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Distribution of Complex Wishart Matrix

Abstract

This paper considers the derivation of the probability density function
of the latent roots of a non-central complex Wishart matrix. To treat this
problem, we define the generalized Hermite polynomials of a complex matrix
argument and give some properties of the generalized Hermite polynomials.

By using the generating function of the generalized Hermite polynomials, we
can obtain the exact probability density functions of the latent roots, ;
the maximum latent root and of trace of the latent roots of a non-centrgl
complex Wishart matrix.

Classification number: 10.

Main words and notations

.VﬁK(T): generalized Hermite polynomial (g.H.p.) of a complex matrix

argument T.

EZ(S): generalized Laguerre polynomial (g.L.p.) of a hermitian ma-
trix S.

d(U): The unitary invariant measure with total volume unity.

d*(u): The unitary invariant measure.

'd(L): The semi-unitary invariant measure with total volume unity.

EK(A): The zonal polynomial which corresponds the partition k of k

into not more than m parts.
etr A: exp(tr A).

det A: determinant of A.
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1. INTRODUCTION
N. G. Goodman [3], C. G. Khatri [7], [8] and A. T. James [6] have dis-

cussed some distribution problems of the complex multivariate normal dis-
tribution which appears in time series analysis and physics. The problems
of complex variates can be treated in the same way as those of the real
variates in the case of normal distributions. In this paper, we consider
the distribution problems of the latent roots of a positive definite random
Hermitian matrix which are extensions of author [5] to the complex variates.
We introduce the generalized Hermite and Laguerre polynomials with complex

matrix argument to handle these problems.

2. NOTATIONS AND USEFUL RESULTS

We shall use the following notations which are given by James [6].

m
(1) T (a) “%m(m—l) I T(a-a+l).
m
o=1
m
(2) ? (a,x) = ﬂ%m(m—l) I T(atk -o+l).
m a
o=1
m ~ ~
(3) fa] = 1 (a-atl), = I‘m(a,K)/Fm(a)-
o=1 a
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where « = (k.,...,k ) 1is a partition of k into not more than m parts.
1 m

The corresponding generalized hypergeometric functions are defined as

~(m)
(&) oFa (aysesesysbysees by sA,B)
i (2,1, - [ap]K C (A)C _(B)
=0 [b,1, --- [bq]K kIC (I )

where EK(A) is a zonal polynomial of a Hermitian matrix A corresponding
to a partition k of k. If either A or B is Im’ then we write as
~(m) ~
F teess seess Ay, I) = F (Loey wees A
p q ( Hd b b ) p q( , )

The most fundamental properties of a zonal polynomial are of the same

form as in the real case, so that

5 _ C (AT (B)
(3 J C_(AUBU") (D) = K o_x
U(m) CK(Im)
and
(6) etr(XUHU'X")d(U) = O%l(n;xi'),
U(n)

where d(U) in (5) and (6) is the invariant measure normalized to make

“’1, the total measure unity on the unitary group U(m) and U(n) of order m

" and n, respectively, and” A ‘and B are Hermitian matrices, and X is

an arbitrary nxn complex matrix.

Hsu's Lemma. Let £(ZZ') be a probability demsity function (p.d.f.)
of Z mxn (m<n), then the p.d.f. of the Hermitian matrix R=ZZ' is given
by

mn

(7) L (detR)" ™™ £(R).
r (o




The p.d.f. of the latent roots A = diag(kl,...,xm) of R 1is also given

by
Trm(n+m) - 2
(8) e (deth)" ™ £(A) T (A,-A)7,
Fm(n)Fm(m) i<j +d

if £(UAT') = £(A).

3, GENERALIZED HERMITE POLYNOMIALS

Hayakawa [5] defined the generalized Hermite polynomial (g.H.p.) with
a real matrix argument in order to discuss the distribution problems of the
latent roots of the non-central Wishart matrix. In this section,
we show that they can be extended to the complex variate case and they can
be treated analogously as the real variate case.

Here we define the g.H.p. ﬁK(T) and the generalized Laguerre poly-
nomial (g.L.p.) EK(S), y > -1, which correspond to the partition «k of

k, in the following way:

9) etr(~TT')ﬁK(T)

-DX ~
. Tn;l—f et (-1 (TR"+IT ") et (-WH")E_(Vil")dw,
1)

where T and W are mxn (msn) arbitrary complex matrices, and for

y > -1,

(10) etr(—S)E:(S) - J XY(Rs)(decR)Yetr(-R)EK(R)dR,
’ R'=R>0



where S and R are mxm Hermitian matrices and

Fm(Y+m)AY(RS) = ofp (ytm, -RS), [2] .

The next theorem gives a relation between g.H.p. and g.L.p.

Theorem 1.
(11) i = DI ar).

Proof. From the definition of g.H.p. and the Hsu's Lemma in the complex

case, we have

etr(-ﬁ")ﬁK (T) etr{-i(WUT '+TT'#") }etr(—WW')EK (WR') dwd (U)

W U(n)

= , b . PRI ity e )
J 0Fl(n, TT'WW')etr(-WW )CK(WW Yaw

= (-1 J Kn_m(TT'R)(detR)n"m etr(-R)C_(R)dR
R'=R>0

-D* etr(-TTHIX™ (11" ,

which completes the proof.

We can show easily the following corollaries from the definition (8)

and Hsu's Lemma.

Corollary 1.

(12) HK(T) = HK(UlT) = HK(TUZ)’

where U1 € U(m) and U2 € U(n), respectively.



Corollary 2.
(13) B (] = etx)inl C (D),

(14) () = (D] ecr@THT (D),
Theorem 2. (Generating function of g.H.p.'s)
Let S and T be mxn (m<n) arbitrary complex matrices, then

(15) f [ etr{—S§'+UlSU2T'+Tﬁé§'ﬁi} d(Ul)d(Uz)
U(m) U(n)

HK(T)CK(S§')

]

o0 o K!Inl € (D

where Ul e U(m) and U2 € U(n), respectively. The right hand side of

(15) converges absolutely.

Proof. We show (15) by the direct method, using (5), (6) and (9).

2 (-DXC (ss")
R.H.S. = etr(IT') J K

etr{-1i(TW'+WT")}-

- ki[n]_ EK(I)

W k=0 «

. etr(-ww')EK(wW')dw

_ etr(IT') [ [ Z z

e etr{~i(TW'+WT') }etr (-WW') dw

_ etr(TT') j J J etr{i(W'U,SU +U S'0 w)} .
mn 1

W U(m) U(n)

. etr{~i(TW'+WT') tetr(-WW')dW



= J J etr(—S§'+UlSU2T'+Tﬁé§'ﬁi)d(Ul)d(U2) .
U(m) U(n)

The absolute convergence of (15) is shown by using (13). This completes

the proof.

Theorem 3. (Generating function of g.L.p.'s)

Let S and Z be mxm positive definite Hermitian matrices, then

(16) det(1-2)" ' " [ etr(-SUz(1-2) "5 d()
U(m)
~y o~
L (s)C (Z)
= z KN = H IIZH<1,
1
=0 « k.CK(Im)
where IIZII means the maximum of the absolute values of the characteristic

roots of 2Z. ~
Proof. Similar to Theorem 2, using (5), (7) and (10).

Remark 1: The invariance of EK(T) with respect to U(m) from left and
U(n) from right is obvious from Theorem 2, because d(Ul) and d(Uz) are

invariant unitary measures on U(m) and U(n), respectively.

Remark 2: The relation between the generating functions of the g.H.p.'s
and the g.L.p.'s when Y = n-m is as follows. Multiply both sides of (15)
by 7™ (detz) Tetr(-55'2) and integrate with respect to S. Then we have

(16) by replacing Z with -Z.

Theorem 4. (Mehler's formula)

Let S and T be an mxn arbitrary complex matrix. Then



2
l u - - u -
(17 —_— etr{- (SS'+TT') + ——— (U,SU,.T'
(l_uZ)mn l—uz 1—u2 1772

U(m) U(n)

+ Tﬁé§'ﬁi)}d(Ul)d(U2)

2k H (T)H_(S)
= ] gl , lul < 1.
=0 K [n]K CK(Im)

Proof. The proof is exactly similar to that of Theorem 2.

Corollary 4.

L™ @y = 1™ (er TT).

(18) K

Proof. If we set S=0 in (17), we have

[=4]

1 u2 = u2k k ~
(19) 5 m etr{- 5 TT'] = Z T - Z HK(T),
(1-u") 1-u -0 ’ "

. ~ _ k ~
since HK(O) = (-1) [n]K CK(I).
The left hand side of (19) is a generating function of a univariate

Laguerre polynomial LEn—l(trTT'), i.e.,

_ u mn-1 =
L.H.S. = ] g L (er 1TY).
k=0

Hence by comparing the coefficients of u2k and by Theorem 1, we have (18),

which completes the proof.

We can obtain a more general formula for the g.L.p.'s than (18).



Corollary 5.

7Y
(20) L L(S)

K

k

where S

Proof.
etr(-8) ) T Y L ()
k=0 K
Hence
(21) D g L) =
=0 K

By comparing the two sides of

Lm(y+m)--1

From the definition (10), we have for

(tr S),

is an mxm positive definite Hermitian matrix.

x| <1

ZY(RS)(detR)Yetr(—(l—x)R)dR

R'=R>0
- 1 ) 1 ) 1.
~ k! {y+m]
Fm(y+m) k=0 « K
. etr(-(l-x)R)(detR)YEK(—RS)dR
R'=R>0
- 1 1 _=S,
B (1- )(y+m)m ) k! ) <G
X k=0 K
~ 1 1
- (l_x)m(y+m) etr( 1-x 8)
1 X
(1-x)m(Y+m) etr(- - S)
o nemy-1
Z %T-LE Y (trs), Ix] < 1.
k=0

(21), we obtain (20).



4, JACOBIANS OF THE LATENT ROOTS AND INTEGRALS

In this section, we give some useful transformations for finding the
p.d.f. of the maximum latent root of a positive definite Hermitian matrix,
and of the latent roots of a non-central complex Wishart matrix with known

covariance. We also give some related Beta-type integrals.

Lemma 1. Let S be an mxm positive definite random Hermitian matrix.

We decompose S as follows,

Ay B
(22) s = ul [0,
where U is an m*m unitary matrix which has only 2(m-1) independent
R R I

variables u21,...,uml, u21,...,uml, the first column elements of U ex-

cept Uigs and V isan (m~1)x(m-1) positive definite random Hermitian

matrix which ranges AlIm_l > V' = Vv>0. Then
m
(23) ds = det(I-v)2da;av 1 duR dul, .
1 1 al "al
o=2

Proof. The proof of this lemma is given in Appendix I.

Note: If we decompose S further such that

(24) S = U .

where Uv is a unitary matrix of order (m-v+l) whose first column vector

contains independent variables, and Vk is an (m-k)x(m-k) Hermitian ma-

trix which ranges X, I > V! =V > 0, ‘then
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k , k ) k-1 m
(25) ds = T (,-A\)% T detO,I__-v)%andv, m 1 -
i<yt 3 a1 Pmk k7 kK gy gmphl
R T
duquuaB.

This can be shown, by induction, from Lemma 1.

Lemma 2: Let X be an mxn (ms<n) arbitrary complex matrix, U an m*m
unitary matrix whose diagonal elements are all real values, and L an

nxm (msn) semi-unitary matrix (i.e., L'L = Im) whose diagonal elements are
all complex variables, and A = diag(xl,...,xm), where the Xi's are all

real-valued latent roots of XX'. Then the Jacobian of the decomposition
(26) X = UAL'

is given by

m{n+m-1)
27) dX = T (derny2 (AL (Ai—k?)szd(U)d(L),

Fm(n)Fm(m) i<j

where d(L) 1is a semi-unitary invariant measure.
Proof. The proof is shown in Appendix II.

Note: If we decompose X as follows:

X = U s | BT k L',
Uy Uy Vi
then we have
k k k
dX = o( 1 A2@TmFL g e 5y2 e a2 v 7 2an d@) -
. i . . 1 . ik kk k
i=1 i<j i=1
k-1 m

« I i duR duI dv

g=1 g=p+1 OB OB K



where
mn
m
c = =
r (n)
Theorem 5.
' o-m 2~ .1
(28) (detW) det (I-W) CK( w)dw
I__>W'=W>0
Fm(a)Fm(m)F(m) [al o
= m-1 (matk) - [mta] CK(Im)’
T r (o+m) K
m
m m lw
— ~ 2
(29) (Tu)®™ 1 (wp? 1 (w-w)%C |
qep 1 (=9 i D<i<ic i j K
L>wy>...>w >0 * sieJ=m
m
« I
i=2
~ w2
Fm(a)Fm(m) [Ot]K -
= TRy (motk) ———— C (1).
Trm(m l)Tm(a+m) [0L+m]K K m
Proof. The following formula is well-known:
. T ()T @ [o]l
(30) (dets)*™ € (s)ds = ———7= “-C (1).
K T (o+m) [a+m] Ko m
I>5'=8>0 m <
To prove (28), we decompose S as follows:
A
S = U U’
MW

Then from Lemma 1, the integral element can be written as

11



12

2 m
ds = AT 7 decr-wy? angaw 1 oauR aul .
1=2 il il

Hence inserting these results in (30), and noting that

1

mo+k—-1 1
and J )\1 d)\]_ = motk s

m m-1
R I
I du,.du, =
J q=p 111l I'(m)

2 0

we have (28). To prove (29), we decompose W further, so that

W = UAU
w

9 U, € U(m-1), Aw = diag(mz,...,wm).

2° 2

Then

2
dW = i (w,-w,) dA d*(U,) ,
2<i<js<m i 7] W 2
where d*(Uz) is an invariant measure on U(m-1). Hence by integrating

over U(m-1l), we have (29), since

TT(m—l)(m—2)
d*(UZ) = T

U(m-1) Ppep (21D

5. THE DISTRIBUTION OF THE LATENT ROOTS OF A COMPLEX NON-CENTRAL WISHART
MATRIX WITH KNOAN COVARIANCE

The probability density function of the latent roots of a complex non-
central Wishart matrix was given by James [6]. However, in some cases it
is not convenient to treat the distribution problems of the related statis-

tics. We here give another formula, expressed in terms of g.H.p.'s.
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Theorem 6.

Let X mxn (msn) be distributed with p.d.f.,

1 -1 -
(31) ——————— etr[-L T(X-M) (X-M)']
Trmn(detZ)n

then the p.d.f. of the latent roots of det(XX'-AX) =0 is given by

TTm(m—l) 1 _ 9
(32) ————— etr(-z~ MM'") (detM)™™ T (A.-r)° -
T (T (m) i<y 1

~ o~
HK(Z M)CK(A)

k=0 « k![n]K EK(Im)

where A = diag(kl,...,km).

¥
Proof. We decompose I °X in (31) as follows:

-k L_
(33) Y = £ °X = UlAgL'-,
where Ul’ L and A are same matrices as those of Lemma 2. Then
nm(m+n—l) n-m 2
(34) dY = ————— (deth) I (A,=Xx,)"dAd(U,)d(L).
T > . s i3 1
Tm(n) Fm(m) i<j

Hence by inserting (33) and (34) into (31), we have the joint p.d.f. of

A, U1 and L;
m(m-1)
-] —
(35) T etr(-z M) (detH)™™ T (Ai-xj)z .
Fm(n)Fm(m) i<j
L % L_ . _ L 3 L
. etr(—AzL'LA2+UlA2L'M'Z ‘43 2MLA2Ui)

If we set L' » f'UZ, UZEU(n), then f'Uz(f'UZ)' =1 and the semi
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unitary invariant measure d(L) is unchanged by the unitary transformation

Therefore, we integrate (33) with respect to Ul and L.

L_ L Lo _ . Lk L L
etr(—A2L'LA2+U1A2L'M'Z %+z ZMLAgUi)d(Ul)d(L)

e

'L Im U(m)

% L. _. L L _
= I etr(~A°L'LA +U1A2 'UM's G4 *MU!

%=,
2 QEAUY)
E'L=Im U(m) U(n)

. d(Ul)d(Uz)d(L).

The integral of the R.H.S. with respect to U(m) and U(n) is the same
E-
form as the generating function of g.H.p.'s if we set S = A°L' and
%

T = X “M. Thus we have

¥ At
R.H.S. = J ) T = ~—— a(u)
E'L=Im

L ~
1
k=0 « k'[n]K CK(Im)

I
o~
i~

~

which completes the proof.

Corollary 6. If we set M=0

in (32), then we have the p.d.f. of A 1in the
central case from (14) [1].

Theorem 7.

Let A be distributed with the p.d.f. (32). Then the p.d.f. of the

maximum latent root A; of A is given by
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T (n) ® H (2 %)
(36) B err(-x ML Y (mn+k) Ay
T (n+m) ' [n ]K .
m k=0 K

Proof. If we set Ai = Alwi (i =2,...,m) in (32), and integrate it with

respect to Wps...sW then from (29) we have (36) immediately.

Corollary 7. The c.d.f. of A; is given by

H < 2M)
[n+m]

Fm(n) -1 =,y mn : x
(37) Pr{ix;<x} = ———— etr(-1 MM")x Y T )
P (¥m) k=0«

Theorem 8.
Let A be distributed with p.d.f. (32). Then the p.d.f. of T = trA
is given by

(o]

mn-1

(38) etr(=z MiA')T

I T -%
T (am) ! k'(mn)k I B .CTW.

k=0 K
Proof. We can obtain (38) as in the proof of Theorem 5 in [5].

Remark: (38) is of the same form as the p.d.f. of the T = 2x§mn(62),
where x%mn(éz) is a non-central chi-square variable of 2mn degrees of
freedom with non-central parameter §2 = trZ_lMﬁ'. Since from Theorem 1
and Corollary 4, the series term can be represented by

(—T)kLG‘l(trz“lmﬁ')
k!(mn)k ’

this can also be represented using a Bessel function as
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I (mn) (~T62) ¥ (ma=1) exp(—T)Jmn_l(Z(-Téz)%), §2 = trz 'Mi'.

However, as the Bessel function Jmn_l(Z(-TGZ)%) is written as

o]

Ly as2)* (—rs2y% (m=1)
I'(mn) k!(mn)k ’
k=0
the p.d.f. of T 1is written as
(162)"

exp(—rSZ--T)Tmn_l z "
k=0

1
I'(mn) !(mn)k '

This is the p.d.f. of 2x§mn(62).
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AppenpIX 1. (Proor oF Lemva 1.)

Differentiating both sides of (22), we have

Ay dy; A

(Al1.1) ds = qau U'+vu U'+vU du' .
v ) dv. v

Multiply by U' from the left and U from the right to obtain
A dx, A

U'dsu = U'du + - U'du,
v dv Y

since U'dU = -dU'U. By setting dW = U'dSU and dT = U'dU, we can see
that dW is a Hermitian matrix whose diagonal elements are all real vari-
ates and dT 1is a skew Hermitian matrix whose diagonal elements are all

pure imaginary. Hence we have

(Al1.2) dw = dT + - dT,

]
(o]
o
[}

(Al1.3) dT

To obtain the Jacobian of this transformation, we shall use the exterior

product of the differentials. First of all, we know that

m m R 1 m R I
a=ldwaa a>6dwa8dwa8 - Ha=ldsaBHa>BdSaBdSaB’

the exterior product of dT, we must consider the structure of U. The

[7]. Before we calculate

matrix U has only 2(m-1) independent elements. Hence we represent U

as follows
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R, I
[“11 ayHa; |1
(A1.4) U = ,
R.I R, I
El+igl U22+1U22 m-1
1 m—-1
where
[ R' R I'TI 2 RR' . IT'
+ = =
vty Yy ty gy Uip v 33 t a3 1
R R' I.I' : I ' IR,
upl f 2§U22 taly =0, upy - §§U22 + a0, = 09,
(Al.S) '* 1] t '
R R I R R I 1" _
WYy tuy F 000 Y U0 = Ty
RI' IR _R.I'  .I R
By Py = Uy,Uh, H U0, = 0.
33 and EF are vectors of independent variables, and é?, éi, ng and

1 1

U;Z are functional vectors and matrices of Hi and Hi, respectively.

Let
deyp 1 dugy 1
ar = ) - O du, ,
R,.,. I. R,.,. 1
d£1+1d£1 . m-1 d51+1dgl: m-1
1 m-1 1 m-1
then
dt11 _ dull
R...,1I R,.,, I
d£1+1d£1 d21+1dgl

Since dT is a skew Hermitian matrix, dt11 = idtil. We will show later
R R

I . . .
that dtll can be represented by the linear combination of dt21,...,dtml,
I I R I .
dt21,...,dtml. Therefore, we need only dtZl""’dtml' As the first col

R' R I'1

umn has a constraint such that ujp tuyuy o= 1, the differential



of the first column of dU 1is represented as follows;

19

1 R', R I'. I
T @y duy g dup
11
R . L
i dgl + 1421 _
Hence we have
. 1 R' R’ R' 1 R' I' I’ ~
R -—a, u, +U -—a. u, +U R
dEl u g 1 =1 22 uy 1 -1 22 dgl
(Al.7) = .
I 1 I' R I 1 ' 1 R! I
de —— a, u - U —— a. u + U du
I %J __ull 1 -1 22 urg 1 -1 22 J 1
. . R I
Thus by forming the exterior product of dt21""’dtm1’ we have
1_R'R', R' 1 R'I', I'
T2 Y Uy TR by Uy,
m g ® 11 11
(A1.8) ) dtal I dtal-det .
o=2 a=2 1 aI'uR'_UI' 1 aI'uI’+UR'
~P11—1 -1 22 ull“l-fl 22 |
m m
R I
s duul Il dual'

o=2 o=2

We can easily rewrite the determinant (say Jl) as

R I
Y11 & 2
_ 1 R R I
(Al1.9) I = 3 det__q1 Uy Uss | -
11
uI UI UR
1 22 22]

From (Al.5),
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l g' g'
2 1 IT1' IR'
(Al1.10) Jl = '——uz det|0 I ujuy iy,
11 0 RI" . RR
= lﬁ}h_ .2121
B T R'
oy oy
- 1 I '
= uz det El 1 0
11 :1£§ 0 IA_
- 1 Qa - uR' R _ 1! I)
2 T L S
11
= 1.
: ; m R _m I _  m R m I
From this calculation, Hu=2dtulHa=2dtal =0 5 ualna=2dual' Hence there
exists a unimodular matrix D such that
R' | I', _ R' . I',
(Al.11) [d£l d£1] = [d-l“‘l dl_.l_l 1 D'.
I .
dt11 of dT 1is represented by
I _ I'. R R', I
dt1p = - yy dyy + oy dyy
duR
I R' 1
= (— El h) El )
duI
-1
at}
' ' -
= (- uI 5 uR ) D L .
-1 ~1 I
dEl

is a function of dgg

Therefore dt 1

assertion.

and dgi, which proves the previous
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Secondly, we see the relation between dW and di1, dV and dT.

Here we must also note that in dT, dT, can be represented by dER and

2 1
I , , , R I .
dgl. In fact, U, 1is a functional matrix of u; and u, t.e.,
_ R ,R I ) R I
we = fkﬂ(gl’gl) + lka(El*Hl)’ (L<k<m, 2<£<m).
Therefore
m afiz fR LI
we = 1 gy B
=2 “Yr1 r=2 rl
m I m
of af
kf . R kf . R
+ i z 3uR durl + z auI durl
r=2 rl r=2 rl
By setting
R PR 0 720 I S V) °fie
ke BuR S BuR ke BUI T BuI ’
21 ml 21 1
R L oL
where sz = sz + 1fk£’ we have
R+ R, I I
du, = F ®du +F & du ,
where R (F ) and FI = (F ) The notation @
ke mx(m 1)2 kz mx(m 1)2

means: R & ng

Re

(sz l) and F du = (szdul), respectively.

Therefore we have from (Al.11),

ar, = 0'au, = TES@H e + 0, del)

)ll 127=1

R

I.. . -1 -1 I
+ Fe{(D 7),,dt; + (D )4t H
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13 (i,j = 1,2) 1is a submatrix of D corresponding to dgi

and dgi, which establishes our assertion. Hence we need only dgi, dgi,

where (D-l)

dVv and dix;.

From (Al.2),

{

dwyy = dx; ,
Wi = qI-vdel + v,
(A1.12) )
Wl = - Vg + qI-vaek,
kdW22 = dT22V + dv - VdT22 s
where
e
dwyy d_‘*ll dtll d_l‘:_l2
aw = and dT =
dg]_ dw R,. 1
2% d£1+1d£1 &Tzz
Hence, forming the exterior product, we have
m m
dwll |\ dwg1 i dmzl I dwiB n dwiB
a=2 a=2 a>Bz22 a>p22
m m
= J,dy T dth, Tde T dvRB ) deIxB ,
a=2 ol g=2 © a>p=2 e a>BR=2
l g! 9_' gl
_yR I
Jz - detg- AI-V v 0
o -vI  x\1-vR oo
0 * * I

det(\,I-V)2 .
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Summarizing these results, we have the Jacobian of the transformation

as J = det(kll—V)z, which completes the proof.

Appenpix [I. (THE PrROOF OF LEmvA 2.)

Differentiating both sides of (26), we have
(A2.1) dX = dUuAL' + UdAL' + uAdL' .

Let B be a semi~unitary matrix such that [L:B] is a unitary ma-

nx (n-m)
trix. Multiplying both sides of (A2.1) by U' from the left and [L:B]

from the right, we have

(A2.2) U'dX[L:B] = [U'duA:0] + [dA:0] + [AdL'L:AdL'B].

m n-m _ - -
By setting dF = [dFl:sz]m , dT = U'du, dP = -L'dL and dQ = -L'dB, we

have
(A2.3) dF1 = dTA + dA - AdP
(A2.4) sz = - AdQ.

. A . 2
Here we must note that dT is a skew Hermitian matrix and dT has m
2 .
elements. However, dT has only m -m independent elements since

dT = U'dU. Therefore we can assume that the diagonal elements dtia of

. I _ R
dT are represented by another element of dT, i.e., dtau = haa(dt21’
R I I '
cees dtm,m—l’ dt21, cees dtm,m—l)' Hence we have from (A2,3)



dféi)R = a
dféi)I = A {haa(dtgl’ o dti,m—-l’ dt;l’ i dti,m—l) - dpia}’
e L . P CE P
dféé)l = agdtrg - A de, (> 8),
dféi)R - Aadtga - Adega = 'AadtiB*-Adeiﬁ’ (0> 8),
dféi)l - Audtéa - Ade;& - Audtis - Adeie, (@ > B) ,
since dT and dP are skew Hermitian matrices. Hence, forming the ex-

terior product, we have

(A2.5) i df(é)Rdfél)R i df(é)ldfél)l
CX>B o o 0,>B o (63
- 1 02922 1 ot a1 dpt, del,.
wp O ap OB B >g aB ~aB
We have from (A2.4)
(DR _ . R D1 _ ., 1
dfaB - Aadan’ dfaB - Aadan'
Hence
n-m m m 2(n-m) n-m m
1o df(é)Rdf(g)I [ A ] oo dqRB quB.
=1 a=1 @ @ a=1 & B=1 a=1 o o

Therefore wé”haVe

24
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def n m R I [ m 2(n-m)+1 2
dF = nondf o df g = I A I (A2=-22)°
B=1l a=1 o o=1 % o>B a B
m
R I R I
- @I dx T dt dt m dp dp .
o=1 o a>B aB aB a8 aB af
m n-m m
« 1 dpi i I quB dqiB .
a=1 ¢ g=1 =1

Since

n m n m

T 1 dxdaxs, = 1 1 aftafl

B=1 a=1 OB 0B B=1 o=1 ©°B 0B
il dtR dtI is an invariant it d
a>89tapdtog measure on a unitary group, an

m n-m m

I R R I
I dp I dp _dp I I dq ,dq
a=1 o0 a8 aB T aB B=1 o=1 af  TaB

is an invariant measure of a semi-unitary matrix group, we have finally

def n m

e
(A2.6) X = I I dxgsdxie = (detn)?(e-mHL 50 30y2
8=1 a=1 a>B 8
< dAd*(U)d*(L) ,
. | * - R I % . I
(putting dA Ha= dx , d*(U) Hu>BdtaBdtaB and d*(L) Ha=ldpaa Ha>8

R, T n-mm I
dpasdpaBHB=Tna=ldq quaB) We also note that
TTm(m—l) ' Lo
d*(U) = ——— and [ d*(L) = =
U(m) Tp(m L'L=I_ Fa(®)
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