
 
 

Abstract 

WU, MENGBAI. Modeling and Numerical Studies of Submicron particle Transport and 

Filtration with Monolith filters. (Under the direction of Andrey V. Kuznetsov and Warren J. 

Jasper.) 

Aerosol particle filtration is crucial for many industrial and air purification processes. Different 

types of aerosol particle filters has been developed and utilized in the past few decades.  

Monolith filter is a new type of filter that fabricated from a single piece of polymer material 

characterized with small holes on a thin film. Monolith filter has significant potential for 

submicron aerosol particle filtration, even though the filtration process with this class of filters 

has not been well studied. Modeling and analysis of transport and filtration process in monolith 

filters were studied in this thesis.   

Based on the filtration process and the repeating geometric structure of a monolith filter, a 

single channel model and a single unit model were developed respectively, where the drag 

force, electrostatic force, and Brownian motion are considered as the major forces affecting 

particle motion. Using a single channel model or a single unit model, numerical studies were 

performed with Lagrangian particle tracking methodology and a Monte Carlo simulation. 

Filtration efficiency was estimated by statistics of a group of particles. Simulation results 

clearly showed a transition of particle capture mechanism from Brownian motion to direction 

interception when particle diameter increases, resulting with a most penetrating particle size 

of 100nm to250nm.   

A single unit model was modified and improved based on the comparison with experimental  



 
 

results. The comparison suggests that the original model of Brownian force underestimated 

particle’s Brownian motion, and Van Der Waals force should be considered when a particle is 

approaching to the surface of a filter.  The improved model showed a reasonable agreement 

with experimental results. The dependency of filtration efficiency on flow rates, channel 

diameter and applied electric charge on the filter were studied with the improved model.  

A preliminary dimensionless study was performed. While an interception parameter 

characterizes the particle capture due to direct interception, two dimensionless parameters, 

dimensionless Brownian force and dimensionless electrostatic force, were derived from the 

dimensionless form of the particle motion equation to characterize the particle motion due to 

Brownian diffusion and electrostatic force. Simulations suggests that these two dimensionless 

parameters cannot determine the capture efficiency by themselves.  However, it was verified 

that particle capture due to Brownian diffusion inside a circular channel is dependent on a 

deposition parameter. Comparison between numerical simulations and traditional asymptotic 

solutions show that the traditional asymptotic solutions underestimates the filtration efficiency. 

 

 

  



 
 

 

 

 

 

 

 

 

 

 

 

© Copyright 2013 by Mengbai Wu 

All Rights Reserved 

 

 

 

  



 
 

Modeling and Numerical Studies of Submicron particle Transport and Filtration with 

Monolith filters 

 
 

by 

Mengbai Wu 
 

 

 

A dissertation submitted to the Graduate Faculty of 

North Carolina State University 

in partial fulfillment of the 

requirements for the degree of 

Doctor of Philosophy 
 

Mechanical Engineering 

 

Raleigh, North Carolina 

2014 

APPROVED BY: 

 

 

_______________________________                        _______________________________ 

Dr. Andrey V. Kuznetsov                                                Dr. Warren J. Jasper 

    Committee Co-Chair                                                     Committee Co-Chair 

 

 

 

_______________________________                   ______________________________ 

   Dr. Alexei V. Saveliev                     Dr. Hassan A. Hassan 

 

 



ii  
 

Biography 

Mengbai Wu was born on April 22th, 1983, in Guizhou, China. After graduating from high 

school, he was admitted to Tsinghua University, Beijing, and studied in the Department of 

Engineering Mechanics, School of Aerospace. He received his bachelor’s degree in 2005 and 

continued his study and research at the Institute of Nuclear and New energy Technology of 

Tsinghua University.  He obtained a Master of Science with his research on thermo-hydraulic 

process analysis of High Temperature Gas-cooled nuclear Reactor (HTR).  He came to North 

Carolina State University in 2008 and started his doctoral program under the mentorship of Dr. 

Andrey Kuznetsov from Department of Mechanical and Aerospace Engineering and Dr. 

Warren Jasper from College of Textiles.  He participated in several research projects with a 

focus on numerical studies of fine aerosol particle transport and filtration phenomena in 

advanced filtration systems.  

  



iii  
 

Acknowledgments 

First of all, I would like to express my deepest gratitude to Dr. Andrey Kuznetsov and Dr. 

Warren Jasper for their excellent guidance of my research and studies in the past five years. 

Dr. Kuznetsov and Dr. Jasper provided various intelligent ideas for my research; their advice 

was crucial for me to proceed my research step by step. They also helped me to get through all 

the difficulties I encountered. Their profound knowledge and wisdom deeply influenced me. 

Their expertise and patience are the reasons that I can finish this thesis.  

I would also like to thank Dr. Alexei Saveliev and Dr. Hassan Hassan to be my committee 

member. Dr. Hassan’s class was one of the most influential classes I have ever taken. He 

always reminds me the importance of being humble and being prepared. Dr. Saveliev provided 

numerous help throughout my doctoral career. I enjoyed every moment working with him. Dr. 

Hassan and Dr. Saveliev both provided insightful opinions about my research and studies. 

Their advice are sincerely appreciated.  

To Srinivasan Rasipuram and Nathan Johnson, Thank you both for your hard work on 

experimental testing and measurements.  

To my parents, for their unconditional support.  

  



iv 
 

Table of Contents 

List of Tables ......................................................................................................................... vii  

List of Figures ....................................................................................................................... viii  

Chapter 1: Introduction  ......................................................................................................... 1 

1.1 Traditional aerosol filters ................................................................................................ 1 

1.2 Monolith filter ................................................................................................................. 4 

References ............................................................................................................................. 7 

Chapter 2: Particle properties and tracking methodology ................................................. 9 

2.1 Particle properties ............................................................................................................ 9 

2.1.1 Particle charging properties ...................................................................................... 9 

2.1.2 Particle adhesion properties .................................................................................... 11 

2.2 Particle tracking methodology ....................................................................................... 13 

2.2.1 Particle capture mechanism .................................................................................... 14 

2.2.2 Lagrangian particle tracking technique ................................................................... 26 

2.3 Particle filtration efficiency and quality factor of filter ................................................ 32 

References ........................................................................................................................... 34 

Chapter 3: A single channel model of a monolith filter .................................................... 36 

3.1 Geometric description ................................................................................................... 36 

3.2 Simulation setups .......................................................................................................... 37 

3.2.1 Flow field ................................................................................................................ 37 

3.2.2 Electric field ............................................................................................................ 42 

3.3 Simulation results and discussions ................................................................................ 45 

 

 



v 
 

3.3.1 Single Particle Simulation....................................................................................... 45 

3.3.2 Filtration efficiency’s dependence on particle size ................................................. 50 

3.3.3 Captured Particle Deposition .................................................................................. 55 

3.4 A preliminary dimensionless study of single channel model ........................................ 60 

3.4.1 Dimensionless parameters derived from particle motion equation ......................... 60 

3.4.2 Particle deposition parameters for Brownian motion ............................................. 67 

References ........................................................................................................................... 77 

Chapter 4: Single unit model and experimental comparison ........................................... 80 

4.1 Model description .......................................................................................................... 80 

4.2 Experiment configurations ............................................................................................ 83 

4.3 Numerical model and Simulation setups ....................................................................... 87 

4.3.1 Flow field ................................................................................................................ 88 

4.3.2 Electric field ............................................................................................................ 90 

4.4 Experimental comparison and Model improvement ..................................................... 93 

4.4.1 Model validation ..................................................................................................... 94 

4.4.2 Comparison between numerical and experimental results ...................................... 97 

4.4.3 Model modification and results discussion ........................................................... 105 

4.4.4 Discussion about quality factor ............................................................................. 112 

4.5 Extended studies with one single unit model .............................................................. 113 

4.5.1 Effects from Flow rates ......................................................................................... 113 

4.5.2 Effects from Channel diameters............................................................................ 114 

4.5.3 Effects from electrical charge on the filter ........................................................... 117 

References ......................................................................................................................... 120 

 

 



vi 
 

Chapter 5: Conclusion and future work ........................................................................... 122 

5.1 Conclusions ................................................................................................................. 122 

5.2 Future work ................................................................................................................. 124 

Appendix .............................................................................................................................. 125 

Appendix A: Calculation of Electric field inside a hollow cylinder ................................. 126 

References ......................................................................................................................... 129 

Appendix B: Derivation of dimensionless form of particle motion equation ................... 130 

References ......................................................................................................................... 133 

Appendix C: Pressure loss in a fully developed circular micro-channel flow .................. 134 

References ......................................................................................................................... 137 

 

  



vii  
 

List of Tables 

Table 3.1 Knudsen number regimes ....................................................................................... 38 

Table 3.2. Model parameters for single channel model .......................................................... 46 

Table 3.3 Comparison between single fiber and single channel capture efficiencies ............ 55 

Table 3.4: Simulation parameters used for verification of deposition parameter ................... 73 

Table 4.1: Experimental equipment ........................................................................................ 85 

Table 4.2: Comparison between Experimental study and Modeling study in this paper ....... 98 

Table 4.3: Parameters for experiments and simulations ......................................................... 99 

 

 

  

  



viii  
 

List of Figures 

Figure 1.1: SEM scan of a section of fibrous filter (Source: http://www.classicfilters.com) ... 2 

Figure 1.2: SEM scan of a section of porous foam filter (source: 

http://acsmaterial.com/product.asp?cid=99&id=126) .............................................................. 3 

Figure 1.3: SEM scan of monolith filter (Hole diameter = 650 nm ) ...................................... 4 

Figure 1.4: Schematic of monolith filters (where an aerosol flow is filtered in circular 

channels) ................................................................................................................................... 5 

Figure 2.1: Illustration of direct interception .......................................................................... 15 

Figure 2.2: Illustration of inertial impaction ........................................................................... 17 

Figure 2.3: Illustration of a particle’s motion due to Brownian motion ................................. 19 

Figure 2.4: Illustration of particle capture due to Brownian diffusion ................................... 20 

Figure 2.5: Illustration of particle capture due to electrostatic force ...................................... 22 

Figure 3.1: Flow regimes characterized by Knudsen number ................................................ 38 

Figure 3.2: Flow field in a circular channel with 2   and  10f fd m L mm m= =  ....................... 41 

Figure 3.3: Velocity profile comparison in the channel with 2   and  10f fd m L mm m= =  .... 42 

Figure 3.4: Electric field calculation model ............................................................................ 43 

Figure 3.5: Electric field magnitude distribution in the r Z-  plane ...................................... 44 

Figure 3.6: 0.05 mm  particles trajectories with Brownian motion and drag force ................. 47 

Figure 3.7: 0.30 mm  particles trajectories with Brownian motion and drag force ................ 47 

Figure 3.8: 0.05 mm  particles trajectories with electrostatic force and drag force ................ 48 

Figure 3.9:  0.30 mm   particles trajectories with electrostatic force and drag force .............. 49 

Figure 3.10:  Particles’ initial positions at the inlet ................................................................ 51 

 

 



ix 
 

Figure 3.11: Single channel filtration efficiency vs. particle diameter ................................... 53 

Figure 3.12: Histogram of probablity of particle deposition in each section.......................... 56 

Figure 3.13: Probability of capture in the first ten percent of the channel length vs. particle 

diameter................................................................................................................................... 57 

Figure 3.14: Particle deposition distribution of 0.04 mm  partifcles ........................................ 58 

Figure 3.15: Particle deposition distribution of 0.10 mm  partifcles ........................................ 59 

Figure 3.16: Particle deposition distribution of 0.17 mm  partifcles ....................................... 59 

Figure 3.17: Filtration efficiency vs. Peclet number (Channel diameter 2fd mm= ; Channel 

length 10L mm= , Particle diameter 50pd nm=   ) ................................................................. 64 

Figure 3.18: Filtration efficiency vs. Dimensionless Electrostatic force (Channel diameter 

2fd mm= ; Channel length 10L mm= , Particle diameter 50pd nm= ) .................................. 65 

Figure 3.19: Comparison between Equations 3.23 to equation 3.26 ...................................... 72 

Figure 3.20: Comparison between Simulation group one and group two .............................. 74 

Figure 3.21: Comparison between numerical simulation and solution from equation 3.26 ... 75 

Figure 3.22: Filtration efficiency vs. Deposition parameter f ............................................... 76 

Figure 4.1: SEM image of a monolith filter ............................................................................ 81 

Figure 4.2: Illustration of a single unit model......................................................................... 81 

Figure 4.3: Single unit model: type I ...................................................................................... 82 

Figure 4.4: Single unit model: type II ..................................................................................... 83 

Figure 4.5: Flow chart of experimental apparatus .................................................................. 85 

Figure 4.6: Geometry and flow boundary conditions for a single unit cell ............................ 88 

Figure 4.7: Flow filed represented by streamlines .................................................................. 90 

Figure 4.8: Two cases of the electrostatic charge on the filter ............................................... 91 

 



x 
 

Figure 4.9: Electric field magnitude contour in the r Z-  plane (Case one: Uniform charge on 

the filter surface) ..................................................................................................................... 92 

Figure 4.10: Electric field magnitude contour in the r Z-  plane (Case two: Ring of charge 

on the edges of filter channels) ............................................................................................... 93 

Figure 4.11: Particle captured on the front face (Scenario i) .................................................. 95 

Figure 4.12: Particle captured on the inside surface of the channel (Scenario ii) .................. 95 

Figure 4.13: Particle exiting the channel (Scenario iii) .......................................................... 96 

Figure 4.14: Geometry and Boundary condition of a Four channel model ............................ 96 

Figure 4.15:  Experimental results: Particle Diameter vs. Capture efficiency for 8.2 mm  thick 

filter ....................................................................................................................................... 100 

Figure 4.16:  Experimental results: Particle Diameter vs. Capture efficiency for 13.5 mm  

thick filter .............................................................................................................................. 101 

Figure 4.17: A diagram showing initial positions of the injected particles .......................... 103 

Figure 4.18: Comparison with 8.2mm  thick filter, critical distance for particle capture = 

0.5 pd  ..................................................................................................................................... 104 

Figrue 4.19: Comparison with 8.2 mm  thick filter, Brownian motion model constant 

4.5bC =  critical distance for particle capture 0.7 pd  ............................................................ 108 

Figrue 4.20: Comparison with 13.5 mm  thick filter, Brownian motion model constant 

4.5bC =  critical distance for particle capture 0.7 pd  ............................................................ 109 

Figure 4.21: Simulation results: comparison between 8.2 and 13.5 mm  thick filter ........... 110 

Figure 4.22:  Final positions of captured particles in an 8.2 mm  thick filter (particle diameter 

= 50 nm ) ............................................................................................................................. 111 

Figure 4.23: Quality factor comparison between an 8.2mm and 13.5 mm thick filters ......... 112 

Figrue 4.24: Capture efficiency of 8.2 mm thick filter for different flow rates .................... 113 

Figure 4.25: Capture efficiency vs. channel diameter (under the same flow rates for all 

channel diameters) ................................................................................................................ 115 

 



xi 
 

Figure 4.26: Capture efficiency vs. particle diameter (Under the same flow rate with different 

channel diameters) ................................................................................................................ 116 

Figure 4.27: Capture efficiency vs. particle diameter with electrostatic force on the particles

............................................................................................................................................... 119 

 



1 
 

Chapter 1: Introduction  

Separation of fine aerosol particle from suspending fluid is crucial for both industrial processes 

and human respiratory processes. To meet the requirement of high filtration efficiency with a 

compact filter structure, various efforts were made to improve the design and utilization of 

aerosol particle filtration systems. Using advanced fabrication techniques, a monolith filter was 

fabricated with same-sized channels from a single piece of polypropylene film. Monolith filters 

possesses an excellent potential for fine aerosol particle filtration with a small pressure loss. In 

this chapter, traditional aerosol particle filters were reviewed briefly, followed with an 

introduction of monolith filters and the main objective of the research.   

1.1 Traditional aerosol filters   

Aerosol particles, defined as a suspension of solid or liquid particles in gas, are produced in 

both natural and artificial ways. The removal of aerosol particles from air is important for many 

processes. Typical aerosol particles such as smoke and pollen, as well as bioaerosol such as 

viruses and bacteria, can be hazardous to the environment and human health.  In the past few 

decades, many different filtration systems were developed to meet different filtration 

requirements, within which fibrous filters, porous foam and membrane filters, granular 

filtration systems and electrostatic precipitator are widely used for submicron filtration.  

Fibrous filters are fibers in an open three-dimensional network, where the fibers are arranged 

more or less normal to the flow direction. A scanning electron microscopy of a section of  
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fibrous filter is shown in figure 1.1. 

 

Figure 1.1: SEM scan of a section of fibrous filter (Source: http://www.classicfilters.com)  

The space between fibers are normally quite large compared to the particle size. As gas passes 

through the filter, the particles can be collected on the surface of fibers due to different capture 

mechanisms. The thicker the filer is, the less chance of particle penetration. The diameter of 

the fibers in a fibrous filter ranges from a few microns up to 200 microns.  

As the most common high efficiency particle filter, fibrous filters were thoroughly studied both 

experimentally and theoretically. Davis [1] and Brown [2] reviewed the most important problems 

for fibrous filtration.   Previous studies of submicron particles in fibrous filters led to the 

establishment of the single fiber filtration theory [3, 4].  Studies of particle capture from low-

speed laminar flow around a cylindrical fiber was reviewed by Spielman [5].    
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Yeh et al. [6] and Shapiro [7] were the first to perform the theoretical studies of submicron fibrous 

filters. Oh. et al. [8] numerically studied collection of submicron particles in a unipolar charged 

fiber. Decades of research about fibrous filter culminate in the establishment of a single fiber 

theory which included the main particle capture mechanism. Based on the flow field inside a 

cellular model proposed by Kuwabara [9], single fiber theory managed to build the dependency 

of filtration efficiency on various dimensionless numbers [10].  

Porous foams and membrane filters are non-fibrous depth filters. The filter has a continuous 

internal structure, which makes it easier to remove the dust from the filter. Figure 1.2 is a SEM 

image of a porous foam filter.  

 

Figure 1.2: SEM scan of a section of porous foam filter (source: 

http://acsmaterial.com/product.asp?cid=99&id=126) 

 



4 
 

Porous foam and membrane filters consist of the non-uniform channels and pores with variety 

of sizes linked inside the filter surface. Studies of porous foam was reviewed by Lefebvre [11], 

and studies about membrane filters were reviewed by Cicek [12] and Van Reis [13].   

1.2 Monolith filter  

Monolith filters, which are comprised of a thin film with small channels or holes arranged in a 

defined pattern exhibit different structures and flow patterns compared to fibrous filters and 

membrane systems. The monolith filter shown in figure 1.3 was manufactured with a spin 

coating system with polypropylene film on silicon wafer.  

 

Figure 1.3: SEM scan of monolith filter (Hole diameter = 650 nm )  

As a new type of filter, the studies about monolith filters are quite limited, and there is little 

published research on submicron particle filtration through monolith filters. Based on the  
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studies of submicron particle transport and filtration under difference conditions, and the 

micron-sized geometry of monolith filter. It was reasonable to adopt particle tracking 

methodology to study particles behavior through a monolith filter. Figure 1.4 is a 

representation of particle transport through a monolith filter.  

 

Figure 1.4: Schematic of monolith filters (where an aerosol flow is filtered in circular 

channels)  

Previous work on the filtration of submicron particles suggests a way to combine Brownian 

motion, the electrostatic force and the drag force together with Lagrangian particle tracking 

methodology to predict the behavior of moving particles. Lagrangian particle tracking 

methodology was used by many previous researchers. Li and Ahmadi [14, 15] studied particle 

transport form a point source in a turbulent channel flow. He and Ahmadi [16, 17] studied particle 

deposition with thermophoresis in laminar and turbulent duct flows. Soltani and Ahmadi [18] 

studied charged particle dispersion and deposition in a turbulent flow.  
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Kim and Zydney [19, 20, 21] studied normal flow filtration in a membrane system. The above 

studies succefully used particle tracking methodology to analyze particle behavior under 

certain flow conditions. The objective of this thesis, accordingly, is to take advantage of the 

Lagrangian particle tracking method, and perform studies of particle transport in a monolith 

filter, and the filtration performance of a monolith filter.  
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Chapter 2: Particle properties and tracking methodology 

In this chapter, basic properties of submicron aerosol particles are introduced, and the 

methodology used for particle tracking is described. The study of particle filtration is based on 

the calculation of particle trajectories, which treats aerosol particles separately. To 

quantitatively describe the motion of a single particle, assumptions were made to simplify the 

physical and mathematical model. It is important to interpret the basic properties of aerosol 

particles because these properties determine if the assumptions about particles are reasonable, 

and provide the basic guides to analyze particle behavior.   

2.1 Particle properties 

2.1.1 Particle charging properties 

Due to the presence of the electric field on fibers and membranes, it is important for us to 

consider how many charges a particle carries. Charge on an aerosol particle can take a wide 

range of values depending on the circumstances. Particles formed as a result of condensation 

tend to have relatively low levels of charge, while particles produced by evaporation may be 

highly charged.  

All neutral or artificially generated aerosols are to some extent charged electrically. The 

electric charge maybe acquired by unipolar ions generated by corona discharge, or gaseous 

ions produces by high temperature, such as flame charging, or ions that are commonly present 

in atmosphere.  
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There are fundamental limits on the amount of net charge on a particle with a given size.  

The upper limit of electrical charge carried by a particle corresponds to the surface electric 

field equals to breakdown electric field of normal air. For a spherical particle, the limiting 

charge is given by the equation [1]: 

2

4

L p

p

E d
n

e
=  (2.1) 

where LE  is the surface field intensity at which emission of electron or ions will occur, pd  is 

the particle diameter and e is elementary unit of charge. The electric field at a distance r  from 

a particle with charge q  is: 

2

04
q

q
E

rpe
=  (2.2) 

where qE  is the magnitude of electric field, 0e is the permittivity of free space. Choosing 

63 10 /LE V m= ³  [2], the maximum charge on a particle is estimated as: 

2

530
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n

mm

å õ
º æ ö

ç ÷
 (2.3) 

Highly charged particles normally are charged by a unipolar ions due to a combination of 

diffusion charge and field charge mechanisms. However, in a natural environment, the charge 

on an aerosol particle is generally much smaller. The electric charge on naturally occurring 

aerosol particles follows a Boltzmann charge distribution, which is the charge distribution 

where the particle’s electrostatic energy has the same order of magnitude with particle’s kinetic  
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energy. The evaluation of the average particle charge is evaluated by: 

2

0

1

4 2
B

p

q
k T

dpe
=  (2.4) 

where Bk  is Boltzmann constant and T  is absolute temperature. Taking 300T K=  the 

average charge on a particle with Boltzann equilibrium distribution is [3]: 

1/2
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d
n

mm

å õ
º æ ö

ç ÷
 (2.5) 

The Boltzmann charge distribution represents the charge distribution of an aerosol in 

equilibrium with bipolar ions. Hinds [3] pointed out that equation 2.5 provides an accurate 

estimation for particles larger than200nm. Equation 2.3 and equation 2.5 are used widely as 

the upper and lower limit of electrical charge on an aerosol particle.   

2.1.2 Particle adhesion properties 

For a filtration problem, a particle’s interaction with the surface of a filter is important. 

Generally, it is assumed that aerosol particles adhere to the surface of a filter on contact. 

However, the problem of adhesion or bounce is complicated.  

Whether or not a deposited particle detaches itself from the surface is determined by the 

relative magnitude between the adhesive forces and the detachment forces. The main adhesive 

forces are Van der Waals force, electrostatic force and capillary forces, which is from the 

surface tension of liquid films [4]. Electrostatic forces between a particle and a surface occurs 

only when the particle is charged before contacting the surface. For a particle which carries 
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only a few unit charges, the electrostatic force is much smaller than Van der Waals force [5] 

and thus can be neglected.  

Van der Waals force is the most important adhesive force for dry filters. Van der Waals force 

between a particle and a flat surface is calculated as [3]: 

212

p

vdw

Ad
F

z
=  (2.6) 

where vdwF  is Van der Waals force, A  is the Hamaker constant, which is normally in the range 

of 20 1810 10 J- -- , and z  is the minimum separation distance.    

The detachment of particle is generally due to gravitational, vibrational or centrifugal forces. 

From equation 2.6, Van der Waals force is proportional to particle diameterpd , while 

gravitational force is proportional to
3

pd  , and vibrational and centrifugal are proportional to
2

pd . 

The above relations suggests that the smaller the particle is, the more difficult for a particle to 

escape from the surface.  

Particle bounce from the surface is determined by the relative magnitude between the rebound 

energy and the adhesion energy. The main rebound energy would be the kinetic energy of the 

particle before contacting the surface. The kinetic energy required for bounce to occur is given 

by Dahneke [6], as: 

2

2

1

2

p e

e

d A r
KE

x r

-
=  (2.7) 
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where KE  is required kinetic energy of a particle, x  is the separation distance, and er  is the 

coefficient of restitution normally ranging from 0.73 to 0.81[7].   

Given 0.4x nm=  , 0.80er = , 2010H J-= , for a particle with a diameter of 100nm and the 

particle density is 
31000 /kg m , the estimation of required kinetic energy is 180.7 10 J-³ , which 

correspond to a particle velocity of 5.17 /m s. Due to vicious effects, generally a particle 

doesn’t obtain a velocity large enough to rebound. Aerosol particles attach to the surface upon 

contact is one of the characteristics that distinguish aerosol particles from free molecules and 

millimeter-sized particles.   

2.2 Particle tracking methodology 

Briefly, Lagrangian particle tracking method calculates the trajectory of each single particle 

and records the initial and final locations of particles. Most traditional multiphase flow studies 

consider the particles as a continuum. Thus, the computing cost could be enormous if particles 

are considered separately.  However, for a typical channel on monolith filter, it is common that 

the channel size is comparable to the particle size. In this case, it is not reasonable to study the 

particles as a continuum, rather than to treat the particles separately. In this section, I firstly 

reviewed the main particle capture mechanisms, and then provided the mathematical 

description of the particle tracking methodology. This particle tacking methodology was used 

for the analysis in chapter 3 and chapter 4 as the main analyzing tool of this thesis.   
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2.2.1 Particle capture mechanism 

Experimental measurements with fibrous filters have validated the fundamental theories about 

aerosol particle filtration. There are various mechanisms by which a filter can capture a particle 

from a moving aerosol stream. However, in most cases we can characterized the capture 

mechanism into two main categories, which are particle capture by mechanical means and 

particle capture by electrostatic means. Filtration by mechanical means includes direct 

interception, inertial impaction, and Brownian diffusion. For large particles, gravitational 

settling is another main mechanical mechanism of particle capture. By applying proper electric 

field or electrically charging particle and filter, the attraction between particles and the filter is 

beneficial for filtration enhancement. When either particle or the filter is charged, the overall 

filtration of particles will include filtration by electrostatic means. In this section, a brief 

introduction of main capture mechanisms are covered and each main capture mechanism 

physically explained.  

2.2.1.1 Direct interception 

Direct interception occurs when a particle is subject to neither inertial nor diffusive motion, 

and the particle is not responding to any external force. In this situation, a particle would follow 

a streamline that happens to come in contact with the filter surface. Figure 2.1 shows the 

illustration of direct interception for a particle captured by a cylindrical fiber.  
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Figure 2.1: Illustration of direct interception 

Direct interception is the capture mechanism simply due to the finite size of the particle itself. 

The particle is assumed to follow the streamline perfectly. Direct interception is the only 

mechanical capture mechanism that is not a result of the particle deviating from its original 

streamline, and the capture of particle due to interception can be described entirely with the 

flow field. An interception parameter [3], which is defined in equation 2.8, is normally 

considered to be the dependent variable to quantitatively describe the filtration due to 

interception.   
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where pd  is the diameter of the particle, and cd  is a characteristic length of the filter. For 

fibrous filter, this characteristic length is the diameter of a single fiber fd  . It is self-evident 

that bigger interception parameter associates with higher filtration efficiency.   

2.2.1.2 Inertia impaction  

Due to inertia, an aerosol particle may not be able to follow the streamline under the condition 

when the flow’s direction is changing, such as diverging and converging.  When the viscous 

effect from the fluid is not strong enough to keep the particle’s motion along the streamline, a 

particle deviates from the streamline and can possibly impact with the filter. This mechanism 

is called inertial impaction. How a particle reacts to a change in flow direction depends upon 

the inertia of the particle and the drag force from the fluid. A massless particle with no inertia 

will follow the streamline, while a heavy particle tends to move with its original velocity. 

Figure 2.2 illustrates the situation when a particle is captured by a cylindrical fiber due to 

inertial impaction. As shown in figure 2.2, instead of following the streamline, the particle 

moves with the dotted line and contacts with the fiber due to a gradually deviation from the 

streamline.  
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  Figure 2.2: Illustration of inertial impaction 

Relaxation time is a common parameter that is used to characterize particles inertia, and 

stopping distance is the distance that a particle travels before sharing the same velocity of the 

fluid. Relaxation time and stopping distance are defined as [3]: 

R pm Bt=   (2.9) 

stop 0Rd Ut=   (2.10) 

where 
Rt  is the relaxation time, pm  is the mass of the particle, stopd  is the stopping distance, 

0U  is filtration velocity, which is normally the mean velocity of the injecting flow, and B  is 

the mechanical mobility of the particle which is defined in equation 2.11 for an aerosol particle. 

Gas streamlines 

Fiber Aerosol particle 
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3

c

p

C
B

dpm
=   (2.11) 

where cC  is Cunningham correction factor, m is kinetic viscosity of the fluid.  

Relaxation time is related to the particle’s inertia, a short relaxation time implies a low particle 

inertia and a long relaxation time implies high particle inertia. In studies of particle filtration 

due to inertial effects with fibrous filters, it is commonly understood that the Stokes number is 

the dimensionless parameter that characterizes inertial impaction. The Stokes number is 

defined as the ratio of particle stopping distance to the characteristic length of the filter, as 

shown in equation 2.12 [3].  

2

0 0
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U d C U
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d d

t r

m
= =   (2.12) 

where St  is the Stokes number, and pr  is the density of the particle. The Stokes number 

characterizes particle deposition due to inertial effects. A smaller stokes number implies 

smaller inertial effects while a larger Stokes number implies stronger inertial effects. When the 

Stokes number is close to zero, a particle follows the streamlines. As the Stokes number 

increases, a particle starts to diverge from streamlines.  Whether stronger inertial effects result 

in a higher filtration efficiency depends on the geometry of the filter.  

2.2.1.3 Brownian Diffusion 

When a fine particle is suspended in a fluid, the impact from the surrounding gas or liquid 

molecules causes the instantaneous momentum of the particle to change randomly, and thus  
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causes the particle to move in a random path. This random motion of fine particles in a medium 

is called Brownian motion. Figure 2.3 illustrates the Brownian motion process of a single 

particle. In this figure the dotted lines are a possible path of the moving particle (blue sphere). 

Yellow scattered spheres are free molecules of the medium.  

 

 

Figure 2.3: Illustration of a particle’s motion due to Brownian motion 

Brownian motion is known to be significantly beneficial for submicron particle filtration. 

When a particle flows with a fluid, Brownian diffusion will cause the particle to randomly 

deviate from the streamline, and impact with a solid surface. Figure 2.4 illustrates a possible 

case when a particle contacts the surface of a cylindrical fibrous filter due to Brownian 

diffusion.  
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Figure 2.4: Illustration of particle capture due to Brownian diffusion 

Particle capture due to Brownian motion diffusion depends on both the diffusion properties of 

the particle as well as the flow condition. In the theories about filtration with fibrous filters, it 

is usually considered that Brownian diffusion is governed by the particle’s Peclet number, 

which is defined as: 

0cd U
Pe

D
=   (2.13) 

where Pe is Peclet number, D  is the coefficient of diffusion of the particles.  

3

B c

p

k TC
D

dpm
=   (2.14) 

where 
231.38 10 /Bk J K-= ³  is Boltzmann constant, and T  is absolute temperature.  
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From above equation, it is evident that capture due to Brownian motion is dependent on the 

geometry of the filter (fiber diameter fd ), flow condition (free filtration velocity 0U ) and the 

diffusion properties of the particle itself (coefficient of diffusionD ). 

For a small particle, the effect of momentum transfer between the particle and free molecules 

is relatively stronger compared to bigger particles. This means smaller particles are more 

diffusive compared to bigger particles. So for submicron aerosol particles, Brownian motion 

is a main capture mechanism. When the Peclet number is close to zero, it means the particle is 

very diffusive (with a large D  ), or the filter is very small (with a small fd  ), or the flow is 

very weak (with a small 0U  ). In above situations, it is evident particle capture will be easier, 

resulting in a higher filtration efficiency. With the increase of the Peclet number, the filtration 

due to Brownian motion gets smaller.  

2.2.1.4 Electrostatic attraction  

Besides capturing particles by mechanical means, another main submicron particle capture 

mechanism is electrostatic attraction. Electrostatic attraction takes effect when there are 

electric charges on the filter or the particles, or both. An electrically charged filter attracts both 

charged particles and neutral particles. Aerosol particles are capable of carrying electric 

charges. When a charged particle moves in the presence of an external electric field, the 

electrostatic force on the particles can be much greater than other external forces, and thus 

become the dominant mechanism that governs particle motion.  Figure 2.5 illustrates that a 

charged particle being captured by a charged cylindrical fiber.  In Figure 2.5, it is assumed the  
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filter is positively charged and the particle is negatively charged.  

 

Figure 2.5: Illustration of particle capture due to electrostatic force 

Electrically charged filters or particles have proved to be an excellent way to augment filtration 

efficiency. Another advantage of a charged filter is that the electric field doesn’t introduce 

additional flow resistance, and thus can enhance any filtration scenario along with filtration 

with mechanical means. Filtration systems such as electrostatic precipitators are commercially 

used to maximize particle deposition and filtration. 

The electrostatic force between a particle and a filter is a mixture of different mechanisms. A 

charged particle is attracted to an oppositely charged filter by Coulomb attraction. An 

uncharged particle can also be attracted to a charged filter. The electric field emanating from  

+ 

Aerosol particle 

Fiber 

Gas streamlines 

- - - - - - - 
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the charged filter polarizes the particle and induces an electric dipole. The strength of this 

dipole depends on the size of the particle and its dielectric constant. If the electric field is not 

uniform, the attractive forces on the particle are different and result in a net force on the particle.  

Charged or not, a particle always experiences polarization when subjected to a non-uniform 

electric field. Moreover, a charged particle can be attracted to an uncharged filter as well by 

an image force. The charged particle induces an equal and opposite image charge in the filter. 

Generally, polarization forces and image forces are weaker than Coulomb forces, and therefore, 

when both the filter and particles are charged, only Coulomb force is considered.   

The charging properties of particles are discussed in section 2.1.2. The charge on a filter can 

be permanent or temporary, or sometimes the electric field can be applied nearby the filter 

without charging the filter itself. There are three main principal charging processes: 

triboelectric charging, corona charging and charging by induction. In corona charging. a point 

electrode at high electric potential emits ions of its own sign, and those ions will drift from the 

electrode under the influence of the electric field to a collecting surface with lower electric 

potential, and thus accumulate on the surface of the filter material.  

Particle capture due to electrostatic force is usually difficult to quantify because it requires the 

knowledge of the charge distribution on the filter and the charges on the particles. One of the 

largest challenges in the numerical studies of particle capture due to electrostatic mechanism 

is perhaps how to realistically model the charge distribution on a filter. Knowing the net or 

bulk charges is not sufficient to model the behavior of an electrostatically charged filtration 

system. And so, a uniform charge distribution is usually assumed. A uniformly charged  
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cylindrical fiber and a sphere were both studied analytically to quantify the filtration due to 

electrostatic attraction. However, the actual charge distribution on a filter is not usually 

uniform. One way to measure the actual charge distribution on a filter is to use electrostatic 

force microscopy (EFM) to provide an electrostatic mapping [8].    

2.2.1.5 Other mechanisms 

While the main mechanisms are dominant for submicron particles filtration, there are a few 

other mechanisms that might be important under some circumstances. These other mechanisms 

include gravitational settling, the Saffman lift force, the thermophoretic force, the pressure 

gradient, and particle-to-particle interaction. 

Gravitational settling characterizes the particle motion due to the gravity. If the particle density 

is different from that of the fluid, then the particles will settle in the direction of the 

gravitational force. When an aerosol particle is released in a still fluid, the settling velocity,
GV , 

due to a balance between the gravitational force and the Stokes drag force is calculated as [3]: 

2

18

p p

G

d g
V

r

m
=   (2.15) 

where g  is the acceleration due to gravity, 
pr  is the density of the particle, 

pd is the diameter 

of the particle, GV  is settling velocity and m is viscosity. The general effectiveness of 

gravitational capture depends on the ratio between the settling velocity and the filtration 

velocity, which provides a dimensionless parameter as: 
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Gravitational settling is important for large particles that have a diameter greater than a few 

microns, but not important for submicron particles.  

A small particle in shear flow field experience a lift force perpendicular to the flow direction 

due to the velocity gradient and inertial effects in the viscous flow around the particle. This 

force was reported by Saffman and thus called Saffman lift force [9].  For a viscous channel 

flow, the flow in the axial direction generates a Saffman lift force in the radial direction, which 

lift s the particles towards the center of the channel and gives relative importance to dominant 

forces. Also, when a small particle is suspended in a gas that has a temperature gradient, the 

particle experiences a force in the direction opposite to the direction of temperature gradient. 

This phenomenon is called thermophoresis. This force is dependent on both the gas and particle 

properties, as well as the temperature distribution. Because the direction of thermophoretic 

force is always in the direction of decreasing temperature, if the average fluid temperature is 

higher than the surrounding channel surface, the thermophoretic force helps to drive the 

particle towards the surface. The Saffman lift force is usually considered to be important when 

a particle is fairly close to the surface, and is neglected for most studies. In this thesis, it is 

assumed that neither the flow nor the filter is heated, and both the flow and the filter is under 

room temperature, so thermophoretic forces are also neglected.  
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2.2.2 Lagrangian particle tracking technique 

From section 2.2.1, there are many different physical mechanisms that influence the filtration 

process under different conditions. However it is not necessary to include all the mechanisms 

to study particle filtration with monolith filters because under most conditions, only two 

mechanisms are dominant while the others can be small enough to be neglected. Therefore, to 

build a mathematical model of particle motion and calculate the trajectories of particles, it is 

necessary to make a few assumptions that simplifies the model and calculation process. In this 

thesis, direct interception, inertial impaction, Brownian motion and electrostatic forces are 

included as the main particle capture mechanisms.  

Particles are assumed to be spherical and particle rotation is neglected. Also, it is assumed that 

interactions between particles are neglected as one particle’s effect on another is much smaller 

than the interaction between the particle and the filter itself. Moreover, in an actual filtration 

process, it is possible for a particle to deposit on another particle, however, particle coagulation 

is not considered in this thesis. Another reason to assume particle is injected separately is that 

the calculation of flow field is required in advance in order to calculate a particle’s trajectory. 

For the flow through monolith filters, the size of the channels on a monolith filter is typically 

a few micron, so particle deposition inside the channel surface could drastically change the 

flow field when the size of the particle is of the same scale with the size of channel. By 

assuming that there is no deposited particle inside the channel, the study avoided the 

complexity of a changing flow field through the filtration process.  Also a one-way coupling 

of the filtration process assumes that is the particle’s motion does not affect the flow field.    
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2.2.2.1 Equation of particle motion (EOM) 

The governing equation for a spherical particle in an aerosol stream is Newton’s second law,  

which describes the relationship between a single object’s acceleration and the external forces 

applied on the object. With the consideration of four main deposition mechanisms, 

hydrodynamic drag force from surrounding fluid; electrostatic force caused by electric charge 

(on the filter or the particles); Direct interception; and an external Brownian force to model 

Brownian motion of particles, were included into Newton’s second law of particle motion. The 

trajectory of the particle is governed by the following equation: 

P

P D B E

du
m F F F

dt
= + +ä  (2.17) 

where pm  is the mass of particle, pu represents the velocity of the particle, DF  represents the 

hydrodynamic drag force, EF  represents electrostatic forces, and BF   represents the Brownian 

motion force.  As discussed earlier, gravitational force is proved much smaller than the 

Brownian force and is thus neglected.  

Based on the equations of motion, particle trajectories are calculated by integrating the 

following equation:  

p

p

dr
u

dt
=  (2.18) 

where pr  is the position of the particle. The solution of the particle trajectories can be obtained 

by integrating  
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where , ,p p px y z  are the Cartesian coordinates of a particle, , ,p p pu v w  are each component of 

a particle’s velocity, and , ,x y zF F F  are each component of external forces.    In this thesis, this 

ordinary differential equation (ODE) systems is solved by the adaptive Runge-Kutta-Fehlberg 

Method. 

2.2.2.2 Drag force 

The drag force on a particle is due to the relative motion to the fluid.  For a spherical particle 

experiencing a flow with small Reynolds number, the calculation of drag force follows 

Stokes’s law, which evaluates the drag force on a spherical particle due to the fluid’s viscosity 

[3]: 

( )
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u u

pm
= -  (2.20) 

where fu  is the local velocity, which is dependent on the geometry and the properties of the 

fluid.  cC  is the Cunningham slip correction factor, is used to account for non-continuum 

effects when calculating the drag on small particles. The solution of the fluid flow field can be 

obtained by solving the Navier-Stokes equation [10]:  
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where fr  is the density of the fluid, p  is the pressure, m is the kinetic viscosity of the fluid, 

and f  represents the body forces of the fluid.  

An analytical expression of drag force on a spherical particle is normally derived by 

analytically solving Navier-Stokes equations with proper boundary conditions. When a particle 

is smaller than one micron, the flow velocity on the surface of the particle is not equal to zero 

due the breakdown of the continuum assumption at high Knudsen number. Thus, a slip flow 

condition is required at the surface of the particle. The derivation of Stokes‘s Law took the slip 

correction into account and thus introduced an slip correction factor. The Cunningham slip 

correction factor allows predicting the drag force on a particle moving a fluid with Knudsen 

number between the continuum regime and free molecular flow. 

Cunningham slip correction factor is given as [11]:   

( )0.55 /2
1 1.257 0.4 pd

c

p

C e
d

ll -
= + +  (2.22) 

where pd  is the diameter of the particle and l is the mean free path of the fluid. For air 

under standard conditions, the mean free path of air is calculated to be 66nm[12]. 

2.2.2.3 Brownian force  

To include Brownian motion as a main particle capture mechanism, we need to model  

http://en.wikipedia.org/wiki/Stokes_Law
http://en.wikipedia.org/wiki/Drag_force
http://en.wikipedia.org/wiki/Knudsen_number
http://en.wikipedia.org/wiki/Knudsen_number
http://en.wikipedia.org/wiki/Free_molecular_flow
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Brownian motion as an external force. The Brownian motion of a particle is modeled as a 

Gaussian white noise process [11]. Given the fact that Brownian motion is caused by collisions 

with free molecules, the Brownian force is dependent upon the properties of both the fluid and 

the particle. The Brownian force is given as [13]:  
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where ()in t  are Cartesian components of vector ()n t ,n is the kinematic viscosity of the fluid, 

Bk  is the Boltzmann constant which equals to 231.38 10 /J K-³ , and T  is the absolute 

temperature, fr is the density of the fluid, S  is the ratio of the density of particle to the density 

of the fluid, and iG  is a Gaussian random variable with zero mean and unit variance, and tD  

is the time step used in the simulation. Modeling Brownian motion as an external force is 

dependent on the choice of time step, which is characterized with the time-average particle 

motion.  

Equation 2.23 is modeled based on assuming a Gaussian white noise process with spectral 

intensity as  
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And the amplitude of each component of Brownian force is  
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2.2.2.4 Electrostatic forces 

From the descriptions about electrostatic mechanisms, the electrostatic force between particles 

and the filter is the summation of different types of electrostatic forces [3]: 

, , , ,E overall E Coulomb E Polarization E ImageF F F F= + +  (2.26) 

where ,E OverallF  is the overall electrostatic force, ,E CoulombF is Coulomb force when particles and 

the filter are both charged. ,E PolarizationF  is the polarization force when the filter is charged and 

induced dipole in the particle. ,E ImageF  is the image force when a particle is charged and induces 

am image charge in the filter.  Coulomb force and polarization force depends on external 

electric field, as well as particle properties. They are calculated as [14]: 

,E CoulombF qE=  (2.27) 
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where 0e is the permittivity of free space, pe is dielectric constant of particle, andq  is the 

charge on the particle. The electric field can be created by the charges on the filter, or an 

externally applied electric field. The resultant electric field depends on the geometry and 

charge distribution.  

The image force equals to the Coulomb force between the charge on the particle and an equal 

but opposite charge placed inside the filter at a position corresponding to the image of the 

particle. Therefore, the image force caused by the net charge on the particle depends on the 
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charges carried by the particle, the location of the particle relative to the filter, as well as the 

properties of the filter material. For a cylindrical fiber, image force is calculated with [15]: 
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where fe  is dielectric constant of the fiber, and r  is the radial coordinates of the particle.  

While the overall electrostatic force is a mixture of three different forces if both the particles 

and the filter are charged, Coulomb force is considered to be much stronger compared to the 

other two when the charge on the particle is normally not high and the particles size is very 

small. Generally, polarization forces are negligible if the particle is very small, and the image 

forces are negligible when the charge on the particle is small. Without corona treatment, the 

charge on a particle is normally a few unit charges, and the diameter of the particles we studied 

in this thesis is less than one micron, thus, Coulomb force is considered to be the dominant 

electrostatic force.  

2.3 Particle filtration efficiency and quality factor of filter 

The filtration efficiency of a monolith filter is defined as: 

[] , ,
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 (2.30) 

where CE is the filtration efficiency of a filter, ,p upstreamC  is the number of particles released at 

upstream, and ,p downstreamC  is the particle number counted at downstream. The quality factor is 
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a metric often used to quantify and compare the performance of filters. The quality factor 

relates the filtration efficiency with the pressure drop across the filter [16].  

( )ln 1/ p
QF

P
=
D

 (2.31) 

where 1p CE= -  is the penetration of the  filter, PD  is the pressure drop through the filter.  
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Chapter 3: A single channel model of a monolith filter  

3.1 Geometric description 

As a preliminary model, a single circular channel is a simple yet significantly suitable model 

to study aerosol particle motion with an internal air flow. Given the fact that the channels on a 

monolith filter are typically circular channels, aerosol particle trajectories and particle capture 

through a circular channel was studied. The advantages of a single circular channel model also 

include:  

a. Flow field inside a circular channel, which is characterized as Poiseuille flow, is one of the 

most well studied two dimensional flow. The streamlines are straight lines from inlet to 

outlet without extra disturbance, and the flow field is symmetric. Also, with the micrometer 

scale of the channel, the flow is strictly laminar.  

b. While the actual electric charge distribution inside the channel is unknown, when certain 

types of electric charge distributions are assumed, the calculation of electric field is 

straightforward with a cylindrical model. Analytical solution are available for certain 

simple distributions.  

The mathematical description of a single channel is defined the diameter (radius) and the length 

of the channel.  
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3.2 Simulation setups  

The simulation follows particle tracking methodology described in chapter 2 with a simple 

geometry of a circular channel. From chapter 2, the drag force on the particles depends on the 

local flow field; while the electrostatic force is assumed to be Coulomb force. The Brownian 

motion is modeled as an external fluctuating force.  

3.2.1 Flow field  

The flow field inside a circular channel is well studied for centuries. An analytical solution is 

available for fully developed laminar flow in a circular channel, provided as [1]: 

 2 21
( )

4
z f

dP
U R r

dzm
=- -  (3.1) 

where zU  is the axial velocity along the axis of the channel, P  is pressure, fR  is the radius of 

the channel, m is the dynamic viscosity of the fluid, and r  is radial coordinate. The velocity 

profile provides that the velocity inside the channel is axisymmetric and varies in radial 

direction. However, due to the micron scaled channel size, the flow can no longer be described 

as classical no-slip Poiseuille flow, and needs to be reconsidered as micro flow. The Knudsen 

number is the dimensionless number that is used to characterize micro flow. The Knudsen 

number is defined as: 
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where l is the mean free path of the fluid, and 
cd is the characteristic length, which is usually 

taken as the  hydraulic diameter of the channel for internal flows.  Under standard conditions, 

the mean free path of air is about 66 nm[2].  With different Knudsen numbers, the flow can be 

characterized into a few different regimes, where the mathematical description is different. 

Table 3.1 shows the range of Knudsen number and the corresponding flow properties [2].  

Table 3.1 Knudsen number regimes  

210Kn -¢   Flow is continuous; Continuum assumption; Navier-Stokes 

Equation with No-slip boundary conditions;  

2 110 10Kn- -¢ ¢  Navier-Stokes Equation with slip boundary correction;  

110 10Kn-¢ ¢  Transition flow; High slip on the boundary;  

10Kn²   Free molecular flow 

Figure 3.1 illustrates the regimes where flow is characterized by Knudsen number [3]. 

 

Figure 3.1: Flow regimes characterized by Knudsen number 
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Given a channel diameter of 2 mm  and using the channel diameter as characteristic length, the 

Knudsen number is about 0.03, within which the fluid can be still treated as a continuum, and 

the momentum transport in the fluid can still be described by Navier-Stokes equations. 

However the viscous effect at the flow boundary cannot be treated by the no-slip boundary 

condition.  A velocity profile for a flow with a slip boundary condition at the channel wall is 

calculated by adding a slip velocity as shown [2]:  

nonslip slipU U U+=  (3.3) 

where nonslipU  represents the velocity solution when the no-slip boundary condition is used, and  

slipU  represents the slip velocity. Several mathematical models are available to evaluate the slip 

velocity.  In this thesis, the Maxwell first order model is used [4]:  

( )
0

, 0slip wall

n

U
U U z n U

n
l

=

å õµ
= = - =æ ö

µç ÷
 (3.4) 

where 
wallU  is the velocity of the wall. For the simulations in this thesis, the channel is static 

(
wallU  = 0).  Based on a laminar flow model, the flow in a channel has only an axial component. 

Thus, the solution for a fully developed flow inside the channel with a slip velocity boundary 

condition is expressed as [4]: 
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It is necessary to justify whether a fully developed flow can be assumed through the whole 

channel. Entrance effects have been studied for circular channel flow to investigate the flow 

condition in the region close to the inlet of a channel. The empirical correlation that estimates 

the length of the entry region in a circular channel is [5]:  

20.60
0.0396Re [1 3.7 15 ]

0.035Re 1
entry c f

f

L d Kn Kn= + + -
+

 (3.6) 

where entryL  is the length of entrance region, cd  is the characteristic length, and Ref
 is the 

Reynolds number of the channel flow defined as: 

0
Re

f f

f

U dr

m
=  (3.7) 

where fd  is the diameter of the channel.  The Reynolds number has a scale of 110- , giving the 

length of the entry region of about 0.6 times the channel diameter.  The commercial package 

COMSOL [6] was used to verify this result by calculating flow field inside a channel with a 

diameter of one micron and a length of ten micron. Figure 3.2 showed the flow field in this 

channel given a uniform velocity profile at the inlet with 0 1.0 /U m s= , where 0U  is the 

uniform inlet velocity.  
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Figure 3.2: Flow field in a circular channel with 2   and  10f fd m L mm m= =  

Figure 3.3 shows a comparison of six velocity profiles at 0.25, 0.5, 0.75, 1.0, 1.25 and 1.5 mm  

from the inlet of the channel.  
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Figure 3.3: Velocity profile comparison in the channel with 2   and  10f fd m L mm m= =  

From figure 3.3, the velocity profile at 1.25mm , which is about 0.6 times the channel diameter, 

is fairly close to the velocity profile at 1.5mm . This observation verifies the prediction from 

equation 3.6. Thus if the channel length is much bigger than the channel diameter, we can 

assume a fully developed velocity profile throughout the channel.  

3.2.2 Electric field 

For a single channel model, the electric charge is assumed to be uniformly distributed on the 

inside wall of the channel.  As shown in figure 3.4, the inside wall of the single channel is a  
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hollow cylinder, whose surface is uniformly charged.   

 

Figure 3.4: Electric field calculation model 

Based on the Coulomb’s Law, the charged surfaces are divided into elemental surfaces 

carrying small charges; these small charges on each elemental surface are treated as point 

charges.  The electric field caused by a point charge is [7]: 

0

3
4

q r
E

rpe
=  (3.8) 

where q  represents the charge on an elemental surface, r is the position vector from the point  
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charge to the desired calculation point, and 
0e is the permittivity of the free space.  If a surface 

charge density is given, the charged surface can be divide and each element can be 

approximated as a point charge. Based on the superstition property of the electric field, the 

overall electric field can be calculated with numerical integration technique.   

Due to the axisymmetric geometry, only points in the r Z-   plane need to be calculated, and 

then any point inside the channel will be known. An analytical solution for the electric field at 

any point in the r Z- plane is derived in Appendix A.  Figure 3.5 shows the magnitude of the 

electric field in the r Z- plane with a surface charge density as 5 21.32 10 /C m-³  . The electric 

field magnitude around the inlet and outlet of the channel is nearly infinite, and near zero at 

the center, which means that a charged particle will experience a higher electrostatic force 

when it is close to the inlet and outlet of the channel.  

 

Figure 3.5: Electric field magnitude distribution in the r Z-  plane 
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3.3 Simulation results and discussions  

With flow field and electric field obtained from section 3.2, particle trajectories were calculated 

with the equation 2.19. Many factors affect particle capture efficiency such as: particle size, 

particle density, particle charge distribution, pressure drop across the filter, and the charge 

distribution on the filter, etc.  Simulations with a few particles were performed as a validation 

of the particle tracking methodology. Then the effect of particle size and the electric field on 

filtration efficiency were studied. Also, the spatial distribution of captured particles was 

analyzed.  

3.3.1 Single Particle Simulation 

The motion of a single particle inside the channel subjected to different forces was simulated 

as validation of the mathematical modeling. Generally, the drag force keeps a particle aligned 

on the streamlines, while the Brownian motion causes a random walk and thus causes the 

particles to deviate from the streamlines. From the mathematical model of Brownian motion 

(equation 2.23) and the drag force (equation 2.20), the Brownian motion force increases in 

proportional to particle’s diameter to the power of 0.5, and the drag force increases in 

proportional to particle’s diameter. As the particle diameter increases, the effect of Brownian 

motion, which causes the radial deviation, diminishes and the drag force dominates.  In 

addition, the effect of the electrostatic force also decreases with particle size since the number 

of charges a particle can hold does not increase at the same rate as its diameter as described by 

Fuch [8].  
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Two scenarios were tested to verify the above effects: one applying only the Brownian motion 

force and the drag force, and the other applying only the electrostatic force and the drag force.  

For the following single particle simulations, the model geometry and simulation parameters 

are listed in Table 3.2, and the surface of the channel is assumed to be negatively charged.  To 

investigate the effects of particle diameter, simulations with particle diameters of 0.05 and 0.30 

micrometers were performed respectively for each scenario; one particle was initially released 

from the center of the channel (a point with coordinates ( ), (0,0)r Z =  ) while the second 

particle was released from a point with coordinates ( ), (0.707 ,0)r Z mm= . 

Table 3.2. Model parameters for single channel model 

Pressure drop between inlet and outlet 160 Pa   

Length of the channel  10 mm   

Radius of the channel  1 mm  

Particle density  1000 
3/kg m   

Charge density on the channel  5 21.32 10 /C m-³  1.32E-5 C/m2 

Charge on the particle  191.6 10 C-³   

Mean free path of air 66nm  

Particle diameter  0.04 0.6m mm m-   

The first scenario shows the effect of Brownian motion on the particles. Figure 3.6 shows the 

trajectories of two 0.05 mm  particles while figure 3.7 shows trajectories of two 0.30 mm   
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particles, respectively.   

 

Figure 3.6: 0.05 mm  particles trajectories with Brownian motion and drag force 

 

 

Figure 3.7: 0.30 mm  particles trajectories with Brownian motion and drag force 
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smaller particle which has a diameter of 0.05 mm deviates from the streamline, while the larger 

particle whose diameter is 0.3 mm has a relatively smaller deviations from the streamlines. The 

Brownian motion affects the motion of smaller particles more strongly, resulting its capture at 

the wall, as shown in figure 3.6.  

In Figure 3.6, the captured particle that is released at a distance of  0.707 mm  from the 

centerline exhibits more random walk compared to the particle released from the center of the 

channel, due to a smaller axial velocity closer to the wall.  

The second scenario shows the effect of the electrostatic force.  Figure 3.8 shows the simulation 

results of 0.05 mm  particles, while figure 3.9 show the results of 0.30 mm  particles, 

respectively.  For both cases, the particles are assumed to have one positive charge. 

 

Figure 3.8: 0.05 mm  particles trajectories with electrostatic force and drag force 
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Figure 3.9:  0.30 mm   particles trajectories with electrostatic force and drag force 

As expected, the effect of electrostatic force is comparatively smaller for large particles if the 

particle carries the same electric charges. From figure 3.8 and 3.9, a pair of particles carrying 

the same charge but with different sizes are released at the same location at the inlet, but the 

trajectories show that the effects from electrostatic force are different. The smaller particle 

which has a diameter of 0.05 mm obviously experiences a more attraction from the channel wall, 

while the bigger particle whose diameter is 0.3 mm has a much smaller deviation from the 

streamlines. Stronger electrostatic force caused the 0.05 mm particle to be captured at the wall, 

as shown in figure 3.8.  

The above two scenarios essentially validated the mathematical model described in chapter 

two. With the validation of the tools, more simulations can be performed by modifying the 

initial condition and model setups.  
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3.3.2 Filtration efficiency’s dependence on particle size 

In an actual filtration process, a particle experiences both electrostatic force (if the particle and 

the filter are both charged) and Brownian motion at the same time, while the drag force tend 

to keep the aerosol particles aligned along the streamlines. The dominant mechanism varies 

with particle size and other factors. In the filtration with a single fiber, previous studies 

suggested that:  diffusion and electrostatic forces are dominant for small particles, while 

interception is the dominant mechanism for larger particles.   

Different initial positions will cause a particles to flow out of the channel or to be captured. 

The randomness of initial injection position and the charge on the particle, along with a non-

uniform flow field, causes the behavior of a particle inside the channel to be a random event, 

which suggests that if a number of particles are injected from the inlet, the capture efficiency 

can be evaluated and the effect of different factors can be investigated. Therefore, a Monte 

Carlo simulation is crucial in determine the filtration efficiency of a single channel by injecting 

particles at different inlet positions and determining if the particle exits the channel.   

A particle is declared captured if it touches the wall of the channel.  The initial particle 

distributions should be uniform at the inlet.  With the aid of a grid generation technique, 

particles are initially positioned at the nodes of an unstructured mesh, which is shown in Figure 

3.10. This mesh includes 5773 nodes. In order to avoid the singularity of the electric field at 

the inlet edge, the radius of the injection area is 0.99 times the radius. This projected area is 

used for all simulations for particles with different sizes.  
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Figure 3.10:  Particles’ initial positions at the inlet 
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2. The channel’s surface is negatively charged, and all the injected particles are carrying a 

unit positive charge. This case is to investigate how electrostatic attraction affects the 

filtration efficiency.  

3. The channel’s surface is negatively charged, and all the injected particles are carrying a 

unit negative charge. This case is to investigate if and how electrostatic repellence affects 

the filtration efficiency.  

4. The channel’s surface is charged negatively, and charge on particles obeys Fuch’s bipolar 

charge distribution, which is a natural charge distribution for aerosol particles that are in 

charge equilibrium. This bipolar charge distribution offers an equilibrium charge 

distribution for particles of different sizes. According to Fuch’s bipolar charge distribution, 

the particles ranging from 10 to 1000 nm  will mostly carry zero, one or two elementary 

charges [8]. The charge distribution is expressed as: 
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=  
(3.9) 

where ()ia N  is an empirical coefficient[8] and ()f N  is the percentage of a particle charged 

with N  unit charges. N  takes on values of -2, -1, 0, 1, and 2. These four simulations not only 

studied the filtration efficiency dependence on particle size, but also the effects from the 

electrostatic force (Coulomb force in this case).  

Figure 3.11 displays the filtration efficiency vs. particle’s diameter.   The four curves 

correspond to each case described above. From Figure 3.11, it is evident that the smallest 

particles have the largest capture efficiency. With an increase of particle diameter, the filtration  
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efficiency decreases until the filtration efficiency reaches a minimum value, then the filtration 

efficiency increases with an increase in particle diameter. This U-shaped curve clearly shows 

the transition of the dominant particle capture mechanisms from Brownian motion to direct 

interception. At particle diameters below0.15 mm , electrostatic and Brownian motion forces 

dominate. When the particle diameters are above0.25 mm , direct interception become 

dominant.  The particle diameter at which the filtration efficiency reaches the minimum value 

is called most penetrating particle size (MPPS).   

 

Figure 3.11: Single channel filtration efficiency vs. particle diameter  
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The simulation puts a bound on the effects of the electrostatic forces when all the particles are 

charged, either positively or negatively. When particles are oppositely charged to the charge 

on the filter, the filtration efficiency is enhanced. When the sign of charge on the particles is 

the same with the charge on the filter, electrostatic repellence reduced the filtration efficiency. 

The effects from electrostatic force is stronger on smaller particles. As we can observe from 

figure 3.11, the effects of electrostatic force for particles with a diameter about 0.3 mm are 

fairly weak.  

With Fuch’s equilibrium charge distribution, the majority of the particles are neutral, and 

electrostatic attraction and electrostatic repellence competes with each and thus canceled each 

other out, resulting that the capture efficiency lies within these two extremes.  

The capture efficiency of one single channel can be compared with the results of a single fiber, 

which is represented as a cylindrical collector. According to the single fiber theory, particle 

capture occurs due to inertial impaction, direct interception, the Brownian motion, and 

electrostatic attraction. The efficiency is related to the free stream fluid velocity, the volume 

fill fraction of the fibrous filter, the diameter of a single fiber, and the size of the particle.  For 

a pressure drop of 160 Pa, the mean velocity inside the channel is0.1 /m s. To determine the 

capture efficiency of one single fiber, let the free stream velocity be 0.1 /m s as well, and let 

the diameter of the single fiber be2 mm  , and assume a volume fill fraction 0.05a=  . Then a 

comparison can be made between a single fiber and a single channel. The comparison is given 

in Table 3.3.   
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Table 3.3 Comparison between single fiber and single channel capture efficiencies 

Particle diameter (mm ) 0.05 0.1 0.2 0.5 

Single fiber efficiency from Hinds [10] (%) 11.9 5.9 4.3 10.8 

Single channel efficiency from above study (%) 62.1 45.6 39.9 52.0 

Although the boundary conditions for external and internal flows are quite different, one can 

see that the most penetrating particle size is around 0.2 mm  and that the single channel theory 

predicts higher capture efficiency than the single fiber theory. 

3.3.3 Captured Particle Deposition 

To understand the particle capture mechanisms in monolith filters, it is also important to 

investigate the conditional probability of where in the channel a particle will deposit, given 

that a particle has been captured.  In the limiting case of an infinitely long channel, the capture 

efficiency will be 100 percent. In an actual monolith filter, the length is restricted to a few 

microns because of the complexity in manufacturing these kinds of filters. 

The simulation results show that for all particles with different sizes, under conditions in Table 

3.2, more than 20 percent of the particles captured tend to deposit in the first ten percent of the 

channel length.  If we draw a histogram to count the number of particles captured in different 

sections of the channel, the simulation results will produce a curve shown in Figure 3.12.  The 

channel is divided into ten equal sections, and the number of particles deposited in each section 

is counted and divided by the number of all captured particles.  In Figure 3.12 four histograms  
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are shown for particles with sizes of 0.04, 0.1, 0.2, and 0.3mm  . All four curves are based on 

simulation results with neutral particles and thus no electrostatic force is considered as an 

influencing factor. The probability of capture in a given segment decreases almost 

exponentially after the first 10 percent of the channel.  

 

Figure 3.12: Histogram of probablity of particle deposition in each section 

The probability of deposition in the inlet is also different for different particle diameters.  

Figure 3.13 shows a relationship between the particle diameter and the percentage of particles 

captured in the first ten percent of the channel length. From this figure, as one moves from the 

smallest to largest particles, the probability of capture in the first ten percent of the channel is 
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value, this probability starts increasing and approaches unity for large particle sizes. This can 

be explained by the effects of the Brownian motion and the distance that the particle has to 

cover in the radial direction before it gets captured.  For simulations with different particle 

sizes, where all the particles are released such that their centers have the same initial positions, 

it is expected that the larger particles will have to cover a smaller distance in the radial direction 

before they get captured.  For smaller particles, the Brownian motion has more impact, but 

these particles have to overcome a larger distance in the radial direction before they get 

captured. 

 

Figure 3.13: Probability of capture in the first ten percent of the channel length vs. particle 

diameter 
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The initial decrease of the particle capture efficiency observed in Figure 3.12 is due to the fact 

that the decrease of the Brownian motion effects is larger than the increase of capture efficiency 

due to the particle size.  For example, imagine that a particle is released from a position near 

the wall. If the particle is very small, it will be captured quickly around the inlet due to the 

stronger Brownian motion and the electrostatic attraction (if the charge on the particle is the 

opposite of the charge on the wall.)  When the particle becomes large, the Brownian motion 

effects become negligible, but the particle has less distance to travel to the wall in the radial 

direction.  So, generally, smaller particles and larger particles tend to accumulate at the intent 

region of a single channel. Figure 3.14, Figure 3.15 and Figure 3.16 illustrate the captured 

particle’s deposition position of particle diameter equals to 0.04 mm  , 0.10 mm  and 0.17 mm .  

 

 Figure 3.14: Particle deposition distribution of 0.04 mm  partifcles  

0.04 μm 
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Figure 3.15: Particle deposition distribution of 0.10 mm  partifcles 

 

Figure 3.16: Particle deposition distribution of 0.17 mm  partifcles 
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3.4 A preliminary dimensionless study of single channel model 

Particle transport is a typical transport process, for which it is common to perform a 

dimensionless analysis to further investigate particle motion mechanisms. A dimensionless 

analysis usually provides dimensionless parameters that characterizes specific physics. A 

preliminary study about the dimensionless parameters was performed in this section. The 

objective was to find which dimensionless parameters characterize the dominant particle 

capture mechanisms, and how filtration efficiency is affected by those dimensionless 

parameters.  

3.4.1 Dimensionless parameters derived from particle motion equation 

From section 3.3, it was established that particle’s direct interception, Brownian motion, and 

electrostatic force are the major capture mechanisms for particle capture through a single 

channel. Studies about filtration with a cylindrical fiber provided that above mechanisms can 

be characterized by interception parameter, Peclet number and dimensionless electrostatic 

forces.  Each dimensionless parameter is derived based on different approaches. For example, 

The interception parameter is simply the quotient of particle size and the characteristic length 

of the filter, which is the diameter of the cylinder for a fibrous filter; while the dimensionless 

electrostatic force is the quotient of the drift velocity toward to the filter to the convective 

velocity (flow velocity). A more detailed description is covered in Brown [9].  

Particle capture due to direct interception is a straight forward mechanism when compared to 

other capture mechanisms. The dimensionless parameter used to characterize interception  
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could be chosen as the ratio of particle diameter to the diameter of the channel, as: 

interception

p

f

d
N

d
=  (3.10) 

It is self-evident that a larger interception parameter will result in more particles captured due 

to direct interception. For particle flow through a single channel, once the particle enter a 

channel, there is no interception. Therefore, interception only happens when the particle 

contacts the inlet of a channel. In the following studies, the situation outside a channel was not 

considered, thus it was assumed all the particles enter the channel, and direct interception was 

neglected.   

When a capture mechanism is expressed as an external force on the particle, a general 

procedure is to calculate the drift velocity due to this external force. This drift velocity is 

defined as the product of the force acting on the particle and the particle’s mechanical mobility 

defined in equation 2.11[9].  

drift externalU F B= Ö
 (3.11) 

Then the quotient of this velocity to convective velocity 0U  can be treated as the dimensionless 

parameter that characterize this mechanism. In such manner, with equation of particle motion, 

equation 2.17, electrostatic force and Brownian motion are modeled as external forces, and 

thus the drift velocity due to Coulomb force is:  

drift,electrostaticU Eq B= Ö (3.12) 

 



62 
 

And the drift velocity due to Brownian motion is: 

drift,Brownia 5 2n
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And thus the dimensionless parameters that characterize electrostatic force and Brownian 

motion are:  
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where 2rmsx D t= D is  the root-mean-square displacement of a particle due to diffusion[10] . 

And we can interpret that 0U tD  is the displacement due to convective mechanism during time 

step tD .  Parameters defined in equation 3.14 and 3.15 are called the “Dimensionless 

electrostatic force” and the “Dimensionless Brownian force”, respectively.  

Another way to perform a dimensionless analysis is to reform the equation of particle motion 

into dimensionless form. The dimensionless form of particle motion equation is shown in 

equation 3.16, and the derivation of this equation is shown in Appendix B.  
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dt PU x
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where Pe is Peclet number defined as: 
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(3.17) 

The dimensionless form of particle motion equation essentially provided the same 

dimensionless parameters obtained by dividing drift velocity with convective velocity. The 

second term in the right side of equation 3.16 is just another form of dimensionless Brownian 

force. We can either use the dimensionless Brownian force BrownianN  or the Peclet number Pe 

to characterize particle motion due to Brownian motion.  

The above two dimensionless parameters are useful to physically understand how electrostatic 

attraction and Brownian force affect particle motion. Both parameters increase with particle’s 

mechanical mobilityB . However, the dimensionless electrostatic force is proportional to B  

while dimensionless Brownian force is proportion to 1 2B , thus the change of electrostatic 

mechanism due to the change of particle mobility is faster than the change of Brownian motion. 

Also, by comparing these two parameters, we can determine which mechanism is dominant 

for particle motion.  

The correlations between the filtration efficiency and those parameter can be studied with the 

particle tracking techniques used in this thesis. Figure 3.17 shows the filtration efficiency vs. 

Peclet number in a simulation with a single channel model.   
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Figure 3.17: Filtration efficiency vs. Peclet number (Channel diameter 2fd mm= ; Channel 

length 10L mm= , Particle diameter 50pd nm=   ) 

In this simulation, the channel diameter is2 mm ; the channel length is10 mm ; particle diameter 
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results with different filtration velocity 0U . As shown in figure 3.17, with the increase of Peclet 

number, the filtration efficiency sharply decreases due to the weakening of Brownian motion.   

Also, we can investigate how filtration efficiency changes with dimensionless electrostatic 
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dimensionless electrostatic force 
electrostaticN  by changing the pressure drop as well. Figure 3.18 

shows filtration efficiency vs. dimensionless electrostatic force with a single channel model.  

 

Figure 3.18: Filtration efficiency vs. Dimensionless Electrostatic force (Channel diameter 

2fd mm= ; Channel length 10L mm= , Particle diameter 50pd nm= ) 

From figure 3.18, it can be observed that with the increase of dimensionless electrostatic force, 

the filtration efficiency increases accordingly because the effects from the electrostatic force 

get stronger.  

Although the dimensionless Brownian force (or Peclet number) and dimensionless electrostatic 

force characterize particle motion due to Brownian motion and electrostatic force respectively, 

these two dimensionless numbers do not determine the particle filtration efficiency 
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quantitatively by themselves. The filtration efficiency of a monolith filter also depends on the 

geometry of the filter.  

A simple case can be analyzed to explain above statement. Imagine two uncharged channels 

with the same diameter but different channel lengths. When the flow rates are the same in both 

channels, the flow profile inside these two channels are also the same, which results with the 

same filtration velocity 0U . Also, assume the particles injected into both channels have the 

same diameter, then the particles have the same value of diffusion coefficientD . Based on the 

definition of dimensionless Brownian force and Peclet number, one would obtained the same 

dimensionless parameters for both channels. However, it is self-evident that the filtration 

efficiency wound be different due to the different channel length. The above observation 

suggested that the filtration efficiency cannot be determined by the dimensionless Brownian 

force or Peclet number alone, as other factors such as the length of a channel must be included 

in a certain way to completely characterize the filtration due to Brownian motion quantitatively.  

Two simulations were performed to verify that the dimensionless electrostatic force obtained 

from the analysis of the particle motion equation also cannot determine the filtration efficiency 

due to the electrostatic force by itself. Two simulations were set up with the same channel 

geometry, the same charge distribution on the filter and the same sample particles. By changing 

the particle diameter and filtration velocity properly, we can obtain the same dimensionless 

electrostatic force
electrostaticN . In both simulations, the diameter of the channel is2 mm , and the 

length of the channel is10 mm , the channel is uniformly charged with the same surface charge 

density 5 21.32 10 /C m-³ .  
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The filtration efficiency due to electrostatic attraction is calculated with equation 3.18 [10]:  

( )( )overall diffusion electrostatic1 1 1CE CE CE= - - -   (3.18) 

where overallCE is the overall filtration efficiency, diffusionCE is the filtration efficiency due to 

Brownian diffusion, and electrostaticCE is the filtration efficiency due to electrostatic force.  

In this simulation the particle diameter was50nm, the filtration velocity was1.0 /m s, and the 

filtration efficiency due to electrostatic force was 8.6%. In another run, the particle’s diameter 

was set to100nm, and the filtration velocity was0.5 /m s, while the dimensionless electrostatic 

force was kept the same. However, the filtration efficiency due to electrostatic force was 

calculated as 7.5%. The above simulations suggested that the filtration efficiency depends not 

only on the dimensionless electrostatic force obtained from the analysis of particle motion 

equation, but also on other conditions.  

3.4.2 Particle deposition parameters for Brownian motion  

As showed in section 3.4.1, a direct dimensionless analysis of particle motion equation does 

not provide the dimensionless parameters that quantitatively characterize the filtration 

efficiency. However, the diffusion of particles can be studied in a different way by treating the 

particles as a continuous phase in the flow. When aerosol particles flow through a circular 

channel with in a gaseous medium, Brownian diffusion of the particles may bring the particles 

to the wall of the channel when they can adhere to the wall on contact.  This so-called  

“diffusion deposition” phenomena is widely used in diffusion batteries that used to measure 
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particle size, and is a dominant transport mechanism for aerosol particles in many problems of 

interest, and thus has been studied theoretically by many previous researchers [11-16] .  

When treated as a concentration, the transport of particles is normally characterized as a 

convection diffusion problems. Theoretical studies about diffusion deposition were performed 

on different types of flow profile, such as flow through a cylindrical channel, a rectangular 

channel, and flow through two parallel plates.  

In general, the study of particle transport is described with the convection diffusion equation 

[17]:  

2n
u n D n cn q

t

µ
+ ÖÐ = Ð -ÐÖ +

µ  
(3.19) 

Where n  is the particles concentration; u  is the flow field; D  is the diffusion coefficient of 

the particles; c  is the particle velocity resulting from the external force. q is particle 

production. When we consider flow in a cylindrical channel, and given the following 

assumptions: 

1. Steady flow. 

2. Fully developed laminar flow (entrance effect is neglected). 

3. Diffusion in the direction of the flow is neglected. 

4. No production and reaction of the particles.  

5. Sticking coefficient is 100% for the particles. 

 



69 
 

Equation 3.19 can be simplified in a cylindrical coordinate system as [18]:  

()
D n n

r u r
r r r z

µ µ µå õ
=æ ö

µ µ µç ÷  
(3.20) 

where r  is the radial direction, z   is the axial direction, and ()u r   is the velocity profile in 

the axial direction.  

The general asymptotic solution of equation 3.20 can be expressed as [16]: 

( )
1

expout
n n

nin

n
P A

n
b f

¤

=

= = -ä
 

(3.21) 

where P  is the penetration; outn  and inn  is the particle concentration at the outlet and inlet of 

a channel. nb  are eigenvalues; and fis dimensionless deposition parameter, which is provided 

as: 

2

0

4

f

DL DL

d U Q
f
p
= =  (3.22) 

where L  is the length of the channel, and Q  is the volume flow rate of the flow.  

Equation 3.21 indicates that the filtration (or penetration) of particles through a circular 

channel is dependent on a dimensionless parameter f only. This parameter is determined by 

the particle diffusion coefficient, volume flow rate through the channel and the length of the 

channel. This solution indicates that the particle capture doesn’t depend on the channel 

diameter for a given volume flow rate. The extra distance that particles differ in a wider channel 

is just offset by longer time for diffusion permitted by the wider channel.  
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Generally, the convergence of the solution depends on the magnitude off, for smaller values 

off, more terms are required, while for larger values off, less terms are required. Previous 

researchers achieved different solutions based on the selection of the number of the terms. 

Different researchers provided a few different asymptotic solutions based on slightly different 

coefficient calculation results. Gormley & Kennedy [16] provided a solution of the penetration 

of particles through a channel. They have given the solution in two truncated series, one for 

small values of f and one for larger values off.  

2/3 4/3 3

3

1 5.46 3.77 0.814                      for 610

0.819exp( 11.49 ) 0.0976exp( 70.07 )

     0.0325exp( 179 )                                       for 6 10

P

P

f f f f

f f

f f

-

-

= - + + < ³

= - + -

+ - ² ³

 (3.23) 

Ingham [19-21] verified Gormley and Kennedy’s solution and proposed a penetration function 

which is applicable for the entire range off, as: 

2/3

0.819exp( 11.49 ) 0.0976exp( 70.07 )

      +0.0325exp( 178.9483 ) 0.0509exp( 107.2 )

P f f

f f

= - + -

- + -
 (3.24) 

Yung-Sung Cheng [18] included another solution based on the solutions from Gromley and 

Kennedy, Sideman [22], Davis and Parkins [23], Tan and Hsu [24], and Lekhtmakher [25]. They 

claim the following solution is accurate by comparing the numerical solution obtained by 

Bowen et al. [12].   

2/3 4/3 2

2

1 5.4994 3.77 0.831                             for 2 10

0.81905exp( 11.4882 ) 0.09753exp( 70.07 )

      +0.0325exp( 178.9483 ) 0.01544exp( 338.1 )   for 2 10

P

P

f f f f

f f

f f f

-

-

= - + + < ³

= - + -

- + - ² ³

 (3.25) 
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Soderholm [11] included above solution with a slightly difference that makes 
37.22 10f -= ³  as 

the critical value.  And Hinds [10] included a solution as: 

2/3 3

3

1 5.50 3.77                                            for 9 10

0.819exp( 11.5 ) 0.0975exp( 70.1 )          for 9 10

P

P

f f f

f f f

-

-

= - + < ³

= - + - ² ³
 (3.26) 

Equation 3.23 through equation 3.26 are similar in that they are based on the same equation 

and assumptions. A numerical comparison between equations 3.23 to equation 3.26 was 

performed, as shown in figure 3.19. 

Based on above studies, the effects from the diffusion of flow direction, which is neglected in 

above solutions, were studied by Tan and Hsu [24]. They investigated the situation when the 

diffusion in flow direction is considered. They found out that when 100Pe¢  , the diffusion of 

flow direction is significant. However, in most of our studies for submicron aerosol particles, 

due to the fact that the diffusion coefficient is very small, the Peclet number is normally more 

than 1000.  
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Figure 3.19: Comparison between Equations 3.23 to equation 3.26 

As shown in figure 3.19, the penetration values predicted by different formulas are almost 

identical.  Thus, it was believed that the deposition of particle in a cylindrical tube can be 

predicted by the asymptotic solution of the convection diffusion equation and the deposition 

parameterf.  

However, when particles are considered independently, instead of as a continuum with 

concentration. The convection of particles is considered as the drag force caused by the 

surrounding flow, the Brownian diffusion is modeled as an external force acting on particles. 

Instead of studying the distribution of particles, we studied the trajectories of particles with 

particle tracking techniques. To investigate if particle tracking method provides similar  
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conclusions that the filtration of particle through a circular channel depends on this deposition 

parameter. Two groups of simulations were performed to verify if deposition parameter f can 

quantitatively characterize the particle capture due to Brownian motion.   

Based on the definition of f in equation 3.22, two group of simulations were performed with 

the same deposition parameters. The simulation parameters were listed in Table 3.4. One thing 

needs to be noticed is that the initial positions of sample particles were completely within the 

inlet of the channel. In such manner the particles are captured only by Brownian motion.  

Table 3.4: Simulation parameters used for verification of deposition parameter  

 Simulation Group one Simulation Group two 

Particle Diameter [nm ] 50-500 50-500 

Channel length [ mm  ] 15 5 

Channel diameter [mm ] 4 4 

Volume Flow rate [ 3 /m s] 126.863 10-³  122.288 10-³  

With the parameters listed in Table 3.4, these two groups of simulation have the same 

deposition parameterf. The capture efficiency results is shown in figure 3.20. As we can 

observe, there two curves are reasonably close to each other, which suggests that the particle 

capture efficiency due to Brownian diffusion is only dependent on the particle deposition 

parameter f only.  
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Figure 3.20: Comparison between Simulation group one and group two 

Since it was verified that deposition parameter f is the only dependent variable of particle 

filtration efficiency, it would be significant to investigate if both approaches provide the same 

quantitative correlations between deposition parameter and filtration efficiency. The results 

from simulation group one by particle tracking methodology was compared with solution 

provided by equation 3.26. However, it was observed that there is an obvious discrepancy 

between filtration efficiency predicted by two different approaches. The comparison is shown 

in Figure 3.21.  
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Figure 3.21: Comparison between numerical simulation and solution from equation 3.26 

 

The possible reason of this discrepancy is that the channel studied in this thesis is very small, 

while the researches that treated the particles as a continuous medium were usually performed 

in millimeter-sized channel. The possibility that current numerical model has a significant 

deficiency also exits. A scientific explanation requires a further research about this problem. 

However, with the knowledge that particle tracking methodology still provides a relationship 

between particle filtration efficiency and particle deposition parameterf, we can propose a 

different asymptotic function that fits the results obtained by numerical simulations with the 

particle tracking model used in this thesis. Based on results in figure 3.21, figure 3.22 shows 

the filtration efficiency vs. particle deposition parameterf with the calculation from numerical 

models.  
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Figure 3.22: Filtration efficiency vs. Deposition parameter f  

Using a simple logarithmic approximation, it suggested that the filtration efficiency can be 

calculated as: 

 ()0.0601 ln 0.5927CE f= ³ +  (3.27) 

Equation 3.27 requires an improvement based on more simulation. The verification and 

improvement are considered as future work in this thesis.  
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Chapter 4: Single unit model and experimental comparison  

The channels of a monolith filter are not the only surface that effectively captures passing 

particles during the filtration process. Due to diffusion, some particles will impact onto the 

front surface of the filter when they approach the filter. To improve the model of monolith 

filters, the front and back surfaces of the filter were included in the numerical model. In this 

chapter, particle transport and filtration simulations were performed with a single unit model, 

using the same particle tracking methodology described for a single channel model. The 

numerical results were compared with experimental results and the model was modified 

accordingly. The improved model is considered to be a proper analyzing tool to predict the 

performance of a monolith filter. Also, with the improved model, simulations were performed 

to investigate other factors that affect filtration efficiency, and to improve the design of this 

class of filter. Firstly the geometry of a single unit model is introduced. Then the experimental 

configuration and the numerical model configurations are described. The simulation results are 

compared with the experimental results and the model was modified based on the analysis of 

experimental results. The improved model is used to perform more studies about filtration 

efficiency dependence on different parameters.  

4.1 Model description  

As described in chapter 1, a monolith filter is comprised of many channels fabricated from a 

single piece of polymer material, as shown in figure 4.1. The front face and back surface were 

included in the model to improve on prediction of filtration efficiency.  
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Figure 4.1: SEM image of a monolith filter 

Based on the regularity of the geometry, each micro-channel can be thought as representative 

of the whole filter, and a single unit or channel was chosen as shown in figure 4.2.  

 

Figure 4.2: Illustration of a single unit model  
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If the filter is charged, it is possible for a particle to be captured on the back surface of the filter 

due to electrostatic attraction. Based on such considerations, two types of models can be 

considered one with and one without the back surface of the filter.  Figure 4.3 shows a single 

unit model without including the flow domain outside the outlet of the channel, as type I, while 

Figure 4.4 shows a single unit model that includes a simulation domain outside the outlet of 

the channel, as type II. Both models include a channel and a flow domain in front of the 

channel’s inlet. The single unit model type I has a simpler geometry compared to type II. 

 

Figure 4.3: Single unit model: type I 
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Figure 4.4: Single unit model: type II 

A single piece of monolith filter can be treated as a combination of many single units. The 

mathematical description of a single unit requires knowledge of the diameter of the channel, 

the length of the channel, and the dimension of the cubic domains.  

4.2 Experiment configurations 

Experiments were performed with an actual monolith filter. The objective of the experiments 

were to establish an experimental aerosol filtration efficiency response of two samples of a 

polypropylene monolith filter over a range of particle diameters. These experimental results 

were to provide validation to the numerical model. Experimental testing of a monolith filter is 

very challenging for submicron aerosol particles because both particle generation and particle 

detection are very difficult to achieve. In the experimental studies, a Scanning Mobility Particle 

Spectrometer (SMPS) system was used to generate mono-disperse aerosol particles. An 

Electrostatic Classifier (ESC) and Condensation Particle Counter (CPC) were used to segregate  
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and count the upstream and downstream particles relative to each filter sample. The full list of 

experimental equipment is given in Table 4.1. The setup of this equipment is represented as 

the following flow chart in Figure 4.5. The details of design of experiments (DOE), data 

collection and statistics is covered in Johnson [1] work.   Following the flow direction in Figure 

4.5, particles in a solution of sodium chloride and deionized water were atomized with 

pressurized air. The stream of atomized particles then passed through a diffusion dryer 

containing a desiccant material in its outer annulus. The dried particles passed into a plenum 

that allows the pressure to equalize with the atmosphere. The plenum had an outlet port open 

to the atmosphere as well as a second port for particle sampling via a suction pressure from the 

Condensation Particle Counter (CPC). Sampled particles were drawn into the Electrostatic 

Classifier (ESC) which was set to output a mono-disperse particle stream of a user determined 

size and range to the inlet of the filter. In the absence of a filter sample in the filter holder, 

particles counted were considered to be upstream or unfiltered counts while particles counted 

with a filter sample in place were considered to be downstream or filtered counts. The particle 

capture efficiency was determined by dividing the difference in upstream and downstream 

particle counts into the upstream particle counts at a particular size range and fixed volumetric 

flow rate through the filter.  
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Figure 4.5: Flow chart of experimental apparatus 

 

Table 4.1: Experimental equipment 

Number Name Function Product Model 

1 Constant Output Atomizer Atomize solution  TSI® model 3076 

2 Diffusion Dryer Obtain dry particles TSI® model 3062 

3 Electrostatic Classifier (ESC) Classify the particles TSI® model 3080 

4 
Condensation Particle Counter 

(CPC) 
Count particles TSI® model 3785  

5 25mm In-Line Filter Holder Hold the filter  Gelman Sciences® 

6 Micromanometer 
Pressure drop 

measurement 

TSI Alnor® 

AXD620 

7 Plenum Equalize pressure Fabricated 

8 Computer 
Control and Data 

Acquisition 
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Two monolith filter samples made with polypropylene were tested in the experimental study. 

Both samples were one square centimeter, with 1000 1000³  channels equally arranged inX

and Y  directions totaling one million channels. The thickness of these two samples are 8.2 mm  

and13.5 mm . In theory, the desired diameter of the channels on a monolith filter is determined 

by the fabrication process. However, the effective diameter of the channels is normally smaller 

than the designed diameter due to the shrinkage of polymer material.  To more accurately 

model the testing processes, it is important to know the effective diameter. However, direct 

measurement of the channel diameter using scanning electron microscope (SEM) renders the 

film unusable, so the actual channel diameters were evaluated by using the Darcy-Weisbach 

relationship with slip wall boundary condition given by equation 4.1, assuming Hagen-

Poiseuille fully developed flow. The derivation of equation 4.1 is given in Appendix C.  

4

128 1

(1 8.842 ) f

LQ
P

Kn d

m

p
D =

+
 (4.1) 

where PD  is the pressure drop through a channel; Q  is the volumetric flow rate;mis the 

dynamic viscosity of the fluid; L is the length of the channel; fd  is the diameter of the channel;

Kn is the Knudsen number defined as in equation 3.2.  

In order to estimate the diameter of channels, pressure drop and volume flow rate in each 

channel need to be measured or calculated. A micromanometer accurate to 0.1 Pa   was 

attached to the ports on either side of the filter holder to record an average value of the pressure 

drop. Pressure drop measurements were used to evaluate the actual channel diameter, and also 

to calculate the quality factor of a monolith filter. In the experiments, the circular filter holder  
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covers a portion of the filter. For this reason, the effective area of the filter is reduced to give 

an estimated number of channels of only 56.36 10³ , and the value of Q  in the above equation 

was calculated by dividing the overall flow rate by the number of channels. The nominal 

channel diameter was 5 mm  for both samples during fabrication. The measured average 

pressure drop recorded was 234.8Pa  for the 8.2 mm  thick filter, and 657.8 Pa  for the 

13.5 mm  thick filter, for the same overall flow rate of 0.5 liter per minute for both filters. Based 

on the above parameters and equation (4.1), the effective channel diameter is about 4.17 mm  

for the 8.2 mm  thick filter, and is 3.64 mm  for the 13.5 mm  thick filter.  

Experimental testing provided the dimensions and flow conditions for the numerical model. 

However, due to technical challenges, the filters were not electrostatically charged during the 

testing. Thus, the electrostatic mechanism was excluded from the numerical model in order to 

compare experimental results with numerical results. The effects from electrostatic force were 

added by assuming certain charge distributions on the filter.        

4.3 Numerical model and Simulation setups 

Based on the general procedure of performing Lagrangian particle tracking, three forces need 

to be modeled and calculated. Brownian motion is modeled as a white noise process in the 

same way used for a single channel model, while the calculation of flow field and electric field 

are required to estimate the drag force and electrostatic force on the particles. Flow field and 

electric field were calculated with either actual conditions or assumptions in the simulation 

domain.  
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4.3.1 Flow field 

The geometry and flow boundary condition for a type II single unit model is shown in figure 

4.6. The flow is assumed to be air flow under room temperature25 C̄ .  

 

Figure 4.6: Geometry and flow boundary conditions for a single unit cell 

The above model includes three domains: the inlet domain, the channel, and the outlet domain. 

In front of the channel, the inlet domain is an imaginary cubic domain to model the condition 

when particles approach the filter from the upstream flow field, and to consider the possibility 

of impaction on the filter’s front surface. An outlet domain is also present, to consider the 

possibility of electrostatic attraction and capture on the back surface of the filter.  
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Figure 4.6 shows the geometry and as well as the flow boundary conditions used in this model, 

where the green surface is the front face of the inlet domain, which is the plane where the 

particles are initially distributed and the flow starts; the red arrows indicate the symmetry 

condition, and the black arrows represent the flow direction. The four side faces of the inlet 

and outlet domains are imaginary surfaces used to bound the simulation domain. For continuity,  

symmetric boundary conditions are applied on those four faces.  

At the inner wall of the channel, a slip-wall boundary condition incorporating Maxwell’s first 

order model [2] is imposed as: 
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 (4.2) 

where wu  is the velocity of the wall, which is zero assuming the filter is not moving; vs  is the 

tangential momentum accommodation coefficient, assumed to be 0.95. A no-slip boundary 

condition is assumed at the front and the back surfaces of the filter. The flow field is calculated 

by using the commercial package ANSYS CFX [3]. Figure 4.7 shows air streamlines in a model 

whose channel length is 8.2 mm   and mass flow rate is equal to
111.553 10 /kg s-³ .  
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Figure 4.7: Flow filed represented by streamlines 

 

4.3.2 Electric field 

The electric field was calculated based on Coulomb’s law, according to the charge distribution 

on the filter and given charge densities. Two kinds of charge distribution were assumed for the 

studies of a single unit model. The first one assumed that all the surfaces of the filter, including 

the front face, the back face and the inner wall of the channel are uniformly charged. This 

charge distribution resulted in the electrostatic force producing the largest effect on the 

particles. The second distribution assumed that all the charge on the filter was concentrated 

around the inlet and the outlet edges of the channel, which can be described as a ‘ring of charge’. 

These two cases are illustrated in Figure 4.8, where the blue areas represent the charge on the  
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filter. The surface charge density for case one was assumed to be 5 21.32 10 /C m-³ , which is 

half of the theoretical maximum surface charge density on an insulating surface [4]. The line 

charge density for case two was 21.32 10 /C m-³ , which is based on above surface charge 

density, and the assumption that the charge is distributed on a 0.1mm   wide band.   

 

Figure 4.8: Two cases of the electrostatic charge on the filter 

For a uniformly distributed charge on a hollow channel, there is a singularity of the electric 

field at the channel surface [5]. To avoid the singularity when calculating electric field in the 

numerical models, the boundary of the simulation domain is assumed to be located 20 nm 

away from the actual filter’s surface. Figures 4.9 and 4.10 show a cross-sectional view of the 

electric field strength magnitude in the r Z-  plane for each charge distribution. The strongest 

electric field is calculated to be on the order of 610 /N C  and is located on the filter’s front and 

back surfaces, and in the domain around the axis of the channel at the inlet and outlet of the  
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channel. For a ring of charge, the electric field magnitude is of an order of 410 /N C . The 

strongest field is located at the edge of the channel.  

 

Figure 4.9: Electric field magnitude contour in the r Z-  plane (Case one: Uniform charge on 

the filter surface) 
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Figure 4.10: Electric field magnitude contour in the r Z-  plane (Case two: Ring of charge 

on the edges of filter channels) 

4.4 Experimental comparison and Model improvement  

In this section, a model validation was performed based on the single unit model type I, where 

the back surface of the filter is not included. Later, simulations were rerun on the single unit 

model type II. The comparison between numerical simulation and experimental results suggest 

on a modification of the numerical model. The model was modified by revising the model of 

Brownian motion and taking Van Der Waals force into account. The modified model showed 

a better agreement with experimental results. Filter quality factor was discussed as a concern 

of industrial use of monolith filters in the end of this section.    
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4.4.1 Model validation 

Model validation is important for numerical studies. Compared to a single channel model, the 

calculation of electric field and flow field for a single unit model is more complicated, as well 

as one particle’s behavior when injected into a single unit model. In principle, when a particle 

is released from the inlet domain, there are four possible outcomes:  

i. A particle is captured on the front surface of the filter;  

ii.  A particle is captured inside the channel; 

iii.  A particle flows out of the channel; 

iv. A particle is attracted to the back surface of the filter.  

To make sure the modeling of flow field, electric field and Brownian motion were reasonable, 

a validation of the single unit model is necessary. A validation simulation was performed with  

the single unit model of type I, the channel diameter equals to 1 mm , the channel length equaled 

10 mm , the particle diameter equaled to 0.1 mm , and the volume flow rate was 12 31.0 10 /m s-³ . 

Particle density was assumed to be
31000 / mkg .  

For a single unit model of type I, in which the back surface of the filter is not included, only 

the first three scenarios are possible. Figure 4.11, figure 4.12, and figure 4.13 showed these 

three scenarios of a particle’s behavior in a single unit model of type I.   
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Figure 4.11: Particle captured on the front face (Scenario i) 

 

Figure 4.12: Particle captured on the inside surface of the channel (Scenario ii) 
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Figure 4.13: Particle exiting the channel (Scenario iii) 

Another validation was performed to meet the concern as to whether a single unit model is 

representative for a monolith filter, which is comprised of a large number of channels. A four-

unit model was built by combining four single unit cells, as shown as Figure 4.14, to compare 

the simulation results under the same flow condition with the same particle sample.  

 

Figure 4.14: Geometry and Boundary condition of a Four channel model  
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Two simulations were run separately, one with a single unit model (Type I) and another with 

a four-unit model. The flow conditions were set up with the same volume flow rate in each 

channel. Particles with a diameter of 0.1 mm  and 0.2 mm particle were tested, and the filtration 

efficiencies from each model were compared. It was observed the capture efficiencies are very 

close to each other, which indicates that the single unit cell can effectively predict the overall 

capture efficiency of the entire monolith filter.  With 0.1 mm  diameter particles, the capture 

efficiency based on four channel model is 26.7%, and the capture efficiency based on one 

single unit cell from this model is 27.5%.  With 0.2 mm  diameter particles, the capture  

efficiency based on four channel model is 24.7%, and the capture efficiency based on one 

single unit cell from this model is 24.5%.  Above simulation suggested that a single unit cell 

is representative to estimate the filtration efficiency of a piece of monolith filter.  

4.4.2 Comparison between numerical and experimental results 

Experiments were conducted for a narrower parameter range than simulations. A subset of 

experimental data could be used for model validation and model improvement. The numerical 

model, in another way, could be used as a predictive tool to explore different configurations, 

charge distributions, and boundary conditions that are difficult to test experimentally. 

Experimental studies of filtration with monolith filter are limited with only a few samples and 

a relatively smaller range of particle size, while numerical studies are much more flexible and 

feasible. However, the experimental study is crucial to verify if a numerical study sufficiently 

described the problem physically and mathematically. By analyzing and interpreting  
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experimental results, a numerical model can be improved essentially and become more 

dependable for further extended studies. Table 4.2 shows a comparison between experimental 

and numerical studies in this thesis.  

 

Table 4.2: Comparison between Experimental study and Modeling study in this paper 

 Experiment Modeling 

Number of channels 105-106 Single unit with one channel 

Particle diameter 50-300 nm  10-1000 nm  

Channel diameter About 4 mm   Any diameter 

Filter thickness 8.2 and 13.5 mm  any sample’s thickness 

Electrostatic force No Yes 

 

4.4.2.1 Experimental results 

With the experimental configuration described in section 4.2, experimental testing with two 

filters samples were performed. Parameters used in experiments are shown in Table 4.3.  Based 

on the parameters in Table 4.3, a full design of experiments (DOE) was set up with two filter 

thicknesses and seven particle diameters. The six main particle diameters are 50, 100, 150, 200, 

250, 300nm. 175nm(which is the midpoint between the minimum and maximum particle 

diameter) is chosen to verify the statistical model of experimental data with 8.2mm   thick filter 

sample. For each filter thickness, a data set with six particle diameters allows for up to a fifth  
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order polynomial approximation. One assumption of this statistical model is a normally 

distributed error about a given particle diameter. This assumption was verified by repeating 

the experimental runs at particle diameters of 50, 175 and 300nm, and running the Shapiro-

Wilk test [6], which is commonly used for testing normality on the collected data at each of 

the above particle sizes. 

Table 4.3: Parameters for experiments and simulations 

Filter thickness [mm  ] 8.2/13.5 

Distance between two channels [mm ] 5.0 

Solution concentration of NaCl solution [/g cc ] 0.0001 

Overall air flow rate [/ minL  ] 0.5 

Estimated number of channels 6.36×105 

Air density [
3/kg m ] 1.185 

Air dynamic viscosity [/kg m sÖ ] 1.831  

Air flow temperature [K ] 300  

Sodium chloride particle density [
3/kg m] 2165  

Sodium chloride particle diameter [nm ] 50 – 300 

Boltzmann constant [
2 2/m kg s K ] 1.38×10-23 

Overall, 40 runs at different particle diameters and different filter thickness were performed to 

collect experimental data, which was analyzed by multiple regression analyses with statistical 
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package JMP [7]. The relationship between the capture efficiency and the particle size is shown 

in Figure 4.15 and Figure 4.16.  

 

 

Figure 4.15:  Experimental results: Particle Diameter vs. Capture efficiency for 8.2 mm  thick 

filter 
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Figure 4.16:  Experimental results: Particle Diameter vs. Capture efficiency for 13.5 mm  

thick filter 

In Figures 4.15 and 4.16, the solid line between the two dotted lines is the predicted mean 

curve for capture efficiency versus particle diameter. The two dotted lines in the plot represent 

the estimation with individual 95% confidence. The 95% upper and lower individual 

confidence curves are deduced based on the assumption of a normally distributed error for each 

particle diameter. Error bars on the mean curve show the estimation for the individual standard 

error for each particle diameter. Each plot also displays two sets of confirmation runs, shown 

as triangular dots in the figures, which were performed to validate the fitted curves. The 

confirmation run results are mostly located within the 95% confidence interval, which validates  
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the predicted mean curve and the analytical model for experimental results. Deviation from the 

predicted values is thought to be mainly due to fouling of the filter and insufficient cleaning 

between runs.  

4.4.2.2 Numerical results and comparison with experimental results  

Numerical simulations were performed to calculate the capture efficiency under the same 

conditions that were used in the experiments with single unit model type II. Based on the 

parameters shown in Table 4.3, for the 8.2 mm  thick and 13.5 mm  thick filters, the mass flow 

rate through the flow domain of a single unit model is
111.553 10 /kg s-³ . Capture efficiency 

was calculated for the seven particle diameters used in the experiments.  

Besides the parameters in table 4.3, the time step is required for the numerical simulation. One-

way coupling requires that the time step used for particle tracking to be more than the particle 

relaxation time. Due to a particle relaxation time ranging from 0.1 to 0.5 sm   for sample 

particles in the experiments, the time step used in the simulations was set to 1 sm .  

Numerical simulations were based on the statistics of particle trajectories, thus the sample size 

and the initial positions of the sample particles were required to be defined beforehand. Tested 

particles are released from the front face of the inlet domain (green surface in Figure 4.6). The 

initial positions of the particles are distributed uniformly in the area bound by the blue lines as 

shown in Figure 4.17.  As this figure shows, due to symmetry, one fourth of the inlet domain 

surface was chosen, and sample particles are distributed uniformly inside this area.   
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Figure 4.17: A diagram showing initial positions of the injected particles 

For each numerical run, 624 (24x26) particles were distributed on the smaller square area 

shown in green color in Figure 4.17. This number was chosen based on a division of the 

injecting area with 0.2 mm  spatial step. To verify that this sample size is sufficient for data 

collection, two more refined divisions of the injecting area with 0.1mm  and 0.05 mm  spatial 

steps were performed. The first refinement offers 2499 (49x51) nodes, while the second one 

offers 9999 (99x101) nodes; these nodes were used as the initial positions for sample particles. 

A verification run for the sample size validation was performed on an 8.2 mm  thick filter with 

100 nm  particles. The case with 624 sample particles gave the capture efficiency of 28.4%, 

the case with 2499 particles gave the capture efficiency of 28.1% and the case with 9999 

particles gave the capture efficiency of 28.6%. Considering the results are also affected by the 

Brownian motion for each case, and to save computational time from unnecessary calculation, 

the sample with 624 particles was considered large enough to be representative, and thus used 

for other simulations presented in the following studies.  

Front face of the inlet domain 

Area covering initial positions of particles 

(A quarter of the whole area) 
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One way coupling was assumed, and we assumed that the particle is captured once it touches 

the surface of the filter; that is to assume that the critical distance for particle capture is half of 

particle diameter, 0.5 pd , where pd  is the diameter of particles.  

A numerical simulation was performed with 8.2 mm  thick filter to produce the dependence of 

capture efficiency on particle size, as measured by experiments in figure 4.15. And the results 

were compared with experimental results in Figure 4.18.   

 

Figure 4.18: Comparison with 8.2mm  thick filter, critical distance for particle capture = 

0.5 pd  
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4.4.3 Model modification and results discussion  

From Figure 4.18, we observe an obvious underestimation of filtration efficiency for all 

particles sizes. The discrepancy between numerical and experimental results suggested that the 

numerical model should be modified. With the knowledge of results from a single channels 

model, two empirical approaches were used to improve the predictive numerical model. One 

is to strengthen the diffusion of particles and the other is to take Van der Waals force into 

account.  

Brownian motion force is modeled as:  

() 5 2
(t)       and        

216
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n

prD
==  (4.3) 

Mathematically, Brownian motion increases as the square root of the particle diameter, while 

particle mass increases as the cube of its diameter. Based on the above relations, the effect of 

Brownian motion is proportional to the particle diameter to the power of minus 2.5, and thus 

decreases quickly for larger particles. The drag force, will always have the same scale as the 

dominating external force. Therefore, during the particle tracking process, particles with 

smaller diameters are mainly captured due to Brownian motion. For larger particles, with the 

sharp decrease of Brownian diffusion, interception becomes the dominating capture 

mechanism. Therefore, to improve the numerical prediction of the capture efficiency for 

smaller particles, one applicable way was to improve the Brownian motion model to generate 

stronger diffusion effects on smaller particles. The original Brownian motion model (equation 
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(4.3)) was revised by a correction coefficient bC , which resulted the Brownian motion force to 

be: 
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=  (4.4) 

A particular value of constant bC  selected as 4.5 based on a comparison with experimental 

results. This modification changes the magnitude of Brownian motion force linearly.  

However, the improvement of Brownian diffusion model is insufficient to improve the 

underestimation of capture efficiency for large particles, for which the effect from Brownian 

diffusion is quite limited.  To optimize the numerical model for particles with larger diameters, 

the effect from Van der Waals force is considered.  

The Van der Waals force is an important force for particle capture. However, the Van der 

Waals force is a short range force, which is significant only when the particle is close to the 

surface [8, 9]. The interaction energy between the particle and a flat surface is [10]: 

12

p

p

Ad
E

H
º   (4.5) 

where pE  is the interaction energy between the particle and the surface, A is the Haymaker 

constant, and H is the distance between the particle and the surface. The range of operation of 

the Van der Waals force may be estimated by comparing pE  with the thermal energy, which is 

Bk T . Given a Hamaker constant of 2010 J-  for polypropylene [11, 12, 13] and an environmental  
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temperature as 300K  , the operation distance 0H  is calculated as 

0 0.2
12

p

p

B

Ad
H d

k T
= º   (4.6) 

Within the operation distance, the Van der Waals force is considered to be the dominant force 

that attracts nearby particles. In numerical studies, this implementation of the Van der Waals 

force was utilized for determining when particle capture occurs. A common assumption in 

aerosol particle filtration study is that a particle is captured only when it directly contacts the 

surface of a particle collector [14, 15]; however, simulations with this assumption result in a 

consistent underestimation of particle capture for particles larger than 200nm . Taking into 

account the Van der Waals force removed this discrepancy with experiments. From equation 

(4.6), particles experience Van der Waals forces when their distance from the surface is about

0.2 pd . Therefore the critical distance for particle capture (which measures the distance from 

the particle center to the surface of the filter) was increased from 0.5 pd  to0.7 pd .  

A much better agreement with experimental results was obtained when the constant 4.5bC =  

and the particle capture distance is0.7 pd . Figure 4.19 shows a comparison with experimental 

results for 8.2 mm  thick filter.  
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Figrue 4.19: Comparison with 8.2 mm  thick filter, Brownian motion model constant 

4.5bC =  critical distance for particle capture 0.7 pd  

Figure 4.20 shows the relation between the particle diameter and the capture efficiency for a 

13.5 mm  thick filter. Again, the comparison shows a reasonable match between the 

experimental and simulation results.  
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Figrue 4.20: Comparison with 13.5 mm  thick filter, Brownian motion model constant 

4.5bC =  critical distance for particle capture 0.7 pd  

The results obtained in model validation also clearly reveal the relation between the particle 

size and the capture efficiency. From Figures 4.19 and figure 4.20, the highest capture 

efficiency occurs with the smallest diameter particles. As the particle diameter increases, the 

capture efficiency decreases until around 250nm, the most penetrating particle size. This 

minimum can be explained as corresponding to the transition region of the dominating capture 

mechanism from Brownian motion to interception. These three regions are characterized in 

Figure 4.21 denoting the different dominating mechanisms.  
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Figure 4.21: Simulation results: comparison between 8.2 and 13.5 mm  thick filter 

Figure 4.21 also shows the effects of filter thickness. Theoretically, a thicker filter with the 

same channel diameter provides higher capture efficiency. However, filter thickness is limited 

by our manufacturing process to an aspect ratio of around 10. Also, in practice, a thinner 

monolith filter is more desirable due to its smaller pressure drop across the filter. From Figure 

4.21, we observe that the effect of filter thickness is relatively insignificant. There is only a 

modest 5 percent increase in capture efficiency from an 8.2 mm  thick filter to a 13.5 mm  thick 

filter.  
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Another way to visualize the small increase in capture efficiency due to channel thickness is 

to plot the final positions of the captured particles. Figure 4.22 shows the final positions of 50 

nm particles in one numerical run with an 8.2 mm  thick filter. This figure shows that many 

particles are captured on the front surface and near the entrance to the channel. As the channel 

length is increased, most particles will still be captured at the front surface, providing an 

explanation as to why capture efficiency is not very sensitive to the filter thickness. The 

observation of particle deposition locations also validated the necessity of including the front 

surface of the filter into to numerical model.  

 

Figure 4.22:  Final positions of captured particles in an 8.2 mm  thick filter (particle diameter 

= 50 nm ) 
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4.4.4 Discussion about quality factor 

The quality factor is a useful metric that describes the relative importance of capture efficiency 

and breathing resistance, and is defined in equation 2.31. Figure 4.23 shows a comparison of 

the quality factors for 8.2 mm  and 13.5 mm  thick filters for the same flow rate. The quality 

factor is significantly higher for an 8.2 mm thick filter, which indicates that an 8.2 mm  thick 

filter is a better filter compared to a 13.5 mm thick filter, due almost entirely to the reduced 

pressure drop in the thinner filter. 

 

Figure 4.23: Quality factor comparison between an 8.2mm and 13.5 mm thick filters 
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4.5 Extended studies with one single unit model  

Besides the particle size, the filtration efficiency is dependent on other factors. In this section, 

the dependency of capture efficiencies on flow rates, channel diameter, and particle capture in 

the presence of an applied electric field were studied in this section as extended studies with a 

single unit model type II, where the flow domain outside of the channel outlet is included.   

4.5.1 Effects from Flow rates 

Figure 4.24 shows simulation results for different flow rates across an 8.2 mm  thick filter, 

namely, 0.4, 0.5 and 0.6 liters per minute.  

 

Figrue 4.24: Capture efficiency of 8.2 mm thick filter for different flow rates 
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As expected, decreasing the flow rate increases the capture efficiency, especially for small 

particles as they have more time to dwell in the channel. 

4.5.2 Effects from Channel diameters 

Keeping the size of the inlet and outlet domains constant in the single unit model, and changing 

only the diameter of the channel, we can investigate the effect of the channel size and opening 

factor on particle capture efficiency.  Figure 4.25 shows the capture efficiency for channel 

diameters ranging from 1 to 7 mm  . Four curves represent three different particle diameters, 

which are 50, 100, 150 and 300 nm for a constant flow rate. The curves for the 50 nm and 

100 nm particles are different than curves for 150 and 300 nm particles. Theoretically, with 

the increase of the channel diameter, the interception mechanism is weakened so the capture 

of particles decreases. However, in this case, under the same flow rates, as predicted by 

equation 4.1, when the channel diameter increases, the pressure drop decreases sharply, and 

provides a smaller filtration velocity, which leads to a longer residence time of particle and 

larger filtration efficiency due to Brownian diffusion. Therefore, when the channel diameter is 

larger, the decreasing flow velocity increases the capture efficiency while the smaller 

interception mechanism decreases the capture efficiency. These two competing factors are 

responsible for the shape of the curve for 50 nm and 100 nm particles. 

For 300 nm particles, the capture efficiency goes down consistently. This is because the 

interception is the dominating effect for large particles. When the channel diameter is very 

small, the larger particles tend to have a high capture efficiency due to interception and 

impaction.  
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Figure 4.25: Capture efficiency vs. channel diameter (under the same flow rates for all 

channel diameters) 

 

Another way to visualize the effects from channel diameter is shown in Figure 4.26, which 
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for different channel diameters. For all seven curves, from the smallest particles, the capture 

efficiency starts to decrease when particle gets larger, due to the decrease of Brownian motion; 

and for channel diameter equal to 1, 1.2, 1.4, 2, 3 and 6 mm  , the capture efficiency increases 

when the particle diameter is larger than the most penetrating size. It also should be noted that 

the most penetrating particle size is different for different channel diameters. For the smallest  
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channel diameter of 1 mm  , the most penetrating particle size is 100 nm among seven sample 

particle sizes. The most penetrating particle size is 150 nm for the channel diameter of 1.2 

and 1.4 mm  ; 175 nm for the channel diameter of 2 and 3 mm  ; and 250 nm for the channel 

diameter of 6 mm . For the largest channel diameter tested in this research, 7 mm , the most 

penetrating particle size is not attained for the particle diameters tested; 300 nm particles are 

still in the transition region, when interception is not strong enough to start increase the capture 

efficiency.  

 

Figure 4.26: Capture efficiency vs. particle diameter (Under the same flow rate with different 

channel diameters) 
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One conclusion from the above is that the most penetrating particle size decreases as the 

channel diameter decreases (given the distance between the channels is the same). With a 

smaller channel diameter, interception starts to become the dominating capture mechanism, 

and thus, the filtration moves quickly from the Brownian motion dominating region to the 

transition region, and to the interception dominating region, from smaller particles to larger 

particles. 

4.5.3 Effects from electrical charge on the filter 

The effect of the electrostatic force depends on the charge distribution on the filter and the 

particles. The simulations with the two kinds of charge distribution on the filter, and with the 

three different cases of charging the particles, were performed to compare with the case when 

there is no electrostatic force (all particles are neutral).  

Two kinds of electric charge distribution on the filter were assumed.  The first one assumed 

electric charges are uniformly distributed on all surfaces, the second one assumed the charges 

are concentrated on the edge of the channel’s inlet and outlet. The electric field generated by 

the two kind of charge distribution was calculated in section 4.3.2.  

Given the negative charges on the filter, three cases of the charge distribution on the particles 

were considered. The first case is when each particle is charged with one elementary positive 

charge; the second is when each particle is charged with one elementary negative charge; and 

the third is when Fuch’s charge distribution on the particles is utilized, which assumes that the 

charge on the particle is related to the size of the particle. Fuch’s charge distribution used here  
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is the same to the charge distribution used for a single channel model (case 4). The charge 

distribution follows the function described in equation 3.9. The larger the particle, the higher 

the likelihood is that the particle contains a net charge. Fuch’s distribution is used to evaluate 

a natural electric charge distribution on submicron particles. 

Firstly, we considered rings of charge at the inlet and outlet of the channel. In this situation, 

with the line charge density of 121.32 10 /C m-³ , the simulation results show that the effects 

from the electrostatic force are too small to observe an obvious difference. When the particle 

diameter becomes larger, the effects from the electrostatic force become smaller, so the 

strongest effect from the electrostatic force should be on the particles with the smallest 

diameter, assuming a unit charge on all particles with different size. However, for the smallest, 

50 nm particles, the change of capture efficiency is no more than 1 percent. This can also be 

understood by comparing the electrostatic force with the Brownian motion force. On a 50 nm 

particle, Brownian motion will induce a force of about 1310 N- ; assuming a unit charge of 

191.6 10 C-³  on a particle, the electrostatic force is about 1510 N-  in most flow domains except 

very close to the ring of charge. Thus, the electrostatic force is much smaller than the Brownian 

motion force when the charge on the filter is assumed to be “ring of charge”.  

However, a different scenario of charge distribution on the filter shows a stronger effect on 

capture efficiency. Assuming the charge on the filter is negative; four curves in Figure 4.27 

represent the cases with all neutral particles; all positively charged particles with one unit 

charge; all negatively charged particles with one unit charge; and the case where the charge on 

the particles obeys Fuch’s charge distribution. The simulations are performed with an 8.2 mm   
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thick filter, and the flow rate is 
111.553 10 /kg s-³  in the single unit flow domain.  

From Figure 4.27, a noticeable increase in the capture efficiency is observed due to the 

electrostatic attraction when the particles are positively charged. The Fuch’s charge 

distribution on the particles aligns very closely with the case of all neutral particles.  

 

 

Figure 4.27: Capture efficiency vs. particle diameter with electrostatic force on the particles 

 

 

 

Particle Diameter (nm)

C
a

p
tu

re
E

ff
ic

ie
n

c
y

(%
)

50 100 150 200 250 300
0

20

40

60

80

All nuetral Part icles
Al l Posit ively Charged
All negat ively Charged
Fuch's Charge distr ibut ion

Capture Ef f iciency Vs. Part icle size with electrostat ic f orce



120 
 

References 

[1]. Johnson, Nathaniel. 2011, "Experimental Validation of Monolith Filter Capture 

Efficiency."  

[2]. Karniadakis, G. E. 2005 “Micro Flows: Fundamentals and Simulation.” Springer. 

[3]. ANSYS Inc., 2010 ANSYS CFX, Canonsburg, PA 

[4]. Mannan Sam, 2005 “Lees' Loss Prevention in the Process Industries.” Third Edition. 

Butterworth-Heinemann.  

[5]. Wu, M., Kuznetsov, A.V., & Jasper, W. J., 2010 “Modeling of particle trajectories in an 

electrostatically charged channel.” Physics of Fluids 22,  043301 

[6]. Shapiro, S. S., Wilk, M. B., 1965 “An Analysis of Variance Test for Normality (Complete 

Samples).” Biometrika, 52, 591-611. 

[7]. SAS institution Inc., 2010 JMP, Cary, NC.  

[8]. Parsegian, V. Adrian, 2005 “Van der Waals Forces: A Handbook for Biologists.” Chemists, 

Engineers, and Physicists. Cambridge University Press. 

[9]. Dzyaloshinskii, I. E., Lifshitz, E. M., & Pitaevski, L. P. 2006 “General theory of Van der 

Waals forces.” Soviet Physics Uspekhi 4, 153-176.  

[10]. Dahneke, Barton 1971, “The capture of Aerosol Particles by surface”. Journal of Colloid 

and Interface Science, 37, 342-353. 

[11]. Gingell, D. & Parsegian, V. A. 1973 “Prediction of Van der Waals interactions between 

plastics in water using the Lifshitz theory.” Journal of Colloid and Interface Science 44, 3456-

463. 

 

http://iopscience.iop.org/0038-5670/
http://www.sciencedirect.com/science/journal/00219797
http://www.sciencedirect.com/science?_ob=PublicationURL&_hubEid=1-s2.0-S0021979700X03657&_cid=272564&_pubType=JL&view=c&_auth=y&_acct=C000015398&_version=1&_urlVersion=0&_userid=290868&md5=17a73e3a60ddfbd8a60b4d269de8af63


121 
 

[12]. Meagher, Laurence & Craig, V. S. J. 1994 “Effect of Dissolved Gas and Salt on the 

Hydrophobic Force between Polypropylene Surfaces.” Langmuir  10, 2736 

[13]. Royer Matt, Davidson Jane H., Francis Lorraine F. & Mantell Susan C. 2010 “Shear 

Induced Removal of Calcium Carbonate Scale from Polypropylene and Copper Tubes.” 

Journal of Solar Energy Engineering 132, 011013. 

[14]. Oh, Y. W., Jeon, K. J., Jung, A.I. & Jung, Y. W. 2002 “A simulation study on the collection 

of submicron particles in a unipolar charged fiber.” Aerosol Science and Technology 36, 573-

582.  

[15]. Hinds, C. W. 1999 “Aerosol Technology properties, behavior and Measurement of 

airborne particles.” Second Edition. Wiley. 

 



122 
 

Chapter 5: Conclusion and future work  

5.1 Conclusions 

Particle transport and filtration with monolith filters were studied numerically with the 

Lagrangian particle tracking methodology. A single channel model and a single unit model 

were developed based on the geometric structure of a monolith filter.  Brownian motion, Stokes 

drag force, and the electrostatic force were modeled to calculate the trajectories of the particles. 

Numerical studies were performed to investigate the filtration mechanisms of electrostatically 

charged monolith filters.   

It is established that submicron particles ranging from 50 to 500 nm in diameter are captured 

by a monolith filter mainly due to Brownian motion and interception. The results from both 

experiments and numerical simulations show that Brownian motion is the dominant capture 

mechanism for small particles, and interception is the dominant mechanism for large particles. 

Electrostatic attraction is also important if the charge distribution on the filter generates a 

strong electric field, such as when all surfaces of the filter have a uniform charge. The transition 

of the dominant filtration mechanism from Brownian motion to interception occurs at the most 

penetrating particle size which range from 100nm to250nm. When the particle size increases, 

the effects from Brownian motion and electrostatic force diminishes quickly.  

Numerical results from a single unit model were compared with experimental results. A classic 

white noise model for Brownian motion force showed a deficiency when compared with  
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experiment and so the model was revised. Also, Van der Waals force was incorporated when 

a particle approached 0.7 pd  of the surface, since neglecting this force underestimates the 

capture efficiency for particles larger than 200 nm.  Three other main factors that affect the 

capture efficiency are the filter thickness, the flow rate, and the channel diameter. The capture 

efficiency is quite sensitive to the channel diameter, which controls the transition of the capture 

mechanism from diffusion to interception, as well as the effective pressure drop across the 

filter. A smaller channel diameter causes a transition of the capture mechanism at a smaller 

particle sizes. Based on these results, the filter sample used in the experiments is characterized 

by the most penetrating particle diameter at around250nm, which was predicted by the model. 

The modified single unit model is considered to accurately predict the performance of a 

monolith filter.  

It was established that the filtration of particles inside a circular channel due to Brownian 

motion and electrostatic force depends on dimensionless Brownian force and dimensionless 

electrostatic force. However, above two dimensionless parameters were studied and considered 

to be not sufficient to quantitatively characterize particles filtration efficiency. For particles 

diffusion through a circular channel, previous studies established that particle’s filtration 

depends on a particle deposition parameterf . Numerical simulations with particle tracking 

methodology provides a similar conclusion that particle’s capture due to diffusion inside a 

channel depends on this deposition parameter only. However, the filtration efficiencies 

predicted by two approaches are different. Based on the results from particle tracking method, 

an asymptotic function was proposed to calculate particle capture due to diffusion inside a 

circular channel.    
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5.2 Future work 

Studies in this thesis essentially are preliminary studies about electrostatically charged 

monolith filter. There are a few aspects that need to be further investigated and researched.  

First of all, model optimization. Despite the most important particle capture mechanisms were 

included in the studies of this thesis, there are other forces might be significant for filtration 

with monolith filter as well. For example, the particles were assumed to carry no more than 

two unit charges in this thesis, however, if the particles are pre-charged by unipolar ions, the 

actual charge on a particle could be much higher, and thus the image force caused by charged 

particles can bring additional attraction to the filter.  The effects from a few parameters used 

to define current model, such as the time step chosen for Brownian motion model and the 

length of the inlet flow domain of a single unit model, has not been investigated thoroughly. A 

model sensitivity study is necessary to find out how adjustable factors affect the simulation 

results.  

Secondly, for all the studies about difference types of filters, particle deposition and particle 

loading on the filter is always an interesting and important topic. For fibrous filters, the particle 

loading and the growth of particle dendrite has been studied widely. The author performed 

preliminary studies about particle loading inside the channel with the particle tracking analysis 

tool. However, due to the randomness of particle’s deposition inside a channel, and the effect 

from deposited particle on internal flow condition, particle loading and particle coagulation 

can be extremely complex. Further studies of particle loading inside a filter and clogging 

mechanism are appreciated.  
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Appendix A: Calculation of Electric field inside a hollow 

cylinder 

The position of a generic point 'P  on the inner surface of a cylinder is described as [1] 

( ] [ ]' ' '
cos sin      0,2 0,,R i R j z k Lp zq q q p= + + Í Í  (A1) 

where R  is the radius of the channel, and L  is the length of the channel.  Due to symmetry, a 

generic point inside the cylinder is given in the XZ plane as  

p r zi k= +  (A2) 

Then: 
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So, the electric potential at the point ( ),p r z  is  
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where 
s
ris the surface charge on the hollow cylinder. 

Let
2

p q
b

-
= , and '

y z z= - ; then, 2d dq b=-  and
'

dy dz=- . Then the electric potential is thus 

given as: 
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From the electric potential, and the relationship between the electric potential and the electric 

field:  
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We can get: 
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where ()K k is the complete elliptic integral of the first kind [2] .   
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Appendix B: Derivation of dimensionless form of particle 

motion equation  

This appendix is to show the deduction of dimensionless form of equation of particle motion. 

The equation of particle motion basically describes the force balance on a single particle. With 

the dimensional form of this equation, we can further understand the mechanisms that control 

particle motion. Also, by comparing two terms in the dimensionless equation, we can perform 

dimensionless analysis and determine which mechanism is dominant. From the deduction in 

this appendix, we can find out that Peclet number characterizes the particle motion due to 

diffusion, and dimensionless electric force characterizes the particle motion due to electrostatic 

force.  

Starting from equation of particle motion (EOM), substitute the numerical models for the three 

terms on the right hand side.  
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Dividing pm  from both sides of the equation.  
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Using the filtration velocity 0U  as the characteristic velocity for both velocity of fluid and the 

velocity of the particle, velocity terms in equation B3 can be replaced with dimensionless 

velocities by dividing the equation with 0U  .  All dimensionless variables are denoted by 

superscript *.  
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Introducing the relaxation time of the particle as characteristic time as [1]: 
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Multiplying Rt  on both sides of equation B4:  
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Particle diffusion coefficient D  and particle mechanical mobility B  are defined as: 

3

B c

p

k TC
D

dpm
=   (B7) 

3

c

p

C
B

dpm
=   (B8) 

If we include particle diffusion coefficient D   and particle mobility B into equation B6.  
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We can define Peclet number based on the channel diameter as:   
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D
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The second term on the right side of equation B9 could be reformed as: 
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In the theories of Brownian motion, the root-mean-square net displacement of a particle along 

any axis during a time step tD  is: 

2rmsx D t= D  (B12) 

Thus, we got the dimensionless parameters for electrostatic and Brownian motion diffusion as: 
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Appendix C: Pressure loss in a fully developed circular 

micro-channel flow 

The general solution for a fully developed circular channel flow is given by:  

() 2

1 2

1
ln

4
z

dP
u r r C r C

dzm
= + + (C1) 

where 1C  and 2C are integration constants, P is pressure and m is kinetic viscosity of the fluid. 

The requirement that zu  is finite at0r = , implies that1 0C = .  

Knudsen number is defined as: 

c

Kn
d

l
=  (C2) 

where l is the mean free path of the fluid, and cd is the diameter of the channel. With the mean 

free path as 66 nmfor air and equation (C2), the Knudsen number is approximately 0.015. For 

Knudsen numbers ranging from 0.01 to 0.1, the flow is treated as a continuum and the 

momentum transport is described by the Navier-Stokes equations. However, the viscous effects 

at the flow boundary need to be treated by using a slip condition [1], [2]. Therefore we used 

the boundary condition described in Equation 4.2: 
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where n is the normal unit vector. Assuming the radius of the channel is
cR, a stationary  
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channel wall0wu = , at the wall where
cr R= , the slip wall condition becomes: 
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wherevsis the tangential momentum accommodation coefficient, Therefore: 
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The solution forzu  is thus given as: 
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The mean velocity in the channel is  
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The Darcy-Weisbach relationship for channel flow is given as [3]: 
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where PD  is the pressure drop through a channel, f   is the Darcy friction factor, L  is the 

length of the channel. For a channel fabricated on a piece of thin film 
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dP P

dz L

D
º  (C9) 

So the Darcy friction factor becomes: 
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For an air flow, the tangential momentum accommodation coefficient is normally between 

0.85-0.97[4], depending on the roughness of the wall. We used vs equal to 0.95 for the flow 

solutions in this thesis. Substituting this value into above equation yields: 
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Similar formulas were reported by Xu et al. [5] and Li et al. [6]. In addition: 
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where Q is the volumetric flow rate through the channel. Combining equations (C8), (C11), 

and (C12) gives: 
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