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ANISOTROPIC, ELASTIC.PLASTIC-THERMAL STRESS ANALYSES
OF SOLID STRUCTURES
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ABSTRACT

The anisotropic, elastic-plastic-thermal response of solid structures is
described. First, anisotropic, thermal plasticity theory is reviewed followed
by ‘'several numerical examples to indicate the importance of a correct material
description. The last section explores the behavior of mechanically and ther-
mally loaded nuclear grade graphites (typical of an environment. in the core of
a reactor) to ascertain the elastic-plastic-thermal response of graphite under
these conditions.

An anisotropic thermal-plasticity theory is presented, including the
three-dimensional yield surface in stress space and the appropriate associated
thermal-plastic flow law based upon a set of .restrictive conditions. Appro-~
priate inclusion of the temperature dependence of the yield surface, and the
resulting terms in the plastic flow law is shown. The .final form of both the
anisotropic thermal-elastic and thermal-plastic incremental constitutive equa-
tions are then described for use with the finite element method of solution.
The incremental tangent-stiffness approach is described.

The importance of a correct orthotropic material description is shown by
two numerical examples of thermally loaded hollow, plane strain cylinders.
The first example compares solutions with different yield stresses in the hoop
direction to ascertain its importance. The second example compares solutions
of the same problem solved two different ways; including the temperature rate
terms and neglecting them.

The orthotropic, temperature dependent behavior of graphite is demon-
strated by descriptions of their mechanical properties. The first example
problem is composed of graphite ATJ-S, and loaded by a thermal gradient. Com-
parisons are given for solving this problem by both the direct iterative method
(deformational plasticity theory) and the incremental method (incremental plas-
ticity theory). The second example problem compares the differences in the
stress and strain states for two solutions which differ only in the method of
the graphite material property descriptions. In the first solution, the actual
stress-strain curves are used whereas in the second solution, a best fit least
squares bi-linear form of the stress-strain curves are used. The results of
these graphite studies are summarized and further areas of exploration of
anisotropic, thermal plasticity are indicated.

*at presents Weiler research, Inc., Sunnyvale, California, U.S.A.
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Predicting the inelastic thermostructural response of graphites is a dif-i
ficult task due to the unusual behavior it exhibits under thermal and mechani-
cal loading. At room temperatures, graphites such.as ATJ-S and Graphitite
G-90 deform in tension by a tearing mechanism which tends to elongate micro
pores or voids. In compression, these voids are compressed and the tearing
mechanism doesn't seem to be present. When examining the uniaxial stress-
strain curves, the response in most of the temperature range of interest re-
sembles that of a typical elastic-plastic material (ignoring visco elastic or
visco plastic considerations for the present), that is, a definite elastic re-
sponse portion of the curve seems to exist. Experimenters [Ref. 1] have no-
ticed that by loading to some intermediate stress level, followed by unloading,
no appreciable permanent strains were present. However, after loading to
higher stress levels followed by.unloading, permanent.inelastic strains started
to appear. This phenomenon may therefore be modeled on a macroscopic scale as
an elastic-plastic response and such is the intent of this paper. Por loading
conditions of interest to the author, the strain rates are moderate (around
10-2 in/in sec) and times at load small (less than a few minutes) and conse-
quently visco elastic-plastic effects are not present and will not be consid-
ered. It is the aim of the present paper to construct and use..a mathematical
theory which will describe the elastic-plastic-thermal response based upon in-
put data which is currently available for the graphites in guestion. Admit-
tedly, higher order theories would more closely.represent the.response, how-
ever, additional complicated testing (usually biaxial or triaxial types of
tests) would be required to drive the necessary material parameters. With
this view in mind, the following incremental elastic-plastic-thermal constitu-
tive equations were derived.

Yield Functions or Yield Surfaces

All consistent incremental theories of plasticity.are closely linked with
the concept of yield functions or yield surfaces which determine whether or
not, for some given set of stress increments, further plastic deformation will
take place. In general, values and forms of the yield function will depend
upon the state variables, e.g., stress, plastic strain, temperature, plastic
work, etc.

The yield function postulated here was first introduced by Hill [Ref. 2]
and later by Hu and Marin [Ref. 3], i.e.,

£=32-32=0 (1

where g, Yy are the equivalent stress and equivalent yield stress and f the.
yield function. The equivalent stress o is defined in cylindrical coordinates
for axisymmetric loading by

=0 lo -0

+a (o, -0 )2+ p_o2 (2)
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Originally, Hill, Hu and Marin assumed that the a anisotropy parameters
were constants, determined by the initial yield stress in the principal mate-
rial directions. However, for strain hardening materials they should not be
constants. The objective is to determine the variation in the a parameters in
such a manner that all of the stress-strain diagrams in the principal material
directions are correctly reproduced when "mapped” on to an equivalent stress
(5) - equivalent strain (¢) diagram. A particularly attractive method of ac-
complishing this mapping is given by Jensen, Falby and Prince [Ref. 4].

This is done based on the assumption that the anisotropic parameters (a)
are determined such that, for equal amounts of plastic work done during stress-
strain tests in all the principal directions, the effective stress level G
reached will be the same. The details of the method.for obtaining the aniso-
tropic parameters are given in Ref. 5. When the stress-strain diagrams may be
expressed in bi-linear form as shown in Fig. 1
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Fig. 1. Bi-Linear Stress-Strain Diagram
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One will notice that U,y = 1. The reason being that the z-direction
stress~strain diagram was arbitrarily chosen as the equivalent stress-equiva-
lent strain diagram.

Consequently, £_ = 1 and n, = 0 making a = 1.

z zz
Equation (2) will now be expressed using matrix nottion, since this form
is especially useful in the derivation that follows. We define the stress
vector (o}, the strain vector {e}, and the anisotropic parameter matrix [a] as
(the term "vector" will be used instead of "column" matrix and superscript T

designates the transpose)

T _ T T _ T
(o} = o, 0,040, .17 (e}” = {e e eq7,,} (4)
%rr “Czr “Cro 01
“Czr Czz '“ez 0
(al (5)
“Crg “Cgz %99 0
B 0 0 0 8rz~

The equivalent stress ¢ is now defined by [cf. eq. (2)],

72 = ()7 [al{o} ~(6)

The anisotropic parameters a,, given by eq. (3) are valid for g 2 YS;

Their limiting values, i.e., when 0 = Y

where Y; is the initial value of -Y. °
2

are determined by substituting ?i for ¢ in the above mentioned expressions.
Since the z-direction stress-strain diagram was chosen as the 0 - € diagram

then ¥, = v . Substituting Y2 for G

z in eq. (3) yields

ii ‘i =r,z,8,rz _ ' (7)

2,2
Q.. __Yz/Yi
These forms are valid for 0 < T < Y; (where Y; = Y ) and are therefore used as
‘the "initial" values of the gnisotropic parameters uij' Once yielding occurs,
forms eq. (3) are used.

The Flow Law

Following a development by Prager [Refs. 6 and 7] we derive the flow laws
based upon four restrictive conditions, the Conditions of Continuity, Unique-
ness, Irreversibility and Consistency. Although Prager originally stated
these restrictive conditions for isotropic materials under isothermal loading
conditions, he later extended them to apply for non-isothermal loading [Ref.8].
They are further extended here for non-isotropic materials.

The Condition of Consistency is satisfied by noticing that an incremental

change in the yield function eq. (1) equals zero, i.e.,

df = 20 do - 2Y dY = 0
(8)
f=0¢"=-Y =0
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Therefore, for "active loading,“ the increase in the equivalent yield stress Y
(where Y = Yo initially) is determined from eg. (B). Before proceeding to the
other restrictive conditions, an expression for 0do and YdY will be drived.

The state variables Eij' Hij' Yij (cf. Fig. 1) are assumed to be functions
of temperature T, i.e.,

E .y = Err(T)""' krz = krz(T)

The anisotropic parameter matrix [a] is therefore a function of ¢ and T, i.e.,
[a] = [a(T,T)]

Taking the total derivative of eqg. (6) yields

" =2 =2 " =2
d(32,=wdo,_+éudg+%)_ﬂ (9)
o ij 1) 50 ]
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Then eq. (9) becomes

- = _ 2 T 32
20 do = 7 {s}” {do} + = 4T (11)

I
The equivalent yield stress Y is a function of the plastic work W and tem-
perature T. For materials that may be represented in a bi-linear form (see
Fig. 1), we have ’

1 =2 52
W= 3 (¥ - 72 (12)
Solving for ¥2 ana remembering that « = x(T), Y§ = YB(T), the total derivative
of ¥2 becomes
2Y aY = 2¢ aw’ + 2&wPdT + 27 ¥ ar (13)

Substituting for W' from eq. (12) into eq. (13) and further. substitution of
eq. (11) and the above into eq. (8) yields
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then eq. (14) becomes
af = 2dF - 2k AW’ = 0 (16)

The various loading conditions are expressed by combining the Conditions of
Continuity and Irreversibility and eq. (16). They are given by

Unloading: awt = 0, df < 0, therefore dF < 0
Neutral Loading: de = 0, df = 0, therefore dF = 0 (17)
Active Loading: dwP >0, df = 0, therefore dF > 0

As may be seen from egqs. (17), all three loading conditions may be expressed
by the one quantity, dF. When examining eq. (15), one notices that active
loading may occur when either or both {do} and 4T make dF > 0. Neutral locad-
ing occurs when the increase due to {do} is just cancelled by the decrease due
to dT or visa-versa. Finally, unloading occurs when {do} and dT make dF < 0.
Since deij # 0 (or dwP > 0) for active loading and dcij = 0 (or de = 0) for
neutral loading or unloading, the above eqs. (17) suggest that the flow law
which satisfies the Condition of Continuity may be expressed by

Py _ =
{de”} = {G} ar for £=0 (18)
= 0 for f <0

where {de¥} is the plastic strain vector and {G} is a positive vector. The
vector {G} is chosen following an argument given by Prager [Ref. 8]. For iso-
thermal changes of state (dT = 0), it is generally accepted that

{ao}T (aefy > o
for isothermal active loading. This is the Condition of Uniqueness expressed

earlier, and may be fulfilled by setting
{6} = £ (s} (19)

where {S} is given by eq. (10) and I is a positive invariant of the state
variable. Substitution of eq. (19) into eq. (18) yields the flow law in the
following form.

@) =L (s)ar  for f£=0
(20)

=0 for £<0

The Condition of Irreversibility is automatically satisfied by the form of
eq. (20). Using eq. (20), the increment of plastic work is given by

aw® = {0)T (ae¥} = } ()T (s) aF
From egs. (6) and (10), and the above we have
=2
awt = ("T)ds (21)

The quantity (32/r) is always positive and therefore the plastic work incre-
ment is directly proportional to the increment dF. Truly it must be, since
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eq. (16) yields

aw’ = L ar (22)

for active loading conditions. When comparing egs. (21) and (22), we see that

I = xa2 (23)

Since 32 is a positive definite, x must be positive for ' to be positive.
However, (for dT = 0), one can show (cf. Fig. 1),

as® =L ag (24)
where
111
3 H E

Since E is always positive, H (shown in Fig. 1) must be positive to ensure x
to be positive. This implies that materials whose stress-train curves in-
crease followed by a decrease (all with increasing €) are not allowed. Com-
bining eq. (23) with (20) yields the final results for the "associated® flow'
law.

{de?)

1l

_éf {s} ar for £f=0
Ko (25)
0 for £ <0

The Plasticity Matrix

Substituting for dF from eq. (15) into the flow law eq. (25) yields

22 . .
P, _ 1 T 1 |08 1 72 _ 32, K- FF .
{de”"} = —5— {s}s}” {do} + = [TK F (¥ Yo ¢ YOYO]{S} dr  (26)
koA [
The "plasticity matrix [DP]" and the "thermal plasticity vector {%}" are de-~
fined as
%1 = =~ [¥] = = (s}is)T
kg~ A . koA (27
-2 . .
=L |o” 1 g2 _F2 K _Fy§
{¢} = _KEZ [2_1( 5 (¥ YO) ¢ yoyo]{s}
Combining the definitions eg. (27) with eq. (26) yields
{ac®} = [p®1{do} + {e}ar (28)

Therefore, the plastic strain increment due to a stress increment is
given by the “"plasticity matrix [Dp]“, and that due to a temperature increment
is given by the "thermal plasticity vector {¢}". They are found by combining
eqs. (6), (10), (24), (26), and (27). Expressions for [a] and [a'] are
readily obtained by differentiating eqs. (3) and (7).

Derivation of the Elasticity Matrix

For orthotropic materials, mechanical strains are related to stres and
thermal strains by Hooke's law given in the following form
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{e") = [0%1(o} + (a}(T - T,) (29)

where the coefficients ij are given in engineering notation by

p,. =X , b, =_ii_ Vi i=1,2,3
ii El ij E Ej j= 2,31
(30)
944 = G; R Di4 =0 s (l=1r,2=086, 3=2)
rz

and where To is the reference temperature. Take special care not to confuse
the linear expansion coefficient "vector" {a} defined by

()" = {a_ o 0)7T (31)

z %
with the anisotropic parameter matrix [a]. In the plastic range, we are in-

terested in strain increments. Differentiating eq. (29) and remembering
(") = 3( )/3T yields

{aef) = [pE(ao) + [BF){(o} + {a} (T - T,) + {o} 4T
Defining a "thermal elasticity vector {a}" by
{a} = {a} + [6ﬁ](o} + {al(T - T )
the above incremental equation becomes

{ae®) = [pBl{ao) + {7} dr (32)

The elastic strain increment due to a stress increment is given by the
"elasticity matrix [DE]" and that due to a temperature increment is given by
the "thermal elasticity vector {u}". Expressions [5F] and {a} are again

easiiy derived by differentiation.

Incremental-Variable Stiffness Method

By adding the elastic strain increment given By eqg. (32) to the plastic
strain increment given by eg. (28), the total strain increment becomes

{ae} = ([0%] + [D¥1){do} + ({3} + {o}) ar (33)
Invertiné the above relation yieldé '
{ae) = [cFPl(ae) - (ar) (34a)

where

(c®?(0,eP)] = ([DE] + [DP]7?
(34b)

{ar) = [cEP1({3) + (o)) ar
[CEP] is the "variable elastic-plastic coefficient matrix" and {d1} is the

thermal stress matrix arising from dT. Applying the variational principles
used by the finite element method to the above relationship yields -
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{ar} = [K]{du} (35)

where {dF}, the incremental force vector, contains both {(do} and {dt}, [K] is
the variable stiffness matrix, and {dul is the incremental displacement vector.
As can be seen in this relation [K] is a function of the current stress and
plastic strain, and therefore a separate problem must be solved in each incre-
ment. Two procedures are available, a direct incremental approach and an
iterative-incremental approach. The algorithm for the direct incremental
approach is

{dFm) = [Km_ll{dum} (36)

A modification of this direct incremental approach would be to use the "mid-
point rule". This would require two iterations per increment, as illustrated
in the following steps.

(a) (Kpop(du ) = (aF)

(b) (upe1/a} = lug) + 3 (duy)
(Frarsa) = (Fpd +. 7 (aF,)

() tupeyzte (Epezat = (Ko /0]

@ [Kpop/plldug} = (aF )

where [Km-l/Z] is the value of the variable stiffness matrix at the "mid-
point" between {um} and [um + dum}. This mid-point rule uses the average
variable stiffness matrix, thereby improving accuracy of the procedure. The
.disadvantage is that the variable stiffness matrix [K] must be calculated
twice in each increment, which is time consuming. By far, the most accurate
of all these procedures is the incremental-iterative épproach of the variable
stiffness method. Here the non-linear problem

[K(F,u)J{du} = {dF} . 37

is solved iteratively in each increment, thereby minimizing errors and obtain-
ing the highest degree of accuracy for this incremental method of solution.

To obtain the exact solution, the increment size must be indefinitely reduced
to zero.

Since the problem is being solved on a digital computer, questions of
numerical errors become important for such a large number of calculations.
All of these important questions on accuracy should be answered to make any
elastic-plastic solution meaningful.

The above incremental constitutive equations were incorporated into the
OASIS finite element code which was developed to solve plasticity problems
for bodies of revolution (see Ref. 5). A comprehensive description of the
formulation is given in Ref. 5. The solution procedure is presented in flow
chart form, and is given in Fig. 2. The incremental solution is found
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following a technique used by Yaﬁada, Yoshimura and Sukurai [Ref. 9]. The
size of the incremental step is iteratively determined such that the most
highly stressed elastic element which is acﬁively loading (increasing in
stress level) just reaches a plastic state. The iterative procedure is re-
quired since both the incremental thermal loads and the stiffnesses of the
elements are functions of the instantaneous temperature loads. In addition
to this iterative procedure, there is a provision to limit the incremental
step size to some predeterﬁined fraction of the total load size. This itera-
tive procedure determines the ratio factor "r" such that for the highest
stressed elastic element,

r+ds=Y-0=4A0 (38)

which will cause that element to just yield. Using Newton's iteration method
to determine "r", then the i+l estimate of Ty is given by

£(x;)
Tiel “ %L T T (Y T (39)
where ihe yield function f(ri) is given by
£(ry) =52 - Y2 (40a)
with
32 = (o)} [a(§,,T,) Mo} 7, = ¥(1,)
i i i’%i i’ i i
(40b)
{a}i = {0 + ridc} ’ T; = T + r;dr
and
2 _ aEi _ afi
L] P = ——— -
) 4 (ri) = 37 f(ri) 20, T 2Yi o (41a)
with the linearizations
90, Y,
i - | R
7“9 0 =AY (41b)

Assessment of the Affect of Material Orthotropy

To assess the effect that orthotropic material properties play in the
present orthotropic thermal plasticity theory, two similar problems were
solved, one being isotropic, the other orthotropic. Plane strain hollow cyl-
inders loaded by a temperature distribution were chosen for the comparison.
The material properties were taken to be independent of temperature, and
orthotropy is introduced by assuming the yield stress in the hoop direction
is different from the value for the radial and axial directions. Thus, the
material has a plane of isotropy, the radial/axial plane. The isotropic mate-
rial properties are given in Fig. 3 where E = Young's modulus, v = Poisson's
ratio, a = coefficient of linear thermal expansion, Y = yield stress in ten-
sion and k = the yield stress in shear. The assumed temperature distribution
is given by
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T a
=9 (b _
T(:r)—b_a(r 1) ag<rg<h (42)
where T, (= 800°F) is the temperature at the inside radius, r = a. The finite
element model used consisted of 20 ring elements, extending from the inside

radius r = a to the outside radius r = b.

The non-dimensional stresses oi/Y +i=1r,0,2 compromising the elastic-
plastic solution for the orthotropic hollow plane strain cylinders loaded by
the above temperature distribution are given in Fig. 3 for the two cases
Ye‘= Y and Ye = 0.5Y (shown by solid lines). In addition, the elastic solu-
tion, which is independent of the yield stresses and therefore applies to both
solutions, are shown by dashed lines. These two solutions provide an impor-
tant illustration of the effects of inelastic orthotropy in.materials.

For the isotropic case (Ye = Y), plasticity initiated on the inside sur-
face of the cylinder r = a and spread outward under the specified thermal
loading. Conversely, when Ye = 0.5Y, plasticity initiated on the outside sur-
face of the cylinder r = b and spread inward. Consequently, the elastic-
plastic state is strongly dependent on the degree of orthotropy in the hoop
direction. It is seen that the character of the orthotropic inelastic behav-
ior can be quite different from that of an isotropic material under similar
conditions.

Assessment of Certain Effects Arising from Temperature
Dependence of Material Properties
The incremental, orthotropic elastic-plastic-thermal constitutive equa-

tions may be restated here in the following form (cf. egs. (28), (32), and
(33))

{de} = ([DE] + [DF])(do} + (a)aT + ({¢)} + {&)(T - T) + [B%1{o})ar (43)

The incremental strain due to a temperature increment dT has been divided into
two parts. The first part is simply the elastic thermal strain in incremental
form. The second part contains three terms, all of which are attributable to
temperature dependence of the material properties; i.e., these terms repre-
sent incremental strain due to the "rate of change" of the material properties
with respect to temperature. They will be referred to herein as "temperature-
rate” terms. To ascertain the effect that these temperature-rate terms have
on elastic-plastic-thermal deformations, a plane strain hollow cylinder prob-
lem was solved both including and neglecting the influence .of these terms.

The material properties are taken to the orthotropic and temperature dependent.
It is assumed that all of the material properties (with the exception of
Poisson's ratio which is assumed constant) increase in value by 10 percent for
every 100°F temperature rise. This may be expressed by the following relation:
£(T) = fo(l + 0.001T) where f represents a material property. The material
properties are isotropic, with the following exception: orthotropy is intro-
duced by assuming that the hoop yield stress Ye = 1.3Y (where Y is the
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isotropic value). The properties at zero temperature are given in Fig. 4.
The temperature loading is taken as the steady state distribution

_ in(r/a)
T(r)—Tom. asrs<hb

where Ty = 250°F is the steady state temperature of the outside surface r = b.
The finite element model consists of 20 elements, extending from r = a to
r = b,

The problem was solved with the OASIS code .using two different methods.
In the first method, all of the effects of material property variation with
respect to temperature were retained, and the results are shown by solid lines
in Fig. 4. The second method of solution neglected all of the "temperature-
rate" terms but retained all other effects of property temperature dependence.
These latter results are shown by dashed lines in Fig. 4 (where ko is the
shear yield stress and‘EO is Young's modulus at zero temperature). The maxi-
mum differences occur in the neighborhood of the outside surface r = b. The
stresses are 1l percent to 13 percent low and the strains are 14 percent to
16 percent low when the temperature-rate terms are neglected. This error, is,
of course, dependent upon how the material properties vary with temperature.
Yielding for both solutions first occurred for an outside surface temperature
To = 120.7°F. The final surface temperature was To = 250.0°F. Hence, the
temperature difference of 129.3°F produced a 12.93 percent change in material
properties (at the outside surface r = b) from initiation of plastic flow to
the final elastic-plastic state. For this particular problem, the error in-
troducad by neglecting the above rate terms is of the same magnitude as the
material property temperature dependence.

This example has clearly shown that for materials with appreciable tem-—
perature dependent material properties, the correct elastic-plastic-thermal
incremental method of solution must include the temperature-rate terms given
in eq. (43).

Graphite Investigations

Graphite investigations are presented in this section for two. different
comparisons; the first compares incremental plasticity theory with deformation
plasticity theory, the second compares actual stress-strain curve solutions
with bi-linear stress-strain curve solutions.

In the first comparison, bi-linear stress-strain.curves obtained from the
actual stress-strain curves by a “"least-squares' best fit procedure are used.
A typical example of such a bi-linear curve is shown in Figure 6a. for ATJ-S
(Tension, With Grain) @ 4500°F. In the second comparison, both bi-linear and
actual stress-strain curve data is used. Figure 5 contains all of .the bi-
linear data for both tension and compression loading and with and across
grain directions.

A problem was selected to illustrate the differences between solutions
obtained by deformation theory and by incremental .theory of plasticity. A
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hollow cylindef was investigated loaded by a temperature distribution'shdwn in
Fig. 6b (t = 0.10). The elastic-plastic-thermal solution to this problem was
obtained by both the incremental theory ccde (OASIS) and.a deformation theory
code (DOASIS).*

The stress and strain components obtained by the above two methods of
solution are shown in Fig. 7. The dashed curves are the incremental (OASIS
code) results and the solid curves the deformation theory (DOASIS code) re-
sults. Significant differences exist between these two solutions:

o In the incremental solution, the final state is elastic from r/a =
1.0 to 1.65, plastic from r/a = 1.65 to 1.85 and elastically unloaded
from r/a = 1.85 to 2.00. To indicate this unloading from a plastic
state, the maximum stress level reached during the incremental solu-
tion is also shown in Fig. 7 for elements in the region r/a = 1.85 =+
2.00. This maximum stress envelcope is indicated only for the axial
(cz) component of stress.

o In the deformation solution, the final state is elastic from r/a =
1.00 to 1.65 and plastic from r/a = 1.65 to 2.00.

] The predicted elastic and plastic strains are completely different
in the inelastic region. Since unloading occurred from r/a = 1.85
to r/a = 2.00 in the incremental solution, only small plastic strains
were developed. Conversely, large plastic strains were predicted in
the deformation theory solution.

o The total maximum equivalent strains, i.e., € = [2/3{(:r - ce)z +
(ee - 52)2 + (cz - Cr)2)]% were completely different. The maximum
equivalent strain in the deformation theory results occurred . at r/a =
2.0 and had a value of Eﬁax = 0.02229; the corresponding maximum equiv-
alent strain predicted for r/a = 2.0 by tie incremental theory was
€t = 0.00857 (notice that Eﬁax did not occur at r/a = 2.0 for the in-
cremental theory results). Hence, completely erroneous conclusions
could be drawn from the deformation theory results for this problem
if the failure criterion were based upon the maximum equivalent
strain.

Both of these solutions were obtained for a monotonically increasing thermal
load. Hence, an important unloading phenomenon was observed. The unloading
of a portion of the structure under monotonically increasing thermal load
apparently resulted from the temperature dependence .of the .material mechanical
properties.

Such path dependent phenomena cannot be predicted with a deformation
plasticity code because arbitrary load histories are not accounted for. In
general, an incremental formulation is required to correctly and. reliably

— .
DOASIS is a finite element code similar to OASIS.with deformation plasticity
being the method of solution. Consequently, load path dependence is neglected.
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predict detailed thermostructural response when load path dependent effects,
such as temperature dependent inelastic behavior, are. important. The deforma-
tion plasticity theory code is a useful tool for rapidly obtaining approximate
answers for engineering design, but the validity of such computational results
can only be assessed by an incremental analysis.

Comparison of Results Based on Actual Stress-Strain
Data and on Best-Fit Bi-Linear Representations

Incremental solutions were generated for thermal loading of hollow graph-
ite cylinders using actual stress-strain data and also best-fit bi-linear rep-
resentations. These solutions are compared in order to examine the adequacy
of thermostructural predictions based on bi-linear approximations to actual
stress-strain data. The same plane strain hollow cylinder with the tempera-
ture loading (t = 0.10) in Fig. 6b analyzed above is used in this comparison.

The stress and strain results are shown in Fig. 8. The results for the
actual stress-strain data are represented by solid lines; results for the bi-
linear stress-strain curves are represented by dashed curves. Comparison of
stresses, elastic strains and plastic strains for this thermal loading reveals
that all three agree quite well, with the axial (z) components showing the
largest differences. For this case the magnitude of the plastic strains is
considerably less than the corresponding elastic strains. The reason for this
is that with thermal loading, the straining in the material is caused by dif-
ferential thermal expansion (a AT), which in this case was only slightly larger
than the elastic strains. Consequently, only relatively small plastic strains
developed.

Further Areas of Research

The above analysis was for a mono-modulus material, i.e., the same prop-
erties in tension and compression for both the elastic and plastic regimes.
For graphites, this approximation is unacceptable as may be seen when viewing
Fig. 5. Both the elastic properties (Young's modulii Ei) and plastic proper-
ties (yield stresses 71 and tangent modulii Hi) are considerably different.
Recent work by Ambartsumyar [Ref. 10] and Jones [Ref. 1l1] describes a multi-
modulus model for the thermal-elastic response. The next logical step is to

" include the thermal-plastic response of multi-modulus materials. In addition,
plastic volume changes have been observed in tests and should be included in
the plastic model. The author is presently working in this area. The largest
difficulty encountered by the author is finding independent tests which will
yield the necessary material parameters. The analysis is only as sufficient
as the accuracy of the characterization.
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DISCUSSION

Q J.H. ARGYRIS, U. K. /Germany

1. Congratulations on an excellent piece of work. As you pointed out yourself the contribu-
tion due to temperature in the plastic strain expression was also mentioned in our lecture
by Dr. Willam.

2. One is astonished in today's computer age it should be necessary to justify the incre-
mental as against the total strain rule in plasticity. This is surely a relique from the ana-

lytical days.

A F.C. WEILER, U.S. A.

1. 1did not have a chance to see the details of how Dr. Willam incorporates this thermal
plastic strain term for orthotropic or even anisotropic materials. Many people present a
general formulation, showing that the plastic strain vector is normal to the yield surface,
etc. Very few have included the terms of the plastic strain increment due to the tempera-
ture increment. I did not have a chance to read Dr. Willam's paper before the conference,
but after listening to his talk, I think he also includes this term. My paper presents these
terms in an explicit form, i. e., formulas which can be used for a mono-modulus, orthotropic
material which has a yield surface which is independent of hydrostatic pressure and hardens
isotropically. Unfortunately, I have not seen other explicit expressions in the literature.

2. Unfortunately, some people still insist on using a total strain theory, and so one must
show them, with examples as I have presented, that this technique is invalid, and should

not be used.



