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Abstract

In this paper, general equations of motion for thick elastic shells with
arbitrery shape are derived by using the variational principle. In the equa-
tions the displacements, angles of rotation of cross sections and transverse
normal strain on the middle surface are considered as independent variables.
Besides the usual membrane stresses and stress couples, the equation also
contains sdditional terms denoting the influences of transverse shear defor-

mation, rotatory inertia and trensverse extrusion.

Introduction

In dealing with the problems of thick shells, classicel theory of thin
shells, which ignores the effects of the transverse shear deformation, the
rotatory inertis and the transverse extrusion on Kirchhoff's assumption, may
be in error. Recently, structures with thick shells are extensively used in
mechanical engineering, civil engineering, chemical industry, nuclear indu-
stry and offshore engineering. Therefore, many researchers have investigated
the theory of thick shells. The static equilibrium equations for thick
=hells, but no boundary conditions, were given in [4]; Whereas equations of
motion for thick cylindrical shell were give in [3]. 1In this paper, general
equations of motlon and natural boundary conditions for thick elastic shells
with arbitrery shape, deduced from the three-dimensional theory of elasticity
are derived by application of Hemilton's principle. Besides the usual memb-
rane stresses and siress couples, the present equation of motion also contains
the effects of transverse shear deformstion, rotatory inertia and transverse
extrusion. The proposed equations can be reduced to equations of motion for
thick plate end thick shell with specisl shape such as thick revolution shell,
thick sphere shell and thick circular cylindrical shell, etc. In the present
theory if the dynamic effect is neglected, general equations may be reduced
to static equilibrium equations.

1. Displacement-Strain Relations

Orthogonal curvilinear coordinate axes on the middle surface of the shell
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are shown. The principal radii of curveture of the middle surface are
denoted by Rq=R;(x,y), and Ro=R,(x,y), respectively. The radii of curva-
ture of a thin lamina at a distance z from the middle surface are

R1(X1}’7Z) = R1 + Z, RZ(nyyZ) = R? + 2z,

Let A1(x,y) and A2(x,y) denote the Iame coefficients of the middle surface,
then the Lsme coefficients of the lamina considered above are

A= Al(l +-;—l)r
e (D
Z:=1 »

As well known, the following equation holds for the infinitesimal in a shell:

(d$)* = (d§)? + (d§)* + (d§s)* (1.2)

where

4% = Audx= A.(l + %I)zlx,

B N z 1 (1.3
d8i= Audy= A1+ )us |

d§s = Asdz = dz, J
Taking account of the effects of transverse shear, rotastory inertia and tran-
sverse extrusion, the components of the displacement of lamina in the co--
ordinate systen will be zpproximated by u, v, w, which are taken as

(s zyt) =u(xoyst) + 20, (X,451) \!
DXy 2ot) = 054,10 + 29, (x,450) 5}
F(XYs2,0) =w Xy 1) + 29,(x,0,0) , )

(1.4

u, v, and w are the displacement componente of a particle on the middle sur—
face, ‘Px and % are the angles of rotation of a cross section in the x-z
plane and y-z plane, respectively. 4/7_ is the transverse normal strain.

The strain components of the lamina are:

Gy Z—ﬁ %ﬁ—" ol

m_& (T)*‘—:‘—( Zﬁz )' } (1.5)
e g aaz %5

g A )77—(')

?. Energy Considerations

The strain energy of the shell is
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=?I”(Uneu 4022812 +033631 +T2se2s + 0168 +O13612)

o A1 A2 As dxdydz

(2. 1)

The expression for the kinetic energy T of the shell will be
21 G (S5 4 (LY’
iy 2IIIP[ a:) +(a¢) +( ot ]‘Z'Z’Z‘d"d"d’ (z.2)
The potential energy of external force 1s

Vo= _”(f;_i+fy6+f.u7)ds (2.3

K

The potential energy of body force is
Ve= —I”(F‘§+F,G+F,u7) A Ao Asdrdydz PN
v

%, Varistion, Equstion of Motion and Appropriate Natural Boundary Conditions

The mathematicel expression of Hamilton's principle is

65”Ld1=0 @D
1

where
L=T~(V+V.+V¢) (3.2)

Substituting Egs.(2-1), (2-2), (2-3) and (2-4) into Eq.(3-2), the veristion
(3-1) can be put into the following form:

02(m (02
LLL (L\6u + Lydv+ Ladw + Ladis + Lodthy + Laﬁ¢,)dxdy]dl

22 12[ (V2 1y
[ ceondaay s 7 cone [ comar Ja=o a5
wvhere
- _7.0%u @y, . d
il ’°W"*%+W‘N"“z>+§;<N1.A.>+N.z%—“;-n.,—-‘;§z
Aidy e
+ Ny klz + N5A A, + NfiA4, 4, PN G0
vwhere
]n=pluA|Az
J=01,4,A4,

Jo=PL A1 A, ) .

Eq.(3-%) must hold for zrbitary values of Fyu ,» §v » gw » %% ,J% ond 8. .
We thus obtain the six equetions of motion

Li=0y, L,=0, Ly=0 }

Li=0, Lo=0, Lo=0 (35)

— 365 — B 9/7



4. Stress-Displacement Relations

c
Gu= (A+ 2080+ M+ &)y Tiu=ter, ]
Gro= (A+ 2830+ AEas+ 81105 O1s = Henss i

Tag= (A+ 28 Eas + ME1 + 622, G = Haae J
where the Lame's constants of elasticity A and M are expressed in terms of
Young's modulus E end Poisson's retio Y , by

N Ey , p=—=L ]I
and (1+9)(1-2v) 2(1+v) @
(1+9v)(1-2v) )

in Eq.(4-1) employing the form of Eq.(1-5), then substituting it into(2-4),
after some calculation, the following relations are obtained between the
shell-Stress and shell-displacement components:

14 1 94 w 1 o, 1 9d4
Nu=("+2ﬂ)[al(7#+ A4, _ﬁv —)+BI A, Ox " Ade By e

(G 5 B ) el

1 3u, 1 04, , W 10, 1 a4,
M“=u+zu>[ﬂ. Tort A et R )+7.(A ek ol

IS e e 1))

5. Displacement Equation of Motion for Thick Shells

(4.3)

Substituting Eq.(4-3) into the shell-stress equation of motion (3-5),
displscement equation of motion for thick shell in metrix notation is
obtained

[B1+ 2P} +LCIP} +{0} = {0} G

Here [B] and [C] are 6x6 matrices, {P}, {Q} and {0} are 641 vectors. 1In
physicel interpretstion, [B] is the mass matrix, [C) is the rigidity matrix,
{P} is the displccement vector, [Q} is the load vector. | 0} is a zero
vector. Note that {C) is = differential overator matrix. The elements of
the matrices (C], [B] and the vectors {P}, {Q} are given by

Py=u, P;=v, Py=w

Pi=¢sy Ps=y,, Po=¥, .2

Q1=(NA+ND A4, Qi=(ME+ MK A4,
O,= (NR+ND A Ay Os=(ME+ MEYA A, J (5.3)
Qs= (N8 + N34, Ay Qo=(MA+ ME)A A,

Bii=Baw=Ba= - Jo ]l
Biu=Bos=Bes =~ Js» i (5.4)
Bia=Bss=By= By =Ber=Bes= -], )}

(other element Bij of the matrix B vanishes)
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: & 9 (ads).0
C..—(A+2u)“:4A’ - u"jf' Zorarw f(2f) L

azA. (1 A\ _ 9 (1 A

ay a, ax /) " ag\d, oy
L aA. 34, _ ﬂz 94, 34, _ o Aldy
”AlAz dy Oy (l+21‘) d0x Ox Kirg- R R, °
i (5.5)
A, & .41 8 T4
Cue=K“‘Yl L I+ Kin It W”“” i ’)ax
YzA 71 A4, v: A4
+K:14— )0 A+ 2/4) =R A+ 2/4)—Rz R
a2 ;4:2.-
Aoy R G a0 Todids b

6. Discussion

Eq.(5-1) is the egustion of motion for thick shell with asrbitrary shepe.
If 811 the elements of matrix B vanish, it reduces to the static equilibrium
equation for the thick shell. Otherwise, if the Lame's coefficients Ay Ao
and the principal radii of curvature of the shell are specialized, it reduces
to the dymanic equation of motion for thick shell with special shapes.

It remains to estimate the precisions of vearious theories of shells. 1In
our opinion, clessical theory can be expected to held for shells, whose maxi-
mum ratio h/R, i.e., the ratio of thickness to the radiu of curvzture of the
middle surface, cen be considered as negligible in comparison with 1. For
moderate thick shells, (h/R)Z, but not h/R, can be negligible. As to thick
shells, even (h/H)2 can not be considered as negligible in comparison with 1.
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