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CHAPTER 1
INTRODUCTION

The motivation for the following research arises from a prob-
lem in the field of sociology. Suppose a general multiple linear
regression model is proposed to represent a relationship in which
each observation of the dependent variable and k independent var-
iables represent a set of measurements describing a particular
collection of sociological characteristics ef an individual. The
general linear model is expressed as

y = XB + &, (1.1.1)

where y' = (yl,yz,--',yn) is the vector of observations of the
dependent variable. The matrix X is an n x k matrix of indepen-
dent variables assumed to be fixed, B is a vector of k unknown
parameters, and € is a vector of n unobservable independent error
terms each distributed normally with mean zero and variance 02,
or, EWN(Q,IUZ). It is assumed that the matrix X has full column
rank and that a term representing a general mean is included in
the model. This assumption implies that ene column of the matrix
X is an n x 1 vector with each element equal to 1. Model (1.1.1)
with its corresponding assumptions will be referred to as HO.

The matrix X may be written as

x =| . (1.1.2)
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where Ei' = (xil,xi2,~'~,xik) is a 1 x k vector for i=1,2,++*+,n,
where the xij's are expressed as deviations from the mean for each
variable. Then the model (1.1.1) can be written alternatively as

k
y. = L X

+¢,, i=1,2,+*+,n, (1.1.3)
j=1 '

3%
where B' = (B;,B,,°°*,8,).

According to the methods of least squares, B is estimated

under H, by b = (X'X)'IX'X, and the vector z = y - y, where y = Xb,

0

is called the vector of residuals. The vector z can be written as

il

z=y- Xb,

(1 - xx'x xny,

My, (1.1.4)

where M = (I - X(X'X)'IX'). Furthermore, since MX = 0,

z = M(XB + ¢€),

= Me (1.1.5)
and z is therefore a random variable distributed as N(Q3Mcz).

In this situation a test is often needed for lack of fit of
the proposed model which is sensitive to an alternative specifica-
tion that the relationship between the dependent and the indepen-
dent variables is expressed by the addition to the model of one or
more terms each of which is a nonlinear function of one or more of
the independent variables. The total number of observations is

often small and there may be no replications at any combination of

values of the independent variables.

1A typical vector from the set X5 i=1,2,*++,n, will often be
referred to as X.




If it is assumed that the alternative specification of the
relationship is given by the addition into the model equation of
a single term which is a nonlinear function in one of the k in-
dependent variables, then the usual procedure for testing the
significance of a regression coefficient can be used. This pro-
cedure involves including the suspected term in the model equation
and performing the partial F or t test that its coefficient is
zero. If there is no indication from sources independent of the
fitted model as to the functional form of the possible alterna-
tives, then a common procedure is to test the significance of
numerous probable alternative models. However, the interpreta-
tion of the significance levels of such a sequence of tests is
difficult (see Ashar and Wallace (1972)).

The test commonly used against a general nonlinear alterna-
tive is the classical lack of fit test due to R. A. Fisher (1922).
Under the above assumptions this procedure requires that there be
repeated observations at one or more values of the independent
variable. Within the framework of model (1.1.1) suppose there are

* * *
P < n distinct values of X, which are denoted by XpsX ,---,§p

%
Let each X; occur ni times with associated observations yij’
j=1,---,ni, where n > I n,. The error sum of squares (SSE) from
i=1

fitting model (1.1.1) by the method of least squares has n-k degrees
of freedom and can be partitioned into two component sums of squares.
The first, called the pure error sum of squares {SSPE), is defined

by p n,

SSPE = I 5 (y.. - y.)2, (1.1.6)
o . 1] 1
i=]l j=1
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where ;} = I yij/ni’ i=1,+--,p, and is associated with n-p degrees
j=1

of freedom. The second sum of squares, called the lack of fit sum
of squares (SSLF), is obtained as SSLF = SSE - SSPE and is associ-
ated with p-k degrees of freedom. The quantities SSPE/(n-p) and
SSLF/(p-k) are independent, the former being an unbiased estimate
of random error under both Ho and HA, and the latter being an un-

biased estimate of 02 under H0 but sensitive to lack of fit of the

proposed model. The test statistic

. SSLF/(p-k)
F = SSPE/(nop) (1.1.7)
is compared to tabulated percentage points of the F(p-k,n—p) dis-

tribution to determine the adequacy of the model. When the above

assumptions are met, this is a UMP invariant test against a p

parameter nonlinear alternative model (see Kendall and Stuart
(1963)).

In practice if there are no replications but the number of
observations is large enough, groups of observations at '"nearly"
identical values of the independent variable vector are formed
and the F-type test of (1.1.7) is carried out assuming that obser-
vations within these groups are replicates. An example of the use
of this modification is given in Daniel and Wood (1971). Corres-
ponding to the notation in (1.1.6), suppose there are p disjoint
sets Gi’ i=1,2,+++,p, each of n, near-replicates, with ni > 1.

For each X, € Gi let Yi s j=1,2,---,ni be the associated obser-

j j
vations. In this situation SSPE is now computed as




p - .2
SSPE = ¢ T (y, - yi) s
i=1 i,eG, 7j
j o1

where y. = I y. /n.,, and is treated as though it had a chi-square
1 jec Y5 1
j i
distribution with n-p degrees of freedom under H Otherwise the

0°
test is carried out in the same manner.

If replication does not exist, the test is no longer a likeli-
hood ratio test since the actual distribution of the test statistic
is altered. This alteration may result in a disruption of the
significance levels of the test. Attempting to determine appropriate
critical values by approximating the distribution of the test
statistic is difficult due to the form of the function. In addition
rules for forming the groups Gi can be very arbitrary. When the
number of observations is small, it may not be possible to group
together values of x in Gi which are close together relative to the
overall dispersion of the set of data points, and it is reasonable
to suspect that the optimal property of the F-type test might be
affected when the distances between values within the groups Gi are
large. For these reasons it becomes meaningful to consider alter-
natives to the F-type lack of fit test.

Although the responses associated with near-neighbor pairs of
the independent variable can not be considered as being from the
same population, the means of the two populations do not differ
appreciably compared to means associated with an arbitrary pair of
values of x. The purpose of this investigation is to develop an
alternative test procedure based upon a test statistic which is a

function of pairs of residuals associated with pairs of



“
near-neighbor values of x. The basic functional unit is

(z., - Z,)Z
s S

ij 2

>

wherc 23 and zj are the residuals associated with the pair (§i,§ﬁ).

0

bias may be small for near-neighbor pairs relative to that of a bij

Under H_ the quantity bij is a biased estimate of 02, however the

associated with an arbitrary pair (Ei,éj). In the case of small
samples, rather than ignore the distances between these pairs, the
approach taken will be to quantify them and allow them to exert
their relative influences on the test procedure. This is done by
approximating the distribution of the test statistic using its
moments under HO. Analytic expressions for these moments can be
found for the particular test statistic selected.

The test procedure is then compared with the modification of
the F test in a two variable case as to its power against certain
nonlinear alternatives under several patterns of dispersion of the
independent variable values. A review of the relevant literature
is given in Chapter 2. Chapters 3 and 4 deal with the test
statistic and its basic properties under the null and general
alternative hypotheses, respectively. In Chapter 3 an approximate
test is derived for the case in which the set of near-neighbors
consists of disjoint groups of equal size. The asymptotic relative
efficiency of the test with respect to the F test is considered in
Chapter 5. Data are simulated under several alternatives and dis-
cussion and presentation of results concerning the power as well as

a demonstration of the application of the test procedure to some




sociological data are included in Chapter 6. A summary of the
results of the thesis and some suggested problems for future

research are discussed in Chapter 7.



CHAPTER 2
REVIEW OF LITERATURE

One of the oldest tests for general lack of fit in the linear
regression model is the one discussed in Chapter 1 due to R. A,
Fisher. As do many of the classical methods, this test requires
an independent estimate of random error about the model. This
estimate is usually obtained from the presence of several obser-
vations of y at one or more values of x. Alternatively if the
sample is large enough, the x-values are grouped so that several
y-values are associated with each group, and an estimate of error
is obtained within groups. Often neither of these two conditions
can be met in practice especially for survey data.

When this is the case several approaches may be taken. One
approach is to choose statistics which express the overall shape
of the data points and are therefore sensitive to departures from
the conditions in question. Included in these are graphical
techniques such as the plotting of residuals versus fitted values
of y (see Anscombe and Tukey (1963)). A second approach, which was
introduced in Chapter 1, involves the formation of groups of near-
replicates in order to obtain an estimate of the variance of random
error. Still another approach is through the use of transformations.
For example in the case of the BLUS (Best Linear Unbiased Scalar
covariance matrix) residuals of Theil (1965), the residuals from the
fitted regression are transformed into a set of n-k BLUS residuals
with variance-covariance matrix equal to a scalar times the identity
matrix. In a paper by Ramsey (1969) four tests based upon statistics

which are functions of the BLUS residuals are developed to test




against four basic types of departures from the assumed model. The
approach taken in this investigation is to consider only the untrans-
formed residuals. The effects of using transformed residuals could
be considered in future research. In this chapter a review is given
of a few selected techniques which depend upon different types of
functions of the residuals from the fitted regression. It is assumed
throughout that there are no replications of observations at any
values of x.

For obvious reasons, more work seems to have been done concerning
the problem of lack of fit in the simple rather than the multiple
regression model. Many problems concerning the handling of a multi-
ple regression model are best attacked by considering first a simple
regression model involving one dependent variable,possibly the resid-
uals from a fitted regression, and one independent variable. Although
his emphasis is in applications to design problems, Anscombe (1961)
proposed the use of two statistics in this connection. Thesé
statistics, 8, and 8,, are based upon the third and fourth ?ower sums
of the residuals and are estimates of the skewness and kurtosis,
respectively, of the error distribution of the proposed model. Examples
of approximate tests of significance are given. Tukey (1949) proposes
a test which he calls "one degree of freedom for additivity", designed
to detect a nonlinear relationship between the independent and depen-
dent variables. The technique essentially involves examination of a
regression of the residuals on the squares of the predicted y values,

~

Y. The test is based upon the statistic

(z'y%)?
y* My
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where iZ, = (;12’;22’“";’n2)° This quantity is subtracted from the .
residual sum of squares and compared with the remainder against the
values of an F distribution with 1 and n-k-1 degrees of freedom.

In the simple regression case, Thornby (1972) develops a non-
parametric test based upon the signs of the residuals for testing
linearity of regression against convex alternatives. The procedure
involves division of the independent variable axis into at least
three disjoint intervals and recording the sign of the residuals
in each group for comparison. Using the distribution theory of
U statistics, he develops the test procedure and examines its
behavior under various distributions of the error term.

The mean-square-successive-difference statistic based on re-

siduals from a simple regression model is used for testing against

an alternative of serial correlation between successive observa-
tions (see Durbin and Watson (1950), (1951)). The statistic is
employed by Prais and Houthakker (1955) to test against nonlinearity.
Although it is not mentioned in their discussion, the procedure
would seem to give the best results in the case of nearly equally
spaced values of the independent variable. 1In the case of equally
spaced observations the statistic proposed in Chapter 3 is equi-
valent to that of Prais and Houthakker in the simple regression
case. However the method of determining significant values of the
statistic proposed here is different.

As mentioned earlier the second approach, which is basically
the one taken here,is the determination of groups of near replicates

through the introduction of an appropriate distance function defined .
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on the k-dimensional space of the independent variable. In a method
suggested by Daniel and Wood (1971), an estimate of pure error is
obtained from a set of near-neighbors which is determined by the

following interpoint distance function,

WSSD, ., =
i

i ™M=
e
P
[
—_

i
where bi’ i=1,+++,k, are the estimates of the regression coefficients,
js j'=1,2,¢°+,n, j # j', and Sy is the error mean square from the
fitted regression equation. The first step in the procedure is to
order the observations according to the values of ;o Then WSSDjj,

is computed for the 4n-10 pairs of points separated by 0, 1, 2, 3,

and 4, ; values. A running average estimate of o, based on the
assumption that the residuals could be treated as if they were

independent normal observations, is obtained as

lz. - z.,|

s (a) = 0.886 I RN R A
D(a) n(a)
where D%a) indicates summation over the first a of the 4n-10 pairs
of residuals in increasing order of WSSDjj,o The point a at which

the value of Sn(a) "stabilizes' is taken as the estimate of o. This
value is then compared with the estimate of o obtained from the error
sum of squares from fitting the original regression model. No explicit
decision rule is given either for selecting the value of a or for
determining significant values of the ratio. Furthermore Daniel and
Wood give no consideration to the possibility that a high positive
correlation may exist between the two estimates of o. The presence

of such correlation would tend to bias the results of the test

toward acceptance of the model.
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In the following investigation relatively few assumptions are
made in developing the test procedure. Subsequently the set of
alternatives is very large, and the conclusions that can be drawn
as to the true relationship when the null hypothesis is rejected

are necessarily limited.




13

CHAPTER 3
TEST PROCEDURE

3.1 Distance Function

In order to determine the set of near-neighbors in the k-
dimensional space of the independent variable, a distance function
must be chosen which is defined between every possible pair of
points (id,gﬁ), The Mahalanobis generalized interpoint distance,
D, is chosen as the criterion. For two sample points Xy and Eﬁ’

this function is defined by

0 1/2

1

where §™1 = (X'X/n)-l = nc; , with C_ = X'X. When X is of full

column rank, X'X is nonsingular and positive definite and therefore
D is a metric on Rk.2

The interest in this investigation lies in detecting non-
linearity in one or more of the independent variables. Therefore
the distance function for determining the near—neigﬁbor vector
pairs should weight the independent variables according to the
relative spread of the data points for each component of the vector

X. To illustrate this property of the Mahalanobis distance function

it is helpful to begin by making the assumption that

limit (X'X/n) = 2 (3.1.2)

N>
where I is'a k x k matrix of constants. If the vectors 5& are

orthogonal, the matrix Cn is diagonal for each n. As n increases

2See Lancaster (1969).
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Cn/n approaches a matrix which must itself be diagonal. The set
of all points u in Rk which are a constant distance dO from a vector
Xy forms a k-dimensional ellipsoid around Xq- For fixed n the

length of the i-th axis measured on the Euclidean scale EOi is

-1 -1 . . . -1
do/ n(Cn )ii’ where (Cn )ii is the i-th diagonal element of Cn ,

(i=1l,«++,k). As n increases the length of the corresponding akis
on the Mahalanobis scale tends to the value
EOi

ii

where (Z)ii is the corresponding element of I. Therefore in the
limit the Mahalanobis Distance weights the relative influence of
each component of a vector as if each were measured on the same
scale. If the vectors x are not orthogonal, the crossproducts of
the components are also taken into account in the weighting imposed
by D.

The function D is invariant to changes in the scale of the data
points. If ii* = Aii’ i=l,+++,n, and A > 0, then

. % ) 5 a1 1/2
D(x; x5 ) = A7 35-%) T (A7C /) 7 (% -x) ]

D(ﬁi,_&j)»

If the set of all possible unordered pairs of the vectors Xy
(i=1,2,+++,n) is denoted by I, then the elements of the set

I may be ordered by D. The ordering imposed by D is unchanged
by any transformation of the form

an, a,b > 0.
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Therefore to simplify matters when the actual calculations are per-

formed (e.g., in computer program routines), the function

-1
- ' -
xj) C "(x. X.)

dix;,x;) = ( ;

X,
=i

2
(1/m)D(x;,x,)
is often used when the concern is only with the ordering of the

pairs, (§i,§ﬁ)o

3.2 Construction of DLo

Let the set of near-neighbor pairs of the vectors X, be denoted
by DL’ and let the number of distinct unordered pairs in DL be de~
noted by n, . With respect to the construction of DL it is useful
to introduce the notion of the index of a point. Let the index Ii
of a point Ei’ (i=1,2,*++,n) be defined as the number of distinct
unordered pairs in DL for which X, is one of the coordinates. It
is clear that the index of any point Xx can take values 0,1,2,++-,

n-1. In forming DL it may be necessary to impose a uniform bound

on the indices of x. In other words the restriction

I. iI i=1,2,+++,n

i L’

may be imposed. Alternatively an upper bound (NL) may be placed

upon the size of D, or a maximum value dL may be placed upon the

L

distance allowed between a pair of elements in DLo Then the pairs
in I are ordered by their value of D. In order, beginning with

the pair with smallest interpoint distance, all the pairs are in-
cluded into D, until one or more of the three restrictions causes

L

the inclusion process to stop, i.e., until either ng > NL or
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D > dL’ or the index of every point is equal to I Specifically,

L

let DL be written as D, = D(NL,dL,IL), where N dL and IL are

L L’
respectively, the maximum values allowed for the number of pairs
in D

L’ the distance between any pair in DL’ and the index of any

point x. Then DL=D(NL,—,—) implies that D, is restricted only by

L

size, D, = D(—,dL,—) implies that D. is restricted only by point

L L

indices. Any combination of these three restrictions may also be
imposed, yielding a total of seven possibilities.
The set DL will be called the set of near-neighbor pairs of

the vectors X5 i=1,2,+++,n. For convenience in notation DL con-
sidered interchangeably with the set of subscripts of its elements,

i.e., alternatively,

DL = {(1,J)I(§i,§i) is a near-neighbor pair of the set

X.,, i=1,2,++°,n
250 24y :}

3.3 Test statistic

The test statistic proposed in this investigation is

z (z. - z.)
i (i,3)edy

r= 5= = . (3.3.1)
2

L z zi
=1

i
where z and zj are the residuals from the fitted regression model

which correspond to the pair (Ei,éﬁ). In the case that I, of (3.2.1)

L

is 2 (i:f:’ D, = D(-,-,2)) while k=1 and the observations are equally

L

spaced, this statistic reduces to the mean-square-successive-differ-

ence statistic discussed in Chapter 2.
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Suppose the argument z of the statistic (3.3.1) is replaced by
a vector y of independently distributed random normal variables
whose observations are taken simultaneously with an equally spaced
variable t (e.g., timej. In this situation Kamat (1963) considers

several alternatives to (3.3.1) including

n-1
izllyi - yi+1|
(3.3.2)
n 2
/n-1/% (y. - y)
i=1 1
and n-2 2
2Oy 7 eyt Vi)
(n-1) i=1 (3.3.3)
(n-2) n 2 T
I(y; -9
i=1

in testing independence versus pure quadratic and sinusoidal trend.
Using the criterion of asymptotic relative efficiency, Kamat con-
cludes that the form (3.3.1) is the best among the alternatives.
Both the numerator and demoninator of (3.3.1) are quadratic
forms in z, so that r may be represented in matrix notation as the

ratio

r = , (3.3.4)

where the matrix PL is defined elementwise by

_ {‘1: if (ii’ij)EDL, I#J
0, if (Ei’ij)ﬁDL, 1#]
n

Py =t jilch)ii’ i=1,2,+++,n.

J#L
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Alternatively, using (1.1.5),

e 'MP_Me
r=dnk) = L= (3.3.5)

2nL EJME

Since M is indempotent, M and MPLM commute with each other,
Therefore there exists an orthogonal transformation which simul=-
taneously reduces the matrices of the numerator and demoninator of
r to a diagonal matrix and the identity matrix respectively. If

€ = He represents this orthogonal transformation, r becomes

(3.3.6)

where V is an n X n diagonal matrix whose elements are the eigen-
I 0

values of MPLM, and I = ( n-k ). Let the rank of MPLM be denoted
0 0

by m. Then the rank of V is also m, where m is at most equal to

n-k, implying that at least k of the eigenvalues of V are zero.

Denote the remaining n-k eigenvalues by v .’vn—k’ where

1,\)2,00
n-k-m of these are also zero. Since H is an orthogonal matrix,

* %*
the vector € 1is distributed as E_NN(g)Inoz), and without loss of

generality the statistic r can be considered to have the form

n-k
z viezz
r= sz‘;k) I:fk (3.3.7)
L 5 E;z
i=1
under HO.

Any ratio of the form (3.3.6) is known as a Rayleigh quotient

and has the following useful properties (see Lancaster (1969)).
e* 'VE*

Theorem 3.3.1. The quotient r = is invariant to changes in

erter ®
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% %* *
scale of the vector ¢ , i.e., if w = e , A#0, then

* %* 2 * * * *
W'V A Ve g 'Ve
= = (3.3.8)
%* * * * * *
? Azs Ie E.'YE

Theorem 3.3.2., If v. and v are the smallest and largest eigen-

1 n-k

*
values, respectively, of V, then for every vector e #0,

* *
g Ve
V. £ ——F—% %V (3.3.9)
1 E.'YE. n-k

In terms of the distribution theory of r, equation (3.3.8) implies
that the value of r is independent of 02 under Ho. The inequality
(3.3.9) guarantees that for fixed n all finite moments of r exist

since r is bounded by two constant functions,
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3.4 Moments of r under HOE

Analytic expressions for the moments of r can be obtained by

using the following theorem due to Pitman (1937).

Theorem 3.4.1 (Pitman). Let the random variable w have continuous

distribution with density function

Gy e v Ogwes
£ (w) =

0 0.W.
where m > 0 and T'(m) denotes the gamma function with parameter m.

Let wl’WZ’
wi 4" fm (wi), i=1,2,+++,n, with the mi's not necessarily equal.

i
Let H(wl,wz,-‘~,wn) be any function of the wi's which is indepen-

SreawW be n independent random variables each with

dent of scale, i.e.,

H(Awl,sz,-~-,an) = H(wl,w2,~-~,wn)
n
for fixed A. Then the variables h(wl,wz,---,w )= I W, and
i=1
H(wl,wz,---,wn) are independent. The proof can be found in

Pitman (1937).
* * * ‘ *
Let r = v/h where v = ¢ 'V¢ and h = E.'YE.' Under the null
*
hypothesis, each Eiz is distributed as czxi, for each i. By prop-
erty 3.3.7 the function r is independent of scale. Therefore by

Pitman's theorem h and r dre independently distributed under H

0
In this case for any positive integer s,
s
. wav)
EH (r™) 5 (3.4.1)
0 E, (h”)
HO

Obtaining the moments of r simplifies to that of obtaining the

moments of two quadratic forms in independent standard normal
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variables. In order to evaluate these moments it will be useful at
this point to state three well-known results concerning quadratic
forms and matrices. The proofs of the first two theorems can be
found in Searle (1970), the proof of the last can be found in

Lancaster (1969).

Theorem 3.4.2 If w ~ N(u,Q), then the s'th cumulant of w'Aw is

K, = 257 Hs-1) 1 tr (AQS + surA(Qa)SThy).

In the case that s=1 it is not necessary that w be normally distri-
buted.

Theorem 3.4.3 If w ~ N(u,Q), then

Cov(w'Aw,w'Bw) = 2tr(AQBQ) + 4u'AQBu.

Theorem 3.4.4 If AI,A ---,An are the eigenvalues of the matrix A,

2)

then for any positive integer s,

n S S
A =tr(A7).
=11

i
Using Theorems 3.4.1 - 3.4.4, the expected value of r under

HO, EHO(r) (or uro), is equal to

n-k tr(V)o® _ tr(V)

v, = = (3.4.2)
r0 2nL tr(M)02 2nL
n-k
z vy
- (n-k) i=1 = _ (n-k) 5
2nL n-k 2n;
n-k
L v,
- _i=1? 2
where v = =% Note that urodoes not involve the parameter o .

The moments of r about W can be derived using a technique

0
described in Durbin and Watson (1950).
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n-k 7 n-k
on z Visi v
—2(r - u_,) = 2 =
n-k r0 n-k %9 (n-k)
L e,
i=1 *
n-k * n-k n-k
L v.e 2 v+ Ie¢, 2
I S o S o
" n-k n-k
e (k) ¢ e, 2
i=1 i=1
n-k — %7
L (v, - Ve
i=1 * *
- N-k
L e 2
i=1
Tl;kg %9
jopid
— s say. (3.4.3)
*
L e, 2
. i
i=1

*
As before since € "~ N(0, 102), T - My is of the required form for
the application of Pitman's Theorem and the central moments of r can

be written as

, (3.4.4)

which is the s'th central moment of the numerator of 3.4.3 over the
s'th noncentral moment of its denominator. Thus the next three

higher moments of r are as follows (Durbin and Watson (1950)):




n-k _
2 Z (v1 - v)

(gnk) (n- k)(n—k+2) ’

2

n-k _
8 I (v, -V)

3 . _ 1
E (r-u 3 =(?-k i=1

0’ 20,/ oK) (nk+2) (aked)’

3

(r - u.)

n-k —4 n-k -2 2
4 48 I (v, - v) +12] % (vi - V)
4 _ n-k) i=1 * i=1
2nL ’

EHO (n-k) (n-k+2) (n-K+4) (n-K+6)

The first moment of r under HO is particularly interesting

since it can be expressed as an explicit function of the distances

between the pairs in DL' Let the matrix Cn = X'X be written as
n
Cn = I X, Ei" and let the matrix M be rewritten as a matrix of
i=1
row vectors, i.e.,
o 7]
L]
1)
L
M=, (3.4.5)
ml
M O

where Ei’ i=1,2,***,n are nx 1 vectors. Elementwise M is given by

= -1 -1 -1
- | ' . . . . . - '
1-x,'Cxy Ch X0 X "CXy
-1 -1 -1
- L] 1 . . . . . - '
X, Cn 51 1- X, C x2 X, Cn X
. . . . (3.4.6)
-x 'C lx -X 'C_lx e P T
| - =1 -n =2 -n n-n

23



24

l-x.'C-lx., ifi=j
= n=H

or m, =
* -1
et P .
X, Cn Ej’ ifi#j
n-k
Since MPLM is orthogonally similar to V, I = tr(V).
a=1
Therefore,
1
]
ml
—Il
MPLM = : pL(EJ’mZ’.."En)
m'
-—ﬂ
and
n
= '
tr(MPLM) T m, pLEu .
a=1
By the construction of P., m 'Pm = z (m . -m .)2
L’ = Lo .- ai oj
(i,j)eDy
n
Therefore, tr(MPLM) = I z (m . -m .)2

o=1 (i,j)eD, ol &J

n

b E (m., -m .)2 .
(i,j)ed, a=1 *+ %

n

Consider only one of the terms I (mmi - ma.)z. This equals
a=1
2 2 2
I m.-m. )"+ (m,. -m.)" + (m. -m.),
afi,j o aj ii ij ij ij

- -1 2 -1 2
ALC e S AN S S SR TR SO 71
G#I,J

-1, 42
+ [1 + ()_(_i - -)-c-j)'cn ij] ’

= Iox; - x.)‘C;IEGEG'CAI(ﬁi -x.) + 1
afi, j = J




-1
- ' ' - - - )
+ (x xJ) Cn X X, Cn (Ei X.) 2(x,-x.) Cn X
#1104 (xo- x)Chx e x, - xL) + 2(x, - x.)'C k.
i 'n ==~ n ‘= - =5’ "n=5’
-1
- ' -
(x; §:j)Cn(§ﬂL X.) + 2
1

+ 2(x. - x.)'C L - 2(x. - x )'C‘lx

57 "n =j i n = °’

By the distributive property of matrices it is also equal to

-1
A -
X )Cn (x. xj) + 2

-1 n
- 1
- x)'C (X

a=1

-1
- - ' -
2(x. X.) Cn (xi x.) ,

Therefore
2
tr(MP, M) = r (2 -D"(x,,x.,)/n)
T dien, =
2
= ZnL - r D (Ei,if)/n .
(i,j)eD )
L
From (3.4.2)
’ 2
E, (r) = 1/2n, [2n, - T (D" (x.,x.)/n)]
Ho M dpen, T
-1 -bp%m> (3.4.7)
where
7 2
D® = by D (Ei,fﬁ)/nL .

(i,3)eD,

Since (zi - zj)2 is non-negative for all pairs (i,j),

25
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EH (z, - z,)2 =2 - D2(§i’§i)/n (3.4.8)

o * J

implies

2 .
0<D (5i’§ﬁ)/n < 2 for all pairs (Ei’zﬁ) .
Since D is always greater than zero, it follows that
0 ;=D(§i’§ﬁ) ;zVEH' for all pairs (Ei’ﬁj) .

It can be seen from (3.4.7) that when the specified model is
the correct one the expected value of r is in general larger over
a set DL’ where Bihis small, than over an arbitrary set of n, pairs.
This fact is partly explained by the fact that the least squares
technique for fitting a regression model tends to be more sensitive

to the remote points of the independent variables. This results in

somewhat of an "overfit"3 of the data at these points.

3.5 Distribution of r.

In the special case that there are equal numbers of replica-
tions at several values of the independent variable, the exact
distribution of r can be derived. Suppose there are exactly N >1
replications at each of p > 1 different values. Without loss of
generality it can be assumed that the observations are arranged so
that the vectors, X, associated with each set of replications occur
as adjacent rows of X and, taken together, occur as the first pN

rows of X. Then the matrix %PL can be written as

3This term is used in Daniel and Wood (1971).
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- -
Pl [ ] . . L] 0
L] P2 L]
. . . . (3.5-1)
. p *
p
. [\
- .

Each Pi of (3.5.1) is an N x N matrix of the form

P, =1-=J, (3.5.2)

1
i N
where J is the matrix with all elements equal to 1, and 8 is an
n-pN x n-pN  zero matrix.
It is well-known (see Searle (1971)) that a matrix of the form
(3.5.2) is idempotent, and that the rank of each Pi is equal to N-1,

Therefore the matrix P, is also idempotent and has rank p(N-1).

L

Accordingly the eigenvalues of %-PL are

1, 1, 1, -+, 1, 0, 0, -+, 0 .
- 2

|
p(N-1) n - p(N-1)
Since X'PL = 0 in the case of replications,
-1
= - 1 1
MPL (I - X(X'Xx) X )PL
= PL .
Therefore the eigenvalues of MPLM and PL are identical and from
expression (3.3.7), r is distributed like the quantity
P(N‘l) *
z €5
- -= *
Nin-k) .1z . & AN, I0%),
L *2
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p(N-1) *2
Z €,
_ N(n-k) i=1 !
ZnL p(N-1) %9 n-k %9
z €4 + z €5
i=1 i=p(N-1)+1

This in turn is distributed like the quantity

N(n-k) g (p(N-l) n-k-p(N-1).
2n; 2 ! 2 /2

where B(a,b) denotes a random variable having a beta distribution
with parameters a and b.

Furthermore, in the special case that N=2, the statistic r can
be written explicity as a function of the lack of fit statistic F,

For any pair (Ei’zj)’

"
~
<

[

|
<
~—

because the predicted values of y associated with identical x's are

the same. Since there are only two observations per group

2
_ (y; - vy3)
by - y)2 = ——3——3;4L—— ,

H MN

i=1
where y = (y; + ¥,)/2. Therefore r becomes
2
DXy, - N
(i.j)aDL i=1
i<j

noa2

T z.7/(n-k)
. i
i=1

SSPE/n
SSE/ (n-K) °
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L

=Cm-k) 1
n n-k-n
=
L
where F is the usual lack of fit test statistic and is distributed

as F(n-k-nL,nL). In this case r is distributed as

n-k-n
{n-k) o( L. —————g) R for n-k-n, > 0 .
n, 2 2 L

The statistic r can be viewed as a special case of the more

general statistic

W'AW

2
U = ¥ where w v N(0,Ic™) . (3.5.3)

This type of statistic is known as a serial correlation coefficient
(see, e.g., Anderson (1948)). For a completely general n x n matrix

A, the distribution of U under H_ is not expressible in closed form.

0
However an exact expression for the density is given by R. L. Anderson
(1942) in two cases. These are: (1) n-k is even and the eigenvalues
of A are equal in pairs, and (2) n-k is odd and the eigenvalues of
A are equal in pairs with the remaining eigenvalue being either the
smallest or largest value. J. von Neumann (1941) derives an exact
expression for the [%{n-k)—l] order derivative of the density function
of U for the case that n-k is even and all the eigenvalues are differ-
ent. However these cases do not occur in general for the statistic r.
Anderson's expression becomes very complicated for n-k moderately
large and similarly, von Neumann's result can only be used for very
small n-k. In all cases it is necessary to know the individual eigen-

values. For practical applications a simple method of approximation

is desirable.
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T. W. Anderson (1948) shows that vnU is asymptotically normally
distributed for a sequence of matrices, A(n), for which the eigen-
values satisfy fairly general regularity conditions. However there
are indications that the convergence to normality is slow enough
that use of a normal approximation does not always give satisfactory
results, even for moderately large sample sizes (see, e.g., Anderson
(1942), and Koopmans (1942)).

From (3.3.7) the statistic r can be written as

2
k) Pok 5
r= 2n z vi n-k
I/ i=1 2 %)
wi + I wj
j#i
fok n-k
= (%E- .2 viWi, say, (3.5.4)
I i=1

where the random variables Wi(i=1,2,---,n) are correlated beta vari-
ables, each with parameters 1/2 and (n-k-1)/2. This expression
suggests that a Pearson type I (beta) distribution be used to approxi—
mate the distribution of r. To this result a series of beta approx-
imations arise in the literature for special forms of A. 1In all cases
the parameters of the approximating distributions are estimated by the
method of moments.

In the case that (3.5.3) is the mean-square-successive-difference
statistic, Durbin and Watson (1951) suggest a two parameter beta dis-
tribution on the interval (0,4). Bloch and Watson (1967) use a
constant times a beta distribution.

Press (1969) suggests that for small n the distribution of any

statistic of the form ‘
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can be approximated by

WICRI

where An is the largest value of the Ai, i=1,2,+++,n. This method
essentially fits a two parameter beta distribution with the proper
end points. A four parameter beta distribution is used by Henshaw
(1966) to approximate the distribution of the serial correlation
coefficient of Durbin and Watson, yielding better results than the
two parameter beta approximation for small n-k but involving sub-
stantially more computation. For larger n the two parameter approx-
imation of Durbin and Watson gives relatively good results consider-
ing the amount of computation involved (see Durbin and Watson (1971)).
For purposes of approximating the entire distribution function of r,
a technique similar to one or more of the above can be used. However
in practical application of the test all that may be needed are
several cirtical values of the test statistic.

The Pearson Curves are a family of absolutely continuous pro-
bability distributions whose density function, f(x), and distribution

function, F(x), satisfy

1 df(x) _ x+a
f(x) dx = FX) °

and whose first four moments exist. Assuming different relation-

ships between a and these moments yields three main, and nine transi-

tional types of Pearson Curves. Included among these are the beta



and normal distributions. Methods are available to estimate the
parameters of the appropriate approximating density function, if
this is desired. By Theorem 3.3.2 the moments of r exist and, as
was seen in the previous section, exact expressions for these
moments are available. For this reason the Pearson Curves are
recommended to obtain approximate critical values. This method

was also suggested by von Neumann, Kent, Bellinson, and Hart (1941),

for the mean-square-successive-difference statistic.

3.6 Bounds for the Critical Values of the Test Statistic

The critical values for the test statistic which are obtained
according to the methods of the previous section depend upon the
matrix X. Similar to the situation for replications described in
Section 3.5, suppose the data points, Ei’ i=1,2,+++,n, are arranged
in k-space in such a manner that p disjoint groups each containing
N points can be formed. Suppose further that the function D

generates a set of near-neighbors, D., such that a pair of points is

L?
in DL if and only if both points belong to one and the same group.
In this case bounds can be obtained for the critical values of the
statistic r under HO which do not depend upon the values in the
matrix X. These bounding values are actually critical values of
two bounding random variables and can be used in an approximate
test procedure to test against alternative hypotheses of the type
described in Chapter 4. 1In this section the derivation of the

bounding random variables and their distributions are presented.

The general method for conducting the approximate test for




nonlinearity is indicated. The derivations draw heavily upon the
work of Durbin and Watson (1950) and Anderson (1958).

First some bounds upon the eigenvalues of MPLM are derived
using the following theorem adapted from Anderson (1958).

Theorem 3.6.1. Let M=I-X(X'X)-1X', where X is an n x k matrix of

rank k. Let Al >

matrix PL’ and let My 2 My 2 00t 20y be the n-k eigenvalues of

MPLM other than k zeros, arranged in descending order. Then

AZ > e Z'xn be the eigenvalues of the symmetric

A u, > A i=1,2,<++,n-k

ik 2¥ 27
The proof of the theorem is found in Durbin and Watson (1950) and
is omitted here.

Letting Ef = He be the orthogonal transformation diagonalizing

MP_M, it follows immediately that

L
n-k 2 n-k 2 n-k 9
Z (e 2 T (et 2 T A (e
i=1 i=1 i=1
Furthermore,
"5 (e.*)2 ngku (e.*)? " (e.*)?
ik N Ras] P e
i=1 i=1 i=1
< <
n-k 2 — n-k 5 = n-k 2
b) (ei*) T (ei*) T (ei*)
i=1 i=1 i=1
Therefore for every real number Ty
P {d; <1y} < Pr{d < ro} <Prid, <1y},
n-k n-k
where *.2 * 2
iilli(ei) ifl*i+k(ei )
U n-k 2 L n-k 2
z (ei) z (ei*)

i=1 i=1
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n-k x o
L u.(e.)
i=1 * *
n-k

z (ei )2
i=1

and d =

In certain circumstances in which the columns of X are eigenvectors
of PL these bounds can be improved. Consider the following theorem
adapted from Anderson (1958).

Theorem 3.6.2. Under the hypothesis of Theorem 3.6.1., suppose that

s(<k) linearly independent linear combinations of the columns of X

are s eigenvectors of the symmetric matrix P Let

L

Ayt > A" > een > ) ' be the eigenvalues of P

1 2% 2 2 Aes remaining after

L

deleting the s eigenvalues corresponding to these s vectors. Then

| 1
Pri{d,' < ro} < Pr{d < ro} < Pr{d ' < ro} ,

where n-k 2 n-k * 2
AT ks (65)
a1 = i=1 ,dot = i=1
u n-k 2 L n-k 2
z (ei*) z (ei )
i=1 i=1

The proof is in Durbin and Watson (1950).

From the previous section the eigenvalues of PL are

I\{, N, **+, N, q: 0, =+, q

J

~— "

p(N-1) n-p(N-1)
In general the value of s will be at least 1 since the vector j,
where j'=(1,1,-++,1), appears as a column of X and is an eigenvector
of PL associated with the eigenvalue 0. In the case that a subset

of the independent variables is replicated at particular points, s

can be greater than 1. For example, let m < k and let each vector

X.' be written as (x, ']x. '}, where x!. is a 1 x m vector and
-1 il '—i2 =1

5£2 is a 1 x(k-m) vector. If the vectors Ei’ i=1,2,+++,n, occur



so that for every (1,J)eDL, X1 T X400 then s=m and each of these s

vectors is associated with a 0 eigenvalue, provided the s vectors
are linearly independent. In this case the n-s eigenvalues, Ai',

are ‘N: Nyeee, Q: 9’ 0::;': Qj

"~

p(N-1) n-p(N-1)-s

Letting j=i+k-s, d ' simplifies to

L

n-s .

I A" (e,

4 o izk-s+1’ J-k+s
L~ n-k

T (e.%)

j=1

)2

2

Therefore substituting in the values for Ai',

P(N*l) * 2 P(N“l) 2
b N(e'—k+s I N(si*)
d = j=k-s+1 J at = i=1
L n-k 2 ’ U n-k 2
T (e.%) pX (ei*)
i=1 J i=1
Under HO the random variables ei*z are independent and each
is distributed as
c2 2
X1

Therefore dL' is distributed as

2
Xm
N 1
2.2
s T

where m, = p(N-1) - k + s, m, = n-k—m1 =n - p(N-1) - s, and
xi and.xi are independent chi-square random variables with
1 2

m, and m, degrees of freedom, respectively. Thus it follows that

1
dL' is distributed as

N-B(ml/z, m2/2)°
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Similarly, dU' v Ns(nl/z, n2/2), where n, = p(N-1) and n, = n-k--n1 =
(n-k)

= , that r satisfies
L

n-k-p(N-1). It follows, since r =

T, <r<r

L U

where T Nﬁglkl'- B(m /2, m,/2) and r ~n NLE:EL B(n,/2, n,/2),
n, 1 2 U n 1 2

for every T,

Pr{r, < ry} < Prir s 1yl < Prir <o}
Therefore if r'(a) satisfies Pr{r < r'(a)} = a, then
r @) <7 () <1y (a),

where rL'(a) is a lower level a critical value for the distribution

of T, and rU'(a) is the lower level o critical value of the distri-

bution of Ty The values rL'(a) and rU'(a) depend only upon

n, nl, k, and s.
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CHAPTER 4
ALTERNATIVE HYPOTHESIS

4.1 The Alternative hypothesis.

In general the alternative hypothesis for a test for lack of
fit of HO would result when any one or more of the assumptions of

HO are relaxed or are differently specified. However the possible
departures from the assumptions which are considered in this inves-
tigation are restricted to those which can be expressed by the
addition to the model equation (1.1.1) of a term which is itself a
nonlinear function of one or more of the independent variables.
Two basic types of terms are considered here, 1) a second degree
polynomial function of the xij's, and 2) a general nonlinear
function of the xij's. The model for the alternative relationship
in each of these two cases can be represented as

Y= Xu + yg(X) +u (4.1.1)
where w is a k x 1 vector of unknown parameters, uis ann x 1
vector of unobserved random error terms with u v N(93Ioi)’ and
g(X) is an n x 1 vector of unknown nonlinear functions of X with
unknown coefficient y. The vector g can be written as
rél(xﬂ
g, (X)

gx) =| - (4.1.2)

-

g, (0

In case 1), gi(X) may be defined as

g (X) = x, 'Ax, i=1,2,+++,n (4.1.3)
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for some k x k matrix A of fixed coefficient parameters. For case

2) gi(X) = f(ii)’ i=1,2,+++,n, where f(ﬁi) is some nonlinear function
of the xij's° In the case that there are replications at p values

of the independent variable it was noted in Chapter 1 that the alter-
native hypothesis for which the F test is uniformly most powerful is
that gi(X) is a p parameter (l<p<n-k) nonlinear function of the k
independent variables. The same alternative will be assumed for the

r test as well as for the F test when there are no replications.

4.2 Properties of r under HAe

Under the alternative hypothesis, HA’ the residual vector z is

equal to

It

Z

MX. = M(YE. + E)

Therefore

_ /n-ky (@ YR)'MP M(u 4 vg)

B < (u + vg)'M(u + vg)

If H= (hi’EQ"‘.’hn) is the matrix of the orthogonal transformation
used in Section 3.2 and w* = H(u + vg), then w* ~ N(yHg, Ici).
Subsequently r becomes

Q k W*'V_hz_*

L w*'Yw*

_ck)

Under this alternative each of the variables (w.*)2 is distributed

as ozxf'(x ), where xl'(x ) is a random variable having a noncentral

n-k
)} v (w *)

2 (w *)
i=1

chi-square distribution with 1 degree of freedom and noncentrality
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parameter Ai = Y2gfgihi'g/oi , (i=1,2,+++,n). Using the methods of
Section 3.5 r can be expressed as
U I?z::kvewl*,
L i=l
although now the (Wi*)'s, i=1,2,+++,n-k, are n-k correlated doubly-
noncentral beta random variables. The fact that the distribution
of the doubly-noncentral beta random variable can be approximated
by a constant times a beta distribution (see Scheffe (1959)) suggests
that if necessary the distribution of r under Hy could be approx-
imated by one of the variations of a beta distribution suggested in
section 3.5.
Under HA the moments of r are now not only functions of
the omitted vector g, but also are dependent upon 03, the variance
of the error term in model (4.1.1). The distribution of the (wi*)z's
is not in the form of the T distribution discussed in Section 3.4,
therefore (Pitman's) Theorem (3.4.1) is not applicable and exact
analytic expressions for the moments of r -nder HA are not obtain-
able. However the moments of r can be approximated by using a
Taylor series expansion of r about its mean. These approximations
are used to study the behavior of the statistic r under HA as
compared to its behavior under Hon

Y
Let r = r(v,h) = v/h, where v = w*'Vw*/2n. and h = w*'Iw/(n-k),

L
and denote the means of v and h under HA by EA(V) and EA(h),
respectively. Since the variances of v and h and the covariance of

v and h are all of order 1/n, a first and second order Taylor series

approximation to the moments of r have error terms of order 1/n and



A0

l/ng, respectively. Consider the first order Taylor series approx-
imation to EA(r)n4
E, (v)
EA(PCV,h)) = EX—(BT + 0(1/n) (4.2.1)
Using Theorems 3.4.2 - 3.4.4 the moments of v and h under HA can

be expressed as functions of the moments of v and h under H_ as

0
follows:
E,(v) = Ej(v)p + Gp(n)
E,(h) = E;(h)o + G(n)
203 (4.2.2)
VarA(h) = ;:E-[Eo(h)p + 2G(n)]
202

Cov, (v,h) = 3:§-[Eo(v)o + 26 (] ,

where Gp(n) = yzngPLMg/ZnL, G(n) = ngng/(n—k), and p = 05/02°

Therefore
Eg(vle + Gp(n)
EA(r) = Eo(h)p'+ o) + 0(1/n) (4.2.3)
Ey(v)
and for large n, EA(r) < Eo(r) = RGN if
0
G_(n)
E%ET—-< Eo(r) (4.2.4)

It is useful to note that (4.2.4) is equivalent to

— G_(n)

2
(- %/2m) > fs (4.2.5)

In the limit (4.2.4) becomes equivalent to

G>@G
p
where G = limit G(n) , and G_ = limit G_(n)
ne p N p

4The second order approximation leads to the same result.
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For large n, condition (4.2.4) implies that EA(r) ;,Eo(r),
therefore the rejection region of the test for nonlinearity using
r is in the lower tail of its distribution.

Noting that z = Mu + yMg, the sum of a fixed and a random com-
ponent, suppose the function r is computed on the elements of the
vector representing the fixed portion of z. If the value of this
function is less than the expected value of the same statistic, r,
calculated on the random component of z, then (4.2.4) holds and
for large n EA(r) i.EO(r)° It is also noteworthy that the approx-
imate condition (4.2.4) is independent of the values of y and oi.

In the case that there are replications at values of x, DL

D(-,0,-). Since the function D is a metric

may be defined by DL

By the definition

it follows that X, Ej for every (Ei,fi)eDLu
of PL, X'PL = 0 in this special case. Therefore MPL =
(I - X(X'X)-l)(')PL = PL and the numerator of r becomes

(u+ vg)'P (u+ vg)
Furthermore since gi(X) = fcfi)’ ngL = 0. Therefore r simplifies

to
u'P. u

(?—k) — "L—
ZnL (u + vg)'M(u + vg)

) (ui - u.)2
_ Cl_k (I’J)EDL
“\2n n-k
L z z°2
j=1 1

with g}MPLMg_= 0. Condition (4.2.4) always holds in this case since

(1 - DZ/Zn) =1>0
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4.3 Method of Approximating the Power of the Test

For purposes of determining the power of the test procedure
the interest lies in tail probabilities of the form

P, {r <r.},
HA 0

where T, is defined by Py {r f_ro} = a, a being the size of the test.
0
However since the denominator is never negative, this quantity can

be rewritten as

PHA{(B + vg) 'MaM(u + vg) < 0}

where Q = (l/ZnL)PL - (ro/(n-k))I. The quantity 2 = (u + yg)'MQ
M(u + vg) is an indefinite quadratic form in the variable

w =u+ yg. The distribution of & can be approximated by a Pearson
three-moment chi-square distribution. This method, as described by

Imhoff (1961), assumes that the distribution of £ is approximately

that of
x2 - q)
N W NarH ) + E. (%) (4.3.1)
V2q4 A Hp

where xg is a central chi-square random variable with q degrees of

freedom. The parameter q is estimated using the first three moments

of 2. This estimate, q, is

3 5
2[VarH ()]
A

= ]2 (4.3.2)
[ (2)
uSHA 2

L >

Although Imhoff cautions that this method of approximation gives

5It is assumed that u3(2)>0, otherwise the distribution of -2
should be approximated with the power of the test being approx-
imated by PH (-2>0), (Imhoff (1961)).

A
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more accurate results in the case of definite quadratic forms than
for indefinite forms it will be considered sufficiently accurate
here to indicate trends in the power of the test against specific
types of alternatives.

The first three central moments of % are

2 2
EHA(K) = tr(MOM) oLty g'MaMg ,

2 4 2 ., 2 2
VarHA(R) = 2tr(MOM) o, * 4y~ g' (MOM) g9, » and

- 3 6 2_, 3 4
uSHA(l) = 8tr(MaM)“o + 24y"g' (MaM)“go .

The terms tr(MQM)k, k=1,2,3, can be expanded into a sum of terms
each of the form trM(PLM)J, j=0,+++,k-1. In case the individual

eigenvalues of the matrix MPLM are known the evaluation of these

terms can be simplified.
Let the matrix H be the orthogonal matrix defined in Section

3.3. Then

tr(MQM)k = tr(MQMHH')k = tr(H'MQMH)k ,

since HH' = I. But from the choice of the matrix H this becomes
tr(D(Ai))k, where D(Ai) is an n x n diagonal matrix with elements
Ai given by

)\i = \)i/an - I‘O/(n—k)’ 1:1,2,-'o,n’

and Vi i=1,2,+++,n, are the eigenvalues of MP.M (including the

L

k zero eigenvalues). In this case

M) = 3 xik, k=1,2,3.

i=1
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Similarly the terms gj(MQM)k& can be expressed as a sum of
terms of the
gMe Mg

: —, § o= L,eee K, (4.3.3)
(2n) (107

for k=1,2,3, and the term g}Mg/(n-k)k. For small samples when there
is no replication these terms influence the power of the test and
reflect the degree of departure from the ideal condition of replica-
tion.

An ordering exists among the terms of the form (4.3.3). The
matrix PL is a real symmetric definite matrix. Therefore there
exists a definite matrix U of the same rank as PL which is real

and symmetric such that UU' = P

L
Letting g*' = g'MU, then
2'MP Mg = g'MUU'Mg
= ghlg*
and g'(Mp M) 25 = g'"MUU'MUU'Mg
= g*'U'MUg* . (4.3.4)

By Theorem 3.3.2 the two quadratic forms satisfy the inequality
&*'UVMU&*

A — s 4.3.5
1 < _g_* g ( )

< A
= "n

where Al and Xn are the smallest and largest eigenvalues, respec-
tively, of U'MU. But the eigenvalues of a product of matrices are
not affected by a rotation of the product, so that U'MU and

MUU' = MPL have the same eigenvalues.

Therefore

' 2
0 < §;£!EE¥1;§ < v . (4.3.6)
= ngPLMg = "n tee
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Similarly, defining g*' = ngPLM , it can be shown that

. 3
, B ME (4.3.7)
- ngPLMg - 'n ° o

Inequalities (4.3.5) - (4.3.7) imply that
veMp M) 3g < v g (MP.M)2g < v 2g! (MP, M) (4.3.8)
.g. L .&— n.g. L .&—' n.g. L g.‘ i

Since MP M is positive semidefinite, vy > 0 for every i, so that

n-k

_ )
Vo §_°Z v = 2nL(1—D /2n).
i=1
Therefore
3 2
g' (P, M) g —  g'MP Mg wi §'MP Mg
0 =< ———-—L——S—' < (1-D2/2n) L 5 s (1“D2/2n)2 an
(ZnL) (2nL) L
(4.3.9)
If the set D; consists of pairs of replicates then g'MP, = g}PL =0,

implying that all the terms of inequality (4.3.9) are identically
zero.
The process leading to (4.3.9) can be extended by induction to

yield the inequality

g P Mg g (P Mg
<
(ZnL)m - 2nL

for any positive integer m. If the eigenvalues of MPLM are uniformly

bounded by some value AN’ say, for all n, then from (4.3.8) ,
g P g < A gt (MP Mg (4.3.10)

Therefore the term gj(MPLM)@g has the same order of magnitude for
any fixed positive integer m. This result is used in Chapter 5

when the large sample properties of the test are considered.
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CHAPTER 5
LARGE SAMPLE PROPERTIES

5.1 Large Sample Comparisons

Any comparison of the F test and the r test depends upon
the number of observations available. When there is a sufficient
number of replications in the data, of course the F test would
be preferable to use at any sample size. As discussed in Chapter
1, the F test is also preferred when the number of observations
is large, regardless of the dispersion of the data points. An
additional argument in favor of the F test for large samples is
that as the number of observations increases, the exact moments
of r under HO become increasingly expensive to compute.

When the sample size is small, problems arise in the deter-
mination of the groups of near-neighbors. Although computer
algorithms for selecting such groups are available, the criterion
for determining the best grouping often depends upon some arbi-
trary starting point - especially in a procedure which allows the
groups to form to variable sizes. With the r test this problem
is not encountered since the formation of groups is replaced by
the selection of pairs of nearest-neighbors which do not neces-
sarily have to be disjoint pairs. Since it is a straightforward
task to order all pairs, (zi’ﬁj)’ by a well-defined distance
function, determining a usable set of pairs is a simpler task.
Although some arbitrariness is introduced in deciding upon how
many pairs to include in DL’ this same type of decision is made

in forming groups for the F test.
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A meaningful comparison of the two tests should involve a
consideration of the relative power of the tests. Therefore for
small sample sizes this comparison is done by simulation of the
behavior of the test statistic under several alternative model
specifications. A description of the simulation experiment and
discussion of these results are given in Chapter 6. In the
present chapter the two tests are compared for large samples by
using the criterion as asymptotic relative efficiency (ARE) as
defined by Pitman (see Noether (1955)).

For large sample considerations it is necessary to make the

following assumptions:
) 1
limit 2X -1, (5.1.1)
e 0

where I is a fiied, finite-valued, k x k matrix, and
'

limit YZEI-IE= cz <o, (5.1.2)

n-»e
where g is the vector of nonlinear terms of model (4.1.1). Assump-
tion (5.1.1) implies that the vectors Xs5 i=1,2,*++, are increased
so that their matrix of cross-products converges to a limit. It
follows that

linit ax')" L=zl

n-—>w

Subsequently for a fixed pair, (ii ,_)gj),

2 - y 1 |
limit D (Ei,fj) limit [n(gi-ij) Cn (5&—35)]
N N

-1 .
(% -%,) "2 (X -X4)

2
8 (_&i,ggj) »  say.
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This guarantees that
chii,_agu)
limit ———d° = 0,
-0 n

Throughout the remainder of the chapter it will be implicitly

assumed that (5.1.1) and (5.1.2) are satisfied.

5.2 Asymptotic Normality of r under Pitman's Alternative

Given the two tests F and r of identical size and of the same
hypothesis, the relative efficiency of r to F is generally defined
as the ratio nF/hr, where’nr is the sample size required using test

r to give the same power as test F with sample size n In general

e
the ratio nF/nr is a complex function of the parameters of the par-

ticular alternative chosen. However in the limiting case often

this dependence can be simplified. The asymptotic relative efficiency
of r relative to F @rF) is defined by
ErF = lizit nF/nr . (5.2.1)

Suppose that the set of hypotheses to be tested is given by
Ho: v = 0 versus HA: y # 0, where Y is defined as in (4.1.1).
Consider an alternative parameter Yo which satisfies limit Yn = 0.

N

For particular forms of Yo limit nF/nr can be evaluated under
le Y =y, under certain conSZZions given by Pitman (see Noether
(1955)). The value of ErF obtained as such is considered to be a

reasonably good indication of the relative efficiency of the two

tests against local alternatives, i.e., alternatives in which the

value of y is in the neighborhood of 0. At this stage in order to '
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evaluate (5.2.1) using Pitman's theory it must be assumed that limit
tr(MPLM)Z/ZnL exists. This condition is satisfied for the r test
under certain regularity conditions on the eigenvalues of the matrix
MPLM,

One of the requirements of Pitman's theorem is that vn-r have
limiting normal distribution under both HO and Hla The demonstration
of this property is given here in considerable detail because it
illustrates the development of the regularity conditions imposed upon
the eigenvalues of MPLM, The general method of approach is that used
by Kamat (1962) to show the asymptotic normality of the mean-square-
successive-difference statistic under alternatives of serial depen-
dence. The satisfaction of the other requirements for Pitman
efficiency can be demonstrated using first order Taylor series
approximations to the first two moments of r under Hl' These are
straightforward and are omitted here. In the following derivations

it is necessary to assume that n., the number of pairs in DL’ remains

L,
proportional to n and n increases, i.e., nL/n = 0(1). The following
two normal convergence theorems are used. The proof of both theorems

are found in Hoeffding and Robbins (1948).8

Theorem 5.2.1. Let {p(n)} be a non-decreasing sequence of positive

integers approaching infinity. Let (X j’Ynj)’ j=1,2,+++,p(n), be
n
an infinite sequence of finite sequences of p(n) random variables

in R2 which are independent for each fixed n.

8See Orey (1955) for an extension of theorem 5.2.1 to sequences
of m-dependent random variables.



Suppose E(an) = E(Ynj) = 0, and.define

2-1

ey _

3 3 3
pnj = max(EIanI s EIYnj] ), and
3 pn) 4
°n © z pnj
j=1
p(n)
ey . _ .
If limit & w, . (mj))/p(n) = wy, 5
n-o j=1
and limit p_/vp(n) = 0O,
R

then the random vector

1
1 p(n) p(n)
p(n) ( = Xoso T0Y L)
j=1 ™ =1 ™

has a limiting normal distribution with mean (0,0) and variance-

covariance matrix

Theorem 5.2.2. If S and T are random variables with E(S) = SO and

E(T) = tO and if /n(S - sO) and /n(T - to) have a limiting bivariate

normal distribution with nonsingular variance-covariance matrix

a b
, then v/n(S/T - so/ty) has limiting normal distribution with
b ¢
mean 0 and variance
a 2bsO c502
7 - 7t i (5.2.2)
t t t
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Necessary for the results of this section is the following
lemma. The proof appeéré in the appendix.

Lemma 5.2.1. Let the eigenvalues of MP M be uniformly bounded for

L
all n. Then for every finite fixed positive integer m, and for
every o > 0

1+a

tr(MP M) = o(n ")
and g P g = o', (5.2.3)
The Pitman alternative takes the specific form le y2 = ¢/vn for

some 6 # 0.

In the notation of theorem 5.2.1, let p(n) = n-k and define

\)j (n) (n'k)
nj = ———z—r [WJ 2 - E(WJ 2)]
Ynj = [wj*2 - E(wj*2)].

Then under Hl’

E(an) = E(Ynj) = 0, and uiz_i(nj) are

vjz(n)cn-k)2 2
5 Var(x; (Aj))

My (ni) =
20 (2n,)

oy 2
Hgp (03D = Var(x; (xj))

) ,2
ull(nJ) vj(n) Var(x1 (Aj)), where

i . Furthermore

n-k
=t M (anp)

5 Var(w*'Vw*)



= n—k2 [2tr(MPLM)203 + ég—ngPLMggi]
(2nL) vn
Therefore
n-k n-k
Moo = limit — > ‘2 uzo(nj) ,
n--o (2nL) j=1
2..4
=S (20u) >
2 - : 2
where 8”7 = limit (tr(MPLM) / (n-k))
N>
1 n-k
Similarly -5 ?Z ull(nj)
j=1
- L [2eroe, Myo? + (0/vi) g 'MP Mg
2nL L u £ N80,
4nL(1—Dz/2n)03 ‘
= > + 0(1/v/n)
n
L
o4
Therefore “11 = Zou. Finally Ho2
1 n-k
= limit m .2 ].102(]'1])
n-><e J=1

= lizit TE%ET{Z(n_k)Oﬁ + (49/V§)nggpi]

204
u

It is well-known (see Cramer (1946), pl76) that

a+1)1/(a+1),

a 1/a
E|X|% < (E|x] a=1,2,3,¢%°,

for any random variable whose absolute moments exist. Therefore

for a = 3,
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n-k 3/4
sl ex
vk &f j=1 ™
4 v & .
But E(x_. ) <EX .) +1 for all j, n. Therefore
nj nj

n-k 4 3/4 n-k 4

I E(xn. ) < I E(Xn° ) + (n-k).

j=1 J j=1 J

Using Kolmogorov's Inequality for a = 4,

n-k 4
EEX ) <

vimyeo + 2406gfh,hf'g/¢562 +
j=1 je1 J == u

™M

1

+

\ . 2,2
48(0g'h;h, g/Vno)°]

Y

j vj4(n)[60 + 240(6gfg/¢563) + 48(6gfg/¢563)2].

i ™3

1
(5.2.4)

The values vj4(n) are uniformly bounded by some number Ays SaY-

Therefore (5.2.4) is bounded above by
4
i [60 + 240 0(vn) + 48 0(n) + (n-k)] , (5.2.5)

which is a term of order n2. Therefore

p_/Yn-k =

n

is less than a term of order n—1/6, and limit q]/Vn—k = 0. By
n

00

letting AN 1 in (5.2.5) the same procedure yields the corresponding

result for Ynj' Replacing AN by max(kN,l) in (5.2.5), it follows

that limit pn/Vn—k = 0. Therefore, under Hl’

n—r«w

1 n-k 1 n-k
z Xn" Y . is
/n-k j=1 " v/nk j=1 ™




asymptotically normally distributed with limiting mean (0,0) and
variance-covariance matrix
° 1 204
11 Y
The main result of this section is stated the the following
two theorems.
Theorem 5.2.3. Under Hl’ /ner is asymptotically normally distri-

buted with mean 1 and variance 2(S2 - 1) if the eigenvalues of

MPLM are uniformly bounded for all n.

w*'Vw* and T = !f'YEf/(n—k). Then r = S/T.

Define S = -
L
By theorem 5.2.1 /H(S-so) and vn(T - to) have an asymptotically

bivariate normal distribution where t0*= SO = 203. Therefore s

and T satisfy the conditions of Theorem 5.2.2. and vn-r has limiting .
2

normal distribution with mean 1 and variance 2(S” ~ 1)

Corollary 5.2.1. vn-r is asymptotically normally distributed under

H1 if the indices of the vectors 5i(i=1,2,---,n) are uniformly
bounded for all n.
Proof. There exists a value N such that L <N, for all i. It

follows immediately that any diagonal element of P is less than

L
N, i.e.,
r? L&
(PL)jj <N for every j=1,2,+++,n
Define
n
. = I p .
P k=1|( Ll
k#j
n
Then max p. < L6 . <N ,
j I T K TT
k#j
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1 if ﬁqj)eDL.
where §, . =
kj

0 otherwise .
By Gersgorin's Theorem {see Lancaster (1969)) every eigenvalue of

PL lies in one of the intervals

o
| A
(]

< (® j=1,2,+++,n,

L.+ P,
Ljj * P

or

o
| A
N

<N + N = 2N
—'r T T
Let xl(n) z_xz(n) > e z,An(n) be the eigenvalues of PL. By
Theorem 3.6.1,
Ai+k(n) §_vi'(n) f_xi(n) i=1,2,+++,n-k,

where vl'(n) z_vz'(n) > ees 3_vn'(n) are the eigenvalues of MPLM

arranged in decending order. Since the Ai(n)'s are uniformly
bounded by ZNr, there exists a value, AN, such that vi'(n) j_AN
for all i and for all n. Since the eigenvalues of MPLM are
bounded, the result follows from Theorem 5.2.3.

That all the conditions of this section hold for HO as well

as H1 follows immediately by letting 6 = 0 in the preceding results.

5.3 Asymptotic Relative Efficiency of r and F.

The classical lack of fit statistic developed in Chapter 1

takes the form

y'M-A)y/(n-k-a)

F (5.3.1)

y'Ay/a
where A is the idempotent matrix of rank a of the quadratic form
which represents the pure error sum of squares, y'Ay. In the usual
case of true replications A(M-A) = 0, implying that AM = A. However

this is only an approximation when near-replicates are used. To



evaluate the Pitman efficiency of r relative to F some restrictions
must be placed upon the manner in which n tends to infinity so that
the conditions are compatible with both tests.

For the r test suppose that for each fixed n the Ei's are grouped
into m(n) intervals or clusters so that (Ei’fj)eDL if and only if X
and Ej belong to one and the same cluster. Suppose for each n there

exists a dL(n) which, with D, generates this set D Furthermore,

L
it is assumed that the index of any point x is not greater than Nr
and that the proportion of points whose indices are equal to Nr
tends to one as n tends to infinity.

For the F test it is assumed that the Ei's can be grouped into
p(n) groups, Gi’ i=1,2,°++,p(n), with each Gi containing n, points
on which pure error sum of squares is computed. Suppose that
n, <Np for some Np and for all i. As was the case for the r test,
some regularity assumptions must be made concerning the noncentrality

parameters of the numerator and denominator of F for the case that

there are no replications. These are

B ' XAXB

o(a)

7

(5.3.2)
g'Ag = o(a)

Then using second order Taylor series approximations to the moments
of the F ratio, it is straightforward to show that the Pitman alter-
native hypothesis for the F test is also le Y2 = 8/v/n. The numerator
and denominator of F both have central chi-square distributions under
H_  and noncentral chi-square distributions under H

0 1

parameter of order 1/vn. Using the methods of Section 5.2, it can

with noncentrality

be shown that F is asymptotically normally distributed under both

HO and Hlb
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The ARE of r relative to F ﬁrF) in the general case is given

by (Noether (1955)):

2
-
g'Mg _.&'MPLMg 2n, . 2n; (1+2B ) ] 4n, tr (MA)
n-k 2nL(1—5272n) n-k a(1+Bn) a(n—k7I1+BnT
E . = limit = E
rF Lo [ 2 5
g'Mg ) g'Ag tr(MPLM) ] 2nL
| n-ka(l+B) 2nL(1-6772n) n-k
(5.3.3)

where Bn = §jX'AX§/aci . The term Bn appears in the expression

because the pure error sum of squares is calculated on near-repli-
cations. Using assumptions (5.1.1), (5.1.4), and (5.3.2), the limit

of expression (5.3.3) simplifies to

[?HL . 2nL ) 2nL2tr(MA{]
E_p = limit a__ n-k 5 (n-k)-a (5.3.4)
n- tr(MP M) 2n ]
A ?
2nL n-k

provided the limit exists,9 Furthermore it can be shown that

trgMA) -1 and

limit
>
2
tr(MPLM)
limit B Y = NI‘ + 1
n->e L

(see appendix for proof). In the limit 2nL/a - NrNF/(NF—l) and

ZnL/n > Nr’ therefore (5.3.4) reduces to

Nr/(NF—l) s NF >1, (5.3.5)

ng the data points are increased in the manner described, the
term ngPLMg/ZnL tends to zero by the continuity of the vector

function g'M.

L]
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where N_ is the maximum index of a point X, and Ng is the maximum
number of elements in each set Gi’ i=1,2,*--,p(n).

In the simple regression model, suppose that the Ei's are
bounded and equally spaced for each n, so that the Gi's are formed
by partitioning the range of values of x into m equal intervals.
The Gi's consist of points for which the maximum distance between
any pair does not exceed the width of a subinterval Gi' In order
to make the r test equivalent in terms of distances between pairs
of near-neighbors, the maximum value that Nr is considered to
attain is 2(NF-1), For example if each Gi contains NF points,

then a reasonable restriction is that Nr satisfies

1 <N <2(Ng-1) . : (5.3.6)
For the case N = N_ -1, E__ is 1 regardless of the value of N.
T F rF F
In general ErF satisfies
1/(NF-1) f_ErF f_NF . (5.3.7)

5.4 Selection of Pairs for DL'

The results of the previous section indicated that the ARE of
an r-type test with smaller index per point relative to the same
test with a larger index per point is less than 1. It is assumed
that the distances between all pairs in the two sets tend to zero
in the limit. This would suggest that the preferred scheme for
selecting pairs for the set DL would be to include as many pairs

as possible and specifically all pairs whose distance is less than
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the critical value dL" At the same time the index of any point
should not be allowed to become considerably larger than the

others.

Suppose r, is an r-type test statistic based upon a set of

1

near-neighbors, D., and let T, be a test statistic of the same

1

form using the same set of data points but based upon a different

set of near-neighbors D Then using the results of the previous

2
section, a comparison can be made between the two tests involving

ry and rye Let N1 be the maximum index of any point using set

D1 and N2 be the maximum index using D2. Suppose that for each

test the proportion of points whose index is less than its maximum
value tends to zero as n tends to infinity. Then the ARE of T

relative to T, reduces to

2
020 (n)
E = limit ——, (5.4.1)
12 2
n>e g0 (n)

where oloz(n) and ozoz(n) are the respective variances of the
statistic T and T, evaluatelat y = 0 for sample size n. Since
the tests are of the same form (see Noether (1955)), this simplifies

further to

N, > 0. (5.4.2)
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CHAPTER 6
RESULTS OF SIMULATION STUDIES AND APPLICATIONS

6.1 Accuracy of Approximations to the Critical Regions Under HO‘

A relatively small-scale Monte Carlo experiment was performed
to compare the behavior of the statistics r and F under HO for
small sample sizes. Variations of the following factors were taken
into account in the study.

1. sample size

2. arrangement of the data points of the independent
variable

3. magnitude of the variance of random error about the
model

4, significance level

A sequence of twenty-one sets of X values were chosen for a
sequence of regression models in two variables. The data generated
for this experiment were used to evaluate the Pearson Curve approx-
imation to the critical values of r, and to determine the amount of
error in using critical values of F assuming replications.

To generate the x vectors, initially a set of twelve equally
spaced two-dimensional lattice points was chosen. These are:

(-6, 4) (-2, 4 (2, 4) (6, 4)

(-6, 0) (-2, 0) (2, 0 (6, 0)

(-6,-4) (-2,-4) ( 2,-4) ( 6,-4)
At each of the twelve lattice points, sets of 2, 3, and 4 data
points were generated in turn, to give the three different sample

sizes of 24, 36, and 48, respectively. The values were generated
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by independently sclecting each of the two coordinates of each
vector X from a normal distribution with mean equal to the
corresponding coordinate value of the associated lattice point.
The dispersion of the xij's, which was the same for both coor-
dinates, varied from 0.0 to 1.8 in steps of 0.09 to yield the
twenty-one sets of x values.

The model used to generate the values of y under Ho was:

y; = 10.0 + 2.0 x,, + 2.0 Xps ¥ €y (6.1.1)

1i

i=1,2,*+*,n, where Ei' = (x i’XZi) represents the displ ced lattice

1
point values, and e, TIDN(O, 02). For each sample, values of

the normal deviates e, were selected by a computer subroutine which
generates random normal deviates according to a method developed

by Chen (1971). Based upon the results of several trial runs two

values of o were chosen (8.0 and 9.0).10

The pairs of points in DL were selected as follows., First

the modified squared interpoint distance, d, between two adjacent
lattice points was determined. One-half of this distance was

taken as the value of dL and the set DL* was formed as

* = N*( -
DL D* ( ’dL’ ).

The pairs in D * were then ordered according to the values of their

L

interpoint distances. The smallest n, pairs in DL* were then

chosen for the set DL' The number n, was determined by

10Reasons for selecting these particular values are discussed
in Section 6.2.
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- 1 *
np mln(mr, n, ) , where
nL* = number of elements in DL*, and
12nr(nr-1)
m, s ——,
2

with n, equal to the number of replications at each of the twelve
lattice points. The result was equivalent to choosing

DL = D(nL,dL,-), but the two stage procedure resulted in more
efficient use of computing time due to the substantial reduction
in the number of elements to be sorted. The exact moments of the
statistic r were determined in a separate computer run along with

the eigenvalues of MP_ M, and the parameters necessary for using

L
the Pearson Curve approximation for the r test. Critical values
of the r statistic were then determined for five levels of
significance (0.10, 0.05, 0.025, 0.01, 0.005) from tables of
the Pearson Curves (Johnson, Nixon and Amos (1963)).

The sets, Gi’ i=1,2,+-+,p, were formed using the pairs in
DL° The size of each Gi was set equal to n for each i and for
each set of X values. The value of p was allowed to vary over the
sets of X's. A criterion distance variable, dc, was used.
Beginning at zero, the value of dC was increased until it exceeded
the smallest interpoint distance available. These two points were
then included in G1 and the points associated with this pair were
removed from further consideration. The value of dc was increased
further until n, such points were included in G1 or until the set

DL was exausted. Then dC was returned to zero and G2 was formed

in a similar manner with the remaining points. This process yielded
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p groups. Critical values for the F test were obtained for identical
levels of significance (o) from tables in Pearson and Hartley (1966).
Results of this study are based upon 1500 samples of obser-

vations at each sample size (24, 36, and 48) and at each value of
o,. These results for a = 0.05 appear in Table 6.1.1. The entries

X

in the table represent the number of rejections of HO out of the
1500 samples of data generated under model (6,1.1).11

The number of rejections of HO for each model follows a
binomial distribution with mean no and variance na(l-a). A test for
a significant difference between the true and the estimated critical
values for both tests was made using the normal approximation. Sub-

sequently under H, the number of rejections at significance level

0
o = 0.05 should fall within the interval [57.6, 92.4] for approx-
imately 95% of the samples.

For the r test only 3 out of 126 = 21 x 3 x 2 (or 2.4%) of the
counts fell outside the interval. All three of these values occured
for samples of size 24. For the F test a total of 19 out of 126
(or 15.1%) of the counts fell outside the interval [57.6, 92.4]. A

breakdown of these values by sample size and by value of o, are

given in Table 6.1.2.

11Results for the other values of o are available from the
author.
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Table 6.1.1 Number of rejections of H, out of 1500 samples generated

0
under HO using the r test and the F test with o = 0.05.
o = 8.0
u
Test F r F F r
Sample Size 24 24 36 36 48 48
Sample Number
1 81 81 70 70 75 75
2 71 73 77 72 82 79
3 64 65 58 64 71 65
4 65 69 76 82 65 76
) 71 76 59 70 62 82
6 70 69 65 75 58 63
7 65 55 52 64 58 69
8 74 68 74 85 65 67
9 66 77 76 74 64 67
10 63 82 62 77 61 70
11 86 74 58 89 56 63
12 81 77 80 78 55 69
13 66 69 58 86 31 75
14 90 91 64 83 46 75
15 60 74 65 73 49 71
16 54 73 56 69 60 77
17 74 95 S7 67 36 63
18 65 73 49 90 42 76
19 79 76 49 78 44 70
20 67 81 60 74 64 78

21 79 81 79 81 73 78




Table 6.1.1 Continued
. =9.0
u

Test F T F T F T
Sample Size 24 24 36 36 48 48

Sample Number
1 77 78 79 79 70 70
2 63 62 77 78 73 78
3 70 71 67 64 81 83
4 82 82 78 83 71 65
5 66 68 71 72 65 70
6 68 72 74 70 57 72
7 70 63 63 69 69 72
8 60 63 70 89 64 68
9 79 83 59 75 54 66
10 63 81 82 89 67 88
11 77 64 58 84 65 83
12 87 93 72 77 47 73
13 69 69 66 74 34 78
14 74 91 69 75 54 84
15 76 92 74 85 61 64
16 62 77 69 73 68 68
17 81 68 62 77 42 77
18 71 82 58 84 65 76
19 65 69 57 72 62 83
20 66 75 59 74 45 77
21 63 75 70 63 69 73

65
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Table 6.1.2: Number of Rejection counts out of 126 Samples falling
outside the 95% Confidence Interval [57.6, 92.4] for the F test

With o = 0.05.

%y 8.0 %, 9.0 |Total
n = 24 1 0 1
n = 36 4 0 4
n = 48 8 6 14
Total 13 6 19

A simple chi-square test of independence indicates no change
in the distribution of rejections over the three sample sizes for
the two values of AR However a similar test procedure used on
the three marginal totals corresponding to the three sample sizes
indicates a significant difference. For smaller sample sizes (and
also smaller size groups of near-neighbors) the critical values of
the F test are adequate. However for n = 48 (using groups of near-
replicates of size 4) the approximation to the true critical value
is inadequate in terms of numbers of rejections falling outside

the 95% confidence interval.

6.2 Power Studies

A second simulation experiment was simultaneously conducted to
compare the power of the r test and the F test for small samples.
In terms of power, it was hypothesized that the r test would do no
better than the F test if there were replications of the independent
variable. As the data points changed from a clumped distribution

gradually to a random distribution it was assumed that the F test
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would begin to look worse either in terms of power or in terms of

the deterioration of the significance levels under H., or both. It

0
was desirable to determine if a point existed in such a sequence of
dispersions at which the r test would give better results than the

F test. For this reason relatively more consideration was given to
the arrangement of the values of the independent variable than to
variations of other parameters. Subsequently the sequence of twenty-
one sets of values of the independent variable described in the
previous section were used to form a corresponding sequence of
twenty-one regression models in two variables. The data was the

same as that used for the experiment described in Section 6.1. The
method of generating the data is described there as well as the

method for choosing D, and forming the disjoint groups for the F test.

L
The model proposed for fitting the data was

Yi T BX r By gy
i=1,++,n where €. v IIDN(0,07).

Three alternative models were selected for generating values
of the dependent variable. 1In each case the true relationship
was expressed by the addition to the basic model of Section 6.1, of
one term which was non-linear in one or more of the independent
variables. Then a simulation of random error about the model was

conducted. Two quadratic terms and one interaction term were con-

sidered, yielding the three models. Specifically, they are

2
I y; = 10.0 + 2.0x1 + 2.0x2 + 0.5x1 + My
_ 2
II Y; T 10.0 + 2.0x1 + 2.Ox2 + O.sz + My
I1I: yi = 10.0 + 2.Ox1 + 2.Ox2 + O.lex2 + My



68

For cach sample the variables u, ~ IIDN(O,OUZ) were selected by
computer as described in Section 6,1512 Simulations were done for
twvo values of , (8.0 and 9.0). Based upon several preliminary
trial runs of the simulation program it was found that these values
of 9, resulted in estimated power for both tests that was sufficiently
far from both 0 and 1 for all 63 = 21 x 3 regression models. This
allowed for meaningful comparisons of power for the two tests.
Estimates of the power of the tests were obtained from the number
of rejections of the null hypothesis out of 500 trials at each of
three sample sizes. The results of the power considerations are
presented in Table 6,2.1 for o, * 9.0. Results for o, = 8.0 are
similar in all aspects.

The results indicate that both tests are sensitive to the non-
linear alternatives. Except in only a very few cases, the estimated
power of the r test is at least as great as the estimated power of
the F test. The magnitude of the difference increases both with the
sample size and with the value of Ty the parameter representing the
dispersion of the x values, for each alternative. As discussed in
Section 6.1, this is in part due to the apparent reduction in the
actual significance level of the F test when it is based upon near-
replicates. As the values of the independent variable become more
randomly dispersed (cx increases), the power of the r test seems to
increase relative to that of the F test. However it steadily

increases up to a point about half way through the sequence, and

12 . . . X
The same random normal deviates were used in this experiment
as were used in the experiment of the previous section.




Table 6.2.1 Number of rejections of HO out of 500 samples of data
generated under models I, II, and III with du = 9.0, using the r

test and the F test with o = 0.05.

Model I II ITI
N 24 36 48 24 36 48 24 36 48
Sample
Number Test

1 T 285 460 492 73 132 191 255 465 485
F 285 484 492 72 132 191 254 465 485
2 T 274 460 489 63 139 198 233 422 490
F 278 488 490 62 144 196 228 421 489

3 T 287 451 494 77 104 196 281 383 481
F 286 472 492 82 112 189 274 380 480
4 T 299 446 494 82 140 189 249 441 479
F 299 476 493 74 137 175 246 439 475
5 T 275 443 483 69 137 179 221 431 483
F 276 484 483 66 137 159 210 427 484
6 T 281 464 487 55 113 170 221 405 472
F 276 474 478 57 103 131 213 371 462
7 T 165 420 495 62 110 185 211 385 488
F 201 422 489 69 78 169 212 326 482
8 r 200 452 472 69 126 181 168 377 475
F 167 462 466 49 80 151 138 322 459
9 T 267 362 491 72 131 176 262 376 470
F 267 329 469 52 85 132 238 286 413
10 T 257 445 489 8% 148 160 211 392 478

F 195 439 478 47 107 113 158 340 443
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Table 6.2.1 Continued

Model I 11 111
N 24 36 48 24 36 48 24 36 48
Sample
Number Test
11 T 167 450 493 56 117 236 164 398 437

F 145 450 479 47 87 124 119 328 351

12 T 249 437 497 90 87 226 247 276 475
F 210 413 465 78 59 139 192 178 402

13 T 242 430 497 143 169 312 191 400 486
F 206 313 480 100 92 157 151 283 448

14 T 169 457 494 73 135 321 191 403 451
F 119 394 458 60 69 208 139 244 266

15 T 354 236 468 74 247 240 240 308 391
F 274 220 349 77 124 182 182 247 235

16 T 305 469 452 119 313 303 196 289 448
F 217 479 360 78 222 177 110 206 339

17 T 195 495 491 61 162 276 175 439 478
F 109 484 429 36 103 173 97 328 427

18 T 159 454 500 46 185 376 112 446 488
F 113 450 485 37 131 247 57 334 431

19 T 255 433 499 121 249 338 262 455 465
F 143 350 469 91 162 214 186 334 411

20 T 342 494 4381 92 286 312 201 419 445
F 205 465 451 74 168 197 97 277 372

21 T 482 491 498 100 400 399 339 314 470
F 414 448 483 76 298 305 249 154 395
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then the power begins to vary considerably. This may be due to
the chance variation possible in the method of géneration of the
data. This trend is also evident for the F test.

The r test as well as the F test seem to be most powerful
against model I and least powerful against model II-both quadratic
models - while the interaction alternative falls between these two
in terms of power. This seems to indicate that the power for small
samples may be influenced more by the relative number of points
appearing in a line in the direction of the nonlinearity than by
the functional form of the alternative term. The quadratic term
of model I involves the variable with the lattice points having
the largest number of points in the direction of the nonlinearity,
while those of model II have the fewest number. Both tests are more
powerful for o, = 8.0 than for o, = 9.0.

The test was also compared with the usual t test by including
the nonlinear term in the model and testing that its coefficient is
zero. In nearly all cases considered the value of the power for this
test was estimated to be nearly equal to one. Subsequently the
results are not presented here. This might have been expected since
the test makes use of prior indications as to the nature of the

functional form of the nonlinear alternative.

6.3 Application of the Test Procedure

The test procedure was illustrated on a set of sociological
data. The data represent observations of five sociological charac-
teristics on 51 individual school children. The model proposed to

represent the relationship is
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+ B

+ €

Y i

i T Mt Bixgy * o ByX

21 + =ev T PaX4q

i=1,2,+++,51.

A graph was made of the smallest 5% of the pairwise distances.
There were four noticeable jump points-in the graph near the values
0.012, 0.014, 0.017, and 0.020. The value of dL was set equal to
the smallest of these points 0.012. There were 15 pairs of points
with interpoint distance less than dL° The maximum value for the index
of each point was one so that the beta bounds test procedure could
be illustrated. Thus D, was defined by DL = D(0.012, 15, 1}. This

L

yielded a total of 9 disjoint pairs in D The same nine pairs were

L
used as nine groups of two for the comparison with the F test. The

first four power sums of the eigenvalues of MP

n 13
z vis = tr(MPLM)s for s=1,2,3,4. The first four moments of r
i=1

LM are computed as

(ul,uz,us,u4) are then computed using the formulae of Section 3.4.

The Pearsonian parameters 81 and 62 are then computed as
B, = u32/u23 and
By = u4/u22 .
This yielded the values /§;-= 0.60 and 82 = 3.29 indicating a type
I, bell-shaped, (beta) approximation to the distribution of standar-
dized r. The lower 5% critical value from the tables of the Pearson
Curves is -1.44. The actual value of the statistic r and its first
two moments under HO are: r = 0.895, My = 0.996, and /ﬂ;'= 0.412.
The smallest and largest eigenvalues of MPLM are 0.0000 and
1.9999. Therefore the value of r can fall in the interval [0, 5.11].
13

A computer program for application of the test procedure is
available from the author.
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The critical value for the distribution of the non-standardized r
statistic is (-1.44)(0.412) + 0.996 = 0.403. Therefore it was
concluded that there was no indication of significant nonlinearity
in the model,

Using the beta bounds approximate test the estimated lower
critical value is the lower critical value of the random variable

rL where

r. A i‘-g- B(5/2, 41/2)

L
The lower 5% critical value for L is 0.120.
Using the F test with the assumption of replications corres-

ponds to using as an approximation for r, the distribution of Iys

where

T, i‘-g- 8(9/2, 37/2)

The lower 5% critical value of ry is 0.400. In all three tests the
assumed model cannot be rejected against any general p(9) parameter

nonlinear alternative model.
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CHAPTER 7
SUMMARY AND CONCLUSIONS

7.1 Summary and Conclusions.

The statistic r was developed for use in a test against non-
linearity of the general linear regression model. The classical
lack of fit tests usually involve the estimation of the variance
of random error about the model from observations associated with
repeated values of the independent variable. An alternative to
this procedure was developed for small to moderate sample sizes
when there are no replications at any values of the independent
variable. The alternative test is based upon the statistic r
which is a ratio of an appropriate estimate of the error variance,
to the error mean square. This estimate is the average squared
difference between residuals associated with a set of near-
neighbor pairs of the independent variable. The Mahalanobis inter-
point distance was used to determine the set of near-neighbors.

The function was expressed as the ratio of two quadratic forms
in standard normal variables and the relevant theory concerning the
exact distribution of a general statistic of this type was reviewed.
It was noted that the statistic has an asymptotically normal distri-
bution under the null hypothesis, but that the convergence to nor-
mality in general may be very slow. The exact distribution of r
was derived for several special cases. All of these involve linear
combinations of beta random variables. It was shown that when the
independent variable consists of pairs of replicates, the r statistic
can be expressed as a one-to-one function of the classical F

statistic used to test for lack of fit.
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Considerable attention was given to a review of the existing
methods for approximating the distribution of the test statistic,
since the exact expressions available are not practical for routine
application. All of these approximations involve variations of the
beta distribution. For purposes of conducting the test, it was
recommended that critical values be approximated using Pearson Curves.
The recommendation was based upon the existence of the moments or r,
and upon the fact that the availability of extensive tables allows
for the elimination of the intermediate step of determining the
specific form of the distribution function used in the approximation.
Finally it was noted that the family of Pearson Curves includes the
beta and the normal distributions.

A small scale Monte Carlo experiment was conducted to check
the accuracy of the Pearson Curve approximation at six critical
values. At the same time the significance levels of the corresponding
F test were examined. It was concluded that the Pearson Curves gave
relatively good approximations to the critical regions examined.
However the F approximation tended to have smaller tails than the
true distribution of the modified F statistic when the number of
points involved in the groups of replicates was increased.

When the proposed regression model expresses the actual relation-
ship between the variables, the expected value of the test statistic
was expressed as a simple function of the average, over the pairs of
near-neighbors, of the squared interpoint distances. Using a tech-
nique described in Durbin and Watson (1950), random variables which

bound the statistic r were derived. For certain arrangements of the
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data points, it was shown that the distribution of these random
variables could be expressed as a constant times a simple beta
distribution whose parameters do not depend upon the specific
values of the independent variables. A possible test procedure
using these results was described.

A general expression for the nonlinear alternative model was
given. Large sample conditions were derived which indicated the
behavior of the statistic r under HA’ and a method was described
to approximate the power of the test. A large sample comparison
of the test with the F test was made using the criterion of asymp-
totic relative efficiency as defined by Pitman. Considerable
attention was given to determining conditions under which the
statistic is asymptotically normal under the Pitman alternative
hypothesis. Sufficient conditions are essentially that the
eigenvalues of the matrix of the quadratic form of the numerator
of r be bounded for all n. This can be accomplished by requiring
that the index of any point be uniformly bounded for all points
as n increases. In these cases the Pitman efficiency of r relative
to F is in the neighborhood of one. When the index pairs which
overlap the boundaries of the groups of points formed for the F
test, the efficiency becomes greater than one.

As a small sample comparison, a simulation experiment was
conducted for a two-variable regression model to compare the power
of the r and F tests against alternative models containing an
additional term which is nonlinear in form. Two quadratic terms
and one interaction term were considered, yielding three alter-

natives. Results indicated that the r test is at least as
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powerful as the F test in nearly all of the cases considered.
However the simulation results also indicated that the actual
significance levels of the F test are decreased when near-
replications are used. Apparently the sensitivity of the r
test, as well as that of the F test, depended more upon the
number of points available in the direction of the nonlinear
variable than on the functional form of the alternative for

the cases considered in this experiment.

7.2 Suggestions for Future Research

Numerous problems related to the work done in this thesis
seem to deserve further consideration. This is especially true
if the r test is ever to be considered for routine use. Many of
these problems are purely computational and some are theoretical
in nature. Of major concern is the creation of the set DL‘
Subsequently the choice of the parameter dL(or NL) should be more
rigorously investigated than is done here. The computation of
moments, pairwise distances, and possibly eigenvalues prohibits the
use of the r test in large samples routinely. A study should be
made of computer methods and computational shortcuts to minimize
computer time needed for larger sample sizes. If pairwise dis-
tances are computed only for pairs of points within subsets formed
from one or two initial partitionings of the x-space considerable
computations can be saved, while sacrificing relatively few near-
neighbor pairs. Other methods similar to this may be discovered.

Although the r test is suggested for testing against alter-

natives of nonlinearity, most of the theoretical development was
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done in the framework of testing independent observations against
correlated error structures (see Anderson (1948)). The use of

the r test against such alternatives should be considered. The
sensitivity of the test to other types of misspecifications should
be examined theoretically.

A more extensive study could be made to determine the relation-
ship between the patterns of indices of the points and the patterns
of eigenvalues of MPLM for small samples. A study of the type
should be made to determine if a test procedure could be developed
which, like the beta approximate bounds test, is independent of
the actual values in the matrix X. The relative merits of pre-
choosing the indices of the points in patterns could be considered
for use in the case of data in which exact replicates cannot be
selected.

As mentioned in Chapter 1, the behavior of the r test when
used on transformed residuals should be studied. For example,
consider the BLUS residuals of Theil (1965) which are indepen-
dently distributed. Many of the problems of the r test resulting
from the dependence of the usual residuals might be avoided if
the r statistic were based upon residuals, such as the BLUS
residuals referred to in Chapter 1, which are independently dis-
tributed. This is a particularly important consideration since
the r test is recommended for small samples.

Since the r test is suitable for small samples, research
concerning the properties of the test leads itself to almost

endless possibilities for Monte Carlo studies. Studies of the
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type described in the previous sections could be extended to include
different emphases than are given here. Particularly important is
the case in which the x values have a more normal-shaped dispersion
pattern, since observations would be clumped in the center. By the
same methods, the r test could be compared with respect to sen-
sitivity and power to other tests of nonlinearity such as the Prais-
Houthakker test (1955) and Thornby's nonparametric test (1972). The
work done in this investigation is of a rather general nature, even
though numerous assumptions are made throughout. It is believed
that many useful analytical results can be obtained by considering
several more specific cases. For example interesting cases would
include alternatives of polynomial trand using equally-spaced vari-

ables or indicator variables in the simple regression scheme.
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APPENDIX
Lemma Al: Let Ii be the index of the point Xi(i=1,-°',n)o Suppose

Ii i-Nr for all i and let 2(n) be the number of points for which

I, < Nr° If limit 2(n)/n = 0, then

i
>0
. 2
tr(MPLM)
limit ————— = N_+ 1.
, 2n T
N L

Proof. Let My 3—“2 > e z_un be the eigenvalues of PL and let

Vi 2 vy > vt > v be the eigenvalues of MPLMQ Since X is of full

column rank

0 < yu.

vk <V, < UL, i=1,2,*++,n-k,

1 1

by Theorem 3.6.1. Therefore

n o, k 2 n-k 2 n-k 2
Ly, - Zwu, < I vi < Iy,
i=1 Y i=1 ' 7 i=1 i=1 7t
n o, 2 n
but I u. = tr(P;) = I I.(I.+1).
. i L . 1771
i=1 i=1

Since the indices of X, are uniformly bounded, the eigenvalues of
PL are also uniformly bounded by some value, XN’ by the definition

of PL° Therefore

n 2 n-k 9 n

LI (I.+1)-ka_ < T v, < T I,(I,+1)

. 5 101 N — . i, i

i=1 i=1 i=1
or, 2 n-k 2

(n-z(n))Nr(Nr+1)—k1N f_iilv 5_n~Nr(Nr+l)
Since (n—!L(n))Nr i.an f_nNr ,

n-k
2 z v? :

(n—l(n))Nr(Nr+1) kKN j=1 L nNr(Nr+l)

- < < - p
nNr 2nL - 2nL —-(n-&(n))Nr



: 52
o tr(MP_M) N +1
. _ &(n) Y L T

Or, (1 = )(Nr+l) 0(l/n) < 2nL i-(l-z(n)/n)

: (N_+1)
But limit (1 - 2By (N +1) = limit —% =N+ 1

n T 2(n) r

-0 nse (1 - —;——)
tr(MpLM)2
Therefore 1limit -—g———— = N_+ 1.
. 2n r
-+ L

Lemma A2. For fixed n let a(n) be the rank of the matrix A. If
a(n) is of order n, then

Limiy LE0A)

=1

oo
Proof. Let w (n) > wy(n) 2 <+ > u (n) be the eigenvalues of MA,
and let al(n) > see 3_an(n) be the eigenvalues of A. Then since

X 1s of full column rank

a g M) 2 uw(m) < e (n), i=1,2,+++,n-k,

i+k

by Theorem 3.6.1. Therefore

n n-k n
Z a,(n) < zuMm < Lo (n),
i=k+l t i=1 * i=1*

ai(n) > 0 for everyiand for all n. Since A is idempotent, the
eigenvalues of A are

1, 1, «¢+, 1, 0, 0, ¢+, 0
N s e

R
a n-a
Therefore,
a(n) n-k a(n)
I 1< 2 ui(n) < 1
isk+1 i=1 i=1
n-k

or, a(n)-(k+1)

iA
| A

pX ui(n) a(n) , implying

i=l
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Since

therefore,

1

a(n)

(k+1)

tyr(MA)

a(n) —

= 0(n),

limit
n—><e

a(n)

limit
n-ro

tr(MA)
a(n)

k+1

= 1.

<1

a(n)

0

b

and
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