define an evaluation map, we make the following definitions:
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n n

phda) = | (O m{a} 1) and  pa(a) = (IR e} ) (21

q=0 q=0

If A,xn €S 1« is a matrix, then

pX(A) _ G_J (U‘}J)ar(Q) gAnfq) and pi(A) = L_?_J (Ugar(Q+1) X Anfq) (212)
q=0 q=0

We note here that each evaluation in Equation (212) is a matrix a mset in each entry.

n n

iy = ) (A0 RA,)  and (A = W (B RAT) (213)
q=0 q=0
Example 8.67. Consider the matrix in Example (8.66) along with p¥(\) and p;()). [ |

1. Calculate p’i({7}), and p; ({7})-

pai7h) = {1} R{7}P ¥ {3,7,21} W {7} ¥ {9, 24,105}
= {343} W {21,49,147} W {9, 24,105} = {9, 21,24, 49, 105, 147, 343}

pa{{7H = {13, T} R{7}* W {8,9,15} ® {7} ¥ {12, 21,90}
= {49,147, 343} w {56, 63,105} & {12, 21,90} = {12, 21,49, 56, 63, 90, 105, 147, 343}

2. Calculate p¥(A), and p,(A).

{1,8,15} {2,3,14} {3,9,18}
A% = | {4,28,45} {8,9,49} {12,27,63}
{4,5,15} {3,7.10} {9,9,15}

( 1 8 15 2 3 14 3 9 18
8 56 90 16 18 98 24 54 126
12 15 45 9 21 30 27 27 45
4 32 60 8 12 56 12 36 72
A3 = 28 196 315 56 63 343 84 189 441
36 45 135 27 63 90 81 81 135
5 40 75 10 15 70 15 45 90
4 28 45 8 9 49 12 27 63
L 12 15 45 9 21 30 27 27 45 |
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ph(A) ={1}RA° W {3,7,21} R Aw{9,24,105} K [

(1 8 15 )
2 3 14 3 9 18
8 56 90
16 18 98 24 54 126
12 15 45
9 21 30 27 27 45
3 7 21
6 14 42 9 21 63
[ 9 24 105 |
(8 12 56 )
4 32 60 12 36 72
56 63 343
28 196 315 84 189 441
= 27 63 90
36 45 135 81 81 135
21 49 147
12 28 84 27 63 189
[ 9 24 105 |
15 45 90 )
40 75 10 15 70
12 27 63
4 28 45 8 9 49
27 27 45
12 15 45 9 21 30
9 21 63
15 35 105 3 7 21
24 105 )

pi(A4) ={1,3, T} R A% {8,9,15} K Aw {12,21,90} R I

(1 8 15 )
2 3 14 3 9 18
3 24 45
6 9 42 9 27 54
7 56 105
14 21 98 21 63 126
8 9 15
16 18 30 24 27 45
[ 12 21 90 |
8 9 49 )
4 28 45 12 27 63
24 27 147
12 84 135 36 81 189
= 56 63 343
28 196 315 84 189 441
56 63 105
32 36 60 72 81 135
12 21 90 |
(9 9 15
4 5 15 3 7 10
27 27 45
12 15 45 9 21 30
63 63 105
28 35 105 21 49 70
24 27 45
40 45 75 8 9 15
[ 12 21 90 |

Looking closely at the two matrices above, it may be noted that the two matrices have the same

93



elements in each mset in each element of the corresponding matrices. The following theorem shows

that this is not a coincidence.
Theorem 8.68. p(A) = p;(A), with the definitions of Equations (212).

Proof. The following proof is adapted from [30].

A path 7 € {1,2,...,n} is a sequence of pairs { (ip,i1), (i1,i2), ..., (iz—1,i¢) } where each i, belongs
to S,. The number t is called the length of m and is denoted by |7|. The i;s are called the vertices
of 7w and the pairs (ix—1, ix) are the edges of . The vertex ig, denoted a(w), is the beginning of the
path, and the vertex i;, denoted S(n), is the end of the path 7. The weight of the path 7, denoted
w(m), is w(m) = :g;aikikﬂ- We make the convention that for each i € S,,, there is a unique (empty)
path m; such that |7| =0, a(m;) = B(m;) =i, and w(n) = 1.

Let 1 <1i,j < n and let T?;- be the set of pairs (o,7), where o is a partial permutation and 7 is a
path, which satisfy

lo| + || =n, a(r)=1i, w(r) =], sig(c) = 1. The set T}; is defined analogously as, except the
conditions satisfied are

lo| + 7] =n, a(x)=1i, w(r) = j, sig(e) = —1. Denote THU T, by Ty;.

For k > 0,
(A%) = | w()
|7| =k
a(m) =1
B(m) =j

(The convention regarding paths of length zero makes this formula valid for k=0 as well.) It

follows that

PP A= | woBwr) p@A@y= | wo)Rwx)
(chr)ETl.'; (o,m)€Ty;
The theorem asserts that these two sums are equal for all {i, j} € S,,. This follows from the

following lemma. O

Lemma 8.69. For each pair (i,j), with 1<i,j < n, there is a bijection mj:T;; —T;; in such a way

that 7;; (0, 7) = (o, #") implies |o] @ |7 = |o’| © |7'].

Proof. Represent each pair (o,m) € T;; by a directed graph with vertices {1,2,--- ,n}, and two
classes of edges:

U={(4,0())|i€dom(o) },and V= {(k, £) | (k,{) is an edge of 7 }

This graph will, in general, contain multiple edges, since 7 may traverse the same edges more than
once, or the same edge may appear in both U and V. w (¢)w (7) is the product, with multiplicities

taken into account, of all the ay¢, where (k,£) is an edge of the graph associated to (o,7).
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a) Betore bijection i; applied to
Before bijecti b) ni; lied
Figure 4(a)

Figure 4: Graph with first property

Two examples are illustrated below (see Figure 4). Edges of U are denoted by dashed lines, and
the edges of V are denoted by solid lines.

Consider the nodes {ig, i1, ..., i;}. Then 7 is a path (set of edges) connecting the nodes in that
order — i.e. let m ={ (ig,i1), ... , (ig—1,ig)} . There is a smallest integer v>0 such that either
i,=i, for some u less than v or i, € dom(o). So there exists a smallest integer v such that either i,
is repeated in 7, or i, € dom(o). We let v= smallest of the two cases if both exist. Indeed, if there
is no pair of distinct indices u and v such that i,=i,, then 7 has |7|+1 distinct vertices; the edges
(i,0 (1)) of U account for |o| different vertices, and |o| + |7| + 1 = n + 1, thus there must be a
vertex of 7 in dom(o). Furthermore, this smallest v cannot have both properties, for if i, € dom(o)
and i,=i, for some u with u<v, then we have an index u smaller than v with i, € dom(o). In
Figure 4(a), v=3, since ig=1, i1 =2, io=4, i3=2=i;. In Figure 5(a) v=1, since ip=1, i;=2 € dom(o).
Case 1: 1f i, =i, for u<v, then the loop {(iy,iut1); ---, (lv—1,y)} is removed from 7= and adjoined
as a new cycle to o. (Observe that none of the vertices in this loop already belongs to dom(s).) In
this instance we define n;;(o,7)=(0’,7"), where ¢’ is the resulting longer partial permutation and

7' is the resulting shorter path. An example of this is given in Figure 4(a), with the result of

. R . 3 6
applying 7;; given in Figure 4(b). Here, n;j(o,7) = (¢',7'). In Figure 4(a), 0 = 6 3 ) and 7

2 3 46

= {(1,2),(24),(4,2),(2,3)}, and in Fig“fe4<b)’”':<4 6 2 3

), and 7' = {(1,2),(2,3)}.

Case 2: If i, € dom(o), then we define 7;;(o,m)=(¢’, 7') where ¢’ is formed by removing the cycle
containing i, from o, and where 7’ is formed by inserting this cycle into 7. The results of applying
ni; to the graph in Figure 5(a) is illustrated in Figure 5(b). In this example n;;(o,7)=(0', 7'),

2 4 5 6 6
where: o = ( L5 9 6 ), and 7 = {(1,2), (2,3)}, and in Figure 4(b), o/ = ( ), and

' ={(1,2), (2,3), (2,4), (4.5), (5.2)} .
Since the number of cycles of ¢’ differs by 1 from the number of cycles in o, sig(o)=(-1)- sig(c'),
and thus 7;; maps T?} into T7; and vice versa. It is easy to see that the composition 7;; o 7;; is the

identity map on T;;, consequently the restriction of 7;; to T is a bijection of T}, onto Tj;.
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(a) Before bijection (b) my applied to

Figure 5(a)
Figure 5: Graph with second property

Finally, w (0)w (7)=w (0 ")w (0 ') — indeed, nothing has changed in the graph of (o,7) except the
“colors” of the edges. The proof is complete. O
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Applications

From the previous section we have the fact that, for a given matrix A€S ,,xn, p/j(A)=p;(A) using
the definitions of Equations 212. This is a very strong result in that it is true for a general
semiring. The list of applications can be seen for any set S, with two appropriate operations, which
is a semiring, ring, or even a field.

Theorem 8.68 states that the two sides of the equation are matrices of msets, and the two matrices
are identical. We can apply this theorem to the different algebra systems in which we have been

working. Theorem 8.68 is a generalized version of the Cayley-Hamilton Theorem.

Real Numbers System In the Real number system we use W = “+”7, and ® = “.”. Here,

Theorem 8.68 becomes an alternative form of the Cayley-Hamilton Theorem.

Example 8.70. Consider the matrix A= € Ryxn- [}

T =

2
7
1

w © w

In this example:
ph(A) ={1} R A%w {3,7,21} K Aw {9,24,105} K |
pa(4) ={1,3, T} K A% ¥ {8,9,15} K Aw{12,21,90} K I
A3 + (31)A + (138)I = (11)A2% + (32)A + (123)I
419 273 426
and it can be checked that each side of the equation is: | 975 1073 1410

424 252 582
Since this example is in the conventional algebra, with subtraction, the above equation becomes

A3 - 11A4% - 1A + 151 = 0, which is the equation given by the ordinary Cayley-Hamilton Theorem.

Max-Times Algebra When Theorem 8.68 is applied to the Max-Times Algebra, we get an
equation which is satisfied by the matrix. In 907",

Theorem 8.71 (Cayley Hamilton Theorem in Max-Times).
In Max-Times, p™(A) = p~(A), where the equation pf{(x)=p (x) is given by definitions of
Equations 212.

Proof. Use of Theorem 8.68 with ¥ = “max”, and ® = “x” O

Example 8.72. Consider the matrix A=

[ B N

2 3
70 | em,,. |
13

In this example:
ph(A) ={1} KR AW {3,7,21} K Aw {9,24,105} K |
pi(A) ={1,3, 7} K A%w {8,9,15} K Aw {12,21,90} K |
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A3 & (21)A @ (105)I = (T)A% & (15)A & (90)I

105 98 126
For this example, it can be checked that each side of the above equation is: | 315 343 441
105 70 105

This can be simplified to: A3 @ 21A @ 1051 = 7TA2.

Max-Plus Algebra The Max-Plus Algebra was investigated in the first part of this thesis. We
did not give a Characteristic Polynomial Equation for the Max-Plus Algebra system at that time,

but now we have the tools to do so. Here we use ¥ = “max”, and ® = “+”
1 2 3

Example 8.73. Consider the matrix A=| 4 7 9 | e M’ . |
5 1 3

In this example:
ph(A) ={1} R A%w {4,810} K Aw{9,11,15} K I
pa(4) ={1,3, 7} K A% ¥ {6,8,10} K AW {8,11,16} X ]
A @ (10)A & (15) = (7)A% & (10)A & (16)1
16 16 18
For this example, it can be checked that each side of the above equation is: | 21 21 23
15 15 17

Min-Times Algebra The Min-Times Algebra is another example of a Path Algebra. Here, we
are able to give a Characteristic Polynomial Equation for this path algebra. Here, we use

W= “min”, and ® = “” | and the zero element is oo, and the multiplicative identity is 1.
1 2 3

Example 8.74. Consider the matrix A= 4 7 9 |. [ ]
5 1 3

In this example:

ph(A) ={1} R A%w {4,810} R AW {9,11,15} K I
pa(4) ={1,3, 7T} K A% ¥ {6,8,10} K AW {8,11,16} X ]
A DA 9)I=(DA?a® (6)A @ (8)]

For this example, it can be checked that each side of the above equation is:

oS O W
O N O
~N © O

Minimal Equations in the Mset Algebra

The natural question that arises is whether a minimal equation exists for matrices in the Mset

algebra as they do for the conventional algebra.

98



1 0 b
Example 8.75. Consider the matrix: A= 0 1 ¢ | € R
0 01
{13 o {b}
Let B=¢p. (A) = | @ {1} {c}
o o {1}
{13 o {bb}
Then B’= | @ {1} {cc} | and
g o {1}
{1} o {b,b,b}
B =| o {1} {ccc}

g o {1}
The Characteristic Equation for B is:
B*w{l,1,1}By @l = {1,1,1}B*y @B W {1}/

which can be simplified to

B*w{1,1,1}B = {1,1,1}B*w {1}]

It can be seen that an equation of smaller degree exists, namely,

B*w{1}I = {1,1}B
Is it possible to say that the minimal equation is a divisor of the characteristic equation?

Definition 8.76. We say that equation p™=p~ divides equation h™ = h™ if there exists a
polynomial qT=q~ such that

ht =prgtup g

h™ =ptq wp q"

(214)

(215)

(216)

(217)
(218)

Here, pt={1} B2 w {1} [, and p—={1,1} B, and h*=B* w {1,1,1} B, and h—={1,1,1} B* w {1} I

For this example we note that if 7 =B, and q~ =I, then

Bt =B*w{1,1,1}B = ({1}B*e {1}D) K ({1}B)& ({1, 1}B) R ({1}]) = p* " wp ¢~
B = {1,1,1)B%8 (1)1 = ({1}B® {1} )R ({1}1) & ({1, 1}B) B ({1} B) = p* ¢~ Wp~q"
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If we apply . to Equation (214), we get

A3 @34A=34%1

011
Example 8.77. Consider the matrix: A= 1 0 1 | € R
1 10
o {1} {1}
LetB=p (A)= | {1} & {1)
{13y {1} o
{1 {1} {1}
Then E*= | {1} {1,1} {1} | and

{1y {1y {11}
{1,1} {1,1,1} {1,1,1}
E* =1 {1,1,1} {1,1} {1,1,1}

{1,1,1} {1,1,1} {1,1}

The Characteristic Equation for E is:
EPyoEwol =oF*y{l,1,1}Ew{1,1}]

which can be simplified to

E}={1,1,1}Ew{1,1}1

It can be seen that an equation of smaller degree exists, namely,

E*={1}FEw{1,1}I

(221)

(222)

(223)

(224)

It is noted that the minimal equation divides the characteristic polynomial is we let gt = E W I,

and q~ = @.
In this case we get:
ht = E*w E?
h™ =E*w{l,1,}Ew{1}Ew{1,1}]

(225)
(226)

We see that ht, and h™ have a common term of E2, which can be removed to get the characteristic

equation in Equation (223).
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Example 8.78. Consider the matrix: A= 1 2 1 [ € R
0 01
e

In the system R, we have that the characteristic equation is A4 = A% — 5A% +7A — 3 And the

minimal polynomial is 14 = A? — 4\ + 3.

{2+ {1} {1}
Now consider the same matrix B=| {1} {2} {1} | € R
o o {1}

The characteristic polynomial for B is A* W {4,2, 2} w {1} = {2,2, 1} * W {1} \ w {4}
Looking for an annihilating polynomial of degree two, we consider the polynomial

al? W AWy = dAWe. If we substitute B into the equation, we look for the msets that satisfy:

aB*4yfBWy=0BWe (227)

{41y {2,2} {1,1,2}
B2=| {2,2} {1,4} {1,1,2}
@ @ {1}

(1) (1,1)-element of (227) = {a,40,28,7} ={24,¢}
(2) (1,2)-element of (227) = {2a,2a,p} = {6}

(3) (1,3)-element of (227) = {a,q,2a,8} = {6}

Examining the above statements, Equations (2) and (3), imply that @ =@. So the only msets for
the above polynomial are « = @, 8 =4, and v = ¢

This example illustrates that a polynomial of degree smaller (than the characteristic polynomial)
exists for the matrix A over R, but no polynomial of smaller degree exists for matrix B over 3%.

We will return to this example again in Example 8.91 to see why this occurs. [ |

8.10 Linear Independence

Suppose we are given a set of vectors, 1, ..., Z ,, with elements in 3°. Under what conditions is
this set of vectors linearly independent? Adapting the definition from linear algebra we would have

the following definition.
Definition 8.79. The set of vectors z 1, ...,  , is linearly independent if and only if

1z Weg, W Wepx, =dizy Wdazy W Wdpz, =— ¢ =d; Vi (228)
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A set of vectors is said to be linearly dependent if it is not linearly independent.

This definition is easily stated, but it is not easy, in practice, to show that a set is linearly

independent.

8.11 Embeddings and Morphisms of Semirings

With the use of Propositions 7.1 and 7.2,we are able to conclude things about the semiring S;, by
considering the ring R”. In particular any identity in R” which is wholly in S, can be carried over
to S1 by going, first, through the semiring S.

We will use the notation for a “positive” and “negative” determinant of a matrix.
Definition 8.80. If A is a matrix then we define:
1. JAIT =08
2. A" =02
Proposition 8.81. For the mapping ¢ from S to Sy, if A€S, then
(a) P2 (A2VT) = (pa(A))*VF
(b) P2 (A7) = le2(A)
(c) pa(l) =1

Proof. (a) and (b) follow from the fact that the epimorphism, s, from S to S, is applied to a
matrix elementwise. So if A=[a;;], then [p2(A)];; = [p2(as;)].

(c) is obvious since the epimorphism is applied elementwise.

O
Example 8.82. As as example of this relationship we will consider the identity in a ring:
|AB| = |A]|B].
Since RP is such a ring, we write the identity in R as:
|ABI" — |AB|” = (|A]" - |A]")(IB]" - |B]") (229)
This becomes:
|ABI* + [A["|B|™ + |A|7|B|" = |AB|™ + |A[*|B]* + |A]7|B|” (230)
which is an identity wholly in So, and therefore is true for all matrices over any semiring.
]
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Example 8.83. As another example we consider the ring identity:
(M — A)adj(M — A) = Ayl (231)
In a semiring, this becomes:

Madj(M — A)T + Aadj(M — A)” + A~ (\)I
= Madj(M — A)™ + Aadj(M — A)T + AT\ (232)

[ |
Recall that:

Fact 8.84.

n—1
adj(Al — A) = ) A\ (233)
k=0

where Ay = apy1l + agi2A + - + a, An=(k+1) The a;’s are defined by:

appy = (1) D o n—(k+1); where the o ;’s are the coefficients of the characteristic polynomial.

Example 8.85. We verify the identity of Example 8.83, in particular Equation (232).

1 2 1
Consider the matrix | 2 5 5 | € RT.
3 10 16

For this matrix, we have A (A) = A% 4+ 101X + 129, and A (\) = 2202 + 57\ + 130.
We have

ag =129 al =101 ag =0 aj =1
ag = 130 ay =57 ay =22 ai =
109 22 27 79 44 22
Af =afl+afA+ajA*>=1| 27 180 107 | Ay =ajl+ayA+a;A*=| 44 167 110
71 216 410 66 220 409
1 2 1 22 0 0
AF=12 5 5 Ar=10 22 0
3 10 16 0 0 22
Aj = 13><3 AZ_ = 03><3
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A2 4+ A+ 109 2\ + 22 A+ 27

adj(Al — A)T = AT + AT A+ AT\ = 20 +27 A2+ 5X+180 5\ + 107
3N+ 71 10A+216 A%+ 16X + 410
22\ + 79 44 22
adj(A] — A)” = Ay + AT A+ A7\ = 44 22\ + 167 110
66 220 22\ + 409

And it can be verified that Equation (232) holds, as each side of the equation is:

A3 + 2307 + 188\ + 363 2)\2 4+ 66\ + 598 A2 + 49X + 651
22 + 71\ + 708 A3 427X 4 347X + 2153 5A2 + 217\ + 2639
3\2 + 137\ + 1733 102 + 436\ + 5322 A3+ 38)\% + 819\ + 7840

|

Example 8.86. As another example we consider the ring identity:
Ak,1 — AAk = akI (234)

This can written in a semiring as

Af  +AAL +a I =4, | +AAf + a1 (235)
|

8.12 Ring of differences for the mset algebra over R'

We may recall that the ring of differences is used to create the integers from the nonnegative
integers. In this abstract algebra (a,b) is the equivalence class associated with a — b.

Let us consider the ring of differences created from 38" The equivalence relation for msets is
(a1,a2)~(B1,02) if and only if (a1 W B2) = (as W f1). As an example we may notice that

({2,3} , {3,4}) ~ ({1,2} , {1,4}). This has a very nice relation to the ring of differences created
from the nonnegative integers. For the example above, if we apply the sum to each mset in the
pairs, as in Definition (8.10), we get that (5,7)~(3,5), which is the equivalence class for —2 in the
integers.

We may also notice that the equivalence class denoted by ({2,3}, {3,4}) can be written in an
“easier” mset as {2,3,-3,-4}. In this manner we see that using the set R™ as our underlying
semiring, we can embed this semiring in the ring R.

With this method, we have:
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Note 8.87. If o, § € 3R+, then the element (o, 3) € RY over 38" can be written as

(aw (—p)) € 3% as a convenience.

Lemma 8.88. The ring R, for msets over R, is an integral domain.

Proof. Suppose that (r,s) X (ry,s1) = (0,0). Then (rr;+ ss1, rs1+ sr1) ~ (0,0). Therefore

rr1+ ssy= rs;+ sry. From Lemma 8.27, we have that either (a) r=s, or (b) r1=s;. In either case,

we have that one of these two elements is equivalent to (0,0).

O

The following lemma gives the invertible elements in (a, 3) € R over 3R
Lemma 8.89. If (a, 8) (7,9) ~ ({1},9), with anN = @, and 7y N = &, then either:
(1) =6 =@, and |a| = |y| =1, with y; = a%,
(2) a =y =@, and || =|0] =1, with §; = ﬁ%
Proof. Suppose (a, ) (7,0) ~ ({1},2), withanNf =@, and yNo = 2.
Then

ayy B0 =adw fyw{l}. (236)

We consider two cases for the proof.

(I.) One mset is not empty.
2) B#£0,0=0
b) =02,0#2
(c) a2, v=2
) a=0,7#£2
(II.) None of the msets are empty.
Let |a| = a, |B| =b,|y| =¢, and || =d.
(I.) The four subcases are all similar, so we will prove (I.a). Suppose that 8 # @, and § = @. Then
Equation (236) becomes ary = By W {1}. The consistency condition implies that ac=bc+1, or

c(a-b)=1, since this condition is in the nonnegative integers then c=1 and a=b+1. The equation

becomes
{ar.az,.. apsaHey = {by,ba,. .. bk} @ {1}

which can be expanded as

{aic,azc, ... ;apy1c} = {bic,bac, ... ,brc, 1}
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Since these two msets are equal then either: (a) a;c = 1, or (b) a;¢ = by,¢ for some m. In the
latter case we have that a;=b,, which is a contradiction. In the former case, we use the same

reasoning for asc to get a contradiction. Therefore case (I) cannot occur.

(II) Suppose that a # @, f # @, v # &, and § # 2.

The consistency condition implies that

ac+bd =ad+bc+1
(a—b)(c—d)=1
Again, since we are working over the nonnegative integers, we have that a-b=1 and c¢-d=1, which
implies that a=b+1, and c=d+1. We may also have that b=a+1, and d=c+1, but the proof of this

case is similar. We suppose that all the elements are positive, and that they are in increasing

(nondecreasing) order. So Equation (236) becomes:

{al,az,... ,ak+1}{01,62,... ,Cm+1}Lﬂ{b1,b2,... ,bk}{dl,dz,... ,dm}
= {al,az,... ,ak+1}{d1,dz,... ,dm}L‘!‘J{bl,bg,... ,bk}{cl,cz,... ,Cm+1}w{1}

which is expanded to:

{arcr, ... a1Cmy1, -+ 5 Qpg1C1, oo Qg1 Cmg1, 1dy, -2 bidi, . Dpdy, L Drdi }
= {(lldl, e ,(lem, e ,ak+1d1, e ,ak+1dm, blcl, e ,b10m+1, e ,bkcl, e ,bkcm+1, ].}
(237)
Taking the maximum element of each side, we get that
max (ak+1cm+1, bkdm) = max(ak+1dm, brCm+1, 1) (238)
and comparing the minimum elements of each side gives:
min (0101, bldl) = min (aldl, blcl, ].) (239)

Equation (238) leads to either (a) ag+1¢m+1 =1, or (b) bd,, = 1, for otherwise we get a
contradiction of the empty “intersection” of pairwise msets. Similarly, if we compare the minimum
elements of each mset, we get either (1) a;c; =1, or (2) bydy = 1.

This leads to a combination of 4 separate cases.
1. Ak4+1Cm+1 = ]., and ajcy = 1.

2. bkdm = 1, and bldl =1.
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3. Ak+1Cm+1 = ]., and bldl =1.
4. byd,, = 1, and a;c; = 1.

Cases (1) and (2) are similar as are cases (3) and (4). Each case leads to the same conclusion, so
we will illustrate the procedure for cases (2) and (4). Consider case (2). Suppose byd,, = 1, and

bid; = 1. We also know that byd,, > agt1¢m+1, and aicq > bid;. These statements lead to:
1="0bpdy > agt1cm+1 2> a1c1 > bidy >1 (240)

Therefore all products in the above statement must equal 1. Therefore we have that a;c; = 1 for
all i and j, and b;d; =1 for all i and j. Since we know that b; < by <, then % > é > 1, which
implies that d; > d,,, > 1. Since d,,, > d; then dy = d,;,. Therefore d; =ds = --- = d,,,, and

by =by=---=by.

For case (4), suppose bid,, = 1, and a;c; = 1. We also know that byd,, > agt1d41, and

bidy > ajcy. From these conditions, we get the following set of inequalities:

1= bkdm 2 Ak+1Cm+1 2 ajc; = 1 (241)

1= bkdm 2 bldl 2 ajc; = 1 (242)

Equations (241) and (242) imply that a;c; =1 for all i and j, and b;d; =1 for all i and j.

Equation (242) implies that b;d; = 1, and this case becomes part of the previous case.

These cases show that every element on the LHS of Equation (237) must be “1”. Therefore every
element on the RHS of Equation (237) must also be “1”. We also have that by = by = --- = by, and
dy =dy = -+ =d,,. Therefore we also have that a1 =as =+ =agy1,and ¢c1 = ca =+ = cpyy1-
The LHS of Equation (237) has two separate elements, say “ac” which occurs (k+1)(m+1) times,
and “bd” which occurs (k)(d) times. Likewise the RHS of Equation (237) has “ad” which occurs
(k+1)(m) times, and “bc” which occurs (k)(m+1) times, plus a separate “1”. Therefore either

ac=ad which leads to a contradiction, or ac=bc which also leads to a contradiction.

Therefore case (II) is also impossible. The consistency condition implies the sizes of the msets for

the result. 0

We revisit a past example, once again, to see how it can be worked with the ring of difference.

2
Example 8.90. Consider the matrix of Example (8.78): A= 1 € R*.
0

S N =
—_ =

{23 {1} {1}
We translate this matrix into the Multiset Algebra: B=| {1} {2} {1} | € 3RT

o o {1}
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We then translate this matrix into the Ring of Differences:
({2}, 2) ({1},2) ({1}, 9)
E=| ({1},2) ({2,9) ({1},@ | € R

(2,2) (9,9) ({1},9)
We note that the Characteristic Polynomial for the matrix E is:

{1}, 2)N° ¥ (2,{1,2,2})\* w ({2, 2,4}, {1})Aw ({1}, {4}) (243)
It can be checked that
{1}, 29)E* ¢ (2,{1,2,2}) E* ¥ ({2,2,4}, {1}) Ew ({1}, {4})] = (2, 9) (244)

as the left side of Equation (244) is

(SR LR N CRR IR A
(B R N (R EE R B

(2, 9) (2,2) ({ .
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0o
i

N
N

Mo A NN R R NN
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N s N E s NN e
[CI I >
N >
e —
N—

[
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1245)

|
2 11
Example 8.91. Once again we consider Example 8.78 and the matrix A e R™: A=| 1 2 1
0 01
We convert this matrix to 3% as:
e W
A= {1} {2} {1
L {0y {0} {1}

Then we convert this matrix to the ring of differences, R”:

({2},2) ({1},2) ({1},9)
A=1 ({1}9) ({2ho) ({1},9)
({0},2) ({0},2) ({1}, 9)

The Characteristic Polynomial for A is A*> — 52 +7A — 3 =(\A — 1)2(\ — 3).

The Minimal Polynomial for A is A — 4\ + 3=(A — 1)(A — 3).

In 32" the Characteristic Equation is A% & {2,2,4}Aw {1} = {1,2,2}A2 & {1}Aw {4} .

In RP the characteristic equation is: ({1}, @)% + (2, {1,2,2})A? + ({2,2,4}, {1HA + ({1}, {4}).
Is there a division algorithm for the polynomials over RP? Given p()), and h()), can q()\) and
r(A) be found such that h(A)=q(\) p(A) + r(A), with 9(r) < d(p)? In order to have a division

algorithm we must have the leading coefficient of p(A) to be an invertible element. As we have seen
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this is the case if the polynomial is monic, where we define a monic polynomial in R” as a
polynomial with leading coefficient equal to ({1},9).
We note that ({1},2) is a “root” of the Characteristic Polynomial. We divide by

A-({112) = A +(2.{1})

A+ (@2, 20+ ({4}, {1})

+(2,{1}) ¥+(2,{1,2,2H)X*+({2, 2,4}, {1H A+ ({1}, {4})
X (e, {1})/\2
)
)

(2,{2,2H)A*+({2,2,4}, {1})A

) (246)
(2,{2,2))2\? +({2,2},2)\

)

)

({4} {1HA+({1},{4})
({4}, {1HA+({1}, {4})

(2,9)

So, we have:

({1}, @)X + (2,{1,2,2)A2 + ({22, 4}, {1DA + ({1}, {4})
= (A= (1},2)) (0 + (2. {2,202+ ({4}, {1}))  (247)

We also note that ({2},{1}) is a “root”.

A +H(2,{1,2})

+({11{2}) ¥+(@,{2,2Dx  +({4},{1})
A2 +({1},{2D)A

(@, {1.2P)A  +({4},{1})

(2,{1,2})M+({2,4},{1,2})

(2, 2)

(248)

The Characteristic Polynomial becomes:

({1} @)X + (2, {1,2,2)X* + ({2.2,4}, {1)A + ({1}, {4})
= (A -q12) (- @@L (A - 12h9) (209)
We notice that the Characteristic Polynomial factors into linear factors. Since the three factors are
distinct the minimal polynomial is the same as the characteristic polynomial.

The roots of the Characteristic Polynomial are eigenvalues of the given matrix. Below we list the

eigenvectors for the matrix B above.
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(A) ({1,2},9) is an eigenvalue.

Z_ ({172}5 Q)I = Z+ (Qa {172})1

[ ({21.{12)  {lhe)  ({1}.9)
=| (1}e) {2.{L2) ({1}.9)
. (2,9) (@,2)  ({1}.{1,2})
[ (2.(1}) ({1} 9) ({1},@)]

=| 1.2 (2.(1) (1}.2)
| (0.2) (2,9) (2,{2)

(.’E]_ 3 '772)
Letting z = | (y1,y2) |, and setting (A-AI) z =0 yields the three equations:

(21,22)
(1) (z2,21) + (Y1,92) + (21,22) ~ (2,0) <= (v2+y1+21,71 +y2+22) ~ (9,9)
(2)  (z1,22) + (y2,01) + (21,22) ~ (2,0) = (v1+y2+21,22+y1+22) ~ (9,9)

(3) (222,22’1) ~ (,@,@)

(2,9)

({1}, 2) ]

These equations lead to the eigenvector [ ({1}, @)

{1}, 2) {1}, 2) ({1.2},2)
It can be checked that A | ({1}, @) | = ({1,2},9) | ({1},@) | = | ({1,2},@) |-
(Q’Q) (@79) (Q,@)

(B) ({1},9) is an eigenvalue.

({1}, 2)
The corresponding eigenvector is: | ({1}, @)
| (@.{2}) |
(C) ({2},{1}) is an eigenvalue.
({1}, 2)
The corresponding eigenvector is: | (2,{1})
| (2,9) |

So, although in R the characteristic equation for A is A(X) = (A — 1)%(A — 3), and the minimal
polynomial for A is 1»(\) = (A — 1)(XA — 3), we see that the “1” which is a repeated root in R has
become two different elements in RP, name ({1},9), and ({2},{1}).
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It may be noticed that

Sn = ({11,2) + ({2}, {1) + ({1,2}, 2) = ({1.2,2}, 2) = Trace(d) (250)

and

[TX = {1}, 9) (12).{1) ({1,2},2) = ({4}, {1}) = (- 1)°[4] (251)

As we see from the above example, the roots of the characteristic equation are eigenvalues of the
given matrix. The following theorem shows that this is true for the case in which the ring of
differences is an integral domain, as is the case for the ring of differences, R”, for Rt.

The following lemma is from [25, page 161].

Lemma 8.92. A matrix, A, over a ring R,,x,, is a divisor of zero in R,,«,, if and only if |A] is a

divisor of zero in R.
With this lemma, we may now prove
Lemma 8.93. If R? is an integral domain, then Ax=0 has nonzero solutions if and only if [A] # 0.

Proof. Suppose that Az =0 has a nonzero solution. Let X=[z * .-+ *] € Rxn Then A is a
divisor of zero. Therefore by Lemma 8.92, |A| is a divisor of zero. If |A] is a divisor of zero then
there exists an element, d, such that |A]-d = 0. Since R is an integral domain then |A| = 0.
Conversely, suppose that |A| = 0. Then there exists a nonzero matrix X such that AX=0. Let =

equal one of the nonzero columns of X. Then Az =0, with z #0.

O
Now we can prove
Theorem 8.94. An eigenvalue of A is a root of the Characteristic Polynomial of A, and every
root of the Characteristic Polynomial is an eigenvalue of A.
Proof. Suppose that Ax=\ x has a nonzero solution z (an eigenvector).
Az = Az
= (M—-A)z=0
(252)
= AT —A|=0
= Aa(N) =0
O

We note that ({1,2},2) is the “largest” “positive” eigenvalue, and the eigenvector corresponding to
this eigenvalue is strictly “nonnegative.” Can we say that the maximum “nonnegative” eigenvalue

is the only eigenvalue with a strictly nonnegative eigenvector?
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8.13 Application.

We include the following example to show how the mset algebra may be used to solve a problem
from the Max-Plus Algebra system. The following problem is from [24], where the system of
equations is solved using the symmetrized algebra. The mset algebra offers an alternative method

of solution.

Example 8.95. Find the solutions of:

max(z,y —4,1) = max(x — 1,y + 1,2)
This can be written in matrix form as:
max(z + 3,y + 2, —5) = max(y + 2,7)

0 —4 x 1 -1 1
%9} =

3 2 Y -5 —o0 2

To solve this system of equations, we first translate the problem to the Max-Times algebra to get:

e’ et el et et e
‘ = ‘ (254)
e’ e e 0 e

o7
This equation is translated into the mset algebra using R as the set S. We then translate the

2
7

T

Y

@ ® @ (253)

T

B

ey ey

system into an equation of the form Ax=b:

l{l,—el} fet = ] . l ¢ ] :l {e?, '} ] (255)
{63} {627 _62} ev {675 _675}

We now apply Cramer’s Rule to this matrix equation. We use the equation 186 from Note 8.49.

{e?, =€ —et et}et W{e®, —e? —e e} = e, —etle" W {e!, —et, —€? %) (256)
{e?,—e? —et et tev w{e®, —e'} = {7}, —e'}e wi{e’, —e?, —eb e 0} (257)
or

{e®e”, —e’e”, —e'e” ete” e’ —e ¥ —¢b, 674} = {ete”, —ete”, et —et, =P, e?) (258)
{e®e¥, —e?e¥, —ele¥ ele? e’ —et} = {ete¥, —eteV e’ —e?, —eb e 0} (259)

We translate back to RT, by moving all negative terms to the other side of the equation:

{e?e” e'e” ete® e et e e7) = {eT e, e?e?, elet et e, B e ) (260)

tev eteV e e e = {e7teY, e%e¥ e'e? e, e70 et} (261)

{e%e¥ e

Translating back to Max-Times algebra by applying “max” to each mset, we get:
‘He! =efBe® = elet=e = e"=¢ (262)
ele?Bel =e?e?Be’ = V=€ = eV=¢° (263)
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And, finally translating back into the Max-Plus Algebra, we get:

z=4

y=3

8.14 Cramer’s Rule

We have seen, in the previous sections, that Cramer’s Rule is a viable method for working with
systems of equations over msets. In this section we will further refine the methods used previously.

As we examine Example (8.95) closely, we see that we have taken the algebra system S, and

*

* > Which has negatives. In this example, where we use RT and R, it

imbedded it into a system S

seems natural to use negative signs, but in a general semiring, we may use an “©” instead. By

*

* < the notation becomes somewhat easier to use. Most of the

imbedding the semiring S, x, in S
results of this section could be modified to include only S, x -
We begin with some of the results of [27], after some the definitions of the notation used in this

section.

Definition 8.96 (Determinants). For a matrix A € R"*", we define

o=even 1<i<n

® < %y Az’j)
o=odd 1<i<n

Definition 8.97. If A is a square matrix, then the minor, M;;, of the element a;; is the

1) A= & < b2 Aw’)

(2) 147

determinant of the matrix obtained by deleting the i*" row and j'" column of A.

Recall that, as in R, the sign pattern for cofactors is:
(264)

We now define the “positive adjoint matrix” and “negative adjoint matrix” by:
Definition 8.98 (Adjoint Matrix). Let A € S,,«,, then
My My Mg
13 23 33

113



My My, Mg,
My My, Mg
My My, My
Fact 8.99. If A, Be 3% and A=B, then |A|" = |B|*, and |A|~ = |B|".

The following condition holds for some semirings. We have seen in Lemma 8.27 that this condition

holds for multisets over the nonnegative numbers.

Definition 8.100 (Switching Condition).

In semiring S, if au & fv = Pfu & av, then a = 3, or u = v.
We can now consider Cramer’s Rule in its entirety.

Theorem 8.101 (Cramer’s Rule). Let S be a semiring and suppose A€ S, x,. If z satisfies the

system of equations
Az =b (265)
then z satisfies the Cramer’s Rule equations stated as:
ATz + A2V b = |A]"z + A*p (266)

If, in addition, S is a cancellative semiring in which the switching condition holds then if z satisfies

Equation (266) then either:
1. AT =JA|, or
2. Az =b.

Proof. We prove this for the first element, x;. The proofs for the other variables are similar.

Suppose z is a solution to Az =b and consider the matrix equation:

[al as - an‘|[$1€1 ey - €n]:lb as - an] (267)

We write this equation as:
AX, = By (268)

Take the determinant of each side of Equation (268). Use Equation (230), and note that
| X1|T =21, and [X1]|” =0, to get

|AX T+ |A] 2y = |AXL | + |A] T2y (269)

114



Using Fact 8.99, we see that |[AX;|" = |By|", and [AX,|” = |By| .
So Equation (269) becomes

[AlT21 + |Bi|” = A 721 + B[ (270)
Finally we claim that |B;|* = (424%D) , and |B;|~ = (4*47b),. To show that this is true, we
have:
b ay - ay n n i
|B1| = = ZbiAil = Zbi(_l) M;; (271)
i=1 i=1
So,

|Bi[F =B =) (1) biMa

i=1

=by My — baMay + bz Mgy — - -+

B _ B (272)
= bl(Mﬂ _M11) _bQ(Mz-ii _le) +b3(M;i — M; ) -

= (b M + by My + b M3y + -+ ) — (byMyy + ba M3y + bsMy; +---)

_ (Aadj—i-b)l _ (Aadjfb)l
So Equation (270) can be written as Equation (266) for the variable x;. The other variables are
proved analogously. We have shown that if z is a solution to Equation (265) then z is also a
solution to Equation (266).
We would like to be able to start with a solution to Equation (266) and show that this is a solution
to the system given by Equation (265). In order to obtain this result, we must assume that the
semiring S is cancellative and also that the Switching condition holds in S.
Equation (266) is equivalent to

D ai(|AFz+ A7b) =3 a (JA] z + A) (273)
J J

as we simply multiply by a;; and sum.

We will need the ring identity
> aij|Bj| = |Alb; (274)
J
which can be rewritten in the semiring as

> aig Bil "+ bl AT = Cay By + bl AT (275)
J J
We notice that the expansion of Equation (273) has terms similar to Equation (275), except it is

missing a term on each side; so we add the corresponding sides of the equation (identity)
bi(JAIT + A7) = bi(JA|™ +]A|7) to Equation (273) to get
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S ail Al ey + > ay Byl + b AT + bl Al
J J

= ailAlTz; + > ai| BT+ bil AT+ bi] A7

J J

Using the identity from Equation (275) yields the equation

Zal’j|A|+$]‘ + bZ|A|7 = Zaij|A|7$j + bl|A|+

J J

which can be written as

Zal’j|A|+$]‘ + bZ|A|_ = Zaij|A|_$]‘ + bl|A|+

J J

and Equation (278) is equivalent to

|A[* (Az) + |A|7b = |A]” (Az) + [A]"D
The switching condition implies that either
(1) JA* =47, or

(2) Az =1

Note 8.102. In a general semiring, it is possible to have a solution to the Cramer’s Rule

equations in Equation (266) that is not satisfied by the corresponding system since ¢, is an

epimorphism from S to S;.
The following is an example of the above note.

Example 8.103. Let S =(R,U,N) be the semiring of sets using “union” as the sum, and

“intersection” as the product. Consider the system:

=]

This equation has the corresponding Cramer’s Rule equations:

(andnNz)u(fne)=(BnNcnz)U(end)
(andny)Une)=BNecNny)U(an f)
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Consider the sets:
a={1,2} b={0,1} (283)
c=1{3,5} d=1{2,3}
e=1{3,5} F=1{3,4}
£E={2,4} y:{374}

It can be seen that the sets given in Equation (283) make Equations (281) and (282) true, yet they
do not satisfy Equation (280). [ |

We include, here, an example which illustrates how we can use the adjoint matrix to solve a system

of linear equations in the (Max, x)-algebra system.

Example 8.104. In the Max-Times algebra system, solve the system:
1 2 6| |5 4
3 4 3 31

We translate this problem into the mset algebra, and imbedding the system R™ into R.

T T

X H X H

2 ] (284)

16

Y Y

[ {1,-5} {2,-4} ] l T ] _ [ {2,-16} ] (285)
{3,-3} {4,-1} y {16, -3}

We then form the following four quantities:
(1) |A|+ = {17 _5}{47 _1} = {_201 _1147 5}

(2) |Al” =1{3,-3}{2,-4} ={-12,-6,6,12}

(3) Aadj+b: - {47_1} = 1T {27_]‘6} ] _ [ {_647_278; 16} ]
- o {1,-5} | | {16,-3} | | {~80,-3,15,16} |
(4) Aadj—b_ [ Z {2a_4} 17 {27_16} ] _ [ {—64,—6,12,32} |
Tl {3-3 o | | {16,-3} | | {—48,-6,6,48} |

Using Equation (266) we get

—64,-6,12, 32 T —64,-2,8,16
(=20,-2,4,5} | * | w { . (~12,-6,6,12} w| ! }
Yy {-48,-6,6,48} Y {-80,-3,15,16}
(286)
After moving “negative” terms to the opposite side of the equation, we get the following equation

with all terms positive:
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2,12,32,64 6,8,16,64
(45612 “ w| ! 2 e1z00 | C el ! ! (287)
Y {3,6,48,80} Y {6,15, 16,48}
If we now translate back into the 9t*-system, we get:
T 64 T 64
12 H = 20 H (288)
Y 80 Y 48
And each of these equations contain one variable, for which we can solve.
122 B 64 = 20z H 64 12y B 80 = 20y H 48
64 = 20z H 64 80 = 20y
16
< = =4
TS % Y
So, the solutions to the original system of equations is:
< 3.2
(289)
y =
|

We include, here, a list of the cases that can occur in the 91" algebra.

Proposition 8.105 (M*). If Ax=b is a system of equations over the Max-Times algebra then the

Cramer’s Rule equations are
Al B AM=D = | A"z R A, (266)
For each variable, we arrive at an equation of the form
ax; X b; = cx; X d;. (290)

The solution to this equation leads to nine cases, which can be considered independently:

(1)G>C,bi>di (4)G<C,bi>di (7)a:c,bi>di
(2)a>c,bz~<di (5)a<c,bi<dz~ (S)GZC,bi<di
(3)(1>C,b,'=dl' (6)(1<C,bl'=d,’ (9)a=c,bi=dz~

Cases (4)-(6) need not be considered as they are symmetric to cases (1)-(3).

For each of these cases, we analyze the solution to Equation (290).
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(1) Equation (290) has no solution for x;.

—~~
[\)
S—
el
e
Il
o

|

(3) x; <

(7) xi >

S

(8) xi >

o

(9) In this case there are infinitely many solutions. x; becomes an arbitrary variable. Use ratios

to find solutions.

We include, here, an example for which case (9), above, occurs and in which case we get a

parameter of solutions.
Example 8.106. In the Max-Times algebra system, solve the system:
2 3 143
45 15

We translate this problem into the mset algebra, and imbedding the system RT into R.

[{2,—4} {3,—3}] [x] _ [{2,—3}] (202)
{4’_1} {57_5} Y {7’_2}

We then form the following four quantities:

3
2

2
7

x £

X @ X @ (291)

Y

Y

(1) |A* = {-20, 10, 10,20}

(2) 1Al ={-12,-3,3,12}

(3) Aaditp — [ {5,-5} o 1T {2,-3} ] _ [ {-15,-10,10,15}
T o {2,-4} | | {7,-2} | | {-28,-4,8,14}

w oy | 2 B ][] {2662
- L {45_1} 1%} 4 L {75_2} i | {_125_2;378}

Using Equation (266) we get

—21,-6,6,21 —15,-10,10,15
{-20,-10,10,20} | * | { . (~12,-3,3,12} | © | & { }
Y {_127_27358} ) {_28; _4;8714}
(293)
After moving “negative” terms to the opposite side of the equation, we get the following equation

with all terms positive:
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{6,10,15,21}

x {6,10,15,21}
o
{3,4,8,28}

] (294)
y {2,8,12,14}

{3,10,12,20} l * ] W l ] = {3,10,12,20} l
Y

If we now translate back into the 9t*-system, we get:

T 21 T
20 = 20
Y 28 Yy

And each of these equations contain one variable, for which we can solve.

H H

21
y ] (295)

20y M 28 = 20y M 14
20z B 21 = 20z B 21

20y H 28 = 20y
21 .
7 x > —,and use ratios

The equation for “x” implies there are infinitely many solutions, so we use ratios to determine the

relationship between the variables.

x—gand _ 7 = x—§
20 Y75 — Y

So, the solutions to the original system of equations is:

y > 1.4 and
3 (296)
T =7y
|

8.15 A Connection between 9" and R'.

In this section we attempt to show a connection between the two different algebras: * and R .
This connection can be used to find the eigenvalue/eigenvectors of a matrix when considered as a
matrix over either RT or 91*. Msets plays the crucial role of connecting these two different

algebras.

The goal is to find an eigenvalue/eigenvector equation over msets which contains the information

for both the 9Mi*-algebra, and R-algebra.
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Preliminaries We begin our discussion with a few definitions. First is the concept of a mset

norm. I will use the notation “|| - ||”

for the norm. For the present discussion this norm will

represent either the usual max-norm, || - ||, sometimes called the infinity norm, and the “l-norm”,

- {1

If o is an mset then we define:

|l = max;(a;) if @ € 37
llal| = . (297)
llally = > (as) if o € 3B

Let us verify that both norms are multiplicative and additive.

Lemma 8.107. || -|| is multiplicative and additive for the two norms of this section. In particular,
(a) || - |loo is multiplicative over 90*.

(b) || - lloo is additive over 2.

(c) || - |]1 is multiplicative over R.

(d) || -1 is additive over R.

Proof.

(a)
law Bl = llaw Bl
= max(a ¥ j3)
= max(mlax(ai) ) mjax(,@j)) (298)

= max(||allss , [18]ls0)

lledl @ 1181l

o™ Bl = lla X Bllo
= max(a;f3;)
0.
= max(q;) - max(f;) (299)
= [lalloo - I8l
= [lall @Al
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llaw Bl = llaw By

=Y (asp)
k
= Z(ai) + Z(ﬂj)

J

(300)

=llel + 118l = llall+ 1131l

lla® Bl =l Sl

= Z(ai/@j)
= (@)Y (8) (301)
i J

2

= llafly - 115l
= llall @ |3l
O
[l
. : : 2|
Definition 8.108. If z is a vector with msets as elements then n(z) =
(E]
The Connection The following theorem is important in that it allows us to find some of the
necessary requirements for an irreducible mset matrix to possess an eigenvalue/eigenvector
equation.
Theorem 8.109. If A is an irreducible mset matrix and Az =\ z, then ||A||n(z) = n(4)n(z).
Proof. Suppose A is an irreducible mset matrix, and Az =\ z is an mset eigenvalue equation.
Then, for each i,
n
Ap; = kLiJlaik Xz, (302)

We consider two cases:

(Case I) For R, we apply the “l-norm” to each side of Equation (302).
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[[Az; ]| = [IA[[[]]

=1l & aiall

n
= Z lainzr]| (303)
=Z llail] - [l

= )k

Therefore, Equation (302) becomes

[Allin(z) = n(A)n(z) (304)
(Case IT) For 9M*, we apply the “co-norm” to each side of Equation (302):

[|AZ;|lco = max{A\ X z;}

= max{A} - max{z;}

= ml?x{aik Tk} (305)

= max {max{a;;} - max{zy}}

= max ||| - ||zl
Therefore, Equation (302) becomes:

[Allsons(z) = n(A)n(z) (306)

So Equation (302) is true for both cases.

Corollary 8.110. If A is an irreducible mset matrix and Az =\ z, with z > (), then
(@) [[Alloc = v(n(A))

(b) [[Allr = p(n(A))

Proof. We shall assume that n(z) > 0, since otherwise we could multiply by (I & A)"~! > 0.
Equation (304) is a matrix equation in R, while Equation (306) is a matrix equation in 9t*. In
each case n(A)>0 and irreducible, and n(z) > 0. In R, we know that p is eigenvalue of n(A). For

M*, we know that v(A) is the unique eigenvalue of n(A). In either case the result follows.
O

Corollary 8.111. If A is an irreducible matrix over R, or 9*, and Az =\ z, with > (), then
Z
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(@) [[Alloe = v(4)
(b) [[Allr = p(4)

Proof. If A is a matrix in 9t or R, then the mset matrix associated with A has a one-element

mset in each entry. So n(A)=A, and the result follows.

O
6 1
Example 8.112. Consider the matrix [ A ] as a matrix in either 9* or R. The mset
6
eigenvalue equation is
6} {1 1} ] 1
l{}{}]g[{} _ 6.2 ® {}] (307)
{4} {6} {2} | {2}

In R, we get the conventional eigenvalue equation

HIRBEN

And, in 9", we get the eigenvalue equation
6 1 1

®
4 6 2

Corollary 8.111 gives the fact that if a matrix has an eigenvalue equation over the mset algebra,

Il
o
&

! ] (309)

then we can apply || - ||1 to get the Real eigenvalue equation, and we can apply || - ||e to get the
Max-Times equation. Although the theory is nice, the caveat is that a general mset matrix — even
one with only one element in each mset — may not have an mset eigenvalue equation. The

following example illustrates this fact.

4 2
Example 8.113. Consider the matrix A=| 2 7 as a matrix in either 9* or R.
1 2

O

Then p(A)=9, and v(A)=T.

Therefore the mset eigenvalue equation for A must be:

{4y {2} {1} x T
20 {7 {20 | By | ={T X} Ry (310)
{1 {20 {4} z

where x,y,z are msets, and Ay + A3 =2 and 7 > Ay > As.
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If one of x,y, or z equals @, then all msets must equal @. Hence all three elements must me
nonempty. So |\ = 3.

This leads to the following equations:

doW2yWz = {7, A2, A5}z (311)
2e W Ty W2z = {7, 2, A3}y (312)
zW2ywdz = {7, 2,3}z (313)
Equation (312) is simplified as

20W2z = {A2, A3}y (314)
dr Wiz = 2{)\2, A3}y (315)

1
rWz = 5{/\2,/\3};1/ (316)

If we add the LHS and RHS of Equations (311) and (313), and replace (z & z) by Equation (316),

and replace (4z W 4y) by Equation (315), then we get:
A2 As 1 2 42
?77727272A2:2/\3 Y= 5{7A2:7/\37/\2;/\37A2/\37A2A3}y (317)

If y=2 then x=z=@, which can not occur in an eigenvalue equation. Therefore y#£@.

Equation (317) becomes:
{/\27 AS; 47 47 4A2; 4/\3} = {7/\2: 7/\37 /\éa A%; /\2A3: /\2A3} (318)

It can be shown that there is no Ap and Az that will satisfy Equation (318).

Therefore the matrix A has no mset eigenvalue equation. [ ]
2 11
Example 8.114. We return once more the Example 8.78. A= 1 2 1 |. For this example,
0 01
p(A)=3 and v(A)=2. The eigenvalue equation for matrix A is:
{23 {1} {1} {1} {1}
{1} {2} {1} |®| {1} | ={0K] {1} (319)
o @ {1} @ %)

This mset eigenvalue equation will collapse to either the Real eigenvalue equation or to the

Max-eigenvalue equation, depending upon which norm is used. [ |

The question of which matrices possess an mset eigenvalue equation remains open. It will most
likely involve higher combinatorics.

We will classify the simple 2x2 matrices which possess an eigenvalue equation.
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Theorem 8.115. If A is a 2x2 matrix with one element in each mset, then A has an mset

eigenvalue equation if and only if
(1) A is a diagonal matrix.
(2) A is reducible.

(3) A is singular.

(4) A has the form. la} e} ]
{0} {a}
Proof. Assume that a>d in the proofs.
[ {a} > r {1} 7 - - {1} -
(1) . {d}-ﬁ- . —{a}&- .
[ {a} {3 ][] T
(2) . {d}-ﬁ- . —{a}&- .
@[ @ © ]glm] _ {a’ck}gl{l}]
| {ka} {kc} {k} ()

The proof of part (3) is sufficient for any rank one matrix as

{1} [ {1} {1} ]

= {a,ck} K
| {k} | {k} ] et l {k}

]@[{a} e} | =

[ {a} {¢} ) {1
o[ e[ ] - eome

C C

fa} {c}
{0} {d}

For the necessity part in (4), consider the matrix A=

. Assume that a>d, and

a? >bc. Then v(A)=a, and p(A):<a+d)+ v (Qa_d)2+4bc. U=p—v=p—a

So we require

{a} {c} v
X = {a,u} X
l{b} {d}] ly] te-n}

So we have

arWey =ax¥Wpur — cy=pux

bxWdy =ayW uy

If c=0, then the matrix is reducible, otherwise we have y = £ux.
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(320)
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Therefore Equation (322) becomes

x{b%"}zx{%“—;} (323)

If x=9, then from Equation (321) y=@, which can not occur. Therefore Equation (323)

()= o)

implies that

So there are two cases to consider:

be =ap
(@
dp = p°
Therefore, p=d or u=9.
d=p = ad=bc. In this case the matrix A is singular. If y=@ then d=©@ and bc=g.

So either b=@ or c=@, and the matrix A is reducible.
be = p?
a "
du = ap
Either a=d or p=. If y=@ then bc=@ and the matrix A is is reducible. Suppose a=d.
So 1 = v/be and y:‘/%x. The eigenvalue equation of part (4) follows.

C

. It can be shown that, in this case, the matrix must either

a
One last form to consider is [
%)

%)
be reducible or it must be of the form l ; ¢ ] .
[%)

For matrices with more than one element in each mset or larger than 2x2, the theory becomes

more difficult.

8.16 End Notes

The study of msets is a method to incorporate the theory of convex cones into linear algebra. The
mset algebra can be used in much the same way that the ordinary algebra is used. The mset
algebra is an attempt to keep as much information as possible about a particular problem available
throughout the analysis. This certainly makes the investigation into these topics more complicated
than the usual (conventional) algebra system. As may have been noticed in some of the examples
earlier in this section, and particularly in Section 8.3, one may wish to discuss a homomorphism

from 3° to S. This is the same definition given in Definition 8.10.
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Definition 8.116. Define the function ¢ : 35 — S
V(@) = bay (325)
Proposition 8.117. 1 is a homomorphism from 3° to S.
(1) Y(awp) = Y(a) & p(h)
(2) YP(aBp) =9(a) ©¢(f)

(3) ¥(@) =0
Proof.
(8.117.1)
Y(awp) =P (awp) (326)
k
_ (@ ai) . (@ ﬂ]) (327)
= ¢(a) & (B) (328)
(8.117.2)
P(a®p) = (aKp) (329)
k
= @ (Lﬂi W alﬂj) (330)

= (@ (s az’)) ® <@ (¥; ﬂj)) (331)
k k

= (@ ai> ® (69 m) (332)

Y(a) @ (B) (333)

(8.117.3) is follows from the definition.
O

By using the homomorphism, some information is lost in going from 3° to S, but the algebra may

become much easier. As an example we consider the set S = R with the usual operations.
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Example 8.118. Consider the equation: az = .

ar =0 (334)
Y(ax) = (B) (335)

) (5+)-(5)

i J

) e
20 | = e 357

In the conventional algebra this would be written as « = g [ ]

Note 8.119. We cannot take a matrix equation in R, translate it to the Mset algebra, and get a

true mset equation.

2 3 2 16
Example 8.120. Consider the matrix equation: =
5 4 4 26

This equation is true in R, but the corresponding equation is not true in the Mset algebra.
l {2} 3 ] l {2} ] 4 l {16} ] l {412} ] 4 l {16} ]
{5} {4} {4} {26} {10,16} {26}

It should be pointed out though that, if we apply the map % to the last equation above, we get a

true statement.
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9 Characteristic Polynomial in Max-Times Algebra

9.1 Algorithm

In the past sections, we have developed an equation which is satisfied by the given equation.
Although this equation can be applied to many different algebra systems, we concentrate on the
Max-Times Algebra system in this section.

We would like to find an algorithm which can be used to find the characteristic equation of a
matrix in the Max-Times Algebra system without using all of the knowledge of the mset theory.
We begin with the algorithm to find the Characteristic Equation for a Matrix in 9t*. The proof of

the algorithm comes later in the section.
Algorithm 9.1. Given matrix A, x, € M5, ..
1. Fork=1ton
2. Let 75 = set of all terms in |A$| which are obtained from even permutations, where ¢ € CJ2.
3. Let 7¢ = set of all terms in |A£| which are obtained from odd permutations, where ¢ € C}}.
4. If v¢ = ~2 = {} then c¢,= 0, and goto Step (13).
5. Let I', = max{y;}. If v = @ then I'{, = 0.
6. Let I') = max{vp}. If 77 = @ then I'} = 0.
7. If ', # I}, then goto Step (9)
8. If I'§ =T} then v := v \I'}, and 7 := y\I'{. Goto (4).
9. Let I'; = Cerlgzajcrz{g | C¢T5 NIy }.
10. Let (y=the permutation in I'{ U I'{ which yields the maximum.

1 if ¢ is an even permutation
11. Let sgn(¢) =

—1 if ¢ isan odd permutation
12. Let ¢, = (=1)* -sgn(¢,) - Iy
13. Next k

14. The terms with ¢, > 0 are on the LHS of the equation, and terms with ¢, < 0 are on the
RHS of the equation. This yields an equation of the form:

N @ ( B ckA”’“) = B (-1-¢)\v* (338)

Cp> <0
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Justification. The justification for the above algorithm will be developed shortly, in particular,

see Theorem 9.11.

First, let us look at a few examples.

9.2 Examples

A few examples will be quite illustrative.

Example 9.2. Find the characteristic equation for: A = eEMr

(3L TG
—_ N
w O w

r¢ ={1,73}, T§={3721}, TI9={8,9,15}

s = {12,21,90} T¢ = {9,24,105}

I's=7 T{=21, Ti=105

c; = ((D)M*)*7=-7 Note: (7 € I'§

¢y = (-1)2*%(1)*21 =21 Note: (o1 € I'§

¢z = (-1)%*(-1)¥105 = 105 Note: (105 € I
Therefore we have P(\) = A3 21X A H 105, and
Q) = TR A%

And the characteristic equation is:
MHE2IKAE105= 7K ).

We can see that the matrix A satisfies:
105 98 126

ASE21IKRAB105K I = 7K A2, as each side of the equation is: | 315 343 441
105 70 105

Example 9.3. Consider the matrix: A = eMr

W N =
S W Ot
w NN

r¢ ={133}, TI§=1{33,9}, TI9={06,10}
rs = {0,9,30}, TI¢={0,18,30}

I'yr=3, I's’=10, I3;=18

c; = (()I*(1)*3 =-3 Note: (3 € I'§

ca = (-1)2*(-1)*10 = -10 Note: (10 € I'§

c3 = (-1)3*(-1)*18 = 18 Note: (15 € I'§
There we see that the characteristic equation is:

NBIS=3XRNHI0X ),
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and we note that the matrix A satisfies: A3 B 187 = 342 B 10A. In this case we have 30 as the
maximum from both an even permutation and an odd permutation of length 3, so we use 18 which

is the next largest permutation product.

Define the degree of an equation in the most natural way: the degree of an equation is the largest

degree of the polynomial on either side of the equal sign.

As it is with the conventional linear algebra, we ask the natural question of whether we can find a

polynomial equation of smaller degree which is satisfied by the matrix.

Example 9.4. For the matrix A=J3«3, the characteristic equation using the above algorithm is

2% = 22, but it can be checked that 22 = x is also an equation of smaller degree. ]

Example 9.5. For the matrix A=J,,«,, the characteristic equation using the above algorithm is

Y23

2™ = "1, but it can be checked that 22 = z is also an equation of smaller degree. ]

Example 9.6. For the matrix A=J3x3-I3x3, the characteristic equation using the above algorithm

3

is 2 = x @ 1, but it can be checked that 2> = 2 H 1 is also an equation of smaller degree. [ |

Example 9.7. For the matrix A=J,,«xn-I,xn, the characteristic equation using the above

n
algorithm is 2" = kEEZx”_k, but it can be checked that 22 = z B 1 is also an equation of smaller

degree. [ ]

The above four examples show that there may very well exist a polynomial equation of smaller

degree which is satisfied by the given matrix. This, of course, leads to the questions:
1. How can we determine whether an equation of lower degree exists?

2. If another equation exists, how can we find it?

The following will help clarify some of the information about o.

Proposition 9.8. (1) If k is even, and o is an even permutation,

then sig(c)=(-1)*sgn(o) = 1

(2) If k is even, and o is an odd permutation,

then sig(o)=(-1)*sgn(o) = -1

(3) If k is odd, and o is an even permutation,

then sig(o)=(-1)*sgn(o) = -1

(4) If k is odd, and o is an odd permutation,
then sig(o)=(-1)*sgn(o) = 1
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Note 9.9. If a.b € R, and a < b, then the expression az’ B bz’ can be reduced to the expression

bat, ie. azt B bzt = bat.

To see how Proposition 9.8 relates to the proof of Algorithm 9.1 it can be seen that the parity of k
and the parity of o determine which side of the equation the term will occur. This means that
p}(x) has the terms of x"~¢ which have a coefficient in which ¢ is an permutation of par(q), and
P4 (x) has the terms of x"~¢ which have a coeflicient in which o is an permutation of par(q+1).

This is yet another, possibly easier, way of classifying the terms of the equation. p7{(x)=p; (x).

aipr a2 ais

Example 9.10. Consider A=| ay; as2 ass
a31 as2 0433
det(zl —A) =0
ws—(an + a2 + 033)902 + (a11a22 + a11a33 + 22033 — A12a21 — Q13031 — A23032)T

+ (@13a22a31 + a11a23a32 + Q1202133 + 11022033 + Q1223031 + A13021a32) = 0

3
z® 4 (a11a22 + a11a33 + a22033)2 + (A13022a31 + 11023032 + G12a21033)

= (a11 + a2z + a33)x2 + (a12a21 + a13a31 + aszaze)x

+ (@11a22a33 + a12a23a31 + a13G21a32)

Theorem 9.11 (Algorithm). Algorithm 9.1 is correct.

Proof. 1Tt was shown in Theorem 8.71, that a polynomial exists. We need to show that the part of
the algorithm which requires dropping terms with equal coefficients from both sides, and take the
largest coefficient for that term which is not shared by both sides.

Consider the set equation in Theorem 8.68.

Suppose that there exists o; as an “even” permutation, and o, as an “odd” permutation, both of
length k, with w(o1) = w(o2), and |o1| = |o2|.

If |o1| = k, then there is a permutationm; associated with o ; with |m;| = n — k. We can assume,
+
ij?
that n;, j, (o1,m) = (01, 7)), with w(o1)w(m) = w(o])w(n]), and there exists iz, j» € Sy, such that

without loss of generality, that (o 1,7 1) € T}, and (0 2,7 2) € T;;- There exists i1, j1 € S, such

iz o (02, 72) = (0, 74), With w(02)w(m2) = w(oh)w(mh).
This means that the element of the set corresponding to (o 1, 7 1) on one side and (o |, 7 |) on
the other side occur is the same element.

Therefore we can delete these two elements from both sides from the equation (Equation (8.68)).
Likewise, we can drop the element on each side corresponding to (¢ 2, 7 2) on one side and

(0 4, %) on the other side. After dropping the identical elements from both sides of the equation,

we apply the maximum-function to both sides to get another equation which must hold. O
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Note 9.12. Although the equation given by Theorem 8.71 is a polynomial equation which is
satisfied by the matrix A, it may have terms of the same degree on each side of the equation. In
this thesis we refer to the polynomial equation derived from Algorithm 9.1 as THE
CHARACTERISTIC POLYNOMIAL of the matrix A.

As an example we can show equality of the sets in the 2x2 case.

Example 9.13. A =

air a2 ]

G21 Aa22

A2 =

{011(111, a12a21} {011(112, a12a22} ]

{anazr, axnan} {anaiz,axnaxn}
We show equality of the sets in the identity (equation):

H-J w(o) ® A? L-ij wo)ol = H-J w(o)© A L-ij wlo)oI
lo] =0 o] =2 lo] =1 ol =
|| =2 lw| =0 || = lm| =0
sig(o) =1 sig(o) =1 sig(o) = -1 sig(o) = -1
where
H-J wlo)e A2 ={1}® A* | H-J w(o) ® I ={anax} el
o] = ol =
|| = | =
sig(o) = sig(o) =
L-ij w(o) ®A={a11,a22} 04 , L-ij w(o)® I ={apan} ol
ol =1 o] =2
ml =1 7| =0
sig(o) = -1 sig(o) = —1
So,
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i wo)ed [  wo)el

o] = o =2
|| =2 7| =0
sig(o) = sig(o) =1

{G11G11; 012(121} {G11012; 012(122}

{1} e H‘J{anam} O]

{1} {0} ]
{0} {1}

{G11G21; 022(121} {a21(112, (122(122}

- [ {G11G11; 012(121} {G11012; 012(122} L'_"J {G11G22} {0} ]
| {G11G21; 022021} {G21012; 022(122} {0} {011022}
- [ {ai1a11, a12a21, a11a22 } {ana12,a12a22}
{011a21, a22a21} {021(112, 22022, (111&22}
_ [ {a11, 22} © {a11} W {a12a21} {a11,a2:} Wi{an}
L {a11,a2:} © {a21} {a22,a11} © {a22} W {anai2}

{a11,a22} © AW {apan} oI

= ) wo)oAd |4 wlo) o T

lo| =1 lo] =2
Im| =1 |7| =0
sig(o) = -1 sig(o) = —1

Using the notation of ¢ {,, and o }, the above equation can be written briefly as:
0§ A2 W0l O AW Ol =0§ © A2 © AWod oI
where
of=A{1}  o§={0}
of={ann,an}  o9={0,0}
o5 ={anag } o5 = {azaz }
11 a2 a3
Example 9.14. For the 3x3 matrix A = | ay; a9z a3

a3z1 asz as3
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The characteristic equation can be written as:

H-J w(o)® A? L-ij wlo)© A L-ij wle)ol

lo] =0 lo] =2 lo| =3
|7 =3 7| =1 7| =
sig(o) =1 sig(o) =1 sig(o) =1
= L-ij w(o) ® A? L-ij w(io) @A L-ij wlo)ol
lof =1 lof =2 lof =3
|| =2 7| =1 |7 =0
sig(o) = -1 sig(o) = -1 sig(o) = —1

which simplifies to:

3
{1} © A° W {a11a22, a11a33, a20a33} © AW {a13a22a31, 611023032, A12G21a33 © T

2
= {a11,a22,a33} © A” W {a12a21, a13a31, 23032} © AW {a11a220a33, @12a23a31, @13021a32 © T

This can be written more compact using the previous definitions as:

cEOAR W SOA W SOl =0 SOA%2 W o $OA W o §61
With the theorems above we can add the following theorem.

Theorem 9.15. Given a matrix A, and a permutation matrix P, the characteristic polynomials of
A and M=P'®X A K P are the same.

Proof. The matrix M has the same graph as A, except that the nodes have been relabeled. The set
of “partial determinants” of the principal minors of M and the set of “partial determinants” of the

principal minors of A are the same set. O

9.3 Eigenvalues and Roots of the Characteristic Equation

1 49
Example 9.16. Consider the matrix: A= | 0 2 6 |. [ ]
0 0 3

Matrix A has the characteristic equation: A3 B 6 = 3A2 B8 6. This equation has A =1, A =2, and A

=3 has roots. We see that for this matrix 1,2, and 3 are all eigenvalues for the matrix.

1 49 1 1 1
0 2 6 0O|l=]0|=1-10
0 0 3 0 0 0
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14 9][2] 4] [ 2]

0 2 6 1(=2]=2-]1

00 3][0] 0 | | 0]

14 9][3] 9 | [ 3]

0 2 6 2| =16|=3-]2

00 3] [1] 3] | 1
3 49

Example 9.17. Consider the matrix: B= | 0 2 6 |
0 0 1

This matrix has the same characteristic equation as the matrix in Example 9.16, namely
AP H6M = 3M2 6. Also the equation has the same roots, namely, A =1, A =2, and A =3. But this

matrix has A =3 as the only eigenvalue. Here it can be checked that

349 1 3 1
0 2 6 O[=101]=3-|0],and A =3 is the only eigenvalue.
0 01 0 0 0

Notice that both matrices above, Examples 9.16 and 9.17, have A =3 as an eigenvalue, and A\ =3 is
a root of the characteristic equation of both matrices. Is it true that the maximum eigenvalue of a
matrix, v(A), is always a solution to the characteristic equation? The answer is certainly yes, just

as it is in the conventional algebra. The proof is given in Theorem 9.27.

9.4 Algorithm for v(A)

In this section, we propose an algorithm which can be used to calculate the maximum eigenvalue of

a matrix, denoted as v(A), from the characteristic equation in the Max-Times Algebra.

Algorithm 9.18.
Suppose that p¥(x)=pj(x) is the characteristic equation of A.

@) pi(z) = 2" Bap,a™ Bay,a™ B Bap,a™
(b) ps(2) = am,a™ Bamp,z™ 8- B ap,a™
(c) ngs and mps are all distinct, and m;=n-1
(2) Fori=1..4
set X" =a,,x"™

divide both sides by x™¢, yielding x"~" = a;,,

set by = "/, :(ami)"—lmi

end

4
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(4) End.

Theorem 9.26 provides the proof of the above algorithm. Included here is the proof of the 2x2,
and 3x3 cases. Also included is the 4x4 case to show more detail of the cycle structure of the

coefficients of the terms of polynomial equation. This will help lead to the proof of the general case.

a c

|
b d
The characteristic equation for the matrix is:

x? B ad = (a8 d)x H be

This leads to the two equations:

Example 9.19. A=

(1) x? = (a @ d)x = b; = (a H d)

(2) x? =bc = by = Vbe.

Therefore, v(A) = by, B by = a B d B Vbe.

Before showing the 3x3 case, we need a lemma, whose proof is quite simple.
Lemma 9.20. If a,b,c > 0, and max(a,b,c)=a, then a> (abc)%.

Proof. The proof follows from the fact that a3 > abc. O

Example 9.21. A=| ay; a9s a3 u

The characteristic equation for the matrix is:

3
z” H (a11a22 B ar1as3 B axass)r B (a13a20a31 B ai1a23a32 B a12a21033)
_ 2
= (a11 H a2 B ags)z” B (a12a21 B a13a31 B aszaszs)z

B (a11a22a33 B a12a23a31 B ay3az1asz)
This leads to the three equations:

(1) x* = (a11 B agy B ags)a,

SO b1 = ((111 H a99 H (l33)

(2) x* = (a12a21 B a3a31 B azzazs)x,

s0 by = \/(a12a21 B aizas: B aszasy) = \/arzaz B \/aizas; B \/az3a32
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3 _
(3) x° = (@11a22a33 B arpa23a31 B aizaziass),
S0
3
bs = ¢/ (a11a22a33 B arsaszaz, B aizas ass)

= (Ya11a22a33 B Jarza23a31 B aizaziass)

Therefore,

V(A) = by B by 8 by
= ai1 Hasx Bazs B /arzax B /aizas B/axzass
H /ai11a22a33 B ai12a23a31 B Faizazass
= a11 B as Hazz B \/ar2a21 B \/ai3a31 B \/a3a32

B ¥ai2a23a31 B /aiza21a32

The last step in the above equation results from removing /a;;azza33 by use of Lemma 9.20,
where a=a;1, b=ass, and c=ag;3.

The partial permutations can be split into even or odd permutations by looking at the number of
transpositions needed to achieve the permutation. Here we are looking for permutations on 3

elements, S3. Table 4 on page 139 shows the “cycles” for the 3x3 matrix.

Side of trans-

i o o Cycles
equation positions
RHS o¢ | 0 (1), (2), 3)
RHS o9 | 1 (1.2) . (1,3) , (2,3)
LHS o5 | 0 (1)(2), (1)(3), (2)(3)
LHS O'g 1 (1)(2’3)7 (2)(173)’ (3)(172)
RHS o5 | 0 (1)(2)(3)

of | 2 (1,2,3), (1,3,2)

Table 4: Partial Permutations in 3x3 characteristic polynomial

To gain more insight into the problem the 4x4 case in included. It is quite illustrative.
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The following is the (long) characteristic equation for the 4x4 matrix.

z* + (a11@22 + a11a33 + a11G44 + Q22033 + A22044 + 0336144)5172

+ (a11023a32 + a11G24a42 + 11034043 + Q13022031 + Q14022041
+ a22a34a43 + a12021a33 + Q14433041 + A24033042 + A12021 Q44
+ 13031044 + A23a32a44)T + (A11A22033044 + Q11023034042
+ @11024032043 + Q12021034043 + Q12024033041 + Q12023031044
+ a13024a31aQ42 + Q130421032044 + 13022034041
+ 14a21a33042 + Q14022031 A43 + Q14023032041 )

= (a1 + a2 +azs + (144)5173 + (a12a21 + a13a31 + a14a41 + az3ass + a24a42 + 61346143)5172
+ (a11a22a33 + A11022a44 + A11a33044 + Q12023031 + 12024041 + Q13021032
+ 13034041 + Q14021 Q42 + Q14031043 + 022033044 + Q23034042 + A24A32043)T
+ (a11022034a43 + 11a23032044 + Q11024033042 + 012021033044 + A1202303404]
+ @12024031043013021034042 + Q13022031044 + A1302403204]1 + Q14021032043

+ 1402203341 + 1423031 042)

The partial permutations can be split up into even or odd permutations by looking at the number

of transpositions needed to achieve the permutation. Table 5 on page 141 summarizes the results.
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Table 5: Partial Permutations in 4 x4 characteristic polynomial
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We need the following lemmas to prove the general case. Lemma 9.22 is a general lemma which

covers the case for all diagonal elements.

Lemma 9.22. If ma

i) = ax , then a, >
lfika(az) * I ayx 2 (

Proof.

k
(a0)® > J] a
=1

O
Lemma 9.23 is more general than Lemma 9.22. It states that the maximal element of a set is at
least as large as the ' root of any product of q elements of the set, i.e. the largest element is
larger than the geometric mean of any q elements.
1

Lemma 9.23. If r?ez}zx(ai) = a4 , then a, > jljl ag, , Vg<k, Vij € Q

ijen

q
Proof. a,? > [] aj; O
Jea

Lemma 9.24 states that the maximum geometric mean of any cycle of G(A) is greater than the

geometric mean of two separate cycles concatenated together.

Lemma 9.24. If 7 is the k-cycle of maximum geometric mean of the graph G(A),
i.c. v(A) = (w(7))*, where k=£(7), then for any m;-cycle &, and my-cycle &, with k = my + mo,

1

(W) F > (W(E)w (&) mitms

Proof. We assume that w(7) > 0, w(&) >0, w(&) > 0.

ES.
A\
—~

S
—
I
M
~—
~—

3|H

N

(@(M)F > (&)™ and (w(r))
(@(M)™ > (&))" and (w(r)™ > (W(&))"

Note 9.25. The above lemma, Lemma 9.24, can be extended at once to more than just the

concatenation of two cycles.
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We are now ready to prove that the algorithm given in Section 9.4 is correct as a method to

calculate v(A).
Theorem 9.26. Algorithm 9.18 is correct.

Proof.
(1) First we must show that the coefficient of x" 7 on the RHS of the equation is the sum of all real
“g-cycles” plus possibly some other dominated terms, and therefore all coefficients on the LHS are

“pseudo g-cycles” which are

‘products” of cycles of length less than ¢ whose sum is equal to . Fix
q, and suppose that o is a cycle of length q, then sig(c)=(-1)%sig(c)=(-1)4(-1)?~! = -1. Therefore

w(o) appears on the RHS of the characteristic polynomial — i.e., w(o)x™ 7 is a term of p , (x).

(2) Next, we must show that v(A) is at least as large as any other of the b;s. Fix q. Consider the
coefficient, ay, of the term ax"~? of p,(x). We know from part (1) that all g-cycles are elements
(summands) of @,. What are the other elements of the a,? Since all elements of o, are
g-permutations of S,,, then the elements are either g-cycles or they are products of cycles of
lengths less than q, but whose length sum q. For example, see Table 4, or Table 5. By

Lemma 9.24, we know that v(A) is greater than or equal to any other element of a. O
Theorem 9.27. v(A) is a root of the characteristic equation.

Proof. Using the same reasoning of part (2) of the proof of Theorem 9.26, and using Lemma 9.24,
v(A) is also greater than any element of the coefficient of a,x* on the LHS of the characteristic
equation. Therefore, we see, by Lemma 9.24, that p(v(A)) = (v(A))" because all other terms of
the polynomial are dominated by v(A).

Therefore p’ (v(A)) = p,(v(A)) O

9.5 Companion Matrix

In the previous sections we have discussed the characteristic equation for matrices in the
Max-Times Algebra system.
An obvious question to consider is whether for any given equation in the Max-Times Algebra

system, does a matrix exist which has this given equation as its characteristic equation?
We answer this question in this section. As we see some equations do have an associated matrix,

and some equations do not. We begin with the simple case of a class of equations for which an

associated matrix exists.
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If we are given an equation of the form
A= [ a; A (339)

then the companion matrix for this equation is

( 0o 1 0 0 |
0 0 1
L= -~ " : (340)
0 0 0 0 0 1
L ap, Ap_1 Gp_o eaz ap |

Example 9.28.

For the equation A = 5)\2 @4\ B 3, the companion matrix is A =

w o O

= O =

Ut = O
|

Theorem 9.29. For the Companion matrix of a polynomial equation, there is no polynomial

equation of smaller degree which is satisfied by the matrix.

Proof. .
( o 1 0 0 0 0
0 0 1 0 0 0
Consider the matrix L, x, =
0 0 0 0 0 1
L p Ap-1 Qp2 eay ap |
Then we have the following:
e XL =ej (341)
ef RL* =e5 (342)
el Lt = el (343)

Suppose that there exists a polynomial equation p} (x)=p} (x) of smaller degree which is satisfied
by the matrix. Therefore there exists a k € N, and r € N, such that degree(pj (x))=k, and
degree(py (x))=r, with r<k<n. Then from the Equations (341) above, L’f7k+1:1, while L{7k+1 =0,
for all j<k, in particular, for all j<r. Therefore [p} (L)]1,5+1=1, while [p; (L)]1 x+1=0. So, no such

equation can exist. O

The theory becomes more difficult for polynomial equations with more than one term on the LHS.

The following examples illustrate some of the difficulty.
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Example 9.30. Are there polynomial equations which are not the characteristic equation for any
matrix?

This can certainly be answered in the affirmative, as the polynomial equation x> B 4 = x does not
have any solutions. Therefore it is not the characteristic equation for any matrix. Since v(A) must
be a root of the characteristic polynomial, then an equation with no solutions can not be the

characteristic equation for a matrix. [}

Example 9.31. If a polynomial equation has a solution then is it the characteristic equation for
some matrix?

A polynomial equation with a solution is not sufficient to have a companion equation. The
polynomial equation x* B 16x = 2x? B 1 has x=1; as a solution. It can be shown that this
equation can not be the characteristic equation for any 3x3 matrix. To see this, note that

max(ai1, a2, agz)=2, and max(ajjage, a11a33, azeagz)=16, which is impossible in the set R .
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9.6 Characteristic Equation of Block Matrices in 9t*.

As we have seen in the previous sections, given a matrix A in the Max-Times Algebra, we can find
an equation which is satisfied by the matrix.

Namely, for a matrix A, we have an equation p’ () = p(2) such that p}(4) = p(4).

Partitioned Matrices (Reducible Matrix)

Let M= [ ] . In this section we develop a characteristic equation associated with the matrix

M.
The following Theorem satisfies this problem.

A 0
Theorem 9.32. Let M:[ 5 D ] . Let pi(z) = p;(z) be the characteristic equation for the

submatrix A, and let p},(z) = pj,(z) be the characteristic equation for the submatrix D. Then the
characteristic equation for M is: pi,(z) = py,(z), where

Pir(#) = pA(@)ph () B pi (@)pp(«), and

Py (%) = pi(@)pp (2) B py(@)pp (2)-

Proof. For the proof this this theorem, we show that the msets associated with the matrix M, is

connected in the proper way to the matrices A, and D. It can be seen in the following proof, that

the coeflicients of the separate polynomials interlace in just the right way.

Amxm 0
B Dnxn

k) N— - N k+1) N—
Ear( JeN=k and py(x) = Y agar( T pN=k,
=0

Let M=

] . Let N=m+n. For the matrix M, we know that

Recall that o (M)= “sum of all k x k principal minors of M”. The only non-zero entries are those
which have part of the principal minor in A and the rest of the principal minor is in D. Letting

o ¢=0 ¢(A) and 7 _¢=7 k—¢(D), we can write:

k
ok (M) = [H (o¢ B 7—¢)
=0

Each of the o (M) can be split into the even permutations and the odd permutations.

Now consider the parts of the characteristic equations of the submatrices, A and D.
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pz (x) = Ij\goagar(lc)xm—k7 apar(k+1)xm_k.
ph(x) = k@gagar(k)x"”“ and pp(x) = & gk gk

Consider pX(x)pE (x) @ px(x)p, (x).

7

(USxm Dotz ' ola™ P @™ P Uf’nar(m))
o,.n—3

X (Tga:" e e P eria" P e @ Tﬁar(n))

= 2™ (0576)

o5 @ otrs © 05T @ 0§

€, € 0,0 €, € 0,0 €, €
05Ty ® o)1 B 0STS B OoIT, B OYTy)

and

pa(@)pp(z) = (ogwm ®oir™ 1 @osr" P dosa™ P @ ofnar(mﬂ))
X (Tooxn oria" et P oria" e .0 Tﬁar(”"'l))
= ™ (0§7)

1
@zt (097 @ o 7)

—3

(

© 2"t (091s © oty @ 097Y)
(0073 @ 0175 & 057] G 0577)
(

0,0 €, € 0,0 €, € 0,0
00T @ 0iTS B oSTS B osT, B 0iT)

So, adding the two previous results yields:
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Ph(@)pp (@) & py(@)pp (@)

=z (0§75 B 0§TS)

1
@ "t (o5 @ 007 @ oy @ 057)

)
& 22 (o575 @ 097{ © 05T @ 0§75 @ ofri ® 037
-3
@zt 3 (080 @ 0075 @ 05T @ 09T @ 0TS @ 0T @ 09T @ 05T)
—4
@ ™t @

05Ty ® 09T D oSTS B 0T, B OYTS B OoJT B OIS B OITS B OSTY B OITS)

= (o§78) @ 2 (087)
® 2N (080 @ 0f1l) @ N (087 B 00T)
© 2" (ogrs @ oy} @ 0§7g) @ 2 (0grs © 0fT & 0375)
© a7 (o4 © ofr & ofr @ 0575) © 2™ (of75 @ 07 @ o] @ o)
o 2N (0818 @ 0TS @ 0SS ® 0STE © 05TE)
® 2N (0970 © 00T ® 0979 ® 05T © 057
@ ---
= 2™ (a5 (M)) ® 2N (a7 (M)
@ a2 (05(M)) @ 2™ (03(M) @ 2™ (of(M) @ -

Likewise, we can follow the same method to calculate py,(x).

Consider p(x)pp(x) @ py(x)pf (x).

ph(2)pp(x) = (agxm Cojz" tooia™ P o™ P @ afnar(m))
X (Tooa:” etz et e réa" o0 T}zar(""'l))
= ™" (o)
® ™ (e © 0918)
m+n—2 €0 o,e e, o
G (0§75 ® oy1y B 0575)
-3
® 2" (0h7s @ 0fTS @ 05T © 057g)
& 2 (0575 © o9 ® 0§75 © 0f7E B o)

and
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pa(@)ph(z) = (ogwm @olr™ @ ola™ g oia" e @ U%ar(m"'l))
X (TS;U" erz" terir" et e 0 T}l’ar("))

— xm+n (

0, -€
o075)
-1
& " (g7 @ otr)
@ m+n72( o e@ e O@ o e)
T 00Ty B o7 B 05T
m+n—3 0,0 e,e 0,0 e, e
@ x (0875 @ oyTs ® 057 D 0iTy)
—4
@ " (097 @ 05T @ 09TS @ 05T @ 0YTS)
@...

So, adding the two previous results yields:

Ph(@)pp (x) ® py (2)p) (x)
= 2™ (0§78 & o)
® 2 (087t © o9 ® o] © 0%7)
© 2™ (8T © oVTE @ 05T © 03TE @ ST © 09TE)
© 2" (0ETE © 0V @ oST) @ 05T @ 0TS © 0iTS © 05T, @ 05T)
B 2™ (§7] © 0P ® 0§75 © 0§ © 0frS @ 0§rf @ 0T ® 057 @ o7 & o)
@ PR
= & (o§75) © 2 (0§7)
® 2N (087t @ otrE) @ 2N (03T @ 007Y)
@ N2 (o578 ®oiTy @051y @ 2V 2 (o575 ® oi{1 ® 0575)
® 2" (0h75 © ofrs @ o5 @ 0375) B a7 (07] © 077 @ 03 & 05T
@V (o67L ® 05T D oSTS ® 05T B 04TS)
@V (0074 ® oVT5 B 0515 ® 05T D OYTS)
@ PP
=z (o§(M)) & 2" (0f (M) @ 272 (03 (M) @ 2" (o5 (M) & 2N (a(M)) & - -

The proof is complete. O

Partitioned Matrices (Block Diagonal Matrix)

Theorem 9.33. Let M=
0

submatrix A, and let pj;(z) = pp(z) be the characteristic equation for the submatrix D. Then the

] . Let pf{(z) = p; () be the characteristic equation for the
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characteristic equation for M is: pl,(z) = py,(z), where pi,(z) = pi (z)p}(z) B p; (z)pL (), and

par(@) = ph(2)pp (x) B p; (2)ph ().
Proof. This is simply a corollary of Theorem 9.32 O

Note 9.34. Recall that if M were a matrix in R, then the characteristic polynomial for M is
Ay = Ay Ap. In the max-times algebra, we split each characteristic polynomial into the
“positive part”, and the “negative part”. Write Ay = A% — A7 and Ap = Af — A},
Multiplying these together, and separating the parts again yields:

An = AsAp = (A = AL)(A) = Ap) (344)
= (ATAL+ AT+ Ap) — (ATAL + AT + Ap) (345)
=AL - A7, (346)

So p}; (z) = ph(2)ph () Bp,(2)pp(z), and py,(z) = pl(2)pp (z) B p,(2)ph(2).

A few examples are included to illustrate the method used above.

2 110
Example 9.35. Consider M= | 4 7|0 |
5 9|3

For this example we have A=

1
- ] and D=[3]. The characteristic equation for A is

x? B 14 = 7 x, and for D, x=3. Therefore, p}; (x)=x> B 14, p;=7x, p},=x, and pp,=3.

We now have:

pi (@) = phpl, Bpapp, = 2° B1l4r B 21z = 2° B 21z

Py (@) = phpp Bpyp) = T2° B 322 B 42 = 722 @42

This leads to the characteristic equation for M: 23 B 21z = 722 H 42, and it can be checked that:
M3B21M = 7M?> @421

We continue to the next example.

Example 9.36. Consider M =

For this example we have A= . The characteristic equation for A is

1
and D=
7

x? B 14 = 7 x, and for D, x? = 6x B 10. Therefore, pfj(x)=x> B 14, p,=T7x, p},=x?, and
pp=6x H 10.
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‘We now have:

i (@) = phpl, Bpapp = o B 1422 B 4222 B 702 = 2* B 422 B 70z
py (@) = phpp Bpaph = 72° B 623 B 1022 B 84 B 140 = 723 B 1022 B 842 B 140

This leads to the characteristic equation:

1 B 4222 B 70z = 7z° B 1022 B 84z H 140

which can be simplified to:
4 B 4222 = 723 B 84« B 140.
And it can be checked that:

MA@ 42M? = 7M* B 84M B 1401,

And, finally, one more example:

Example 9.37. Consider M =

~N ©

For this example we have A=

4

9 3 4 1(0 0]
729 2[00
47 6 6|0 0
442 6|0 0
2 7 8 3|2 6
6 2 6 5(3 0|
3 4 1

292andD:
7 6 6

42 6

] . The characteristic equation for

Ais x! B + 567x = 9x® B 63x? B 3402, and for D, x?=2x B 18. Therefore, p} (x)=x* B 567 x,
p;=9x° B 63x> B 3402, p},=x>, and p,=2x B 18.

We now have:

P (x) = phph Boapp
= 2% B 5672° B 18z* B 1262° H 6804z H 1622° B 113422 H 61236

= 2% B 182* B 5672° B 11342 B 6804z B 61236

Py (@) = phpp Boaph

= 22° © 182" B 11342% B 102062 B 92° B 632* B 340222

= 9z° B 63z* B 340222 B 10206z

This leads to the characteristic equation:

25 B 182" B 567 M 113422 B 68042 B 61236 = 92° A 632" B 34022 B 10206

which can be simplified to:

25 @ 5672° @ 61236 = 92° A 632* B 340222 B 10206

And it can be checked that:
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MC B 567M3 B 612361 = 9M5 B 63M* B 340202 B 10206 M .

Ay 0

Ay
Theorem 9.38. Let M=

C Apg
The characteristic equation for M can be written as p}t‘,zp]_v[, where:
ph = EE(Agi)Aéi) Iy Aﬁci)), where the sum is taken over all parts such that the total number of
negative parts is even (zero is an even number here), and
Py = EEl(Agi)Aéi) S Agci)), where the sum is taken over all parts such that the total number of

negative parts is odd.

Proof. This can be proved easily by induction, using Theorem 9.32.

Example:
A 0

If M= B , then the characteristic equation can be written as p'}\}[ =p,,, where
D C

P = PAPEPE Bripppe B papipe Boapppl

and

Py = phrgpc Bpipspl Bpapipd B pipsre

Bordered Matrices

a C

Theorem 9.39. If Myy» = l )

] , where ais a 1 x 1 matrix and d is 1 x 1, then the
characteristic equation for M can be written as PLZPX/[ , where

P =Pipy Brip,,

and

Py = Papg Bripg B (0 ¢)

PTOOf. pg—:X, P, =a, p;i’_:xa pJ:d
Then p},=x? B ad, and py;=(a B b)x B bc

The following facts are well-known from linear algebra.

Y

T z

Fact 9.40. = det(A) d - xT adj(A) y.
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Fact 9.41.

n—1
adj(AI — A) = > A \F (347)
k=0

where Ay = agy1l + ags2A + - + ay, An=(k+1) The a;’s are defined by:

appy = (1) D o n—(k+1), where the o ;’s are the coefficients of the characteristic polynomial.

Example 9.42. Consider the 2x2 matrix A = € Ryxo. [}

The characteristic polynomial of A is A 2 - (a;;+ag)\ + (aj1ag2 - ajsag)
Here, 0 ¢=1, o0 1=(ai1 + a2), 02 = (211822 - aj2a21)

So

—a11 — a22 0

A0:a1]+a2A: +

aip  ai2 . —a22 ai2
0 —a11 — a2 az1 22 a1 —a11
1 0
A1 = CI,QI =
0 1

A O A —a apz
=+ =
0 A as A—an

, where A is a 2 X 2 matrix and d is a scalar, then the

adj(AN[ — A) = Ag + A1)\ = l —azz 12

az1 —aii

Alc

Theorem 9.43. If M3,3 = %

characteristic equation for M can be written as pL:pX/I , where
Py = Papy Bpapy B (annB ax)(b’c) ,

and
par = phpy Bpip, B (0T c)x B (b7 Ac)

Proof. The proof of this theorem is based on the determinant of a bordered matrix as given in
aip a2 [ G

Lemma 9.40. Consider the matrix M = | as;  a99 | ¢

We calculate the det(A I- M), just as in the conventional algebra.
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/\I—A‘ —c
" |A-d

det(A\ — M) = = det(M — A) x (A — d) — bl adj(A\ — A)c

From Example 9.42, we have that adj(A] — A) = a1I + a2 A + axIA
This leads to the equation

—d) — bTadj(A\ — A)c

—d) — bT(a1] + as A + axI)\)c
—d)—a ble — asb” Ac — asbT e
—d)+ (a1 + (lgz)bTC —bTAc—bTeX

Setting the above equation equal to zero and moving all negative terms to the other side of the
equation leads to the equation given in the theorem.

An alternative method to calculate the equation using the methods of section 10 is:

(pT,p7) ® (A, d) @ ((a1:8 ag2)bTc, 0) @ (0, bTAc) @ (0, bTcA).

Note 9.44. Although this algorithm could be generalized to larger nxn bordered matrices with
n>3, the results get increasingly more complicated because the a;s have to be split into a; and a; ,

and no savings are realized over the algorithm given in section 9.1.

1]2
Example 9.45. Consider M= l+] |
314

If this case we have:

" _
T = 4
2?HB4 = 4zHz

b ¢ = 6.
This yields 2 B4 = 42 B 2 B 6. This can be simplified to 2? = 42 B 6, and it can be checked that
M satisfies the equation M? = 4M B 61.
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Partitioned Matrices and Recursion

The above sections lead to a recursive method to find the polynomial equation associated with

some particular matrices.

Example 9.46. Consider M =

= o O O

0 2
2 0
3 3
3 3

w W NN O

To calculate the characteristic equation for this polynomial, we start from the 1x1 principal
submatrix, and continue with the next larger principal submatrix. We can use recursion (updates)
on this 4x4 matrix because it is reducible and thus no 4 x4 updates are necessary as noted in
Note 9.44.

(a) [0] x=0

T = 0
010 T = 2
(b) :
212 z*HO = 2¢:HO0
z? = 2z
z? = 2z
0 02
T = 3
(c) 2 210 - -
22 H6x = 3z2H22?
3 313
2 BHéxr = 322

ch:[gg]m:a

(a11 H aQQ)bTC = (2)(6) =12

o[ 2]

P H6:EH12 = 3z2H6xH12
x® = 322
0 0 2|0 x® = 322
2 2 010 T 1
(d) 4 2 3 3
3 3 3|0 c* B3z = z°H3z
3 3 3|1 ziE 322 = 323

So in this example, we find the characteristic polynomial for the matrix A to be z* B 32? = 323,

which agrees with the Algorithm 9.1.
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10 Algebra of Polynomial Pairs in the Max-Times Algebra

10.1 Evaluation Mapping

Definition 10.1 (Evaluation Mapping for elements of R).
If a € R, and p € R[x], then F,(p) = “p(a)” = po + praa + - - - + ppa™

For the two specific algebras, we have:

(i) [(Max,x)], p(e)= Og,ggn{pka’“}

(i) [37], p(a)= & prat

Proposition 10.2.

1. F, is linear: F,(p B q) = Fo(p) + Fal(q)

2. F,(BRpHEq) =3 x Fuo(p) + Fa(q)

Definition 10.3 (Evaluation Mapping for Matrices over R"*").
Let A € R,,xn, P € R[x], then
¢a(p) =“P(A)” =po X I +p1 X A+ -+ pp X A"

Proposition 10.4. ¢4 is linear: ¢4 (BpHB q) = 8 X ¢pa(p) + da(q)

Proposition 10.5. ¢4 is multiplicative. L.e. p4(p® q) = dpa(p) X da(q).

The proof of the two propositions above are identical to the proof over rings.
Definition 10.6. In R[x], we say that f=g if and only if F,(f)=F,(g) for all x € R"

Note 10.7. In this respect, we say that two polynomials are equal if their valuations are equal.
We are considering, here, the polynomials as polynomial functions and not as polynomial forms

which are ordered sequences of coefficients.
(Max,x)-Algebra

Theorem 10.8. (x B a)* = x* @ a*, for all a € R*, and for all k € N.

Proof. First, we note that if x=a then the theorem is obvious since H is an idempotent operation.
We prove this lemma by induction on k. For k=1, the result is obvious. Suppose that the lemma is
true for k, we now show that it is true for n=k+1.
(tBa)*™ =(zBa) X (zBa)*
= (zHa) X (z* B a*)

= " Baz® B bz B!
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If x<a, then ax* < af*!, and a*x < akt!,
and if x>a then ax* < x¥*1 and afx < xk+1.

Therefore, (x B a)k*t! = xk+1 @ akt! O

In R, we know that if two polynomials are equal as evaluations, then they are also equal as formal
polynomials. This may be stated as saying there is a bijection between polynomials as valuations
and formal polynomials. In the max-times algebra this is not the case, although (Max,x) is an

infinite semiring.
Example 10.9. (x B2 =x’BH2xBH2xBH4=x’BH2xB4=x2H4 [ ]

In this example the term “2x” is dominated by the other two terms for any nonnegative real

number.

What can be said about two polynomials which are equal, as evaluations?

Lemma 10.10. If {(x), g(x) € R [x], and f(x) = g(x) (as evaluations), then

(1) of(x) = 0g(x) (degree(f(x)) = degree(g(x))).

(2) the leading coefficients of the two polynomials are equal.

(3) the constant terms of the two polynomials are equal.

ie. if f(x) = ml?x{ak:n’“ | k=0,1,...,n}, and g(x) = méaux{bg:nf | £=0,1,...,m}, then
(1) m=n

(2) an=bm

(3) ao=bg

Proof. Suppose f(x) = mgx{akxk |k=0,1,...,n}, and g(x) = mfax{bgacf |¢=0,1,...,m}, with
an # 0, and by, # 0.

Suppose that n>m, then we have

anx™ B ( other stuff ) = b, x™ B (lower powers).

If x if sufficiently large then a,x™ > b,,x™ B ( lower orders).

If a,, # 1, then divide both sides by a,,.

z" > bz’ forall0<i<m
"> b;

> "y b;
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For x>Xg, a,x" > b, x™ B by, 1x™ ! B --- B by, which can’t happen. Therefore dp(z) = 9q(z).
Likewise, since we have shown that the degree of the two polynomials are equal, we can use the
same reasoning to show that the leading coefficients of the two polynomials must also be equal.

Since the two polynomials evaluate identically for all x € Rt then, in particular,

We would like to develop a method similar to the Euclidean Algorithm for the polynomials in

(Max-x). The following example shows that this is futile.

Example 10.11. Consider the two polynomials, (x> B 1), and (x B 1). Can we write this as
(x*B 1) =q8 (xB1) Br, with Or < 9(x E 1)? m

Here we must have dq = 1, and dr = 0. Therefore we may write this equation as

?HBl=(qzHq)X(zB1)Br.

x2EE|1=qla:2EE|qla:EE|quEquEEr0

Comparing the left and right sides of the above equation, we see that ¢; must equal 1, and qg must
be less than 1. If this is the case, then the right side of the equation above becomes

x? B x B qo B r. This can not equal the left side of the equation. Therefore, we can not write
(x*B1)=qX (xB1)Br, withdr< dxB1)

Although Example 10.11 shows that we can not, in general, develop a division algorithm in
(Max-x) which is similar to the Euclidean Algorithm, the following example shows that, for certain

polynomials we can write an equation which is similar to the result of the Euclidean Algorithm.

Example 10.12. Consider the two polynomials, (x? B 2x B 3), and (x B 1). Can we write this as
(xX@E2xB1)=qR (xEB1) Br, withdr < 9(x B 1)? m

Here, we can write the appropriate equation

(2 B2:83)=(zB2)K (zB1)B3

10.2 Equations in (R[x],H,X)

In the previous sections we have considered polynomials in R[x]. In this section we investigate
equations in R[x]. An equation is a relationship between two polynomials in R[x], i.e. p(x)=q(x),
with p(x),q(x) € R[x]. A “solution”, or the “solution set”, to an equation is the set of all elements,
a € R, such that p(a)=q(a).

Consider the equation, in the unknown variable x, in R[x], p(x)=q(x). We are interested in the
solution(s) to such equations. We note that not all equations have solutions. For example,

2 B4 = 2 has no solutions in the (Max, X )-algebra.
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Example 10.13 ((Max,x)). = H4 = 2 has no solutions. [ ]
Example 10.14 ((Max,x)). = B2 = 4 has x=4 as the only solution. [ ]

Example 10.15 ((Max,x)). B2 = z B 1 has the solution set {x | x > 2} [ |

Equivalence of equations

Definition 10.16. Given two polynomial equations, p;(x)=p2(x), and q; (x)=qa2(x), we say that
the two polynomials are equivalent, denoted p;=ps ~ qi1=qq, if the two equations have the same

solution set.
Lemma 10.17. Definition 10.16 is an equivalence relation.

Proof. 1t is easy to see that the relation is Reflexive, Symmetric, and Transitive, since the sets
associated with the equations are equal in the set-theoretical sense, i.e. the sets associated with

each equation are equal. O

It is interesting to note that if p(x) has terms dominated by all other terms in the polynomial,
then the terms can be dropped. Example: x> H 2z H 4 can be replaced by z2 B 4, since the term
“2x” is dominated by the other two terms for any number in (Max-x). This is not true, however,

i

for matrices. Consider the two equations from above, and the matrix A=

For this matrix, we have :
. 28 7 2 14 4 0 28 14
A2@B2AH4I = H H =
4 28 8 2 0 4 8 28
2 7 ] 4 0

while
28 7
4 28 0 4 4 28

A2 B4l = l
Therefore, for this matrix, A? B 2A B 41 # A? @ 41

10.3 (P?, @, ®)

Let P? = R[x] x R[x].

In the previous section we considered solution sets for equations in the (R[x],HH,X) semiring. Let us
look closer at these equations. To facilitate our investigation, we will consider polynomial
equations as a pair of polynomials.

An equation p;(x)=p2(x) can be associated with an ordered pair (p;,p2). For reasons which will
be apparent later, we will write the equations as p*(x)=p~ (x) and the ordered pairs as (p*,p~).

Let us define an algebra on these ordered pairs.

Definition 10.18.
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(1) Fora € R,a ® (p+,p ) = (apt,ap").
(2) For f(x) € R[x], f(x) ® (p*,p7) = (f(z) Rp*, f(x) ®p).
(3) Let p=(p*,p~), a=(¢*,¢") € P*. Then
* 7)) =t EgT,pTHq)

b)) p®a=@EhHhp)® (e )= W@q Bp g ,ptq Bpqh)

(a) p@a=("p7)e(q

Theorem 10.19. The system (P2,®,®) is an idempotent semiring.

Proof. We go through the proof in detail. We write p,q € R[x] instead of p(x), q(x).
(A) &
(1) Closure:
p@®q=@p"p7)®(¢"q)= (@ Bqgt,p~Byg)
pm B q"t € P, and
p~ B q~ € P. Therefore, p @ q € P2,

(2) Associativity:

poger=[p"p)e@ )", r)
(+Eﬂq p"BgT)e ()
=((p*B¢")Br,(p" Bg )Br7)
=(p E(¢"BrT),p B¢ Br))
=@ p)e (¢ Brtq BrT))
=@h ) eld ) e )

=polgor]

(3) Commutativity: (& is commutative because K is commutative.)
pog=@"p )o@ q)
=(p"Bq",p Hq)
=(¢"8p".q¢ BHp)
=@ g )®e @ p)
=q®dp
(4) Additive identity:

(0,0) is the additive identity of P2.

(0,0) ® p = (0,0) ® (p*,p7) = (pT,p7) ® (0,0) = (", p7) =p
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(B) @

(a) Closure:
p®q=(p",p7) @ (" q)=@q¢ Bpq,ptq Bpqgh).
pt K¢t Bp Kq € R[z], and
pTR,q- Bp~ Mgt € R[a]
Therefore p @ q € P2.

(b) Associativity:

peqe

)o@ )o@t r)

(Pt ¢ Bp ¢ ,ptq Bp ¢M)]e (@)

prqtBp g )rT B (pTeT Bp )T,
Tt Bp g )T B(pte BpTgh)rh)

=@ gt Bp g rtBptgr Bp g,

[
[
((
(

prgtr Bp ¢ r  BptgTrt BpTgtrt)
=@ gt BptqTr  BpTgtrT BpTqTrT,

prgtr BptgrTBp ¢t Bp g )
=" (gtrtBgrT)Bp (¢"r Bg ),

pr(gTrT Bt ) Bp T (¢Trt BgTr))
=@ p)el¢trTBe g Bg )]
=@hr)elda) et q)]
=p®[g®r]

(¢) Commutativity:
p@q=(pTqtBp ¢ ,p ¢ Bp q")
=("ptBq p .q'p Bq ph)

=qQ®p

(d) Multiplicative Identity:
(1,0) is the multiplicative identity.

(10)@p=(10) @ @rp)=0ptBO0p~ ,0p~B1lp )=(p",p)=p

(e) Absorbing Property of Additive Identity:
(0,0) ® p = (0,0) ® (p*,p™) = (0,0).
® (0,0) = (p*,p7) ® (0,0) = (0,0).

(C) Distributivity of ® over @.
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We show left distributivity, and leave right distributivity for the reader.

pelaer]=@"p)eld" ) e 0", r)
=" ) e(¢" Br,q Br7)
=@ (¢ BrT)Bp (¢ Br),p" (¢ Bro)Bp (¢" BrT))
=@ g BprTBp ¢ Bp r,ptq BpTr  Bp ¢ Bp )
=(ptq"Bptq Bp rTBp r,ptq” BpT¢t Bpr Bp )
=" Bp g, p g Bp g @[T BpTrT,pTrT Bp )]

=@ p) @@ a)]elet,p) e (™)
=(pogo@pPar)
And the proof is complete. O

We can add the following lemma.

Lemma 10.20. If R[x] is idempotent, then P? is idempotent.
Proof. p®p = (p*,p7) © (p",p") = (p" BpT,p Bp ) =(p*,p ) =p O

Equivalence of polynomial pairs

Definition 10.21. (p*,p™) is said to be equivalent to (¢7,¢~) if and only if pT(x)=p~(x) is

equivalent to T (x)=q~(x) as equations from section 10.2.

We note here that if p;(x)=p2(x) ~ q1(x)=q2(x) and a € R with p;(a)=pa(a), then q;(a)=qa(a).
However, this is not true for matrices. As an example, consider the equivalence of the equations:

2?2 =228 3 ~ z = 2. They are equivalent since both equations have x=2 as the only solution. If

we consider the matrix A= , we note that p1(A)=p2(A) but q;(A) # p2(A). So,

A2 = 2A B 3L but A # 21
Another counterexample: 22> =2z B3 ~ 2 = 2B 1. The matrix A above satisfies the equation

2% = 22 B 3, but matrix A above does not satisfy the equation 2* = 2z B 1.

Division

Our main motivation for considering division of polynomial pairs is to work with the Characteristic
Polynomials associated with matrices. As such, we will assume, in the polynomial equation
pt(x)=p~(x), that Op™ > dp~

We define a division for these polynomial pairs. Suppose that Op™ > p~, and OhT > Oh™.
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Definition 10.22.
We say that p | h (as polynomial pairs) if there exists a polynomial pair, ¢, € P2, such that
p®q=h,
or
(p*,p7) | (BT, h7) if there exists (¢*,¢~) € P?, such that (p*,p~) @ (¢%,¢7) = (h*,h7).
The definition above can be written as:
ht =4thT By b (348)
h™ =y htByth™ (349)
Let us show that this (division) is a Reflexive, Transitive, Anti-symmetric relation on P2. We
assume that all equations in this section represent “identities”, equations which are true for all
T € R.
(A) Reflexive:
p | p, since (1,0) ® p = p.
(B) Transitive:
Suppose p | q, and q | h.

Then there exists an «a such that @ ® p = g, and there exists a 8 such that § ® q = h.
Thenh=0®q=0® [a®p]=[F® a] ® p. Therefore p | h.

(C) Anti-Symmetric:
Suppose p | h and h | p. Then h=a ® p, and p=f ® h. Then
h=a® [B®@hl=[a® B]®h=7v®h, where v = [a ® 8 ]. This leads to:
ht =~thT B~y~h~ (350)
h™ =~"htByTh™ (351)
By using Lemma 10.10, we get that v© = 1 from Equation (350), and v~ = 0 from
Equation (351). Therefore v =(1,0), which implies that @ ® 8 = (1,0).

7 =(1,0)

a®f=(1,0)

(@™,a7)® (87,87) = (1,0)

(atptBa B, a"f"Ba BT) =(1,0)

atBtBHa B =1
atf"Ha BT =0

(352)

Equation (352) leads to the following two cases:
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@ a*+ g+ £0
atBT #0= at #0and g #0
— 3 =0anda =0sincea™s =0and a8 =0
= atpt =1
= a™, and BTare constants by definition (of degree)
= (W, h7) = (a7, 0)® (p",p7) =a" @ (p",p7)

— h = a ® p, where a is a constant.

() a= B~ #0

a T #0=a #0and g~ #0
= Tt =0and at =
—a =1
= «~, and ™ are constants by definition (of degree)
= (p"p ) =(0,)@ (" ,h ) =5 @ (h",h")

— p = B ® h,where [ is a constant.

Wt = apt + — G-
{ o or {p g (353)
- p~ = ph*

Since this division relation has been shown to be Reflexive, Transitive, and Anti-Symmetric, it

induces a partial order on the system (P2, &, ®): p < q <=Dp|q

Note 10.23.

(1) Qo) (e )=(@"p)

2 Ol ®@EHhp)=0r .p")

(3)  We can define: e=(1,0), and i=(0,1), then

(a) i’=e
(b) (Tp)=p'®e @©[p ®i

() hp)e@ha)=pbTe@h¢)] o @0,1)x (" q)
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10.4 Ideal

Definition 10.24. Given a matrix A, define
na = {p=(p*.p7) € P> | p*(A) =p~(A), and Ip* > Jp~ }

From Section 8.9 we know that n4 # @ since the Characteristic Polynomial Equation Pair

associated with the matrix A exists and is an element of 7)4.
Lemma 10.25. If p € 14, and a € R, then a p € 74.

Proof. The proof of this lemma follows from the fact that multiplication by a constant is

calculated element-wise. O
Lemma 10.26. If p € 74, and f € R[x], then (f ® p) € na.

Proof. Suppose p*(A)=p~ (A). Consider f(A)pT(A), and f(A)p~ (A).
® =] i . ] ® (354)

Look at the ij*" element of the product. Since p*(A)=p~(A) then [p*(A)];;=[p~ (A)];;
V1 <ij <, then [f(A) p™(A)];=[f(A) p~(A)]y U

Lemma 10.27. If p € n4, and q € 74, then (p & q) € 4.

Proof. (pT BqT)(A) = pt(A)B gt (4), and

(pBq )(A) =p (A Bqg (A4) from Lemma 10.2.

Consider the ij'® element of p™(A4) B¢ (A4). The ij'" element of p™(A4) B ¢ (A) is one of the
elements [p*(A)];;, or [qT(A)];;. Suppose, without loss of generality, that it is [q*(A)];;. Then
[a™(A)]i; > [P (A)]i;- Therefore, [q7(A)]i;; > [p™(A)]i;, since [p*(A)]i; = [p™(4)];;, and

[a7(A)]i; = [a7 (A))i;- Therefore, [p~(A) Bq~(4)}i; = ¢ (A)];; , and

[+ (4) B ()] = [ (4) B ()] o

Lemma 10.28. If p € n4, and q € 74, then (p* K q7)(A) = (p~ W q7)(A).

Proof. Proof is similar to Lemma 10.27.

Consider the equation (p* B q7)(A) = (p~ B qt)(A). Consider the ij** element of each side.
Without loss of generality, if [pT(A)];; > [q7(A)];; then [pT(A)];; = [p~(A)])i; > [at(A)];), and
the result follows. O

Lemma 10.29. If p € n4, and q € 4, then (p ® q) € Na.
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Proof. Let p=(p*,p~) € n, and q=(¢*,¢") €. So p*(A) = p~(A), and q*(A) = q~ (A).

(P ®a)(A) = (pFq" Bp~q™,pTq” Bpq)(A).

We need to show that: pT(A) g7 (A) Bp~(A) g~ (A) =p*(A) g (A) B p~(A) q*(A) This follows
from the identity, and use of Lemma 10.26 and Lemma 10.27: (pT ¢t Hp ¢ ,pTq¢ BpqT) =

pT ®(q"q7) @ p” @ (a7,q"). O

Lemma 10.30. If p € 4, and f € P2, then (f ® p) € 7a.

Proof. Suppose pt(A)=p~(A), and f=(f*, f~) € P2 Then fT @ p € 54 and = ® (pT,p~) € na,
by Lemma 10.26. Therefore,just as in 10.29, we have (f*p* R {7 p~)(A) = (f'p~ K {~p™)(A).
Therefore (f ® p) € n4. O

Theorem 10.31. 7 is an ideal of P2.
Proof.
1. Lemma 10.27 provides the proof that 74 is closed under .
2. ®: Lemma 10.29 provides the proof that 74 is closed under ®.

3. Lemma 10.30 provides the proof that ® “captures” elements on P2,
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11 Parallels

Many parallels exist between the Max-Times / Max-Plus algebras and the algebra of nonnegative

matrices. Table 6 lists a few of the many parallels between these algebras.
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Nonnegative

mt

p(A) is eigenvalue of A.

u(A) is an eigenvalue of A.

If A is irreducible, then p(A) is only posi-
tive eigenvalue of A, and associated eigen-

vector is v=au, u>0.

If A isirreducible, then p(A) is only eigen-
value of A and every eigenvector corre-

sponding to p(A) is finite.

If A has a partly non-positive eigenvector,

then A is reducible

If A has a partly infinite eigenvector, then
A is reducible

If B < A <C, then p(B)< p(A)< p(C).

If B < A <C, then pu(B)< p(A)< p(C).

If A 2 0, then p(A) is eigenvalue of A and

A x = pzfor some g 20

If A 2 0, then pu(A) is eigenvalue of A and

A x = px for some g 26

If A is nonnegative and irreducible, n>2,
and y>0 with exactly k positive coordi-
nates, 1<k<n-1, then (I,+A)y has more

than k positive coordinates.

If A is nonnegative and irreducible, n>2,
and y>0 with exactly k positive coordi-
nates, 1<k<n-1, then (I,+A)y has more

than k positive coordinates.

If A is irreducible, n > 2, and y >
— oo with exactly k finite coordinates,
1<k<n-1, then (I,,+A) x y has more than

k finite coordinates

If A is irreducible, n > 2, and y >
— oo with exactly k finite coordinates,
1<k<n-1, then (I, & A)® y has more

than k finite coordinates

A > 0, irreducible = there exists m

such that (I4+A)™ > 0.

A >0, irreducible = there exists m

such that (I A)™ > 0.

If A is non-negative and irreducible, and
y 2 0, then (I, + A)" 'y > 0.

If A is irreducible, and y 2 0, then (I, ©
Aty > 6.

A, xn 1s non-negative and irreducible =

A+ A 4.+ A" >0

A, «n Irreducible —

A A’ A" > —x

A, «n 1s non-negative and irreducible =
I+ A+ A4 ... 4 A" >0

A, «n Irreducible —
oA A’ oA > —

If A has no cycles then 0 is the unique

eigenvalue of A.

If A has no cycles then — oo is the unique

eigenvalue of A.

0 is an eigenvalue of A if and only if A has

an zero column

— oo is an eigenvalue of A if and only if A

has an infinite column

Table 6: Parallels between Nonnegative and 91+ matrices
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Semirings

no zerd "Division
Idempotent Zerosumfree L. Cancellative .
divisors Semiring
mt o | Msets ]Rj
Boolean ]Rﬂ

Ax =vx Ax = px

Figure 6: Relationship between semirings and eigenvalue equations

12 Conclusions and Open Questions

As we have seen in Section 8 there is a theory which can be considered as a connection between
the nonnegative numbers and the Max-Times algebra. The mset algebra has allowed us to catch a
glimpse at one theory which connects these algebras. We have seen that a connection exists
between the eigenvalue/eigenvector equations for the two algebras. The multisets are a tool which

can be used for calculations in any semiring (and ring).

12.1 Open Questions

There are still many open questions related to this connection. In this section some of the open

questions that have appeared are presented as a step toward continuing this research.

Example 12.1. An interesting equation developed, which was investigated. Although no full
investigation was completed an elegant conjecture evolved. The proof will require more time to
develop. The problem is to find a relationship between the msets for the following equation to
hold: a K3 =~y K 4. [ ]

The consistency condition requires that |a| - |5] = || - |J]-
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The following conjecture has been developed.

Conjecture 12.2. If a X g =y X, then
a=a; Qay & Qp,
B=p1®Pa - ® P,

Y= @72 ®7s,
0=0, R0y R 0.

(355)

where the direct products of v and § are composed of combinations of the parts of a and S.

Although some easier examples are certainly possible the following example is a fairly general

example.
Example 12.3. Consider the true equation: {1,2,4,8} X {1,3,5,15} = {1,3,4,12} X {1,2,5,10}
In this example we see that each of the multisets can be decomposed into a direct product of
multisets:

a={1,2} ®{1,4}

B={1,3} ®{1,5}

Y= {173} X {114}

0={1,2} ®{1,5}

]

A full investigation of this relation involves a deep understanding of permutations of the elements

of rank one matrices.
Conjecture 12.4. If ax C fz, and 5| < || - |z|, then a C 3.

A full investigation of the analog to the matrix B* over msets is not complete. The question still
remains as to how this matrix should be defined. One answer would be to define this as the infinite
sum B*=I & B w B? W --- is okay, but this matrix is now over the power set 4 of infinite msets,
which is no longer cancellative. We may need to look at the conditions for which the sum of the

elements exists, such as the elements should be in ¢!.

12.2 Questions to be answered about Polynomial Pairs

1. If f=(fT, f~) € P2, then v(A) is a root of (f ® p), where p is characteristic equation of A.

2. Is every root of a characteristic equation also a root of every equation in 747
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3. Would it be possible to define (p*,p~) ~ (¢7,q7) if and only if
P B qm() = pm() B qt(x) Vx e RF?

4. Does the ideal n4 have a generator? If so, is the generator unique? If so, can we say that
every element of 774 is divisible by the generator? This would lead to an association much
like that of a PID.

5. Can we find a matrix with a non-monic minimal poly? I don’t think so, unless we go to a

system which is not an integral domain, such as Z/(12). For example see [25, p.164ff].

Conjecture 12.5. If (pT,p~) is the characteristic equation of A, and b is a root of (p*,p™), then
b is a root of (f ® p) for any f € P

Conjecture 12.6. v(A) is a root of every element of 74.

Conjecture 12.7. If (p*,p~) is the characteristic equation of A, and b is a root of (p*,p™), then

b is a root of every element of 74.

The next two examples concern the minimal polynomial of a matrix.

Example 12.8. Consider Example 9.4. If A=J3.3, the characteristic equation is ® = 22, but it
can be checked that 22 = x is also an equation of smaller degree. Can we say that the polynomial

equation of smaller degree divides the polynomial equation of larger degree? [ ]

In this example we first go from equations to polynomial pairs, and rephrase the question above as:
Does (z%,2) | (23,2%)?

This question can be answered in the affirmative, as it can be checked that

(x,0)® (x?,x) = (x>, x?%).

Example 12.9. If A=J3,3-I343, then the characteristic equation is 23 = 2 B 1, but it can be

checked that z2 = 2 B 1 is also an equation of smaller degree which is satisfied by the matrix. W

In this example we first go from equations to polynomial pairs, and rephrase the question above as:
Does (22,2 81) | (2,2 81)?
This question can be answered in the affirmative, as it can be checked that

xEH1,0)® x*,xB1) =x3,xH1).
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A Appendix

A.1 Basic Properties

Table 7 lists some basic facts about the following four algebra systems.

(a) Non-negative Real numbers
(i) adb=a+b
(ii) a@b=axb
(ili) =0 and e=1
)

(iv) {0, + } <= {0, (>0)}

(b) Boolean Algebra
(i) a ® b = max(a,b)
(ii) a ® b = min(a,b)
(iii) =0 and e=1
)

(iv) {0,1} <= {0, (>0)}
(¢) Max-Plus Algebra
(i) a @ b = max(a,b)
(i)
(iii) # = —oc0 and e=0
(iv) { —o0, (# —o0) } {0, (> 0)}

a®b=a+b

(d) Max-Times Algebra
(i) a ® b = max(a,b)
(i) a@b=axb
(iii) =0 and e=1
)

(iv) {0, + } <= {0, (>0)}
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Number | Statement True/False

1 Ifx; =6, Vi, then ®z; =60 True

2 Ifx; =6, Vi then ®x; =86 True
If @x; #6, then Ji > x; #6

3 True
(CP-1)
If ®x; #6, then di > x; #6

4 True
(CP-2)
If ®x; # O,then z; #6, Vi

4.5 i i# True

(stronger than 4.)

If @z; =0, then z; =6, Vi
5 True
(Conv-1)

If ®x; =6, then z; =6, Vi
6 False
(Conv-2) (only one z; = 6 needed)

If z; =6, then di>x; =46
6.5 True
(Weaker than 6.) (No Zero-Divisors)

If 9i > ©; # 0, then dux; #6

7 True
(Inv-1)
If 4i 5 x; # 6, then Rx; £ 60

8 o7 o7 False
(Inv-2)

9 If x; #6, Vi, then ®x; # 6 True

10 Ifx; #6, Vi, then ®x; #0 True

Table 7: Basic facts about some specific path algebras
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A.2 Matlab programs for the Max-Plus Algebra System

This section contains some programs in Matlab to perform some of the elementary operations in

the (max,+) - algebra.

function cout = oeye(n)
% Returns the nxn identity matrix in the max-plus system.

cout=zeros(n,n); for i=1:n
for j=1:n
if i==j
cout(i,j)=0;
else
cout(i,j)=-inf;
end
end
end

function cout = otrace(a)

% This function returns the trace of the matrix a in the
% max-plus algebra system.

% Requires: none.

if size(a,l1) =size(a,?2)

disp(’ERROR -- matrix must be square’)
return
end

cout=-inf;
for i=1:size(a,1)
cout=max(cout,a(i,i));
end

function cout = oplus(a,b)

% calculates a + b in the max-plus algebra system
% oplus(a,b)=max(a,b)

% Requires: none.

cout=max(a,b);

function cout = otimes(a,b);
% calculates the product of a and b in the max-times algebra.
% Requires: none.

if max(size(a))==
cout=a+tb;

elseif size(a,2) "= size(b,1)
disp(’7??7 Error using ==> otimes’)
disp(’Inner matrix dimensions must agree’)
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else
kc=size(a,2); ar=size(a,1); bc=size(b,2);
cout=zeros(ar,bc);
for r=1:ar
for c=1:bc
t=a(r,1) + b(1,c);
if a(r,1)==-inf | b(1,c)==-inf
t=-inf;
end
for k=2:kc
s=a(r,k)+b(k,c);
if a(r,k)==-inf | b(k,c)==-inf
s=-inf;
end
t=max(t,s);
end
cout(r,c)=t;
end
end
end

function cout = opower(a,n)

% calculates the nth power of the input matrix

% in the max-plus algebra

% calculates the power using binary representation
% of the exponent -- very fast!

% Requires: oeye.m , otimes.m , oplus.m

if n==
cout=oeye(size(a));
elseif n==
cout=a;
elseif n==2
cout=otimes(a,a);
else
x=[];
XW=n;
while xw™=0
x=[x rem(xw,2)];
xw=fix(xw/2);
end
cout=a;
1x=length(x)-1;
for z=1x:-1:1
if x(z)==
cout=otimes(cout,cout) ;
else
cout=otimes ((otimes(cout,cout)),a);
end
end
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end

function cout = omu(a);

% calculates the maximum cycle mean of a matrix
% in the max-plus algebra

% Requires: oeye.m , otimes.m , otrace.m

if size(a,1) "=size(a,2)
disp(’ERROR -- matrix must be square’)
return

end

cout = -inf; d=oeye(size(a,1));

for j=1l:size(a,1)
d=otimes(d,a);
x=otrace(d);
if x"=-inf
xx=(1/3)*x;
else
XX=X;
end
cout = max(cout,xx);
end

function cout = oddag(b)

% calculates b double dagger if it exists.

% oddag(B) = I + B + B"2 + ... + B"{n-1}

% max circuit mean must be <= 0 for convergence

% Requires: oeye.m , omu.m , opower.m , otimes.m , oplus.m

if size(b,1) =size(b,2)

disp(’Error -- matrix must be square’)

return

end

z=omu(b); if z>0
disp(’ERROR -- max eigenvalue > 0 --- too large’)
disp(’No convergence’)

return

end

sz=size(b,1); cout=oeye(sz); cout=oplus(cout,b);
for x=2:sz-1

cout=oplus (cout,opower(b,x));
end

function cout = odplus(b)
% calculates "b“plus" if it exists.
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% odplus(B) = B+ B"2 + ... + B™n
% max circuit mean must be <= 0 for convergence
% Requires: omu.m , opower.m , otimes.m , oplus.m

if size(b,1) "=size(b,2)

disp(’Error -- matrix must be square’)

return

end

z=omu (b) ;

if z>0

disp(’ERROR -- max eigenvalue > O --- too large’)
disp(’No convergence’)

return

end

sz=size(b,1); cout=b;
for x=2:sz

cout=oplus (cout,opower(b,x));
end

function cout = omukarp(a)

% calculates the maximum circuit mean for the adjacency
% matrix A, using Karp’s Algorithm.

% Requires: opower.m , otimes.m , oplus.m , oeye.m

=

=size(a,1);
an=opower (a,N) ;
mnk=inf;
mxj=-inf;
for i=1:N
for j=1:N
for k=0:N-1
ak=opower (a,k) ;
z=(an(i,j)-ak(i,j))/(N-k);
if an(i,j)==-inf & ak(i,j)==-inf
z=-inf;
end
if z==NalN,z=-inf,end
mnk=min(mnk,z) ;
end
mx j=max (mxj ,mnk) ;
end
end
cout=mxj;

function cout = oplusm(a,b,c,d,e,f,g,h)

% This function calculates the sum of up to 8 matrices in the
% max-plus algebra system.

% oplus(a,b)=max(a,b)
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% Requires: mnone.

if nargin==
cout=a;
elseif nargin==
cout=max(a,b);
elseif nargin==3
cout=max (max(a,b),c);
elseif nargin==
cout=max (max(a,b) ,max(c,d));
elseif nargin==
cout=max (max(a,b) ,max(max(c,d),e));
elseif nargin ==
cout=max (max(a,b) ,max(c,d));
cout=max (cout ,max(e,f));
elseif nargin ==
cout=max (max(a,b) ,max(c,d));
cout=max (cout ,max(e,max(f,g)));
elseif nargin ==
cout=max (max(a,b) ,max(c,d));
cout=max(cout,max(e,f));
cout=max (cout ,max(g,h));
else
disp(’ERROR using oplusm.m’)
end
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A.3 Matlab programs for the Max-Times Algebra System

This section contains some programs in Matlab to perform some of the elementary operations in

the (max,x) - algebra.

function cout = btrace(a)

% This function returns the trace of the matrix a in the
% max-times algebra system.

% Requires: nomne.

if size(a,1) "=size(a,2)
disp(’ERROR -- matrix must be square’)
return
end cout=0; for i=1:size(a,1)
cout=max (cout,a(i,i));
end

function cout = bplus(a,b)

% returns the sum of two numbers (matrices) in the
% max-times algebra system.

% bplus(a,b)=max(a,b)

% Requires: nomne.

cout=max(a,b);

function cout = btimes(a,b);

% calculates the product of two numbers (matrices) in the
% max-times algebra system.

% Requires: none.

if max(size(a))==

cout=a*b;
elseif size(a,2) "= size(b,1)

disp(’?77 Error using ==> btimes.m’)

disp(’Inner matrix dimensions must agree’)
else

kc=size(a,2);

ar=size(a,1);

bc=size(b,2);

cout=zeros(ar,bc);

for r=1:ar

for c=1:bc
t=a(r,1)*b(1,c);

for k=2:kc
s=a(r,k)*b(k,c);
t=max(t,s);
end

cout(r,c)=t;
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end
end
end

function cout = bpower(a,n)

% calculates the nth power of the input matrix

% in the max-times algebra

% calculates the power using binary representation
% of the exponent -- very fast!

% Requires: btimes.m , bplus.m

if n==0
cout=eye(size(a));
elseif n==
cout=a;
elseif n==2
cout=btimes(a,a);
else
x=[];
XW=n;
while xw™=0
x=[x rem(xw,2)];
xw=fix(xw/2);
end
cout=a;
1x=length(x)-1;
for z=1x:-1:1
if x(z)==
cout=btimes(cout,cout);
else
cout=gtimes ((btimes (cout,cout)),a);
end
end
end

function cout = bmu(a);

% calculates the maximum cycle mean of a matrix
% in the max-times algebra

% Note: omu(a) is the same as: log(bmu(exp(a))
% Requires: btimes.m , btrace.m , bplus.m

if size(a,l1) =size(a,2)
disp(’ERROR -- matrix must be square’)
return
end
cout =0;
d=eye(size(a,1));
for j=1l:size(a,1)
d=btimes(d,a);
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x=btrace(d);

xx=x"(1/3);
cout = max(cout,xx);
end

£

unction cout = bddag(b)

% calculates b double dagger if it exists.
% bddag(B) = I + B + B"2 + ... + B"{n-1}
% max circuit mean must be <= 1 for convergence

% Requires bmu.m , bpower.m , btimes.m , bplus.m

z=gmu (b) ;
if z>1
disp(’ERROR’)
disp(’max eigenvalue > 1 --- too large’)
disp(’No convergence’)
return
end

sz=size(b,1);
cout=eye(sz);
cout=bplus(cout,b);
for x=2:sz-1

cout=bplus (cout,bpower (b,x));
end

f
h
h
h
h

zZ

unction cout = bdplus(b)

calculates "b"plus" if it exists.

bdplus(B) = B + B"2 + ... + B™n

max circuit mean must be <= 1 for convergence

Requires: bmu.m , bpower.m , btimes.m , bplus.m

=gmu (b) ;

if z>1
disp(’ERROR’)
disp(’max eigenvalue > 1 --- too large’)
disp(’No convergence’)

return

end

sz=size(b,1);
cout=b;
for x=2:sz cout=bplus(cout,bpower(b,x)); end
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A.4 Matlab programs for the mset Algebra System

This section contains some programs in Matlab to perform some of the elementary operations in

the mset - algebra.

function cout=am(a,b)

% Multiply two msets (as row(a) and row(b)) and return
% the product as a sorted list

% a is ’1xn’ vector and b is ’1xn’ vector.

% Requires: nomne.

if ((size(a,1)==0)&(size(a,2)==0)) | ((size(b,1)==0)&(size(b,2)==0))
cout=[];
return

end

if (size(a,1)7=1)| (size(b,1)~=1)
disp(’Error -- both matrices must be 1xn’)
return

end

as=size(a,2); bs=size(b,2); cs=as*bs; cout=zeros(l,cs);

for i=1:as
for j=1:bs
cout (bs*(i-1)+j)=a(i) *b(j);
end
end

cout=sort(cout);

function [e,f]l=amrd(a,b,c,d)
% Multiply (a,b)*(c,d) as msets over R"D. (Ring of Differemnces)
% Requires: am.m

el=am(a,c); e2=am(b,d); fl=am(a,d); f2=am(b,c);

e=sort([el,e2]); f=sort([f1,£2]);
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A.5 UBASIC programs for Characteristic Polynomial

This appendix contains a program written in UBASIC to calculate the characteristic polynomial in
the Max-Times Algebra system. UBASIC is a fast, and free, BASIC-interpreter capable of large

number arithmetic.

10 > This UBASIC program can be used to find the characteristic
20 ’ equation for a matrix. It returns the list of

30 > coefficients associated with the equation.

40 > The program also returns the maximum eigenvalue for

42 > the given matrix.

45 > The program could be reworded to use

47 ’ extended memory and increase the size of the matrix.

50 word 100 ’Uses small numbers to get 5x5 matrices stored.

60 cls

70  Mx=5:Mxf=! (Mx) :Mxf2=Mxf//2

80 dim M(Mx,Mx),Sbm(Mx,Mx),Rwa(Mx),Cla(Mx),Charpoly (Mx+2) ,BNu(Mx+1)

90 dim I(Mx),Mat(Mx,Mx),Detlist(Mxf),Arr(Mx),Detodd(Mxf2),Deteven(Mxf2)
120 ’

130 print "Enter number of Rows (and columns), Max size is '";

140 print Mx;"x";Mx;" : ":input Rws

150 Cols=Rws

160 ’ === 1input matrix

170 for I=1 to Rws:for J=1 to Cols

180 print "element M(";I;",";J;") ";:input M(I,J)
190 next J:next I

200 cls

210 ’

220 print

230 gosub *Prtmtrx(M() ,Rws,Cols)

240 print

250 for Cb=1 to Rws

260 Tcnt=0

270 gosub *Combinat (Rws,Cb) ’Calculates the rows/cols for princ det
280 gosub *Calccoef:’Calculates the coefficients

290 next Cb

300 print:print "charpoly coefficients"

310 for I=1 to Rws:print Charpoly(I),:next I

320 print:print:print:print "Characteristic polynomial"
330 print "x"";Rws;

340 for I=1 to Rws ’Print LHS of equation.

350 if Charpoly(I)>0 then print " + ";Charpoly(I);"* x~";Rws-I;
360 next I
370 print " =";

380 for I=1 to Rws ’Prints RHS of equationmn.

390 if Charpoly(I)<O then print " + ";(-1)*Charpoly(I);"* x"";Rws-I;
400 next I

410  gosub *Nu(&Charpoly() ,Rws) ’ Calculates max. eigenvalue.

420 print:print

430 print "Maximum eigenvalue of the matrix is $\nu$(A) = ";Mxnu
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440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940

print "$\nu$(A) = (";(-1)*Charpoly(Svplc);")~(1/";Svplc;"™)"
print=print
end
’======= LIST OF SUBROUTINES.
’ ==== print maxtrix subroutine
*Prtmtrx (Xarr(),R,C)
for I=1 to R:for J=1 to C:print Xarr(I,J);:next J:print:next I
return
)========== submatrix
*Submatrix (Arr () ,Rwa() ,Cla(),Sbm() ,Rn,Cn)
local I,J,A,B
for I=1 to Rn:for J=1 to Cn

A=Rwa(I) :B=Cla(J)

Sbm(I,J)=Arr(A,B)
next J:next I
gosub *Det (Sbm() ,Rn)
return
? =========== combination routine
*Combinat (N, M)
local J
for J=1 to M:I(J)=J:next J ’initialization
? ==== process selection == takes principal submatrix
gosub *Submatrix(M(),I(),I(),Sbm(),M,M)
? ==== end process
p=M
if I(P)<N-(M-P) then

:inc I(P):for K=P+1 to M:I(K)=I(P)+K-P:next K:goto 650
relse
:if I(1)<(N-M+1) then
:dec P:goto 690

relse
:goto 780

rendif
:endif
return
? ======= determinant
*xDet (Mat () ,R)
local I

dim Arr(20)
for I=0 to R-1:Arr(I)=I+1:next I ’initialize
gosub *Workingpart
gosub *Permute (&Arr(),R,0)
return
? ========= permutation program
*Permute (&Xrr () ,PN,PS) ’this subroutine does permutations
local Tmp,P,Q,T
if PS>=PN-1 then return
for P=N-2 to PS step -1
for Q=P+1 to PN-1 step 1
Tmp=Xrr (P) : Xrr (P)=Xrr (Q) : Xrr (Q)=Tmp
gosub *Permute (&Xrr () ,PN,P+1)
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950 gosub *Workingpart

960 next Q

970 dec Q

980 Tmp=Xrr (P)

990 for Tig=P to Q-1:Xrr(Tiq)=Xrr(Tiqg+1):next Tiq
1000 Xrr(Q)=Tmp

1010 next P

1020 return
1030  *Workingpart

1040 inc Tcnt

1050 gosub *Evenodd(Arr(),R,&Eo)

1060 Prd=1

1070 for Zz=1 to R:Prd=Prd*Mat(Zz,Arr(Zz-1)) :next Zz
1080 Detlist(Tcnt)=(-1) "Eo*Prd

1090 return

1100 ’ Even or odd permutation

1110  *Evenodd(A(),Ln,&Eo)

1120 local I,J

1130 Eo=0

1140 for I=0 to Ln-2:for J=I+1 to Ln-1
1150 if A(J)<A(I) then inc Eo:endif
1160 next J:next I

1170 return

1180 ’ calculate coefficient of polynomial
1190 *Calccoef

1200 Odcnt=1:Evcnt=1

1210 for I=1 to Tcnt

1220 if Detlist(I)>0 then

1230 :Deteven(Evcnt)=Detlist(I):inc Evcnt
1240 :elseif Detlist(I)<0 then

1250 :Detodd(0dcnt)=abs(Detlist(I)):inc Odcnt
1260 rendif

1270 next I

1280 dec Odcnt:dec Evcnt

1290 gosub *Sort(&Deteven() ,Event)

1300 print "E";Cb,Evcnt,

1305 for Zzz=1 to Evcnt:print Deteven(Zzz);:next Zzz:print
1310  gosub *Sort (&Detodd () ,0dcnt)

1320 print "0";Cb,0dcnt,

1325 for Zzz=1 to Odcnt:print Detodd(Zzz); :next Zzz:print
1330 Si=0

1340 if Si>0dcnt or Si>Event then Charpoly(Cb)=0:goto 1410
1350 if Deteven(Evcnt-Si)=Detodd(0dcnt-Si) then inc Si:goto 1340
1360  A=Deteven(Evcnt-Si) :B=Detodd(0dcnt-Si)

1370  Mx=max(A,B)

1380 if Mx=A then Mxeo=1 else Mxeo=-1:endif

1390  Mxprd=(-1) “Cb*Mxeo*Mx

1400  Charpoly(Cb)=Mxprd

1410 return

1420 ' ====== sort algorithm ( old slow sort )

1430  *Sort(&A(),N)
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1440 local I,J

1450 for I=1 to N-1l:for J=I+1 to N

1460 if A(I)>A(J) then swap A(I),A(J):endif
1470 next J:next I

1480 return

1490 ’ ====== maximum eigenvalue of A, $\nu$(A)
1500  *Nu(&C(),N)

1510  Plc=1:Svplc=0:Mxnu=0

1520 for I=1 to N

1530 if C(I)<=0 then

1540 :BNu(P1lc)=((-1)*C(I))~(1/(1))

1550 :if BNu(Plc)>Mxnu then Svplc=I:Mxnu=BNu(Plc):endif:inc Plc
1560 endif

1570 next I

1580 return
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