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I. Introduction
A number of procedures have been proposed for assigning an individual

to one of two or more groups on the basis of a multivariate observation.

A review of these appears in Lachenbruch (12). The procedures that will
be considered in this article are:

(1) The linear discriminant function. If the parameters are known,

this is the optimum rule for assigning to one of two normal populations with
the same covariance matrix. In practice, an observation is assigned to the

first population if
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where x, is the sample mean vector in the i— population, S is the sample
covariance matrix, and C is a cutoff point chosen by the investigator.

(2) The quadratic discriminant function. TIf the parameters are known,

this is the optimum rule for assigning to one of two normal populations sith
different covariance matrices. In practice, an observation is assigned to the

first population if

(3) The multiple group discriminant function. This rule is theoretically

optimal when there are g multivariate normal populations with the same co-

. . ; . , . . . th
variance matrix. In practice, an observation is assigned to the i—
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population if
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is maximized for j=i, and Cj is a constant depending on the a priori proba-
A, .th )
bility of the j— population.

(4) The eigenvector, or canonical vector, approach to the multiple group

problem. This is an extension of Fisher's original approach to the discrimi-
nant problem. The variables are transformed to eigenvectors, and assignment
may be made using any number of the transformed variables as in the multiple
discriminant method.

(5) Density estimation techniques. These have become more feasible with

the availability of computers. One estimates the densities of the distribu-

. . . . .th . .
tions in each population, and assign g to the i— population if

fi(g) = m?x fj (g)

In assignment problems in biomedical research, one or more of these tech-
niques is often used. The assumptions underlying these techniques are not always
evident to the user, nor are the consequences of their violation. The assump-
tions include multivariate normality, common covariance matrices, and correct
assignment of the initial groups. While a good deal is known in the two group
situation, the robustness of these procedures in the multiple group situation
is essentially unknown. The purpose of this paper is to delineate these pro-
blems systematically and to suggest useful areas of research.

Types of Problems

In the two group setting, the following areas have been explored in recent

vears.

1. Unequal covariance matrices: Gilbert (6) considered the

case in which all parameters are known. The quadratic discrim-

inant function is then optimal. She noted that if the



parameters were such that the covariance matrices were not
too dissimilar the linear discriminant function performed
almost as well as the quadratic discriminant function.

This assumed that (using the well known diagonalizing trans-
formation) all elements of the non-identity matrix were equal.
The worst case, of course, was the one in which the means in
the two populations were equal. Marks and Dunn (13) consid-
ered the same problem when the parameters were estimated from
initial samples. Their results corresponded closely to those
of Gilbert. Kronmal and Wahl (7) indicated the amount of im~-
provement the quadratic discriminant gives over the linear.
They recommend its use when unequal covariances are present.

2. Dichotomous variables: In many medical problems the vari-

ables consist of a symptom checklist (presence or absence).
The effects of using the linear discriminant function in this
situation have been studied by Gilbert (5), Moore (15) and
Brown (4). They found that the linear function generally per-
forms as well as the estimated optimal rule. Reasons for this
are not hard to find. TIf there are k variables, this is equi-
valent to a contingency table with 2x2k possible cells, and
each cell probability must be estimated. If the linear dis-
criminant function is used, there are 2k+k(k+1)/2=k(k+5)/2
parameters to estimate. (2k for the means and k(k+1)/2 for
the covariances) For example, for k=8, the estimated optimal
rule must estimate 512 parameters, while the linear discrimi-

nant function must estimate 52. Some other procedures have



been considered such as treating all variables as independent,
or using log-linear models for the cell probabilities. These
seem to work fairly well, but their use has been limited be-
cause of the attractiveness of using an already packaged pro-
gram.

3. Discrete Distributions: Revo (16) considered the case of

ordered discrete distributions exemplified by the bivariate
Poisson, bivariate negative multinomial, and a discretized nor-
mal distribution. In these cases, he found that the linear
function performed very well. Estimating parameters in the
full model did fairly well, but this is valid only if the model
is adequate. The multinomial procedure estimates cell
probabilities poorly, because of the necessity for extremely
large samples.

4. Continuous Non-Normal Distributions: Lachenbruch, Sneeringer,

and Revo (10) studied this problem and found that the individual
probabilities of misclassification were drastically affected

by this sort of distribution. It was recommended that the data
be transformed prior to analysis, to ensure closer approxima-
tions to mormality.

5. Contamination of distributions: Ahmed (1) and Ahmed and

Lachenbruch (2) showed that contamination could affect the per-
formance of the linear discriminant function considerably. A
number of alternative estimation procedures were evaluated, and
it was shown that some of the simpler M-estimates (see Andrews
et al) (3) improved the overall behavior in the scale contami-

nation problem. The location contamination problem is more



difficult; a study is currently in progress.

6. Initial Misclassification of Samples: Lachenbruch (8, 11),

and McLachlan (14) have shown that if the rate of misclassi-

fication is not too high and is the same in both populations,

there is minimal effect. However, if the initial misclassifi-

cation rates are unequal, the error rates are affected. If

there is non-random initial misclassification (e.g. those more

similar to the other group are more likely to be misclassified)

there is relatively little effect on the true error rates, but

the apparent error rates (those found by resubstituting the ini-

tial samples into the computed discriminant function) give far

too optimistic a picture.

III. The Unsolved Problems

The available information on the robustness of multiple group procedures
is based on extrapolation from results from the two group problems which may
or may not hold in the multiple group setting. There are two main reasons for
this lack of solid information. First, statisticians have recently begun to
study the robustness of discriminant procedures. Second, in multiple group pro-
blems, very difficult decisions must be made as to "realistic" violations of as-
sumptions. For example, in studying robustness to unequal covariance matrices,
in a three group context, should two of the three groups have equal matrices and
one different, or should all three have different covariances? Is there a con-
venient canonical form as there is in the two group problem?

In both the two group and multiple group problem, there are a variety of
packaged programs to perform the analysis in a stepwise manner. Only lTimited
work has been done on the variable selection problem in the two group problem,

and none has appeared on the multiple group problem. The problems involved



here include: a) What are appropriate significance levels to use? b) What is
the probability of failing to inelude an "important' variable? (this may not
merely mean one whose coefficient is significantly different from zero, but
possibly may mean one which improves the error rate) c) How robust are the
methods to non-normality? d) What are appropriate tests for variables in the
quadratic discriminant problem?

In the case of unequal covariance matrices, the quadratic discriminant
function is the optimal method when all parameters are known. Its robustness
to failure of assumptions has not been extensively studied. There have been
some indications that it is quite sensitive to non-normality when the non-
normality is long-tailed. This seems to be because the coefficients, which
depend on the covariance matrices are seriously affected by the extreme obser-—
vations. However, no systematic study of this has been made, and therefore
no general statements can be given. No investigation has been undertaken of
the effects of initial misclassification on the quadratic function. We may
speculate that the effects of initial misclassification will be to make the
covariance matrices more alike, and that any advantages of using the quadratic
function over the linear function will tend to disappear. The violation of
the common covariance assumption is not applicable to the quadratic discrimi-
nant function as that is what it is designed to handle.

If more than two groups are present, say g of them, two methods are pre-
sently used. The first method is based on the assumption of multivariate nor-
mality and common covariances. It yields a set of g linear functions. An
observation is assigned to the group corresponding to the largest function.
The second method is based on canonical vectors which maximize the between
group variance relative to the within-group variance. These vectors are re-

lated to those involved in multivariate analysis of variance. They are



particularly useful in describing the space in which the observations are
located. Sampling studies are difficult to design for the multiple group
problem because there is no standard form as in the two group case. If

common covariances hold, one may assume the identity matrix as the covari-
ance matrix but the means will lie in a g-1 (or less) dimensional subspace.
The placement of the means is arbitrary. One way around this difficulty

might be to assign direction cosines randomly, and choose an appropriate
multiplier. An alternative method is to find least favorable and most fa-
vorable configurations for the two methods. As shown in Lachenbruch 2,

the most favorable configuration for the canonical vector method is when the
means lie on a straight line, for then a single canonical vector can repre-
sent all information to be used in classification. The least favorable con-
figuration for the canonical vectors procedure occurs when the means are
placed on the vertices of a regular simplex. One may ask what configuration
of means leads to the smallest error rate (or highest correct classification
rate) for a given average pairwise distance? I suspect that the answer is

the regular simplex, but I have not been able to prove it as yet. In the
collinear case, the groups that are on the extremes of the line have very
little overlap compared to the adjacent ones. Robustness properties of multi-
ple group procedures have not been studied. One might expect non-normality

to affect the linear functions more than the canonical vectors since the latter
is based on maximizing a ratio of quadratic forms, while the former seems to
depend heavily on the distributional assumption. However, it is difficult

to assess the extent of the effect. Unequal covariances matrices would change
the optimal rule to a quadratic one. The effect on the canonical vector pro-

cedure would depend on the extent of inequality, the mixing proportions, and



the configuration of means. Initial misclassification tends to reduce the
distance between means, and to reduce the size of the variances, so one
might expect that the multiple group rule will not be too seriously affect-
ed, but no speculations can be made regarding the canonical vector rule.
Studies of contamination are just beginning for the two group case, and we
are learning which modifications help there. It is hoped that many of the
techniques which work in the two group case will also work in the multiple
group case. It appears that location contamination will be the more seri-
ous problem.

Density estimate methods would seem to suffer from no problems due to
unequal covariances or continuous non-normal distributions. However, these
methods do require fairly large samples, and are not easily computed, par-
ticularly for many variables. It would appear that initial misclassifica-
tion has the effect of making the distributions more similar and would tend
to reduce the discriminatory power of the procedures. However, the loss of
discriminatory power was expected using the linear discriminant function
and that expectation was incorrect. If scale or location contamination oc-
curs primarily in the tails and is not too heavy the density estimates
should be unaffected and the classification procedures remain fairly good.

Table 1 indicates the unsolved problems in the area of robustness and
variable selection. Currently, work is going on on the location contamina-
tion problem for the linear function in the two group case. My own pri-
orities and interest are to study the robustness of the multiple linear dis-
criminant function with respect to the effects of non-normality. I feel
that one should include the canonical vectors approach in any such study
as it is often suggested as an alternative to the multiple linear function.
A slightly lower priority project is to look at the effects of non-

normality on the quadratic function.



a)
b)

a)
b)

TABLE 1

UNSOLVED PRACTICAL PROBLEMS IN DISCRIMINANT ANALYSIS

Linear Quadratic Multiple Density
Problem Linear Canonical Estimates
Initial
Misclassification 1 2 2 2 2
Unequal
Covariances 1 3 2 2 3
Non-Normality
Dichotomous 1 2 2 2 2
Continouos 1 2 2 2 3
Contamination
Scale 1 2 2 2 2
Location 2 2 2 2 2
Variable Selection 1,2 2,1 2,1 4 2
Notes:

1. Problem has been studied, and solution that seems to work satisfactorily
in practice has been given.

2. This problem has not been studied, or the results given to date are not
conclusive.

3. This technique is an appropriate solution for the problem indicated.

4. 1f the canonical vectors are ordered by the magnitude of the eigenvalues,
the variable selection problem is essentially solved.
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