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ABSTRACT.

SMEACH, STEPHEN‘CHARLES. Comparison of Stochastic and Deterministic
Models for:the-xinefic Behavior of CertainnStructured:Enzyme-Systemsr
(Under the direction of H. J. GOLD and J. W. BISHIR.) |

;In thislinvestigation, prototype mathematical models for the .
kinetics of éertain structured enzyme systems are formulated and
discussed. Prototype models are studied for the kinetics of membrane-
enzyme reactions and for the kinetics of mﬁlti-enzyme'complexes}, Fori
each structured énzyme system, & set of two*mathematical models is:
formulated end analogous results frém the two models are compared.

. : , _

Each setAof models consists of a'deterministic.modei and an analogous
stochastic model..'The deférministic modelé are standard diffefenﬁiai |
equation models formulated uﬁder solution chemistry argﬁments;A The
- stochastic. models ‘for the membrane-enzyme systems contain explicit .
-considerations of the~inherent'oréanizational aspects of!Biomgmbfénés.
This is accomplished via the idealization of functional membrapé sub—:
units,‘Called‘ccmpartmentsyin thié invesﬁigationp The orgahizatibnai
. aspects of multi-enzyme compléxes are considered as‘inherent:strugfuréli
properties of the complexes and need not fesult froq incoiporatian
into & membrane.

- All models in this investigation are formulatéd in such a Way e
that info;mation relative to the rates of transpért'ofvtransiocated
substances is obtained at the steady stgten These rates aretexpresséd
. as functionsiof the concentration oﬁiprimaxy‘gubétrate exterior to the
respective structuiedAenzyme sySteﬁs:and are obtained via steady.state\

considerations.



The results of this investigation may be summarized in the
following menner. If an enzyme system is structured in such a way .
that thé compartment concept used in this investigatiqn is a valid_:
idealization, then the steady state transport rates as.predicted by
standard deterministicrsolution chemistry modeis may be greéter thaﬁ
the analogous transport rates predicted by the particular stochastic
models of this investigation. The observation of a difference between
Vth¢~analogous'rate predictioqs’is reiated to the extent to which thé
relative magnitudes of the kinetic parameters determine thé degree to.
which fhe process departslfrom approximate lihearity.

| .The coefficients of variation of the transport rates do not go to
zero for large exterior substrate concentfations, However, if:there
are a total of M. compartments in a membrane, then the coefficient of
variétibn of the total rate”does go torzero as M goes to‘infinity.'
Nevertheless, éince a cell is not a Weli mixed volume, local
- fluctuations may be of significance in détermining the kinetic
behavior‘of cellular processes.

Experimental implications of these observations are briefly

discussed.
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1. INTRODUCTION

1.1 Stochastic and Deterministic Models in Bilology

)

Any investigation of a biclogical system begins with some prior
knowledge in the form of a set of characteristics that the system is
“known to possess. In a mathematical investigation, one attempts to
develop a mathematical formulation posgessing mathematical anslogs of
these biological characteristics. It ig desirable, at least from an
intultive point of view, that these analogs approximéte the biological
characteristlics as closely as possible. The object of such a
mathematical formulation may simply be to summarizerthe behavior of
the system in mathematical terms or te predict future behavior. It
seems safe to say that the ultimate goal of such investigations is to
increase the understanding of the biological system and ideally, to
suggest ways of gathering relevant new information.

Mathematical models used in such investigations can, in a
general manner, be divided into those of a deterﬁinistic nature and
~those of a stochastic, or probabilistic mnature. While there are
examplés from each group that have been of value in biological con-
texts, it is the opinion of this writer that stochestic models have
characteristics that make them particularly relevant for mathematical
investigations of biological phenomena. This point will be developed
in more detail below.

ch

e

Frequently, one wishes to study biologicel systems in wh
"numbers of things" are of inberest; e. g., mumbers of a particular

kind of gene, genotype or phenotype in a genetics context; numbers of
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organisms of a particular specles in an ecologicsl context; or numbers
pf molecules of a particular chewical species in a biochemical context.
Deterministic models have been used for investigations of biological
phenomena in all these areas.. In those ceses for which the
deterministic model takes the form of a set of differential equations
in time, a particular objection may be raised. The following comments
apply only to such counting phenomens as mentioned above, or other
inherently discrete phencmena, aﬁd are not observations unique to this
ﬁriter. |

Counting phenamena are, by definition, discrete in nature. Hence,
if one were to graph the time—dependént functions representing the
numkber of occurrences of the phenamenon up to time % , these
functions would appear as step funetions in time. The use of
deterministic differential equation models, on the other hand? is
based on the assumption that functions describing the time-behavior of
such phenomens are differentiable functions of time. Thué, there. is
this obvious inconsistency between the mathematical characteristic
:(differentiability) of the functions used in the model and the
biological characteristic (discreteness) of the phenomenon itself. A
particuler development of arstochastic approach that avoids this in-
consistency will be discussed later.

-Certainly, cne could formulate deterministic difference eguation
-models that would avold the differentiability versus discreteness
problem. However, for all deterministic models the very determinism
vitself is in sharp contrast to the variability that mest bielogiéal

- phenemena display.
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It is of interest to note that in the case of chemical kinetics,
Bartholemay (1962b) has'decomposed this variation or "irrepro-
ducibility" into what he calls "experimental" irreproducibilities and
"inherent" irreproducibilities. The term experimental irrepro-

- Quecibilities is meant to include the variation due tothe imprecision
of expefimental methods, while the term inherent irreproducibilities
is meant to include the variation due to the inherent probabilistic
nature of chemical phenomena.

It should be noted that use of stochastic models in biological
contexts does not necessarily require a éommittment to the bélieflthat‘
biological phenomena are probabilisitié in nature. One could
justify the use of guch a stochastic model ss an approximatidn to.a
basically deterministic phenomenon for which all the relevant factors '
of influence are not known. The point is that regardless of one’s
personal philosophy relative to the (presumed) deterministic or the
Qpresumed) probabilistic nature of biological phenomena, ration-
alizations for the use ofra stochastic approach can be developed that
avold the inconsistencies commonly associated with a deterministic
approach. An example of such a rationalization is developed below.

The use of a stochastic model requires the definition of an
appropriate stochastic process, 3 . %, as a stochastic prbcess is

- a family of random veriables, indexed by some set T . Thus
£={X: teT}] wvhere X.: Q985.

Consider an ecological experiment that consists of observing a
population of organisms and recording the number of individuals in the

population at time t . It is assumed that this experiment can be



L
- repeated any number of times under precisely the same setvof envifone
mental conditions. . Ihe'followinghinterpretations of the fandcm
variables X, , the index set T , the so-called "basic space” 0, and
the set S provide the basis for a rationalization for the use of

stochastic models in the study of bialogical phenomena. Let

T = [0, co ) ; the set of non-negabive rsal numbers,
Q = the set consisting of complete descriptions of
all outcaomes of the ecological experiment,

s . .
S =2 , the set of all non-negative integers.

Thus define,

X, (w,) = the number of organisms at time t , for
the :EE run of the experiment; where

w. €.
r €0

Hence, #rom the complete description; LA of everything that
cceurred during the r-t-E run of the experimenf, the random variable
Xt denotes only that iﬁformation indicating the number -of organisms
at time t . Now consider the function X(u,w&): Tazt - One can
interpret this as the time-descripbion of the behavior of the
population size for the rEE run of the exPeriment.v.In the
terminology used in a stochastic approach, this is called a sémple
path,-or a realization of the provcess % .

The interpretation of the space, () , used above is undoubtedly

éah abstraction, but does provide an intuitive justificafion for the



use of the random variables Xt . A more detailed analysis of the
general concept of the basic space,  , can be found in Cramér and
Leadbetter (1967, Chapter 2).

In the pgesent context, the set {X(',wi): W, € Q] can be
interpreted as a set of step-funétions in time. A given function will
increase (decrease) by a unit. jump at time t when one individual
appears (disappears) at time +t during the rEE run of the
experiment. Thus a stochastic approach provides for the discreteness

;that is characteristic of counting phenomena. Furthermore, this
approach. avoids the differentiability vérsus discreteness problem by
concentrating on the rates of change of the probability structures

~associated with the random variables Xt .  Since probabilities are
~simply_real numbers between zero and one, there seems to be nd
necessity to believe that they are discrete in nature and hence step-
functions in time.

Moreover, in a stochaétic approach one attempts to obtain the
expected value and the variance of the process, ¥ .. The expected
value is interpreted as the average behavior of the process and the
variance as a measure of deviations of realizations of the process
from this expected value.

| . Hence, a stochastic approach is particularly relevant for studies
of biological systems since within its mathematical framework,
allowances can be made for the discreteness and‘variability commenly
dbserved; Furthermore, one can use the standard mathematical concsphs

of continuity and differentisbility without the obvious inconsisteccies

typical of a deterministic approach.



None of these comments are meant to suggest that deterministic
models are not useful in investigations of biological systems.  In
very many cases, stochgstic fluctuations are not a problem and a
deterministic model provides a sufficiently accurate description. In
such cases 1t is best to avoid the stochastic analysis, which is

usually far more difficult.

1.2 Literature Review

1l.2.1 Chemical Kinetics

In general, this investigation can be considered to be research
in the area of stochastic enzyme kinetics. Deterministic models in
enzyme kinetics have been studied for a long time. Segal (1959)
provides a detailed discussion of the historical development of
deterministic enzyme kinetics, hence all of those references will not
be repeated here. However, a brief discussion of the work of
Michaelis and Menten is vital to the development of this investigation.

Michaelis and Menten (1913) studied the following stoichiometric
chemical equation first proposed by Henri (as quoted in Segal, 1959)
to explain the general manner in which an enzyme, denoted by E ,
catalyzes the conversion of a substrate, denoted by 8§ , to a product,

denoted by P .

"E+ P, {1.2.1.1)

where the ki's are rates of the chemical processes and ES denotes
the new chemical species (called the enzyme-substraie complex) formed

during the course of the reaction. Using the law of mass action, they
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 formulated the following deterministic differential equation model for

“the irreversible reaction (k_, =0).

ds

ag - Tkgsee ke (1.2.1.2)
- _de _dc _ L ' : '
i LA G (1.2.1.3)
dp _ ' o
dt kQC . (lo 20 lo )'I'()

wheré_ cC, e, 8, rp denote the concantrations ‘of the ES

complex, frée. enzyme, subétrate and product, respectively. Notice

that equation (1.2.1.3) reflects the assumption that the total |

concentration of enzyme, both free and complexed forms, is constant.
. Based on the assumptions that the estab].i.shmént of the equilibrium

between enzyme and substrate ié.rapid (i. ‘&., the ratio, c/e':s B

rapidly approacﬁes the ‘q'uantity kl/k_l ) and thaf the concentration

of substrate relative té enzyme is larigg (;_._e_., ‘& 1is nearly. constant

over shorﬁ time intervals), Michaelis and Menten .obtained the following

equation for the rate of formatiori of product

-k E &
d 20 :
o s (1-2.1.5)

where Eo‘ is the total enzyme concentration, both free and complexed,
and
K=—, (1.2.1.6)

Briggs and Haldane (1925) subsequently showed that the type of

._ rate equation (1.2.1.5) could be cbtained with less restrictive



assumptions. They pointed out that ES was not in equilibrium with
free enzyme and substrate, but arguedvtha£4after g period of time
immeasurably small by the usual experimental techniques, the rate of
change of " ES could be considered to be zero to a high degree of
approximation (Segal, 1959). Under this assumption (%% = Q) , the
rate equation for the differential equation system (1.2.1.2) through

(1.2.1.4) vecomes

dp _ 20
3t = T as (L.2.1.7)
o)
where
k. +k
_ =1 2
K, = —-——kl . (1.2.1.8)

Clearly, the resulting rate equation (1.2.1.7), with the
additional assumption that k2 << k_l » reduces to the Michaelis and
Menten rate equation (1.2.1.5).

Because of various experimental verifications, Briggs and
Haldane's steady state assumption is oftefi e reasonable one from an
experimental point‘éf view. Moreover, it is a valueble assumption . ..
from the point of view of mathematical tractability. In fact, this
assumption reduces the necessity ofvsolving the differential equation
system (1.2.1.2) through (1.2.1.8) to the necessity of solving an
algebraic system by setting %% = 0 .in equation (1.2.1.3) and
subsequently solving for the steady state concentration of ES .

Substitution of this quantity into equation (1.2.1.4) results in

equation (1.2.1.7).



Stochastic approaches to chemical kinetics have been developed
over the last few decades. McQuarrie (1967) provides a relatively
detailed discussion of the historical development of stochastic
chemical kinetics, hence that will not be repeated in detail. However,
the work of Bartholomay (1958, 1959, 1960, 1962a, 1962b, 1962c) seems
to represent a major advancement in the sense that he provided a
rigorous axiomatic formulation for a stochastic approach to the
analysis of chemical kinetic phenomena.

Bartholomay (1962a) studied the irreversible Michaelis-Menten
scheme represented by equation (1l.2.1.1) as a descrete state,
continuous time Markov Process of the form {S(t),C(t): 0 < t},
having stationary increments. The random variables S(t) and C(t)
denote the numbers of substrate molecules and cpmplexed enzyme
molecules present at time ¢ . The stationary increment assumption
asserts that the probability of a transition between states of the
process {8(t),C(t): 0 €t} during a time interval [t,t + pt) is
independent of the initial time +t and depends only on the length of
the interval. Bartholomay based the. assignment of the transition
probabilities that specify the model on arguments which indicate that
for given values n, and n, for the number of 8 molecules and C
molecules at time t , probabilities need only be explicitly defined
that indicate whether these values will increase or decrease by one or
remain the same during the subsequent interval (t,t + At) . All other
state transitions during the interval [t,t + At) Thave probabilities
that vanish in the limit as At approaches zero. The probabilities
of such unit increases or decreases are then defined as being

proportional to the length of the time interval. These
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proportionality constants are defined as products of the.numbers of
molecules of interacting chemical species and an appropriate
probability parasmeter that is analagous to & deterministic rate
constant. Based on this representation, he obtained the following

set of model equations: .

d$8—> = - . :
- k,<se> + k_<c> (1.2.1.9)
S de> _d<e> |y gien - (k ,+k,)=<c> (1.2.1.10)
dt dt 1 =172 Tene
ngz = k<o> (1.2.1.11)

where s , e, ¢, p. are random variables representing the con-
centrations of substrate, free enzyme, complexed enzyme and product,
respectively. The symbol "< >" means "expected value of'".

Bartholomay pointed out that the functional form of the set of
equations (1.2.1.9) thrdugh (1.2.1.11) is very similar to that of the
set of equations (1.2.1.2) through (1.2.1.4) for the standard
deterministic Michaelis-Menten scheme. He used the term "mean-
consistency" to describe this result, in that the mean or average of
the stochastic approach corresponds to the deterministic approach.
Thus, he contends (1962a) that the stochastic approach is more
fundamental in the sense that.it can be used to account for the
deterministic equations, but the converse does not hold since a purely
deterministic approach gives no information relative to the variability

of the process.
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More recently, Heyde and Heyde (1971), noting that stochastié
models are often consistent in the mean with deterministicAanglogs,.
have begun to question the use of stochastic models of the Markov
type in chemical kinetics. In their investigation, they concentrated
upon a study of the initial velocity phase of an enzyme reaction,
during which steady state conditions are approximately obtaihed while
the amount of prdduct is still negligible. They studied both a
specific enzyme reaction (catalyzed by triose phosphate isomerase) for
which estimates of the various kinetic parameters were available and
a more general reaction for which precise values of the kinetig paré—
meters were not specified. . They concluded that the coefficient of
variation for the stochastic approach is smaller than l/VN., where
N is the number of molecules under consideration. Since the co-:.:
efficient of variation is defined as-the standard devi&tionvdivided by
the mean and hence is a measure of dispersion relative to;the mean,
they contend that deviations of the process are small, relative to the
mean. Hence for systems containing large.numbers of interacting
molecules, they contend that the stochastic fluctuations (variances)
are so small as to be experimentally unmeasurable. They conclude that
a deterministic study can provide a satisfactory description of the
triose phosphate isomerase reaction and a wider range of enzyme
reactions satisfying their more general conditions.

This conclusion cbviously dependsvon the largeness of the system
(through the dependence of N ). Moreover, their work inciudes an
implicit assumption that the reaction volume is homogeneous in the

sense that the reactant molecules are uniformly distributed
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throughout the reaction volume. Hence, all sub-volumes have identicaL
chemical compositions. |

Stuart and Branscomb (1971) have studied a system for which such
a homogeneous sub-volume assumption is not valid. That investigation
was an effort to relate data from in vivo studies of the lac operon to
quantitative theories of the repressor-operator»interagtion, based on
the Jacob-Monod model (Jaccb and Monod, 1961). . For the in vivo
situation, a stochastic approach was used to account for the inherent
organization. This inherent organization is a resulst 6f the fact that”
the reactant molecules are contained within cells, that differ in the
number of repressor molecules that they contain. Stuart and
Branscomb also developed a standard solution chemistry model and
compared the stochastic and deterministic results at their respective
steady states. They demonstrated that these two approaches can lead
to appreciable differences and discussed the significance of this
relative to in vivo and in vitro studies. |

The object of the present investigation is also to study systems
for which a homogeneous sub-volume assumption is not valid.
Stochastic models will be formulated under the assumption of
heterogeneous sub-volumes. The results of these models will be
compared to results of analogous deterministic models formulated under
standard homogeneous sub-volume assumptions. A more detailed
discussion of the nature of the analogy between the two kinds of .
models and the 6bject of this investigation is provided in- Section

1.h.
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In general, this investigation is concerned with the study of
chemical reactions that occur in a highly structured system, the cell.
To be more pregise, attention will be focused upon enzyme reactiong
that occur within membranes. The following section provides a brief
literature review of such membrane-enzyme reactions. A
characterization of the heterogeneous sub-volume assumption as it

-applies to membranes is deferred until Section l.3.

1. 2.2 Enzyme Reactions Occﬁrring Within Membranes

“As pointed out by Rothfield and Remeo (1971), a large number of
cellular enzymes are located in membranes. They suggest that it is
likely that most "particulate" enzymes are in reality membrane-bound
and that their particulate nature reflects their assoclation with the
lipid matrix of biological membranes. Examples of such enzymes
include those located in plasma membranes, mitochondria and various
other sub-cellulsar organelles. In fact, one could include those
proteins that catalyze the physical translocationAof substrates
(transmembrane transport) in this class of‘membraﬁe-enzymes.

Brown and Chattopadhyay (1971) provide several extensive tables
describing those enzymes believed to be associated with various sub-.
cellulgr organelles such as the endoplasmic reticulum, mitochondria
and lysosomes. These enzymes play important roles in such diverse
biochemical phenomena as transport, macro-molecular synthesis,
cellular metabolism and transcription of genetic information.

Because of the complexity of enzyme-membrane binding, attempts
have been made to produce synthetic enzyme-membrane systems for which

the binding situations are defined. Brown and Hasselberger (1971)
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provide a review of the literature on matrix-supported enzymes and an
interesting discussion of the chemical methods of preparing such
systems. They point‘out that the organization of enzymes within
membranes may preclude the random character of the reactions typical

for ideal solutions by creating local environments and spatial inter-

relationships within the. membrane.

1.5 TIdealization of a Membrane

_As pointed out in Section 1.2.2, a large number of cellulaf
enzymes important in various biochemical phenomena are believéd to be
associated with membranes in vivo. The importance of this organization
has been noticed by many investigators. For example, Mosbach (1971)
refers to the "micro-environments" of such membrane-enzymes and
advances the opinion that the rate of associated enzyme reactions with-
in the living cell is determined, not by the concentration of a
substrate in free solution, but by the concentration of a substrate in
the immediate viciniéy of the operative enzyme. .In the discussion of
their study of mono-enzymatic model membranes and the effects of
diffusion on reaction kinetics, Thomas, Brown, and Selegny. (1972) call
for the development of what they term "heterogeneous structural
enzymélogy" to investigatée the behavior of enzymes that function in
heterogeneous phases, at the interfaces 5etween membrane structures
and the surrounding solution. Brown and Hasselberger (1971) briefly
discuss the importance of the "local environments" and "spatial inter-
relationships" for matrix;supported enzymes. Rothfield and Romeo
(1971) discuss the importance of the "microheterogeneity” effect

resulting from the motecular organization of membranes. Rothfield,
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Romeo, and Hinckley (1972) express the opinion that a membrane can be
viewed as a series of functional subunits.

These references indicate the desifability and necessity of
developing a mathematical approach to enzyme reactions occurring with-
in membranes that will take this organizational heterogeneity into
account. Typically, a mathematical formulation of a given phenomenon
requires, for mathematical tractability, some idealizations of the
phenomenon; The particular idealization of a membrane that is used in
this investigation is developed below.

Surely, a complete and unequivocal characterization of membrane
ultrastructure is, at present, an impossible task. Theories concern-
ing membrane structure abound in the literature (Hendler, 1971), and
no one theory enjoys acceptance by all investigators. However, a
"unit membrane" structure with functional or even structural subunits
seems to be a workable hypothesis from a mééhematical point of view
and a reasonable first approximation from a biological point of view.

The unit membrane hypothesis was advanced by Robertson (1959).

Basically, it consists of the following assertions:

(1) All membranes are structurally similar,
(1i) A membrane is a tri-lamellar organization
consisting of a double lipid layer covered

by protein layers on each side.

The following schematic diagram often serves as a summary description

of this hypothesis.
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S
2.5 mm [ l l l l l ‘ * roteinlayer

Figure 1.3.1 Highly schematic diagram representing the unit membrane
hypothesis. Note the protein and lipid layers and the
approximate dimensions, where one nanometer (mm) is

equal to lO-9 meters.

Initially, this hypothesis was favorably received but it has been
attacked by many investigators in recent years. Hendler (1971)
provides detalled discussions of the majoriarguments for and against
the unit membrane hypothesis. He concludes that neither the evidence
for, nor the evidence against, this hypothesis is overwhelmingly
conclusive. Moreover, since it is fairly certain that the presence of
a lipid bilayer is a basic and irredicible minimum structural
requirement for cellular membranes, he does not favor the elimination
of the unit membrane as a general description of membrane ultra-
structure.

Green and Perdue (1966) view a biomembrane as an expression of
more basic, ultrastructural subunits. Moreover, Jain (1972) provides
examples of biomembranes that are characterized by displaying
lipoprotein subunits after degradation. These biological membrane
systems have been decompoéed into subunits by relatively mild treat-
ments. When the disrupting agents are removed, these relatively stable

lipoprotein subunits usually aggregate to reconstitute membrane-like

structures.  Mitochondria and myelin are,included among the examples
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cited by Jain. However, since the existence of such subunits is
usually established by electron-micrographs, there is a controversy as
to whether such subunits are natural phenomena, or simply artifacts
resulting from the methods for preparing specimens for view under an
‘electron-microscope.

Perhaps the existence of membrane subunits is more easily
Jjustified from a functional point of view. Rothfield and Romeo (1971)
discuss the concept of a functional membrane subunit consisting of an
individual enzyme molecule together with the phospholipid molecules in
the immediate vicini%y. To avoid controversy, they are quick to point
out that this does not necessarily imply the existence of structurally
discontinuous lipoprotein subunits.

At any rate, for the stochastic analyses that fallow, a membrane }
is idealized as a tri-lamellar structure containing an unspecified
number of compartments (subunits). The existence of such compartments
is then justified from a structural or functional point of view. Each
compartment consists of three major components, an outer boundary, an
inner boundary and a middle region as indicated in Figure 1.3.2.

This interpretation is an obvious restatement of the unit membrane
hypothesis in the sense that the_outer and inner boundaries are
assumed to be protein‘in character while the middle region is lipid in
character. At this point it should be noted that present evidence
tends to indicate that the protein layers may not be continuous :
sheaths, as indicated by the unit membrane hypothesis; rather, the
lipid bilayer may be bare of any protein coverings in some sections of

a membrane. However, the compartment concept may be used as an
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Outer boundary. ‘; | »Inner boundary
>
Middle Z
region
sl Z
0
CELL EXTERICR ' CELL INTERIOR
' i
Figure 1.3.2  Schematic cross-sectional diagram of an idealized

membrane, showing a typical compartment

idealization in either case, since the investigations that follow do

not require that such compartments be contiguous.

1.4 Basic Goals of this Investigation

In Chapters 2, 3, and 4, stochastic models containing the w. .. u
membrane-compartment assumption of Section 1.5 are developed for
different kinds of general reactions occurring within membranes. It
is important that these reactions be viewed as general prototypes for
membrane-enzyme reactions, in much the séme way as the general
Michaelis-Menten scheme of Section 1l.2.1 can be viewed as é prototype
for enzyme reactions in solution. The stochastic models developed
later are highly simplified since effects of temperature, pH,
electro-chemical gradients and the like are neglected.  Moreover, the
precise location of enzymes within membranes is not certain. However,
since the inner and outer boundaries are protein in nature, it is
reasonable to assume that enzymes, since they are proteins;,are located

in one or the -other boundary.
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It is hoped that the general prototypes developed later will
serve as satisfactory first approximations to membrane-enzyme reactions
and that studies of them will increase the understanding of such
reactions. Perhaps they may contribute to the developmental stages of
the heterogeneous structural enzymology called for by Thomas, Brown,
and Selegny (see Section 1.3). Even though the models of Chapters 2,
3, and 4 are best viewed as general prototypes, attempts will be made
to indicate relevant biological examples whenever possible.

It is of special interest to see if a stochastic approach to
membrane-enzyme reactions leads to diffefent results than those c "
obtained from a deterministic approach. 8Since standard deterministic
models do nbt account for the existence of randomly heterogeneous
sub-volumes, the deterministic models developed later are perhaps best
interpreted as solution chemistry analogs of the corresponding
stochastic models.

Thus, for each stochastic model developed later, such a <c
deterministic analog is also developed. The deterministic models are
solved for the relevant steady state values. The stochastic models
are solved fér relevant stationary probability distribution wvalues.
Fprom an intuitive point of view, the stationary probability distri-
bution can be viewed as a probabilisiié analog of the steady state.

At the steady state, various chemical species have attained constant
concentrations in time, whereas for the stationary probability
distribution, the expected values of corresponding random variables
have attained constant values in time. Becéuse of this analogy, the
term steady state may be used in the sequel to refer to either the

deterministic concept of its stochastic analog.
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This investigation then, 1s an attempt to develop a mathematical
formulation for in vivo membrane-enzyme reactions by using a stochastic
approach to describe the inherent molecular organization. The results
of the stochastic approach are then compared to the results of a
standard solution chemistry deterministic approach. It is of
interest to note that Stuart and Branscomb (1971) developed their
investigation of the significance of repressor packaging for in vivo

lac regulation in precisely the same way (see Section 1.2.1).
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2. ONE-ENZYME MODELS

2.1 Introductory Remarks

In Section 2.2, a stochastic model is developed as a general
prototype for membrane-enzyme reactions invol%ing only ohe type of
enzyme and one type of substrate. Using the terminology of Section
1.3, it is assumed that these substrate molecules diffuse back and
forth across the outer boundary. Upon entry into the middle region,
such molecules may interact with enzyme molecules located within the
inner boundary. The specification of this chemical reaction and a
detailed description of the stochastic model are provided in Sections
2.2.1 through 2.2.3. A deterministic solution chemistry apalog of the
stochastic model is developed in Sectiqn 2.5..

Figure 2.1.1, reproduced by permission from Rothfiled and Romeo
(1971), is highly suggestive of the general tyﬁe of membrane-enzyme
organization mentioned above.

Figure 2.1.1 was used by Rothfield and Romeo during the
discussion of their investigation of the mephod of lipopolysaccharide
incorporation into the cell envelope of certéin gram-negative bacteria.
They discovered a series of membrane-bound transferase enzymes that
catalyze the step-wise transfer of sugar residues from nucleotide
sugars to the growing polysaccharide chain. The general prototype
mentioned above is not directly applicable to this situation since it
appears that the nucleotide sugars are supplied from the cytopdasm, not
the cell exterior. However, this example does provide some justi-
fication for the particular prototype developed below in that it illus-

trates the relation between membrane organization and reaction dynamics.
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Enzyme

Linopolysaccharide Phasphotipid
R Cime y lact
motecules MOECLIS  Nunpolar region
Lipid A {,A/ (&Cj., asyl residues)
Golar ragion
~— , O g .
~ Polysaccharide {e.q., giycerophosproryl-
ethanclarmine)

Figure 2.1.1 A speculative model of the portion of the membrane con-
taining the galactosyltransferase enzyme system. Two
possible locations of the enzyme are shown. (A) a
portion of the enzyme penetrates into the non-polar
interior of the membrane; (B), enzyme is located only
in the polar portion of the membrane; present evidence
does not permit a choice between these two
possibilities.

2.2 Btochastic Model

2.2.1 Assumptions

The prototype for membrane-enzyme reactions developed in this
chapter is one for transmembrane transport of a single type of sub-
strate catalyzed by a single type of enzyme. In particular, the
following assumptions relative to this transport phenomenon provide the
basis upon which the stochastic model of this section is developed.

In Section 2.2.3, these (informal) statements of assumptions are used

to develop the formal mathematical properties of the stochastic model.

e



(1)

(i1)

(1i1)

(iv)

(v)
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The concept of membrane compartments (see
Section 1.3) is an adequate representation of
membrane ultrastructure. Furthermore, it is
assumed that each compartment containg exactly
one transport enzyme moiecule, denoted by the
symbol E , located within the inner boundary
(see Figure 2.2.1.1).
The.concentration of substrate molecules out-
side the cell is maintained at a constant level.
Exterior substrate molecules are denoted by the
symbol So s and are aésumed to agt in
stochastically identical and independent manneré.
These substrate molecules are free to diffuse
back and forth across the outer boundary with
mean rate )\ into the compartment and mean rate
4 out of the compartment. These rate para-
meters are more properly interpreted as prob-
ability parameters (see, e.g., their use in the
table of transition probgbilities of Section
2.2.3).
Each compartment is well mixed in the sense that
the probability that a given nymber of molecules
will occupy a specific sub-volume is the same for
all sub-volumes of that size within a compartment.
Substrate molecules Wifhin a compartment, denoteéd

by the symbol Si » may undergo a chemical reaction



(vi)

(vii)

2l
with the one enzyme molecule according to

the following stoichiometric scheme:

k k
1 2
Si + Eo— ESi‘—}P+E .
k-l

These interior substrate molecules are assumed
to act in stochastically identical and inde-
pendent manners. Furthermore, it is assumed
that 8, molecules can leave a compartment
only vie passage through the outer boundary
or via the chemical reaction leading to the
production of product molecules.

There is no movement of product molecules,
denoted by the-éymbol P, back into the
membrane.

The compartments are stochastically identical

and independent.

Figure 2.2.1.1 serves as a schematic summary of assumptions (1)

through (vi) and will hopefully clarify the concepts involved.

2.2.2 Discussion of Assumptions

The discussions in this section are numbered in the same way as

the corresponding assumptions of Section 2.2. 1.

(i)

The justification of the use of this compart-
mental assumption was provided in Section 1l.2.2

and 1.3 and will not be repeated here.
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CELL EXTERIOR ’/////;inner boundéry
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outer boundary

Figure 2.2.1.1

(i1)

(iii)

i |

Schematic, cross-sectional diagram of an idealized
membrane compartment showing the proposed mechamism
of transport

In an experimental situation with cells of

a given type, a constant concentration of
exterior substrate,. rSo s could be maintained
by continually and rapidly passing a solution
of known concentration fhrough the system.

In addition, this condition could be
approximately attained if the exterior volume
were large and well-stirred.

In order to maintain consistency with the
deterministic model to follow (see Section
2.3), the parémeters A and u are assumed

to satisfy the folowing equations:



(iv)

(v)

(vi)

where Ko and u, are permeability constants
having dimensions such as centimeters per
second. A and V are the surface area and

the interior volume of a compartment. Thus

A and u have dimensions of (time) L.

Since a biomembrane is very thin (75 - 100 R),
This assumption i1s simply the requirement

that a chemical concentration gradient of
interior substrate molecules does not exist
within a compartment.

This assumption asserts that the chemical
reaction occurring within a compartment follows
a Michaelis-Menten scheme with first order |
chemical reaction rates k;l B k2 and second

order reaction rate k., having dimensions

1
of (time)-l and (comentrattion)_l X (time)-l,
respectively.

For in vivo studies on a given cell type, the
assumption that there is no movement of product
molecules back into the membrane might be
realized by the presence of a chemical species
within the cell that has a much higher affinity
for the product, P , than does the enzyme, E .
For example, during his investigation of

calcium ion transport across the sarcoplasmic

26



(vi)

reticulum membranes of muscle fibers, Hasselbach
(1973) succeeded in preloading prepared membrane
vesicles with a chemical substance that greatly
enhanced the capacity of these vesicles to re-
tain calcium. The feasibility of such an
approach in the present context is not known

to this writer. However, in the study of
artificial membranes, this could be accomplished
by continually and rapidly flushing the product
out of the system, or by providing a chemical
species having a high affinity for the product.
This assumption is included mainly for the sake
of mathematical tractability, but is realistic
if there is no communication between compartments
within the membrane. Such would likely be the
case 1f the enzyme molecules involved in the
transport were widely dispersed over the inner

boundary of the membrane.

2.2.5 Development of the Basic- Equations

27

Since the compartments are assumed to be stochastically identical

and independent, the relevant kinetic properties of the whole membrane

can be studied by determining the kinetic properties of one compart-

ment only.

Moreover, the deterministic model of Section 2.3 is

developed in such a way as to determine the relevant kinetic

properties per unit of volume.

in the deterministic approach as the volume of a compartment then

The identification of a unit of volume
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permits the comparison of the "per-compartment” kinetic properties of
the stochastic model to the "per unit of volume" kinetic properties of
the deterministic model (see Section 2.5).

The stochastic model for a single compartment is now developed in
detail, with no limiting restrictions as to the number of substrate
molecules thab may simultaneously occupy a given compartment. The
development of this model closely parallels that of Smith (I9TI) for
a one substrate one enzyme reaction in an open system.

Let the random variable Si(t) denote the number of substrate
molecules in the interior of the compartment at time +t . Let c(t)
be a random variable denoting the state of the single enzyme molecdle

at time ¢ :

c(t)
¢(t)

O if the enzyme is free

f

1 if the enzyme is complexed.

It is assumed that the stochastic process {(Si(t),C(t)): 0 < t}
is a continuous time, discrete state Markov process with stationary,
independent increments. The Markov prqoperty asserts that the
probability of future occupancy of some state in the process
{Si(t),C(t): 0 < t} depends only on the state presently occupied and
not on states occupied in the past. The stationary increment
assumption asserts that transitions among states of the process
{Si(t),C(t): 0 < t} are time-dependent only through the length of the
time interval during which such transitions occur and do not depend on
the location of such time intervals along the time scale. The
independent increment assumption asserts that state-transitions occurring

during non-overlapping time intervals are independent events.
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Under these assumptions, the single compartment model is
completely specified by the infinitesimal transition probabilities:
the probability that the transition ‘(n,c) + (n’,c’) occurs in the
process {Si(t),C(t): 0 <t} during a short time interval

[t,t + At) . The model is summarized by the following table:

Table 2.2.5.1 Infinitesimal transition probabilities

Reaction Transition Probability
S, A, 84 (nyc) » (n+tl,c) AS At + o(at) valid for
c =01l nz 0
' 5, & 8, (n,c) + (n-1,c) unpt + o(at) valid for
Cc = O’l; n > O
5
B+ 8, - ES; (n,0) =+ (n-1,1) ko npt + o(At) wvalid for n > 0
k-l ‘
E + 8, «— B8, (n,1) » (n+1,0) k (At + o(at) wvalid forn=2 0
ke , i .
ES; —E +P (n31) =+ (n,0) . kaA‘c + o(at) valid for n 2 0

The probability that more than one transition occurs in the interval
[t,t + At) is o(At) . This condition, and the table above are
exhaustive, so that the probability of no transition of a given form .

may be calculated by using complements of the appropriate events. In

addition, Si(t) 2 0 and hence, probabllities oftransitions:.of ithe,form

(n,c) » (n’,c?) for n' ¢0
5

are rigorously zero.
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The table above contains the formal methematical restatements
of the assumptions of Section 2.2.1. Thus the first row in the. table
is a formal restatement of assumptions (ii) and (iii); the second line
results from assumption (iii) and the independence assumption of
assumption (v); the third from assumptions (iv) and (v); the fourth
from assumption (v); and the fifth from assumptions (v) and (vi),

Note that So is the constant number of substrate molecules (per
compartment volume) in the medium surrounding the exterior boundary of
the membrane. In an experimental situation, one would véry SO and
then measure the concentration of product on the other side of the
membrane for each fixed value of So .

Let p(n,c;t) denote the probability that the process {Si(t),

C(t): 0=t} 4is in the state (n,c) at time ¢t
p(n,c3t) = Pr{Si(t) =n,C(t) = ¢} for n20; ¢-0, 1.

From the table of infinitesimal transition probabilities, the forward
Kolmogorov differential equations for p(n,c;t) may be obtained by

" standard procedures (see Appendix T.1).

* *
p/(n,05t) = -(A" +un + k;n)p(n,05t) + A p(n-1,05t)

+ u(n+l)p(nt+l,058) + k_;p(n-1,1;8) + k,p(n,15t)
fe.2.3.1)

and
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* *
p/(0,158) = -(A +wn + k5 +k,)p(n,1;%) + A p(n-1,15%)

+ u(n+l)p(n+l, 13t) + kl(n+l)p(n+l,o;t) (2.2.3.2)

where p’(n,c;t) denotes the derivative of p(n,c;t) with respect

to t and

*

>\_ =>\'SO.

Furthermore, when n=0 in equations (2.2.3.1) and (2.2.3.2) the

following convention is maintained:
p(-l,c3t) = 0 for c=0,1; t=20.

Notice that equations (2.2.3.1) and (2.2.3.2) really represent a
doubly infinite set of equations, each indexed by n, as n =0, 1,
2, ... . Hence, a generating function approach is developed by
defining the generating functions Fc(z;t) for c = 0,1:

co
Fc(z;t) = I znp(n,c;t) for c = 0,1.
n=0

Multiplying equations (2.2.3.1) and (2.2.3.2) by z" and
summing over n = Q, 1, 2, e » the following differential equations

for the time dependent generating functions are obtained:

bFo(z;t) aFo(z;t) %
3t u(1-z) 3% + A (Z'l)FO(Zst) + K_lZFl(ZSt)
BFO(z;t)
- kz e ¥ k2Fl(z;t) (2.2.3.3)

and
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BFl(z;t) aFl(z;i:) %
—5F © u(l-z) Y: + A (z-l)Fl(z;t) - (k_l + kg)Fl(z;t)
BFO(z;t)
+ kl 5 ) (2.2.3.4

Equations (2.2.3.3) and (2.2.3.4) are the basic equations for

the stochastic model of Chapter 2.

2.2.4 Stationary Probability Distribution Solution

Reuter and Ledermann (1953) have shown that the forward Kolmogorov

differential equations for a conservative Markov Process with a
countable infinity of states always possesscs what Feller (1940) has
called a minimal solution, fik(t) » for the time dependent
transitions probabilities, pik(t) . This solution is minimal in the
sense that if gik(t) is any other solutidn, then gik(t) 2 fikﬁt) .
The minimal solution, fik(b) s 1s the unique solution of the
differential equations if it satisfies I fik(t) = 1. A Markov
Process is conservative if *

? aij(t) =0

.where éij(t)At may be interpreted as the infinitesimal transition
‘probabilities of the process. The Markov Process:of this chapter is
required by assumption to be conservative (see, e. g., the arguments
in the construction of the table of infinitesimal transitiqn
probabilities of Section 2.2.3). Hence, for the stochastic model of
this chapter, a time-dependent minimel solution exists.

Bhat (1972; page 14l) asserts that for an irreducible Markov

Process with a countable infiinity of states, the absolute
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probabilities, Pn(t) » have a limiting distribution that is stationary
and independent of the initial conditions on the process. Moreover,
if these limiting probaebilities sum to one, then they are all positive
and are the unique solution obtainable from the forward Kolmogorov
differential equations by setting the partial derivatives with respect

-to t equal to zero. A Markov Process is irreducible, if for all

states j and k , there exist t© , & > 0 such that
ij(s) >0 and pkj(t) >0

where pjk(s) is the probability of going from state j to state k
during a time interval of length s . The Markov Process of this
chapter is lrreducible since the chemical transitions defining the
state transitions of the process are reversible. Moreover, the
stationary probabilities are required by assumption to sum to one

(see the constraint under equation (2.2.4.2)). Hence, even though the
time dependent transition probabilities have not been obtained in this
investigation, the results of Bhat indicate that the stationary
probabilities may be obtained in the manner- indicated below.

Formally, one obtains the stationary probability distriéution by
setting p’(n,c3t) equal to zero in equafions (2.2.3.1) and (2.2.3.2)
and then solving the resultant homogeneous equations. This is
equivalent to setting the left hand sides of equations (2.2.3.3) and
(2.2.3.4) equal to zero and then solving the resultant ordinary
differential equations in the variasble =z .

Let p(n,c) denote the stationary probabilities of the process

{8;(t),c(t): 0= t3:




3k

P(n)c) lim P(n:c t)
t o

and let
Fc(z) Lim F, (z;t) . for c=20,1.
t+ 00
Thus, the stationary distribution generating functions,
Fc(z) B sétisfy the following system of linear first-order coupled
differential equations. The constraint that Fl(l) + Fo(l) =1 is

simply a requirement that all the probabilities must sum to one.

ar (z) - dF (z)
0 = u(1l-z) + x (z- l)F (z) + kK, (z) - k2 gz
+ kQFl(z) o . (2.2.4.1)
aF. (z) dF (z
0 =pu(l-z) di: = + x*,(z-l)Fi(i)": ('k‘_l. + kg)Fl(z) + k) (=)

(2.2.4.2)

with the constraint

[F (z) +F (2)]]

z=l

In Appendix 7.2, the required solutions are obtained and are shown

to have the following form:

*
exp[2 (z-1)] (k. +k,)
Fole) = —5 e [ Hleey (02)

) ¥ E.(i-l) . Z:J M(a+l,c+l,b*(p-Z))j (2.2. u.5)‘
c 1 »
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*

A exp[2-(2-1)] . -
Fl(z) = - M(a,c,b (p-2)) (2.2.4.4)
with
(k. +k) (k. +1)
o = -lk 2 + 2 m M(a, C:b*(p‘l)>
1
b*a

*
- M(a+l,c+l,b (p-1))

k
2 u
a = =, P =
u u+kl
* ;‘* % kl
b = u—(l-p) , c = atb p+l +u+kl

(de,7) ———r(d)“ !
M d,e,y = 2 vy H
n=0 n! (e n ’

a confluent hyper-geometric series, where
(d)n = d(d+1)(a+2)... (d+n-1)
and
@),=1

and (e)n is defined similarly.

2.2.5 A Measure: cof: Trafsport .

For the stochagtic approach of this chapter, the quantity of
interest is the rate of transport of éubstrate molecules across the
membrane, as measured by the production of ‘product molecules. Since
this process consists of discrete events, the interpretation of a rate

as an ordinary time derivative is inappropriate (see Section 1.1). In
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this section, the results of previous sections of this chapter are
used in the development of a definition of the rate of transport as a

time average, rather than as an instantaneous value.

The production of one product molecule is an indication that
transport has occurred and corresponds to a transition of the form
(ny1) =+ (n,0) in the procéss {Si(t),C(t): 0 <t} . Thus a new
stochastic process {P(t): O < %} is defined, where the random
variable P(t) denotes the number of product molecudes produced by a
given compartment during the time interval [0,%t) .

For tiﬁe intervals [t,t + At) , the following set relationships
hold, where P(t + At) - P(t) denotes the number of product molecules
produced during the time interval [t,t + At) .

co

U [I8;(8) = n, C(6) = 1]
n=0

(1) (P(t+at) - P(t) = 1]

1]

N [s; (t+4t) = n, C(t+at) = OJJ U E,

(2.2.5.1)
(ii) [P(t+at) - P(t) ¢ 0] = o (2.2.5.2)
(iii) [P(t+at) - P(t) > 1] = EAt (2.2.5,3)

where ¢ 1s the empty set and E represents events having -

At
probabilities that are at most o(At) .

The first relationship holds because the only way (exclusive of -
events having probabilities o(At)) that one product molecule can be
produced by a compartment during a time interval [t,t + At) is if the

one enzyme molecule in that compartment were complexed at time t - and,
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for some n , Si(t) =n . Subsequently, during the time interval of
length At , that enzyme molecule must return to the free state with-
out changing the number of interior substrate moleculés.

The second relationship holds because product molecules are not
allowed to ﬁove back into the membrane (see assumption (vi) of Section
2.2.1).

The third relationship holds because it would require the
occurrence of multiple transitions in the process {Si(t),c(t):

0 <t} during small time intervals of length A} .

Thus the probabilistie properties during small time interwvals of
the process {P(t): O < t} can be obtained from the probabilistic
properties of the process {Si(t),C(t): 0 £t} . Moreover, since the
latter stochastic process has stationary, independent increments, so
does the former.

Application of equations (2.2.5.1) through (2.2.5.3) result in

the following probability statements

Pr[P(t+At)-P(t)=1] %? PE{{Si(t)=n,C(t)=l] n [si(t+At)=n,C(t+At)=O]}

n=0

+ o(At)

. _
z [Pr{si(t+At)=n,c(t+At)=olsi(t)=n,c(t)=1}
n=0

Pr{Si(t)=n,C(t)=l}]+ o(at)

%? keAtPr{Si(t)=n,C(t)=l} + o(At)
n=0
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= kAtPr{C(t)=1} + o(at)

and

‘0 if jeO
PrP(t+At)-P(t)=3] = { o(at) if i>1 .
{ 1k AtPr[C(£)=1]  if  § =0

-+ o(at)

Equation (2.2.5.3) actually implies a stronger condition than
ﬁhat indicated above for j.> 1, viz. that theisum of
Pr[P(t + At) - P(t) = 3] for j>1 is o(pat) . This result
implies the one above for Jj > 1 . Thus the expected value of the

y;
random variable P(t + aAt) - P(t) satisfies

E[P(t+at)-P(t)] = kgAtPr[C(t)=l] + o(at) . (2.2.5.4)

Equation (2.2.5.4) is valid for all t-values and for all
(small) time intervals of length At . However, considering only
t-values for which the stationary distribution of the process
{Si(t),c(t); 0 <t} is attained, the time dependence of Pr[C(t)=1]

may be suppressed and equation (2.2.5.4) can be written as
* B[P (t+At)-P(6)] = katPr[C=1] + o(at) . (2.2.5.5)

In a similar manner, the variance of P(t + At) - P(t) can be

shown to satisfy

VAR[P (t+at)-P(t)] = kgAtPr[C=l] + o(At) . (2.2.5.6)
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Since the random variable, C , is a zero-one random variable,
its expected value is equal to the probability that the random
variable has the value of unity. Moreover, since the time intervals
[0,t) and [t,t + At) are non-overlapping and the process
{P(t): © =t} has independent increments, the variance of
P(t + At) - P(t) is equal to the variance of P(t + At) minus the
variance of P(t) . Hence, upon dividing equations. (2.2.5.5) and'
(2.2.5.6) by At and letting At tend to zero, the following

equations are obtained:

1

, .
3¢ ELP(6)] = kEC) (2.2.5.7)

and

1

d
ot VAR[P(t)] = KE[C] . (2.2.5.8)

Recall that equations (2.2.5.7) and (2.2,5.8) are valid only for
those t-values for which the stationary distribution of the process
{Si(t),C(t): 0 <t} is attained. For convenience, call that set of
t-values the stochastic steady state. Thus integrations of equations
(2.2.5.7) and (2.2.5.8) over any time interval [t,t + h) within the

stochastic steady state yields the following equations:
E[P(t+h)] - E[P(t)] = hk2E[C] (2.2.5.9)
and

VAR[P(t+a)] - VAR[P(t)] = nk _E[C] . (2.2.5.10)
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Moreover, since the process {P(t): O <t} has stationary
increments and the expected value is a linear operator, equation

(2.2.5.9) can be written as
E[P(h)] = hkgE[C] (2.2.5.11)

and represents the expected number of product molecules produced by a
compartment during a time interval of length h - within the stochastic
steady state. In addition, since the process {P(t): O < t} has
stationary and independent increments, equation (2.2.5.10) can be

written as
VAR[P(h)] = hkgE[C] . (2.2.5.12)

A random variable, R(So,h)., is now defined and is interpreted
as the rate of production of product molecules in the sense that it
represents the humber of product.molecules produced -by a compartment
during a time interval of fixed but arbitrary length, divided by that
length.

P(S_sh)
R(8,,h) = + . (2.2.5.13)

In equation (2.2.5.13), the variable So denotes that this rate
is a function of the number of substrate molecules (per unit of volume)
exterior to a compartment.. In the previous stochastic developments of
this chapter, that variable had been suppressed for notational
convenience. However, a brief look at the table of transition prob-
abilities of Section 2.2.3 will reveal that they are conditional upon
the value of So . Indeed, the development of a definition of a rate

of transport as a function of So is the basic goal of this section.
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Applications of equations (2.2.5.11) and (2.2.5.12) thus yield
the following expressions for the expected value and variance of the

random variables, R(So,h)

E[R(So,h)] = keE[C] (2.2.5.14)
kgE[C]
VAR[R(so,h)] = =5 . (2.2.5.15)

Equafion (2.2.5.14) thus represents the expected value of the
rate of transport per compartment at the stochastic steady state, as a
function of So » and is the quantity that will be compared to an
anhalogous deterministic quantity developed in Sectioﬁ 2.3. k.,

It should be noted that in practice, the time interval length,
h , will be positive and bounded away from zero. Hence there is no
danger of obtaining infinite variances. In addition, the quantity,
E[C] , is the stationary expected value of the random variable C(t) .
It may be obtained by the results of Section 2.2.4. In particular
o
b¥

E[C] = [Fl(z)]|z=l = Pr[Si=n,C=l] . _ (2.2.5.16)

n=0

2.5 The Deterministic Model

2.5.1 Assumptions

In Section 2.3.3, a standard deterministic differential equation
model is developed as a solution chemistry analog of the stochastic
model of Section 2.2. The deterministic model is a model for a one
substrate one enzyme reaction occurring in a homogeneous reaction

volume. To be more precise, the following assumptions provide the
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basis upon which the deterministic model of this section is developed.

Section 2.3.2 contains a discussion of these assumptions.

(1)

(i1)

(iii)

(iv)

(v)

The reaction volume is homogeneous in the
sense that the concentrations of all re-
acting chemical species are uniform
throughout the reaction volume.

The reaction volume is in constant
communication with a sourece containing sub-
strate molecules at a constant concentration,
here denoted by So . The precisé nature
of this communication is, defined in
assumption (1ii).

Substrate molecules are added to the reaction
volume from the source at a rate, x-so ;
and removed from the reaction volume at a
rate, MeSs s where s denotes the con-
centrbtion of substrate interior to the
reaction valunme. |

The homogeneity of the reaction volume is
maintained even under the addition of more
substrate molecules from the source.
Substrate molecules within the reaction
volume, denoted by Si » may undergo a re-
action with the enzyme molecules within the
reaction volume, denoted by E . This

chemical reaction is assumed to be governad
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by the following stoichiometriqvchemical
equation; the symbol P denotes product
molecules
si+E<k-—-~Esi—9 P
-1 |
(vi) As'suggested by the stoichiomefric equation
’ in assumption. (v), the formation of product

1s assumed to be irreversible.

(vii) The chemical reactions can be adequately

mathematized using the law of mass action.

2.%5.2 Discussieon of Assumptions

The assumptions (i) through (vii) of Section 2.3.1 are more-or-
less obvious deterministic solution chemistry restatements of
assumptions (i) through (vii) of Section 2.2.1. Nonetheless, some
discussion of them is provided below, where the numbering system of the
discussions corresponds:to that of the assumptions themselves in

Section 2.3.1.

(i) | This homogeneity assumption is common in
solution chemistry studies and could physically
be realized by providing a mechanical
stirring device within the reaction volume.

In addition, this condition would be
approximately attained if the reaction volume
were small enough so that the fate of distri-

bution of molecules within the reaction volume



(i1)
ahd

(iii)

(iv)

(v)

(vi)

would be rapid compared with elther the
rate of exchange with the environment or
compared with the rates of reaction.

These assumptions could be approximated
experimentally by providing an artificial
barrier allowing passage of substrate
molecules, but not passage of free or
complexed enzyme molecules. This barrier
would separate the reaction volume from a
compartment through which a solution con-
taining constant concentration, Sy
rapidly passes.

Justification as in (i). This is to avoid
the establishment of a chemical concentration
gradient substrate within the reaction
volume.

The. assumption is precisely like that of
assumption (v) of Section 2.2.1 and was
discussed in Section 2.2.2. However, in this
case the enzyme molecules need not be bound
to a membrane.

The same comments apply here as to those of
assumption (vi) in Section 2.2.1 (for
discussion, see Section 2.2.2). However,
in this situation it Wouid be more feagible

to include a chemical species with high

L
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affinity for product molecules within the
reaction volume.

(vii) The law of mass action is commonly used in
solution chemistry models, and is hence used
here as well. Generally speaking, the law
of mass action may be derived as an average,
assuming molecules to be dispersed uniformly
throughout the given volume and behaving in
stochastically identical and independent

manners.

It may appear that assumptions (i) through (vi) of Section
2.3.1 have relatively little to do with in vivo membrane-enzyme
reactions. However, standard deterministic models whose justifications
require solution chemistry arguments, have been used to describe
membrane-enzyme reactions. Strict adherence to a solution chemistry
approach. seems to require the interpretations above and in Section

2'5- l-

2.5.3 Development of the Basic Equations

The model developed below contains functions that describe the
concentrations of the various chemical species at time t . The goal
is to obtain an equation describing the rate of production of product
as a function of the constant concentration, 8y of substrate
molecules exterior to the reaction volume. In order to maintain
consistency with the stochastic model of Section 2.2, a unit of

volume is defined to be the volume of one compartment in the
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stochastic approach (see Section 1.5)1. In addition, the
conéentration of enzyme within the reaction volume is defined in such
a way as to require that there be one enzyme molecule per unit of
volume. This requirement is also made to maintain consistency with the
previous stochastic model. Hence, the enzyme concentration is fixed,
once a precise value for the volume of a compartment is specified.

The stoichiometric chemical equation of Section 2.3.1 is here

repeated for convenient reference.

kl k2
k
-1

Using standard solution chemistry arguments based on the law of
mass action and the above chemical equation, the following set of
differential equations is obtained. In the formulation below, S,
si(t) , e(t) , and c(t) denote the constant concentration of sub-
strate in the source, concentration of substrate within the reaction
volume, and concentration of free and complexed enzyme molecules
wlthin the reaction volume, respectively. All these concentrations
are expressed as aumbers of molecules per unit of volume

dsi(t)
at

It

Mg - 48y (8) - kysy(6)e(b) + k_jo(t)  (2.3.5.1)

'diét) = dgét) = ks, (6)-e(t) - (k_; + ky)e(t) (2.3.3.2)

1
It should be pointed out that in the stochastic approach, the

effective reaction volume may be less than the total volume
within the boundaries of the membrane, since compartments need
not be contiguous. The reaction volume in the deterministic
approach also need not be contiguous.



dp(t) _
dt = kgc(t) b4 (2'3‘5'5)
where the total amount of enzyme, both free and complexed forms, is

assumed to be constant throughout the time-course of the reaction.

2.3.4 Steady State Solution

The steady state solution for the production of product is
cbtained by setting de/at and dsi/dt dgual to zero in equations
(2.3.3.1) and (2.3.3.2). Subsequent manipulations yield a quadratic
equation for the steady state value of ¢ , as a function of 8o
Finally, the substitution of the solution of that quadratic equation
into equation (2.5.3.3) yields the expression below. Details of this

procedure are provided in Appendix 7.3.

2 1/2
_dp(S_o)‘ A, T RE K - [[As, + KB+ uk]® - ks kB ]
at . T 2
(2.3.4.1)
k_)*k,
where K = —F and E_ = e(t) + c(t) , which represents the total
1

~concentration of enzyme, both free and complexed, and has the value of
unity. Note that equation (2.3.4.1) gives the production of product
per unit of volume, at the steady state, as a function of the outside

concentration, S °

2.4 Related Determinigtic Models

2.4.1 Michaelis-Menten Model

As mentioned in Section 1l.2.1, the solution of the Michaelis-
Menten model, under the steady state assumption of Briggs and Haldane
is well-known. Using the notation of Section 2.3.4, this solution has

the form
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dp(so) - kEEoso

dt K+s
: o)

(2.4.1.1)

where

Equation (2.4.1.1) represents the steady state production of product

per unit of volume, as a function of 84

2.4.2 Laidler-Sundaram Model

Laidler and Sundaram (1971) have studied the kinetics of supported ¢
enzyme systems, i.e., artificial membrane-like preparations. Since
the thicknesses of such preparations are much larger than those for
biomembranes, Laidler and Sundaram were required to consider the
effects of diffusion and chemical gradients, which were neglected in
the stochastic and deterministic models of this chapter. However,
‘they have provided the steady state éolution for the rate of transport
for a special case of their investigation in which they could neglect
diffusion effects. The special case that they discussed was for that
situation in which the enzyme reaction within the suppbrt is very in-
active or the enzyme is present in low concentration or the support is
very thin. TFor these situations, they argue that the depletion of the
~ substrate, as it moves through the support, will be small and hence
the chemical reaction will not be diffusion-controlled. Their steady
state soluytion (see page 269; equation (15)), written in the notation
of this chapter than takes the form of equation (2.4.2.1):

dp(s ) k.E s
o° _ 200
= = 'Q+So (2.4.2.1)




where

k9

Q is the partition coefficient between the support and the

exterior solution and corresponds to A/u in this invesﬁigation.

As in equations (2.3.4.1) and (2.4.1.1), equation (2.k4.2.1)

represents the steady state production of product per unit of volume,

as a function of the outside concentration, S,

2.4.3 Consistency Among the Deterministic Models (2.3), (2.4.1), and

2.4, 2

For notational convenience, let

dp(so)
yb(so) = 35 for the deterministic model of
Section 2.3
dp(so) N
ym(so) = =3 for the Michaelis-Menten Model of
Section 2.4.1
dp(s )
yL(so) =~ for the Laidler-Sundaram model of

Section 2.4.2.

Thus, the followlng steady state equations describe the rates of

production of product per unit of volume for the three models.

vpls ) =

NS, * K + KB - [(hs_ + UK + k2E0)2 - hxsokgEo]l/g
2

(2.4.3.1)

kEEoSo
Vn(85) = &g (2.4.3.2)

(o)

k. E s

R (2.4.3.3)

+s
? o
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where
- A
=y
and (2.4.3.4)
S
= = .
1

It is well known that the Michaelis-Menten solution, here denoted
by ym(so) , is that part of a rectangular hyperbola that lies within
the first quadrant. Since Y is a function of so s the abscissa
represents 84 In particular, this hyperbola has asymptotes (see

Appendix T.L4)

s = -K. | (2.4.3.5)

Obviously then (see Appendix 7.4), the Laidler-Sundaram solution,

VL(SO) , is also a rectangular hyperbola, but with asymptotes

y= k2Eo

s, = -K/Q . (2.4.3.6)

The deterministic solution of this chapter, here denoted by
yD(sO) » 1s also part of a hyperbola, but no longer rectangular; i.e.,
the asymptotes are not perpendicular to one another. The asymptotes

for the hyperbola, yD(so) , are given below (see Appendix 7.5):
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y =8, tuk. (2.4.3.7)

Intuitive relationships between the three solutions are now
developed, and it 1s shown that these intuitive relationships have
corresponding analytic expressions, so that the solutions ym(so) and,
yL(so) mey be considered as special cases of the solution, yD(so) .
This is done by first showing that ym(so) is a special case of
yL(so) and later showing that yL(so) is a special case of yD(sO) .

During the development of their solution, here denoted by yL(So) R
Laidler and Sundaram contend that it is wvalid in those instances for
which the enzyme within the support is very inactive or the support is
very thin. In such ingtances, the net enzymic reaction is slow in
comparison with the rate at which substrate molecules equilibrate
between the exterior and support phases. This allows them to replace
s; by Q-so in their formulation, where 84 and g represent the
concentration of substrate within and exterior to the support,
réspectively. This'replacement is approximately valid in this
instance because the (slow) enzymic reaction will do little to
disturb the equilibration of substrate molecules between the exterior
phase and the support phase; such an equilibration is represented by
the condition 8; = Qso .

If there is no preferential solubility of substrate molecules in
either the support or the exterior phase, then @Q 1is equal to unity
and hence 8; =8, - In this instance the Laidler-Sundaram investir

gation reduces to the study of a Michaelis-Menten reaction -occurring
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within a reaction volume (the support) containing constant concen-
tration of Bubstrate, Sy ¢ Indeed, this has the analytic equivalent
of.: setting Q equal to unity in equation (2.4.3.3), thereby
obtaining equation (2.4.3.2).

The following arguments provide justification for the earlier
contention that equation (2.4.3.3) is a special case of equation
(2.4.3.1).

Recall that equation (2.4.3.1) was obtained by application of
the quadratic formula to equation (7.3.6) of Appendix 7.3. Equation

(7.3.6) is rewritten below using the notation of this section.

2
-As yp(sg) + [yp(s )17 + AksB s - [uK + kB Joyp(s ) = 0.

(2.4.3.8)

Now divide both sides of equation (2.4.3.8) by u and let A ,
©u  tend to infinity in such a way that the ratio A\/u is maintained |
at a constant value, namely @ . This is a mathematical restatement
of the condition of validity for the Laidler-Sundéram solution,
equation (2.4.3.3),: since no matter what values the kinetic parameters
kl ) k_l s and k2 may have, this procedure will ultimately
guarantee that )\ and u will exceed them. Thus, eventually the
equilibratidn of substrate molecules between the exterior and the
support phases will be more rapid than the net rate of the enzymic
reaction.

Recall that within the first quadrant, yD(so) of equation

(2.4.3.8) must satisfy (see equation (2.4.3.7))

0s yb(so) < kB for 0<s, - (2.4.3.9)
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Therefore, the appropriate limit of equation (2.4.3.8) may be written

-Q‘So 1lim [y‘D(SO)-_I + Q,k_aEOSO - K lim [yD(so)] =0
Ay M- CO s = OO

which may be rewritten as

[y (e)] = 22 (2-1.3.10)
Jlim [y (s )] = . 2.4.3.10
Ay Lih OO Do Q+sO

M u=q

The right hand side of equation (2.4.3.10) is simply the right
hand side of equation (2.4.3.3). Thus we have the result that
x,lfﬁoo [yp(s)T = vp,(s,) (2.4.3.11)
M u=Q
and the contention that the Laidler-Sundaram solution is special case
of the deterministic solution of this chapter is established. Since it
has already been shown that the Michaelis-Menten solution is a special
case of the Laidler-Sundaram solution,\the deterministic model of this
chapter is seen to be more general than that of the Michaelis-Menten -

or the special case of the Laidler-Sundaram investigation.

2.5 Comparigons of the Stochastic Model 2.2

and the Deterministic Model 2.3

For the deterministic model of Section 2.3, the following
equation was derived (see equation (2.3.L4.1).

» 2 1/2
dp(so) i Ayt kB + uK - [[—;&sp+ k B+ ukl® - uxsokgEo]

dt 2

(2.5.1)



54
Equation (2.5.1) is an expression for the rate of production of pro-
duct molecules per unit of volume, at the steady state, as a function
of 8,

For the stochastic model of Section 2.2, the following equation

was derived (see equations (2.2.5.14) and (2.2.5.16)).
E[R(So,h)] = keji(l) . (2.5.2)

Equation (2.5.2) is an expression for the expected rate of transport
per compartment, at the stochastic steady state, as a function of SO .
The interpretation of the random variable, R(So,h) , as a rate and
its dependence on the quantity, h , were explained in Seétion 2.2.5,
Since transport in the stochastic case was defined in terms of
production of product molecules, and a unit of volume in the
deterministic case was defined to be equal to the volume of one
compartment, it is seen that equations (2.5.1) and (2.5.2) provide a
basis for comparisons of results of the two models in this chapter.
The quantities So and 8 have the same numerical values. Hence,
distinctions‘between them will not be maintained in the remainder of

this chapter.

2.5.1 Description of the Computer Program

It would be desirable to provide detailed analytic comparisons of
equations (2.5.1) and (2.5.2). However, due to the complicated
functional form of Fl(z) (see equation (2.2.4.4)), the extent of
such analytic comparisons is rather limited (see Section 2.5.2).
Hence, the majority of the comparisons of Section 2.5 consist of
graphical comparisons of equations (2.5.1) and (2.5.2) for specified

k and k

values of the parameters » , u , kl s 1 5 *
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A computer program has been developed that, given a specific set
of values for the parameters, calculates the value of dp(so)/dt for
various values of So This computer program also yields
approximations for E[R(so,h)] for this same sét of so-values and
plots the two results as functions of Sy Examples of such graphs
are included in Section 2.5.3.

An approximation for E[R(so,h)] is required because the
evaluation of Fl(l) necessitates the evaluations of two confluent
hypergeometric series (see equation (2.2.4.4)). The main computer
program contains a subroutine that provides partial sums approximations
to these infinite series. This subroutine was checked against
tabulated values for confluent hypergeometric series in such reference
texts as Abramowitz and Stegun (196L; pages 516-555); and thé
extensive tables of Rushton end Lang (1954). The approximations from
the subroutine either agreed with the tabulated values or differed by
an amount attributable to the single precision standard used. In the
main computer program, double precision standards are used, and the

approximations are expected to be even closer.

2.5.2 Analytical Comparisons

Computer-drawn graphs of equations (2.5.1) and (2.5.2) seem to
indicate that these two functions of S5 approach the same limit for
large values of g (see Section 2.5.3.2). One naturally wonders if
this behaﬁior is an inherent property of each function or if it is an
artifact of the approximation procedure for E[R(so,h)] . Successful
analytic procedures have been completed which demonstrate that at least

for the case ke’kl < U, the two equations (2.5.1) and (2.5.2) do,
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indeed, approach the same limit as 5, approaches infinity. These
conditions do not seem to have crucial physical implications; rather,
they seem to be an artifact of the particular mathematical approach
used. Appendix 7.6 contains details of this approach.

Analytic attempts to establish the equality of the limits under
completely general conditions have been unsuccessful. However, results
quoted in Erdélyi et al. (1953; Chapter 6) without derivation, seem to
indicate that the limits are equal under completely general conditions.
The equality of the limits depends upon the existence of the limit of

the ratio

M(a+l,c+l,z)
M(a,é,z) (2.5.2.1)

as s approaches infinity (see Appendix 7.6). In Appendix 7.6,

the limits of the numerator and denominator are calculated separately.
The results quoted in Erdélyi et al. can be used to establish the
limit of the ratio directly. Since only the parameters c¢ and =z
depend on s (see Appendix T7.6), the limit of the ratio in (2.5.2.1)
may be investigated by determining the double limit as Z,c approach
infinity. The following equation from Erdélyi et al. (1953, eqﬁation

3, page 278), quoted for z-= -co.
M(a,0,2) = 2 (-2)7°01 + o(|z| ™) (2.5.2.2)

may be used to establish the limit of (2.5.2.1) for fixed a and c ,
where [I'(x) is the gemma function. The following equation from

Erdélyi (equation l; page 278), quoted for c-oo

M(asc,z) = 1 + 0(}e| ™) | (2.5.2.3)
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may be used to establish the limit of (2.5.2.1) for fixed a and =z
and its uniformity in 2z . Hence, the existence of the limit as 5,
approaches. infinity of the ratio (2.5.2.1) could be established. How-
ever, Erdélyi provides no details regarding the validity of the inter-
change of limits in his equations. Such details are provided for the
restricted case in Appendix 7.6.

At any rate, the establishment of the equality of the limits by
analytic means for the special éase kl,ke < K - and the close agreement
of the approximation procedures for the confluent hypergeometric
functions with tabulated values seem to be strong evidence that: the
equality of the limits is not simply an artifact of the approximation

procedures used.

2.5.3 Graphical Comparisons

2.5.3.1 BSpecification of parameters. In order to obtain graphs

of dp(so)/dt and E[R(so,h)] as functions of s, it is necessary
tp specify values for the kinetic parameters 3 , wu , kl s k_l and
k2 and a rahge for the values of Bo * The kinetic parameters, as
used in this investigation, are presumed to be dependent upon the fact
that the enzymes involved are associated with.membranes.
Experimentally determined values are available for kl 5 k_l , and
kg for specific enzymes. However, such values are usually obtained
under conditions in which the enzymes are highly purified and not
attached to a membrane. In such a highly purified form, the
conformational state of an enzyme may be different than its

conformational state within a membrane (Laidler and Sundaram; 1971,

p. 266), and its kinetic properties may be different as a result.
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Furthermore, the role of membrane lipids would be absent for such
highly purified enzymes (Rothfield and Romeo; 1971). Hence, |
experimentally determined vqlues for the kinetic parameters have not
been used. Instead, a (necessarily limited) investigation of kinetic
behavior over the parameter space ( \ , & , kl s K-l B k2 ) has
been completed, subject to the condition that all the parameters are
positive.

Typically, megnitudes for the kinetic parameters have been chosen
to be in the range .1 to 100. It should be pointed out that the
absolute magnitude of each parameter is not as crucial as the
relative magnitudes. A brief study of equations (7.3.1) and (7.3.2)
and equations (7.2.1) and (7.2.2) will indicate that the steady state
values of c¢ , 8y and E[C],E[Si] are unchanged if each kinetic
paremeter is multiplied by the same positive real number. However,
the absolute magnitude of k2 is crucial in determining the maximum
limits of the rates of transport and the minimum limits of the
coefficientsof variation as discussed in the sequél.

Specification of a realistic range for 86 depends on two things:
specification of the value of ) and specification of the volume of a
compartment. The kinetic parameter, 3 , is essentially a scaling
factor for S, 2 since it only appears as a multiplier of 5, in
equations (2.5.1) and (2.5.2) and s, Rhever appears without = )

(see equation (2.2.4.4) for a precise evaluation of Fl(l)) .

The specification of the volume of a compartment determines the

concentrations of the various chemical species, since it is then taken

as the unit of volume for further discussions. For the purposes of
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this investigation, it is assumed that the lipid portion of a membrane
has thickness 2.5 nanometers (see Figure 1.3), whe:e one nanometer
equals lO-9 meters. Furthermore, the surface area of a compartment
is assumed to be a square with sides of lengths 5 nanometers. Hence,
the interior volume of a compartment is 62.5 cubic nanometers. . The
total volume that a compartment occupies is three times this large,
since it is assumed that the outer and inner boundaries of a
compartment are 2.5 nanometers thick (see Figure 1.3). = This
spegification of the volume of a compartment is within the range of
sizes of lipoprotéin. subunits given by Jain (1972; p. L06) and is
consistent with the approximate size of a "typical" globular protein
given in Dixon and Webb (1964; p. 625). Thus, one molecule per
compartment volume corresponds to the following concentration, where

c.v. denotes the interior volume of a compartment:

1 molecule per c,v. = (62.5 x 10-21)-1 molecules/cubic centimeter

21

. 016 X 107~ molecules/cc

25

molecules/liter .

il

.16 X 10

25

Since one mole of any substance contains 6.02 x 10 molecules,
one molecule per c.v. corresponds approximately to a .025 molar
solution.

A range for s, was chosen to be from O to 200, which

corresponds approximately to a concentration range of 0 to 7.5 molar.
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2.5.%.2 Typical graphs. In this section, examples of graphs of

the rates of transgort predicted by the deterministic and stochastic
models as functions of s, are provided. In all, fifty-two sets of
graphs were studied; the graphs below are included since they most
clearly demonstrate the points to be developed in the following
sections.

The following tablé indicétes the sets of parameters that
correspond to the vsrious graphs in this section; ia all cases, SO

varies from O to 300.

Table 2.5.3.2. 1 Values of parameters for each figure

" Figure 'y v kl k~l k2
2.5.3.2. 1A | 1 1 1 1 1
2.5.3.2.18 1 1 1 10 | 10
2.5.%,2, 2 1 1 1 1 10
2.5.3.2.2B 1 1 1 10 .1
2.5.3:,2.%A . 1L 1 1 10 1
2.5.3.2.3B oL 1 1 | .1 1
2.5.3.2.44 .1 10 10 1 10
2.5.3.2.4B o1 1 100 1 1
2.5.3.2.5 .1 10 100 1 1

_ The-graphs of this section suggest several generalizations.
First, all graphs indicate that both models lead to the saturation
phenomenon of'ten observed in transport processes, viz. further

addition of S, molecules past some point does not significantly
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increase the rate of transport. Figure 2.5.3.2.LA may appear to
contradict this statement, but subsequent graphical analysis has
indicated that it also has this behavior for larger values of 85

This observation is consistent with the analytic work of Appendix

7.5, which indicates that the limit of the deterministic transport rate

(for large s ) is kE , where E_ =1.



66
Secondly, the graphs demonstrate that there are cases for which
there 1s no discernible difference between the predictions of the two
models and cases for which there are differences and that these
differences depend on the parameters of the models. In Section
2.5.3.3, a set of inequalities on the kinetic parameters is proposed
that seems to adequately indicate when there will be differences in

the rates of transport predicted by the two models of this chapter.

2.5.5.3 Effect of parameters on kinetic behavior. After a

considerable amount of study of the fifty-two sets of graphs

generated in this investigation, some generalities began to emerge.
When differences between the graphs of dp(so)/dt and E[R(so,h)]
were observed, the following set of inequalities on the parameters

was observed to hold in all but two cases:

k, 2uzk, 2k (2.5.3.3.1)

1 2 -

Both contradictory cases satisfied u > kl = k2 2 k_l and the
differences observed were small. Furthermore, when no difference was
dbser#ed, one or more of the lnequalities was violated. It should be
pointed out that among the fifty-two cases studied, there was at
least one case for each possible way of violating (295.5,5.1).-

The observations above are subject to the qualification that a
distinction must be made between the existence of a difference between
the predictions of the tWo models. and the observation of a diff‘érence
in the graphs.  Because of the complicated functional form‘offfﬁé

stochastic result, very little analytic information is aveilable.

Without such information, little can be said akout the magnitude of a
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difference. Hence, a difference may exist but be so small as to be
undetectable from graphical work. The parameter, X\ , 1is not
included in the set of inequalities (2.5.3.3.1); recall from Section
2.5.3.1 that )\ may be interpreted ag a scaling factor for 55

Notice that all of the graphs in Section 2.5.3.2 (except Figure
2.5.3.2.1A) are consistent with the proposition above, relative to the
importance of (2.5.3.3.1). Figure 2.5.3.2.1A provides a good example
of the distinction that must be made between the existence of a
difference and the observation of a difference inrthe graphs. In the
case of Figure 2.5.3.2.1A, the set of inequalities (2.5.3.2.1) is
trivially satisfied, since all the parameters are identical (in the
sequel, such a reaction will be called the identity reaction). However,
no difference was observed in the graphs. When the scale was
expanded (by setting A = .1 , so that 'so ranges from -0 to 30), a
small difference was observed. It should be noted that expanding the
scale in this way does not always result in the cobservation of a
difference when no difference was observed before the scale expansion
(see, e.g., Figures 2.5.3.2.2B and 2.5.3.2.34).

The set of inequalities (2.5.3.3.1) seems to have some interesting
physical implications. Consider the following simplified wversion of

Figure 2.2.1.1, indicating the proposed reaction sequence:

'—ﬁé kl k2
SOQ—~SiA+E#ESi—-$E+P.
M k_4

Notice that u directly affects a decrease in the number of Si
molecules; kl affects an increase in the complexed form of the

enzyme, at the expense of $i molecules. . The parameters _k2 and

k .

-

have similar effects on the complexed form of the enzyme. Hence,



68
the inequalities of (2.5.3.3.1) seem to require that 84 be
"relatively" low and ¢ be "relatively" high. The specification of
what "relatively" high and low means is orucial. It can not mean s,
low relative to ¢ , e.g., since c must be between O and 1, while

cH gatisfies:
: k
A, _ 2 x
s ;S m c . (2.5.3.3.2)

(Bquation (2.5.3.3.2) is equation (7.3.4) of Appendix 7.3; an analagous
stochastic equation with Sy and ¢ replaced by their expected \
values may be obtained by adding equation (7.2.1) to z times

equation (7;2.2) of Appendix 7.2 and eValuéting this expression at

z = 1. Note that F/(1) + F/(1) = E(S,) end F (1) = B(C)).

Hence, it seems necessary to specify a convenient "pbase" reaction
against which all other reactions may be compared in order to
determine if, for a specified value of‘ 8o 2 the values of 8s and c
for this reaction are high or low. The identity reaction (see Figure
2.5.3.2.1A)'Was chosen as such a convenient base reaction since it is
a reaction for which there is a barely discérnible difference in
dp(so)/dt and »E[R(so,h)] (see earlier comments)5

Using the identity reaction as a base, "normalized" difference

for S5 and ¢ were formulated as

155 (85)-8; (s0) -
DSi (SO) = 5 (‘SQ) (2.5.3.3.3)

and

c(s )-c(s)
D_(s,) = L 12(5 ) © (2.5.3.3.14)
[o]
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where lsi(so) and. lc(so) represent the values of s, and c for
a specific value of Sy in the identity ‘reaction, while si(so) and
c(so) represent analogous quantities for‘the reaction under
consideration. Because of the scaling factor effect of A\ , the value
of A in the identity reaction was taken to be equal to the value for
the reaction under consideration, when evaluating equations (2.5.3.3.3)
and (2.5.3.3.4).

These normalized differences could haye been [ormulated in terms
of expected values as well as in terms of thelr deterministic analogs
as in equations (2.5.3.3.3) -and (2.5.3.3.4). However, if these
considerations are to lead to information that allows one to determine
in advance when differences will occur between predictions of these
stochastic and deterministic models, then the deterministic normalized
differences are the logical choices to use, since they are easier to
obtain.

Figures 2.5.3.3.1 through 2.5.3.3.4 are graphs of the normalized
differences for ¢ and s; as functions of Sq These correspond,
respectively, to Figures 2.5.3.2.1B through 2.5.3.2.5. Notice that in
Figures 2.5.3.3.1 through 2.5.3.3.2, DC(SO) is always larger than

Dy (so); in Figures 2.5.3.3.3 through 2.5.3.3.L, just the oppoéite is
i

true. This is more clearly demonstrated in Figures 2.5.3.3.5 through
2.5.3.3.8, in each of which D, (so) - Dc(so) is plotted versus

i
s, - Notice that in all cases for which Ds.(so) - Dc(so) <0, viz.

i
Figures 2.5.3.3.5 and 2.5.3.3.06, there was no discernible difference

in the graphs of the rates of transport (see Figures 2.5.3.2.1B

through 2.5.3.2.3A respectively). Also, in all cases for which
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Dy (so) - DC(SO) >0, viz. Figures 2.5.3.3.7 and 2.5.3.3.8, there was
i

a discernible difference in the graphs of the rates of transport (see

Figures 2.5.3.2.3B through 2.5.3.2.5, respectively). Hence, the cases

for which one or more of the inequalities

k. 2u2k

1 zk_

2 1

are violated correspond to cases for which there is no discernible
difference in dp(so)/dt and VE[R(so,h)] and for which the
normalized difference for 8. is large relative to that for c¢ .
Those cases for which the inequalities above are valid correspond to
cases for which there is a discernible difference between dp(so)/dt
and E[R(sc,h)] and for which the normalized difference for s; 1is
small relative to that for c .

Although these observations cannot be fully rationalized, some

interesting conjectures may be formulated. Considering only the

reactions
kl k2
Si+E;=>..ESi—9E+P
) k
-1

at the steady state, equation (2.3.3.2) of Section 2.3.3 indicates that

s,
1
¢ = (2.5.3.3.5)
1
where
k .+k -
K=—x—%. (2.5.3.3.6)
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Equation (2.5.3.3.5) represents a rectangular hyperbols with
asymptotes ¢ =1 and 8 = -K . A rough sketch is included below in

order to aid the &iscussions

('K’ O,) - / Si

Notice that for larger values of X , the curve could more accurately
bé approximated by a linear function, since 1ts slope would be small
over most of its range. Also, this situation would correspond to
(si,c) pairs for which s could be relatively large while ¢ was
relatively small. On the other hand, for smaller values of K , the
curve would become more decidedly non-linear and (si,c) pairs could
be obtained such that Si was relatively small while ¢ was
relatively large. The.magnitude of K is obviousiy related to the
‘ZM>>k

set of inequalities (2.5.3.3.1). If k 2 k. then X

1 2 1

would be small (see equation (2.5.3.3.6)) and the inter-dependence of

¢ and s would be mere highly non-linear. Moreover, differences
would be expected between dp(so)/dt and E[R(so,h)] (see earlier
cemments ). Also, if kg or k_l were much- larger than k then X
would be very large and the inter-dependence of ¢ -and 8s would be

more nearly linear. In such cases; the set of inequalities (2.5.3.3.1)
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would be violated and no difference between dp(so)/dt and
E[R(so,h)] would be expected. Hence, the agreement of the stochastic
and deterministic predictions seem to correspond to cases for which
the process 1s more nearly kinear and disagreements seem to correspond
to cases for which the process is more decidedly non-linear. The
normalized differences reflect these behaviors since they are, in some
sense, measures of the degree of non-linearity relative to the

. identity reaction.

2.5.3.4 Effect of Parameters on Cbefficient of variation. . The
coefficient of variation for any random variable is defined as the
square root of the variance divided by the mean and is hence a measure
of the relative deviations of sample functions from the meén. In
Section 2.2.5, the expected value and the variance of the random

variable R(so,h) were derived and shown to satisfy

E[R(s_,h)] = kE[C] -~ (245.3. 4. 1)
and
kQE[C]
VAR[R(so,h)] = - (2.5.3.4.2)

the quantity, h , may be interpreted as the length of time required
to make a measurement on the system, and is considered to be fixed,
but arbitrary. Hence, the coefficient of variation for R(se,h) is

seen to satisfy:

-1/2 ,

C°V}[R(so,h)] = {hkeE[c]} (2.5.3.4.3)
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In Appendix 7.6, it was shown that E[C] approaches one as S,
approaches infinity, at least for the cases in which kl,k2 S U .
Thus, V?%C.V}[R(sogh)] is expected to approach (ke)-l/2 .

Figures 2.5.3.4.1 and 2.5.3.4.2 are typical graphs of \h times
the coefficient of variation of the rate as a function of 8, In
all cases, the dotted line is the approximate value of
\h - CnV:[R(sé,H)] for s, equals 300. In all cases, this is
approximately equal to (ke)-l/? - Note that Figure 2.5.3. 4. 1B
indicates that this behawior of the coefficient of variation holds
even in cases for which kl,kg are not both lesé than u .

“At first glance, this behavior of the coefficient of variation
seems to contradict the statements of Heyde and Heyde (1971) (see
Section 1.2.1). They showed that the coefficient of variation is
smaller than (N)ul'/2 where N is the total number of interacting
molecules. Note, however, that R(so,h) is the per compartment rate
of transport. If there are a total number, M , of compartments in a
membrane, then since each rate random varigble is defined in termé of
stochéstically independent and identical cempartment variables, the
coefficient of variation of the total rate, RT(so,h) ,» 18 seen to

satlisfy

-1/2

C.V. [RT(so,h)] = (M) c.V. [R(so,h)] . (2.5.3.1;.4)‘

This is still not equivalent to Heyde and Heyde's result since a
largé.number of S, molecules does not imply that there are a large
number of compartments. Hence, the coefficient of variation for the
total rate in the present investigation need not go to zero as the

number of S molecules gets exceedingly large.
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Moredver, the total rate of transport may not be a particularly
relevant quantity. A cell is not a well-mixed volume. Hence, the only
product molecules available to a specific sub-cellular component may
be those obtained from neighboring membrane compartments. The
implications of the effect of such local variations on cellular
metabolism is not pursued here, and seems to warrant a separate

investigation.

2.5.4 Conclusions

Results established in previous subsections of Section 2.5
indicate the behaviors of the deterministic versus the stochastic
predictions'for the rate of transport. Such behaviors can range from
cases ‘in which there is no difference to cases in which the difference
is up to 20 to 25 percent of the deterministic prediction (see
especially Figures 2.5.3.2.4B and 2.5.3.2.5). The observation of a
difference was shown to correspond to cases in which the system was
more decidedly non-linear. The significance of the behaviors of the
nermalized differences is intriguing. These gquantities are completely
deterministic, yet they serve well as indicators of cases for which
there are differences in the predictions of the stochastic and
deterministic models of thisg chapter. Hence, one could determine,
without having solved the stochastic model; if there weould be
differences between the analogous medels of this chapter. It would be
of ebvious interest to investigate the generality of such an approach.

The observatiens of differences between the stochastic and
deterministic predictions have seme interesting implications relative

to experimental procedures. If one wishes to study the kinetic
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behavior of an enzyme-membrane system, the results of this investi-
gation suggest that isolation of the enzyme and subsequent solution
chemistry studies should be &voided. Rather, experimental conditidns
should be made to adhere as closely as possiﬁle to conditions in vivo.
These statements are made because the deterministic model of this
chapter intuitively corresponds to in vitro solution cheﬁistry
studies, while the stochastic model seems to mere nearly correspond
to in vivo conditions. = The results of this investigation indicaﬁe
that such in vitro and in vivo systems can have kinetic behaviors that
are guite different. Similar conclusions were also made by Stuart and
Branscomb (1971); see Section 1.2.1.

The behaviors of the coefficients of vaeriation of the rate of
transport provide additional indications that a stochastic
investigation is relevant for studies of such highly structured
systems as the enzyme-membrane system of this chapter. Not only are
there differences between the predletions of analogous stochastic and
deterministic models, but the behavior of the coefficient of variation
suggests the possibility that variances are not so small as to be

negligible, even for large substrate concentrations.
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5. TWO-ENZYME MODELS

2. L Introductory Remarks

In this chapter a stochastic model is developed as a general
prototype for membrane-enzyme reactions inveolving enzyme-molecules of
two kinds. "Primary" substrate molecules react with enzyme molecules
of the first type to produce product molecules. These product
molecules then serve as substrate for enzyme molecules of the second
type. Using the terminology of Section 1.3, it is assumed that
enzyme molecules of the first type are located in the outer boundary
of the membrane. These enzyme molecules react with subgtrate exterior
to the membrane. DProduct molecules of this first reaction (called
secondary substrate molécules) are relessed into the-middle region of
the membrane. They may subsequently enter into chemical reactions
with enzyme molecules of the second type, located within the inner
boundary of the membrane.

Discussions of these chemical reactions and a detailed
description of the stochastic model are provided in Sections 3.2.1
through 5.2.3. The justification for the deterministic model of
Section 3.3.3 as a deterministic solution chemistry analog of the
stochastic model is provided in Sections 3.3.1 and 3.3.2.

This general stochastic membrane-enzyme prototype reaction bears
some similarity to the "mobile site modelsf for transmembrane transport
discussed by Stein (1967, Chapters 4 and 9). For such models it is
assumed that there is a carrier molecule within the membrane that is
free to diffuse back and forth between the inner and outer boundaries

of the membrane. At the exterior boundary, this carrier may react
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with exterior substrate molecules to form a substrate-carrier complex.
Upon diffusion through the membrane interior, this complex may
dissociate at the interior boundary of the membrane and release the
substrate into the cell interior. Presumsbly, transport is enhanced
because-the substrate-carrier complex is more lipid soluble than the
substrate itself. It is important to point out that because of the
very small thicknesses of biomembranes, it is likely that the
diffusion of the complex is a relatively unimportant kinetic event;
i.e., the net transport is not diffusion-controlled. Rather, the
"loading" and "unloading" of the carrier at the respective interfaces
seem to be the important kinetic events. As will be seen in Sections
3.2.1 through 3.2.3, it is precisely these chemical events that the
stochastic formulation of this chapter concentrates upon.

The general stochastic membrane-enzyme prototype reaction of
this chapter also bears some similarity to the "fixed sité models" for
transmembrane transport discussed by Stein (1967, Chapter L4). For
such models it is assumed that molecules are transferred between fixed
sites within a membrane, ultimately resulting in transport of a
substance across the membrane. The general prototype reaction of this
chapter is a compromise between such fixed site models and mobile site
models sinceAthe "enzyme sites" are fixed within a membrane, but free
diffusion of substances between sites on the interior boundary and
sites on the outer boundary are allowed.

The exact location of such transport enzymes as discussed in this
section is not fully determined. However, Skou (1969) has

investigated the transport of sodium and potassium ions across
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membranes. He points oﬁt that it is likely that what he calls the
"sodium-site" is indeed a protein located within the inner protein
boundary of the membrane. Furthermore, he speculates that the
potassium-site may be a protein located within the outer protein
boundary of the membrane.

The models of this chapter alsc bear some similarity to models
used by Goldman and Katchalski (1971) in an investigation on the
kinetic behavior of a two-enzyme membrane carrying out a consecutive
set of reactions. In their work, it is assumed that both types of
enzymes are located on the outer surface of a membrane in contact
with a solution of éubstraﬁe at constant concentration. They
formulated and studied two deterministic models; a standard solution
chemistry model and a similar model incorporating affects due to the
existence of an unstirred layer along the surface of the membrane.. By
considefing only the range throughout which each individual enzyme-
catalyzed reation is essentially linear, they were able to obtain the
time dependent solutions to the two deterministic differential
equation models that they proposed. The "pseudo-structural” -
considerations they made to account for the effect of the unstirred
layer are somewhat similar to structural considerations.made to
account for the presence of the membrane compartments in the-present
investigation. However, since their models are basically linear
approximations to the time-dependent solutions and the models of the
present investigation are not linear and are steady state solutions,
no attempts to formulate analytic comparisons of the two sets of

models have been made.
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These examples are intended to provide a rationalization for
the particular membrane-enzyme prototype model developed in the

following sections.

3.2 Stochastic Model

3.2.1 Assumptions

The prototype model for membrane-enzyme reactions developed in
this section is one for transmembrane transport of a single type of
substrate. This transport is presumed to be catalyzed by enzymes of
two different tyﬁes. In particular, the following assumptions pro-
vide the basis upon which the stochastic model of this section is
developed. In Section 3.2.%, these (informal) statements of
assumptions are used to develop the formal mathematical properties of

the stochastic model.

(i) The concept of membrane compartments (see
Bection 1.3) is an adequate representation
of membrane ultréstructure. Furthermére,
it is assumed that each compartment con-
tains exactly one enzyme moleculé of each
kind; the first, denoted by El s located
within the outer boundary and the second,
denoted by E2 » located within the inner
boundary (see Figure 3.2.1.1).

(ii) The number of substrate molecules (per unit
of volume) outside the cell, denoted by 8, >

is maintained at a constant level. These



(1i1)

(iv)

(v)

exterior substrate molecules are agsumed to
act in stochastically identical and inde-
pendent manners.

Exterior substrate molecules are free to
interact with the enzyme molecule within the
outer boundary according teo the following

stolichiometric chemical equation:

k k
11 172,
+ B, =% ES§ ———— S, +E
L<p— Lo~ 1
17-1 1-2

where the product molecules of this reaction, here
deroted by Si » are released to the interior

of a compartment.

Each compartment is well mixed in the sense

that the probability that a given number of
molecules will occupy a specific sub-volume

is the same for all sub-volumes of that size

within a compartment.

Substrate molecules within a compartment,
Si , are free to interact with the single
enzyme molecule, E2 s located within the
inner boundary according to the folloﬁing

stolichiometric chemical eguation:

le 2k2
+ E2 ‘T Eebi —"’ P + E2 °
27-1

These interior substrate molecules are assumed

to act in stochastically identical and
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(vi)

(vii)

(viii)

Figure 3.2.1.1 serves as a schematic summary of assumptions (i)

independent manners. Furthermore, it is
assumed that Si molecules can leave a com-
partment only via the chemical reactions
described in this assumption and in assumption
(iv).

There is no movement of product molecules, de-
noted by P, back into the membrane.

The compartments are stochastically identical
and independent.

There is a meximum number, N , of interior

substrate molecules that mey simultaneously

inhabit the interior of any compartment.

through (vi) and will hopefully clarify the concepts involved:

outer boundary k:q
1% /|
Bl ——38 + [&]
1-2 /|
CELL CELL
EXTERIOR lkl lk_l , 2k-l 2kl INTERIOR
4 y k
o o« 22
8, * {Elj EEQDi] ‘P
L] t::
/

Pigure 3.2.1.1

Schematic cross-sectional disgram of an idealized

inner boundary

oL

membrane compartment showing the proposed mechanism

of transport
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3.2.2 Discussion of Assumptions

Several of the assumptions of Section 3.2.1 are the same as those
of Section 2.2.1, hence, discussions of those will not be repeated
here. The discussions of this section are numbered in the same way as

were the corresponding assumptions of Section 3.2.1.

(i) See discussion (i) of Section 2.2.2.

(ii) See discussion (ii) of Section 2.2.2.

(iii) This assumption asserts that the enzyme
catalyzed reaction occurring within the outer
boundary follows a Michaelis—Mentén scheme.
Moreover, the product of this reactlion, de-
noted by Si s Serves as a substrate for the
second enzyme{ The reaction rates lk-l and
lk2 are first order rates having dimensions
such as (time)'l while the reaction rates
lkI and lk-2 are second order rates having
dimensions such as (concentration)_l'x
(’f;ime)_l . In a stochastic framework, these
reaction rates are more properly interpreted
as mean rates, whose probabilistic definitions
are provided in the table of transition
probabilities of Section 3.2.3.

(iv) See discussion (iv) of Section 2.2.2.

(v) This assumption is similar to assumption (iii)
of Section 3.2.1. The reaction rates _k

2 -1

and 2k2 are first order rates having



(vi)
(vii)

(viii)

dimensions such as (time)-l while &,

is a second order rate having dimensions

such as (concentration)-l'x (time)-l .
Again, a more proper probabilistic inter-
pretation of these rates is provided in the
table of transition probebilities of Section
5.2.3.

See discussion (vi) of Section 2.2.2.

See discussion (vii) of Section 2.2.2.

This assumption is designed to approximate
the physical solubility limit. . For most
solute-solvent combinations, there is a
maximum amount of solute that can be dissolved
in a given amount of solvent; any additional
golute will not dissolve, but will remain

as a separate phase. AL this point the
solution is said to be saturated and the
concentration of the saturated solution is
called the solubility of the given solute in
the particular solvent used. Moreover,
without this restriction, values for the
kinetic parameters could be found which would
cause Si to increase not only beyond
golubility limits, but even beyond the capacity

of the physical space available.
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It is interesting to point out that this assumption was not
necessary in the stochastic formulation of Section 2.2.2 since the
solubility phenomenon was already accounted for by the permeability

constants A and u and the resultant partition coefficient, A/u o

3{2.5 Development of the Badic Equations

Since the compartments are assumed to be stochastically
identical and independent, the relevant kinetic properties of the
whole membrane may be studied by determining the relevant kinetic
properties of one compartment only. Moreover, the consistency of this
"per-compartment" approach with the "per unit of volume" approach of a
deterministic analog was discussed in Section 2.2.3.

Let the random variable Si(t) denote the number of substrate
molecules in the interior of a given compartment at time t . Let
Cl(t) s Cg(t) be randém variables denoting the states, at time t ,
of the single enzyme molecule E. and the single enzyme molecule E

1

in thé compartment, respectively. These random variables satisfy the

2

following conditions:

0 if enzyme Ei is free gt time t
C.(t) = : fori=1, 2.

1 if enzyme Ei is complexed at time t
and
0= Si(t) <N

where N is the maximum defined in assumption (ix) of Section 3.2.2.
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It is assumed that the stochastic process {(Cl(t),Si(t),C2(t)):
0.2 t} is a continuous time, discrete state Markov Process with
stationary, independent increments. Under these assumptions the one
compartment model is completely s@ecified by the infinitesimal
transition probabilities: the probability that a transition of the
form (cl,n,cg) - (ci,n',céo “oceurs in the process
{(cl(t\),si(t_),cg(t)); 0. t} during the time interval [t,t+at)
The model is summarized by the infinitesimaigtransition probabilities,
in Table 3.2.3.1.

The probability that more than one transition occurs during the
interval [t,t+At) is o(at) . This condition and the table below
are exhaustive so that the prdbabiiity_of no transition of a given
form may be calculated by using complements of the appropriate events.
In addition, since O < Si(t) <N, probabilities of transitions bf the

form

(cl,ngcz) - (ci,n’,cé) for n’ « 0. or nt >N

are rigorously zero.

Table 3.2.35.1 contains the formal mathematical restatements of
the (informal) statements of the assumptions of Section 3.2.1l. For
example, the first row in the table is aiformal restatement of
assumptions (ii) and (iii). The remaining rows in the table likewiée
can be determined directly from the appropriate assumptions of
Section 3.2.1.

The general assumption behin@ the definition of these transition

probabilities is that the probability of such transitions during
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small tim@ intervals is proportional to the lengths of such time
intervals. The proportionality constants then are products. of the
kinetic constants and the numbers of molecules available for the
appropriate chemical reactions:

In the table above, note that SO is the constant number of
exterior substrate molecules (per cempartment volume). In an
experimental situation, one would vary So and measure the con-
centration of product on the other side of the membrane, for each
fixed value of So .

Let p(clfn,cg;t) denote the probability that the process

{(Cl(t),Si(t),Ce(t)): O < £} is in the state (cl,n,ce) at time t

P(Cl;n;cgst) = PI'(C:l_(t) = cl) Si(t) = I, Cg(t) = 02}

for c; = O, 1; 0<n<N. From the table of transition prebabilities
one can obtain (see Appendix 7.7) the forward Kolmegorov differential
equations for p(cl,n,cggt) . These equations are designated as

equations (3.2.3.1) through (3.2.3.7) below.

P’ (0,0,03%) ==( k8 +k_,n+ k n)p(0,n,05t) + 1k ,p(1,n,03t)

+ lkgp(‘l’n"-l’ 03t) + gk_lp(o,l’l-l,l;t) + Ekep(o’ﬂ):L;t)

(3.2.3.1)

'p’ (O)n) l5t) = "(lklso+lk_2n+2k_l+2k2)p(O)n)l;t) + lk_lp(l)n)l;t)

+.kp(1,n-1,15t) + 2k1<n+l)p(o,n+l,o;t) (3.2.3.2)
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‘P' (l)n)05t> = "(lk_l+lké+2kln)1)<l’n’O;t) + lklsop(o)n)o;t)

+ 1 k_o(0+1)p(0,041,05%) + Sk 1p(1l,n-1,15t)

4

232'9(1)“)13'{3) (5-’2~3-5)

p, (l)n)l;t) = -(lk_l+lk2+2k_l+2k2)p(l’n)l;t) + lk'lsop(oin,l;t)

+ 1k o (0tLl)p(0,n+1,15t) + ok, (0t1)p(1,n+1,05t) .

(3.2.3.4)

Equation (3.2.3.1) is valid for O<n < N , if the convention

that p(cl,—l,cegt) = 0 is maintained for c, = 0,1 and for all t .

1
Because of the restrictions that 0 = Si(t) £ N , equations (3.2.3.2)

through (3.2.3.4) are valid only for O£n<«<N. For n =N,

these equations have the following form:

pl (O)N)l;t) = -(lk_lSo+lk_2N+2k2)p(O)N)l;t) + lk_lp(l}N)l;t)
+ lk2p(1,N-1,1;t) (3.2.3.5)

p’ (1L,N,05%) = '(lk_l'*'eklN)P(l:N)OSt) + lleOP(O)N;OBt)

-+

gk_lp(l,N-l,l;t) + Zkgp(l,N,l;t) (3.2.3.6)

D (LN, 158) = - (jk_1+k,)p(L,N,158) + (kS p(0,N,136) « (3.2.3.7)
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Let P (t) be a column vector having N + 1 elements, whose
th l 2
j=— element, p . (t). , satisfies
c.chd
12
Pclc2j (t) = p(cl,J—l,cg;t) 1sjsN+1. (5.2.5.8)

Then the set of equations (3.2.3.1) through (3.2.3.7) can be

written in the following matrix form:

Péo(t) =£Eoo(t) +§gOl(t) + IR (6) + ZPll(t) (3.2.3.9)
Eél(t) = H]-'ioo(t) +»,Y«EOl(t) + ErEJ_O(t)* El_ﬁ_ll(tj (3.2.3; 10)

Plo(t) "~—oo(t) +ZP, (t) + XP O(t) + SPll( ) (3.2.3.11)

BYy(6) = ZBoo(t) + WBQ (6) + UR () + ¥R (1) (3.2.3.12)

where R through Z are all (Nx 1)X (N +1) matrices defined as

follows (see-also Appendix 7.8) and Z  is the zero matrix:
Definition of R = [rjk}, where
= - + (= + j +
L, [lklso (3 J.)(lk_2 le)] 1< j<N+1
r.. =0 otherwise
Jk

Definition of § = [Sjk]’ where

Sjj=2k2 lsjs N+l



Definition of U = [u where

3l
Ypgen T 2
ujk = 0

Definition of V = [vjk], where

Vi = "Lk Stk gkt k 5(3-1)]

Vg, e = L1k SotokatiE_GY]

5k

1gj <N+l

otherwise

l1sjs N+L

1< j <« N+L

otherwise

Ll j <« N+L

otherwise

1l £j«<NtL

otherwise
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Definition of W = [ij], where
Y33 T 1"1%
LTS il L
Wﬁk = 0

Definition of X = [Xjk]’ where

ij = -[lk-l+lk * kl(J l)]

Xpey,wer = LKtk M
Xjk=o

Definition of Y = [yjk], where

+
Vyg =~y qtpkptpk p+ k]

Ver,ner = "LaKoptak)

Vig = 0
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1l j<N+L

l<j e« N+L

otherwise

lsj <« N+l

-otherwise

lgj<N+l

otherwise

Notice that the matrices R through z have non-zero elements

at most in the first super-diagonal, the main diagonal, and the first
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sub-diagonal. These characteristics are made more explicit using the
notation in equations (7.8.9) through (7.8.20) of Appendix 7.8.

The set of matrix equations (3.2.3.9) through (3.2.3.12) serves
as the basic set of equations for the process {Cl(t),Si(t),Ce(t):
0=t} . In Appendix 7.9 a recursive scheme is developed for
obtaining the stationary probability distribution. In Section 3.2.4

this procedure is briefly discussed.

3.2.4 Stationary Probability Distribution Solution

Reuter and Lederman (1953) have shown that the forward Kolmogorov
differential equations for a conservative Markov Process with a
finite number of states has a unique solution for the time dependent
transition probabilities (see Section 2.2.4 for a definition of a
conservative process). Moreover, Takacs (1960; page 35) asserts that
an ilrreducible Markov Process with a finite number of states has a
limiting probability distribution that is stationary. This
distribution is obtalnable by solving the forward Kolmogorov
differential equations with the partial derivatives with respect to
time set equal to zero. The Markov Process of this chapter is con-
servative and irreducible by construction (see Section 2.2.4 for
details).

Matrix equations for the L (N+l) stationary probabilities, de-

noted by P P PlO and P ] » are obtained from eguations

007 =01’ = 1
(3.2.3.9) through. (3.2.3.12) by setting the left hand sides equal to

zero. The following matrix equations result:
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Q=80 * SPor * Thio * 2By (5.2.4.1)
9 =00 * ¥Eor * 2R * TEn (%°2'1+'2)
Q=Moo * 2By * ZByo * BBy (G.2.k.3)
Q= ZRoo * MRy * UByp * XByy - (5. 2.1 1)

As indicated in Appendix 7.9, a recursive method ig developed to
obtain the L(N+l) stationary probabilities, p(cl,n, 02) for

CysCy = Ol and 0<ns< N, by obtaining matrices éo.]_ 3 'éOO s

A1, and A,y such that
0= 2Anin (3.2.4.5)
200 = Aoofor (3.2.4.6)
P10 = S10fon (3e2.5.7)
P = A P (552. ll'-8)

=11 ~Ll=o1L '’

The set of matrix equations (3.2.4.5) through (3.2.4.8) plus the

condition that all the probabilities must sum to one

T .
1L=1 (goo + ;EO]. + Elo + Ell) (,‘)-2.1!-09)

formthe basic set of equations from which the recursive scheme is

developed.
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In equation (3.2.4.9), 1 is a column wector all of whose N+1
elements are unity. Thus ;T is a row vector all of whose N+1
elements are unity.

The actual recursive scheme is discussed in Appendix T.9.

3.2.5 A Measure of Transport

For the stochastic approach of this chapter, the guantity of
interest is the rate of transport of substrate molecules across the
membrane, as measured by the production of product molecules. Since
this process consists of discrete events, the interpretation of a rate
as an ordinary time derivative is inappropriate. In this section, the
results of previous sections of this chapter are used in the develop-
ment of a definition of the rate of transport as a time average, rather
than as an instantaneous value.

The production of one product molecule is an indication that
transport has occurred and corresponds to a transition of the form
(cl,n,l) - (cl,n,O) in the process {Cl(t),Si(t),Cz(t): 0s<t}.
Thus a new stochastic process {P(t): 0O < t} 1is defined, where the
random variable P(t) denotes the number of product molecules pro-
duced by a given compartment during the time interval [0,t) .

For time intervals of small duration [t,t+At) , the following
set relationships hold, where the random variable P(t+At) - P(t)
denotes the number of product molecules produced during the time

interval [t,t+at):
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1 N
(1) [B(+at)-P(t)=1] = U U [[C(t)=cy,8, (t)
¢,=0 n=0

=n,C,(t)=1] N [0, (t+at)=c , 8, (t+at)

=n, C,, (t+4t)=0]] U B+ (3.2.5.1)
(11)  [P(t+at) - P(t) < 0] = § (3.2.5.2)
(111) [P(t+At) - P(t) > 1] = E¢ (3.2.5.3)

where ﬁ 1s the empty set and E represents events having

At
probabilities that are o(At) .

The first relationship holds because the only way (exclusive of

events having probabilities o(At) ) that one product molecule can be
produced during a time interval [t,t+At) is if the one enzyme molecule
of the second type, E2 s> in that compartment were complexed at time
t , the one enzyme molecule of the first type, El s were either free
or complexed at time t , and for some n with 0<nsg N,
Si(t) =n . BSubsequently, during the time interval of length At ,
the enzyme molecule, E2 » returns to the free state without changing
either the number of interior molecules at time t or the state of
the first enzyme molecule at time ¢t .

The second relationship holds because movement of product

molecules back into the membrane is not allowed (see assumption (vi) of

Section 3.2.1).
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The third relationship holds because it would require the
occurrence of multiple transitions in the process {Cl(t),Si(t),Cg(t):
0 £ t} during small time intervals of length At .

Thus the probabilistic properties during small time intervals of
the process {P(t): 0 s t} can be obtained from the probabilistic
properties of the process {Cl(t)’si(t)’CE(t): 0 <€t} . Moreover,
since the latter stochastic process has stationary, independent
increments, so does the former.

Applications of equations (3.2.5.1) through (3.2.5.3) result in
the following probability statements.

| 1 N

L X Pr{[Cl(t)=cl,Si(t):n,Cg(t)zl]

cl=O n=0

1]

PriP(t+At)-P(t)=1]

N [0, (bsat)=e,,8, (b+at)=n, G, (5+4)=0]} + o(at)

1 N
=z § ﬁRr[Cl=cl,Si=n,02=O;t+At‘Cl=cl,Si=n,
cl—O n=0

C2=l;t]«Pr[Cl=cl,Si=n,C2=l;tﬂ'+ o(at)

N
io 2k2AtPr[Cl=cl,Si=n,02=l;t] + o(At)

= JAPr[C,(8)=1] + o(at)

and
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PriP(t+At)-P(t)=3] = o(At) if §>1

1 - 2k2AtPr[02(t)=1] + o(pat) if

]
(@]

Equation (3.2.5.3) actually implies a stronger condition than
that indicated above for j > 1, wviz. that the sum of
Pr{P(t+At) - P(t)=j] for j >1 is o(At) . This result implies the
one above for j > 1.

Thus the expected value and variance of the random variable

P(t+at) - P(t) satisfy

E[P(t+At)-P(t)] = gkgAtPr[Ca(t)=l] + o(At) (3.2.5.4)

VAR[P(t+At)-P(%)] = k AtPr[C,(t)=1] + o(at) (3.2.5.5)

where Pr[Cg(t)=l] is equal to the expected value of the random
variable C, (t) .

In a manner completely analogous to that of Section 2.2.5,
equations (3.2.5.4) and (3.2.5.5) can be uséd to derive the following

equations
E[P(h)] = gkghE[ng (3.2.5.6)
and

VAR[P(h)] = 2k2hE[02] (3.2.5.7)
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where the random variable P(h) denotes the number of product
molecules produced by a compartment during a time interval of length
h within the stochastic steady state, and E[02] is the stationary
expected value of the random variable ¢ (t) -

A random variable, R(So,h) » 18 now defined and is interpreted
as the rate of production of product molecules in the sense that it
represents the number of product molecules produced by a compartment
during & time interval of fixed but arbitrary length, divided by that
length,

P(S ,h)
R(S,,h) = ——-ﬁ——— . (3.2.5.8)

As in equation (2.2.5.13) of Section 2.2.5, equation (3.2.5.8)
displays the dependence of this rate on the number of exterior
substrate molecules, S0 » which had been suppressed for notational
convenience in the previous stochastic developments of this chapter.

Applications of equations (3.2.5.6) and (3.2.5.7) thus yield the
following expressions for the expgcted value and variance of the random

variable, R (So,h)

BLR(3,,0)] = JkB0C,) (5.2.5.9)
and
k_E[C
VAR[R(S_,h)] = Qﬁ—i] : (3.2.5.10)

Equation (3.2.5.9) thus represents the expected value of the rate
of transport per compartment per unit of time at the stochastic steady

state, as a function of So + This quantity is well-determined since
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the stationary expected value of the random variable, Cz(t) s can be
obtained from the results of Section 3.2.4. In particular,

N
E Pr[Cl=cl,Si=n,02=l] .

1
E[02] = Z
=0 n=0

5.3 Deterministic Model

5.35.1  Assumptions

In Section 3.3.3, a standard differential equation model is
developed as a deterministic solution chemistry analog of the
stochastic model of Section 3.2.3. To be more precise, the following
assumptions provide the basis upon which the detérministic model of

this chapter is developed. Section 3.3.2 contains discussions of these

assumptions.

(1) The reaction volume in which the chemical
reactions are occurring is assumed to be
homogeneous in the sense that the con-
centrations of all reacting species are
uniform throughout the reaction volume.

(ii) The concentration of the "primary" substrate,

denoted by S, 2 is assumed to be main-
tained at a constant level.

(iii) The primary substrate molecules, S, » are
free to react with enzyme molecules of the
first type, denoted by El » according to

the following stoichiometric scheme:
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lkl lk2
SO + El T Elso T Si + El
17-1 17-2

where the product molecules of this reaction
here denoted by Si ; Serve as the sub-
strate for the second enzyme.

(iv) The uniformity of the reaction volume is
maintained, even under the production of
Si molecules.

(v) Si molecules are free to react with enzyme
molecules of the second type, denoted by E2 5

according to the following stoichiometric

scheme:
25 oo
S, +B, = ES, —>»>P+E_.
2 Kk 21 2
2 -1
(vi) As indicated in assumption (v), the formation
of product is assumed to be irreversible.

(vii) The chemical reactions can be adequately

mathematized using the law of mass action.

5.5.2 Discussion of Assumptions

The assumptions (1) through (vii) of Section 3.3.1 are obvious
deterministic solution-chemistry restatements of assumptions (i)
through (vi) of Section 3.2.1. Moreover, some of the assumptions of
Section 3.3.1 are the same as those of Section 2.3.1. Only
assumptions ‘of this deterministic formulation that are different from

the deterministic formulation of Section 2.3.1 will be discussed.
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References to the previous deterministic formulation of Section 2.3.1

and the previous stochastic formulation of Section 3.2.3 will be made

in cases where the assumptions are identical. This discussion of

assumptions is mmbered in the same way as are the corresponding

assumptions of Section 3.3. 1.

(1)

See discussion of assumption (i) of Section
2.3.2.

The requirement that CR be maintained at

a constant level in a homogeneous reaction
volume may be difficult to attain experi-
mentally. Surely, it could be approximately
attained if S5 is much larger than the
concentrations of either enzyme. However,
this may invalidate discussions of the
behavior of the chemical system when S is
small. The constancy of so may also be
approgimately valid in those cases for which
the reaction volume is "thin" and.in contact
with a large reservoir with constant con-
centration of SO » and for which the reaction

rates are slow relative to the rate of mixing

_between the reaction volume and the reservoir.

Still another case 1s that for which SO is

produced as the product of some reaction

‘sequence not explicitly considered. This
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particular rationalization is similar to that
of assumption (vi), for the irreversibility
of the product-producing reaction.
(iii) See discussion of assumption (iii) in Section
3.2.2, except in this instance El molecules

are not fixed within a protein boundary, but

are in free solution.

(iv) See discussion of assumption (i) of Section
2.3.2.
(v) Bee discussion of assumption (v) of Section

5.2.2, except in this in;tance E2 molecules
are in free solution.

(vi) See discussion of assumption (vi) of Section
2.3, 2.

(vii) See discussion of assumption (vii) of Section

2.3. 2.

3.3,5 Development of the Basic Equations

The model described below contains functions that describe the
concentrations of the various chemical species. The goal is to
obtain an equation that describes the rate of production of product as
a function of the constant concentration, Sg 9 of the "primary"
substrate. In order to maintaln consistency with the stochastic model
of Section 3.2.3, a unit of volume is defined to be equal to the
volume of one compartment (see Section 1.3). 1In addition, the con-
centrations of the two types of enzymes, denoted by e and e. , are

1 2

defined in such a way as to require that there be one enzyme molecule
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of éach type per unit of volume. This requirement is also made to
maintain consistency with the stochastic model of Section 3.2.3. Hence,
once the volume of a compartment is specified, the appropriate con-
cgntration of enzymes to be used in this deterministic approach is
determined.

The stoichiometric chemical equations defined in Section 3.3.1 are

repeated for convenient reference.

1% 1%
S +E == ES T— E, +8,
Q 1 Kk lo Kk 1 i
1 -1 17-2
oy oo
— )
s, + E, == EESi:-—i} P +E, .
of1 -

Using standard solution chemistry kinetic arguments, the
following set of differential equations is obtained. In the
formulation below, Sg si(t) s el(t) s cl(t) s ez(t) s cg(t) 5
p(t) denote the constant concentration of primary substrate S, >
concentratioﬁ of secondary substrate Si » concentration of free
enzyme El s concentration of complexed enzyme ElSo » concentration
of free enzyme E2 s concentration of complexed enzyme EESi and
concentration of product P , respectively, All these concentrations

are understood to represent numbers of molecules per unit of volume.

—del(t) dcl(t)
Tt " Tar = [ikgsotkops; (8)1reg (8) - [k _q+ kT o (8)

(3.3.3.1)
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dsi(t)
— = -[lk (t)+2 1 2(t>] S, (t) ks l(t) oKl lCE(t)

(3.3.3.2)

-de, (%) ) de, (%)
at  ~ 4t

= giys; (b)ey(8) - [k 4ok, 0e (b)) (3.3.3.3)

dp(t) _

3.3.4 Steady State Solution

The steady state solution for the production of product is
obtained by setting dcl/dt s dcg/dt and dsi/dt equal to zero in
equations (3.3.3.1) through (3.3.3.3) of Section 3.3.3. Subsequent
manipulations yiéld a cubic equation for the steady state value of c2 R
as a function of 8y ¢ Finally, the substitution of the one
biologically relevant solution of that cubic equation into equation
(3.3.3.4) yields the expression below. Details of the procedure are

provided in Appendix 7.10.

1/2
ap(s,) BB kB ko aD]" (3.3.4.1)
dt _ 2:D o e
where
dy = oK9K8,

B = d) (phoBogt kB o) + dpyk 1By + dmpkBy,

D= (3p-d5-ay)
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[o]]
1

oK1tk )

2 lk-2( -l 272

ds

il

oy (1K 1+ k)

B = ei(t) + ci(t) for i =1, 2 and has the value

of unity.

Thus equation (3.3.4.1) represents the rate of production of

product per unit of volume, at the steady state.

3.4 Comparisons of the Stochastic Model 3.3 and

the Deterministic Model 3.2

For the deterministic model of Section 3.3, the following

equation was derived (see equation (3.3.4.1)):

2 1/2
dp(so) ) -B+[B +hlk2E102k2E20dlD] (5.4.1)
dt 2D c
where
Ay = Sk ks (3.4.2)

B = dl(2k2E20+lk2Elo) + dzlk_lElo + d32k2E20 (3.4.3)
D=dy-dy - a (3.4 k)
dg = lk_e(ek_l+2k2) (3.4.5)
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k .+ k) (3.4.6)

E..=¢, +¢c, =1 for i=1, 2. (3.4.7)

Equation (3.4.1) is an expression for the rate of production of
product molecuies per unit of volume, at the steady state, as a
function of 8o ¢

For the stochastic model of Section 3.2, the following equation

was derived (see equation (3.2.5.9)):

B[R(S,50)] = JkBLC,(5,)] - (3.1:9)

Equation (3.4.9) is an expression for the expected rate of
transport per compartment volume, at the stochastic steady state, as a
function of So .

Since transport in the stochastic case was defined in terms of
production of product molecules, and a unit of volume in the
deterministic case was defined to be equal to the volume of one
compartment, it is seen that equations (3.4.1) and (3.4.9) provide a
basis for comparison of the results of the two models of this chapter.
The quantities SO and S have the same numerical values. Hence,
distinctions between them will not be maintaines in the remainder of
this chapter.

Because of the complicated nature of the recursive scheme for the

stochastic case (see Appendix 7.9), no analytic information regarding
the behavior of equation (3.4.9) has been obtained. As a result, all

comparisons of the two models of this chapter are graphical comparisons.
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3.4.1 Description of the Computer Program

A computer program has been developed that, given a specific set
of values for the parameters lkl ’ lk-l » lk2 B lk-2 s 2kl P
oK1 ok, and N, calculates the value of dp(so)/dt for various
values of g Recall that N is the maximum value that Si may
obtain in the stochastic case (see Section 3.2.2). This computer pro-
gram also calculates the value of E[R(so,h)] for the same set of S,
values. This is accomplished by subroutines of the main computer
program that use the recursive scheme developed in Appendix 7.9 to
generate the L(N+1) stationary probabilities. Once these
probabilities have been obtained, the value for E[R(so,h)] is
calculated according to equation (3.4.9).

The main program also contains subroutines that check to see if
the generated stationary probabilities satisfy the required equations
(see Appendix T.9).

Following the calculation of dp(so)/dt and E[R(so,h)] , the

program also provides graphs of these functions. Examples of such

graphs are included in Section 3.L4. 2.

3,h,2 Graphical Comparisons

3.4.2.1 Specification of parameters. As in Section 2.5, the

interior volume of a compartment is assumed to be 62.5 cubic nanometers
and a range of S, values is chosen to be from O to 500, corresponding
approximately to a concentration range of O to 7.5 molar (see Section

| 2.5.3.1 for details).

Once a range of 5, values has been established, it is still

necessary to specify values for the parameters lkl » lk-l s lk2 s
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1k-2 ! 2k1 ? 2k-l ? 2k2 lkl ?

similar role in the results of this chapter to that of the parameter,

and N . The parameter, plays a
A » in Chapter 2, viz. as a scaling factor for S, (see equation
(3.4.1) and the matrix equations (3.2.3.9) through (3.2.3.12) for the
stochastic case). Note that the parameter, N , is only used‘in the
stochastic model and is the maximum number of Si molecules per
compartment. See the discussion of assumption (vii) in Section
3.2.2 for the physical significance of this parameter.

As in Section 2.5, a (necessarily limited) investigation of
kinetic behavior over the parameter sub-space (lkl B lk-l s lk2 R
lk-2 s 2kl s 2k-l 5 2k2) has been completed, subject to the
condition that all the kinetic constants be positive.

Typically, magnitudes for the kinetic parameters have been chosen
to be in the range lO_2 to lO2 . It should be pointed out that the
absolute magnitude of each kinetic parameter is not as crucial as the
relative magnitudes. A brief study of equations (7.10.1) through
(7.10.3) and equations (7.8.1) through (7.8.4) will indicate that the

steady state values of s; and c, and of E[Cl] 5 E[Si] and

€1 2
E[CQ] are unchanged if each kinetic parameter is multiplied by the
same positive real number. However, the absolute and relative
magnitudes of lk2 and 2k2 are crucial in determining the maximum
values of the transport rates and the minimum values of the co-
efficients of variation, as discussed in the sequel.

Specification of the value of N 1is somewhat more arbitrary than

gpecifications of the values of the kinetic parameters. For initial

investigations, values for N were used that were not greater than

-~
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fifteen, which corresponds approximately to concentrations not greater
than .375 molar. However, subsequent inveétigations required
information on kinetic behavior for larger values of N . The
largest value of N wused in this investigation is 35, which corres-
ponds approximately to a concentration of .875 molar. Information on
kinetic behavior for N larger than 35 could not be obtained. This
is due to the fact that for N large, underflow problems developed in
the recursive subroutine for the generation of the L(N+l) stationary

probabllities.

3.4.2.2 Typical graphs. In this section, examples of graphs of

the rates of transport predicted by the deterministic and stochastic
models, as functions of s, are provided. In order to provide a
basis for points to be developed in later sections, graphs for the
number of Si molecules per compartment as functions of s, are also
included. In all, sixty-fivevsets of graphs were studied; the graphs
belowAaré*included since they most clearly demonstrgte points to be
developed in following sections.

Table 3.4.2.2.1 indicates the sets of parameters that correspond
to the various graphs in this section; in all cases, So varies from
0 to 300.

Most of the graphs of the rates of transport are consistent with

the saturation phenomenon discussed in Section 2.5 (see especially

Figures 3.4.2.2.14A, 3.4.2.2.44, 3.4.2.2.6A and 3.4.2.2.9A). The
remaining graphs do not exhibit this phenomenon because S, has not

achieved a large enough value to insure the saturation of the enzymes



120

Table 3.4.2.2.1 Values of parameters for each figure

e — e,
———

Figure k) gk, K, K, oK SR oK N
3.4.2.2.1 1 10 10 10 1 .1 15
3.4.2.2.2 1 100 1 1 1 100 5, 10, 15
3.4.2.2.3 1 1 10 10 1 10 10 15, 20, 30
3.4.2.2.4 1 1 1 1 1 . OL 5, 10, 15
3.4.2.2.5 .1 10 1 10 1 1 15, 20
3.4.2.2.6 1 1 .1 10 100 .0l 1 5, 10, 15
3.h.2.2.7 .1 10 1 1 10 1 10 15
3.4.2.2.8 .1 1 1 1 1 .1 1 15, 20, 25
3.4.2.2.9 1 1

L 1 1 .1 15,/20, 30, 35

in the system. The observation of this saturation phenomenon is
consistent with the analytic work of Appendix 7T.1ll, which indicates
that

o ap(sy) i
llm —&'_E— = mlie [lKE’ 21{.2] . (30 )"'o 2. 2. l)
Soﬂm

Equation (3.4.2.2.1) is interesting in that it indicates that the

slower of the two reactions

k
12
ElSO —_—) El + Si
and
k
272
EESi — E2 + P

determines the limiting behavior of the rate of transport.
The graphs of this section demonstrate that there are cases for

which there is no discernible difference between the rate predictions
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NO. of 8y MOLECULES/COMP. VOL.

Figure 3.4.2.2.1
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d
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Kinetic quantities for paremeters in Table 3.4.2.2.1
"d" is the deterministic and "nl" is the

stochastic result for N=15;
(A) rates of transport

(B) number of S; molecules/compartment
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. .01

1/l times TRANSPORT RATE

© SUESTRATE 300

NO. of 8, MOLECULES/COMP. VOL.

(8)

¢ SUSSTRATE ‘ 300

Figure 3.4.2.2.2 Kinetic quantities for parameters in Table 3.L4.2.2.1

"d" is the deterministic and "nl”, ”n2”, "nB” are

stochastic results for N=5, 10, 15;
(A) rates of transport

(B) number of 8; molecules/compartment
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Figure 3.k4.2.2.3 Kinetic quantities for parameters in Table 3.4.2.2.1

"d" is the deterministic and "nl", "nz”, "n‘3" are

stochastic results for N=15, 20, 30;
(A) rates of transport

(B) number of 8, molecules/compartment
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Figure 3.h.2.2. 4 Kinetic quantities for parameters in Table 5.&.2.2.1

"d" is the deterministic and "nl”, "nz", ”nB" are

stochastic results for N=5, 10, 15;
(A) rates of transport

(B) number of 8, molecules/compartment
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Figure 3.4.2.2.5 Kinetic guantities for parameters in Table 3.4.2.2.1

"qd" is the deterministic and ”nl", "n2" are

stochastic results for N=15, 203
(A) rates of transport

(B)  number of 8, molecules/compartment



126

( .1 d
n3= !‘42-‘-'!11

g
=
8
2
g
£
0
g
5

&N

N
-

(a)
° SUESTRATE | ' 300

) ,
/ , ()

/ n_=n_=n

NO. of S; MOLECULES/COMP. VOL.

-~

o SUESTRATE 300

Figure 3.L4.2.2.6 Kinetic quantities for parameters in Table 3.L4.2.2.1

"d" is the deterministic and "nl", ”ng”, "nB" are

stochastic results for N=5, 10, 15;
(A) rates of transport

(B) number of 84 molecules/compartment
CI
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Figure 5.&.2.2;7 Kinetic quantities for parameters in Table 3.Lk.2.2.1
"d" is the deterministic and "n." is the

1
stochastic result for N=15;
(A) rates of transport

(B) number of 84 molecules/compartment
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Figure 3.4.2.2.8 Kinetic quantities for parameters in Table 3.4.2.2.1
"4" is the deterministic and "n.", "n,.", "n," are
. - 1 2 3 )
stochastic results for N=15, 20, 25;

(A) rates of transport

' ' ' _ (B) number of 8; molecules/compartment
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Figure 3.4.2.2.9
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Kinetic quantities for parameters in Table 3.4.2.2.1
"d" is the deterministic and "n.", "n.", "n,"

l R n2 s nB 5 "n)-‘-"
are the stochastic results for N=15, 20, 30, 35;
(A) rates of transport

(B) number of Si molecules/ compartment
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of the two models of this chapter and that there are cases for which
there is a discernible difference. These differences appear to depend
on the parameters of the models. In Section 3.4.2.3, a set of
inequalities on the kinetic parameters is proposed that, given due
considerations to the effect of the parameter N , seems to adequately
indicate when differences may or may not be expected. These points are

discussed in detail in Section 3.L4.2.3.

3,4,2.3 Effect of parameters on Kinetic Pehavieor. Rationali-

zations for the observed kinetic behavior for fhe set of models of this
chapter are much more difficult to obtain than for the set of models

of Chapter 2. Not only are there more kinetic parameters for the
models of this chapter, but the stochastic and deterministic models
have g major difference that the models of Chapter 2 do not have. This
difference is the parameter, N , which is the maximum number df Si
molecules per compartment in the stochastic model. The deterministic
model of this chapter has no such restriction on LSi . In the
remainder of this chapter, this distinction between the two models
will be referred to as the N-effect. This N-effect is clearly evident
in most of the graphs of Si versus s in Section 3.h4.2.2.

In developments of rationalizations for the observed kin;tic
behaviors in this chapter, maximum use is made of the results of
Section 2.5. However, these rationalizations need to take the N-effect
into account, as described in later parts of this section.

Recall from Section 3.4.2.1 that is a scaling factor for

lkl
8, a8 is the parameter, )., of Chapter 2. Recall also the set of

inequalities:
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k, 2u=k 3.4.3.2.1)

1 21{_

2 1

from Section 2.5. This set of inequalities serves as a good
indicator of cases for which differences may be expected between the
rate predictions of the two models in Chapter 2. A combination of
parameters of this chapter has been determined that is analogous to
the parameter, u , of Chapter 2. The parameters pup and ) define

the equilibrium constant between 5, and S: in Chapter 2:

S, }\
(g‘{) _A (3.4.2.3.2)
Soleq. M

In order to determine the equilibrium constant between Sy and o
in this chapter, one must consider the intermediate chemical species,

cq - If o and c, are in equilibrium, then

151 1
— 7—5 . (5'”" 2'3'5)
lk..l SO l-cl> eq.

If ¢ and s are in equilibrium, then

1 i
k (1-c,)s.
e - (2 . (3. 4e2.3. 1)
1%-2 1 eq.

Equations (3.4.2.3.3) and (3.4.2.3.4) are derived from separate
equilibrium considerations of the reactions

k
1
sc-,) + El T ElSo

1-1
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lk2
ElS vk— El+S
1-2
and the condition that 1 = e + c; - Hence, 1if Cy s 8 and 8,

are in equilibrium, then equations (3.4.2.3.3) and (3.4.2.3.4) can be

used to establish that

( ) ( ) (3.4.2.3.5)
o/ eq. l -1 l -2

Comparing equations (3.4.2.3.5) and (3.4.2.3.2), it is seen that
since lkl and A have similar effects, the lumped parameter
lk—l'lk-2/lk2 of this chapter can be expected to have an effect

similar to that of u for Chapter 2. Hence, the lumped parameter is

called 4 in the sequel

0= 1——1—1—2 (3.4.2.3.6)
l 2 ‘

Such considerations lead to the conjecture that the set of

inequalities

k. 202 .k = k (3.4.2.3.7)

271 22" 2-1

may provide an indication of cases for which differences between the
rate predictions of the two models of this chapter would be observed.
In particular, it is proposed that when the set of inequalities
(3.4.2.3.7) is satisifed, differences will be observed. Furthermore,
it is proposed that if at least one of the inegualities is violated,
then no differences will be observed. This propostion was only

partially successful in early investigations for which N = 5,.10 or
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15. The results of such early investigations can be conveniently

divided into three classes:

Class I - no difference predicted on the basis
of (3.4.2.3.7) and no difference
observed.

Class IT =~ no difference predicted but some
difference observed.

Class III - differences predicted and differences

observed.

Of the sixty-five sets of graphs studied, there were no cases for
which a difference was predicted (i.e., (5.&.2.3.7) satisfied) and no
differences were observed. Only graphs falling into Class II can be
considered to be clear-cut counterexamples to the propostion. However,
at least one graph from each class was studied further in an attempt
to determine the extent of the N-effect. This was accomplished by
making N as large as possible. The graphs of the rates of transport
in Section 3.4.2.2 are examples of cases in which the extent of the N-
effect was established. In many cases, this was not possible because
for large values of N , underflow problems were encountered in
attempts to generate the U(N+l) stationary probabilities using the
computer program described in Section 3.4. 1.

The following table indicates which of the graphs in Section
3.4.2.2 are examples of graphs that fall into the various classes

defined above:
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Table 3.4.2.3.1 Classes into which graphs of Section 3.4.2.2 may

be divided
Class Figure
I 3.4.2.2.1 and 3.4.2,2.2
II 3.4.2.2.3 and 3.4.2.2.4
IIT 3.4.2.2.5, 3.4.2.2.6, 3.4.2.2.7

3.4.2.2.8 and 3.4.2.2.9

The figures in Class I need little explanation. They demonstrate
that the N-effect caﬁnot have a very significant effect on the rate
prediction of the stochastic model for these cases since there is no
difference between the rate prediction of the stochastic and
deterministic models. Figure 3.4.2.2.2 demonstrates this particularly
well since there is not even any difference between the predictions of
Si for the two models when N = 5,,10 or 15.

The figures in Class II demonstrate that as N is increased, the
differences between the rate predictions of the two models disappear.
Hence, figures in this class when N 1is small cannot be considered to
be counterexamples to the propostion. Rather, they are a result of
the N-effect and are not longer counterexamples as: N is increased.

The figures in Class III are not counterexamples, but were
studied in an attempt to determine how much of the observed difference
can be attributed to a stochastic effect and how much can be
attributed to the N-effect. Since raising N never was cobserved to
effect a decrease in E[R(so,h)] s it 1s assumed that once two graphs
of E[R(so,h)] agree for N =n, and N =n. with nl < n2 s Sub-

1 2
sequent graphs would agree for all higher values of N . All of the
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graphs included as examples of this class demonstrate that when a
difference is observed, not all of this difference can be attributed
to the N-effect; rather, that some of the difference is due purely to
a stochastic effect. TFigure 3.4.2.2.8A demonstrates this
particularly well. The extent of the N—effec£ is not obvious in
Figure 3.4.2.2.7TA, since the rate of transport in the stoch;;tic case
is shown only for N = 15 . Information for higher values of N was
not obtainable due to the underflow problems mentioned elsewhere.
Nonetheless, the possibility of the N-effect seems unlikely in this
case. Note from Figure 3.4,2.2.7B that s; and E[Si] are
approximately equal and very low relative to the maximum value N = 15 .

As in Séction 2.5.3.3, the degree of difference between the rate
predictions of the two models can be shown to be related to the dégfee
of the non-linear interdependence of Cs and 8 - The following

equation is a simple rearrangement of equation (7.10.5), noting that

E = 1 :

20
Si l

cp = T (3.4.2.3.8)

i

where

k _+ k

K = g_:iEg—g . (3.4.2.3.9)
271

Equation (3.4.2.3.8) represents a rectangular hyperbola with

asymptotes cy = 1l and 8; = -K . In precisely the same manner as in

Section 2.5.3.3, large values of K . are possible for cases in which
the set of inequalities (3.4.2.3.7) is violated, the interdependence of

c and si is more nearly linear and no difference between the rate

2

predictions of the two models is observed (once the N-effect is
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considered). Small values of K are possible when (3.4.2.3.7) is
satisfied, the interdependence of ¢y and 8; is more nearly non-
linear and differences between the two rate predictions are observed.
The importance of the relative magnitude of & in (3,4.2.3.7) hes not
been fully rationalized. However, the equilibrium considerations in
equation (3.4.2.3.5) indicate that large values of i will result in
small values for 8 s relative to the value of lkl'so .

Normalized differences have been calculated in a manner identical

to that of Section 2.5.3.3:

_ lsi(so)-si(so)

Dsi(so) = 131130) (3. 4. 2.3.10)
and
e (s_)-c (s )
DCE(SO) =i icg?so)g S  (3he2.3.11)

\
where lsi(so) and lCE(So) denote the values of si(so) and
cg(so) for the identity reaction. The identity reaction for this
chapter is included as Figure 3.4.2.2.9 in Section 3.4.2.2.

Graphs of these normalized differences and Dsi(so) minus
'ch(so) are included as Figures 3.4.2.3.1 through 3.4.2.3.8 in this
section. Each set of two figures in this section corresponds to a
similarly-numbered set of two figures in Section 3.L4.2.2.

All of the graphs of DS.(SO) - ch(so) where this quantity is
strictly positive correspond io cases for which a difference was
observed (see Figures 3.4.2.3.5B through 3.4.2.3.8B and their corres-
ponding figures in Section 3.4.2.2). All of the graphs of DS_(SO)

i

- D, (so) where this quantity is strictly negative correspond to
2
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cases for which no difference was observed, once the N-effect was
taken into account (see Figures 3.k4,2.3.8B through 3.4.2.3.3B and
their corresponding figures in Section 3.4.2.2). These observations
are completely consistent with those of Section 2.5.3.3. However,
Figure 3.4.2.3.1B and 3.4.2.3.L4B are unlike any graphs of DS.(SO)

- Dc(so) in Chapter 2. These figures correspond to cases fzr which
no difference was obsertved (see Figures 3.L4.2.2,1A and 3.4.2.2.L44,
respectively), yet Ds-(So) - Dce(so) is initially positive before
going negative for lar;er values of CH There are at least two
possible reasons for this. The parameter vector K = (lkl, lk-l’
Ko 1K s iy oK ko) for Figire 3.4.2.2.4A is equal to

(L, 1, 1, 1, 1, 1,..0L) . Of the parameter sets indicated in the
table of Section 3.4.2.2, this set is nearly equal to the parameter
set for the identity reaction; K= (1, 1, 1, 1, 1, 1, 1) . Hence,
this reaction may serve as a better base reaction than does the
identity reaction. A more likely possibility is fhat these behaviors
of Ds.(so) - D, (so) rarise because the attempt to describe the

2

behavior of a three variable system, 8. , and s using only

€10 5
two variables, 5 and 8. is obviously an approximation. It should
not be surprising that such an approximation is not globally valid.
Note that the possible effects of c, are essentlially ignored by the
use of the lumped parameter u of equation (3.4.2.3.5).

In summary, the behaviors of the two rate predictions, dp(so)/dt
and E[R(so,h)] s of this chapter are closely related to the degree of
non-linearity of the system. When the parameters are such that the

system is essentially linear, then differences are not expected. When

the parameters are such that the system is more highly non-linear, then
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Figure 3.4.2.3.1
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differences between the two rate predictions are expected. The degree
of linearity or non-linearity may be measured by the constant, K s Or
the normalized differences of this section.

The N-effect is a confounding effect in that low values of N
may increase the extent of a difference and may even indicate s
discernible difference when no difference is observed for larger values
of N.

With the exception of the N-effect which was absent in the models
of Chapter 2, the kinetic behaviors for the models of this chapter are

consistent with khose of Chapter 2,

3.h.0.1 Effect of the parameters on the Goefficient of Variation.

In Section 3.2.5, the expected value and the variance of the random

variable, R(so,h) , were derived and shown to satisfy

E[R(so,h)] = zkeE[CE(so)] (B.h.2.k4. 1)
and
k, E[C
VAR[R(s ,h)] = 22 [h2(8°)] . (3ole2. L. 2)

The quantity, h , may be interpreted as the length of time required
to make d measurement on the system, and is considered to be fixed,
but arbitrary. Hence, the coefficient of variation for R(so,h) is

seen to satisfy: /

C.V.[R(so,h)] = {h-2k2E[C2(so)]}_l/2 . (342, 4.3)



147

In Appendix T.1ll, it is shown that
dp(s,)

lim ———— = min[ k
So-b (@®) d% 2

2’ lk2] ° (5-)4'0 2- )'"c )'")

The graphs of the rates of transport in Section 3.4.2.2 indicate that
EKEE[CQ(SO)] ig ?2 %ncreasing function of s and that
2kEE[CQ(so)] < —EEEE— for all values of s_ . Hence, the graphical
evidence and equation (3.k4.2.4.L) indicate that c.v.[R(sO,h)]
approaches a limit that is not less than (h)—l/2max.[(2k2)_l/2,
(lkg)-l/gj « Recall that no analytic infgrmation is available for the
stochastic model of this chapter.

Since the parameter, N , may have an effect on 2kgE[Cg(so)]
(at least for O = 8, S 300 ), this parameter also may have an effect
on C.V.[R(so,h)] . To be more precise, smaller values for N  may
yield higher values for C.V.[R(so,h)] (see discussion of the N-effect
on E[R(so,h)] in Section 3.4.2.4.3 and equation (3.4.2.4.3)). These
points are demonstrated in Figures 3.4.2.4.1 and 3.4.2.4.2. These
figures correspond to Figures 3.k4.2.2.14A, 3.u,2.2.5A and 3.4.2.2.8A of
Section 3.4.2.2, respectively. The dotted lines in the figures of
this section indicate the approximate limiting value of
\h - C.V.[R(so,h)] for s =300. In all three cases these values
are close to the value of max[(gkg)_l/e,(lkg)—l/ej (see comments
above ).

If there are a total number, M , of compartments in a membrane,

then the coefficient of variation of the total rate RT(SO,)

satisfies:
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Figure 3.4. 2.4.1 Coefficient of variation as a function S,

(A) k=(1,10,10,10,1,1,.1) and n =15

(B) k=(1,1,10,10,1,10,10) and n,=15, n,=20, n5=50
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Figure 3.4.2.4.2 Coefficient of variation as a function of S,
k=(-1,1,1,1,1,.1,1) and ny=15,n,=20,n5=25

V2N R(s yB)]s  (3h2.bk)

c.V. [RT(so,h)] =M

(see Section 2.5.3.4 for further discussion on this point).

3.4.3 Coneclusions

Results established in previous subsections of Section 3.4
indicate the behaviors of the deterministic versus *the stochastic
vradictions for the rate of transport. Such behaviors can range from
cases in which there is no discernible difference to cases in which the

1

to 12 percent of the deterministic prediction (see

foR
i
"
L)
®
3
]
H
)
(0]
'_ 1,
7
<
o

especially Figure 3.4.2.2.5A). The observed differences in this

chapter are more persistent than those of Chapter 2 in that they

ci

vrically do not disappear sg s approaches 500.

W/
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Conclusions reached in this chapter relative to the degree of
non-linearity and its relation to the extent of observed differences,
implications relative ta experimental procedures, and behaviors of
the coefficients of variation are analogous to those of Section

2.5.%; refer to that section for details.
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4. MULTI-ENZYME COMPLEX MODELS

4.1 Introductory Remarks

In Chapter 3, prototype modelé for membrane-enzyme reactions were
considered for which intermediate substrate molecules were released
into a volume separating the two enzymes involved. Another case of
interest 1s that for which intermediate chemical species are not
released, but are directed along a sequence of enzymes. In this
chapter, such consideratibns lead to the development of prototype
models for chemical reactions involving multi-enzyme complexes. A
multi-enzyme complex is a complicated aggregate of intimately
assﬁciated enzyme molecules that serves to catalyze various stepé of
some metabolic pathways (see, e.g., the general review by Reed and Cox;
1970). These particles contain:definite amounts of each enzyme, and
the component proteing are organized in a specific and regular way.
Such an enzyme organization may be more efficient in catalyzing a
multi-step metabolic sequence than a random dispersion of structurally
independent enzyme molecules since products of some enzyme molecules
may serve as substrates for other enzyme molecules in the complex.

The close physical associationAof enzyme molécules in the complex
presumably allows intermediate product molecules to avoid the dilution
effect that would be typical for intermediate products in a random
dispersion of structurally independent enzyme molécules.

The multi-enzyme éomplexes studied by Reed and Cox are not
assoclated with lipids and do not usually contain structural proteins
which have no enzymic function. They were isolated from various

bacterial cells and animal tissues and appeared to act as functional
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subunits in vitro. Reed and Cox contend that these complexes are
naturally occurring phenomena and are not artifacts of the method of
isolation. Thus, these multi-enzyme complexes may be a simpler level
of organization than the complex arrays of membrane-bound enzymes
believed to be associated with some subcellular organelles. Fessenden-
Raden and Racker (1971), for example, propose a complicated multi-
enzyme system located within the inner mitochondrial membrane to
explain the behavior of the respiratory chain and the resulting
conduction of protons across the membrane.

The stochastic and deterministic investigations of this chapter
differ from those investigations of Chapters 2 and 3 in that the
organization typical for a multi-enzyme complex is an inherent
structural property of the complex itself and does not result from the
incorporation of the complex within a biomembrane. For the
investigations of this chapter, a multi-enzyme complex is envisioned
as a chain of enzyme molecules in which substrate molecules are
consecutively passed from one enzyme molecule to another. ;A more
precise description of a multi-enzyme complex and a particular
idealization relative to the transport of substrate molecules between
enzyme-members of the complex are provided in Section 4.2.1 and U4.3.1,
(the two-enzyme complex stochastic and deterministic models, re-
spectively) and in Section 4.5 (the general N-enzyme complex case).
The models of this chapter are, then, attempts to provide mathematical
descriptions for the behavior of a colleqtion of identical multi-
enzyme complexes having precise structural organizations that are con-

tained within an otherwise homogeneous reaction volume.



153

There seems to be an intuitive similarity between a multi-enzyme
complex, as a precisely structured aggregate of enzyme molecules, and
an enzyme molecule itself, viewed as a precisely structured aggregate
of active sites. The term active site of an enzyme molecule is meant
to denote a section of an enzyme molecule at which various chemical
reactions appear to occur. Thus if an enzyme molecules is structured
in such a way that active sites are in close proximity to one another,
an enzyme molecule may be considered to be a multi-site complex. In
this regard, it is interesting to point out the investigation by
Hasselbach (1973) of the method of transport of calcium ions across
the sarcoplasmic reticulum membranes of muscle fibers. Hasselbach
contends that the protein molecules responsible for this transport
extend through the width of the membrane and that these protein
molecules contain active sites at either end. Presumably, substances
containing calcium that are exterior to the membrane could enter into
chemical reactions at the outer active site, resulting in passage of
calcium ions along the protein molecule to the inner active site, from
which these calcium ions could be released into the cell interior.

In addition, the multi-enzyme complex models of this chapter
bear some similarity to the "charged pore models" discussed by Stein
(1967, Chapters 3 and 9). For such models, it is assumed that there
are pores extending through a membrane. Such pores are assumed to be
formed by or lined with (enzyme-like) proteins, between which the

translocated substrate is passed.
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4,2 Two=Enzyme Complex Stochastic Model

L.2,1 Assumptions

In this section a stochastic model is developed as a mathematical
description for the behavior of a collection of identical two-enzyme
complexes that are contained within an otherwise homogeneous reaction
volume. A two-enzyme complex is the simplest possible (non-
degenerate) form of a multi-enzyme complex, consisting of only two
enzyme moleculesj the individual enzyme molecules are denoted by the
symbols El and E2 + Each enzyme molecule can be in one of two
possible states; free or complexed. The various possible states of a
two-enzyme complex are denoted by the symbols E1E2 s ClZE2 3 ElC2

and ClC The first symbol is meant to indicate that both enzyme

2 -
molecules of a two-enzyme complex are in the free state, the second is
meant to indicate that the first enzyme molecules is in the complexed
state and the second enzyme molecule is in the free state, etc. In

addition, the following assumptions provide the basis upon which the

stochastic model of Section 4.2.3 is developed.

(i) The reaction volume containing the collection
of two-enzyme complexes is assumed to be
homogeneous in the sense thaa the concen-
trations of all reacting species are uniform
throughout the reaction volume. Hence, the
probability that a given number of molecules
will occupy a specific sub-volume is the

same for all sub-volumes of that size within

the reaction volume.



(11)

The various chemical transitions are governed

by the following stoichiometric scheme:

(iii)

(iv)

where the symbol So denotes those molecules
that serve as substrates for the first enzyme
molecule of a two-enzyme complex.

The concentration of SO molecules, denoted
by S, 2 is maintained at a constant level.
Moreover, molecules of So are assumed %O
act in stochastically identical and inde-

pendent manners.

The chemical reactions denoted by

ElC2 = E1E2 + P

and

ClC2 - ClE2 + P

are irreversible.

155
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The various two-enzyme complexes are

stochastically identical and independent.

4.2.2 Discussion of Assumptions

The discussions of this section are numbered in the same way as

the corresponding assumptions of Section L4.2.1.

(1)

(1)

The stochastic models of previous chapters
contalned assumptions relative to the molecular
organization of blomembranes. For this model,
the organization for a two-enzyme complex is

an inherent structural property of the complex
itself and need not result from the incorporation
of the complex within a biomembpaneg Reed

and Cox contend that such multi-enzyme complexes
are probably not membrane-bound in vivo,

though this contention is not well established.
Furthermore, their in vitro experiments were
performed with solutions containing isolated
complexes. Hence, the only structural
characteristics within a reaction volume are
those of the two-enzyme complexes. The homo-
genelily of the reaction volume itself could

e maintained by a mechanical stirring device.
The stoichiometric scheme indicated in
assumption (ii) is a particular idealization
for the adVéntage that,ﬁulti-enzyme complexes

presumably have over random dispersions of
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structurally independent enzyme molecules.

The chemical transitions

o
C1E2 T{— E102
-2

are used to indicate that since the two-
enzyme molecules are close to one another,
it is conceivable that as the chemical bond
between a substrate molecule and an enzyme

molecule E. 1is being broken, a bond between

1

the substrate and enzyme E_, is simultaneously

2
being formed. In this sense, intermediate
chemical substances will not suffer from a
ditution effect. Thus a two-enzyme complex
can be considered as a chain consisting of two-
enzyme molecules in which substrate molecules
are passed back and forth between adjacent
members of the chain. The reaction rate kl
is & second order rate having dimensions such
" as (concentration)™t x (time)-; while the
remaining reaction rates are first order

and have dimensions such as (time)-l . As
in previous chapters, a more proper proba-
bilistic interpretation of these rates is

provided in the table of transition proba-

bilities of Section L4.2.3.



(iii)

(iv)

(v)
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As in the stochastic models of previous
chapters, this assumption could be
approximated experimentally by either using
a concentration of substrate molecules that
is much greater than the concentration of
two-enzyme complexes or by rapidly passing
a solution of fixed concentration, so.,
through the system. Alternatively, one
could assume the existence of a rapid
"supplier reaction" as in Chapter 3.
This assumption could be approximately
fulfilled experimentally by providing a
chemical substance within the reaction
volume that has a much higher affinity for
the final product, P , than do the chemical

forms C.E and ElE

18 of the two-enzyme

2
complex.

This assumption is commonly made for the
sake of mathematical tractability. However,
a study of the stoichiometric scheme given
in assumptions (ii), together with a con-
sideration of assumption (iii) will indicate
that chemical reactions for this model are
pseudo-first order reactions. Since no
direct interactibns between separate two-

enzyme complexes are assumed, the only

circumstance for whieh separate two-enzyme

rd
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complexes may interact is in competition

for available So molecules. However, the
concentration S5 is assumed to be constant

(see assumption (iii)). Thus under the
- previous assumptions, separate two-enzyme

complexes do not interact and hence, it seems
reagonable to assume that they act in
stochastically identical and independent

manners.

4. 2.3 Development of the Basic Equations

Since individual two-enzyme complexes are assumed to be
stochastically identical and independent, the relevant kinetic
properties of a collection of two-enzyme complexes can be studied by
determining the kinetic properties of a single two-enzyme complex.
These kinetic properties will be developed using the terminology '"per
two-enzyme complex", while kinetic properties for the deterministic
model of Section 4.3 will be developed using the terminology "per unit
of volume". Defining a unit &f volume in such a way that there is an
expectation of one two-enzyme complex per unit of volume then provides
the basis for comparing results of the two models.

Let the random variable ci(t) for i =1, 2 denote the state
th

at time t for the i— enzyme molecule of a typical two-enzyme
complex
. .th .
O if the i— enzyme molecule is free
¢, (t) = th .

1 if the i— enzyme molecule is complexed
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It is assumed that the stochastic process {(Cl(t),Ce(t)): 0= %}
is a continuous time, discrete state Markov process with stationary,
independent increments. Under these assumptions, the single two-
enzyme complex model is completely specified by the infinitesimal
transition probabilities: the probability that a transition of the
form (cl,ce) -+ (ci,cé) occurs in the process {(Cl(t),Cg(t)):
0 £t} during a short time interval [t,t+At) . The model is
summarized by the following table of infinitesimal transition

probabilities:

Teble 4.2.3.1 Infinitesimal transition probabilities

Reaction Transition Probability
ky
8 B E, ~ C,E, (0,0)(1,0) leoAt+o(At)
Ky
s°+ElE2 «— C.E, (1,0)4(0,0) k_lAt+o(At)
%
C,E, == E,C, (1,0)4(0,1) kEAt+o(At)
ko - .
C,E, & E,C, (0,1)4(1,0) k_EA@+o(At)
Ky
so+:Elc2 == C,C, (0,1)4(1,1) leoAt+o(At)
51
8, TEBCy & CiC, (1,1)+(0,1) k_lAt+o(At)
k
0,C, 2= C,E, (1,1)-(1,0) ks At+o(at)

E.C §§» E.E (0,1)+(0,0) kBAt+o(At)
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The probebility that moré than one transition occurs in the
interval [t,t+At) is o(At) . This condition and the table above
are exhaustive, so that the probability of no transition of a given
form may be calculated by using complements of the appropriate events.

The table above contains formal mathematical restatements of the
(informal) statements of assumptions in Section 4.2.1. TFor examples,
the first row in the table is a formal restatement of assumptions (i),
(ii) and (iii). The remaining rows in the table likewise can be
determined directly from the appropriate assumptions of Section 4.2.1.

Note that SO is the constant number of substrate molecules
(per unit of volume) in the reaction volume. In an experimental
situation, one would vary So and then measure the rate of
production of product molecules for each fixed value of So .

Let p(cl,qegt) denote the probability that the process

{(Ci(t)’ce(t>)5 0 <t} is in the state (cl,ce) at time t .

p(cl,czgt) = Pr[Cl(t)=cl,02(t)=02] for cpsey =0y Lo

From the table of transition probabilities, the forward Kolmogorov
differential equations for p(cl,ce;t) may be obtained by standard

procedures:

B/ (0,058) = ~Kp(0,03%) + k_;p(1,03%) + k;p(0,138)  (h2.3.1)

p’(0,15%) = -(ki+k_gfk3)p(0,l;t) +k_,p(1,15t) + kyp(1,05%)
(4.2.3.2)
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*
p’ (1,03%) = -(k_;+k,)p(1,058) + k;p(0,03%) + k_,p(0,1;%)

* k5p(1,15%) (4.2.3.3)
D/ (1,13%) = =(k_; i )p(1,158) + Kyp(0,134) (b.2.3.4)
where
Y-k 8
kl = kl o

Equations (4.2.3.1) through (4.2.3.4) thus represent the basic
equations for the stochastic model of Section L.2.

In addition, these probabilities must satisfy
1
by p(,cl,cg;t) =1 foral t=20. (4.2.3.5)

L4.2.4 Stationary Probability Distribution Solution

The Markov Process defined in Section 4.2 has a finite number of
states and is conservative and irreducible by construction (see Section
4.2.3 for details). For such a process, Takacs (1960; page 35) asserts
that a unique limiting probability distribution exists. Moreovér,
this distribution is stationary and is obtainable by solving the for-
ward Kolmogorov differential equations with the: partial derivatives
with respect to t set equal to zero.

Let p(cl,cz) denote the stationary probabilities of the process
{(Cl(t),C2(t)): O£t} . Formally, one obtains these probabilities

by setting p’(c t) equal to zero in equations (4.2.3.1) through

l) CE;

(4.2.3.4) and then solving the resultant system of homogeneous ¢

equations. These equations are reprodyced below:
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0= -k;p(0,0)+ k_1P(1,0) + k;p(0,1) (he2.4.1)
- 0= -(ki+k_2+k3)p(0,l) + k_ip(l,l) + kzp(l,o) (4e2.4.2)

0 = =(k_y#k )0 (L,0) + K;P(0,0) + k_,p(0,1) + kgp(1,1)  (h2.h.3)

0= -(k_l+k3)p(l,l) + k;p(o,l) (k.2.4.4)
Where
X ok
kl = %%

1
z p(cl,cg) =1. (he2.4.5)

" In Appendix T.12, these equations are solved and the stationary

probabilities shown to satisfy

*
k_plgky B, (kks+k ,B) )
)

p(0,0) = © (Lo2.4.6)
k*keﬁ
0(0,1) = lD 2 (4o 2.4.7)
* %
k
p(1,0) = l<kli5+ﬁ1§2) (4.2.1.8)
Ky ())°

p(1,1) = D (4. 2.4.9)






