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ABSTRACT

TEUNG, HOI MING Bounds and The Evaluation of Rate
Distortion Functions. (Under the direction of STAMATIS

CAMBANIS.)

This work is concerned with calculating (Chapters III
and IV ) and bounding (Chapter V) rate distortion functions
and with some of their properties (Chapter II). A review of
the basic notions and results in the rate distortion theory
is included in Chapter 1.

In Chapter II, we consider a memoryless Gaussian vector
source and assume that the variances of the components of its
i.i.d. vectors are known and that no further information on
their covariance structure is available. We study the depen-
dence of the rate distortion function of such a source on the
the covariance structure of its i.i.d. vectors. In particular
we give upper and lower bounds of the rate distortion function
with respect to the square-error fidelity criterion,both ex-
pressed only in terms of the known variances, and we show
that the lower bound is tighter than the Shannon lower bound
over a certain distortion region.

Spherically invariant distributions,which are mixtures
of Gaussian distributions are considered in Chapter III. For
spherically invariant random vectors and sequences we find
the Shannon lower bound of their rate distortion functions,
and we show that if the the mixtures do not include Gaussian

distributions with small variances then the lower bound is



tight over a certain range of distortions. Under this con- .
dition some simple upper bounds are also obtained which are u‘
valid over only a certain range of distortions.

Chapter IV gives the rate distortion function with re-
spect to the magnitude-ercor criterion of a certain class of
continuous densities, including continuous concave densities
with finite support and extending a recent result of Tan and
Yao by substantially weakening the conditions on the densities.

As a by-product of Chapter IV, we obtain in Chapter V
a family of lower bounds of rate distortion functions which
cannot be evaluated by the method presented in Chapter IV,
and we compare theﬁ with the Shannon lower bounds. Further -
bounds are obtained by using the Vasershtein distance of

distributions. ‘
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I INTRODUCTION TO RATE DISTORTION FUNCTIONS

Rate distortion theory is the branch of information
theory devoted to situations in which the entropy of the
source exceeds the capacity of the channel. The name derives
from C.E. Shannon's rate distortion function of an informa-
tion source with respect to a fidelity criterion. Rate dis-
tortion theory provides a mathematical basis for data com-
pression.

The problem of information transmission can be divided
into two categories: [Shannon (1959)]

1. What information should be transmitted?

2. How should it be transmitted?

The first problem pertains to the source coding theory;where-
as the second problem pertains to the channel coding theory.
Historically, the second problem was treated and developed
long before the first problem was even considered seriously.
The original work on problem 1 was done by Shannon in his
1959 article "Coding Theorems for a Discrete Source with a
Fidelity Criterion”. Since then, the rate distortion theory
has grown steadily both in theory and application.

Unless otherwise stated, all results that are described

here can be found in [Berger(1971)].



§ 1.1 RATE DISTORTION FUNCTION OF A RANDOM VARIABLE

For simplicity,we define the rate distortion function
only for real random variables with probability density func-
tions; the definition for discrete as well as for general
random variables will be similar.

Let X and Y be real random variables. Let P(x,y) be a

lx ri 1

measurable mapping from R = R™ such that p(x,y) > 0; P
is called a distortion measure. Let p(x) be the probability
density function of X and q(y|x) the conditional probability

density of Y given X. The mutual information between X and Y

is

I(X,Y) = f pOda(yloi LR axay

1.1 gly
R™ R

where

g(y) = J p(x)a(ylx)ax

gl

is the probability density of Y.

In the following, we will keep X, and hence also p(x),
fixed and consider all possible pairs of random variables X
and Y, hence all possible conditional probability density
functions q of Y given X. In order to emphasize the dependen-

ce on q, we will denote I(X,Y) by I(q). Let

d(q) = EAX,Y) = J J p(x)a(y}x)p(x,y)dxdy.
1.1
R™ R
Then the Rate Distortion Function of X with respect to the

distortion measure p is defined by

R(D) = inf I(q) for all D > 0O
qGQD



where
Q= {a(y}x): d(qg) < D}.

There is an alternative and perhaps more natural way of
defining this curve in the (D,R) plane. That is, we let R be
the variable, and define D(R), the Distortion Rate Function,

rather than the rate distortion function, by

‘D(R) = inf d(q) for all R > 0
qEQR

where
Qp ={q: I(q) <R}.

§ 1.2 PROPERTIES OF R(D)

The following analytical expression of R(D) is useful.

THEOREM 1.2,1 Let A, be the set of all non-negative
functions Ag satisfying
> (x,y)
Cs(y)= J ks(x)p(x)esf X2¥/9x < 1 for all y. (1.1)
00
Then 0
R(D)= sup (sD + J p(x)in As(x) dx). (1.2)
ng,kSEAS =00

For each s < 0, a necessary and sufficient condition for Ag
to realize the supremum in (1.2) is the existence of a pro-

bability distribution G which is related to Ay by

-1 00
[Ag(x)] =7 eSPx ) a6, (y)

and is such that Cs(y) =1 a.e.[dGS]. Moreover for such Ag
and Gs’ the rate distortion function R(D) is given parametri-
cally in s by
[o o]
R(DS) = sD_+ S p(x)lnhs(x)dx

=00



D= I L Ay (p(PGyeS X axag () s < o,
—0 =00
There is of course an analogous expression of R(D) for
discrete random variables.
The following theorem summarizes the basic properties
of rate distortion functions.

THEOREM 1.2.2 R(D) is a convex non-negative, monotonic-

ally decreasing function, strictly positive on (O'Dmax) and
R(D)=0 for D > Dpax® Where Dhax 1S the smallest value of D
such that R(D)=0. The derivative R'(D) exists and is contin-
uous in the open interval 0 < D < Dmax and tends to - © as D
approaches 0. A discontinuity in R'(D) can occur only at

D = Dmax'

The most commonly used distortion measures p(x,y) de-
pend only on the difference between x and y. Typical examples
are the square-error P(x,y)=(x—y)2 and the magnitude-error
P(x,y)=|x-y| . Whenever P(x,y)=p(x-y), we say that p(.) is a
difference distortion measure.

In general the calculation of R(D) for a given random
variable is very difficult, thus it is useful to derive lower
and upper bounds of R(D), and if possible, conditions under
which these bounds are tight.

In the important case of difference distortion measure,
Theorem 1.2.1 can be specialized to permit the calculation of
an interesting lower bound to R(D), known as the Shannon

Lower Bound. The Shannon lower bound is given by the follow-

ing parametric expressions:

o
A




RSL(DS)= h(p) - h(g,)

0
Dy = J Plx)gg(x)dx
-—00
where for each s < 0, g is the probability density function

g (x)= eSP(x)/ fmesP(Z)dz and R'(D)= s.

h(p) denotes the entropy of a random variable with the in-
dicated probability density function. We always have RSL(D)g
R(D) for all D > 0 and necessary and sufficient conditions

for equality are given in the following theorem.

THEOREM 1.2.3 Given any s < O, RSL(D)=R(D) if and only
if there is a probability density function q such that the

probability density function p of X is given by

0
p(x) = J aly)g (x-y)dy.
—0
Again,D  is such that R'(DS)= S,
Using the Shannon lower bound technique, the rate dis-
tortion function of a Gaussian random variable with zero mean

. 2 . . . .
and variance ¢ with respect to the square-error criterion 18

found to be 2
R(D) = 3 max(0,1n ﬁ—) =
0 D > 02.

§ 1.3 RATE DISTORTION FUNCTION OF A RANDOM VECTOR

Now let X=(X Xn) be an n-dimensional random vec-

l,ooo,
tor. Let also p be a distortion measure and define the single

letter distortion measure P on R"x R" by



n
1 ®
P (x,y) = 4 £ P(x ¥y )
k=1 )
for all x=(xl,...,xn),y=(yl,...,yn) € R™. The rate distor-
tion function of X is defined by .
rR(n)(p) = % inf I(q) for all D > 0

(

qedD
where Y is an n-dimensional random vector with conditional
probability density function given X: q(ylx),

— _ X
I(q)= I(X,Y) = in inp(X)q(ylx)ln gé%§71 dxdy,

gly) = J px)a(ylx)dx
Rn

and
Qp={a(y1x):d(a)=Ep (X, Y)= I J p(x)a(ylx)P,(x,y)dxdy<D} .

RPR" ‘ .
For a vector of independent random variables we have

the following:
THEOREM 1.3.1 Let X=(X1,....Xn) be such that the random

variables (Xl,...,Xn) are independent and denote by R, the
rate distortion function of each X k=1,..0yn. Then the rate
distortion function R(n) of X is given by the parametric

expression

(n)pye L & (k)
RIPID)= 7 E Ry (g™ )

where n s <0
p=1 g p{¥
k=1
and D, is the value of D such that R'(D)= s, and similarly

for Dék) . .

For an n-dimensional Gaussian vector we have the




following:

THEOREM 1.3.2 The rate distortion function with respect

to the square-error distortion measure of an n-dimensional
Gaussian vector with mean zero has the following parametric

expression: n N
R(n)(De)= 1 5 max(O,%ln—K)
n k=1 6

6 >0

De=

o o
[l e

min(e,kK)

k=1

where {kkiﬁzl are the eigenvalues of & , the covariance ma-

trix of X.

§ 1.4 RATE DISTORTION FUNCTION OF A SEQUENCE OF RANDOM

VARIABLES

Let {Xk};=l be a sequence of random variables. Let also
f be a distortion measure and for each n=1,2,... define
P : R™x R™ - [0,0) by

n
p =L % p )
= ~ X Y
n n k=1 k'k

n .
for all x=(xl.....xn), y=(yl,...,yn) € R'. The family
Fk={Pn: n=1,2,...} is called the single letter fidelity
criterion generated by P. The rate distortion function R(D)

[See] . Iy
of the sequence {X,}, , is defined by

R(D) = lim inf RM)(D)

TN —0oo

where for each n=1,2,... , R(n)(D) is the rate distortion

(n)___.(x

function of X 10+++sX ) If the sequence {X.}}_, is

(strictly) stationary, then lim R(n)(D) always exists and

n-»o



thus for a stationary sequence R(D)= %}’&1 R(n)(D). For sta- ‘
tionary Gaussian sequences, we have the following expression

for R(D).

THEOREM 1.4.1 Let {xn.n=o,j1,...} be a stationary Gaussian

sequence with mean zero ad spectral density function

o0 -
f(A)= % ¢ke'3kk
= —o0
[ole)

where ¢k= EX X, . Then the rate distortion function of {Xn}_oo

with respect to the square-error fidelity criterion has the

parametric representation

n
R(D, )= %E {wmax(o,ln iéll )a\

1 .
D, = = J min(e,f(r))dA
;) av Y . 4..

The non-zero portion of the R(D) curve is geherated for 8 in
the interval 0 < 0 <A=ess,sup f(A) (< + =),

An interesting and useful relationship between the dis-
tortion rate functions of two stationary ergodic sequences
has been developed recently [Gray,et.al.(1975)]. Let p and A
be the distributions of the stationary ergodic sequences
x={xn§i=l and Y={Yh}2=l respectively,i.e. the probability
measures induced on R by X and Y respectively. The P distan-
ce between p and A which is a generalization of the d distan-

ce [Ornstein(1973)] is defined by

Pusr)= sup p_(n,1)
n

= U
Pnnsr)= inf = iilElxi-Yi‘ o



where the infimum is taken over all possible joint distribu-
tions of (Xl,...,Xn) and (Yl,...,Yn) with those fixed margin-

als determined by p and A respectively.[Gray,et.al.(1975)]

THEOREM 1.4.2 [Gray,et.al.(1975)]

Let DH(R) and DX(R) be the distortion rate functions
of X and Y with respect to the single-letter fidelity crite-

rion P(x,y)=|x-y|. Then for all R > O,
IDH(R) - D, (R)| < Plu,r).

Notice that when the stationary sequences X and Y are
i.i.d. with distribution functions F and G respectively, then
CPlaar)= Fl(u.k)= ﬁﬂF,G) and the latter has been evaluated
by Vallender(1973):

p,(F,G) = f”IF(x)-G(x)|dx..
—0
p(usr) has not yet been evaluated for any non i.i.d. station-
ary sequences X and Y. For Gaussian (non i.i.d.) stationary
sequences X and Y upper and lower bounds are obtained in
[Gray,et.al.(1975)]. Also expressions for Fn(u,k) are not
available either(for upper and lower bounds see Section 3

of Chapter V).

§ 1.5 RATE DISTORTION FUNCTION OF A STOCHASTIC PROCESS

Let X={X(t,w),~ o <t < ©} be a real stochastic pro-
cess defined on the probability space (0,%,P). For each T>0,
let Xp={X(t,®),-T < t < 1}, RT be the set of all real func-
tions on [-T,T] and U? the o-field generated by the cylinder

sets of RT. Denote by py the probability measure induced by



1.

the measurable transformation w- X(+,w) from (Q,%,P) to .
(RT, Wf),i.e. the distribution of Xg.If Y is another stochas-
tic process defined on the same probability space,the distri-

bution Ly of YT is defined similarly and the joint distribu- .
T
tion by vy of XT and YT is the probability measure induced
T "7
by the measurable transformation w-(X(:,w),Y(:,w)) from (Q,%,

P) to (RTxRT,u¢xu?).Define the mutual information between XT

and Y, as follows:I(XT,YT)=+w if uXT'YT is not absolutely
continuous with respect to p, x u and
Xp™ "¥g
du
YT Xmi Y,

T’
dluy X uy )
d(uXTx uYT) Xpo "Yq

T

<< Uy X Uy o Tet
e Y Xp~ " ¥ )

I(Xps Yp)= J
R

if by
pitx,,
EPp(X(yw), ¥(yw))= J Pr(wv)duy g (uv) < D}

RTxRT
where D > 0 and PT is a measurable map from RTxR

Yo

T 40 [0,%).

If P:Rlle»[O,w) is a distortion measure and PT(u,v) =
5% IiP(u(t),v(t))dt then sz{PT' T > O} is called a single-
let%er fidelity criterion; if P(x,y)=(x—y)2 (respectively =
|x-y|) then F, is called a square-error (respectively magni-
tude~-error) fidelity criterion. Now define the rate distor—
tion function of the stochastic process X={X(t),—o < t < =}
with respect to the fidelity criterion Fb by

R(D) = 1lim inf RT(D) for all D > O
where o
inf I(Xq, Yp).

by v € 9p ®

T'"T

S
Sl

Ry(D) =




For a stationary process X, the limit always exists and

R(D) = lim RT(D).

Teoo

11

The rate distortion functions have been calculated for

the following stochastic processes:

Let X=-{X(t,uﬂ,— o < t < w} be a Gaussian process with

zero mean and continuous covariance R(t,s). Let RT be the

integral type operator on Lz[—T,T] with kernel R and kk(T),

¢g(t) its eigenvalues and eigenfunctions respectively. Assum-

ing it exists,the rate distortion function of X with respect

to the square-error fidelity criterion has the following

parametric expression:

R(D. )= 1lim % T max(0,31 A ()
D.)= 1lim Zx max 21ln
0 T—co 2T k=1 ' 0
and s >0
in L% min(o,r (T))
D.= 1lim == min(é,
] T =0 2T k=1 k
where o T
1 .1 2
0<D<D __=1im Zx I A (T) = lim 3% E[J x“(t)dt]
max  m_, 2T 1"k T —vo 2T _p
1 T
= 1lim 5% J R(t,t)dst.
T—eo ~T

When the Gaussian process X is stationary and has spectral
density f(A), its rate distortion function with respect to
the square-error fidelity criterion exists and has the fol-
lowing form:
R(De)= %; f:max(O,ln iéil)dk
8 >0

e ¢]

Dg= 57 J min(e,f(x))dr.

-00
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If X is the Wiener process,i.e. R(t,s)= czmin(t,s). its rate .
distortion function with respect to the square-error fidelity -
criterion is given by: [Berger(1970)]
2
R(D)= g%— 0< D<o,
D
For a Polsson process with rate A, the rate distortion

function with respect to the magnitude-error fidelity crite-

rion is given by: [Rubin(1974)]
R(D)= 1lim RT(D)
T—c0
where
_ (U) D_ AT

and R{U)(D) is the rate distortion function with respect to
the magnitude-error fidelity criterion of a sequence of i.i.d. ‘

random variables each uniformly distributed over [0,17.

§ 1.6 RELATION OF RATE DISTORTION THEORY TO SOURCE CODING

AND INFORMATION TRANSMISSION

The importance of the rate distortion function R(D)
resides in certain source coding theorems which establish
that R(D) specifies the minimum rate at which one must re-
ceive information about the source output in order to be able
to reproduce it with an average distortion of D or less. Also
if the channel capacity C is such that C > R(D) then it is
possible to recover the source with fidelity of D or 1less,
while if R(D) > C, then it is impossible to recover the sour- .
ce with fidelity D. We will describe briefly the main results ‘

without going into some details,like the ergodic theory,etc.
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Source Coding Theorems

A source of information is typically a sequence of
random variables (or random vectors) or a continuous para-
meter stochastic process; the source is called discrete-
time in the first case and continuous-time in the second
case., We will consider here in detail the case of a random
sequence. If the sequence is stationary, ergodic, Gaussian
etc., then the source is called stationary, ergodic,Gaussian
etc. respectively. If the sequence consists of i.i.d. random
variables then the source is called memoryless. The purpose
of source coding is to make the source suitable to transmit
through the channel.

We will from now on consider discrete-time sources
X={Xn}izl whose random variables take values in the space
Ao equipped with the o-fields of subsets a - We call Ao the

source alphabet. We remark that R(D) which was defined when

AO is the real line can be similarly defined for general
n 00
spaces (Ao,ao). Let A(n) n A, and A= Aj. A word of

L(n) !
length n is an element of A

~ ~

Let A0 be a reproducing alphabet and (Ao,ao) a measur-

able space which is determined by the channel to be used

~

for transmission. Similarly define A( )— ™ A . A and A are
1

called the source space and channel space respectively.

A code on A is a map from A into A. A code of size k

and length n is a map from A(n) to B < A(n? where B={y§??..,

y (n) . Each ygn) is called a code word of length n. Let
k i gode wora Pn



1~

ve a map from A{Mx a(n) 4 [0,o) such that for each fixed @

ye A(n), pn(-,y) is a measurable map from A(n) to [0,).

Pn(x,y) expresses the cost or loss of coding x by y. Each
source word Xx€ A(n) is mapped into that y€ B which minimizes
Pn(x,y). The minimum is d.noted by Pn(xlB)= min Pn(x,y). The

yEB
average distortion of the code determined by B is defined by

Pn(B):Eﬁn(X(n)lB), where X(n)=(Xl,...,Xn) and its rate by

1

R= n "1n k. If P,(B) < D, then we say that the code deter-

mined by B is D-admissible. The most general source coding

theorem for a discrete-time, stationary, ergodic source is
as follows:

THEOREM 1.6.1 (Source Coding Theorem) : -

Let X:{Xn}i=l be a discrete-time,stationary ergodic
source having rate distortion function R(D) with respect to
the single-letter fidelity criterion Fp, and assume that
there exists a y*¢€ Ao such that EPl(Xl,y*) < o, Then, for
any €>0 and any D > 0 such that R(D) < o, there exists a
(D+€ )-admissible code with rate less than R(D)+€. Also there

is no D-admissible codes with rate less than R(D).

Source coding theorems on discrete-time,stationary
sources without the ergodic assumption were given by Gray
and Davission(1974). The solution was given in terms of a
weighted distortion rate function rather than the convention- }
al rate distortion or distortion rate function.

Source coding theorems similar to Theorem 1.6.1 have

been proved for discrete memoryless sources and for the .
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following continuous-time sources:

(1) stationary Gaussian processes [Gallager(1968)]
(2) the Wiener process [Berger(1970)]

(3) the Poisson process.[Rubin(1974)]

Information Transmission Theorems

For simplicity, we consider only a memoryless channel
and its capacity. Other types of channels are described in
[Gallager(1968)]. A memoryless channel with input alphabet
(Ao,ao) and output alphabet (Ro'&o) is defined as follows.

If the input to the channel is the sequence of random
variables X={Xn}z=l , with each random variable taking values
in AO, then its output is the sequence of random variables
Y:{Yh}zzl, with each random variable taking values in Ko’

which is determined by its (regular) conditional distribution

given X=x which is of the form

[o¢]
Q(E,x) = m Q(E_,x.)
o S e X
00 0w o )
where E= kzlEk € g o x={x,} . € ; A9 a?d each Q, is a

(regular) conditional distribution on (A ao) (and hence the

o’
conditional distribution of Y, given Xk:Xk)' The capacity of
the memoryless channel is defined by
C= sup I(X,Y)
where the supremum is taken over all distributions of X.
We wish to know what is the maximum rate of transmis-

sion allowed within a given fidelity. The answer to this

question is given by the following theorem in which the rate



1o

distortion function plays an important role. .

THEOREM 1.6.2 (Information Transmission Theorem)

Iet € > 0 and D > O be given. Let R(D) be the rate
distortion function of a *ime discrete, stationary ergodic
source with respect to the single-letter fidelity criterion
Fp generated by a bounded distortion measure p. Then the
source output can be reproduced with fidelity D by the out-
put of any channel with capacity C > R(D). Conversely,fidelity
D is unattainable over sufficiently long time intervals at

the output of any channel with capacity C < R(D).

A similar theorem holds for discrete memoryless

sources. ‘ i



IT. THE RATE DISTORTION FUNCTIONS WITH RESPECT TO THE
SQUARE-ERROR CRITERION OF A MEMORYLESS GAUSSIAN
VECTOR SOURCE WHOSE COMPONENTS HAVE FIXED VARIANCES

§ 2.1 INTRODUCTION

We consider a Gaussian n-dimensional vector X whose
components have zero means and given variances, and we study
the dependence of its rate distortion function (with respect
to the square-error criterion) on its covariance structure.
Theorems 2.2.1 and 2.3.1 give upper and lower bounds of the
rate distortion function respectively. These bounds are de-
fined only in terms of the variances of the components of
X and the lower bound is tighter than the Shannon lower bound
over a certain region. It is shown in Theorem 2.4.1 that the
space between the lower and upper bounds is filled up by the
rate distortion functions of such X's under all possible co-
variance structures. Finally, Theorem 2.5.1 shows that the
upper bound of Theorem 2.2.1 remains true even if X is not
Gaussian, and this is true with respect to any single-letter
fidelity criterion. |

These results apply to the rate distortion function of
a memoryless Gaussian vector source whose components have
zero means and fixed variances, since this is equal to the
rate distortion function of a Gaussian vector whose distribu-

tion is that of the i.i.d. vectors of the source.
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All properties of rate distortion functions used here ‘
can be found in Berger (1971). A square-error fidelity cri- .
terion is used throughout § 2.2 to §2.4 without any further
reminder.

§ 2.2 THE UPPER BOUND

We begin with a property given in Lemma 2.2.1 in its
general form and in its Corollary for the special case of

Gaussian vectors.,

LEMMA 2.2.1 Let R, (D) and R,(D) be the rate distortion
functions of the random variables Xl and X2 respectively, and
let Dé;i be the least D such that Ri(D) =0, i =1,2., If

(1) _ (2) _
Dmax - Dmax - Dmax' then

Rl(D) < RZ(D) for all 0 < D ‘ .
if and only if

] ]
Rl(D) > RZ(D) for all 0 < D <>Dmax

with equality in the first relationship if and only if

equality holds in the second relationship.

Proof: Sufficiency. Suppose Ri(D) > Ré(D) for all 0 < D <

. , . . .
Dmax' Since R'(D) is a continuous function on (O,Dmax),and
the left derivative at Dmax is finite (and < 0), R'(D) is

integrable and thus absolutely continuous over each interval

[DO,D ) where 0 < D, < Dpax Hence

max X
Dhnax Dhnax
J R{(D)AD > [  R5(D)AD
D D .
o )
implies .
Rl(Dmax) - Rl(Do) z RZ(Dmax) - RZ(Do)'
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Since Rl(Dmax) = RZ(Dmax) = 0 by assumption, we have
L} 1] L} ] —
Rl(D ) < R2(D ) for all 0 < D' < Dmax. If Rl(D) = Ré(D),
0 < D, equality holds throughout each step.
Necessity.  Suppose Rl(D) < RZ(D)’ 0 < D. Then

Rl(D ) - Rl(Do) > RZ(D ) - RZ(DO) and as in the proof of

max max
sufficiency D
max
J [Ri(D) - Ré(D)]dD > 0.
D .
o}
. . . v o
Since this holds for all 0 < D0 < Dmax’ and since Rl,R2 are

continuous on (O'Dmax)’ it follows that for all 0 < D < Dmax’
RJ(D) - R3(D) 2 0 or Ri (D) 2 R(D). Clearly, Ry (D) = RA(D)
if R{(D) = R,(D).

Lemma 2.2.1 holds also for n-dimensional random vectors
whose rate distortion functions have equal Dmax points, since

its proof uses only the basic properties of a rate distortion

function and does not involve the dimensionality.

The parametric expression of RX(D) for an n-dimension-

al zero mean Gaussian random vector X has the following form:

(xX)
1 B L M
RX(DX(G)) =z § max(0,51ln 5 )
k=1
0O< o
R (x)
Dx(e) == kilmln(e,kk )

where kéx) are the eigenvalues of the covariance matrix of X.

(X)

Note that the function DX(G) is one-to-one for 0 < 8 < max A "{

1<k<n
its inverse function is denoted by eX(D) for 0 < D < % Zﬁzlkéx?

(X) 1% (X
Clearly Dmax = 3 E:lxk .
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COROLLARY TO ILEMMA 2.2.1 Let X,Y be two Gaussian n-dimen-

sional random vectors whose components have zero means and

the same set of variances oi,...,ci. Then .
RX(D) < RV(D) for all 0 < D

if and only if

02
k

04(D) > 0,(D) for all 0 <D< D = &
X - Y n 1

max

nhmMs

k
with equality in the first relationship if and only if

equality holds in the second relationship.

Proof: From the parametric expression of RX we have

[Berger (1971),p.111]

_ 1 (X)
GX(D) = - 2R3 (D for all 0 < D < Doy *
[
and also D(X) = D(Y) =1 g 02 since the components of X
max max n k=1 k - p

and Y have the same set of variances. Thus eX > eY if and

only if Rk(D) > Ré(D). Now the result follows from Lemma 2.2.1.

We will make use of the following result in the form of

its corollary.

LEMMA 2.2.2 [Fan (1949)]. Let the eigenvalues A: of a sym-

metric positive definite N x N matrix A be so arranged that

kl < kz < e0e < Aye For any positive integer q, 1 < g < N

q .2 -
z ki = min & x.Ax.
i=]1 x5 =1 Jd
q . N
where {xj}j=l are orthonormal vectors in R. .
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COROLLARY T0 LEMMA 2.2.2 If of are the diagonal elements

of A, then for all 1 <q <N,

q q 2
i=1 i=1
T _ . . .th
Proof: Take Xy = (0,0,444,0,1,0,...,0), i.e. 1 in the j
place and zero elsewhere. Then x?ij = c? and the result

follows immediately from Lemma 2.2.2.

We now show that among all zero mean Gaussian vectors
X whose components have the same set of variances, the one
with independent components has the highest rate distortion
function and i1s thus hardest to transmit (i.e., it requires
the highest channel capacity). This provides an upper bound
for RX which is expressed only in terms of the variances of

its components.

THEOREM 2.2.1 Let X and Y be two n-dimensional Gaussian

vectors whose components have zero means and the same set of
variances and suppose that the components of Y are indepen-
dent. Then

RX(D) < RY(D) for all 0 < D

and equality holds if and only if the components of X are

also independent.

n
_ 1 . _
Proof: Let DX(G) = kil mln(e,lk), RX(DX(O)) =
n A n
1 Z max(0,31n —E) and Dy (s8) = 1 z min(e,oz) ,
N k=1 0 Y noy-1 k

2
o
max(0,31n 55), 0 < 8, be the rate

™3

Ry(Dy(0)) = 1

k=1
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distortion functions of X and Y respectively, where {Ak}gzl
are the eigenvalues and {ci}ﬁzl the diagonal elements of
the covariance matrix of X. By Corollary to Lemma 2.2.1, it

suffices to show that ex(D) > GY(D) for all 0 < D < Doax™

n
1 2
- Z g »
noq k
Arrange the eigenvalues kk and the variances cﬁ in

increasing order, i.e., 0 < Al < AZ S e < kn and 0 < cf <
2 2 . . 2
O <S¢+ <0, and fix D ¢ (O'Dmax)' Assuming o < eY(D) <

2 . 2,2 2 .
954 and Xp < eX(D) < kp+l we have nD= cl+02+...+cj+(n—3)9Y(D)

Case (i): Suppose 0 <P < J<n, and define og = X =0

for convenience. By the Corollary to Lemma 2.2.2, . .

c.

J 2
z Xk < I O
k=1 k=1

Also Ay > 04x(D) for k= p+l,...,3j. Thus

E g (nedoy(0) £ (n-j)oy(0) -
p J .
= kilkk+ (n-p)e, (D) < kilkk+ (n-jlo, (D).
This implies eY(D) < eX(D). Equality holds if and only if
kilkk = kélci » 1 £ J<n, i.e. if and only if kk: cﬁ,
1 <k<n.

Case (ii): Suppose 0 < J <£p < n. Then similarly we

have

-
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J J
. 2 :
T At (n-j)oy(D) < Z oy + (n-j)ey,(D) =
M Y 2%k Y
D+ (nep)on(D) < B A + (n=3)ey(D)
- n—pe _<_ A n-J 8 .
Mk X o K X

Hence eY(D) < eX(D) and equality holds if and only if

J
_ 2
= xk = Oy

k=1 k=1
i.e. if and only if A = ci, 1 <k < n.

M.

1<J<n,

We have thus shown that RX(D) < RY(D) for all 0 < D

and that eqality holds if and only if A, = o2, k=1,...,n. We

now complete the proof of the theorem by showing that kk= ci,

k=1,...,n, if and only if the components of X are independent,
i.e. if and only if its covariance matrix § is diagonal. The
»if" part of the statement is obvious. For the "only if" part
we assume that (kl,...,kn) = (o%,...,ci),’the equality being

between sets of real numbers in their original order ( and

not rearranged in increasing order). Let ¢ = UDUT be the

Jordan canonical form of ¢, where U is a unitary matrix and

D is the diagonal matrix diag(kl,...,kn). Denote the | th Tow

of U by eE = (uk Preeerly n) . Then we have
n

= X A.U
j=1 4

02 2
k kj °
On the other hand, by assumption, each ci is equal to one of

the ki's, i.e.

2 _
Oy = M (k)

where i maps (1,...,n) onto itself and is such that i(k)#i(])

for k#j. It then follows from
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g k.uz ‘.'

Xi(k)z AN 5 Uy 5 that each vector e, has all components O

except for the i(k)th component which equals 1 or -1. Now if ’

uDul that

$ Z{akj}’ it follows from &

~ T Xk if k = )
2 = MkCr7y T . .
‘ 0 if k # ]
and thus & is the diagonal matrix diag(kl.....xn).

As a consequence of Theorem 2.2.1 we have the following
ordering of the rate distortion functions for different co-
variance structures.

COROLILIARY TC THEOREM 2.2.1 Let X and Y be two n-dimensional

i (X Y) n .
zero mean Gaussian vectors and let {Ai ;=1 @and {{iji=l be
the eigenvalues of their covariance matrices respectively .
arranged in increasing order. Then RX(D) < RY(D) for all

0<D if‘and only if

p p

5 A§X)§ 5 A§Y) ,  1<p<n.

i=1 i=1
Equality holds if and only if kﬁx)= kiY) for each i =1,...,n.
Proof: The "”if” part follows from Theorem 2.2.1 by repla-

2 (Y)

cing oy by Xi . The "only if*” part follows by a similar ar-

gument as in the proof of Theorem 2.2.1.

§ 2.3 THE LOWER BOUND

Among all zero mean Gaussian vectors X whose components -
have the same set of variances, the easiest to transmit and
thus the one with the least rate distortion function, should

be one whose components are completely correlated. This is



25

shown in the following theorem which thus provides a lower
bound for RX' This lower bound turns out to compare favorably

with the Shannon lower bound.

THEOREM 2.3.1 If X is an n-dimensional Caussian vector

2
n'

whose components have zero means and variances ci,....o

then

o R 1=
s

(D) for all 0 <D< o%.

i=1

Proof': let ¥ = (Yl,...,Yn) be a degenerate‘Gaussian vector
whose components have zero means and EYin = cicj for all
i) = 1,2,¢0090 and let § be its covariance matrix. It is
well known that Rank(®) = 1. Thus & has a zero eigenvalue

of multiplicity n-1 and one positive eigenvalue of multiplic-

n n

ity 1. Since X A;= s g2 where \; are the eigenvalues of d,
i=1 * i=1 7t *

it follows that the simple non-zero eigenvalue is

n

z oi. Tet & = UDU'l be the Jordan canonical form of &,
i=1 '

where U is a unitary matrix and D is the diagonal n x n

n

matrix diag(0,..«,0, & % ), If Z = uly, then Z=(Zl,...,Z )
i=1 * n

is Caussian with independent components where Zl’ZZ""’Zn-l

are degenerate with zero variances, i.e. Z;7 0a.s. L €1Z
n

n-1, and Zn is Gaussian with mean zero and variance z o?.
i=1
Since H(Zi)= _p(0)1n p(0) = -1 1n 1 =0and 0 £ Ry (D)
i

< H(Zi) it follows that RZ.(D) -0 for i = 1,2,+se -1
i
Since the components of 7 are independent we have (see p.57

of Berger (1971))



26

R, (D)) = % 5 R, (Dg) where D = & £ Dg
i=1 “i i=1 .
and since RZ =0 for i=1l,...,n-1 we obtain D = 1 D" and
3 S n “s
_ 1 ny _ 1
RZ(DS) == RZ (DS) == RZ (nDS). Hence
n n
a2
DIe I
. Z ) n
_1 _ 1 i=1 * < 1 (Z) 2
RZ(D)_ n Rz (nD) = 2n 1" “hD for 0 =D =9 Dpax = 1w .E 93
n i=1
. (zi) . (Zn) noo
since DmaX =0 for i =1,,¢.,n-1 and Dmax = iilgi. It now

follows from the Corollary to Theorem 2.2.1 that RZ(D)ng(D)
for all D > 0, since the eigenvalues in increasing order of
n
the covariance matrices of 2 and X are (0,...,0, & c?) and
n

n : i=1
. . _ 2 _
(xl,...,xn) respectively, with X A;= £ oi. Also RZ(D)_RY(D)

i=1 iz
2 @

L4

since the unitary transformation Z = U ~Y preserves mutual
1

information as well as the Euclidean norm pn(y,z)=
k
)

Y ~%k

n
Z
). Thus

=
in the definition of R(D) (see p.110 of Berger (1971)).
RY(D) < RX(D).

The lower bound RL(D) of Theorem 2.3.1:

n
M) 0?
1. i=1
R (D) = 35 In = 5— ,

o
1

S

0<Dc<

I Ms

2
. i
i
should be compared with the Shannon lower bound RSL(D) (see
p.111 of Berger (1971)): 1

S RN 1] n
Rgy (D) = 3= In el 0 < D < |3l

where & 1s the covariance matrix of X. For n=1 we have

_ _ 2 .
RX(D) = RL(D) = RSL(D) for all 0 <D< D .= c”. We thus

restrict our attention to the case where n > 2. The following .
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relationship will serve as the basis for the comparison (see

Bellman (1960))

n no,
tr(®) = = Ay = L g5
i=1 i=1

n
Since |®|= RURNT it follows that

i=1 1

13" < & tr(@)

with equality if and only if Ay= ... = Ay (see p.17 of Hardy,

Littlewood and Pélya (1952)). In the following we assume
that & has at least two distinct eigenvalues and thus
1/n 1
12] < = tr(@).
One sees immediately from the expressions of RL’RSL’
and from the above inequality that RL is defined and strictly

positive on the entire interval (0, D __ = 1 tr(9)) where Ry

max n

is strictly positive, while RSL is defined and strictly

positive only over the subinterval (04§|1/n) of (0, % tr ($)).
. . 11

Thus R; provides a lower bound over the interval Q@lﬁ,ﬁtr(§)),

where none was available up to now.

Also R, depends only on the variance of the components

L
of X, while RSL depends on their covariances as well, and RL
is much easier to compute. Therefore RL can be useful as a

lower bound even if it is smaller than RSL' At first glance,
since RSL depends on the full covariance Structure of X, one
would expect it to be a better lower bound than RL' However,
it turns out that (except when A =...= kn) there is always

an interval of distortion where RL is better than RSL' This

is seen as follows. It is clear from the expressions of RL
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and Re; that RL(D) < RSL(D) if and only if

n|é H%I <D< %
(28L]" <o <ip™

This interval is non-empty if and only if|§f1< % tr(d),i.e.,

SL

if and only if & has at lrast two distinct eigenvalues. Hence

if & has at least two distinct eigenvalues we have the fol-

lowing properties: 1
for 0 <D< [;C%-‘(%]n—l : R;(D) < Rgy (D)
- 1
for [T?%TJ < D <" t Rgp(D) < Ry (D)
1
for 1§ < D < Dooy™ % tr($) : Ry (D) is defined

RSL(D) is not defined.
If & has one eigenvalue of multiplicity n then the last two
intervals are empty and the Shannon lower bound is everywhere

better than the one given in Theorem 2.3.1.

§ 2.4 THE AREA BETWEEN THE TWO BOUNDS

We now show that all values between the upper and lower
bounds of Theorems 2.2.1 and 2.3.1 are obtained for appro-

priate covariance structures.

THEOREM 2.4.1 The family of the rate distortion functions

of all n-dimensional Gaussian vectors whose components have
zero means and the set of variances ci,...,oi fills up the
space between the upper and lower bounds of Theorems 2.2.1

and 2.3.1 respectively.
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Proof': Tt suffices to prove that the space between the

upper and lower bounds is filled up by the subfamily of n-
(

dimensional Gaussian vectors XP =(X{P),...,an)) which satis-

2 (P)y(p)

(p) _ (plz2 _ . _
fy EXi = O‘ EXi = 0y for all i = 1,.es,n and EXi i

=00y for all i#j= 1,2,...,n, where 0 < p < 1.
Recall that the rate distortion function R? of Xp is

given by

xi(P).

8

_ 14
RP(DP(e)) = 5 iflmax(O, 1ln
where n
z min(G,Xi(P))
i=1

and xi(p), i= 1,+..,n, are the eigenvalues of the covariance

(o Loy

DP(Q) =

matrix of Xp.

We give the proof in the following three steps.

(1) xi(P) is a continuous function of p for each i=l,..
e 3N

Proof': ki(P) is a solution of a polynomial of degree
n with coefficients multiples of powers of f. Let us denote
this polynomial by F(P,A). Then F(P,xi): 0. F is a polynomial
in p as well as in A. Consequently F, %%.»and %g (exist and)
are continuous functions of € and xi. Moreover, %%.ﬁ 0 since
the degree of F as a polynomial in Ay is > 1. Thusf by a
well known result in implicit function theory, ki(P) is a
continuous function in f.

1

n
. e _ L 2
(2) For every fixed D E(O,Dmax = iiloi), GP(D) (the

inverve of Dp(0)) is a continuous function of @ € [0,1].
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Proof: Fix fP € [0,1]. Since A;(p) is a continuous .

function of p for each i=l,...,n, given € > 0, there exists

£

63 > 0 such that |r;(P)- Aj(p )| < =

1 whenever |p - Pb‘ < 6.

Take 8 = min 6.. Then for every q, 1 <q <n,
1<i<n

q 1 E
|2 Dse)- ai (e EPa®- o] < % < e

Now fix D € (0,DP

max (D).

fo
< Ap+l(Po) for some p,

) and let 8,= 6
Case I. Suppose xp(po) < 8,
1 < p<n-l. Since each li(P) is continuous, we can choose
6 such that A (p) < 8, < Ap41(P) for |p- p |< 6. Let

8p= eP(D) and suppose Ak(p) < OPS kk+l(9). Then

I n -y
=

b
nD= i:lxi(Po )+(n-p )eoz .

i Mo
—~

A; (P)+(n-ple_= As (P)+(n-k)ep . .

i
If k¥ = p, clearly eP - 0,= 0. We now consider the cases k > p
and k < p.

(A) p < k < n-1. We now have

k
(3 (R) = ai(P)) = hi(P)-(k-p)o_+(n-k)(sp -5 ).

b
Z
] = i:p+l

i=1
Thus

k D
.|i:§+{xi(P)— 0,)+(n-k) (8, - eo),=)i£l(ki(po)— r(p))]< e
k
Now since Ap(p) < 8, < xp+l(p), i:§+{ki(eo)— 90) > 0,
Also ed<xp+l(p)5Xk(P)§QSince k > p, and thus 6p - 68, > O.

Tt then follows that 0 < 8, - 6 < =S < .

(B) 1 <k < p < n. We now have
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k p
izl()\i(P)-)\i(Po)): i:i_'_l)\i(Po)—(p_k)eP +(n_p)(eo_eP )
p
= i§k+l(xi(90)—ep)+(n-p)(eo—ep). (2.1)

Since k < p, we have kk(P) < 8p < kk+l(P) < kp(P) < 0., and
thus 8_-6, > 0. Now let kj(Po) < 8p < xj+l(po) for some j.

If k < j < p, we can write

p ; 5
L (ylpg)-gp)= 2 (3R )-6p) * 1 LAy (Fy)" 2.2
e 11800700 it %) i=j+§ 1(p)-00) (2.2)

where each term of the first sum is negative and each term
of the second sum is positive. Then from (2.1) and (2.2), we

ha
ve p

iy i (R)9) + (no)(078p)

J
(ry(P)-rg(p)) + = (p-hs(py))

k
= I
= =k+1

i=1

and since eps_ ki(P) i =k+l,¢.4,), Wwe obtain

5 J
i§j+l(ki(Pb)-eP)+(n-p)(eo-ep) < iil(xi(p)—xi(po)) < €.

It follows that (n—p)(eo—ep) < € and finally 0 < 8, - 0p< €.

- If 1 < j < k, then xj(pb) < 0p < Aj+1(P )< kk+l(po).Thus
z (Ai(PO)—ep) > 0 and thus from (2.1)
i=k+1

) oo
(n-p (eo"ep) < i§k+{ki(90)-ep)+(n-p)(eo—ep)

1

k
iil(xi(P)-ki(Po)) < €,

It follows that 0 < eo-ep < €,
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Case II. Suppose eo= Xp(PO) # 0. Again, by the con-
tinuity of the Ai's, we may choose & such that kp_l(p) <8, <
xp+l(p) for lp-pol< 8. Suppose that kk(P) < 6p < Xk+l(P)° We

then have

nD= ?éi}\i(po)+(n—p+l)eo= iixi(mmin{eo,xp(e)} +(n-pJo
k
= i=lki(P)+(n-k)ep.
If k¥ = p-1, then

p-1
(n-p+1)jo-o 1= | = (O (p)-r;(p)] < €
i=1
and hence |6,-6 | < €. If k = p, then
(n—p)(eP -8,) = min{6,, A ()} - A (p)
and since 6_= kp(Po) we have (n—p)lep—eolgikp(P)-kp(f%)|< €
and hence ]eP-eO|< € + Now for p < k < n-1 the proof follows
as in (A) of Case I, and for 1 < k < p the proof follows as
in (B) of Case I.
%)

: p -1
(3) For every fixed D € (0,Df == : loi

s

) RP(D) is a
continuous function of P € [0,1].
Proof: The parametric expression of Rp can be written

as follows by using the function eP(D):

1 B A (P) 1 0 oo
RP(D): > i}ilmaX(O,ln W), 0 <D< o iilci.

Since by (1) each ki(P) is continuous in p, and by (2) for
each fixed D, ep(D) is continuous in p , it follows that for

each fixed D, RP(D) is continuous in p .
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Now Theorem 2.4.1 is an immediate consequence of (3),
if we notice that Rl(D) is the lower bound of Theorem 2.3.1

and RO(D) is the upper bound of Theorem 2.2.1.

§ 2.5 AN UPPER BOUND IN THE GENERAL CASE

It is intuitively clear that the property of Theorem
2.2.1 should be true in general and not just for Gaussian
random vectors. This is now shown in Theorem 2.5.1,where a
general single-letter fidelity criterion is also considered.
For its proof, we will need the property stated in the fol-
lowing lemma.

LEMMA 2.5.1 Let X=(Xl,...,Xn) and Y=(Yl,...,Yn) be two

random vectors and let p(x) be the probability density func-
tion of X and q(ylx) the conditional probability density
function of Y given X, where x=(xl,...,xn), y=(yl,...,yn).

n
If q(y)x) = qi(yi|xi) where each q; is a conditional pro-

i=1
bability density function, then a; is the conditional pro-

bability density function of Yi given Xi and

n
I(X,Y) < % I(X,Y.).
iz 21

Proof: The joint probability density function f(x,y) of
n

X and Y is given by f(x,y) = p(x)a(ylx) = p(x) m qi(yi|xi).
i=1

Let fk(xk,yk) be the joint p.d.f. of X, and Y, and pk(xk)

the p.d.f. of Xk' Then

n n
£ (X .,y )=/ J p(x) m q;(y;|x.) n dx.dy.
S R AU SIS L6
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n
= in_lp(x)qk(yklxk)k%gzldxj = pp (%), (v I %)

. € R. This equality

since £ qi(yilxi)dyi =1 for all x;

implies that Q) is the conditional p.d.f. of Yk given Xk'
Now let g be the p.d.f. of Y and g; the p.d.f. of Yi'

i=1,4e.,n. We will use the well known property of entropy

n n
H(Y)=- J e(y)in g(y) dy <- £ [ g;(y;)in g;(y;)dy;= I H(Y,).

i
g1 i=1 Rl i=1
We have
1(X,Y)=J J f(x,y)ln q(y|x)dxdy - J J f(x,y) 1n g(y)dxdy
rR" R" R™ R"
n
= L J f(x,y)1In q4(y;1x;)dxdy - J g(y)in g(y)dy
i=]1 L,n pn n
Y- RU R R
n
< 2 J J £(x5,y;)1n q; (y; 1%, )dx,dy; -
i= Rl Rl
o \
i§1 fl gi(yi" 1n gi(yi)dyi
T R
n 93 (v31%;)
= iji fl fl fo(x;50y5) 1n e (v, dx,dy.

R™ R

n
z I(Xi,Yi).
i=1

I

This calculation is justified when the right hand side is

finite, and otherwise it is trivial.
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THEOREM 2.5.1 Let X = (Xl,...,Xn) be a random vector with
joint probability density p(xl,...,xn) and marginal densities
pi(xi). Let X = (Yl,...,in) be a random vector with joint

density m pi(xi). Then
i=1

Ry (D) < Rg(D)

for D> 0 and a single-letter fidelity criterion.

Proof: Let Ri be the rate distortion function of ii' Since
the random variables Xl""’ih are clearly independent we
have
n n.
_1 i 1 i
RX(DS) " n .§ Ri(Ds)’ Ds_ n .§ Ds
i=1 i=

where Ds’ respectively D;, is the value of the distortion at
which the derivative (slope) of Ry respectively R; equals
s < 0 (see p.57 of Berger (1971)).
For each D > 0 let Qp be the set of all conditional
p.d.f.'s g(ylx) such that
d(q) =J [J pn(x,y)p(x)q(ylx)dxdy <D
R™ R

where by assumption the distortion measure is given by

Pn(X,y)= P(xl’yl)

S
hmMs
e

i
where P maps R? into [0,o). If we denote by EqF(X,Y) the
expected value of F(X,Y) when the joint distribution of X

and Y is determined by p and q: p(x)a(ylx), then

n
iElEqp(xi,Yi).

S

a(a) = B P (X,¥) =
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Similarly, for each D > 0 and i = 1,...,n, let Qp be the set o

of all conditional p.d.f.'s qi(yi|xi) such that

di(qi)= £l ilP(xi.yi)Pi(Xi)qi(yi\Xi)dxidyi <D

and with gimilar notation as above we have

We will show now that for each fixed s < 0, if q4 € Qli,
n s
i=1,404,n, and if qo(ylx)= izlqi(yi\xi) then q € QDS. It
is clear that 4 is a conditional p.d.f.. Thus by Lemma 2.5.1,
if the joint p.d.f. of X and Y is determined by p and Q!
then q; is the conditional p.d.f. of Yi given Xi’ and the .

joint p.d.f. of Xi and Yi is determined by P; and Qi It

follows that . .
=l TE p(x,¥.) =L T E P(X,Y.)
d(q )== T E p(X.,Y.) == ZE P(X;,Y.
o n ;27 9 i'"i n ;2194 i'"i
n n .
o Z d;(q;) <5 E D = D
i=1 i=1

i.e. q, € QD . Now from the definition of rate distortion
S
function and Lemma 2.5.1 we have

S

I (X,Y) <1 (XY)<2 5T (X,Y.)
! - n q ’ -n ._ S |

R,(D_ )= inf
S 1 93

X o] .
qEQDS o} i

where the subscripts are used as above to indicate the joint

p.d.fe's. Since this is true for all qié Qli, we have

D
s

: 1 iy ;
q€

b} o

and since this is true fo% every s < 0,it follows that

nMs

1
RX(DS) Sn

i=1

Rz(D) > Ry(D) for all D > 0.




ITI. THE RATE DISTORTION FUNCTIONS WITH RESPECT TO THE
SQUARE-ERROR CRITERION OF SPHERICALLY INVARIANT SOURCES

§ 3.1 INTRODUCTION.

When the distribution of a source 1is a mixture of
distributions whose rate distortion functioné are known, it
would be of interest to express the rate distortion function
of this source (or some of its properties) in terms of the
rate distortion functions of the mixing distributions ( or
their properties). No results of this type seem to be
currently available in the literature and this chapter is a
small contribution in this direction.

A square-error fidelity criterion is considered
throughout with no further reminder.

We consider spherically invariant distributions which
are mixtures of Gaussian distributions. For spherically
invariant random vectors and sequences we find the Shannon
lower bound of their rate distortion functions, and we show
that if the mixtures do not include Gaussian distributions
with small variancesvthen the lower bound is tight over a
certain range of distortions. Under this condition some
simple upper bounds are also obtained which are valid over

only a certain range of distortions.
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These results do not seem to be extendable to contin- ‘
uous parameter spherically invariant processes. Also no sour- -
ce coding theorem is given here for non-ergodic spherically
invariant sequences, the main difficulty being the lack of
an analytic expression of the rate distortion function over
~the entire range of distortions (notice that an ergodic
sperically invariant sequence - or process - 1is Gaussian
[ Vershik (1964)]). The results are clearly applicable to mem-
oryless spherically invariant vector sources and to memory-
less sources whose components are spherically invariant
sequences, since in both cases a source coding theorem is of
course known. Also, for a discrete spherically invariant .
source, with no source coding theorem presently available,
the rate distortion function can be used along with the chan- .
nel capacity to provide a lower bound for the minimum attain-
able distortion.

We now define the class of spherically invariant pro-
cesses, originally introduced énd studied in [Vershik(1964)],
and we introduce the related terminology and notation which
is used throughout. Let X ={ X(t), t ¢ T}, T an arbitrary
index set, be a zero mean (for simplicity) random process.

Let R(t,s) be a non-negative definite function defined on
T x T and F(v) a distribution function such that F(0+)= 0

and
[oe]
a =/ v dF(v) < o .
0
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X is called spherically invariant with parameters (R,F) if

its n-dimensional characteristic functions have the form
P(ua Xt )+e oo tu X(t.)) )
¢(n)(u)= Ee L+ 1 nttnt s oexpl-% 5 Aén) JdF(v)
O
where §=(tl,...,tn)GTn,g=(ul,...,un)GRn and the n x n matrix

Aén) is defined by Aén)z{R(ti,tj)}? .For simplicity we

i, j=1
will assume throughout that each Aéng is non-singular.

Notice that #tn)(u) is indeed a characteristic function
(n)

since the integrand is the characteristic function of N(O, vAt )

a zero mean Gaussian vector with covariance matrix vAi ),and
it is well known that if (A,L,u) is a probability spage and
¢k(5) a characteristic function for every A€A such that ¢k(3)
is L-measurable for each gERn,then é(u)= £L¢kd“(K) is again a
characteristic function.Also if px(g) is a probability density
function corresponding to ¢X(g),then p(x)= N p, (x x)du(r) is a
probability density function corresponding to $(u).Thus a

spherically invariant random process can be considered as a

mixture of Gaussian processes.The probability density function

pén) of (X(tl),....X(tn)) can be calculated easily. Let
(n) 1 (n)~ n
IRT S 2 IR 72 exp[ -5y XAy Kl xe B

be the probability density function of N(O VA(n)) (notice
(n)

that we have assumed that each Ay is nons;ngular). Then

n
00 - 1 -1
p{" ()= S p{") (x)ar(v)=(2) 2[A0 Pg, (eag™) ), xeR”

where o D
- 2 r
g, (r) = g v © exp(-35)dF(v), 0 <r <.
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Notice that if F puts all its mass on a single point v, then
X is Gaussian with covariance function vR. From the expres-

sions for n=2 we can easily see that for all t,s € T
E X(t)X(s) = aR(t,s).

If T ={1,2,...} , then X is called a spherically invariant

random sequence with parameters ($,F) where ¢ :{R(i,j)}? =1

is an infinite dimensional non-negative definite matrix. If

T ={1,2,...,n}, then X is called a spherically invariant

random vector with parameters (A(n),F) where A(n)ziR(i,jﬁg =1
, =

is an n x n non-negative definite matrix. If T = {1}, then

X is called a spherically invariant random variable with

2

parameters (cZ,F) where o“= R(1,1).

§ 3.2 THE RATE DISTORTION FUNCTION OF A SPHERICALLY

INVARTANT RANDOM VARTIABLE.

For a spherically invariant random variable we calculate
the Shannon lower bound of its rate distortion function and
we find necessary and sufficient conditions for this bound

to be tight over a certain range of distortions.

THEOREM 3.2.1 Let X be a zero mean spherically invariant

random variable with parameters (cZ,F). The Shannon lower
bound RSL(D) of the rate distortion function R(D) of X with

respect to the square-error fidelity criterion is given by

2
1
Rgr (D) = 5 1n ag_ _ ¢(1,F)

’ o

for D > O where
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c(1,r) =L v L 1na + 37 5 g (r2) 2)
’ =3 5 1n a n J gl(r 1In gl(r dr,
0]

and Rgy (D) = R(D) for all 0 < D < Ac® if and only if
F(A-) = 0, where 0 < A < a and F(A-) is the left limit of F

at A.

Note that RSL(D) = RG(D) - C(1,F), where RG(D) is the
rate distortion function of a Gaussian random variable with
zero mean and variance aoz. Since Var(X) = aoz, it is known
that RG(D) is an upper bound of R(D) for all D > O [Berger
(1971),p.101]. We thus have

a02

D

1 2

2
5 1n 2% -c(1,F) < R(D) < % 1n

D for 0 < D < ac

and as a by-product we also obtain that C(1,F) > 0. Note
also that if A = a in the theorem, i.e., if F(a-) = 0, it
o0

follows from a = g vdF(v) that F assigns all its mass at

a and then X is Gaussian and C(1,F) = 0.

Proof': The Shannon lower bound with respect to the square-

error fidelity criterion is given by [Berger(1971),p.98]

1

Rqy,(D) = H(X) - 5 1n 2weD
where 00
H(X) = - J p(x) 1n p(x) dx.

Since for a spherically invariant random variable with para-

meters (OZ,F) we have
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1 2 @

-

p(x) = gl(z—z) , - <X <,

27 ©

the expressions for RSL and C(1,F) follow immediately.
Also for fixed D ¢ (O,a02] we have RSL(D) = R(D) if and
only if
Y(u) = exp(Dg—ZW(U)

is a characteristic function, where ¢(u) is the characterictic

function of X [Berger(1971),p.99]. Since

00 2.2
¢(u) = J exp[- F5TdF(v)
0
we have
o0 2 2
q,(u) = I exp[_ L\%_QZE__]dF(V)‘ “
0 .
We now show that ¢ is a characteristic function if and only ‘ -
ir F(Z-) = o.
o
First assume that F(Qg-) = 0. Then
o
Y(u) = S exp[-4(ve®-D)u?dF(v)
Do 2

and the integrand is the characteristic function of a Gaus-
sian random variable since vo2-D > 0. Thus ¥ is a character-
istic function, since it is a mixture of Gaussian character-
istic functions.
Now suppose that F(Qﬁ—)% 0. Then )
D O
5-
° 2 2 > 2 2
Y(u)= g exp[-3(vo“-D)u®JdF(v) + J exp[-2(vo“-D)u“JaF(v).

D
2 @
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The second term on the right is bounded, since it is a multi-
ple of a characteristic function. However the first term is

unbounded since for each fixed v C(O,Do—z) we have

exp[—%(voz—D)uz]tcn

as u 4 «, and thus, from a standard result on integrals of
non-negative functions,
Do~%- 2 2
g exp[-3(vo“-D)u“JdF(v) 4 = as u % .
Hence V¥ ié not a characteristic function.

It follows that for each fixed D € (0,a0”],Rgy (D)=R(D)
if and only if F(D§-)=O. which is equivalent to the condition
stated in the thegrem. To see this, suppose that RSL(D):R(D)
for all D €(0,Ac%] where O < A < a. Then taking D = Ac” we
have F(A-)=0. Conversely if F(A-)=0, then F(25-)=0 for all
D € (0,Ac®], and thus Rgy (D)=R(D) for all D g (0,A0%].

§ 3.3 THE RATE DISTORTION FUNCTION OF A SPHERICALLY

INVARIANT RANDOM VECTOR.

In this section we consider a spherically invariant
random vector. We find the Shannon lower bound of its rate
distortion function, necessary and sufficient conditions for
this lower bound to be tight over a certain range of distor-

tions, and also two simple upper bounds.
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THEOREM 3.3.1 The Shannon lower bound R(n)(D) of the rate .

distortion function R(n)(D) of an n-dimensional zero mean

(“)f)

spherically invariant random vector X with parameters (A

is given by 1
(n)in
R(n)(D) —lé—ﬁ—L— - C(n,F)
for D > 0 where
n-2 o
1 1 2 -1 -1 2 2
C(n,F)= 5t §ln a + (2 T(%)n) f rn gn(r )lngn(r )dr.

Also R(n)(D) - RM)(D) for a1l 0 < D < AN if and only if

F(A-)=0, where 0 < A < a, A = min X, and the kk s are the

_ () 1<k<n &
eigenvalues of A .
Proof': The n-dimensional version of the Shannon lower bound
is given by . -

Rég)(Ds) = 1 H(x)-H(gD)]
where

n o .2 22
gs(x) =(exp[s T x7])/ J exp[s Z 2{]dz,
i=1 g1 i=1

J gg(z)( g xf)dg = nD

. s
Rn i=1

and s < 0 [Gerish & Schultheis(1964)7]. It is easily seen

that

H(gg) = 2 1n 2meD,.
Also N

H(X) = - f p(n)(z)ln p(n)(z)dz

Rn
where n
-5 1 -1
pM(x) = (2m) 2[R g (xa®™)74T), x € g7, ®



and thus
H(X) = - 1n(2m) Z[A(“)
2 1 -1 -1
(2m) ZIA(n)‘_§ S gn(zA(n) gT)ln gn(zA(n)
]D
It follows that () 1
(n)(D) = % 1n élé—%}lﬁ - C(n,F)

where C(n,F)= % + % ln a + B{(n,F), and

-2 1 -1 -1
B(n,F)=(2m) 21a®NE L ;o (xa(™) "xTin gn(zA(n) x7)dx.

ol

n
Rn

b5

_J)dﬁ.

Since A(n) is non-singular, there exists a unitary matrix U

such that

ua (M)t - Diag(hyseeerhy).

- 1
1 “w.,i=1,...
i

Let w = xU i

and v =(vl,...,vn) where v.= by

1
Then dx = dw =lA(n)12dK and

(n, F) —————f7— f g (vv )ln g (vv Ydv.

v

Now let r = ( VT)

Jacobian of this transformation is given by
n

2§w22 rn-l
T(%)

where T 1s the gamma function, and thus

[ee]

B(n,F) = 'ﬁi§l____ g rn-lgn(rz)ln gn(rz)dr.

2 IT%)n

. A simple calculation shows that the
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It is also shown in [Gerish & Schultheis(1964)] that .
/
for fixed D > O, Rs‘rﬁ)(D) - R (D) 1f and only if y(u) - -
exp(gEgT)¢(E) is a characteristic function, where ¢ 1is the

characteristic function of X. Since in this case

) u

W(g):exp(gggT)f:xp[—%gA(n)ET]dF(v):Iexp[—%(vA(n)—DI)QT]dF(v),
0 0

it can be shown as in the proof of Theorem 3.2.1 that ¥ is a

(n)

characteristic function if and only if vA -DI is non-

negative definite a.e.[dF], i.e., all eigenvalues of VA(nzDI

are non-negative definite a.e.[dF]. Let {Xi}?:l be the eigen-

(n)

values of A . Then for each fixed v the eigenvalues of
VA(n)—DI are {vxi—D}?:l and thus VA(n)~DI > 0 a.e.[dF]| if and
only if v >

R (D) = R

ST

a.e.[dF], where A = min \A.,. It follows that ‘ .
(D) if and only if

F(%—) = 0.

Following an argument similar to that at the end of the proof
of Theorem 3.2.1, we see that the above condition is equi-

valent to the condition stated in the theorem.

As in the one dimensional case R(n)(D) is upper-bounded
by the rate distortion function Rén)(D) of a Gaussian n-dimen-
sional random vector with mean zero and covariance matrix
aA(n),i.e. the covariance matrix of the spherically invariant -
vector X [Binia et al.(1974)].

We now derive two simpler upper bounds valid only over

a certain range of distortions for the rate distortion .
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(n)
X

invariant random vector X=(X,,...,X ) with parameters (A(n?F)
1 n

function R (D) of an n-dimensional zero mean spherically

and with F(A-)=0 where 0 < A < a.

The first upper bound. ILet X = (Xl,...,Yn) be a ran-

dom vector with the same marginals as X and with independent
components ii’ i=1,.0s,n. We know from Theorem 2.5.1 that
RX(D) > RX(D) for every D > 0. RE(D) can be calculated for
D¢ (0,A min 021 , where the Ui's are the diagonal elements

(n ) l_<_k§_ﬂ
of A , as follows. Since F(A-) = 0 and 0 < A < a,

2
ag
ke (DK) = Lin —% _ ¢(1,F) for 0 < Df < AcZ.
Xk S 2 Dk S k
S

Further, since the random variables ii are independent, we

have that

Rg(D) = = . Ri(D;), D+ & z DL,
N i=1 71 i=1
Thus 1 n aoi >
RY(D): ey Z 1n 5 - C(L,F) for 0 < D < A min R
" k=1 : L<k<n

The second upper bound. A better upper bound,which

is valid over a smaller region of distortion, (the same region

(n)

for which an expression for RX (D) is given in Theorem 3.73.1),

is obtained as follows. Let X = (?l,...,Xn) be a zero mean
spherically invariant random vector with parameters (B(n),F)
where B(n) is the diagonal matrix diag(oi,...,oi) and the

2, (n)

o, 's are the diagonal elements of A . Then
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R§n)(D) < Rﬁn)(D) < R%n)(D) for 0 < D < A\
where A is as in Theorem 3.3.1 and,by Theorem 3.3.1,

n 2,\1/n
alme_y o)

D

R§n)(D) = %ln - C(n,F) 0 < D < A\.
The first inequality follows from Theorem 3.3.1 and the fact

2
k

equality follows from Theorem 2.5.1.

that IA(n)lg kﬁlc [ Bellman(1960),p.126]. The second in-

Notice that both upper bounds depend only on F and the

Aln)

diagonal elements of yi.e., on F and the variances of the

components of X, and as such they are useful when the var-

iances of the components of X are known but the entire co-

: : (n) . : @
variance structure of X,i.e. A y 1s not known. Since

min A £ min oi (this follows from min A= min ngA(n)gT

1<k<n 1<k<n 1<k<n UER

by considering the vector u whose 110 component is 1 and

all remaining components O, where i is determined by oiz

minlskgn oi) the first upper bound is valid over a larger

range of distortions. Also from R%n)(D) < R%n)(D) we have
C(1,F) < C(n,F).
. . {n) (n)
Finally, for all 0 < D < Ak the difference Ry (D)—RX (D)

no5

is given by "o
K R

Rén)(D) - R§n)(D) = 5% in %i%ﬁﬂ

and thus it does not depend on F.
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§ 3.4 THE RATE DISTORTION FUNCTION OF A SPHERICALLY

INVARIANT RANDOM SEQUENCE.

In this section we express the Shannon lower bound of
the rate distortion function of a spherically invariant se-
quence in terms of the Shannon lower bound of the rate dis-
tortion function of a Gaussian sequence with the same co-
variance structure. We also find conditions under which this
lower bound is tight, and we show how to find simple upper

bounds under certain conditions.

THEOREM 3.4.1 Let {Xn}zzl be a zero mean spherically in-

variant random sequence with parameters (§,F). If the Shannon
lower bound of the rate distortion function of a Gaussian
sequence with zero mean and covariance ¢ exists and if the
limit C(F) = 1lim C(n,F) exists, then the Shannon lower bound

N-—*o0

. . . (e 0] .
RSL(D) of the rate distortion function R(D) of {Xn}nzl is

G
RSL(D) = RSL(D) - C(F)

for D > 0, where RgL(D) is the Shannon lower bound of a

Gaussian sequence with zero mean and covariance a®. Also

RSL(D) = R(D) for all 0 < D < A8 if F(A-)=0 for some O < A <
(n) (n)l

a, where & = 1lim min M and the A, s are the eigen-
n—o 1<k<n
values of the n-dimensional non-negative definite sub-matrix

# =31, }] joy of &,

Proof: From Theorem 3.3.1 the Shannon lower bound Rég)(D)

of an n-dimensional spherically invariant random vector with
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parameters (Q(n),F) is given by .
1
(n)yn i

for D> 0. The first term on the right side is the Shannon
lower bound of the rate distortion function of an n-dimen-
sional Gaussian vector with zero mean and covariance matrix
a§(n). Thus, if 1

(n){n
1im % 1in élgﬁf—LE = RgL(D)

100
and
1im C(n,F) = C(F)

)00

exist, we have

< (D) = 1im RSP (D) = RE (D) - c(P), .

-0

The second part of the theorem also follows from Theorem 3.3.1. ‘

It is clear from its definition that a spherically in-
variant sequence with parameters (¢,F) is wide sense station-
ary, if and only if it is strictly stationary, if and only if

d is stationary,i.e. $(i,j) = $(i-j).

COROLLARY 3.4.,1 If the zero mean spherically invariant
random sequence {Xh}§=1 with parameters (§,F) is stationary
with spectral density af(iA) and F(A-)=0 for some 0 < A < a,

then for 0 < D < aé 1its rate distortion function is given

by
T
R(D) = El J 1n éii&l dx - C(F)
T - D
where C(F) = 1lim C(n,F) and & = ess.inf f(A).
s ®



51

Proof: Since F(A-) = 0 we have from Theorem 3.3.1 that

(n)

(n)(D) - rM)(D) for 0 <D< Amin i

1<k<n

Since {Xn’§=l is stationary, 1lim R(n)(D) exists and there-
n—OOO
fore R(D) = lim R(n)(D) for 0 < D < A8, where 6=1im min xé n)
100 n—e1<k<n

= ess. inf f(A) [Berger(1971),p.112]. Thus

1

(n)in
R(D) = 1im [ %1n alg 2% C(n,F)].

D

N0

But it is known [Grenander & Szegd(1958)] that
1

L ST = /" n afh) g,

1lim 5 ) po

T+ -1

Therefore the limit C(F) = lim C(n,F) exists and the desired

n—*o0
expression of R(D) follows.
Note that C(n,F) does not depend on & , and thus on
the stationarity of {X }n _y+ Hence the limit C(F)= lim C(n,F)

-0

always exists provided F(A-)=0 for some 0 < A< a.

COROLLARY 3.4.2 If the spherically invariant random se-

quence {Xn}i=1 with zero mean has parameters ($,F) where
§=={02min(i,j)}? 5=1 and F(A-) = 0 for some O < A < a, then
, j=

for 0< D < Acz/h its rate distortion function is given by

2
R(D) = % 1n 2% - c(F)

where C(F) = 1lim C(n,F).

n—
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Proof: Since F(A-) = 0, Theorem 3.4.1 and the remark fol-

lowing Corollary 3.4.1 imply that R(D) = RgL(D) - C(F) for

0 <D< As. Since @ :{czmin(i,j)}? =1 the eigenvalues kén)

can be calculated easily and we have [Berger(1970) ]

A () o k=1 n
k - Ll-SinZ(Zk_l 1]'_)' vty *
2n+l 2
Thus 5
5 = 1lim min kén)= lim kén)= %—
n-eo 1<k<n n—xo
and since
(n) 0 (n) 2n, -n » -2,2k-1 m
| /|= & = 4™ 7 si (== 2),
k=1 k k=1 2n+l 2
we have for D > O,
1
(nhn
RG (D) = lim & 1n 218717
SL 2 D
N -0
=1 1n a02 - 1lim = 2 1ln sin(gg:; Iy
2 LD Fleno k=1 2n+l 2
2 1
= % 1n %%— - J 1n sin(%-u)du
0]

_1,, a0 _ 1, a
=3 1n LD + 1ln 2 = > 1n D

Hence the corollary. Notice that the calculation of RgL(D)
is essentially the same as the calculation of the rate dis-
tortion function RG(D) of the Wiener sequence with variance
ac2 [Berger(1970)] and it could be reduced to this by noting

that Theorem 3.3.1 implies

(n)

G(n) _ oG
Rsén (D) = R (n)(D) for N

0 <D< A min A
1<k<n

and hence
Ry (D) = RE(D) for 0 < D < As.
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2 ac2

Since Aé = A%— < =5~ » the desired expression

5 :
G _ 1 ao
RSL(D) =% 1In =5 for 0<Dc<AS

follows from the expression of R®(D) derived in [Berger(1970)7.

Again by [Binia,et al.(1974)],the rate distortion function
of a spherically invariant sequence 1is upper-bounded by the
rate distortion function of a Gaussian sequence with the
same covariance structure. In some cases simpler upper bounds
valid only over a certain range of distortions can be obtained
by means of the upper bounds described in § 3.3. Whenever ap-
plicable these upper bounds have the following two advantages:
they are simple and they depend only on the variances of the
random variébles of the sequence and not on their covariances.

An example of such an upper bound is the following.

THEOREM 3.4.2 Let {X }._; be a spherically invariant ran-

dom sequence with zero mean and parameters (2,F). Suppose

2

that_EXi = ac® for n>1 (i.e., each diagonal element of &

is equal to o2) and F(A-) = 0 for some O < A < a, and that

the rate distortion function R(D) of X exists. Then

2
R(D) < £ 1n 8 - C(1,F) for 0<Dxg Ac?.

Proof': Consider the n-dimensional random vector

X(n)= (Xl....,Xn). Then the first upper bound for the rate
(n)

distortion function R(n)(D) of X in § 3.3 gives
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2
n ao 2
RM () <52 ¢ 1 =% - c(1,F) =2 1n 28 - c(1,F)
=2n .2 D 2 D
for 0 < D < A min ci = AOZ. Taking the 1limit as n - « we

1<k<n

obtain the upper bound for R(D).

Notice that the first term in the upper bound is the
rate distortion function of a Gaussian random variable with

. ) 2 « .
zero mean and varlance ac . In general, the limit as n - « of

2
1 3%
D

n
5 z 1n

N og=1
may not exist. However, whenever this limit exists, we can
find an upper bound for R(D). For example, if nﬁzl oi ~ PP

as n » »o (fxg means é - 1), then

2
n ao n
lim 5% £ 1n —55 = 1lim{ % 1n % + 5% In oi]
n-+o k=1 n—+o k=1
= 1 a . B
=znprtzo
and thus
1 a . B
R(D) <2 1n 2 +& - C(1,F) for O < D < Ab
2 D 2 -
where 6 = lim min o2 . Of course, similarly, one can obtain
n-ol<k<n

better upper bounds for R(D) by using the second upper bound
of § 3.3. In this case C(1,F) is replaced in the final ex-
pression by C(F) (> C(1,F)) and the range of distortions is

smaller.




IV. RATE DISTORTION FUNCTIONS OF CERTAIN MEMORYLESS SOURCES
WITH RESPECT TO THE MAGNITUDE-ERROR CRITERION.

The rate distortion function of an independent and
identically distributed source is clearly equal to the rate
distortion function of each random variable of the source.

In this chapter we will calculate the rate distortion func-
tion with respect to the magnitude-error criterion P(x,y)=
|x-y| of a random variable X with probability density func-
tion p(x) satisfying certain conditions. In this case Theorem
1.2.1 specializes as follows:

THEOREM 4.1 Let X be a random variable with probability

density function p(x) and rate distortion function R(D). For
each s < 0, 1e't.As be the set of all non-negative functions
Ag satisfying

C(y)= f”ls(x)p(x)eSIx-y'dx <1 for all y. (4.1)
Then -

R(D)= sup [sD + J?p(x)lnxs(x)dx]. (4.2)
Sso,ksﬁl\s -00

For each s < 0, a necessary and sufficient condition
for A4 to realize the supremum in (4.2) is the existence of

a probability distribution Gy which is related to A by

-1 o0 .
[ (x)] =7 B ¥lag (y) (4.3)

=00

and is such that C (y)=1 a.e.[dG,]. Moreover, for such Ag
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and Gs’ the rate distortion function R(D) is given parametri-

cally in s by

R(D )= sD + j”p(x)lnks(x)dx (L4.4)
i s <0
e Ix-
Dy= I {wks(x)p(X)lx—y\es *¥ax dac (y). (4.5)

Recently,an ingeneous procedure to search for ks satis-
fying (4.1) and (4.3) was given by Tan and Yao[1975]. Using
this procedure, the rate distortion function of an i.i.d.

Gaussian source with respect to the magnitude-error criterion

was calculated explicitly,as well as the rate distortion func-

tions of a certain class of i.i.d. sources. We first describe
this procedure and then use it to calculate the rate distor-
tion functions of certain classes of i.i.d. sources. In The-
orem 4.2 and 4.3, the density of the source has finite sup-
port. In Theorem 4.4, the support of the source density may
be the entire real line, and the result is an extension (by
a substantial weakening of the conditions on the density) of
that of Tan and Yao[1975]. As a by-product of these results,
a family of lower bounds of rate distortion functions is de-
veloped and compared with the Shannon lower bound in Chapter
V.

The procedure suggested by Tan and Yao[1975] is the
following immediate corollary of Theorem 4.1.

COROLLARY TO THEOREM 4.1 Tet X be a random variable with

probability density function p(x) which vanishes outside the

interval (a,b), -» < a < b< =, For each s < 0,let V, be a
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subinterval of (a,b) and assume that the distribution func-
tion Gs(y),yé V., whose total probability is concentrated on

Vg and A (x), x€[a,b] satisfy

-1
[ ax) ] =7 P Vac (v, ¥ xela,p]  (5.6)
V' v
and °
b
P g (xp(x)eS ¥ Vlax =1 Y oyev,. (4.7)
a

If A, satisfies (4.1), then the rate distortion function of
X with respect to the magnitude-error criterion is given by
(4.4) and (4.5).

The significance of this rather obvious corollary of
Theorem 4.1 lies in the fact that for some densities p, in-
telligent (or appropriate) choices of VS can be made such
that (4.6) and (4.7) can be solved and the solutions satisfy
the properties stated in the Corollary.

We first consider continuous densities which vanish
outside a finite interval.

THEQOREM 4.2 Let X be a random variable with probability

density function p(x) which vanishes outside the interval

[a,b], =» < a < b < », Assume the following:

(1) p is continuous with median p and there is an at most
finite set of points a=d ) < d; < ... < d < dm+1=b (m>0)
such that on each [dj'dj+1]' 3=0,1,.4.,m, p(x) is differ-
entiable and its derivative p'(x) is absolutely continuous
and satisfies p:(dj) > p;(dj), j=1,++.,m where p:(dj)
and p;(dj) are the left and right limits of p' at dj
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respectively. Also

X b .
J p(t)dt >0 for x >a; J p(t)dt >0 for x < D.
a X
(2) The function
b
Kl(x)= p(x)/ J p(t)dt for x€[u,b) (4.8)
X

diverges to +» as X increases to b; and the function
X
Kz(x)= p(x)/ J p(t)dt for x€(a,p | (4.9)
a

diverges to +w as x decreases to a.
Then for each s € (-o,-2p(p)),there exist unique a, >0
and b, > 0 such that asf n-a and b tb-p as s¥ - « and a, and
b, are determined by

u-a,= min{y €(a,pn): Kz(y)=|s{} (4.10)

p+bg= max {y €(u,b): K, (y)= Ist}. (4.11) . )
Suppose in addition that
(3) for each s €(=- oo,-2p(n))

p(x)- s %p"(x) >0 a.e. [Leb.] on [u-as,u+bs].
Then the magnitude-error criterion rate distortion function

R(D), 0 < D < Dhax’ ©f X is given parametrically in s by

wtbg H=ag
R(Dy)= 8 - /' “p(x)in(ep(x))dx - In(p(u-a )  p(x)dx
b-a a
s
b
- ln(p(u+bs))f p(x)ax (b.12)
Wb
u+bg H-ag b .
1
DS:lgif p(x)dx + [ (u-as—x)p(x)dx + /S (x-u-bs)p(x)dx
H-ag a p+bs
5 (4.13) -
where - « < s < -2p(up) and Dpox™ Slx-p] p(x)dx. ‘
a
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Proof: We will show that all conditions of Corollary to
Theorem 4.1 are satisfied with V_= [p—as,u+bs] where the de-
pendence of as,bs on s will be specified later.

Substituting (4.6) into (4.7) and dividing [a,b] into

the three subintervals [a,u-aS].[u—as.p+bS] and [p+bs,b] we

have
Al,sesy + Az,se-Sy + 5 as(x)es\x_y|dx =1 (4.14)
S
for yeVg, where A1,s’A2,s and ag are given by
w-ag
A = p(tat /[ et ac,(v) - (4.15)
! a N
s
b -st
A, = J p(t)dt / J e~ dG (%) (4.16)
' b +og Vs
a (x)= p(x) / J *1*Mag_(1). (4.17)

Vs
By differentiating (4.14) with respect to y, we find that it
is necessary that

as(x)=‘%l. A =1 e-S(u-aS)

_ 1 s(p+b_)
1,8 > ’ e S

Az.s_ 2
and these are also sufficient for (4.14) (which can be veri-
fied by substituting into (4.14)).

Substituting the solutions into (4.15),(4.16) and (4.17)

we obtain u-a
g es(t'“+as)dGs(t) = 2/ Sp(t)dt (4.18)
a
S
b
J es(“+bs‘t)dcs(t) =2/ p(t)at (4.19)

VS p+bS
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J eslx_t:dGs(t) =|-§—lp(x) xeVg. (4.20) .

VS .

Clearly (4.18) and (4.19) are consistent with (4.20) if and

only if
L=ag 1
i’ p(t)dt :'ap(u-—ad) (4.21)
and
P 1
f+b p(t)dt =|-S'|p(u+bs). (4.22)
H [S]

Now (4.21) is equivalent to K,(u-a )=Is|. Note that conditions
(1) and (2) imply that K,(x) is continuous on (a,u],differen-
tiable on (a,u] except at those dj's which belong to (a,u]

at which left and right derivatives exist, and satisfies

Kz(u)-:Zp(p) and lim Kz(x)= + o, It follows that given any

xa
s€(- o,-2p(u)) the equation Kz(p-as)=|sl has at least one . )
solution. For reasons whcih will become clear later on in

this proof we will choose the smallest solution:

u-ag= min{ ye(a,p): K (y)=1sl} (4.23)

which is clearly such that u-agba as s - and has the fol-
lowing properties (to be used later on):

Ké’+(u-as) < 0, and Kz(y) > |sl for all ye(a,u—as).
Similarly, by the properties of Kl(x), b, is uniquely deter-
mined by

u+b,= max { y€(u,b): Kl(y)ﬁlsl} (4.24)
and has the following properties: u+bST b as s § - «, -
Kl. ‘
We next show that for each s€(- «,-2p(n)), the distribution

_(u+bs) > 0, and Kl(y) > s for all yE(u+bS,b).

function Gs(x) which has absolutely continuous part with ‘
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density p(x)—s-zp"(x) on V. and zero elsewhere,discrete part
with atoms at the points u-as,u+bs and the dj's which are in
u-as,u+bs and masses to be determined, and zero continuous
singular part, is a solution of (4.20). For notational con-
venience we will work with the “"density” g, of the above des-

cribed distribution function GS which is thus of the form

£m-1
= -2 ”
g, (£)=p(£)-8 7" (£)40) 5 (t-ptag)¥0y Go(tmu-b)¥ L Dy $(t-dy)
for tEVs and zero elsewhere, where (4.25)
dy_y Su-ag S dp<e.<dp, (S ety < dpuy

and 6(.) is the Dirac Delta function.
-The masses Cl,s'Cz,s and Dj,s can now be determined so

that (4.20) will be satisfied. We find (see Appendix 1)
-2 '
Cp = I8 (st plu-ag)-pilu-ag)]
.2 ,
Cy = Il Dslp(p+bs)+p_(u+bs)] (4.26)

D =|ﬂ_2[p1(dj) - p;(dj)] £ < j < tin-1.

jrs
Having determined gy SO as to satisfy (4.20) it remains to
be shown that gg is a probability “density” function,i.e.
that Gg is a probability distribution function. Since

p(t) - s'zp"(t) > 0 a.e.[Leb] on Vg by assumption (3) and
p:(dj) - p;(dj) > 0 by assumption (1), it is clear from the
expressions (%#.25) and (%4.26) that Gy is a distribution
function if and only if

Ist p(u-ag) - pilu-ag) =0 (4.27)

Isl p(u+bg) + pl(u+bg) > 0O | (4.28)
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and
[ g (t)dt = [ dG_(t) = 1. (4.29)
v

\Y
s S

To show (4.27),we proceed as follows. Since K3 +(u—as) <0

we have from (4.9)
Pylu-a ) S Tp(t)et - pT(p-a ) <O
a

and using (4.21) obtain
b-ag
[/ p(t)atIlpi(p-a )-1sipu-a )] < O.
a

u-a
Now since a < u-a, we have J S p(t)dt > 0 by condition

a
(1) and thus (4.27) follows. (4.28) can be proved similarly,
and (4.29) is verified in Appendix 2.
Next we need to show that C_(y) < 1 for y g V. A (x) is

found by substituting g into (4.6) and we have (see Appendix

3)
sl -s(u-a_)+sx o
rEBngagj e S XELa,u—as]
()= 5l xe[p-agn+bg]  (4.30)

S s(p+b_)-sx
55 e e s x€[u+b 0],

Now suppose that a < y < TR Then

b
Cg (y)= Jy}‘s(x)p(x)es(y—x)dx +J xs(x)p(x)es(x'y)dx
@ y

Differentiating Cs(y) with respect to y, we have

' b
Cs'»(y)::-lsl‘fy)‘s(x)p(x)es(y-x)dx'*|Slf As(x)p(x)es(x—y)dx
. a y

=1s) (C4(y) - h (¥)) (4.31)

where
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sy oY -sx : .
hs(y) = 2e°Y J As(x)p(x)e dx. (4.32)
a
Substituting (4.30) into (4.32), we have

|S‘e-s(u-as)+sy y
p(u—as) a

hs(y)= p(x)dx a <y < u-ag

and finally, because of (4.21)

h (y)= %Y fyp(X)dx / eslk-ag) fu-a
a a

S p(x)dx asy<p-ag.

We now show that
y
£(y)= %Y S p(t)dt yE(a,u-as]
a

is increasing. Indeed we have
: sy y
£'(y)= e Y (p(y) -Ist S p(t)dt ).
a

Now (4.23) and (4.9) imply, as was remarked, that

Kz(y) > Kz(u—as)=|sl for a <y < p-ag.
It then follows from (4.9) that f'(y) >0, a <y < p-ag, and
thus f is increasing on (a,u—as]. Hence hs(y) < 1 for ye(a,p—asj
and since h (a)=0, it follows that h (y) 2 1 for yELa,u—aS].

Now since AS in (4.30) is a solution of (4.6) and (4.7),

it is obvious that Cs(u-as)= 1. Suppose there exists a

yoe[a,u—as) such that C_(y ) > 1. Let
y'= sup'{yEEa.u-as): ¢ (y) > 1} .

Since Cs(y) is continuous on [a,u-as), there exists yy,V,

in [a,y') such that
Y< ¥, < V'
Cs(yl) > Cs(yz) > 1

and C,(y) >1 for every y€[yl,y2].
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Since Cs(y) is differentiable,we have, by the mean-value ‘

theorem
- '(y¥*) = -
(yo-y)C5(y*) = C (y,)-C (yq) < O

for some y*¢€ (yl,yz). This implies that Cé(y*) < 0, But
CS(y*) > 1 implies that
C (y*)=181 (C_ (y*)=h (y*)) > 0
since hs(y*) < 1. This is a contradiction. Therefore
C,(y) =1 for all ye[a,u—as).

The proof of Cs(y) < 1 for ye(u+bs,b] is similar and is omitted.
Thus,by Corollary to Theorem 4.1, the rate distortion

function R(D) of X is given parametrically by (4.4) and (4.5).

The calculations of (4.4) and (4.5) are given in Appendix 4

and the final expressions are given in (4.12) and (4.13). ‘

This complete the proof of the Thesrem.

EXAMPLE 4.1 Let p(x) be a truncated double-exponential

density function defined on [-c,c], ¢ > O.

o e-—a 1 x|

(x)=
PR 2(1-e7%C)

ixi< e, a > 0.

Assumptions in Theorem 4.2 are satisfied and are verified in

the following:

(1) p(x) is clearly continuous with median pu=0 since p(x) is
symmetric about x=0. p(x) has continuous second deriva-
tives everywhere except at x=0 at which the first deri-

vative 1s discontinuous. Hence

p!(0)= 02/2(1-¢™%) > p1(0)= - x?/2(1-e7*C) . ®
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(2)
Kl(x)= e XX/ fce-atdt = qe X /(e % X_™2C)  xc(o0,c]
X

llmxfc Kl(x)= 0,

Similarly, 1i Kz(x)= 0,

Mxi-c
In fact, Kl(x) is easily seen to be monotonically in-
creasing for x€[0,c] and Kz(x) is monotonically decrea-

sing for x€[-c,0]. Thus (4.10) and (4.11) give
- 1 _a
ag= ¢ * 3 In(1 |a)'

Now |s| takes on its minimum when as=0. This implies that

sl > —%— > q,

1-e0C
Thus
-2 a2
(3) p(x) - s “p"(x)= (1~ =5)p(x) >0
s
for s €(- =,- It;%ag ) and for all x € [-as.asj.

Therefore the magnitude-error criterion rate distortion
function R(D) for 0 < D < Dpax 1S given by (4.12) and (4.13).

Calculation (routine and thus omitted) shows that

-Q.C
R(Dy)= 1njs(1-e™*®)/a]- Ig_e—:a—c [e +2 1n(1- &)] (4.33)
1 1,1 -
DS= :—;:a—a— ['.S-l + E e ac ln(l- '%'):l (4-34)
where
oL

lSlE[ —e_acsw)
and

Dax =~ Lz - (e + 500 (4.35)
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REMARK It will be shown in Chapter V that if a sequence

of distributions converges weakly to a distribution and if

all distributions have finite means, then the corresponding
sequence of rate distortion functions converges to the rate
distortion function of the limiting distribution. Thus if we
take the 1limit as ¢ -~ » in Example 4.1, we will find the rate
distortion function for the double exponential on the entire
real line.(since all distributions involved have finite means.)

i.e. 1
R(D)= - 1naD 0<D<Z=0D_..

0f course, the above rate distortion function has been found

by using the Shannon lower bound method.[ Berger(1971),p.95] .

THEOREM 4.3 Let X be a random variable with density p(x) ‘ .
which vanishes outside the interval [a,b],- = <a < b < =,

Suppose p(x) is a continuous concave function on [a,b] and

there is an at most finite set of points a=d < d1<...< dm<

< d 4= b (m > 0) such that on each [dj,dj+1], J=0,...,m,

p(x) is differentiable and its derivative is absolutely con-
tinuous. Then the rate distortion function of X with respect

to the magnitude-error criterion is given by (4.12) and

(4.13) of Theorem 4.2,

Proof: Since p(x) is concave, p”(x) < 0 and p'(x) > pi(x).

X X
Also J p(t)dt > 0 for x > a. For suppose J °p(t)dt = 0 for -
a a
some x, > a. Then p(t)=0 for each tE[a.xO] by continuity of

p. Thus p'(t)= 0 for each t€ [a,xO]. Since p'(t) > pi(t),we

have p'(t) < 0 for each t€[a,b]. This implies p(t)= 0 for
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b
te[a,b] which is a contradiction. Similarly J p(t)dt > O
X
for x < b. Thus the only assumption left to be verified in

Theorem 4.2 is (2). In this case we will show that

b
Kl(x)= p(x)/ J p(t)dt p<x<bDb
X

is strictly increasing. The proof that Kz(x) is strictly
decreasing is similar and is omitted here.

Tlet dj,j=l,2,...,n be points in [a,b] where p'(x) is
discontinuous. Assume a < dl<"'< dn< b. Differentiating
Kl(x) with respect to x (with derivatives at the end points
d

and d 1 < k < ntl where do= a and dn+l=b’ taken to be

k-1 k'’
p;(dk_l) and p:(dk) respectively), we have

b ) b )
Ky (x)=[p'(x) J p(t)dt +p (x)1/0 J p(t)at]”
X X

We will show that Ki(x) > 0 for every x¢(a,b). If
p'(x) > 0, since p(x) > 0 on (a,b), then clearly Ki(x) > 0.
Now suppose that p'(x) < 0. Consider the tangent at (x,p(x)).
Let y be the distance between x and the horizontal intercept
of the tangent. Since p(x) is concave, it is clear that

b
J p(t)at < 3p(x)y .
X

But
y= P(x)/tan(n-e) = - p(x)/po(x)
where 8 is the angle between the tangent and the horizontal

axis. Thus
b

J p(t)at < - p2(x)/2p" (x)
X

which implies
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P 1 2
p'(x) J p(t)dt + 5 p"(x) > O.
X
Since p(x) > 0 on (a,b), it follows that Ki(x) > 0. The re-

sults of Theorem 4.2 can now be applied.

COROLLARY TO THEOREM 4.3 Let X be a random variable with

continuous probability density function p consisting of line
segments and vanishing outside a finite interval. Then the
rate distortion function of X with respect to the magnitude-
error criterion is given by the parametric expressions (4.12)
and (4.13) if and only if p is concave.

Proof: It is clear from Theorem 4.3 that the rate dis-
tortion function of such convex polygon is given parametric-
ally by (4.12) and (4.13).

Now suppose that p(x) is not concave. Then there exist
two adjacent line segments such that the left derivative at
their common point is smaller than the right derivative.Hence
for each s, Gs(y) in the proof of Theorem 4.2 is not a pro-
bability distribution function and thus, by Theorem 4.1, the
parametric expressions (4.12) and (4.13) do not give the rate

distortion function of X.

EXAMPLE 4.2 Rate distortion function of a trapezoid

(see Appendix 5 for the calculation).
Let

(a+c)™? IX{< c

p(x)= O<c<a.(4.36)

(a-1x1 )/ (a-c? c <lx|< a
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Then
2 Ly _ D _atic i
(ZCos [ =L+ 3cos ( J:%T§§=)] 2 §+c
- In(2 é?% 008[4n + %cos l(_ _ﬁg__)])
R
for 0<D< 1 (a- c)(a+2c)
R(D) < 3" atc (4.37)
f1- 4D, taze)® / W, _(a—c)?
- /- + - in[1- [1- +
VA (G a*e " 3(a+c)?
£ 1 (a-c)(a+2c) <D<D o 224 ac + o2
k or 3 a+c max 3(a+c) .

Since weak convergence of distributions with finite
means implies convergence of the correspohding rate distor-
tion functions (see Chapter V), we can obtain from (4.37)
the rate distortion function of the triangular distribution
and the uniform distribution as follows:

(1) Triangular distribution:

In (4.36), let c 4 0 along any fixed sequence, then

Limg,o p(x) =-§-—‘i‘-‘2— , 0 <Ixi< a

which is a triangular density. The rate distortion function
of this triangular density is found by taking the limit in

(4.37) as c } 0. Thus

R(D)= 20082[4w + %COS-l(— 22)]- 5 - ln(200s[——+§cos_l(-2§)])
a (4.38)
] for 0 <D< 5: Dmax'

(2) Uniform distribution:

In (4.36), let c4$a, then
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. 1
11mC1a p(x) = 5o x{< a

which is a uniform distribution and its rate distortion func-

tion is found by taking the 1limit in (4.37) as csa. We find

R(D)= - /1- 22 _1n(a- [1- 22 =D___.(4.39)

for 0 < D < nax

N|®

Note that the rate distortion functions of the triangular
and uniform distributions can also be calculated by (4.12)
and (4.13) since all assumptions in Theorem 4.2 are satisfied.
Theorem 4.2 can be extended to the case where p(x) is defined
on the entire real line. The proof is the same and is omitted

here. The result is stated in the following:

THEOREM 4.4 Let X be a random variable with density p(x)

defined on the real line. Suppose p(x) satisfies all assump-
tions in Theorem 4.2 (here a= - c,b = + ®), then the rate
distortion function of X with respect to the magnitude-error

criterion is given by (4.12) and (4.13) (with a=- o,b=+ o),



V. BOUNDS TO RATE DISTORTION FUNCTIONS
WITH RESPECT TO THE MAGNITUDE-ERROR CRITERION

We will study various bounds for rate distortion func-
tions which cannot be evaluated by previous results. Unless
stated otherwise,all rate distortion functions discussed in

this chapter are with respect to the magnitude-error criterion.

§ 5.1 BOUNDS USING AUXILIARY PROBABILITY DENSITY FUNCTIONS

THEOREM 5.1.1 Let X be a random variable with proba-

bility density function p(x) satisfying the assumptions in
Theorem 4.2. Let X1 be another random variable whose proba-
bility density function pl(x) vanishes outside the interval
[a,b], and p,(x) has at most a finite number of simple dis-
continuities. Then a lower bound for the rate distortion

function of X, is given parametrically in s by

w-a_
Rp,(Dg)= ~H,(py) + 1n'§ - In(p-ag))J ®py (x)ax - 51)
u+b b '
-y p, (x)1n(ep(x))dx - In(p(utb )  py(x)dx
h-ag . b+
u=-a u+b b
DS=I s(u-as-x)pl(x)dx-% J Spl(x)dx +/ (x-p-b )pl(x)dx
a 'u—a p,+bS S
b py (x) (5.2)
where Hp(p1)= i pl(x)ln 6N dx 1is the generalized entropy

of p; with respect to p [Pinsker (1964),p.18];u is the median

of p and ag and by are related to s by (4.10) and (4.11).
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Proof: Since p(x) satisfies the assumptions of Theorem 4.2, .

ks(x) given by (4.30) satisfies

b
Cs(y) = Jg XS(X)p(x)eS'X'y'dx <1 v vela,b].
Now define Aél)(x) by

W Gp, ()= 4, (0p(0). (5.3)
Then Xél)(x) also satisfies

b
C,(y) =/ kél)(x)pl(x)eslx'yldx <1 Yye[anb].
a
According to Theorem 4.1, Xél)(x) yields a lower bound to the

rate distortion function of X,. i.e.

1
° (1)
sup (sD + [ p (x)In A 7/ (x)ax ).
s<0 a
° (1)
Let Rp(Dys) = sD + [ p,(x)In A" (x)dx and let dj, j=1,++m,
a

a=d < d, < «vr<d < dn+1=b be the points where pl(dj) has
simple discontinuities. Then from (5.3),(4.30) and (A.5),
pl(x)ln Xél)(x) is continuous both in s and x and its partial
derivative with respect to s exists for each x € [a,b] and

8 < 0 and is bounded by a constant. Thus

2R1 (D,s) ot A P alte
a =t d; a At (x)
setting °R1{218) _ 6 ang substituting (5.3) in the above

38
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expression, we have
b

D= - £ i1§z; a;z(X) dx (5.4)
S

Thus for each fixed D, if

azRL(D,s)

—5?;—-—5_0 for all s < 0O (5.5)
then RL(D,S) as a function of s is concave and its supremum
is achieved by the point sp satisfying (5.4), i.e.

R. (D,sn) = sup R, (D,s).
L D <0 L

Whether or not (5.5) is satisfied, RL(DS) = RL(DS’S) along
with (5.4) provide the parametric expressions (in s) of a
lower bound of the rate distortion function of Xl.Substituting

(A.5) into (5.4), we have

h-ag u+bs b
D= (u-a_.-x)p,(x)dx 7 p,(x)dx + ] (x-u-b_)p, (x)dx .
sy s 1 El L -a 1 2+, H=Pg/Pq
(5.6)
Substituting (5.6) and (4.30) into (4.4), we have
U‘as
RL(DS)= -Hp(p1)+ an%L - ln(p(u—as))i pl(x)dx -
utbg b (5.7)
-J pl(x)ln(ep(x))dx— ln(p(u+bs))f pl(x)dx
u-ag oty
h H ( - b pl(x) . .
where Hj pl) = i pl(x)ln XN dx is the generalized en-

tropy of Py with respect to p and has the property Hp(pl)zo
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with equality if and only if p(x) = pl(x) a.s.|Pinsker (1964 ) ‘

p.19]. a, and b, are related to s by (4.10) and (4.11). It

should be clear from (5.7) that R, is useful only when

L
Hp(pl) < o,

THEOREM 5.1.2 For eacn fixed s < O, RL(DS) given by

Theorem 5.1.1 is equal to R(DS) if and only if there exists
a probability distribution function Qs whose total probability
is concentrated on (a subset of) [a,b] and is such that

(1)

b
-s(u-a_-x
Isl e s ~'p(x) s x-yl _
2p(u__a8) £ e dQS(y) Xetanll aS)
(s| o s |x-yl .
Pl(x)= > J e dQS(y) x€[u—as,u+bs]
] L B
s % ¥PsX)p () ° slx-yl 4.
2p (p+by ) i € dag (y) XE(“+bs’b]
(5.8)
where a  and b, are given by (4.10) and (4.11), and
(ii)
b s | x-yl
I Ag(x)p(x)e dx = 1 a.e.LdQS]- (5.9)
a
Proof: Suppose the assumptions are satisfied for a given

s < 0. Substituting (4#.30) into (5.8), we have

b
_ s |x-y|
Py (x)= A (x)p (X)i e dQ  (y). .
Substituting (5.3) into the above expression, we have
b
pl(x) = kél)(x)pl(x)f oS 1x-yl da_(y). ‘
a
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If pl(x) # 0, then we have
-1 b
Lkél)(x) 1 =7 eslx—yldQS(y). (5.10)
a

1f pl(g9=0 for some xoefa,b], then from (5.8) pl(xo)zp(xo)zo
for some xoefa.p—as)U(u+bs,b]. In this case, we can define
xél)(x) by (5.10). Therefore Ry (D )=R(Dg) by Theorem 4.1.
Conversely, for a given s < 0, suppose RL(DS)zR(DS). Then
kél)(x) achieves the supremum in (4.2) and hence it satisfies
(4.3),i.e. (5.10) and is such that Cs(y)=1 a.e.[dQS(y)] for
some probability distribution Qg. Substituting (5.3) and

(4.30) into (5.10), we obtain (5.8).

1t would be of interest to compare the lower bound of
Theorem 5.1.1 to the Shannon lower bound which is now com-
puted for densities which vanish outside the interval [a,b],

-0 < g < b < o,

THEOREM 5.1.3 Let p(x) be a probability density function

of a random variable X which vanishes outside [a,b],= < a <
< b < ©», Then the Shannon lower bound to the rate distortion

function of X is given parametrically in s by

-1
Rgp (Dg)=h(p)- EL{E=2) [1 exp(d8L(b-a))] +

sl
+ 1n (5.11)
r2e[1-exp(—|%'(b-a))] °

b - a
D = 1

= +
s B 2li-exp(h(v-a))] (512
b

where h(p) = - J p(x)ln p(x)dx is the entropy of p(x).
a
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Moreover RSL(D) < R(D) for all D with R(D) > O unless

Isl
2[1—exp(-|%kb—a))]

p(x) = -EXP(S|X“ é%—b-’) x€[a,b]

in which case RSL(DO)ZR(Dc) at the point D_ with slope s.

Proof: Tet Ks p(x) > 0
g (x)p(x) ={
0 otherwise.
From the condition
b
Cs(y) = f Kses|x—yldx <1 Y yela,b]
a
one can take
b
sup J Kseslx_yldx = 1.
yéla,bla
Thus b
g = [ sup _J oS 1X-V1 4 ]_1 (5.13)
ye[a,b] a .

By a simple calculation, the supremum is attained at

y= 3(a+b) and thus
S
Ks= s *
2[exp(5(p-a))-1]
By Theorem 4.1
(D) ( "5 7—7KS
Rey (D)= sup(sD + J p(x)ln dx )
SL s<0 a pix
= sup (h(p) + sD + 1n K_ )
s<0 S
[s]
= sup (h(p)+sD+1ln = ) (5.14)
s<0 2[1-exp(3(b-2))]
b
where h(p) = - [ p(x)ln p(x)dx is the entropy of p(x).
a
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To find the supremum of the function within the paren-
theses in (5.14), we differentiate it with respect to s and
set the partial derivative to zero. i.e.

b-a

1 .
D = + (5015)
s 18l a01- exp( E(p-2))]

The corresponding extremum point corresponds to a unique
maximum if and only if the second partial derivative with

respect to s is < 0 for all s < 0, which reduces to

(8L (b-a)TPexp[ 8 (b-a)] < [1- exp(dZL(v-2))]%  (5.16)

Now (5.16) is shown to hold as follows:
Let x = J%L(b—a). Then (5.16) is equivalent to

£(x)=(1-¢¥)%- x%* > 0 for all x > O.

Differentiating f(x) with respect to x, we have

L]
£ (x)= -2(1-eX)e*-2xe®- x2e¥
2
= 2eX[eX - (1 +x + % )],
2,0

L
Since e*= 1 + x + 51 +ese, we have f (x) >0 V x> O,
Therefore f(x) > f£(0) = 0 for every x > O.
Thus the supremum is achieved in (5.14) when (5.15) holds.

Substituting (5.15) into (5.14), we have the desired result.

Now from Theorem 4.1, RSL(D)=R(D) at a point D with
slope s,if and only if C,(y)=1 a.e.[dG ]. But from the deri-

vation of the Shannon lower bound, for each s < 0, Cs(y)= 1
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if and only if y=3(a+b). Hence RSL(D):R(D) at a point D with
slope s if and only if GS puts its total probability mass at

i(a+b), in which case

b 1
[)\ (X)]_lz J« eSlX—Y|dG (y)__: eS,X“E(a’*b)l V XEI:a,b:I
s o s
and from
ks(x)p(x) = K, for p(x) > O
we have
P(x):KSeSIX‘%(a+b)I= 11 exp(s|x-3(ad)| ) Y x€la,b].

2[1- exp(—‘%kb—a))]

It is easy to verify that p(x) is a density. Thus it follows
that if p(x) is given by the above expression, then there is
one 8 < 0 such that at the point D0 with slope s, we have
RSL(DO)=R(DO). For all other densities p which vanish out-
side [a,b], we have Rgy (D) < R(D) for all D > 0 such that

R(D) > 0.

EXAMPLE 5.1.1 Let p(x) be the uniform density defined on

[a,b]. i.e. p(x)= (b-a)71, a < x < b, Then p(x) satisfies

all the assumptions in Theorem 4,2. Let pl(x) be a piece-
wise continuous density defined on [a,b]. Then by applying
Theorem 5.1.1, a lower bound for the rate distortion function

of pl(x) can be found. Calculation shows (see Appendix 6)

Is] ISl

Ry, (Dg)=h(p, )+lnzz— + [ [p, (a+t)+p, (b-t)]dt (5.17)
1 o s<- L
isl - b-a’

Dy = T%T - £ t[pl(a+t) + pl(b—t)]dt (5.18)
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In (5.18), if for a given D, |s| is not single-valued, and if
a branch of |s| can be chosen such that (5.5) is satisfied,
then for this branch of |s|, RL(D) is the best possible lower
bound achieved by the method of Theorem 5.1.1. Note that con-
dition (5.5) is equivalent to

pl(a+|%|) + py (b~ lél) < |sj (5.19)
in this example.(see Appendix 6)

The lower bound of Theorem 5.1.1 is of course useful when
Theorem 4.2 in not applicable to pl(x). As an illustration we
now calculate the lower bound of Theorem 5.1.1 given by (5.17)
and (5.18) when Py is the truncated doublé exponential density.
In this case the rate distortion function of Py has been cal-

culated in Chapter IV and therefore we can see how tight is

the lower bound determined by (5.17) and (5.18).

Thus
= -} X 1
p, (x) = - e™® Ixj< £ . o > 0.
Calculations show the following:
a
2(1- e~ 2) e
h(p)=1+ln -
o 2(ea/2_1)
a/As -a/2
- 2(1-e ) s
R, (D)= —S——i- - % + 1n +1n 8L
L s’ /2 4 2(ea/2—1) a 2
o Js|> 2 (5.20)
_ 1 . 1 Feol Loy s, L
Dg= Isi ea72_ 1 L( isi o e T ]
and -
2 1

- 1 I .
Dhax™ 1- e—a72 [ -7 " vy 1

For the Shannon lower bound we have
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04
_ a 2(1-e72) Is| | IS1
RSL(DS)—— 2(ea/2-1)+1n = + 1n 2(1_6"SV§) + g(ésVz_l)
Isl> 0  (5.21)
D = -1 _ 1 i
s Is) 2(ésV2_1)

Curves are plotted for a - 0.1, 2, 5, 10. In general, RL is

a better lower bound than RSL' except in a small neighborhood
of Dmax where the Shannon lower bound 1is better. As a-0, the
difference between RL and RSL becomes larger and as q-, the
difference becomes smaller. It can be seen also that RL(D) is
a very good approximation to R(D).(see Figures 5.1,5.2,5.3,5.%4

p.118-121) ?

h

///TN\\\\?

| s
Dmax A +

] ] :

: ! , Figure 5.5

a | !

| ' [

l ! !

| i |

] L ! >

0 2 is.] |s | 'S'

o] max

If, for o > O fixed, we plot (5.20) (D as a function of |s{),
we obtain a curve as shown in Figure 5.5Note that at |s}j= 2,
Dg= Dpax+ Also Dy achieves its maximum at some point |s | > 2,
and DS is a decreasing function for all |s|> 1S,f It follows
(as it is easily checked analytically) that for all Isi>Is_ b
condition (5.19) is satisfied and thus the branch of |sj| :

|s|>|smax| gives the tightest possible lower bound RL(DS).

Another lower bound for the rate distortion function of

the truncated double exponential density can be obtained by
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In (5.18), if for a given D, |s|] is not single-valued, and if

a branch of |s| can be chosen such that (5.5) is satisfied,

then for this branch of j|sit, RL(D) is the best possible lower

bound achieved by the method of Theorem 5.1.1. Note that con-

dition (5.5) is equivalent to
1

pl(a+ Y ) + Pl(b"

a8 L)< s (5.19)

Isi
in this example.(see Appendix 6)

The lower bound of Theorem 5.1.1 is of course useful when
Theorem 4.2 in not applicable to pl(x). As an illustration we
néw calculate the lower bound of Theorem 5.1.1 given by (5.17)
and (5.18) when Py is the truncated doublé exponential density.
In this case the rate distortion function of Py has been cal-

culated in Chapter IV and therefore we can see how tight is

the lower bound determined by (5.17) and (5.18).

Thus
- 1
p,(x) = L e~ 1XI Ixjl< 5 ., a > 0,
Calculations show the following:
Q
2(1- e~ 2) *
h(p) =1 + 1n -
o 2(ea/2_1)
o /s -a/2
- 2(1-e ) s
R, (D)= —Sr—d— - g + 1n + 1n 48L
L'"s ea/Z_l Z(ea/z_l) a 2
o js{> 2 (5.20)
_ 1 1 P S RN |- IO
Dg= is) ea72_ 1 L( Isi o e T ]
and -0
1 2 1

- 1 A _ L -
Pnax™ 1- o-0/2 (-3 e Tl

For the Shannon lower bound we have
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[0
_ o 2(1-e72) s | sl
RSL(DS)—— Z(ed,72_1)+1n o +1n 2(1—9_ ‘SVZ) * Z(éSVZ_l) ‘
Isl > O (5.21)
D = -1 _ 1 i
S8 o dVE) )

Curves are plotted for o - 0.1, 2, 5, 10. In general, RL is

a better lower bound than RSL' except in a small neighborhood
of Dmax where the Shannon lower bound is better. As o—0, the
difference between RL and RSL becomes larger and as q-«, the
difference becomes smaller. It can be seen also that RL(D) is

a very good approximation to R(D).(see Figures 5.1,5.2,5.3,5.4

/f\}
S

| o

p.118-121) ?»

max

!
!
I
| Figure 5.5
i
|
!

1
L
S

A0 SR,

o
If, for o > 0 fixed, we plot (5.20) (D as a function of {s|),
we obtain a curve as shown in Figure 5.5Note that at |Is}= 2,
D= Doy Also D achieves its maximum at some point |s | > 2,
and Dy is a decreasing function for all |s|> ISl + It follows
(as it is easily checked analytically) that for all ISt > As, b
condition (5.19) is satisfied and thus the branch of |sj|:

Is|>|s

max! 8ives the tightest possible lower bound RL(DS)’

Another lower bound for the rate distortion function of ‘

the truncated double exponential density can be obtained by
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using the truncated Gaussian density in stead of the uniform

density. Let

- XZ/(202)
p(x) = Ke Ix1<

1

where

X 2
K= (VZn(2 8(z5)- 1107 and &(x)=J Jg% et/ 24,

Since p(x) satisfies all assumptions in Theorem 4.2, a lower
bound for the rate distortion function of pl(x) is obtained

by Theorem 5.1.1. Calculation shows:

_ K -a/2
RL(DS) = 1lnl|s}+ 1ln a(l_ e ) +

1 1 1 a ~a/2
+ [( -(1- )(1+ £)+1nK)e -1nK] +
o072 “'gg2 1252 2

2

a
1 s _-a/2 1 1yy.~-0a
+ —tos [ —3e +(1- Lo(a + 1))e™3s]
1-e/2 202 ac? & ¢
_ 1 r.1 -0/2 1 1ly.-ea. _ 1 1 y.-a/2
- S TR gle s ~lg e

The relationship between ag and s is given by

.2 2 -
exp(- a</(20°)) a. -1
Is = 2 [ 8) - &) sl > 0.

J2r o

Numerical calculations show that this lower bound is slightly

better than the one obtained via the uniform distribution.

Another class of lower bounds can be constructed by

considering the class of densities
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2
p(x) =, (eP* - ¢ for |x}< C,

5)

where B > 0 and C, < 1. The rate distortion function of p(x)

2
can be found by Theorem L,2 for some values of B and CZ' For
example if C=%, B=1, C,=0, then all the assumptions in
Theorem 4.2 are satisfied. (see Appendix 7) The resulting

lower bound has the following form:

S
_ . 2 sl .2 2 .2
Ry (Dg )= h(p1)+ mpl(x ) +1In'35 - ag {a (x“+ 1. aS)pl(x)dx
[S]
1 a ist> O
2 1 S
Dy = g (x—as)(pl(X)+p1(-X))dx * s {a pl(x)dx
S S
2 2 a2
2
where [ eX ax = Tére S,
a

]

If the method used in Theorem 4.2 is applied to a dis-
continuous probability density function, a ks(x) > 0 may be
found satisfying condition (4.1) whereas a distribution
function Gs(y) satisfying (4.6) and (4.7) may not exist. In
this case, using the above mentioned Agr @ lower bound for
the rate distortion function of the discontinuous density
can be obtained by (4.2). The following example illustrates
this point.

EXAMPLE 5.1.2 (For calculations, see Appendix 8).

Let
% -1 <x<2O0
p(x)=
2 0<x< 2.
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Then for 0 < D < T% , we have
= -1 1 L
Ry (D)= - 3 JEZ5D - 1n(2-J4=5D) -  1n ggg

1 17 _ . . .
and for 5% <D< 5% = Dmax’ the rate distortion function

itself can be found and is given by:

R(D)= - 1-(24D-1)/16 - 1n(1- J1-(24D-1)/16).

§ 5.2 BOUNDS USING AN APPROXIMATING PROBABILITY DENSITY

FUNCTION

The following property is useful in finding upper and
lower bounds for the distortion rate function of a random

variable.

LEMMA 5.2.1 If the random variable Xi’ has distribution

function Fi’ and distortion rate function Di(R),i=1,2, then
for all R > O
D, (R)- D, (R)|< p(Fy,Fp) = £w|F1(t)— F,(t)] dt. (5.22)

Thus clearly if F - F = 0 in Ly then Dn(R) - D(R) uniformly.
Also, if Fn* F weakly and Fn,F have finite means, then

p(Fn,F) -~ 0 and Dn(R) - D(R) uniformly.

Proof: The inequality in (5.22) follows from the result
of [Gray,et.al.(1975)] applied to i.i.d. sources with dis-
tributions F1 and Fz. The expression for P on the right side
of (5.22) is a result of Vallender(1973). Now if F_ converges
to F weakly and all distributions involved have finite means,

then by a theorem from Dorbrushin(1970), we have E(Fn,F)~O
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and hence Dn(R) - D(R) uniformly.

The following well-known property should be noted in
connection with Lemma 5.2.1: If a sequence of probability
density functions p, converges to a probability density
function p almost everywhere, then the corresponding sequence
of distributions Fn converges to the distribution F of p
weakly.

Using Lemma 5.2.1, one obtains the following lower and
upper bounds for the distortion rate function of any random
variable:

D,(R)- P(F,Fy) < D, (R) < D,(R) + P(F ,F,).

We can choose a random variable X2 whose rate distortion

function can be calculated by means of Theorem 4.2 and whose

distribution F, is close to F, in the sense of the p distance.

The resulting bounds are especially useful if Dl(R) cannot
be calculated using Theorem 4.2,e.g. the case of discontinu-

ous density of Example 5.1.2.

EXAMPLE 5.2.1 In order to derive lower and upper bounds

for the rate distortion function of the random variable X

with density %
-1 <x<2O0
p(x)={
2 0<x< 2,

we consider for each 0 < € < 1 a random variable X€ with

probability density function P defined by
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ﬁ -1 <x< -€
x2 X 5

(x) 16¢€ 8¢ 16

P \X)=
€ 2
S S SIS 0<x<€
16¢€ 8€ 16

% € <x< 2,

Note that pe(x) converges to p(x) almost everywhere as € - 0.
(i.e. V x#0). If F. and F are distributions of X, and X res-

pectively, then we have (see Appendix 9)

P(FG'F) = % .
For € > 12 ~ 0.59367, the distortion rate function
15 42 -1

of X, can be calculated using Theorem 4.2 (see Appendix 9).
The evaluation of De(R) is routine but lengthy and tedious
and is omitted here. The result is the following:

(1) -1 < p-ay < -€

u-a

R = InlSl + - %(p+bs) + fank - gin 2 +

+€[%lng - &lnu - glnrg + 2 - %tan—l

D= |é|[%(“+bs)_ %(u—as)]+ %—(1m_as)2+ %[1_ %‘(p,‘*‘bs):lz

2
8
% - i%tanh Vg—]

(ii) -€ s u-ag £ 0

(u-as)3 (u—as)2 (u—a )
+ b ) - #1
14he? L8e g(w t ng
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+ G[T£%+ 3'11’1 gln—g JEtanh 1 78- _ %tan_1%1

(H-a )3 (u-as)z 5(u—a )

1 S s ¢
D= 5iL- - - + #(p+b ) - +
It u8e? 16¢ 16 % K70 L8 ]
b 3 2

( -a ) ( -a ) 5( -a ) € ( -a )
+ H S2 + H-agq + H—adg + %(H“a ) H-ag .

192¢ L8e¢ 32 S 48

2

£ 41 1 2
+ 765 * 5+ [1- )]

(iii) 0 < n-a < €

(w-a )”  (u-a)?  7(p-ay)
R= Gl - = + = - 5 - 2( +b ) + L5 4
2 14he? u8¢e L8 glu+v,) + Mz

3€

u—
8 ln % ln JE— tanfil —53(1_

-+

(u-a_)? -
+ %g)ln[_ - + (. as) . Ig ]

- (
1662 8¢

o

(n-a_)? (u—as)2 5(p-ay)

- 1 S , .
DTl ez T Tree T e T b)) - g5 I+
2
* % N I%E + ggle-ag) + %(u a_) + §§(u_as)2 4
L
(u-as)3 (p-ag) . )
* - + 1- (u+b_)
48 19262 & [ 2 u ]

R= lni%L - % [(u+bs) - (u-a )] - ln%

D= élslt(u+bs) - (“'as)] + I% (“'as)2 * %(u—as) +
2
* % (1 - %(u+bs)]2 + % + %3 )
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The relations between Isl and as,bS are given by:

1 -1 < p-a_ < -€

S K (W) s =
3(u-ag) 46 (u-ag ) 115¢°

Isl = €< p-a, < 0
(12+€)€%+(u-a ) +3€(u-a ) ?+15¢% (n-ay) s

“3(u-a ) *46€(u-a,) +15¢°
st = 2 0 <p-a, < €

) (12+€)62—(u—as)3+3€(u-as)2+15€2(u-as)

Is} = 2+3 (n-ag) € Su-ags w
= +
(s 2- (75 ) e < utb, <2

where u= %.

If we take €=0.59367, then p(F,F )~ 0.00367 and numerical
computations show that De(R)—0.00367 < DL(R) < D.(R) where
DL(R) isthe inverse function of RL(D) in Example 5.1.2.

Thus we have

De(R)—0.00367 < D;(R) < D(R) < DG(R)+O.00367 .

§ 5.3 BOUNDS FCR A GAUSSIAN VECTOR SOURCE

In this section we derive two kinds of upper and lower
bounds of the distortion rate function with respect to the
magnitude-error criterion of a Gaussian vector. These bounds
are expressed in terms of the distortion rate function of a
Gaussian vector with independent components, which can be
evaluated using the result of Tan and Yao(1975) for a Gaussian

random variable.
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Consider an n-dimensional Gaussian vector X with zero

means. Its distortion rate function is defined by

D(R) = L inf EJX-v
qéQR
where .|| is the z{n) norm and QR= {q: % I(X,Y) < Rj where
q is the conditional distribution of Y given X.
Let A be the unitary matrix in the Jordan canonical

form of the covariance matrix of X. It is well-known that

U= A_1X is an n-dimensional Gaussian vector with independent
components. Then we have the following relationship between

the distortion rate functions of X and U,

LEMMA 5.3.1

laTl1p*(R) < D(R) < JJAID*(R)

where D*(R) is the distortion rate function of an n-dimen-
sional Gaussian vector with independent components whose
variances are the eigenvalues of the covariance matrix of X
and ||Al} = Sgpjgllaij"

Proof:  Let V=A"lY and Q£={q': L1w,v) <R} with q the
conditional distribution of V given U, Since A is invertible,
the conditional distribution of Y given X determines uniquely

the conditional distribution of V given U, and vice versa.

Then [|X-Y|| = [lau-av] < Ja[.)u-v]} implies

D(R)= & inr ElX-Y| < Jaf & inr ElWU-VIl =)all.0*(R)
Q€ Qg T qreqp
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where D*(R) is the distortion rate function of U,i.e. of an
n—dimensional.Gaussian vector with independent components
whose variances are the eigenvalues of the covariance matrix
of X. Similarly
fo-vll = a2 x-v) | <la™tix-xl
implies D*(R) < HA_lnD(R) and the result follows from
ha=1) = “AT\‘since A is unitary.

It should be noted that D*¥(R) can be evéluated since 1its
components are independent and the distortion rate function
of each component is known. [ Tan and Yao(1975)]. Thus the
lower and upper bounds of Lemma 5.3.1 can be evaluated. Nu-
merical computations show that in general these bounds are
not good. But if X is "nearly independent” in the sense that
I-Af < E%E’ € > 0, then the ratio r of the upper and lower
bound is close to 1,1i.e.

1 <r s i1+ce
(see Appendix 10). This implies that D*(R) = D(R). Notice
that if A is the matrix resulting from the orthonormalization
of X, then the Gaussian vector U has i.i.d. standard normal
components, and the inequality of Lemma 5.3.1 is valid with
D*(R) now the distortion rate function of the standard normal
random variable (since the distortion rate function of the
vector with i.i.d. components equals the distortion rate
function of one of its components).

We now derive upper and lower bounds of the distortion

rate function D (R) of an n-dimensional random vector

(n)
X
X(n)=(X1,...Xn), in terms of the distortion rate function



9C
(n)_

)(R) of an auxiliary n-dimensional random variable Y

D
y(n

(Y ..,Yn) and the Vasershtein distance P(F(n),G(n)) between

1'°
the distribution functions F(n) and G(n) of X and Y respec-
tively. P is defined by
(n) (n) e o
P(F/,6Y) = inf E T |X,-Y.]
i=1 * *
where the infimum is taken over all possible joint distri-
butions of the two random vectors X(n) and Y(n)(having the

fixed marginals of F(n) and G(n)), and the bounds follow

from the n-dimensional analog of lemma 5.2.1:
_ (n) ~(n)
D (n)(R) D (n)(R) < P(F G ).
X Y
These bounds are useful only when the distortion rate func-

tion of the auxiliary random vector Y(n) as well as

P(F(n),G(n)) can be evaluated. When the Component random ‘

y(n)

variables of are independent and their distributions

are such that their distortion rate functions can be evalua-

ted (for instance by Theorem 4.2) then the distortion rate

(n)

can be evaluated by Theorem 1.3.1. Moreover,

(n)

function of Y

when the components of Y are not independent,no result on

the evaluation of the distortion rate function of Y(n) is
known at present. P(F(n).G(n)) has been evaluated by Vallender
(1973) for n=1 (see Lemma 5.2.1),but again no results are
known for n > 2. Theorem 5.3.2 below gives an upper bound

U(F(n),G(n)) to P(F(n),G(n)) which can be used to obtain the

following bounds for D (n)(R):
X

D (m)®-UE™ ™) < b e < D (my (R, 6 (),
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Let X(n)= (Xl”"’xn) be a random vector with joint dis-
tribution function F(n),let Ki(') be the distribution function
of each Xi' i=1,...,n, and for i=2,...,n,let Ki(xl,...,xi_l,-)
be the regular conditional distribution function of Xi given
. Let also Y(n)=(Y

X

X ""’Yn) be another

random vector (defined on the same probability space with X)
with joint distribution function G(n), marginal distribution

functions Qi(') and regular conditional distribution functions

Qi(yll"'lyi_li.)‘

THEOREM 5.3.2 [Cambanis(1975)]

L) gn)y o pep(n) gy o yp(m) gn))

here 00
L E™) 6 =.§1 I (w)=Q; ()] au
i=1 —o

u(r™), ¢y = [K, (uy)-Q; (ug)|duy +

1 ©
+ J dv, ...d4v. J LK. (F, (v, )y ey
o 1 1-1 dml i*711

i

i ~s

2

fi—l(vl'""Vi—l)’ui)_Qi(gi(vl)’""

8_q (Vyreensvy_goug)|dyy (5.23)

£, (v)= K{Hv, )y gy (vy)= Q7 (vy)

B3 vy V= K e (v )y (v aeevy )8

(v )= @7t )i=2.---.n-
* ,-..,V- = : .
€; \Vq i i ;gl(vl),...,gi_l(vl,...,vi_l)(vl .
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These upper and lower bounds are equal when n=1. For '
n > 2, notice that the lower bound.is symmetric, while the
upper bound clearly depends on the order in which the con-
ditional distribution functions were considered. Hence a
better upper bound is the ainimum of all upper bounds obtained
X

1,.0-, n

and Yl,...Yn. Of course when the distribution functions

as in Theorem 5.3.2 over all (n!)2 orderings of X

F(n) and G(n) are symmetric then so is the upper bound. It
is conjectured that in most interesting cases a strict in-
equality holds in L <pP.

When the vector Y(n)z(Yl,...,Yn) has independent com-

ponents we have for all i=2,...,n and all YyreeorVy € R,

Qi (yyveeerys_q0¥y)=0; (y5) o
and then the expression of the upper bound can be simplified

as follows:

(n) o(n)y_ o n
U(F,60 0 )= {w,Kl(ul)-Ql(u1)|du1+ iiszi—l Fy_g(dugyeee,duy o)
IR (g eeug g aug)-Q5 (0 dug (5.20)
n
= P(K;,Q )+ T EP(K (XphovenX; 400),Q (00,

i=2
(n)

We now consider the case where X and Y(n) are zero
mean Gaussian vectors and the components of Y(n) are inde-

pendent ( so that D )(R) can be evaluated ) and we deter-

(n
Y
mine the distribution of Y(n) which minimizes the upper bound
of Theorem 5.3.2. The result is given in Theorem 5.3.3. In .

its proof we will need the expression of the Vasershtein
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distance between two Gaussian random variables,given in Lemma

5.3.2.

LEMMA 5.3.2 Let Ul’UZ be two (Gaussian random variables
2

. 2
1,G2,means “1’“2 and varlances 01, 95

with distributions G

respectively. Then

“1““2)2 l“f“z
g,-0
01 0, +|u1—u2|f 1 2
(0]

t2

-3

P(Gl,G2)=v27wL|01—02]e

e ? dt J.
(5.25)
For fixed means IPNLPY the minimum value of P(Gl’GZ) over all
2

possible varilances cf, o5 = 0 is achieved when 0,=0, and this

minimum value is equal to|u1—u2|.

Proof: From the result of Vallender(1973), we have
[o¢]
PG, ,Gp)= {lel(x)—Gz(x)ldx. (5.26)
Thus
00 X 1 (t" )2
P(G1!G2)= f \r exp[- “1 ]dt -
—0 | —0. /210 2
1 201
X 2
(t-p,)
J 1 exp[ - ———Eg——]dt dx
00 Jchz 202
XL X,
00 o tz o) tz
14 -2 2 4 "7
=l | J —— e dt - J — e dt{dx . (5.27)
-0 | =00 N e . 0 f2m

The expression inside the absolute value in (5.27) is positive
if and only if
X=p X=u
19 2
2

01 o}



oL

O i, =0, U
i.e. if and only if x > =1 172, 5 assuming o, > 0, . ‘
0,-04 2 1
Therefore X X-U .
2 1 o
5 12 5 t2
a 2 1 - E—' [o%] 1 1 - _2—..
P(Gl,G2)=f dx [ —— e at + f dx J —— ¢ dt. .
—00 Xy Jan a X4 5 ~21
°1 9
We now have
(x-u,)/c £2 42
a Ho 2 - > 00 -3 a
Jodx [ e dt=J dt e IX o coy () dx
—co (x-p, )/o o0 ] Ho
1 1 ( T ' o )
1 2
t2
o) —_ 2——
={;dt e Leb{(~w,a)n(02tﬁi2,clt+u1)}
t2
¢ 2 )
= {wL(cl_OZ)t+ “1'“2] e © dt
02 t2
-5 c -3
= (cz—cl)e + (ul-uz) ) dt
00
where bq-Hp
%279

since czt + Ly <O t + by if and only if t < ¢ and in this

1

case olt +H1 < a. Similarly we find
X~-p
—1 2 2
w o _ % - _
Jdx J e 2 dt =S [(0,-0,)t+ po-u, Je 2 dt
2 71 271
a X-l, c
95 _ QE o EE .
- _ 2 _ _ 2
= (o, 01)e (kg o) g e dt
and thus we have .
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2 2
- & el - -
1 2
(G, ,G,)= = [2(0,-0,)e o, -us) S e dt |
105277 — 279 12l T
1(“1‘“2)2 fihe .2
-3 G, ~0 £
_ 77 [(opa)e 12 41 R
= m [(0,-0,)e 5'“1_“2|g e dt J.

When 01> 02

0,-0, replaced by o0,-0,. Hence (5.25) follows when 01%02.

Now if o0,=0,=0 going back to (5.27) we have, assuming o2ty

we obtain similarly the same expression with

1 72
s R _
00 fo] 2 oo 2 00
(G,,G,)= S dx J]  —S——dt = dt 2 S X o (t)ax
P 172 —oo X-uz J§F — Vg; o (X By X ul)
c o
o
_ £
o] e 2 {
= {xdt = Leb{(ot + by ot + pz)} = (pz—pl).

Similarly for wy > H,. Hence when o =0, we have P(Gl,G2)=

|p1-p2| which is consistent with (5.25) since

Now let u =|u1-u2|z 0 and 0=|01—02|3 0. Then from (5.25)

2 2
T Lo_tf
4w72P(G1.G2)= oe 202 +u J e 2 dt =f(p,0)
0
and for all u,0 > 0 we have
2 2 2
3
£0.0) o 2974 oo 207 (s)y e 2 (- iy -

0] o]
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2 2
-_U - U
2 2 2 7
= e 20 (1+Hs - )= e 27 >0,
o o

Thus for each fixed p > 0, f(u,*) is a strictly increasing
function of o > 0 and hence for all p,0 > 0

o —t2/2
f(p,0)> f(u,0)=u J e dt = /2 p
0

i.e. minF(Gl,G2)= u=|u1—u2|.

If X(n) is a zero mean Gaussian vector then for each
i=2,444,n, Ki(X1""’Xi-1") is a Gaussian distribution
function with mean Mi(Xl""’Xi—l) and variance Vi given
by

)= E(X; [ Xy0ennr Xy )= x(i‘l){;

-1
Mi(Xl,...,Xi_l i- i—lTi"'l

Vi = Var(Xg Xy e Xy ) =[8)/)8s |

. . . (1)_ '
where §i is the covariance matrix of X —(Xl,...,Xi), Pi
is defined by the following partition

3 - $_ 1 T
1 2
[ ]
‘I‘i Oi
and oi is the variance of X; [(Miller(1964)].
THEOREM 5.3.3 Let X(n) be a zero mean Gaussian random

vector with distribution function F(n) and let ii’ Ti' Vi'

(

n .
) be a zero mean Gaussian

(n)

o5 be defined as above, Let Y

vector with distribution function G , whose components are

independent with variances sf,...,si. Then



97

. (n) ' 2
. min ] U(F G = 2/ Z (le_él 1 i— )
1'0-0, n
and the minimum is achieved when sl-:o1 and sizvi,i:Z,...,n.
Proof: We want to determine s. SO that U(F(n),G(n)) is

minimized. Since the components of Y(n) are independent, we

have (from (5.24))
or®™),e™)=px,,q )+ B OEPUK (X enen Xy g0 0)h @ ()
i=2 1

It is then clear that U(F(n) (n)) is minimized if and only

if each term on the right hand side is minimized. Since

P(Kl,Ql) = 427w101-sl\,

by taking 5,70, We have P(Kl’Ql) = 0, For i=2,...,n, by
Lemma 5.3.2 we have
P(Ki(xl' '..'Xi—l’.)’Qi('))

2
gl 2
2(vi-si)2 Vitei! - -
= 2/ [lVi—sile + IMilf e dt]
0]

and this is minimized when s;=V, (which does not depend on

xl""’xi—l)' The resulting minimum value is
P(Ki(x1'""Xi-1")'Qi('))='Mi(X1'"°'Xi-1)|

and since

2 x(i- 1)'X(i-1) §-1 . =

E M i-17i-1 §1 1 i-1

= E T' -1 §1

1
we have E|N | = 427ﬁ(Ti_1§J}1Tl 1)2 and the desired expres-

sion of the minimum wvalue of U follows.
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For n=2 it is easily seen that the minimum value of U ‘
given in Theorem 5.3.3 is 427ﬁ”ﬂ02. Thus the least possible
upper bound is 427nﬂﬂmin(01,02) and it is achieved when
- _ 2— .
5= max(ol,oz) and sz—Jl—P mln(ol,oz).

We now show that the expression of the upper bound of

Theorem 5.3.2 in the general Gaussian case when n=2.

THEOREM 5.3 .4 Let (Xl’XZ) and (Yl'YZ) be zero mean

(2) 4 o(2)

Gaussian vectors with distribution functions F and

. 2 . . - —
and variances Oi and s?, i=1,2, and correlation coefficients

P and r, respectively. Then

0(r(?),6(2))=yz7m to, -5 1 +((po,-rs )P0\ PP =5, T2 T)2)R,

Proof: The proof is lengthy but is a straight forward ‘ '

application of Lemma 5.3.2 and hence is omitted.

COROLLARY TO THEOREM 5.3.4 If P=r in Theorem 5.3.4, then

P(F(Z),G(z)) = «/27Tr|:|01—sll+|02—sz|].

Proof: Letting P=r in Theorem 5.3.4, we have

(2) (2)y _ .
U(F*<’,G ) = V27ﬁ[|01-sﬂ+|°2-52|]-
By Theorem 5.3.2, it is easily seen that

Hence the Corollary.
This corollary gives an example when L=f in Theorem ~

5+3.2. However this example is clearly of no interest since .

the vectors (Xl'XZ) and ((Ol/sl)Yl’(oz/SZ)YZ) have the same
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distribution.

The following is a different approach in calculating an
upper bound to P(F(n),G(n)) when F(n) and G(n) are Gaussian.

Tet X and Y be Gaussian vectors and assume their com-
ponents are linearly independent. Let A,B be the triangular
matrices obtained from the Gram-Schmidt orthonormalization
procedure which are such that

U= a"1x and v = 371y
have the identity as covariance matrix.

Consider now the joint distribution function of X and Y
which is such that U=V, i.e. taking any Gaussian vector U
with covariance matrix I and consider

X'= AU and Y'= BU.
Then X' and Y' have the same distributions as X and Y res-
pectively and thus

(aij-b..)Uj|

n n i
p(rin) 0y < 3 E|X{-Y!|= I E| X N
i:l i:l j: J

1

= 2/7 b [ b (aij-bi-)zjéz w(rn) o)y,

i=1 j:l J
EXAMPLE 5,3.1 For n=2, w(r(2),a(2))—y(r(2) ¢(2)),
Proof: With the notation of Theorem 5.3.4, we have (by

performing the Gram-Schmidt orthonormalization)

01 0 Sl 0
A= >~ | and B = ( o

Pcz 0241-9 rs2 s241—r
Thus
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(#2602 =577 { 1o, -5 41 (Po, -rs )P+ (0 T=F2 =5, T2 )2 T}

by Theorem 5.3.k4.
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APPENDIX 1 Proof of (4.26)

Substituting (4.25) into (4.20) we have

£n-1
-2 - .
£[P(t)—s p*(£)+Cq 8 (t-uta )+C, (6(t-u-by)+ jiz D, 6(t-d;)]
s
s ix-tl _ 2
. e dt —|Slp(x) x € V.
Suppose X € (dk’dk+1]’ where p-a < d < p+b,. Then
b
S -2 six-tl s(x-uta_) s(utb_-x)
J  (p(t)-s “p"(t))e dt + C; e s’ +C, jeo "8
Ly ’
u-ag
k L4+n-1
+ £ D Ses(x“d1) + £ D Ses(dj"X):‘é p(x). (A.1)
j=4 9 j=k+1  J7 '
Now !
w+b - S x-t| dp gan-2 4501 B0
J (p(t)-s""p"(t))e at = J + ¥/ +
hw-ag h-ag j=1 dj d@+n—l
s{x-tl

(p(t)—s'zp"(t))e dt. (A.2)

Since for each sc(- o,-2p(n)), (p(t)_s'an(t))eS(X—t) is

a.e.[Leb.] on [n-ag,d,] equal to the derivative of

- sT3(p' (L) + sP(t))es(X't)

which by assumption (1) is absolutely continuous, we have

d d

2 SX_ _ _ £
S (p(t)-s 2p"(“c))es(X ge= - S5-[e Stor(t)+se S tp(t)]
u-ag S u-ag

sx -sd -sd -s(u-a_) ~-s(n-a_)

e £ £ s’ -
='82 [e “p!(d,)+se p(d,)-e pl(n-a )-se S p(u-a )7l
Similarly,

d

FI (o (1)-s"2pn(1))eS (X V)gy =
d.
J



o SX —sdj+l -sd. sd. -sd .
:-;5—[9 pl(dy,,)ise

X "
[ (p(6)-R S P g Lo+ L pio) +
dk s S

+87%[p1(a,) -1si pldy) e :

d
JE L (pt) - 7% (1))es (P X) gy
X

s(d x)

4 1 k+1"

- S“Zp'(x) ‘S‘p(x) - s—z[]slp(dk+l) + p:(dk+i)19

d:
S ! (p(t)- S—Zp"(t))es(t_x)dt
d

-sX sd. sd sd sd

_ I, o dpv se  J y
J.Jrl) se p(dj+1) e p+(dj)+oe p(dj)J

k+l < J £ £+4n-2
it +b - B
S (p(t)-s Zp"(t))es(t x) g
2in-1
-sx  s(utb_) s(ntb_ ) sd

= - S-le ® pl(utb,)- se S plntb,)- e

A=

24n-1

pild, g

sd
£L+n-1
T ose p(dzﬁn-l)]'

Substituting the above expressions in (A.2) and combining

similar terms, we have
+b
1tbg

S pr)- s7m())e Xt ar = 2 p(o)-
H-ag

s(x-p+a_)
_—i§ﬂslp(u—as)—p;(u-as)]e s’

1 s (n+b,-x) .
_—? L|s| p(u+bs) + p_(u+bs)]e -
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5 s(x—dj) 24n-1_, ) s(dj—x)
s [p:(dj)—p;(dj)]e -3 s [p:(dj)—pl(dj)Je .

¢ j=k+1

J

MR

Equating coefficients in (A.1) we obtain (4.26).

1L+b
APPENDIX 2 Proof of [ SdGs(t) =1
h-ag

By (4.25) and (4.26), we have

wtbg W o
;oode (£)=0 (p(t)-s"Ppr(t))dt + s fisl plu-ag)-plli-ag)]
u-ag -a

S
1 1 £24n-1
:g[lstp(u+bs)+p1(u+bs) +-s~§ jiz (p!(dy)-pild;))
H-eg b o 2+n-1
= 1- f p(t)dt- J p(t)dt-s “[p!(ptb )+ X (pl(dj)—p;(d.))
a by Jj=L J

_p;(u—as)1+ S_ZDS'p(“'as)'p;(“"as)]+S_2U§p(u+bs)+pl(u+bs)]

2m-1
+ s—2

™

j=2

Using (4.21) and (4.22), all terms except the first one

cancel out and we have the desired result.

APPENDIX 3 Calculation of ks(x) (i.e.(4.30))

From (4.6), we have, for x¢[a,u-ag]

-1 +b

] =0 e ag (1)
W=

a
S

and substituting (4.25) and (4.26), we obtain
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dK £Ln-~-2 dj+l u+bs

=5z T T T (e)- s7%pm(4))e% )y

- 4
n-a_, J=4£ dj dQJm_l

) =1
[T

S

s(n-ag-x)

+ £ 2 Listp(u-a )-pi(u-a )] +

£

3

-1 s(d.-x)

v sT2(pl(aj)-pyla))e I+

Nt

j=1

s(u+b_-x)
+ 87 s putby) + plub)le S,

The integrals in the above expression have been calculated in
Appendix 1 (except for minor adjustments in the exponents).

Thus, using results similar to those in Appendix 1, we have .-

-1 s(u-a_-x)
[Ks(x)] == e H%s p(u—as)

_ s
AS(X)— 55{;%5;7 e

The calculation of A (x) for xE[u+bs,b] is similar and gives

_ s
hs(x)— EE%E&B;T e

For xELu—as,u+bS] we have

-s(p-a_)+sx
S x€la,u-a_ |

(u+b_)-
S The TR Y xelp+b,,p].

Ag (%)= a (x)/p(x) =1sl /2p(x)

from the solution of (4.17).

.

APPENDIX &4 Proof of the expressions (4.4) and (4.5)
b o (x) .

The relation D = - i %:?;)-52 is proven as in

[Tan and Yao(1975),Appendix B] and thus its proof is omitted .
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here. The calculation of aks(x)/as is given in the following:

From (4.30), we have for all xé(a,u—as)

axs(x): i 1 . S _ap(u-as)] e-S(u—as—x)
3s 2p(p-ay) ZPZ(H—aS) oS (4.3)
da -s(u-a_-x)
s S " %s
- Al [ s 5 - (u—as—x)] e

-a
Differentiating (4.21): J sp(t)dt = - % p(u—as)
a
with respect to s, we have
3p(p-a,)
S -2 S
plu-ag) g = - 8 [ s —=5 - plu-ag)]
and thus
da ep(p-a_) -
S = 1 ~ S - 5 2. (A'LP)
ds sp(u-as) 38

Substituting (A.4) into (A.3), we obtain

Shg(x) :
s u—as—x)ks(x) v XE(a,p—aS).

The calculation for x€(u+bs,b) is similar. Thus

-(u—aS-X)KS(X) x€(a,u-ag)
axs(x) 1 -
—E— _lglxs(x) X€ (p-a 1 tby) (A.5)
—(x—u-bs)ks(x) xE(u+bs.b)
b on_(x)
From (A.5) and D= - i Ei?;)- T dx, we have
H-8g u g b
D= J (u-ag-x)p(x)dx+ J 'é'p(x)dx+ S (x=-p-b )p(x)dx. (4.6)
a h-ag u*bs

From (4.4) and (A.5) we have



106

u-ag
_ (e S
R(Dg)= 8Dy + [ plole(xmiag) ™ In gpfilay]
Wby
_ s
+ p(X)ln—lfﬁﬂxZ;%p(x)LS ptb -x)+ In ggfgkggyjdx
H-ag h-ag
= sD +ln|S'+ J s(x-u+a )p(x)dx~- In(p(p-a])) J p(x)dx
a a
u+bs b
- J p(x)Inp(x)dx + [ s(u+bs-x)p(x)dx
w-ag by
b
- ln(p(u+b )) J p(x)dx.
wHbg
Substituting (A.6) into the above expression, we obtain
b oy b-ag
R(D )= ln'zl— J p(x)ln(ep(x))dx - In(p(p- ~a )) J p(x)dx
b-ag a
b
- 1n plp+p ) J p(x)dx.
u+b
b
Finally, since Doax™ inf Jx-ylp(x)dx, it is easy to verify

y a
that the infimum takes place when y=p, the median of p(x).

Thus b

Dpax™ ilx—uip(x)dx.

APPENDIX 5 Calculations in Example 4,2

Here we only sketch the calculations in Example 4.2 and
omit the lengthy details.
Since p(x) is symmetric about x = 0, we have a = b, and

(4.11) gives the relationship between |s| and a
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Is) = 2/(a—aS) for a_¢ [c,a] (A.7)
ist = 2/(a+c—2as) for a,c [0,c]. (A.8)

We now distinguish two cases (i) and (ii).
(i) If 1sl > 2/(a-c),
using (A.7),(4#.12) and (4.13), we obtain

R(Dg)= 1“'Eﬁ%i£l + 2/ s2(a%-c?) - (a+3c)/2(a+c)
1 ., s (A.9)
D = =T M/BBP(a -c%).

S

The parameter s in (A.9) can be eliminated as follows:
Substituting x = 2/ sl(a+c) into (A.9), we obtain the follow-
ing cubic equation:

o - 3(a-c) , 4 6(a-c)D _ 4.

a+c (a+C)2
The solutions of this cubic equation consist of three unequal
real roots:

_ [a-c
x= 2 [ 236 cos[

cos T(- =B + g—”)]

a -=C

|-

X,= 2 /%i% cos|[ % cos 1(- =22 )]
J 2%
N a~-c 1 -1, D by -
X5= 2 [33¢ cos| 3 cos ( " * 3 )],

It can be shown that only x3 satisfies the condition

2
Isl> =57 .

- _ 4+ -atce 2 _ _at3c
R(D) = - 1n xy * 582557 %5 - 5(ate)

Therefore
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= 2 COSZE ';ﬂ _ ( \% )_] 28.;+2
1 a-c L"_TT. _..
- In( f 252+ 2cos [ 3 cos’ JF=%==§ )]

0 <D < &= c)(at2c)
a+c

for

.. 2
(ii) If Wl 735

using (A.8),(4.12) and (4.13), we obtain

_ 1. i8l (atc) 2
R(Dy) = 1n ®5222 * e (aTey - L
(A.10)
p=2L_ 1 _(a-c)? @
s” 8l T 2(g40) 12(atc)

Eliminating s in (A.10), we have

L

4D (a-c)? | 4D (a=c)?
R(D) = - 1- + - In(1- /1- +
) / a%e  3(a+c)? " / e 3(a+e)? )
£ 1 L;—c)(a+2c) < a’+ ac + c° - D
°r 3 T e+ S T3tate) ~ Pmax

Thus (4.37) is proven.
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APPENDIX 6 Calculations in Example 5.1.1
In Theorem 5.1.1, let p(x)= (b—a)~1 for x€[a,b]. Then

from (4.10) and (4.11), we have

- -1 _ 1 = L{ph_
ag = by = 3(b-a) ST ' M = z(b-a).

Now

b b
—Hp(p1)= - g pl(x)ln(pfx)(b—a))dx= —i pfx)lnpfx)dx—ln(b-a)

= h(pl) - In(b-a).

Thus (5.1) becomes

1

isl

Ry (Dg)= h(p,)- In(b-a) + lnI%'+ 1n(b-2a) g p, (x)dx

a+

b-'é b
-J  py(x)n £2= dx + In(b-a) J p,(x)dx
-a 1
a+ L p- L
Isl sl
b- L
- isi
= h(p,) +1In3 - J p, (x)dx
1 2 1 1
a7 s
a+'§ b
=n(p,) +In'P -1 + 0 Tp(x)ax + S py(x)ax
a 1
b5
™ 1
_ sl sl Y la+
= h(p;) + 1In 55 + é [p, (a+t) + p, (b-t)Jdt.
From (5.2), we have
= ; . b g ° .
= + == + = - oy
Dg i (a = x)pl(x)dx ISII 1p1(x)dx+ J fx b+]spp1(x)dx

at = b

Is| ~ sl

1

4 Ist
- g’ *t;[:pl(a+t) + pl(b-t)]d‘t.
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This proves (5.17) and (5.18).

Now condition (5.5) is equivalent to 1
b 2
p,(x) 3°r_(x) a_(x) .
J xl(x) S2 Y %x)( gs )2] dx < 0
a s as ]

which is equivalent to (5.19) when A (x) is replaced by (4.30)

for p(x)= (b—a)—l.

APPENDIX 7 Calculations in Example 5.11 (continued)

2 3 .2
By (4.9), Kz(x) =X/ el dt is clearly increasing for
X

x€[0,3] since Ki(x) > 0 for every x€[0,3]. By symmetry,Kl(x)

is decreasing for x€[-%,0]. .

We now show that p(x) ——15 p”(x) > 0 for each s and
| ) @
x| < ags
2 2 2 x2
p(x) - —15 p"(x) = 01[ eX - —=5(1 + 2x%)e” ]
s S
2 2
=c,e* [1 - g§ - E5§]>o (A.11)
S s

if and only if yx? < g°

-2 for all |[x|< age A sufficient
condition for (A.11) to hold is that 4a§ < s2-2. But the

maximum of a_ is %, thus if s2>3, (A.11) will hold. We will

s
show that s> 3 as follows:
a2
Since |[sj=¢e °/ [ ¥ dx and Kz(x) is monotonically
a [ 3

s
increasing, we have, by letting ag= 0

: 2 -1
Ist> [ g e” dx] . ®
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B
Since eX is convex, 2(e*-1)
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2
X

x +1 > e* for every x€[0,%]

{left side of the inequality is the line segment joining the

2
points of eX

Wi

=
N

i(e®-1)+ 3

> J
0

Hence

N

Ist > [%(

APPENDIX 8 Calculations

at x=0 and x=%

J [Z(ei—l)x+1]dx > fee
0 0

).

Therefore

1

XZ
dx

1)+2]71> 1.74 > 5.

in Example 5.1.2

-1

L

p(x)=
3 <

x <

Calculation shows that
2

3
) Suppose

[g +b.] be the support
3
(i 2--a > 0,

3

This case is similar to

tion. One can apply Theorem

2

the median p is 2/3. Let V =

of the distribution Gs(y).

the case of the uniform distribu-

4,2 directly. The rate distortion

function can be expressed as:

L]s
- — -+ _U
R(DS) 5| 1 +1n 3
- 1 __3 1
Ds™ g 8 1o T3
Eliminating |sl, one obtains

R(D)= - J1-(24D-1)/16 - 1n(

£ <lsl

2
2

1- J1-(24D-1)/16)

%% D5%=Dmax.

-

<L



(ii) Suppose -1 < % - a_ < 0.

Then gs(y) has the form

112

g.(y)=ply) + C1,s5(y’%+as) tCy 8" (y-0) + CB’Sé(y_%_bS)
where
- - 1 -3
C1,6" Fpsr * CasT 7 T2 C3,sT B VY g
8 Isf
Also
=2 _ 1 I N
3%~ 3 " gs) ' ° isi

s 3
From these expressions, ks(x) can be calculated and has the

following form:

2 . 2
2\s\e‘s‘(3 - as)—|s|x -1 <x < 3 - 2g
2 -
2 sl 3 - a < x <0
A (x)=
s b 2
=|s 0 < < =+
3 1l =X =37 b
&Isle_‘sl(% * bg)tisix 24p <x<2
3 3 s =" ="
It remains to show that C(y) <1 for y 4 V. We will give
the proof of this when y > % + by The case when y < % - ag

is similar.

Now
2
Cs(y)=J Ks(x)p(x)eslx'yldx
-1
2
5-8. 0- -3-+bs y
= J'l +£ +‘£ +£ + J
j—as -3-+bs
2
Z-a
_ P Chgetet Grag)- sl x,

2 s |x-y|
g (x)p(x)e I ax
y

~lsly+lsl x

e X +
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24
S

O_ .
+J  Flsle” st (y=x) 44 + .(f)‘ Tlsle” Ist (y-x) g% +

3785
2
y - Ist (5+p_)+Ist x  -|s| (y-x)
+ 07 Eple 0 S o ax +
2
§+bS
2
2 —isl ($+b) +lIsfx  -1sl (x-y)
+ [ Z|sle 3 s e dx
y
2 2
- sl y+1is| (5-a,) - sl (%-a_)
= 3lsle 3 s (%-as)+%|SIe 'S'y-léﬁl —e D 84
- ‘S‘ 1 \SI (-2_+b ) - ‘S' y— ‘Sl (-2'+b )
+ Zlsle y@@ 3787 4) + duste >

. %E‘eZ\sly_ ez|s|(§+bs) " %Ius_y)ésuy-|sK§+bs)

= %e'lle+|S|(%+bs) + iésly—ls[(%+bs) e-lsly+18l(%+bs)

s
4

2 .
+ Fig| (2-y)dSt Vst (5¥05) )

e—lsly+|3|(%+bs) ésly-lsl(%+bs)_

= 3 + (zt(s] - 31sly)

Differentiating Cs(y) with respect to y, we have

2

2 ) dst y- 1si(5+0)

cl(y)= - kst o™ SIYTISHETS) g (trisi-disty

2 2
=is‘éSIY'|SK§+bS) [_%+‘sl_%Is'y_%e-2|s|y+2|s|(§+bs) 7,

2
Let f(y)= -% +isl - %isly _%e—lely+2lsl(3+bs)_

-21s1 y+2 181 (540,

if and only if y = % + by« Now f”(yo)= -lsl2 <0 i.e. f(yo)

Then f'(y)= -3isl+ %(sle and f'(y, )=0

is a maximum. But f(yo)=0 and thus f(y) < 0 and Cé(y) <0



Wro
U

which implies that Cs(y) is non-increasing. Since y =
=2- 1 = :
=2 5 e have Cs(yo) 1. Thus
~ 2
Ci(y) <1 VYZy,m 371 by
Since gs(y) is not a probability density function, the i (x)
found above can be used only to provide a lower bound for

the rate distortion function of p(x). Thus by Theorem 4.1
s)= - -+ 1 314 Asl
RL(D,Q) isiD + T3%51+ 3in 218l + gln 3 -

Differentiating RL(D,s) with respect to |sland setting

Ri(D,s)=O, we obtain

_ 1 _5 .
D= = - ’ Ist > 1.
s sl 16|SF
Also R*(D,s) = —2— - —+- < 0o .
L gisP 1

Eliminating s} we obtain

R (D)= -3 JT=3D - ln(2- G=3D) - % 1n 2‘5* , 0<Dxy

APPENDIX 9 Calculations in Example 5.2.1
X X

Let F(x)=J p(t)dt and FE(X): J pe(t)dt.
-1 -1

It is clear that F(x) = FE(X) for -1 < x < -€ and ¢ < x < 2,
Also F(x) < Fe(x) for |x{< €. Thus

0 €
P(F,F)=J (P (x)-F(x))dx + [ (P (x)-F(x))dx,
-€ 0

Now X 5
1-€ , t 1
F (x)= T +J (== + —= 4+ )dt
¢ ~e 16€2 ge 1
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for -€< x< O

X 2

for 0 < x < ¢
2 3
1, € L 5x X X
L " L8 %B 16€ 7 ,8¢2
and
F(x) = lﬁé for -€< x <0
F(x) =f +3% for 0<xc<c.

Therefore 0

- 3 2
p(rure ) G o 2 e+ B e

€ 3 2
1 € X X X 1 3x
*J (§ + 53 5 +t16c T "L - & )i
0 L8¢
€ 3 2
€ X X X
=l (37 - + & - £ )dx
0 2 2462 8¢ 8

2 2 €2 €2 €2

_ & _ € _ -

=35 " S6 T2 " 16 T 96 °
Next we find a certain range of € so that the rate distortion
function can be calculated by Theorem 4.2. Condition (2) of

Theorem 4.2 is clearly satisfied. Thus we require
pe(x) - s'zpz(x) >0 for x € [u-a ,utb ]

For (x|> €, above condition is clearly satisfied since

pe(x) > 0 and pg(x) = 0,

Now for 0 < x £ €,

-2

pe(x) - s pg(x) = pe(x) + (86252)'1> 0.



116

For -€ < x £ 0,

2
-2 X X 1
P (x) - s “pl(x)= =5 + gc *t -2 - . (A.12)
€ € 1662 € 1 86252

By considering the derivative with respect to x,we see that
(A.12) is an increasing function of x for fixed € > 0 and
Ist > 0. Thus a sufficient condition for (A.12) to be non-
negative is

P (-€) - s"ng(—é)i 0

i.e. 623 —15 « Now Is{ is a decreasing function of u-ag
by (4.10). %ius we can choose € > 0 such that

e?>(252)71> (26%)71
where SN is the value of |[|sl| when p-ags=0, i.e.|so|= T%%—E'
Therefore we require
2 > (12+€)%/15%

or € > 12/(1542 -1) » 0.59367

2¢€

APPENDIX 10

Show: If NI-All < 55 , then 1 < HalNA™i< 1+¢, € > o,

Proof': Let B = I-A. Then |IBl= llI-Aj< E%g<1(since ¢ >0).
It follows from |BJ|> | 1-lAl| that

NAK < 1 +IBI . (A.13)
Now since JiBll< 1, we have
a™l= (1-B)l=1 + B+ 8% + ... .
Hence fa™l-1\< B} + §BIZ + ... = UBI/(1-UBI) (A.14)
and as in (A.13) we have
A~y < 1+la™io 1 < 1+ MBI (A.15)

1-uBl °

Multiplying the corresponding sides of (A.13) and (A.15),
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we have

-1y _ 1+iBI
WAWNA™ N < 7@ - (A.16)

The right side of (A.16) is easily seen to be an increasing
function of WBI. Thus by assumption, we have
patua~lr < 1+ e, (Aa17)
On the other hand we have
1= 0IH = paa”H < falna™tr. (A.18)

Combining (A.17) and (A.18), we obtain the desired result.
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Figure 5.3 (a=5) Dhax™ 15529
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