
Abstract

BEN HAMZA, ABDESSAMAD. Geometric and Topological Variational Methods for Imaging

and Computer Vision. (Under the direction of Dr. Hamid Krim).

The great challenge in signal/image processing is to devise computationally efficient and optimal

algorithms for estimating signals/images contaminated by noise and preserving their geometrical

structure. The first problem addressed is this thesis is image denoising formulated in the calculus

of variations framework. We propose robust variational models for image denoising by numerically

solving partial differential equations. The core idea behind our proposed approaches is to use

geometric insight in helping construct regularizing functionals and avoiding a subjective choice of

a prior in maximum a posteriori estimation. Using tools from robust statistics and information

theory, we show that we can extend this strategy and develop two gradient descent flows for image

denoising with a demonstrated performance through illustrating experimental results.

The rest of the thesis is devoted to a joint exploitation of geometry and topology of objects

for as parsimonious as possible representation of objects and its subsequent application in object

classification and recognition problems. Attempting to extend current approaches to image regis-

tration which have generally relied on the assumption of 2D images, we propose a novel technique

for 3D object matching using a joint exploitation of geometry and topology. The key idea con-

sists of capturing geometry along all topologically homogeneous parts of an object by way of level

curves superimposed on a Reeb graph usually extracted by way of the object critical points. This

resulting skeletal representation, however, is not rotationally invariant. We propose a new method-

ology called geodesic shape distribution that lifts this limitation and which we apply to 3D object

matching. The central idea is to encode a 3D shape into a 1D geodesic shape distribution. Object

matching is then achieved by calculating an information-theoretic measure of dissimilarity between

the resulting geodesic shape distributions in a lower dimensional space. Illustrating numerical ex-

periments with synthetic and real data are provided to demonstrate the potential and the much

improved performance of the proposed methodology in 3D object matching.
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Proof: Using (12), it follows that F (|∇u|) ≥ F (0). Thus the constant image is a minimizer of

L. Since S is convex, it follows that this minimizer is global.

Proposition 3.4 Let λ > 0, and S be a convex set of image space X. If the Lagrangian F is

nonnegative strictly convex and of class C1, then an extremal u of L is the unique minimizer of L
on S.

Proof: Since u 7−→ λ
2 |u−u0|2 is strictly convex when λ > 0, then the functional L(u) is strictly

convex on S, that is

L(v) > L(u) +∇L(u) · (v − u).

By assumption u is an extremal of L, thus L(v) > L(u), for all v 6= u.

Using the Euler-Lagrange variational principle, the minimizer of (8) may be interpreted as the

steady state solution to the following nonlinear elliptic PDE called gradient descent flow

ut = div(g(|∇u|)∇u)− λ(u− u0), in Ω× R+, (13)

where g(z) = F ′(z)/z, with z > 0, and assumed homogeneous Neumann boundary conditions. A

numerical implementation of this partial differential equation is discussed in Appendix B.

3.4.3 Illustrative cases

The following examples illustrate the close connection between optimization problems of variational

integrals and boundary value problems for partial differential equations in a no noise constraint

case (i.e. setting λ = 0):

(a) Heat equation: ut = ∆u is the gradient descent flow for the Dirichlet variational integral D(u).

It is important to point out that the Dirichlet functional tends to smooth out sharp jumps

because it controls the second derivative of image intensity i.e. its “spatial acceleration”, and

it diffuses the intensity values isotropically. Figure 3.4(b) shows this blurring effect on a clean

image depicted in Figure 3.4(a).
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(b) Perona-Malik (PM) equation: It has been shown in [77] that the PM diffusion ut = div(g(|∇u|)∇u)
is the gradient descent flow for the variational integral

Fc(u) =

∫

Ω
Fc(|∇u|)dx,

with sample Lagrangians F 1c (z) = c2 log
(
1 + z2/c2

)
or F 2c (z) = c2

(
1− exp

(
−z2/c2

))
,

where z ∈ R+ and c is a tuning positive constant. These Lagrangians are depicted in Fig-

ure 3.3.
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Figure 3.3: Anisotropic Lagrangians.

A minimization of such functionals encourages the smoothing of homogenuous/small gradient

regions and the preservation of edges/high gradient regions. Note that ill-posedness of this

formulation was addressed in a number of papers (e.g., see [77]). A result of applying the PM

flow with F 1c to the original image in Figure 3.4(a) is illustrated in Figure 3.4(c). It is worth

noting how the diffusion takes place throughout the homogeneous regions and not across the

edges.

(c) Curvature flow: ut = div( ∇u
|∇u|) corresponds to the total variation integral.
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While limiting spurious oscillations, TV optimization preserves sharp jumps as is often encountered

in “blocky” signals/images. Figure 3.4(d) illustrates the output of the TV flow.

(a) Original image (b) Heat flow

(c) Perona-Malik flow (d) TV flow

Figure 3.4: Image evolution under (b) the heat flow, (c) Perona-Malik flow, and (d) total variation
flow.
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3.5 Robust variational approach

3.5.1 Robustness for unknown statistics

In robust estimation, for example, a case where even the noise statistics are not precisely known

[42,49] arises. In this case, a reasonable strategy would be to assume that the noise is a member of

some set, or of some class of parametric families, and to pick the worst case density (least favorable,

in some sense) member of that set, and obtain the best signal reconstruction for it. Huber’s

ε-contaminated normal set Pε is defined as [42]

Pε = {(1− ε)Φ + εH : H ∈ S},

where Φ is the standard normal distribution, S is the set of all probability distributions symmetric

with respect to the origin and ε ∈ [0, 1] is the known fraction of “contamination”. Huber found that

the least favorable distribution in Pε which maximizes the asymptotic variance (or, equivalently,

minimizes the Fisher information) is Gaussian in the center and Laplacian in the tails. The transi-

tion between the two depends on the fraction of contamination ε, i.e., larger fractions correspond

to smaller switching points and vice versa.

For the set Pε of ε-contaminated normal distributions, the least favorable distribution has a

density function

fH(z) = ((1− ε)/
√
2π) exp(−ρk(z)),

where ρk is the Huber M-estimator cost function (see Figure 3.5) given by

ρk(z) =





z2

2
if |z| ≤ k

k|z| − k2

2
otherwise.

Here k is a positive constant determined by the fraction of contamination ε by the equation

2

(
φ(k)

k
− Φ(−k)

)
=

ε

1− ε
, (14)

where Φ is the standard normal distribution function and φ is its probability density function. It

is clear that ρk is a convex function, quadratic in the center and linear in the tails as illustrated in

Figure 3.5.
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Figure 3.5: Huber function.

Motivated by the robustness of the Huber M-filter in a probabilistic setting and its resilience to

impulsive noise, we propose a variational filter which, when accounting for these properties, leads

to the following energy functional

Rk(u) =

∫

Ω
ρk(|∇u|)dx.

Note that the Huber variational integral is a hybrid of the Dirichlet variational integral (ρk(|∇u|) ∝
|∇u|2/2 as k →∞) and of the total variation integral (ρk(|∇u|) ∝ |∇u| as k → 0). One may check

that the Huber variational integral Rk : H1(Ω) → R+ is well defined, convex, and coercive. It

follows from Proposition 1 that the minimization problem

û = arg min
u∈H1(Ω)

{
Rk(u) +

λ

2
‖u− u0‖2

}
= arg min

u∈H1(Ω)

∫

Ω

(
ρk(|∇u|) +

λ

2
|u− u0|2

)
dx (15)

has a solution. This solution is unique when λ > 0.

Proposition 3.5 The optimization problem (15) is equivalent to

û = arg min
(u,θ)∈H1(Ω)×R

{
θ2

2
+

∫

Ω

(
k
∣∣∣|∇u| − θ

∣∣∣+ λ

2
|u− u0|2

)
dx

}
. (16)
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or noncritical points do not affect the number or genus of the components of the level sets. It

can be shown that Morse functions are dense and stable in the set of all smooth functions, that is

the structure of nondegenerate singularities does not change under small perturbations. The basic

ingredients of Morse theory are Morse lemma and deformation lemma [55, 31]. The former states

that in a neighborhood of a nondegenerate singularity, a function is reduced to a quadratic form in

an appropriate system of coordinates, while the latter lemma essentially states that two level sets

of a Morse function are topologically equivalent and can be deformed onto one another if there is

no singularity between them. The Reeb graph representation is a result of extracting and encoding

the singular points of a Morse function defined on a 3D object.

The rest of this Chapter is organized as follows. The next section is devoted to the topological

characterization of object singularities with an emphasis on Morse theory and its implications,

followed by a mathematical description of the Reeb graph representation for 3D data. In Section

5.3, we establish a link between the shading problem and the height function in the light direction.

Then, we derive some relevant properties of this height function, and we show its relation to the

generalized bas-relief transformation. And finally in Section 5.4, we provide numerical simulations

to show the application and the power of object singularities in topological modeling through the

Reeb graph representation.

5.2 Reeb graph representation

5.2.1 Morse theory and singularities

Morse theory explains the presence and the stability of critical points in terms of the topology

of the underlying smooth manifold. Topology is the property that determines which parts of the

shape of objects are connected to which other parts [38], while geometry determines where, in a

given coordinate system, each part is located [29]. The basic principle is that the topology of a

manifold is very closely related to the critical points of a smooth function on that manifold [55].

Let ϕ : M → R be a real-valued function defined on a smooth manifold M ⊂ R3. The function

ϕ is smooth if the composition function ϕ ◦ r : Ω→ R is smooth (in the ordinary Euclidean sense),
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where r is a smooth regular parametrization of M (i.e. r : Ω → R3). A point p0 on M is a

singularity or critical point of ϕ if p0 = r(x0, y0), for some (x0, y0) ∈ Ω, and the gradient of ϕ ◦ r
at (x0, y0) vanishes, i.e. ∇(ϕ ◦ r(x0, y0)) = 0.

A singular point p0 is nondegenerate if the Hessian matrix ∇2(ϕ ◦ r(x0, y0)) is nonsingular

[55, 21,31].

Definition 5.1 A smooth function ϕ : M → R on a smooth manifold M is called a Morse function

if all its singular points are nondegenerate.

Nondegenerate singularities are isolated, that is, there cannot be a sequence of nondegenerate

singularities converging to a nondegenerate singularity p. This fact follows from a Morse lemma

which says that near p0 there is a smooth change of coordinates under which the resulting Taylor

series of the Morse function h near p0 is a pure quadratic function. Note that the only nondegenerate

singularities are the minimum, maximum and saddle points.

Another important result is Morse theorem which says that a small, smooth perturbation of a

Morse function yields another Morse function. The density means that there is a Morse function

arbitrarily close to any non-Morse function.

5.2.2 Height function

A height function on a smooth manifold M is a real-valued function h : M → R such that h(x, y, z) =

z for all (x, y, z) ∈ M. Hence, h is an orthogonal projection with respect to the z-axis. Figure 5.1

shows a 2D manifold (a double torus) and the critical points of its height function. These singular

points are all nondegenerate.

5.2.3 Reeb graph

An interesting concept related to Morse theory and very useful to analyze a surface topology is the

Reeb graph. The latter is defined as a quotient space M/∼ with the equivalence relation given by

p ∼ q if and only if h(p) = h(q) and p, q belong to the same connected component of h−1(h(p)).

In particular, each connected component is represented by a point in the Reeb graph as illustrated
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Figure 5.1: A 3-D object and the critical points of its height function.

in Figure 5.2. The left figure shows a torus with the critical points of its height function (Morse

function). The figure in the middle illustrates the geometric features of the torus represented by

cross-sections along its height. The right figure shows the topological features represented by the

Reeb graph. By taking an appropriate number of cross-sections and smooth interpolation between,

Shinagawa et al. [67, 68] proposed a Reeb graph based approach or so-called homotopy model

for object reconstruction. The Reeb graph is a topological representation of an object (skeletal

structure), and has the advantage to be stored or transmitted with a much smaller amount of data.

Mathematically, a quotient space M/∼ = {[p] : p ∈ M} is the set of equivalence classes of the

relation ∼, where [p] = {q ∈ M : q ∼ p} is the equivalence class of p ∈ M. Intuitively, M/∼ is a

space created by taking the space M and gluing p to any q that satisfies q ∼ p. The classes [p] are

the connected components for the Reeb graph, and being in the same component is an equivalence

relation:

q ∼ p⇐⇒ h(q) = h(p) and p, q ∈ ConComp{h−1(h(p))},

where ConComp{·} denotes the connected component. In the Reeb graph representation, each

connected component of a contour (i.e. h−1(z) where z = h(x, y, z)) corresponds to a point.
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Figure 5.2: Reeb graph representation of a torus. The dot • denotes a critical point of the height
function.

5.3 Shading problem and height function

5.3.1 Shading function

Shadows provide perceptually important information about the shape of an illuminated surface.

Shadows occur when objects totally or partially occlude direct light rays from a light source. A

shadow can be divided into two classes: self-shadow (or attached shadow) and cast shadow [41].

The former is a portion of a surface not illuminated by light rays (i.e. facing away from the light

source), while the latter is the area projected by the object in the direction of light source on the

surface (extrinsic cast shadow) or projected on the surface itself (intrinsic cast shadow). Note that

a convex object such as an egg-shell does not cast shadow on itself, that is there is no intrinsic cast

shadow. Both shadows provide perceptually important information about the shape of the surface

or object. These two types of shadows are illustrated in Figure 5.3(a)

Let M be a Lambertian surface with unit constant albedo, that is, it reflects light equally in all

directions. Assuming distant point source illumination in the direction L = (`1, `2, `3). The unit

vector L ∈ S2 (unit sphere) is pointing towards the light source. We define the shading function

σ : M → R as the inner product σ(p) = N(p) · L, where N is the surface unit normal (see
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Figure 5.3: (a) Self-shadow and cast shadow, (b) illumination of a Lambertian surface.

Figure 5.3(b)). It is important to note that the shading function has a similar definition to that of

the surface curvatures such as the Gaussian curvature K : M → R.

The zero-level set C = σ−1(0) of the shading function is called the horizon curve, that is,

the set of points where the light direction is orthogonal to the surface. The set of points in the

surface not reached by the light rays (the part of the surface that is not illuminated), that is,

Σ = {p ∈ M : σ(p) < 0}, is called self-shadow. It is known that if the surface M is convex

and illuminated in all directions, then the self-shadow is a connected set. The converse problem,

however, does not always hold. Ghomi [34, 35] recently studied the question: does connectedness

of the self-shadows imply convexity of the surface?. Using Morse theory, Ghomi proved that the

answer is yes provided that each self-shadow is simply connected.

For almost all L ∈ S2 the horizon curve is a regular curve. It can also be shown that if the

horizon curve is connected, then it coincides with the boundary of the self-shadow [35].

In particular, if we consider the surface M as a graph of an image or function u : Ω ⊂ R2 → R,

that is, M is a parametric surface given by a Monge patch r : M → R, then for notational

convenience, we may abbreviate σ ◦ r to σ, so that the shading function or shading image (i.e. the

image of the Lambertian surface) may be defined as σ : Ω → R such that σ(x, y) = N(x, y) · L =

(−ux`1 − uy`2, `3)/
√

1 + u2x + u2y for all (x, y) ∈ Ω. In other words, σ(x, y) will denote the values

of the shading function at r(x, y). The shading image depends on the illumination, the properties
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of the underlying surface and its orientation. It can be expressed as the angle α between the unit

surface normal N and the direction of the light source L.

The self-shadow image Σ = {(x, y) ∈ Ω : σ(x, y) < 0} is defined as the orthographic projection

of the self-shadow curve onto the image plane, that is, the (x, y)-plane.

The local properties of the shading image are better described with respect to its local Gauge

frame (η, ξ) defined in terms of the normal and the tangent to the level sets of the shading image

as

η =
∇σ
|∇σ| and ξ =

(∇σ)⊥
|∇σ| ·

Figure 5.4 shows the normal and tangential vector fields of the shading image for a synthetic vase

model.

(a) (b)

(d) (e)

Figure 5.4: (a) Shading image, (b) gradient vector field, (c) shading normal field, and (d) shading
tangent field.
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5.3.2 Height function in the direction of light

The height function in the light direction L of an illuminated surface M is given by h(p) = p · L,
for all p ∈ M.

In particular, if M is a parametric surface given by r : Ω→ M such that r(x, y) = (x, y, u(x, y))

where u is a given image or a real-valued function, then the height function on M in the direction

of light L is the composition of r with the orthogonal projection to the line spanned by L, and is

defined as h(x, y) = r(x, y) ·L = `1x+ `2y + `3u(x, y).

Denote by H the graph of the function h, and let q ∈ H. It is easy to verify that q = Zp, where
Z is the matrix given by

Z =




1 0 0

0 1 0

`1 `2 `3


 .

Proposition 5.2 Assume that `3 6= 0, and let N̂ be the unit surface normal the surface H, we
then have

N̂ =

(
1 + ‖∇u‖2
1 + ‖∇h‖2

)1/2
det(Z)Z−TN .

Proof: By definition, the unit normal to the surface H is given by

N̂ =
r̂x × r̂y

‖r̂x × r̂y‖

=

(‖rx × ry‖
‖r̂x × r̂y‖

)



`3 0 −`1
0 `3 −`2
0 0 1




rx × ry

‖rx × ry‖

=

(‖rx × ry‖
‖r̂x × r̂y‖

)
det(Z)Z−TN ,

where r and r̂ are the Monge patches for M and H respectively.
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Proposition 5.3 Let (p, q) ∈ M × H. The point p is a on the self-shadow of M in the light

direction L if and only if the point q is on the self-shadow of H in the light direction L̂ = ZL.

Proof: The result follows using Proposition 5.2 and the following relation

N̂ · L̂ =

(
1 + ‖∇u‖2
1 + ‖∇h‖2

)1/2
det(Z)

(
(Z−TN) · (ZL)

)

=

(
1 + ‖∇u‖2
1 + ‖∇h‖2

)1/2
det(Z)(N ·L).

Thus, N̂ · L̂ < 0 if and only if N ·L < 0.

It is interesting to point out that the height function in the direction of an arbitrary vector

(a, b, c) with c > 0 is also referred to as the generalized bas-relief transformation proposed by

Belhumeur et al. [5] who have shown that there exists an ambiguity in determining the structure of

the underlying surface since both the surface and its generalized bas-relief surface produce identical

set of images under arbitrary illumination, and therefore they are indistinguishable for recognition

purposes [5]. The above propositions prove that the generalized bas-relief transformation is not

the only one that produces the same set of images under arbitrary illumination as suggested in [5],

and that the height function in the light direction on an illuminated surface is another alternative

representation to further understand and investigate the shading problem.

5.3.3 Singularities of the shading function

The shading function of a manifold M is defined as σ(p) = N(p) · L, where N is the surface unit

normal, and L = (`1, `2, `3) is a unit vector representing the light source direction. By a rigid

motion, we may move M tangent to the (x, y)-plane at p = 0, so that M is locally a graph given

by z = u(x, y) with u(0, 0) = ux(0, 0) = uy(0, 0) = 0. Thus, the unit normal can be written as

N = (−ux,−uy, 1)/
√

1 + u2x + u2y. To study the singularities of the shading function and therefore

the singularities of of the Gauss map, it is more easy to simplify the expression of the unit normal

by projecting centrally from the origin to the plane z = 1 to get (−ux,−uy, 1), and then project

to the (x, y)-plane to get a simplified mapping referred to as the modified gauss map N defined as
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N(x, y) = (−ux,−uy). Recall that a central projection of a point p = (x, y, z) ∈ M onto the plane

z = 1 is equal to (x/z, y/z, 1).

The modified gauss map is singular when its Jacobian matrix J
N

= −∇2u has rank less than

2, that is, when det(∇2u) = 0. On the other hand, assuming that the third component of the

light direction is positive (i.e. `3 > 0), the shading function is equivalent a shading function with

light direction (`1, `2, 1), where `1 and `2 are arbitrary and `3 = 1. Hence, the shading function

simplifies to σ(x, y) = N(x, y) ·L, where L = (`1, `2). The shading function is still denoted σ(x, y)

for convenience.

Proposition 5.4 Then the gradient of the shading function is given by

∇σ(x, y) = −(∇2u(x, y))L.

A critical point of the shading function satisfies (∇2u)L = 0. At regular points of the shading

function, the horizon curve is locally a smooth curve.

Proof: Taking the gradient of the shading function, we get

∇σ(x, y) = (−uxx`1 − uxy`2,−uxy`1 − uyy`2) = −(∇2u(x, y))L.

Hence, ∇σ(x, y) = 0 if and only if (∇2u)L = 0. At a regular point, we have (∇2u)L 6= 0, and using

the implicit function theorem, it follows that the horizon curve is smooth in the neighborhood of a

regular point.

The above result shows that the local orientation of the shading function is related to the local

curvature of the underlying surface. Furthermore, in the orthonormal coordinate frame {e1, e2},
where e1 and e2 are the principal directions, the Hessian matrix can be expressed as

∇2u =


 κ1 0

0 κ2


 ,

where κ1 and κ2 are the principal curvatures. Hence the gradient of the shading function be-

comes ∇σ = −κ1`1 − κ1`1. At a singular point of the shading function, we have atan(κ2/κ1) =

− atan(`1/`2), that is the shape index of the surface depends only on the light coordinates.
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The next result gives a necessary and sufficient condition for a nondegenerate singular point of

the shading function.

Proposition 5.5 The Hessian matrix of the shading function is given by

∇2σ(x, y) =


 −uxxx`1 − uxxy`2 −uxxy`1 − uxyy`2

−uxxy`1 − uxyy`2 −uxyy`1 − uyyy`2


 .

The shadow function is a Morse function if and only if det(∇2σ) 6= 0.

5.4 Experimental results

The Reeb graph describes the topological structure of objects, and illustrates the topological

changes occured at singular points of the height function (i.e. topological changes of the level

sets h−1(z) such as merging or splitting). The topological structure offered by the Reeb graph is

very useful for object reconstruction from real data sets such as computed tomography (CT) and

magnetic resonance imaging (MRI) usually available as cross-sections. So we need to reconstruct

the object from these cross-sections and using the a priori topological information given by the

Reeb graph. Furthermore, the Reeb graph describes how the cells are glued to reconstruct an

object surface.

Figure 5.5 and Figure 5.6 illustrate the Reeb graph representations of two 3D models: the heart

and the hand models. The vertices of these Reeb graphs are the singular points of the height

function in the light direction L = (0, 0, 1). The polygonal mesh of the 3D heart model consists of

861 vertices and 1717 faces (triangles), whereas the 3D hand object object is a laser scanner model

consisting of 38219 vertices and 76438 faces.

5.5 Conclusions

Shadows provide perceptually important information about the shape of an illuminated surface. We

have proposed a new surface representation function that provides a flexible and orientation-based
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Figure 5.5: Reeb graph of the heart model.
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(a) 3D hand model (b) Polygonal mesh (c) Reeb graph

Figure 5.6: Reeb graph of the hand model.
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model for geometric and topological modeling of surfaces. The geometric and topological properties

of the proposed representation function have been analyzed in the Morse theory framework.



Chapter 6

Geodesic Matching of 3D Objects

In this Chapter, we propose a new approach for object matching based on a global geodesic mea-

sure. The key idea behind our methodology is to represent an object by a probabilistic shape

descriptor called geodesic shape distribution [10] that measures the global geodesic distance be-

tween two arbitrary points on the surface of an object. In contrast to the Euclidean distance which

is more suitable for linear spaces, the geodesic distance has the advantage to be able to capture the

(nonlinear) intrinsic geometric structure of the data. The matching task therefore becomes a one-

dimensional comparison problem between probability distributions which is clearly much simpler

than comparing 3D structures. Object matching can then be carried out by dissimilarity measure

calculations between geodesic shape distributions, and is additionally computationally efficient and

inexpensive.

6.1 Introduction

Three-dimensional objects consist of geometric and topological data, and their compact represen-

tation is an important step towards a variety of computer vision applications including indexing,

retrieval, and matching in a database of 3D models. The latter will be the focus of the present

Chapter. There are two major steps in object matching. The first step involves finding a reliable

and efficient shape representation or descriptor, and the second step is the design of an appropriate

dissimilarity measure for object comparison between the shape representations.

Most three-dimensional shape matching techniques proposed in the literature of computer

74
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graphics, computer vision and computer-aided design are based on geometric representations which

represent the features of an object in such a way that the shape dissimilarity problem reduces to the

problem of comparing two such object representations. Feature-based methods require that features

be extracted and described before two objects can be compared. Among feature-based methods,

one popular approach is graph matching, where two objects are represented by their graphs com-

posed of vertices and edges. An efficient representation that captures the topological properties

of 3D objects is the Reeb graph descriptor proposed by Shinagawa et al. [67, 68]. The vertices of

the Reeb graph are the singular points of a function defined on the underlying object [67, 68, 31].

These singularities are prominent landmarks and their detection, recognition, and classification is

a crucial step in image processing and computer vision [31]. Such singularities carry important

information for further operations, such as image registration, shape analysis, motion estimation,

object recognition, and surface/image evolution [53,21,52].

An alternative to feature-based representations, called shape distribution, is developed by Osada

et al [59]. The idea here is to represent an object by a global histogram based on the Euclidean

distance defined on the surface of an object. The shape matching problem is then performed by

computing a dissimilarity measure between the shape distributions of two arbitrary objects. This

approach is computationally stable and relatively insensitive to noise. Because of unsuitability of

the Euclidean distance when dealing with nonlinear manifolds, the shape distribution, however,

does not capture the nonlinear geometric structure of the data.

The geodesic shape distribution may be used to facilitate representation, indexing, retrieval,

and object matching in a database of 3D models. More importantly, the geodesic shape distribution

provides a new way to look at the object matching problem by understanding the intrinsic geometry

of the shape.

Information-theoretic measures provide quantitative entropic divergences between two proba-

bility distributions. A common entropic dissimilarity measure is the Kulback-Liebler (or directed)

divergence [50] which has been successfully used in many applications including indexing and image

retrieval [69]. Another entropy-based measure is the Jensen-Shannon divergence which may be de-

fined between an arbitrary number of probability distributions [51]. Due to this generalization, the
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Jensen-Shannon divergence may be used as a coherence measure between any number of distribu-

tions and may be applied to a variety of signal/image processing and computer vision applications

including graph matching [39], image edge detection [37] and segmentation of DNA sequences into

homogenous domains [64].

The rest of this Chapter is organized as follows. The next section is devoted to the problem

formulation. Section 6.3 describes some the related work to our proposed approach for 3D object

matching. In Section 6.4, we describe the representation step of our proposed methodology. In

Section 6.5, we present the Jensen-Shannon divergence measure and show its attractive properties

as a dissimilarity measure between probability distributions. Section 6.6 presents an information

geometric approach to geodesic shape distributions. In Section 6.7, we provide numerical simula-

tions to show the power of the proposed shape measure for object matching. And finally, Section

6.8 provides some conclusions.

6.2 Problem formulation

Three-dimensional objects are usually represented as polygonal or triangle meshes in computer

graphics and geometric-aided design. A triangle mesh M is a pair M = (V, T ), where V =

{v1, . . . ,vm} is the set of vertices, and T = {T1, . . . , Tn} is the set of triangles.

In scientific visualization and analysis, a triangle mesh is too large to be examined without

simplification. One way to overcome this limitation is to represent a triangle mesh by its surface

features that can easily be computed and can effectively characterize the global surface shape. The

centroids of the set of triangles T are desirable features which may be computed efficiently and have

a global significance for the surface shape representation as illustrated in Figure 6.1. In addition,

there is a well defined correspondence between the centroid and the region (triangle) from which

it is computed as depicted in Figure 6.1. It is important to point out that centroid-based methods

have been used in a variety of computer vision applications including clustering, and one of the

widely centroid-based technique used for cluster analysis in the K-mean algorithm [54].
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6.2.1 Global shape measure

Let M = (V, T ) be a triangle mesh. The centroid cj of a triangle Tj is the mean of its vertices, that

is, the point located at the center of the triangle. Note that the cardinality of the set of centroids

C = {c1, . . . , cn} of the triangle mesh M is equal to the cardinality of its set of triangles T .
Unless we establish a meaningful measure of distance between the centroids of a triangle mesh,

no meaningful exploration of the underlying structure of an object is possible. In order to take into

account the interaction between the centroids, we compute a pairwise distance measure d(ci, cj)

from any centroid ci to all the other centroids cj ∈ C. Figure 6.1 illustrates an arbitrary distance

between two centroids. Notice that distance d need not be an Euclidean metric.

Figure 6.1: Distance between two arbitrary centroids of a 3D camel.

To obtain a global measure of the shape M, we simply integrate over all centroids. More

precisely, we define a function f : C ⊂ M → R such that

f(ci) =
1

|C|

∫

cj

d(ci, cj)
2 dcj , (1)

where dcj denotes the area element that contains the centroid cj , that is, in the discrete domain,

dcj = area(Tj) the area of the triangle Tj , and |C| =
∑n

j=1 area(Tj) is the total area of the surface

M. The function f clearly represents a global measure or a distribution of the shape and therefore
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to each 3D model M we will assign its global measure f .

The problem addressed in this Chapter may now be concisely described by the following state-

ment: Given two 3D objects M1 and M2 to be matched, find their global measures f1 and f2, and

calculate how dissimilar these objects are based on a predefined dissimilarity measure D(f1, f2). In

other words, the dissimilarity between two objects measures “how different they are”, and a smaller

value of D means that the two objects are more similar. Figure 6.2 depicts a block-diagram of the

proposed framework.

Figure 6.2: Block-diagram of the proposed methodology.
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6.2.2 Construction of a measure space

A measure space on a 3D model M is given by the triple (C,B, µ), where B is a σ-algebra of subsets

of C, and µ is a measure defined on the set of triangles T as µ(Tj) = area(Tj) = dcj . Note that

µ(C) = µ(∪nj=1Tj) =
n∑

j=1

µ(Tj) =

n∑

j=1

area(Tj) <∞,

hence µ is a σ-finite measure.

If µ(C) = 1, then µ is a probability measure and therefore we may define a random vector

X : C → R3 such that X(c) represents the coordinates of the centroid c in the Euclidean space.

The expected value of X is given by

E(X) = min
p∈M

∫

C
d(p, X(c))2dµ (2)

where d is a distance function defined along the surface M. This expected value provides a nice

statistical interpretation of our global shape measure defined in Equation (1).

6.3 Related work

In this section, we will review two representative methods for object matching that are closely

related to our proposed approach. We briefly show their mathematical foundations and algorithmic

methodologies as well as their limitations.

6.3.1 Reeb graph

Morse theory explains the presence and the stability of critical points in terms of the topology of

the underlying smooth manifold [55]. Topology is the property that determines which parts of the

shape of objects are connected to which other parts [38], while geometry determines where, in a

given coordinate system, each part is located [29]. The basic principle is that the topology of a

manifold is very closely related to the critical points of a smooth function on that manifold.

An interesting concept related to Morse theory and very useful to analyze a surface topology

is the Reeb graph. The latter is defined as a quotient space M/∼ with an equivalence relation
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given by p ∼ q if and only if h(p) = h(q) and p, q belong to the same connected component of

h−1(h(p)), where h : M → R is the height function such that h(x, y, z) = z for all (x, y, z) ∈ M.

In particular, each connected component is represented by a point in the Reeb graph as illustrated

in Figure 6.3. The left figure shows a torus with the critical points of its height function (Morse

function). The figure in the middle illustrates the geometric features of the torus represented by

cross-sections along its height. The right figure shows the topological features represented by the

Reeb graph. By taking an appropriate number of cross-sections and smooth interpolation between,

Shinagawa et al. [67, 68] proposed a Reeb graph based approach or so-called homotopy model for

object reconstruction.

h 

Torus Cross Sections Reeb Graph

Figure 6.3: Reeb graph representation of a torus.

Figure 6.4 illustrates the Reeb graph representation of a 3D hand model. The vertices of the

Reeb graph are the singular points of the height function. The polygonal mesh of the 3D hand

object object is a laser scanner model consisting of 38219 vertices and 76438 faces.

Reeb graph has a nice mathematical definition that makes it very attractive from a theoretical

point of view. This representation, however, is not rotationally invariant. This limitation lead
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(a) 3D hand model (b) Reeb graph

Figure 6.4: Reeb graph of the hand model.

Hilaga et al to develop a geodesic-based Reeb graph technique [40]. In this approach a multires-

olution Reeb graph is computed efficiently and a similarity distance is calculated to compare two

Reeb graphs.

6.3.2 Shape distribution

Recently, Osada et al [59] proposed a shape distribution based approach for three-dimensional object

matching. The key idea is to compute the Euclidean distance between all pairs of random points

on the surface to obtain the so-called D2 shape histogram. Given a triangle Tj = {vj1,vj2,vj2},
each random point is generated as

pj = (1−√r1)vj1 +
√
r1(1− r1)vj2 +

√
r1r2vj3,

where r1 and r2 are pseudo-random numbers between zero and the total cumulative area. Then, the

comparison of objects is carried out by computing a dissimilarity measure between their D2 shape

distributions. Figure 6.5 illustrates an ellipsoid and its D2 shape distribution. The main drawback
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of the shape distribution approach, which is based on the Euclidean distance, is its inability to

capture the nonlinear structure of the data.
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(a) Ellipsoid (b) D2 shape distribution

Figure 6.5: D2 shape distribution of an ellipsoid.

6.4 Proposed methodology

The goal of our proposed approach may be described as follows: Given two 3D objects M1 and

M2 to be matched, find their global measures or shape descriptors f1 and f2, and calculate how

dissimilar these objects using a dissimilarity measure D(f1, f2) that has to be quantified. The basic

idea behind the shape descriptor is to characterize a 3D object with a one-dimensional function

which will help us discriminate between objects in a database of 3D models.

6.4.1 Global geodesic shape function

The Reeb graph concept has been shown to be very effective in modeling 3D objects based on

cross sections such as MRI or CT images. It is more appropriate to modeling applications where

the height is of special interest such as terrain imaging. The height function, however, has some

limitations as an object signature for matching, indexing, or retrieval of arbitrary 3D objects. The
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main reason is that the height function is not rotationally invariant. To overcome these limitations,

we propose a global geodesic function defined on the object surface as follows. Let ci and cj be

two points (centroids) on a manifold M. The geodesic distance g(ci, cj) between ci and cj is the

shortest length L(γ) =
∫ b
a ‖γ′(t)‖dt of a smooth curve γ : [a, b] → M such that γ(a) = ci and

γ(b) = cj . The geodesic distance may be locally viewed as the Euclidean dE(ci, cj) = ‖ci − cj‖,
and is hence clearly invariant to rotation and translation.

Inspired by the geodesic-based representation for 3D topology matching proposed by Hilaga et

al. [40], we define a global shape function f : C → R expressed in terms of a rotationally invariant

(square) geodesic distance as follows

f(ci) =
1

|C|

∫

cj

g(ci, cj)
2dcj . (3)

The primary motivation behind the geodesic distance is of overcoming the limitations of the Eu-

clidean distance which by virtue of its linearity in nature cannot account for nonlinear structures

in the underlying object.

Unlike the Euclidean distance which is basically a straight line between two points in 3D space,

the geodesic distance captures the global nonlinear structure and the intrinsic geometry of the data

as illustrated in Figure 6.6. This clearly shows that the Euclidean distance between two arbitrary

points in a nonlinear manifold is just a straight segment connecting two points and does not reflect

the nonlinear structure of the object, whereas the geodesic distance which is the shortest curve

along the manifold connecting both points clearly captures the intrinsic geometry of the object.

Geodesic distance calculation

Given a set of centroids C = {c1, . . . , cn} of a 3D object represented by a triangle mesh M, the

geodesic distance calculation is based on a similar approach used for computing the isometric feature

mapping (Isomap) for multidimensional scaling on nonlinear manifolds [71]. The algorithm has two

main steps:

(i) Construct a neighborhood graph by connecting a given centroid to its k-nearest neigh-

bors, and link these neighboring centroids by edges with weights equal to the Euclidean

distances.
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Figure 6.6: Euclidean vs. geodesic distance on a nonlinear manifold.

(ii) Compute the geodesic distances (shortest paths) between all pairs of n points in the

constructed graph using Dijkstra’s or Floyd’s algorithm

Note that Step (i) may be alleviated by choosing a random subset of C in order to reduce the

computational complexity of the geodesic calculation.

From Equation (3), it is clear that a discrete form of the geodesic shape function can be written

as

f(ci) =
(Ga)i
|C| =

(Ga)i
‖a‖1

, i = 1, . . . , n (4)

where G = (g2ij) is the (square) geodesic distance matrix of size n × n, and a = (a1, . . . , an)
T

is an n × 1 vector of triangle areas, i.e. aj = area(Tj), and |C| =
∑n

j=1 aj = ‖a‖1 is the total

area. The geodesic distance matrix G = (g2ij) is symmetric with zeros in the diagonal, and positive

off-diagonal elements
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Triangle area calculation

Denote by {v1,v2,v3} the vertices of an arbitrary triangle T of a given triangle mesh M. Using

Newell method, the area of the triangle T can be computed as

a = area(T ) =
‖N‖
2

,

where N = (N1, N2, , N3) is the triangle normal vector with coordinates given by

N1 =
d∑

i=1

(yi − ynext(i))(zi + znext(i))

N2 =

d∑

i=1

(zi − znext(i))(xi + xnext(i))

N3 =
d∑

i=1

(xi − xnext(i))(yi + ynext(i))

and (xi, yi, zi) are the coordinates of each vectex vi (with dimension d = 3) of a triangle T . Note

that vnext(i) = (xnext(i), ynext(i), znext(i)) denotes the next vertex in the list after vi, taking into

account that v1 follows the last vertex vd.

6.4.2 Global geodesic shape distribution

Note that the geodesic shape function can be expressed as a geodesic shape vector X = {X1, . . . , Xn},
where Xi = f(ci). This vector may be viewed as a shape descriptor that may be used for 3D shape

comparison.

Assume that the geodesic shape vector X of an object M is a random sample with a common

(unknown) probability density function p. A common approach to approximate the probability

density function p is through the kernel density estimation which is an important data analytic

tool that provides a very effective way of showing structure in a data set [73]. The kernel density

estimator p̂ is given by

p̂(x) =
1

nh

n∑

i=1

K

(
x−Xi

h

)
, (5)

where K is the Gaussian kernel, and h is the bandwidth or window width to be estimated. A good
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Figure 6.7: Effect of the bandwidth parameter h.

selection rule of this bandwidth is given by

ĥ =

[
243R(K)

35µ2(K)2 n

]1/5
σ̂,

where R(K) =
∫
K(t)2 dt, µ2(K) =

∫
t2K(t) dt, and σ̂ = medj{|Xj − medi{Xi}|} is the median

absolute deviation. The effect of the bandwidth parameter h is illustrated in Figure 6.7.

Hence to each 3D object represented by a triangle mesh M, we associate a kernel density p̂

which we will refer to as a geodesic shape distribution, and it is computed using the algorithm

depicted in Figure 6.8. This probabilistic shape descriptor represents an object information and

will be used in our matching experiments. Figure 6.9 depicts a 3D model of a tank and its geodesic

shape distribution.

6.4.3 Properties of geodesic shape signature

In addition to its rotational, translational and scale invariance, the geodesic shape signature is

also robust to resampling and simplification as illustrated in Figures 6.10 and 6.11. Note that

for triangulation, we use the barycentric subdivision shown in the top row of Figure 6.10. This
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C = {c1, . . . , cn}

?

g(ci, cj) ∀i, j

?

Xi =
1

|C|

∫

cj

g(ci, cj)
2 dcj

?

p̂(x) =
1

nh

n
∑

i=1

K

(

x−Xi

h

)

1

Figure 6.8: Geodesic shape distribution algorithm.

(a) (b)

Figure 6.9: (a) 3D tank model, and its (b) geodesic shape distribution.
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subdivision technique consists of introducing a new vertex at the center of each triangle and a new

vertex at the midpoint of each edge and drawing edges from the centroid of the triangle to each of

the new midpoint vertices and to the original vertices.

Figure 6.10: Robustness and invariance.

In order to compare two geodesic shape distributions and hence to measure the performance of

the proposed scheme, we will describe in the next section an information-theoretic distance that

quantifies the difference between two 3D shapes through their probabilistic shape descriptors.

6.5 Probabilistic dissimilarity

Let M1 and M2 be two 3D objects with geodesic shape distributions p̂ and q̂ respectively. In-

formation theoretic measures provide quantitative entropic divergences between two probability

distributions. A common entopic dissimilarity measure is Kulback-Liebler (KL) divergence K de-

fined as

K(p̂, q̂) =
∫
p̂(x) log2

p̂(x)

q̂(x)
dx = E

{
log

p(x)

q(x)

}
,

where E{·} denotes the expected value with respect to p(x).
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Figure 6.11: Robustness and invariance (cont.).

The KL dissimilarity measure, however, is non-symmetric, unbounded, and undefined if p̂ is

not absolutely continuous with respect to q̂ [37]. To overcome these limitations, we use the Jensen-

Shannon divergence D given by

D(p̂, q̂) =
1

2

[
K
(
p̂,
p̂+ q̂

2

)
+K

(
q̂,
p̂+ q̂

2

)]

= H

(
p̂+ q̂

2

)
− H(p̂) +H(q̂)

2
,

where H(p̂) = −
∫
p̂(x) log2 p̂(x) dx is the differential entropy, which corresponds to Shannon’s

entropy in the discrete domain. Shannon’s entropy is a measure of uncertainty, dispersion, in-

formation, and randomness. The maximum uncertainty or equivalently minimum information is

achieved by the uniform distribution. Hence, we can think of the entropy as a measure of uniformity

of a probability distribution. Consequently, when uncertainty is higher it becomes more difficult to

predict the outcome of a draw from a probability distribution.
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The Jensen-Shannon divergence is a statistical distance that is very useful in quantifying dif-

ferences between probability distributions or densities. In other words, this dissimilarity measure

quantifies differences in shape between two arbitrary objects. Unlike the Kullback-Leibler diver-

gence, the Jensen-Rényi divergence has the advantage of being symmetric, always defined, and

generalizable to any arbitrary number of probability distributions, with a possibility of assigning

weights to these distributions [51]. Figure 6.12 shows a three-dimensional graph and a contour plot

of the Jensen-Shannon divergence between two discrete Bernoulli distributions.

(a) (b)

Figure 6.12: (a) 3D plot and (b) contour plot of the Jensen-Shannon divergence.

The following result establishes the convexity of the Jensen-Shannon divergence.

Proposition 6.1 The Jensen-Shannon divergence D(p̂, q̂) is a convex function of p̂ and q̂.

In addition to its convexity property, the Jensen-Shannon divergence is shown to be an adapted

measure of disparity among probability distributions. Using the theory of majorization, it can be

shown that the Jensen-Shannon divergence is bounded, and its upper bound is achievable.

Proposition 6.2 The Jensen-Shannon divergence between two geodesic shape distributions p̂ and
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q̂ is upper bounded

D(p̂, q̂) ≤ log2(2) = 1.

6.6 Information-geometric approach to geodesic shape distribu-

tions

The Jensen-Shannon divergence

D(p, q) =
1

2

[
K
(
p,
p+ q

2

)
+K

(
q,
p+ q

2

)]

satisfies the triangle inequality property

D(p1, p2) +D(p2, p3) ≥ D(p1, p3)

if and only if

H

(
p1 + p2

2

)
+H

(
p2 + p3

2

)
≥ H

(
p1 + p3

2

)
+H(p2)

While the Jensen-Shannon divergence is not a metric, it can be shown that its square root
√
D(·, ·) is a metric between probability distributions.

6.6.1 Statistical manifolds

A Riemannian manifold is a differentiable manifold equipped with a positive definite inner product

< ·, · >x: TxM× TxM→ R. The collection of all these inner products is called the Riemannian

metric. An example of such a metric is the first fundamental form derived in the Appendix.

Statistical Manifolds are differentiable manifolds such that each point can be identified with a

probability density with respect to a given measure, and a family of distributions correspond to

a set of points which form a manifold. The theory of statistical manifolds also called information

geometry was originally proposed by Rao [63] who considered a parametrized statistical model as a

Riemannian manifold with the metric tensor given by the Fisher information metric. This metric

defines a notion of a distance between two probability distributions. In other words, it measures

“how far apart are these distributions ?”. A good reference to information geometry is the book

by Amari [19] who introduced α-connections and showed how they relate to asymptotic inference.
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Let M be a differentiable manifold representing a statistical model M = {p(x;θ) : θ ∈ Θ}
of probability distributions p(x;θ) parametrized by a real-valued vector θ. In other words, M is

a parametric surface which can be represented as a Monge patch defined by r : Θ → M such

that r(θ) = (θ, p(x;θ)). Note that the patch r covers all M, that is, r(Θ) = M. It is worth

pointing out that the Monge patch r : Θ→M of a smooth probability density p(x; ·) : Θ→ R is a

diffeomorphism because it is a smooth bijection, and its inverse r−1 is the restriction to M of the

smooth projection π : Θ× R → Θ, that is r−1 = π|M.

The Kullback-Leibler divergence two points p(x;θ) and p(x;θ′) in M is given by

K(θ,θ′) =
∫
p(x;θ) log

p(x;θ)

p(x;θ′)
dx = E

{
log

p(x;θ)

p(x;θ′)

}
,

where E{·} denotes the expected value with respect to p(x;θ).

When θ and θ′ are infinitesimally close to each other (i.e. θ′ = θ+ ε with ε sufficiently small),

it can be shown that

K(θ,θ′) = 1

2
(θ′ − θ)TΣ(θ)(θ′ − θ) +O(‖θ′ − θ‖3),

where Σ(θ) = (σij(θ)) is the Fisher information metric tensor given by

σij(θ) =

∫
p(x;θ)∂i log p(x;θ)∂j log p(x;θ) dx = E{∂i log p(x;θ)∂j log p(x;θ)},

and ∂i log p(x;θ) denotes the partial derivative with respect to the i-th component of the vector θ.

6.6.2 Geodesic shape manifold

Let M = (V, T ) be a triangle mesh, where V = {v1, . . . ,vm} is the set of vertices, and T =

{T1, . . . , Tn} is the set of triangles. Denote by α the total area of the triangle mesh, that is

α =
∑n

j=1 area(Tj).

To apply information geometry to our proposed geodesic shape distribution and using Equation

(4), we may rewrite the geodesic kernel density in parametric form as

p(x;θ) =
1

nh

n∑

i=1

K

(
x−Xi

h

)
=

1

nh

n∑

i=1

K

(
1

h

(
x− (Ga)i

α

))
,
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where θ = (n, α) defines the distribution parameters: the number of triangles n and the surface

total area α. The 3D object matching by the information geometric approach may be stated

as follows: Given a database of 3D models {M1,M2, . . . ,M`}, the first step is to compute the

corresponding parametrized probability shape distributions {p(x;θ1), p(x;θ2), . . . , p(x;θ`)}, that is
each 3D model can be viewed as a point in a set S = {p(x;θ) : θ ∈ N × R+} embedded in the

3D Euclidean space as displayed in Figure 6.13. This set S of geodesic shape distributions forms a

statistical model that carries the structure of a smooth manifold, and will be referred to as geodesic

shape manifold. Note that the parameter θ = (n, α) plays the role of coordinates of a geodesic

shape density p(x;θ) ∈ S.PSfrag replacements

M
1 ≡

p(x;θ
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Figure 6.13: Illustration of geodesic shape statistical manifold.

6.7 Experimental results

Object matching experiments were performed using a database of 3D models collected online.

Each model is represented as a triangle mesh. We conducted four sets of experiments. The first set

consists of 3D airplane models as shown in Figure 6.14, and the second set consists of 3D tanks as
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illustrated in Figure 6.15.
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Figure 6.14: First set of experiments: 3D airplanes.

The third set deals with objects that are topologically equivalent to a sphere (i.e. with genus

equal to zero) as shown in Figure 6.16. The numerical results using the Jensen-Shanon dissimilarity

measure are depicted in Table 6.1 where the grayscale colorbar displays the grayscale colormap of

this dissimilarity matrix. This grayscale colormap ranges from white (maximum similarity) to black

(maximum dissimilarity), and passes through the gray colors indicating the values of the matching
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Figure 6.15: Second set of experiments: 3D tanks.

algorithm. Note that the minimum dissimilarity rate is about 9%, that is the matching rate is

about 81%.

The fourth set of experiments is similar to the third, except that the underlying objects are

topologically different from than the ones in the third set of the experiments. Figure 6.17 shows

a set of objects with genus equal to one. Matching is achieved by the minimum Jensen-Shannon

distance computations as illustrated in Table 6.2. Note that the minimum dissimilarity rate is
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about 2%, that is the matching rate is about 98%.
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Table 6.1: Jensen-Shannon dissimilarity results for the third set of experiments.
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Figure 6.16: Third set of experiments: 3D models and their geodesic shape distributions.
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Table 6.2: Jensen-Shannon dissimilarity results for the fourth set of experiments.

0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

Figure 6.17: Fourth set of experiments: 3D models and their geodesic shape distributions.
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6.8 Conclusions

In this Chapter, we proposed an new methodology for object matching. The key idea is to encode

a 3D shape into a 1D geodesic shape distribution. Object matching is then achieved by calculat-

ing an information-theoretic measure of dissimilarity between the probability distributions. That

is, the dissimilarity computations are carried out in a low-dimensional space of geodesic shape

distributions. The main advantages of the proposed approach are:

• The geodesic distance captures the intrinsic geometry of the data

• The approach is simple and computationally inexpensive

• The simulations results indicate the suitability of the proposed technique for object

matching

For future work, it would be of interest to incorporate topology into the proposed methodology

through Morse singularities of the global geodesic shape function. Finally we note that while the

experimental results presented in this section are very promising, significant additional performance

gains are still possible. For example, our current way of selecting centroids as landmarks is rather

one of many possible options and by no means the best option, and a multiresolution geodesic

shape distribution may also provide better key to landmarks.



Chapter 7

Distance Function-based Object Recognition

In this Chapter we propose a distance function-based approach to topological modeling of 3D

objects. Despite the theoretical nature of the results presented in this Chapter, the key idea is to

identify and encode regions of topological interest of a 3D object in the Morse-theoretic framework.

The main motivation behind using the distance function is its rotational invariance which makes

it more adapted to object recognition than the Morse height function. We prove that a surface

may be reconstructed from its intersections with concentric spheres centered at the barycenter of

the underlying surface. The topological changes in the surface occur as we increase the value of

the sphere radius. At singular points, the level curves of the distance function may split or merge

which indicate topological changes. We also show that when a surface is embedded in a sphere, the

height function and the distance function are equivalent in a Morse-theoretic setting, that is both

functions have the same singularities.

7.1 Introduction

In computer graphics applications, one is typically interested in locating geometric regions of topo-

logical nature on a surface. The simplest non-trivial regions are areas with genus equal to one.

Such regions are handles. As mentioned in Chapter 1, a handle intuitively corresponds to its def-

inition per se. For example, a coffee mug with a handle has genus equal to one. Our challenge in

this research effort is to present computational topology algorithms which are adapted to discrete

surfaces and which simultaneously account for the geometry of a surface. The main objectives of

100
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this chapter consist of:

• identifying regions of topological interest, that is where topology changes on a surface

occur. Identifying the topology of a surface is tightly related to Morse theory which

establishes a relationship of critical points of a smooth function defined on a smooth

manifold to its connectivity.

• coding a surface topology into a Reeb graph. The nodes of this graph represent the

critical points of a function defined on the surface, and the edges in the graph represent

the connected components of the surface between critical points.

7.2 Topology identification

Topology is a branch of mathematics dealing with qualitative questions about geometrical struc-

tures. We do not ask: how big is it? but rather: does it have any holes in it? Is it all connected

together, or can it be separated into parts? Geometry, on the other hand, deals with measuring and

computing lengths, areas, volumes, angles etc., and that is actually where the word “geo-metry”

comes from. The subject of topology is concerned with those features of geometry which remain

unchanged after twisting, stretching or other deformations of a geometrical space. It includes such

problems as distinguishing knots and classifying surfaces. One of the key tools used to study the

topology of spaces is Morse theory which is the study of the relationship between functions on

a space and the shape of the space. Although Morse theory can be applied to spaces of infinite

dimension, we are particularly interested in the application of Morse theory to 2-manifolds. Based

on the calculus of variations, Morse theory draws a relationship between critical points of a smooth

function defined on a smooth manifold and the global topology of that manifold. To better under-

stand Morse theory, we start by briefly introducing some basic definitions in differential geometry

and topology.

Definition 7.1 An abstract surface or 2-manifold is a topological space M such that each point of

M has a neighborhood U in M homeomorphic to an open 2-disk D2 in R2.
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In other words, a 2-manifold is locally homeomorphic to an open disk D2. Homeomorphism is a

continuous function defined between two spaces which is bijective and also has a continuous inverse.

If M is a 2-manifold, then we can find a countable system of open sets Ui and homeomorphisms

ϕi : Ui → D2 such that M = ∪iUi. This homeomorphism is illustrated in Figure 7.1. A collection

of charts is called an atlas. A 2-manifold M may be embedded in R3 meaning that it has no

self-intersections.
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Figure 7.1: Definition of a 2-manifold.

A 2-manifold is a surface where the local area around every point on the surface is Euclidean,

meaning, around each point the surface appears to be nearly flat. The world around us is an

excellent example of a 2-manifold. Manifolds are a preferable surface representation because the

surface can be divided into charts which allow 2-manifolds embedded in 3D to be flattened into

a two dimensional domain (through parametrization). Surfaces used in computer graphics are

typically oriented, this refers to the fact that the surface has two sides. For example, a sphere has

two sides, while a Mobius strip has only one side. Another attribute of surfaces is whether the

surface is closed or with boundary. This refers to the number of open boundary components of a

surface. For example, an egg shell is closed but once it has been cracked open, it becomes a surface

with boundaries.
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We refer to a surface as a smooth and compact 2-manifold without boundary and possibly

embedded in the Euclidean space R3. Mathematically, surfaces are often conceived of as continuous

and smooth, i.e., one that has a sufficient number of partial derivatives. Smooth often refers

to a surface with infinitely many partial derivatives, but in practice second-order derivatives are

sufficient. In computer graphics we operate in a discrete setting, where only a finite number of

samples are used to represent a surface. These surfaces are often continuous, but are only piece-

wise linear and are represented only by a discrete set of points which are connected together as

triangles or polygons.

7.2.1 Singular points

Let ϕ : M → R be a real-valued function defined on a smooth manifold M ⊂ R3. The function ϕ

is smooth if the composition function ϕ ◦ µ : U → R is smooth (in the ordinary Euclidean sense),

where µ is a smooth regular parametrization of M (i.e. µ : U ⊂ R2 → R3). A point p0 on M is a

singularity or critical point of ϕ if p0 = µ(x0, y0), for some (x0, y0) ∈ U , and the gradient of ϕ ◦ µ
at (x0, y0) vanishes, i.e. ∇(ϕ ◦ µ(x0, y0)) = 0.

A singularity p0 is nondegenerate if the Hessian matrix ∇2(ϕ ◦ µ(x0, y0)) is nonsingular. Oth-

erwise this singularity p0 is said to be degenerate.

7.2.2 Morse function

Morse theory explains the presence and the stability of critical points in terms of the topology of

an underlying smooth manifold. Topology is the property that determines which parts of an object

are connected to which other parts [38], while geometry determines where, in a given coordinate

system, each part is located [29]. The basic principle is that the topology of a manifold is very

closely related to the critical points of a smooth function on that manifold.

Morse proved a major result which generalizes the straightforward result that the lowest-order

nonvanishing term in a Taylor series describes the local behavior of a smooth function of a single

variable to functions of many variables.

Definition 7.2 A smooth function ϕ : M → R on a smooth manifold M is called a Morse function
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if all its singularities are nondegenerate.

Examples of nondegenerate singular points are shown in Figure 7.2.

Figure 7.2: Critical points.

Nondegenerate singularities are isolated, that is, there cannot be a sequence of nondegenerate

singularities converging to a nondegenerate singularity p. In other words, there is no other point

in the neighborhood of p that is singular. This fact follows from the following Morse’s lemma.

Lemma 7.3 If ϕ : M → R has a nondegenerate singularity at p0 ∈ M, then there exists (x0, y0) ∈ Ω

such that p0 = r(x0, y0), and ϕ has the following representation

ϕ(p) = ϕ ◦ r(x0, y0)± x2 ± y2 = ϕ(p0)± x2 ± y2,

for all p = r(x, y) ∈ M, where r is a regular smooth path.

Note that the only nondegenerate singularities are the minimum, maximum and saddle points. By

decomposing a smooth manifold along these singularities, its global shape and topology is revealed.

Morse theory also presents methods to classify critical points. Specifically, by examining the number

of negative eigenvalues of the Hessian, the critical point can be indexed. That is, a minimum has

zero negative eigenvalues, a saddle point has one, and a maximum has two negative eigenvalues.
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This analysis corresponds to the fact that a minimum has no downhill sides, while an isolated

saddle point has two downhill sides, one parallel to the direction of the eigenvector associated with

the negative eigenvalue and one anti-parallel. A maximum has downhill sides associated with both

directions of both eigenvectors.

7.2.3 Sard’s theorem

Let f : M → R be a smooth function. A point p is called a regular point of f if the differential

df : TpM → R is surjective, that is, the Jacobian matrix (3 × 1 in this case) has rank equal to

dim(R) = 1. Otherwise, the point p is called a critical point. Denote by Crit(f) the set of critical

points of f .

Theorem 7.4 (Sard) The set f(Crit(f)) of critical values of f has measure zero in R (in the

sense of Lebesgue measure).

Corollary 7.5 The set R− f(Crit(f)) of regular values of f is dense in R.

Note: f can be defined between two smooth manifolds with arbitrary dimensions, i.e., f : M → M̃.

Definition 7.6 A smooth map f : M → M̃ is called an immersion if at any point p ∈ M, the

differential df : TpM → Tf(p)M̃ is injective, i.e., no nonzero vector maps to zero. If, moreover, f

is a homeomorphism when considered as a map from M to f(M), we say that f is an embedding.

7.2.4 Height function

A classic result from Morse theory is that given a closed surface M and a Morse function f : M → R,

we can show that if this function has only two non-degenerate critical points then M is topologically

equivalent to a sphere. For example, a typical Morse function is a height function, and if we consider

such a function defined on a sphere, we can identify two critical points which corresponding to the

maximum and minimum at the north and south pole of the sphere (see Figure 7.2). More precisely,
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the the Euler characteristic of a surface is defined in terms of the number of critical points as

follows:

χ = #minima−#saddlepoints+#maxima.

Another essential result from Morse theory shows that between critical points the topology of the

manifold is guaranteed not to change (called the deformation lemma).

To further illustrate the relationship of critical points and the global topology of a surface,

consider the following geometric interpretation. Given a Morse function, f : M → R which is a

height function which may, for example, define parallel planes. A height function in the z-direction

on a smooth manifold M is a real-valued function h : M → R such that h(x, y, z) = z for all

(x, y, z) ∈ M. Hence, h is the orthogonal projection with respect to the z-axis. Figure 7.3 shows

a 2D manifold (a double torus) and the corresponding critical points of its height function. These

singular points are all nondegenerate.

Figure 7.3: A 3-D object and the critical points of its height function.
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Now imagine a torus standing on its end (see Figure 7.2). When considering each of the tangent

planes to the torus, the critical points may be identified as those at which tangent planes coincide

with height planes of the Morse function. For example the torus, as we expected there will be

critical points corresponding to the maximum and minimum (at the north and south poles of the

torus) and the two saddle points at the handle.

There is further geometric interpretation of Morse theory for a 2-manifold by correlating the

tangent plane of the surface at each point to the planes defined by a height function. Specifically,

we consider classifying critical points and trivial points (non-critical points). Similar to the method

presented above, where we classify points based on their shape, we consider analyzing the local

shape of the surface, by looking at the relationship between a small circular neighborhood of each

point on the surface and the height planes of a height function.

Morse lemma says that near p0 there is a smooth change of coordinates under which the resulting

Taylor series of the Morse function h near p0 is the pure quadratic function.

Theorem 7.7 Morse functions are stable and dense in the set of all smooth functions. Equiva-

lently, any smooth function can be converted into a Morse function as a result of a perturbation as

slight as desired.

This Morse’s theorem says that a small, smooth perturbation of a Morse function yields another

Morse function. The density means that there is a Morse function arbitrarily close to any non-Morse

function.

7.2.5 Generalized height function

The height function in the direction of a vector v (we may assume v ∈ S2, i.e. ‖v‖ = 1) is defined

as hv : M → R such that hv(p) = p · v.
The level sets of the height function are the intersections of M with planes orthogonal to v

(considered as a line) as pictured in Figure 7.4. Denote by Pz the plane at height z. The original

object (surface) can be reconstructed if we know all its sections by these parallel planes (i.e. the

surface is the union of these planes).
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. 

Figure 7.4: Illustration of the height function.

Clearly, the level sets of the height function may have isolated points, or curves, or may contain

an open subset of the plane. Furthermore, the level sets may be connected or disconnected, and

the curves may have complicated singularities (e.g. generalized Monkey saddle surface).

A point p is a critical point of h if and only if g(p) = ±v, where ±v is the point in RP 2

corresponding to v ∈ S2, that is, the inverse image g−1(±v) consists exactly of all points on the

surface M whose tangent planes are orthogonal to v. Hence, p is a nondegenerate critical point of

h if and only if it is a regular point for g. Therefore, ±v is a regular value of g if and only if all the

critical points of h are nondegenerate.

Proposition 7.8 The height function h : M → R in the direction of v ∈ S2 is a Morse function if

and only if the corresponding point ±v is a regular value for the Gauss map g : M → RP 2.

Applying Sard’s theorem to the map g, we conclude that the set of ±v for which the height function

h is not a Morse function has measure zero in RP 2.



7.3 Topology coding 109

7.2.6 Height function and immersion

Defining a height function for a closed 2-manifold and examining its pre-image for various intervals

along the z-direction, will create a sequence of closed contours on the surface. This corresponds to

placing the closed 2-manifold in a tank and slowly immersing it in liquid up to various heights by

adding more and more water to the tank. The level set for a given height z will be the intersection

of the surface with the top of the water (see Figure 7.5). We observe that as the surface is immersed

in the water, the topology of the level sets change, i.e., the number of components of the level set

changes for various heights. For example, imagine we are pouring water into a tank with the surface

shown in Figure 7.5. As we first pour water in to level z0, we do not intersect the surface and the

pre-image of our height function will be empty (it will have no contours). When the water first

touches the surface at level zi, the topology of the level set changes and the pre-image now consists

of a single contour. As we continue pouring water into the tank, the topology of the level sets will

continue to change. For example, when the water level first reaches a “hole” of one of the handles,

the topology of the level set will change from a single contour to two. Finally, consider when we

pour in the last of the water and the level set changes such that we once again have no contours.

This analogy of immersing a surface in water is often used to describe the process of finding critical

points in a surface.

7.3 Topology coding

7.3.1 Reeb graph

An interesting concept related to Morse theory and very useful in analyzing a surface topology

is the Reeb graph. The latter is defined as a quotient space M/∼ with an equivalence relation

given by p ∼ q if and only if h(p) = h(q) and p, q belonging to the same connected component

of h−1(h(p)). In particular, each connected component is represented by a point in the Reeb

graph as illustrated in Figure 7.6. The left figure shows a torus with the critical points of its

height function (Morse function). The figure in the middle illustrates the geometric features of the

torus represented by cross-sections along its height. The right figure shows the topological features



7.3 Topology coding 110

PSfrag replacements

M

h

z0

Cross-section

Water tank

Figure 7.5: Surface immersed in water.

captured by the Reeb graph. By taking an appropriate number of cross-sections and a smooth

interpolation in between, Shinagawa et al. [67, 68] proposed a Reeb graph based approach or so-

called homotopy model for object reconstruction. The Reeb graph is a topological representation of

an object (skeletal structure), and has storage and transmission advantages due to a parsimonious

data representation.

Mathematically, a quotient space M/∼ = {[p] : p ∈ M} is a set of equivalence classes with

relation ∼, and where [p] = {q ∈ M : q ∼ p} is the equivalence class of p ∈ M. Intuitively, M/∼ is

a space created by taking the space M and gluing p to any q that satisfies q ∼ p. The classes [p] are

the connected components for the Reeb graph, and being in the same component is an equivalence

relation:

q ∼ p⇐⇒ h(q) = h(p) and p, q ∈ ConComp{h−1(h(p))},

where ConComp{·} denotes the connected component. In a Reeb graph representation, each con-

nected component of a contour (i.e. h−1(z) where z = h(x, y, z)) corresponds to a point.
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Figure 7.6: Reeb graph representation of a torus.

7.4 Level sets around Morse points

Let f : M → R be a Morse function defined on a compact surface M. The following result shows

that a Morse function on a surface may determine the shape of the surface.

Proposition 7.9 If f : M → R has exactly two nondegenerate singular points, then M is diffeo-

morphic to the sphere S2.

Denote by Ma the sub-surface of M consisting of all points at which h takes values less than or

equal to a real number a

Ma = {p ∈ M : f(p) ≤ a}

and denote by La the set of points where the value of h is exactly a, that is La = f−1(a). Note

that when a is a regular value, the set La is a smooth curve of M and it is the boundary of Ma.

Proposition 7.10 Let a < b be real numbers such that the function f : M → R has no critical

value in the interval [a, b], then
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(a) Level curves (b) Level curve La

(c) Subsurface Ma (d) Subsurface and Level curve

Figure 7.7: Illustration of Ma and La.

(a) The level curves La = f−1(a) and Lb = f−1(b) are diffeomorphic.

(b) The subsurfaces Ma and Mb are diffeomorphic, with boundaries La and Lb respec-

tively.

Figure 7.8 shows the evolution of the subsurface Ma as the parameter a changes. If a <

minp∈M{f(p)}, then Ma = ∅. And as we increase the parameter a, the subsurface Ma changes

until it covers the entire surface M. We may think of the height function f : M → R as dipping a

doughnut into a cup of chocolate cream.
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Figure 7.8: Evolution of Ma as a changes.

7.4.1 Handle decompositions

Let f : M → R be a Morse function defined on a compact surface M. Each time the value of f passes

through a critical value, a handle appears and is attached to the previously built-up subsurface.

The index of the handle coincides with the index of the corresponding critical points, that is the

number of negative eigenvalues of the Hessian matrix of f . For example, let p1,p2,p3,p4 be the

critical points of a height function h : T → R defined on a torus T, and denote by v1, v2, v3, v4 their

critical values, i.e. h(pi) = vi is the z-coordinate of each point pi. We further assume that these

critical values are ordered v1 < v2 < v3 < v4, that is v1 is the minimum value, v4 is the maximum

value, and v3, v4 are the saddle values.

To track the topological changes of the surface M, we look at how Ma changes as the parameter

a increases. In the case of a torus, we start from a value less than v1, that is for a < v1 we have

Ma = ∅. As soon as a passes v1, a 2-disk (upright bowl) pops out and we have Ma = D2. This
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2-disk corresponds to the minimum critical point of index 0 and is called 0-handle. Similarly, a

1-handle corresponds to a saddle point and a 2-handle corresponds to a maximum critical point.

Consequently, we deduce that any closed surface can be decomposed into a union of a finite

number of 0-,1-, and 2-handles. In other words, any closed surface admits a handle decomposition.

The diagram depicted in Figure 7.9 shows the sequence of steps in the gradual buildup of a

torus, starting with a disk (or 0-handle), adding two consecutive 1-handles, and finally completing

the torus with a 2-handle.

Figure 7.9: handle decomposition.

7.5 Distance function

The concept of distance is central to topology, with the actual numeric values being of less im-

portance. In fact, topologists often use a distance function, but the attributed numerical values

have only secondary meaning. To illustrate this, suppose we are given an object in the ordinary
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three-dimensional space, and a point outside the object, and the question is: does the object come

arbitrarily close to this reference point?. This may be stated as: is the point a boundary point of

the object? “Arbitrarily close” means that if one imagines a ball around the reference point, then

the ball contains some points belonging to the object no matter how small the ball is. The actual

distances between the points belonging to the object and the reference point do not matter, and

there just have to be arbitrarily small values among them.

The distance function is a function which has nondegenerate critical points, and it can be shown

that almost all distance functions are Morse functions. In fact, for fixed v ∈ R3, we may define a

distance function of M to v as dv : M → R such that dv(p) = ‖p− v‖2.
If a surface M is given in parametric form r(x, y) where {x, y} is the coordinate system, then

the distance function may be expressed as dv(r(x, y)) = ‖r(x, y)−v‖2. The first partial derivatives
are given by dx = 2rx · (r(x, y) − q) and dy = 2ry · (r(x, y) − q). Hence d has a critical point at

p = r(x, y) if and only if v − p is orthogonal to M at p, i.e. v − r(x, y) is parallel to the surface

normal N . Thus v = r(x, y) + aN .

The distance function from the origin of a coordinate system is given by d(x, y) = ‖r(x, y)‖2 =
x2 + y2 + u(x, y)2. Its gradient is ∇d(x, y) = 2[(x, y) + u(x, y)∇u(x, y)], and its Hessian matrix is

∇2u(x, y) = 2[(1 + ‖∇u(x, y)‖2)I2 + u(x, y)(∇2u(x, y))], where I2 is the 2× 2 identity matrix. The

second partial derivatives at a critical point can be easily derived as

dxx = 2(rx · rx + rxx · (r(x, y)− v)) = 2(rx · rx − a rxx ·N).

Hence, the Hessian matrix may be expressed in terms of the first and second fundamental forms as

follows

∇2d = 2(I − a II),

where I and II are the first and second fundamental forms respectively.

A degenerate critical point of the distance function satisfies det(∇2d) = 0 if and only if

det(∇2u) = 1/a2 = κ1κ2, where κ1 and κ2 are the principal curvatures. A point p ∈ M is

therefore a degenerate critical point of the distance function dv if and only if v is a focal point of

(M,p). In addition, the Morse index of a nondegenerate critical point of the distance function dv
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is equal to the number of focal points of (M,p) which lie on the segment from p to v. This can be

shown using the Hessian matrix ∇2d since the number of its negative eigenvalues is equal to the

number of eigenvalues of the II (assuming that I is the identity matrix) which are ≥ 1/a.

Without loss of generality we choose v to be the centroid c of the surface M, and for simplicity we

consider the centroid to be the origin of the Euclidean coordinate system as pictured in Figure 7.10.

Hence the distance function becomes

d(p) = ‖p‖2 = x2 + y2 + z2,

where p = (x, y, z). Note that for r > 0, the level sets {p ∈ M : d(p) = r2} of the distance function

are concentric spheres of radii r, and the object can be reconstructed if we know its intersections

with these concentric spheres (see Figure 7.10).
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Figure 7.10: Illustration of the distance function.
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7.6 Connection between height function and distance function

For certain purposes such as terrain image reconstruction, the height function has nicer properties,

while for others the distance function behaves better due mainly to its rotational invariance. There

is, however, one situation when these two functions are essentially the same. Suppose that a surface

M is embedded in a sphere S2 centered at the origin and with radius R (see Figure 7.11), then the

height function hv and the distance function dv differ by a constant and therefore have the same

critical points:

dv(p) = ‖p− v‖2 = ‖v‖2 + ‖p‖2 − 2p · v = (‖v‖2 +R2)︸ ︷︷ ︸
constant

− 2hv(p).

Figure 7.11: Embedding of a 3D airplane into a sphere.

The key idea behind using the distance function is to track the changes in topology as we

cross a surface singularity. In the first step, we start with a sphere having a sufficiently small

radius, and centered as the barycenter of the underlying surface, then we evolve this sphere by

increasing its radius so that we will have a set of concentric spheres covering the entire surface. As

we cross a surface singularity, a topological change of the level curves will take place as illustrated
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Figure 7.12: Distance function defined on a torus.

Figure 7.13: Distance function defined on a torus (cont.).

in Figures 7.12, 7.13, and 7.14. The level curves for two 3D real data objects are pictured in

Figure 7.15. In other words, some level curves may split or merge. We are essentially interested

in these changes for topological modelling purposes which in turn may be explained by applying

Morse theory to the distance function.
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Figure 7.14: Distance function defined on a dimple.

Figure 7.15: Isocontours of 3D real data.



Chapter 8

Conclusions and Future Research

This thesis has presented computational algorithms for variational image denoising, topological

modeling, three-dimensional object recognition, and geometric matching. We have demonstrated

the use of these algorithms through a variety of imaging and computer vision applications including

image filtering, singularity extraction and evolution, topological modeling of illuminated surfaces,

geodesic matching of triangle meshes, and distance function-based object recognition. The geomet-

ric/topological algorithms are tailored for the discrete representation of surfaces as triangle meshes.

We have demonstrated the effectiveness of the proposed methods through numerical simulations

with synthetic and real data in 2D and 3D computer imagery.

In the next Section, the contributions made in each of the previous chapters and the concluding

results drawn from the associated research work are presented. Suggestions for future research

directions related to this thesis are provided in Section 8.2.

8.1 Contributions of the thesis

8.1.1 Robust and efficient variational filters for image denoising

Using the theoretical fundamentals of robust statistics, a variational filter referred to as a Huber

gradient descent flow was proposed in Chapter 3. It is a result of optimizing a Huber functional

subject to some noise constraints, and it takes a hybrid form of a total variation diffusion for large

gradient magnitudes and of a linear diffusion for small gradient magnitudes. Using the gained

insight, and as a further extension, we proposed an information-theoretic gradient descent flow
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which is a result of minimizing a functional that is a hybrid between a negentropy variational

integral and a total variation. Illustrating experimental results demonstrated a much improved

performance of the approach in the presence of Gaussian and heavy-tailed (impulsive) noise.

8.1.2 A topological variational model for image singularities

Image singularities are prominent landmarks and their detection, recognition, and classification

is a crucial step in image processing and computer vision. Such singularities carry important

information for further operations, such as image registration, shape analysis, motion estimation,

and object recognition. In Chapter 4, we proposed a topological gradient descent flow for image

singularities. The approach is expressed in the higher order variational framework as a minimizer of

a variational integral involving the gradient and the Hessian matrix of the height function defined on

a manifold. We demonstrated through numerical simulations the power of the proposed technique

in preserving image singularities.

8.1.3 Topological modeling of illuminated surfaces using Reeb graph

In Chapter 5 we introduced a reliable and efficient feature based object representation for topological

modeling of three-dimensional illuminated surfaces. The proposed approach encodes an object

into the Reeb graph concept from computational topology. This skeletal structure is based on a

generalized height function in the light direction defined on an illuminated surface. The topological

properties of the proposed representation were analyzed in the Morse theoretic framework, and its

close relationship to the shading problem was also highlighted. Some numerical simulations with

synthetic and real 3D data were provided to demonstrate the potential of object singularities in

topological modeling.

8.1.4 Geodesic object representation and recognition

In Chapter 6 we proposed a shape signature that captures the intrinsic geometric structure of

3D objects. The primary motivation of the proposed approach is to encode a 3D shape into a
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one-dimensional geodesic distribution function. This compact and computationally simple repre-

sentation is based on a global geodesic distance defined on an object surface, and takes the form of

a kernel density estimate. To gain further insight into the geodesic shape distribution and its prac-

ticality in 3D computer imagery, some numerical experiments were provided to demonstrate the

potential and the much improved performance of the proposed methodology in 3D object matching.

This was carried out using an information-theoretic measure of dissimilarity between probabilistic

shape distributions.

8.1.5 Distance function-based object recognition

In Chapter 7 we introduced a topological approach to object recognition using a distance function.

Similarly to the height function strategy which consists of reconstructing surface from its cross-

sections, the key idea behind using a distance function is that a surface may be reconstructed from

its intersections with concentric spheres centered at the centroid of the underlying surface. The

topological changes in the surface occur as we increase the value of the sphere radius. At singular

points, the level curves of the distance function may split or merge which indicate topological

changes. We also show that when a surface is embedded in a sphere, the height function and the

distance function are equivalent in a Morse-theoretic setting, that is both functions have the same

singularities.

8.2 Future research directions

Several interesting research directions motivated by this thesis are discussed next. In addition to

designing new methodologies for image denoising and segmentation, we intend to accomplish the

following projects in the near future:

8.2.1 Attributed Reeb graph matching, indexing, and retrieval

Recently we have been working on the representation, matching, indexing and retrieval in a database

of 3D objects based on the topological and geometric information. Building a database requires
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collecting 3D models, computing their Reeb graph representations, and indexing in the data base

based on an abstracted information given by their Reeb graphs. An appropriate and efficient rep-

resentation of the Reeb graph is the attributed Reeb graph that represents topology and geometry

in a compact representation, where vertices and edges have geometric attributes. In other words,

we associate to the graph as much geometric information as possible that will be attached to the

graph for further tasks such as matching, indexing and retrieval.

8.2.2 Entropic minimum spanning Reeb trees for terrain image analysis

The vertices of a Reeb tree can be characterized using the minimum spanning tree (MST) which

aims to quantify spacial dot patterns by revealing hidden nearest-neighbor correlations. The MST

representation is naturally translation and rotation invariant, and therefore constitutes a good can-

didate for geo-registration and other image registration applications. The Jensen-Rényi divergence

may be used as a robust dissimilarity measure between the Morse features of the target and the

reference images.

8.2.3 Divergence measures and information geometry

There are many possibilities for extending the Jensen-Rényi divergence using more generalized

entropy measures, and borrowing concepts from information geometry in order to fully employ the

mathematical machinery of differential geometry and topology. Information geometry is the branch

of probability theory dedicated to provide families of probability distributions with differential

geometrical structures. One then uses the tools of differential geometry in order to have a clear

and intuitive picture of a family of probability distributions which form a differentiable manifold.

Information geometry elucidates the geometric structure of such a manifold.

Theoretically we hope to develop more rigorous analysis for the Jensen-Rényi divergence. It

is also worthwhile to combine other computational techniques with our approach. Furthermore,

we are planning to apply this divergence measure to other imaging applications including DNA

segmentation, microarray images and independent component analysis.
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Appendix A

The first variation of the functional F(u) =
∫
Ω F (|∇u|) dx in the direction of v is given by

δF(u; v) = d

dε
F(u+ εv)

∣∣∣∣∣
ε=0

=

∫

Ω

(
F ′(|∇u|)
|∇u| ∇u · ∇v

)
dx.

The following identity

div(v∇u) = div(∇u)v +∇u · ∇v,

yields
∫

Ω

F ′(|∇u|)
|∇u| ∇u · ∇v dx = −

∫

Ω
div

(
F ′(|∇u|)
|∇u| ∇u

)
v dx+

∫

Ω
div

(
v
F ′(|∇u|)
|∇u| ∇u

)
dx

Using the divergence theorem for a vector field w
∫

Ω
div(w) dx =

∫

∂Ω
w · ν ds

where ν is the outward unit normal vector (field) on ∂Ω (the boundary of Ω) and ds is an area

element. Therefore
∫

Ω
div

(
v
F ′(|∇u|)
|∇u| ∇u

)
dx =

∫

∂Ω
v
F ′(|∇u|)
|∇u| ∇u · ν ds.

If we assume homogenuous Neumann boundary conditions

∇u · ν = uν =
∂u

∂ν
= 0,

then the first variation of F is reduced to

δF(u; v) = −
∫

Ω
div

(
F ′(|∇u|)
|∇u| ∇u

)
v dx, ∀v ∈ X

which concludes the proof.
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A numerical implementation of the partial differential equation given by Eq. 13 is performed using

an explicit scheme in time and location as follows. Let uni,j be the approximation of u(x, y, t) on a

grid (i∆x, j∆y, n∆t). For simplicity we assume that ∆x = ∆y = h. Denote by

Dx
±u = ±

uni±1,j − uni,j
h

and Dy
±u = ±

uni,j±1 − uni,j
h

the matrices of column differences and row differences respectively (i.e. backward and forward

differences).

Similarly, the central differences are given by

Dx
c u =

uni+1,j − uni−1,j
2h

and Dy
cu =

uni,j+1 − uni,j−1
2h

.

The operator div(g(|∇u|)∇u) on the right hand side of Eq. 13 is discretized using an upwind scheme

as follows

div
(
g(|∇u|)∇u

)
=

1

h

{
Dx
−

(
g
[((Dx

+u

h

)2
+
(
minmod

(Dy
+u

h
,
Dy
−u

h

))2)1/2](Dx
+u

h

))}

+
1

h

{
Dy
−

(
g
[((Dy

+u

h

)2
+
(
minmod

(Dx
+u

h
,
Dx
−u

h

))2)1/2](Dy
+u

h

))}
,

where minmod is a function that returns the argument with smallest absolute value when all the

arguments are of the same sign and zero otherwise. The minmod function is a limiter whose goal

is to prevent oscillations while maintaining the order of accuracy of the method, and it is defined
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as

minmod(a, b) =

(
sign(a) + sign(b)

2

)
min(|a|, |b|)

= min(max(a, 0),max(b, 0)) + max(min(a, 0),min(b, 0))

=





0 if ab ≤ 0

a if |a| ≤ |b| and ab > 0

b if |a| > |b| and ab > 0.

Figure (a) below depicts the gradient vector field of the minmod function (the background color

indicates the value of the minmod function), and Figure (b) illustrates its contours.

(a) 3D plot of the minmod function (b) level curves
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Surface Curvatures

Let p ∈ M. Let v ∈ TpM = span{rx, ry} (we assume v a unit vector). By definition v ∈ TpM if

there exists a curve c : (−ε, ε)→ M for some ε > 0 such that c(0) = p and c′(0) = v. In other words,

the tangent space is the set of vectors orthogonal to the surface normal. Thus, the tangent plane

at p0 is the set of points p such that N(p) · (p− p0). Hence for the Monge patch, the equation of

the tangent plane at a point (x0, y0, u(x0, y0) is given by z = u(x0, y0)+∇u(x0, y0) · (x−x0, y−y0).
Let f : M → R be a smooth function. The directional derivative of f at p in the direction of v

is given by ∇vf = (f ◦ c)′(0), where c : (−ε, ε) → M for some ε > 0 is a curve such that c(0) = p

and c′(0) = v.

If f : M → R3, then the differential of f at p is the map df : TpM → R3 such that df(p) = ∇vf
for all v ∈ TpM.

If f : M → M̃ is a smooth function between two manifolds, then the differential of f at p is the

linear map df : TpM → Tf(p)M̃. In particular, let v ∈ TpM. Then ∇vN ∈ TpM. Indeed, since

<N ,N >= 1, it follows that 0 = ∇v <N ,N >= 2 < ∇vN ,N >. Thus, ∇vN is orthogonal to

N .

The first fundamental form I : TpM×TpM → R is a bilinear form such that I(v,w) =< v,w >,

and its matrix with respect to the orthogonal basis {rx, ry} ∈ TpM is given by

I =


 I(rx, rx) I(rx, ry)

I(ry, rx) I(ry, ry)


 =


 rx · rx rx · ry

ry · rx ry · ry


 .
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The matrix I is also called the metric or metric tensor, and it is the analogous of the speed in

the case of space curves. This matrix determines all the intrinsic properties of the surface. These

properties depend on the surface and do not depend on its embedding in space. Furthermore, the

matrix I is invariant to rotation of the surface in space because it is defined in terms of inner

products that are rotation invariant.

The Weingarten map (also called the shape operator) is a linear map W : TpM → TpM

such that W (v) = −∇vN . In terms of the basis {rx, ry} ∈ TpM, we have W (rx) = −Nx and

W (ry) = −N y. These equations are called Weingarten equations and they express the derivatives

of the normal to a surface using derivatives of the position vector.

The second fundamental form II : TpM × TpM → R is a bilinear form such that II(v,w) =

W (v) ·w = − < ∇vN,w >, and its matrix with respect to the orthogonal basis {rx, ry} ∈ TpM

is given by

II =


 II(rx, rx) II(rx, ry)

II(ry, rx) II(ry, ry)


 =


 −Nx · rx −Nx · ry
−N y · rx −N y · ry




The matrix II is also invariant under rotation of the surface.

The third fundamental form III : TpM×TpM → R is a bilinear form such that III(v,w) =W (v)·
W (w) =< ∇vN,∇wN >, and its matrix with respect to the orthogonal basis {rx, ry} ∈ TpM is

given by

III =


 III(rx, rx) III(rx, ry)

III(ry, rx) III(ry, ry)




The third fundamental form is given in terms of the first and second forms by III − 2HII +KI = 0,

where H and K are the mean and Gaussian curvatures respectively.

The Gaussian curvature is given by the determinant of W . The normal curvature of M in the

direction v ∈ TpM is κ(v) =W (v)·v. Since v ∈ TpM = span{rx, ry}, it follows that v = arx+bry.

Therefore the normal curvature in the direction v can be expressed as

κ(v) =W (v) · v =
`a2 + 2mab+ nb2

ea2 + 2fab+ gb2
,

where e, f and g are the coefficients of the first fundamental form, and `,m and n are the coefficients

of the second fundamental form. The maximum and minimum values of the normal curvature at a
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point on a regular surface are called the principal curvatures κ1 and κ2.

Rodrigues curvature formula is given by dN + κidr = 0, where κi are the principal curvatures.

The harmonic curvature of the principal curvatures is defined as

R =
1

2

(
1

κ1
+

1

κ2

)
.

The extended Gaussian image is the reciprocal of the Gaussian curvature, that is

G(p) =
1

κ1κ2
.

Implicit surface curvatures

Let U : Ω ⊂ R3 → R be a smooth function. An implicit surface is defined as a level set of the

function U , i.e. U(x, y, z) = 0 (for instance). The principal curvatures and the principal directions

of the level surface satisfy the following equation

−
(
I3 − (∇U)(∇U)T

)∇2U
‖U‖ e = κ e,

where I3 is a 3× 3 identity matrix.

Offset surface

Let M ⊂ R3 be a regular surface. The surface parallel to M̃ at a distance t > 0 is the set

M̃ = {q : d(q,M) = t}
The offset surface patch r̃ at distance t to a surface M parametrized by r is defined as

r̃(x, y) = r(x, y) + tN(x, y), (1)

where t is the distance of the parallel surface from the original one, and N is the unit surface

normal of r.


