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1. INTRODUCTION

Chi-square statistics are widely used for testing of hypotheses for
categorical data. In many situations relating to clinical trials and life-
testing problems, the response categories are (ordered and) sequential in
time, so that a complete collection of data may involve a considerable
period of time (and hence, cost). For this reason, progressive censoring
schemes (PCS) are often advocated with a view to terminating the experi-
mentation at the earliest possible stage depending on the accumulated evi-
dence at the successive stages. Further, in many such problems, not all
the subjects enter into the study at a common point of time and, naturally,
a batch-arrival model (BAM) seems to be more appropriate. Under a general
model on the probability structure and assuming the number of batches to
be fixed in advance, the current investigation provides suitable progres-
sively censored tests based on chi-square statistics. Among other generali-
ties, this includes as a special case, a time-sequential test essentially
related to Mantel (1966) for 2x (k+1), k=2 contingency tables.

The basic problem is formulated in Section 2. The proposed tests are
presented in Section 3. Sections 4 and 5 deal with the distribution theory
of the test statistics under suitable null and (local) alternative hypo-
thesis. 1In this context, it is shown that one of the proposed tests has
the nice property that it has the same level of significance and power of
the overall test but can lead to rejection at an early stage resulting in
lesser expected cost and time of experimentation. Section 6 is devoted to
various extensions to multi-response models and comparisons with some

other tests. The final section gives a numerical illustration.



2. FORMULATION OF THE PROBLEM

In the context of clinical trials or life testing, consider a typi-
cal truncated experimentation plan for a pre-determined amount of time

T and suppose that the response (failures) are recorded in k (ordered)

time intervals Il,...,Ik and the surviving (beyond time T) subjects
constitute the cell I§+1. Thus, we have a set of k+1 ordered cate-
1 . = . < < < * = M
gories: IC {t: Tc—l <t“Tc} , l<c<k and Ik+1 {t: t>>Tk} where
TO<'T1< ...<Tk = T<wo ., C(Conventionally, for every c<k, we let
* _ *
(2.1) Ic+1 = IC+1LJIC+2 U ... qu qu+1

We conceive of a BAM where all the subjects may not enter into the study
at the same time. Instead, there are A£(z1) batches, the j-th batch

enters into the study at time-point T for some OS}H < k-1 so that

h.
J

the observable categories for this batch are Il""’Ik—h. and I;-h.+l’
for 1<j<4{; also, 0= h1 < L., <hK:£k—l. Note that in this design, it
is not necessary to fix in advance the individual batch sample sizes;
rather the j-th batch sample size may be decided at the entry time Th.’
for j = 1,...,£. Further, keeping in mind the usual comparative expiri—
ments involving one or more factor (or treament etc.), we conceive of the
r(21) sample situtation, where, for each batch, the r parallel samples
relate to the same categories. For a better understanding of the model,
we refer to the numerical illustration in Section 7.

For the i-th sample in the j-th batch, the number of subjects enter-

ing into the study is denoted by nij’ j=1,...,4, 1<sisr. Let nij ¢

be the number of observations (among the nij subjects) belonging to It’



t=1,...,k-h. and n¥*, be the number of censored cases,
1J,k—hj+l
1<js<f, 1<i<r; on letting k. = k—hj, we denote the corresponding
S % . .
cell probabilities by Hij,t , 1<t< kj and Hij,kj+1 , lsj=<f, 1l<i<r.
Further,
§
= * = <3 < i .
(2.2) L ZHij,t«»nij,k‘ﬂ_ 1, v1<js<f, l<isr;
t=1 3
k

n. +n¥

(2.3) ij,t ikl

=1
i
o~

1
The joint distribution of the observed cell frequencies is given

by the product-multinomial:

*

r £ n ! k; ne nij,kj+1
@4 ¢=TT TTix; TT% e |

i=1 j=1] 3 t=1

ij,kj+1)
| |n.. I(n¥*. !
£=1 ij,t 1J,kj+1

For this model, one usually expresses
= co'= <icg <3< <tsg
(2.5) Hij,t Hij,t(g)’ [¢) (81,...,65), Vi<is<r, 1<j<d, 1<t kj
and proceeds to test a null hypothesis

(2.6) HO: Fm(g) =0, m=1,...,q(%s),

where the Fm are suitable (linearly independent) functions of 6. Let

the test statistic be

~ 2
~ * - *
Lot ot ks (g sl D7 (s e1™5105, k. 417
2.7 ¥°=Y Y+ ANNE LS A J
I - 3 — - *
i=1 j=1jt=1 nij,tHij,t nijnij,kj+1
~N - ~ /\* - % ~ ~ . .
where Hij,t Hij,t(g), Hij,kj+1 Hij,kj+l(g) and § is obtained by

minimizing Pearson's



8),2
) s 2 r j (nij,t nU ij, t(~)) 1J k +17 4] 11 k. +1
2.8 x"=§ 142 ~ oyt niE @
i=1l j=1|t=1 ij 1] t 13 ij, kJ+1

with respect to 0, subject to the constraints in (2.6). Actually, for

~

large sample sizes, any BAN estimator of § «can be used, see Neyman (1949).
For large sample sizes, under HO in (2.5), under suitable regularity con-
ditions given by Cramér (1946, pp. 426-27) and subsequently modified by

Birch (1964),

~2 D 2

(2.9) r(k +k +, +k£)—s+q

bl

where we reject H for

and this provides a large sample test of H 0

0’
large values of ; .

The test-statistic ;2 is generally used when we wait until the end
of the experiment as envisaged in the design. However, as mentioned ear-
lier, we like to adopt a PCS where we monitor the experiment from the
beginning with a view to stopping experimentation at an early stage (i.e.,
at some time-point TC , ¢<k) 1if the evidence accumulated upto that
stage is sufficient to reject HO. Basically, without affecting the risk
of making incorrect decisions, such a PCS procedure can be constructed

and will result in a reduction in the time of experimentation, and hence,

cost too. This 1is elaborated in the next section.

3. CHI-SQUARE TYPE TESTS FOR GENERAL
MODEL UNDER PCS
Let use examine the structure of the categorical data at the com-
pletion of time T_. Let J_ = {i: hijC}. Then, for jeJ_, writing

cj = c—hj, the j-th batch (nij) relates to the categories Il,...,IC s
j



. . . .
ch+l with respective frequencies nij,l""’nij,cj’n{j,cj’ for
1<i<r, so that the joint probability function is

*

n ng! nise nij,cj+1
.1 = || II ||
(3-1) ¢c JL c. Hl] t ( 1J,C.+1)
i=1 JEJC ] = J
|| n.,. _!{(n¥, )!
=1 ij,t lJ,Cj+l

consider then the related minimum chi-square statistic

~ 2
* _ *
2 F MRS i 08 Ohe o™iy s
{(3.2) Xe = ) ) f 2 j + "] N ]
*
i=1 JCJ t=1 lJ 1J ‘ nijnij,cj+l
where T. . and TI*, are the estimated probabilities obtained by
ij,t 1J,Cj+1

substituting Q==§C in (2.5) and Ec is the minimum chi-square estimator
of © based on (3.1). Here also, use of any BAN estimator (based on
(3.1)) is permissible for large nyg- Note that ¢ = ¢k, 22= Xi and

. . . . . ~2
the earliest stopping time-polnt Tb for constructing X involves b+1

cells (11, ’Ib’1§+1) for which Z (b—hj) >s-q. Further note that
jedb
¢, involves only a subset of the probabilities {Hij t}’ and hence, the

null hypothesis HO in (2.5) may involve only a subset q(c) of restraints
on the Hij N at the c-th stage, where q(c) is # in c. This is
particularly true for contingency tables, where as ¢ increases, we deal

with an increasing number of marginal probabilities associated with the

categories. Thus we conceive of (2.4) and set

(3.3) H, = (A\ H , H is monotonic ;
0 bee<k 0,c Oc
(3.4) Hy o Féc)(g) =0, V1<m<q(e); q(c) A in ¢ .
Naturally, if HOC is not true for some c(<k), then HO is also not true.



3.1. Type A PCS test for H Consider the set of time-points

0
{TC: b<c<k}. At TC, compute Qi. Continue experimentation so long
as ﬁi < ma’ c<k. If, for the first time, for c=C ,ﬁé > wa, stop
experimentation at time TC along with rejection of HO. If no such
C(<k) exists, accept HO at time Tk' Here we need to choose wa in

such a way that the overall level of significance of the test is

a: 0 <o < 1. Note that in this setup, both € and TC are stochastic
variables. Further, the tests proposed here depends only on the set of
frequencies of the uncensored cells. However, parametric considerations

may enter (excepting in some cases like contingence table situations)

through the dependence of Hij ¢ on 9.

3.2. Type B PCS test for H. . Let us define

0
A2 A2
(3.5) D, = max{xc-xc_l, 0}, b<c<k ,
A2 . _
= X if c¢=b

Then continue experimentation so long as D < A , cz2b. If for the

first time, for c¢c=C, D, > AC, stop experimentation at time T. along

C C
with the rcjection of HO. If no such C(<k) exists, accept HO. Here
also, {Ab,...,Ak} are positive constants such that
(3.6) PID <A , Vb<c<k|H} = l-a ,
c C 0

where o = level of significance.

For both the tests, as we shall see in the next section, the design
must be compatiable in the sense that (i) q(c) should be ,ﬁ in ¢ and
(ii) Z(C—hj)-s+q(c) should be A in c¢: b<c<k.

J
c



3.3. Two simultaneous tests. We have considered earlier the situation

when the number of batches as well as the time-points Yh‘, Q- hj‘ k-1,
j=1,...,€ at which the batches entering into the study ari predetermined
in order that we know in advance the degrees of freedom of the terminal
statistic Qz relating to the overall test computed over all the batches
and all the samples. Corresponding to Type A and Type B tests, we may
devise two simultaneous test procedures across the independent batches
which will be termed as Type C and Type D tests respectively. As we
shall later show these tests will be particularly useful when the num-
ber of batches is large and the experiment is continued over a long
period of time. In these latter tests, the terminal statistics are
based on the respective batches only, Consequently, we may relax, in
this case, the condition of batch-arrivals at pre-determined time-points;

rather they may be conveniently decided as the experimentation progresses.

We now proceed to describe these two tests.

3.3.1. Type C PCS test for HO. As in Type A test but separately for

£
the relevant batches, compute {jii}jil‘ at time-point T_, where EC

is the number of batches involved at the c-th stage of censoring. If the

earliest time-point for constructing this statistic is Tb for the first
0

batch, then these are for the subsequent batches

T T T
by*h,” by*h, bythy

respectively. The dependence of KC on c¢ comes due to the fact that

0

I 10

(3.7) KC = ; I(bO-thEzc), where h1 =0 <h.2 <., <h£é§k-b

1

and I(x) stands for the indicator function for the event. At the time-

point T _, the sequence {_ﬁz} consists of only single element . .
b0 joc lb0



This 'bo' may be different from 'b' defined in sections 3.1 and 3.2.

Continue experimentation so long as {jﬁifzjma”}, v j = 1,...,£C. Stop

experimentation along with the rejection of HO’ if for some j ’jﬁ

If no such c(bo:Eszk) exists, accept HO at time 'Tk='T. Here we

(@I ]

> jwa.” .
choose o in such a way that the overall level of significance for
every j=1,...,4 is a": 0 <a" <1 and overall error rate of the

experiment is a: 0 <a <1 so that 1-o = (l—a”)z.

3.3.2. Type D PCS test for HO. At Tc’ for each j = 1,...,£C, com-

pute
/\2

~2 s .
(3.8) jDC--max{j)(C _ch—l’O}’ b0-+}5 <c<k; j=1,...,4;

0:hl<h2 hKSk—bO

- /\2 - — - -
_ch if c-b0+-hj, j=1,...,2 .

Then continue experimentation so long as .D < A, ¥.; ¢czb_+h.. If
Jem el ] 0

for the first time for c¢=C, jDC:>jAC’ for some j, stop experimenta-

tion at time-point TC along with the rejection of HO. If no such

C(sk) exists, accept M, at T, =T. Here {jA

double sequence of'positive constants such that

b +h.""’jAk} form a
0 j

3.9 P{.h <.A, Vb +h <c<Kk}, = 1-a"
( ) Je J¢ J lJHO}

0

where a' is the level of significance for an individual batch and «,

. . e £
the overall error rate of the experiment satisfies 1-o = (1-a") .

3.3. Relevance to the Mantel procedure. In further extension of the

methods of Mantel-Haenszel (1959) and Mantel (1963), Mantel (1966) con-

sidered an overall comparison of two sets of life tables in their entirety.
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The method is equivalent to decomposing a 2x (k+1) contingency table
into k <correlated 2x2 contingency tables and combining the result
of each into a summary chi-square with one degree of freedom. By bring-
ing a conditionality argument to bear, he showed how this statistic is
the square of the sum of k orthogonal random variables. He also pro-
posed a time-sequential procedure where the summary chi-square was com-
puted after each failure and the test statistic was the maximum of these
chi-squares over the course of the study. Mantel, however, did not men-
tion that it is possible to develop another time-sequential test on the
basis of the distribution of the maximum of the set of k conditionally
orthogonal chi-squares cach with one degree of freedom from the k 2x2
contingency tables, along the lines of section 3.2. Structurally, Mantel's

procedure is akin to the Type B PCS test.

4. ASYMPTOTIC DISTRIBUTION THEORY UNDER HO

First, through the following two lemmas, we show that

A

(4.1) Xe is non-decreasing in c¢: b<c<k,

Lemma 4.1. Let {mi. 1<t<k., 1<j<k, 1<i<r} be a set

. *

it My, k.+1°
J " -
t=1"1j,t " Mij k1 "5

be defined as in before. Let then

of positive numbers such that , Vil<sic<r, 1<j<4,

and let m*.

ij,c.+1
C 2 (n* -m¥ )2
2 r J(nl t_mi' t) ij,C-+l ij,C.“‘l
(4.2) o= [ ] 4§ )l L. ) , becsk
i=1 jeJC t=1 ij,t ij,cj+l

Then, xz(m) 18 non-decreasing in c: b<c<k.
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Proof: By definition,

* -m*
5 T ¢ +1(nij £ t)2 ij,c.+2 mij,c.+2)
(4.3 x,,m=1 ] {1 ’ ot —
i=1 jeJ t=1 ij,t ij,c.+2
c+l ’ *7
(c +1 2 * -m¥ )2
T J "(n.. _-m.. ) ij,c.+2 "ij,c.+2
N Z z ) 2 1),t 13,t +
N m, m¥
i=1 jeJC t=1 ij,t ij,c.+2
( 2
C. (n. . -m, . )
_ i Z ) f (nij,t 1J,t) ) 1J,Cj+1 ij,c.+1
. . m. m, .
i=1 J€JC t=1 1j,t ij,c.+1

+

We now write n

bl

and m*, = f... Then
1J,Cj+2 ij
2
, ) r (“ij,cj+1'mij,cj+1)
(4.4) ooy -x =z J ]
i=1 jeJ ij,c.+1
c J
2
* _m*
N§5oc.+2 My, c.+2)
+ J J
m¥ . 2
ij,c.+
! J
n¥ . -m¥ . )2
ij,c.+1l "ij,c.+1
- J J
m¥.
ij,c.+1
) J
T a?. d?. (a..+d..)2
- z Z 1), 1) 1) flJ
i=1 jes_|%ij Tij (ej5%5;5)

Now,

- = * - m* -
ij,c+l mij,cj+l %52 nij,cj+2 mij,cj+2 d 5 mij,cj+l ij
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aij dij (aij+dij)2
(4.5) e. . YEC (e..+f. )
1) 1) 1] 1)
a (c..+f. +f2 )+d> (e, of. . +e2.)e, . f. (a,. +d..)°
- 1) 1) 1) 1] 1j 1) 1) 1) 1) 1] 13 1)
e..f..(e..+f..)
1) 1) 1) 1]
(a?.f?.+d?.e?.- a..d..e..f..)
1j ij ijij "Uijoij o ijoij
e..f.. (e..+f. )
1 13 1) 1]
(a. . A.-d.‘e..)2
) 1) 1) 1) 20,V real a,. and d..,
(e..+f. ) 1] 1]
ij i i) i
since e.. and f.. are positive. [J
ij ij

As in after (3.2), let QC be the minimum chi-square estimator of §

based on (3.1), so that by (3.2),

(4.6) xc=xc(mc); m, = (mij’t=nijﬂij’t(gc), Vi,j,t)

2 2 A
> <
Lemma 4.2. xc(g) 2 xc(mc), Vm=m, b<c<k.
The proof directly follows from the fact that Ec’ being the minimum

chi-square estimator of ©§ based on ¢C, @c==m(gc) leads to the minimum

(over all m) value of xi(g).

From the preceeding two lemmas, we immediately conclude that

) Xc Xc ~C "Xc ~c+1 "Xc+1 ~C+ Xc+1’ c -

By the results of Neyman (1949), (4.7) holds (upto the order of op(l))

for any sequence of BAN estimators.

4.1. Asymptotic null distribution of Type A test statistic. Let

(4.8) £ = r[ ) c.} - s+q(c), bse<k ,
jEJC
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so that by the compatibility condition of the design fC is ﬂ in c.

Further we let

(4.9) dC = fC-fC—l for b<c<k and db: fb .

Finally, let XZ be the upper 100v% point of the chi-square distri-
bution with p degrees of freedom (d.f.). It follows then from the
basic results of Cramér (1946, pp. 424-34) that under the regularity condi-

tions stated in Birch (1964), for every c¢: bs<c<k,

20 2
o~ Xg when H holds.

(4.10) 2 0.c
(&)

o2 . . .
However, the XC, b<c<k are obviously (even asymptotically) not inde-

pendent._ But by (4.1), and (4.10),

~2
P :b<c<
(4.11) {Xc:)wa for some c¢: b<c leO,c}

= P{Qi>>wa|HO} + o, if wa==xi o
k)

Note that w ::Xi is the critical value of the overall test (based on

a
k,
completion of experiment upto the time Tk:=T). Hence the Type A test

consists in choosing the same critical value of the overall test but allows

the possibility of an early rejection without any increased risk of making

incorrect decision.

4.2. Asymptotic null distribution of the Type B test statistic. By (4.1),

(4.10) and the classical Cochran theorem [viz. Searle (1971, p. 64)], under

the same (Cramér-Birch) regularity conditions, under HO

(4.12) D Xj for b<cs<k .

. A2 R _
Again, Xk = Db+-...+-Dk, DCEzO, ¥V ¢ and fk = db-+... +dk,
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that {DC: b<c<k} forms an asymptotically independent set of chi-

square statistics, see Searle (1971, pp. 60-61). Hence, asymptotically,
k k ’

(4.13) P{D_ <A, ¥ b<cs k|1{0}+"c[lp{[)csACIHO’C}JC]Ip{XdC <8},

and thus, if we let

2 k-b+1

= . - — !
(4.14) Al xdc’a,,bscﬁk,loc (I-a')

3

we obtain from (4.13) and (4.14) that
(4.15) P{D < y° Yb<c<k|H.} > l-a
c dc,a" 0 ’

As a result, the Type B test consists in comparing the successive

differences {DC: b<c<k} with the corresponding critical values

{XZ : bsc<k} and rejecting the H_ at the earliest possible value
d_,a’

c’ 0

of ¢, 1if there is any at all.

4.3, Asymptotic null distribution of Type C test statistic. Let at the

c-th censoring stage, jq(c) be the number of restriction on the model
for the j-th batch. Because of the compatibility condition jq(c) is ﬂ

in c¢. We also define
= - - - < <
(4.16) jfc r(c bO hj) S'qu(c), bO-th<_c._k .

Due to the compatibility condition of the design jfC also is ﬂ in c.

Further we let

(4.17) Ao = gFyEe s bty cesks o= 1,...,0 .
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Leaving the details, we proceed as in section 4.1 and obtain

2
> : <c<
(4.13) P{jxC 0 for some c: bo-+hj<<c<<k/jH0,C}
/\2 . /\2
= > " =
P{jxk jwd”[}HO} > a’ lf jwan X_f ’a"
j 'k
where we conceive of HO as
£ k
(4.19) H, = (j\ _/A\ jHO,c’ jHO,c is monotonic
j=1 c=b_ +h
(U
k
4.20 H, = .H
( ) 30 c=£ﬁ)h )0,
03
(c)
. . . . F = <m< .
(4.21) JHO,C it (%) 0, V1<m Jq(c)
Consequently,
(4.22) P{.%°< w ., Vc: b +h <c<k|.H)
itc T ja 0 j 0
= P{.ﬁzfé.w | .H.} > 1-a" and
jAk T j a3 o
~2 -
(4.23) p{jxcgjwa’ ¥ c: b0+hj3csk and Y 3_1,...,£|H0}

- (l—a”)z , because the batches are independent

Therefore, the overall level of significance o 1is

A2
4.24 P{.¥7> . w for some c¢: b_+h, <c<k
( ) JXC ; oty

u”
£
1 = — —_— " =
and some j 1,...,£|jHO’C} > 1- (1-a™) a .

As such, Type C test consists in using the same critical value at all stages

of censoring for the same batch, but different critical values for the dif-

ferent batches.
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4.4. Asymptotic null distribution of Type D test statistic.

arguments as in section 4.2, under H

O’
D 2
(4.25) jDC > X g4 b0+}3 <c<k .
J C
Also,
5 k
(4.26) Yo = ) D D 20, ¥ ¢ and
R apen T ¢ T
0
k
fo= d, .d >0, Vc,
)k c=bz+h. Je Je
0

0

By similar

so that {jDC: b +}{js c< k} forms an asymptotically independent set of

chi-square statistics. Asymptotically, then

(4.27) P{jDCféjAC, v b0+13 Sc:£k|jH0}
K
> P{.D <.A |.H }
0 J
K 2
> TT vplx", <.0}
c=b .+h 'dc ] <
0 J
— 2 . 1" - mt
If we let jAc = X'dc’ja”" b0-+hj:;c:£k, (1-a'") = (1-a'"")
obtain
2 1 "
(4.28) P{jDCf;X.dC,u”,, v b0-+hj55c:£k]jHO, > 1-a

Further if 1l-a = (l—oc")Z

c<c<k, ¥i=1,...
,+}5 <c<k, Vj=1, ,£|HO}

2
(4.29) P{jDszxij,u”,, Vb,

> (1-a’ = 1-a .

(k-b

0

-h.+1
j )

we

Consequently, the Type D test amounts to comparing successive differences
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{jDC: b0+-his c<k; j=1,...,£} with the respective critical values
{XZ mi» bo+th.<c<k; j=1,...,£} for an early rejection.
jdc,a 0

4.5. Restrictions on the probability structure with BAM. With BAM, we

test the null hypothesis of homogeneity of the r samples, the batch
arrivals being assumed to have uniform pattern for every sample. It is
not unrealistic to further assume that the batches within the same sample
have the same underlying distribution. As such, we may impose additional

restrictions on the probability structure of the model as

- C . _ )
(4.30) Hij,t Hij',t’ j<it; t 1""’kj" Vi,

apart from the restraints on Hij ‘ under H-

4.6. Some special cases. With single batch in one sample situation the

sequence of DC statistics will uniformly have one degree of freedom,
assuming general model. When the model is unspecified i.e., when para-
metric dependence is not assumed in the model, we encounter the case of
contingency table (with single batch). With r samples DC will uni-
formly have r-1 degrees of freedom, for every c¢, 1in a contingency
table situation. 1In the two-sample problem of Mantel (1966}, DC will

always have one degree of freedom.

S. ASYMPTOTIC DISTRIBUTION THEORY OF THE PROPOSED TEST
STATISTICS UNDER LOCAL ATLTERNATIVES AND POWER CONSIDERATIONS.

5.1. Consistency of the test-statistics. We have under HO . Féc)(g)z 0,

V 1<m<q(c) and under the fixed alternatives H o Féc)(g):zO, for at

least one m. Let TI.. = 1I,. under H and II.. = I, under
ij,t ij,t 0,c 1} t
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H, , 1=1,...,r; j=1,...,4; t = 1,...,cj. Then under the Cramér regu-

. . e . P -0
larity conditions modified by Birch (1964) Hij,t(gc) > Hij,t when HO,C
is true and II.. (@ ) E H%. when H is true. Therefore, as n
ij,t ~c ij,t l,c
gets large, under Hl C,n—lﬁz E Ec’ where EC(>0) is a constant depend-
. . . 3 2
ing on ¢ and n 1is the combined sample size. As Xr(k1+...+k£)—s+q,a
3 - . /\2 - 2
is 0(1), the probability of Xe exceeding Xr(k1+...k£)-s+q,a tends to

one as n > «, By similar reasoning, the powers of the other three tests
viz. Type B, Type C, and Type D can be shown to go to one as n - «, Con-
sequently, in order to compare the asymptotic performance of the four

statistics, we consider only local alternatives.

5.2. Asymptotic distribution theory of Qi. Let under H0 c and local

alternative H(n)
1l,c
(5.1) Hy F"(IC)(Q) =0,V 1l<ms<q(c)
n c X -5
Hl(,():: Fn(1 )(Q) =n 2em, V 1<m<qg(c)
where
r £ Cj
(5.2) e =20 for at least one m; n= ) )4 )n. . +n%. ;
m iS1 j=1|t=1 ij,t 1J,Cj+1
Lim M
ML) -q.., 0<qQ..<1.
n>o n ij ij
For convenience we reparaphrase HO o and anl as
0 0, ,0' .0 0
(5.3 HO,c' Hij,t-nij,t(g ); 87 = (61,...,65)

Fn(]c) ©®%) =0, ¥V 1<n<q(e)

or
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0,c _ 0 o' _ 0 0
ij,t'—Hij,t(Qc)’ gc '_(elc""’ s-q(c),c)
(n), ;(n) _.0 -5

By et M5 e =My o 7™ 855 ¢

FH(IC)(QO)=O, Vism<q(c), i=1,..,1 ;

j=1,...,4; t= 1,...¢j

Note that for t==cj +1

(5.4) im0 +n %
) ij,c.+1 ij,c.+1 ij,c.+1
J c J Cj
J Y 8., .+ &F =0, Vj
- . .. L , ¥Vj
ij,cj+1 tzldij’t, since et ij,t IJ,Lj+1
We are assuming that at least one §.. is non-zero. Then by theorem

ijt
3.1 of Diamond (1963) under the regularity conditions (a), (b), (c), (d)

of Mitra (1958) and (e) and (f) of Diamond (1963}, under anl

5.5 02 2 2 c=b k; h
(5.5) Xe X¢ G CTh kg where
¢’ ¢
-1
= ' — 1 '

} 0 .k
8o R X1 =Ly y/M 5 37855 )

R = r[ ) (cj+1)]

J(ZJC
dM. . . (8)
_ 0 L1771j,t =~ _ A0
B(RCX (s-q(c)) —{(Qlj/nlj,t) [ aec ]’Q‘C—’QC} .
In the above expressions for ¢ and B, II¥. =1, . and &%, =
~C ~ 1J,Cj+1 1J,cj+l 1J,Cj+1

ij,c. 41" These have not been distinguished in order to avoid clumsiness.
,C.
J

Let A* be the event that in>wu for some c; b<c<k. Then the

power P(A*) is given by
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%\ /\2 . (n)
(5.7) P(A )-—P{Xci>wu for some c: bSc:sk|H1,C}
ol (n)
= P{xk > wOLIHl }>1-8 ,

k

where B 1s the error of type II and H{n) = /h\H£n). As such, by this
c=b 7’

testing procedure both the type I and type 1l errors remain the same as

those of the overall test. Now, A* 1is the union of the following dis-

joint events:

(5.8) A 2R )

— a2 A2 A2 A2
C {be;wa’ Xb+1< o ""Xc—lsgwa’ X >)wu}

g

_ 2
Ay F ey X e

Let TC be the time-point at which the experiment is terminated. The

event TC='FC is the event Ac' Therefore, the expected stopping time

with this test is

k
) = CZbTCP(AC) + T(1-P(A*))

(5.9) T =E(T

A C

The probabilities of the constituent (disjoint—) events of A are given

by:
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) 5> D o2
(5.10) P(A) ~ ] {xb > ma}
® o e (Xb)
= ) J T Cousd (x)dx, where
=0 ‘w b

L= LG . .
Ab 5 Cb and C2u+db(x) 1s the density
of the central chi-square distribution

with 2u+db d.f.

For ¢ > b,

(5.11) P(A) = PR, ;<w , Ro>w )

2
c-1

is asymptotically independent of Dc::ii'_xc—l which is asymptotically

o . . . . . 2
By Searle (1971, pp. 60-61), ¥ which is asymptotically distributed as X¢
c

distributed as Y =Y - 1f now, ¥ <x<w_, then
, dc,(GC—GC_l) dc’Gc c-1 o
D >w -x => %~ >w . As such,
c a c o Y
o o (wa Té C-I(Ac_l)u
(5.12) P(A) ~ D) Coueg  (X)dx
u=0 v=0 /0 u! -1
AF
v e SV ‘l
J l C2v d (z)dz| where
w-x Vvl c B

5.3. Asymptotic distribution theory of Dc' It has already been proved

in section 5.2 that under local alternatives H{n)
L2 =b k
(5.13) DC Xd G c=b,...,k .
c’ ¢

. 2
Letting Xg o = Yer we have
C’

-1

,G

c-1
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(5.14) 1-power = P{DCSyC, 14 b§c§k|H1(n)}

-Ax u
T IP{D AL }ﬂ‘r[ [ Ly (0dx
c=b p=0 u p p p+b

Let BC be the event that the experiment terminates at the censoring stage

c¢. Then

(5.15) B, = {Db>yb}

By = 10 S yps Dy > Vi

< <
b~ Tp’ b+1"yb+l""’Dc—1:£yc—l’ Dc:)yc}

Bk ’{Db yb,...,Dk_ISyk_l, Dk>yk}

These are the mutually exclusive subevents of B* which is the event that

DC2>yC, for some c¢. We compute respective probabilities as

—A*
§ o (XE)
(5.16) P(B,) = J —2 (x)dx
b u=0 ‘y u! 2u+db
b
-A* b u
C:.l, b o y +be p* (>\* b) P
P(B ) = H[Z fp L z (x)dx
c u ! 2u +d
p=0 up=0 0 P p p+b
K
@ ooe S(A%)
) ¢ (x)dx
- 2u+dC

k
From the above we obtain E(T,.) = T, = Z T P(B ) + T(1-P(B*)).
C B c=b c c

5.4. Asymptotic performance properties of Type C test. Define similarly

non-centrality parameters as in section 5.2 but for individual batches
and index them by j. As for example, we denote by ch’ the non-centrality

parameter associated with the asymptotic chi-square distribution of the test



2
statistic jic at the time-point TC for the j-th batch and .XC = L GC

J
under local alternatives .“(n)' Note that both .H and .H(n) are
l,c j 0,c j1l,c
monotonic and as in (4.19) and (4.20), we conceive of ijn) and an) as
, k £
~ (n) _ (n), ,(n) (n)
5. = . s = .
(5.17) jHl _f\ JHLC, Hy [_\ JHI
c—b0+hj j=1

The power of the test is expressed as

2 . (n)
5. - = XS : .<c< )J=1,...
(5.18) 1-power P{JXC<<Jwa”, Y ¢ b0-+hJ‘<c<<k and ¥ j =1, ,K|H1 }

R a'jl
= _iAk u
e e T RGN
(]
j=1'u=0 ‘0 u! jk

(],”’

The event E* that j&i >ju) for some c: b04-hj§ c<k and

j=1,...,£ consists of the following mutually exclusive events:

2

N —E N >
(5.19) EbO {1Xbo 1%”}
E = {.ﬁz < Lw for all 1<j<£ and .ﬁ2>>.w for some
c jhe-1" j "’ c i jar’
=1}, bytho<csk

Note that there are only KC j's which satisfy: b +—hj£ c<k. The

corresponding probabilities are given by
-1 A

- - o 1 bo(lxbo)u
(5.20) P(E_)= ) 4 (x)dx
b 2u+,d
0 u=0 1Wyn u! 1'b
- u 0
bef o Yonie J Cﬂl(jkc_l) J
p(EC)::j—r[ ) J CZu.+,f {(x)dx
j=1'u.=0 ‘0 u.! j j c-1
j j v
A
.KC hs -UUOL”—X e’ C(jkc) ‘l
{1 -TT F S (z)dz} ]
j=1 vj=0 0 vj! ije /|
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Expected stopping time e is then
k
(5.21) E(T.) = T = N T, P(E) + T(1-P(E))
c=b0

5.5. Asymptotic performance properties of Type D test. Let

: 2
2 = A
(5°2‘-) dec’d‘”' - j/C .
Then
(5.23) 1-power = P{.D <.y , V¥V j=1,...,£ and V c: b0 +h,<c< lefn)}
L2 k (n)
> TT TT plp <y [SHy
j=1 c=b _+h,
0 j —JAC JuC
L k { ; ijc ¢ ( Ac) (x)d
G x)dx
> _ .u ! 2.u +.d
}:E c=J~Eh, )uc_o 0 J Jeie

The event that the experiment terminates at some time-point TC con-

sists of the mutually exclusive events

(5.24) Fboz {lDbO 1ybo}
Fo E{jDC_l_ y. ; for all lsjsﬂc,
; Cfgjyc, for some j = 1,...,£C},
b0+}5 <c<k

The expressions for the associated probabilities are given by



_ *
1AbO u
e (. A*
o oo 1 bo
(5.25) P(F, )~ ) f Coye g (X)dx
0 u=0 y u!l 1 b
b, 0
_ *
] v+b0+h. u,
-] - - *
£ooq eolbghy g JPvb+h, © G v+b0+h.)
PO =TT T [ ) f
j=1 v=0 u =0 -0 u |
v v
G (x)dx]
2uv+jdV+b0+hj
- A* u,
b v, e San )
1-170 2 ) ! C (x)dx| | .
. 2u.+.d
j=1 uj=0 0 uj! jjc

The expected stopping time T, can now be computed as before.

6. CONCLUDING REMARKS

For grouped data, Ghosh (1973) has extended the results of Sen (1967)
in deriving a class of conditionally distribution-free rank order tests
having some asymptotically optimal properties. It is possible to extend
these test procedures to our batch arrival model under PCS. However, this
will need certain weak convergence results to multi-dimensional Brownian
motion processes as well as a (crude) inequality involving the actual and
an upper bound for a scalar constant appearing in the test statistic. The
details will be provided in a separate communication.

The proposed test procedurc can also be extended to the multi-dimen-
sional categorical data situation, where the main response is time-sequential
and at each time-point of censoring, responses with regard to the other cate-
gories are complete., Following Bahadur (1961), if it is possible to derive
an approximate lower dimensional representation of the joint probability
function, we can start censoring at an earlier stage for purposes of tests

under PCS.
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7. NUMERICAL ILLUSTRATION

7.1. Description of the model and underlying distribution. For purposcs

of numerical illustration, wec have considered a BAM with two samples and
two batches. TFor the sake of clarification, the two samples may be con-
ceived ot as control and treatment groups in a contraceptive effectiveness
study with the subjects entering into the experiment in batches. The
response categories are conception times recorded in one-month intervals
starting from the time-points of the individuals' entry into the trial.
From time and cost considerations, the study may not be continued beyond

a time-point T. Allowing for seasonal variation in reproductive beha-
vior, the batches within the same sample may be assumed to differ in
respect of conception time distribution. Keeping this in view, two
samples of 700 each were generated from exponential distributions with
mean survival times (i) X1= X2= 16.0 months, (ii) k1= 16.0 months,
A2= 18.0 months and (iii) Al==16.0 months, A2= 20.0 months. The

size of the first batch within each sample was 500; the remaining 200
individuals belonged to the second batch. It was assumed that the experi-
ment was observed for a period of 24 months since inception. With the
further assumption that the second batch entered into the study one year
after the first, the failures in the two batches were recorded in 24 month-
intervals (categories) for the first batch and in 12 month-intervals for

h h

the second batch. The last categories of the two batches (25t and 13t

respectively) included the censored individuals.

7.2. Computation of the statistics. 1In order to derive the test statistics

A, B, C, and D, we started with unspecified model, allowing for inter-batch
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difference in probability structure. Under the null hypothesis of no

difference between the survival time distribution of the two samples,

2

AL

Xe and jﬁi were computed by plugging in the maximum likelihood estima-

tors .. derived separately from the two batches, in (3.2). It is
important to note that in this unspecified model situation, both {ﬁi} and
{jii} form strictly non-decreasing sequence in ¢ by virtue of Lemma 4.1.
The asymptotic powers and mean stopping times for the four tests were

derived empirically by repeating the experiment 500 times. The results

are summarized in the next section.

7.3. Empirical powers and mean stopping times. By the formulae of sec-

tion 4, we can at once derive the degrees of freedom associated with the
various tests. The degrees of frcedom of the overall test, i§4 are 360,
We similarly obtain 1f24= 24, 2f12= 12, dC="1, c=1,...,12; dc= 2,
c=12,...,24; ij= 1, V¢ and ¥ j. Next, the test statistics were com-
pared against respective percentile points of the chi-square distributions
(central), in order to computc empirical powers and empirical mean stopping

times associated with the four tests. The results from the 500 repititions

are demonstrated in the table below.
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TABLE 1

Tests and Significance Levels

CHARACTERISTICS* A B C D
a=.10 o=.05 o=.10| a=.05 o=.10 a=.05 a=.10 a=.05

Case 1
Power .09 .05 .09 .03 .10 .05 .08 .03
Mean Stopping time | 23.87 | 23.97 22.90] 23.56 23.79 | 23.91 23.27 | 23.73
Case 2
Power 18 .10 12 .08 17 .09 .12 .07
Mean Stopping time 23.66 23.84 22.36 | 22.89 23.63 23.82 22.65 23.21
Case 3
Power .48 .35 .28 .18 41 .28 .24 .14
Mean Stopping time 22.56 23.09 20.14 | 21.47 22.38 23,01 21.01 22.27

*Case 1: A, =16.0, A, =16.0

tase 2 A, =16.0, A, =18.

Case 1 > A 8.0

Case 3: Al::16.0, A2= 20.0

From the a
(1)
(i1)

(iii)

bove the following salient points emerge:
All the tests are consistent

Type A is the most powerful test; next comes Type C; D is the

least powerful of all.

If we assume that each extra time interval costs s unit of

cost more, then the expected cost for each test (apart from over-

head cost) is s xexpected stopping time. From this considera-

tion, Type B is the most economical test; D, C, A come in this




_29.

order so far as this index of efficieny 1s concerned.
(iv) The efficacy of the PCS test procedures becomes more and more
pronounced as the difference between the two samples gets larger

and larger.

7.4. Additional comments. Note that we could have derived an overall chi-

squarc statistic with 48 degrees of freedom for the Type A test, by impos-
ing the restriction on the model that the two batches within the same
sample have the same probability structure. Type C and Type D tests are
more flexible in the sense that we need not know beforehand the time-
points of entry of different batches as in Type A and Type B tests. On
the other hand, Type C and Type D tests do not utilize this inter-block
structure. Among all the tests, Type A test only preserves the power of
the overall test. 1In all the other tests power is affected, in fact

reduced, since we increase the critical level of the overall test.
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