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CHAPTER I

- INTRODUCTION

1.0 Summary

In section 1.l the basic problem of the thesis is stated, namely
that of comparing the parameters of two Bernoulli processes from paired
samples.

Section 1.2 contains a brief survey of existing methods of solving
the problem, most of which are based on the Neyman-Pearson theory.

In section 1.3 some shortcomings of the existing methods are dis-
cussed.

In section 1.4 a decision-theoretic formulation of the basie
problem along with some realistic specifications of loss and cost is
proposed.

In section 1.5 the original problem of comparing two binomial proba-
bilities is reduced to that of comparing two cell probabilities in a
certain trinomial problem.

Section 1.6 contains a corresponding formulation for a single

Bernoulli process.

Section 1.7 contains a brief review of some results that are rele-

vant for the analysis of the various. decision problems formulated.



2
Finally, a brief chapter by chapter summary of the thesils is pre-
sented in section 1.8, which is concluded with a schewatic table of

contents.,

1.1 Statement of the problem.

Consider two independent data-generating processes. Each process
yields a sequence of independent cbservations of dichotomous type, say,
successes and failures. Suppose also that the observations are obtained

in pairs from the two processes. Let 123 and P be the unknown proba=-

- bilities of a success for the two processes. Now consider the problem

of selecting the process with the larger success probability on the
basis of a sequence of pairs of observations. The method of sampling
being sequential, our primary problem is that of obtaining a good sam-
pling rule that tells us when to stop sampling.

The statistical formulation as stated above is typical of many
practical problems arising in various fields of application. In clini-
cal trials, for example, one may wish to compare two alternative treat-
nents or drugs, say Tl and T2. Observations may be obtained in pairs,
one member of each pair for each treatment. Suppose they are catego=-
rized into successes and faillures according as the patients are cured
or not, or say, according as the blood pressure readings of the patients
are below & certain level or not. Here Py and p, are the unknown ’
probabilities of a success with the treatments Tl and T2 respectively.

Simiiar gsituations arise in industrial production processes where
the effectiveness of two alternative production methods Pl and P2 )

say, are to be compared. The effectiveness of a process is measured
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in terms of the proportion of effective units produeed, all units being
classified simply as effective or defective. Here pl(pz) is the un-
known probability of a unit being effective when it is produced using
method P,(P,).

For the sake of a descriptive terminology, but without any loss of
generality, we shall sometimes refer to the two situations described
above,

1.2 E:d.stigg methods .,

The formulation stated in the previous section is, as yet, im@':plete-.
The specification of further details including the ultimate objective
to which the results of the investigation are to be put mekes all the
difference in the particular approach to be used in analysing such
data. In almost all of the existing methods of analysis, this problem

of double d:i.cho'l:cm:j.es:L has been posed as a hypothesis testing problem

in the framework of the Neyman-Pearson theory. A very brief review of
the important existing methods is given below.

(a) Fixed sample size procedures.

Perhaps the most common method is the classical one of taking
samples of fixed size and analysing the sample proportions of successes
as if they were normally distributed, using a one-sided or & two-sided
test of the difference between the two means. The two-sided test is, in

effect, a chi-square test.

J'We have used the term fdouble dichotomies! in the general sense as
used for example in Wald / 39/% and not in the restricted semse of
Barnard [ T/* . -

*
The numbers in square brackets refer to the bibliography.
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Another common nonw-sequential method is to apply Fisher's exact
test, as mentioned briefly below. The data is put ina 2 x 2 table

as Tollows,.

; Process I Process II; Total

}

]
Success al a.2 a.l + a2
Failure _ n-al n-a2 2n-.al-a.2
Total n n on

The exact probability of such a configuration, conditional on the marginals
being fixed and the null hypothesis P, = Pp being true, is given by the
hypergeometric term

n \ n / 2n

al/} a, \§l+a2 .
Provabilities of "more extreme" (depending on whether a one~-sided or a
two-sided test is wantedz) configurations are obtained similarly. The
observed result is judged to be insignificant or not at a fixed level
of significance, according as the total probability of the observed con=-
figuration along with more extreme configurations exceeds the fixed
level, or not.

The hypergeometric distribution being discrete, the size of Fisher's

exact test may not attain the traditional levels of significance, The

corresponding randomized version of the test [ 27 . llL_2_7 is a simi-

®pisher's emsct test as described in /18, p. 96/ is one-sided.



lar test of Neyman structure and is essentially a uniformly most
powerful unbiased test of the hypothesis u'f 1l against u>1 for

1 against u # 1 for

i

the one-sided case, or of the hypothesis u

the two-sided case, where

P D
u = l 2 s O<u<°°,
1l - Pl 1=~ pe

is called the ratio of odds and u E 1 according as 123

ALYV

Py -
Fisher's exact test is a conditional one in the sense that in the
proper "frame of reference" the marginal totals of the above 2 x 2
table are kept fixed. A different sort of conditioning may be applied
to the data to obtain another exact, though not so efficient, test3
that is particularly relevant when only successes (or equivalently
failures) are observable. Keeping the total number of successes fixed,
the number of successes with treatment Tl is distributed binomially

with the parameter

o = p/(py + 25)s 0<w<1 ,

W E 1/2 according as p,

ARV

Pye The problem of testing the dif-
ference between the two binomial parameters Py and Py is thus re= .
duced to that of testing the departure of the single binomial parameter
w from 1/2. One-sided or two-sided exact tests of the hypothesis
w = 1/2 may be constructed in the usuval way.

The methods described so far do not take account of the natural
pairing of the observations present in our formulation of the problem

in section 1.1. Each pair of observations coming.from the two

3'I‘his test is reminiscent of a test for the eguality of two Poisson para-
meters Z’E?, Pe 1427, and, along with its sequential analog, was brought
to our attention by Professor W. J. Hall.
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processes is one of ‘the four types SS, FF, SF, and FS. We shall use

the term tied pairs for those recorded as SS or FF and untled pairs

for those recorded as SF or FS. The problem of testing the equality
of Py and Py maY be reduced as before to that of testing the de~
parture from the value 1/2 of another binomial parameter v defined
as

Pl(l - PQ) u

= <v <
FT5,F P05 “Tm ° OSVSh o

v

the probability that an unfied pair is an SF, It is easily verified
that v'E 1/2 according as 1 2 Py - Wald /39, p. 107/ pro;
posed an exact non-sequential test for the double dichotomies using the
above reduction. The test of course depends on a given pairing of the
observations from the two processes.

It is to be noted that any test, sequential or non-sequential, for
the double dichotomies when based on the first type of reduction, de-
pends only on the successes (or only on the failures) irrespective of
any pailring, while when based on the second type of reduction, depends
only on the untied pairs for & given pairing. Inasmuch as these tests
fail to utilize all the relevant data they cannot be fully efficient.

In constructing a test for the double dichotomies, it is, however,
quite é standard practice to take account of any natural pairing of
observations for some well;understood reasons also explained by
wald /739, p. 108/, It would be interesting to know the relative

merits of the two types of reduction and to make a comparison between
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the two associated tests as to their relative performances vis a vis

other tests, viz., the classical test and Fisher's exact test for the
non-sequential case.

(b) Sequential procedures.

In the absence of any natural pairing of observations the
problem of testing Py =Py sequentially may be reduced to that of
testing w = 1/2 sequentially. Since by the very formulation of our
problem we assume the existence of such a pairing and since most of
the existing sequential procedures make use of this fact by basing the
tests on the untied pairs we shall no longer consider any test based
on successes alome. It is to be noted, however, that corresponding to
each of the tests based on untied pairs to be described below we could
have a test based on successes alone.

The existing sequential procedures may be considered in two broad
groups, according as the number of hypotheses considered being two or
three gilving rise to the so-called two-decision or three-décision
approaches.

(1) Two-decision approaches.

Wald's sequential procedure / 39, p. 1097 for analyzing
double dichotomies consists in selecting two parameter points vy
and vy (v0 <1/2 < vl) and two error probabilities « and B
{0, 8 >0, o+ p <1) and then to set up a sequential probability
ratio test (SPRT) of the hypothesis HE: VeV, against Hl: V=V,

in the usual way.
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Since the v-parameter is not intuitively very meaningful Wald
describes the test and its operating characteristic (0C) and average
sample number (ASN) function in temrms of the parameter u = v/(l-v),
the ratio of odds, considered by Girshick l’;27 as an appropriate
measure of divergence between the two parameters Py and Pye It
may be possible for the experimenter to choose ug and uy
(o < u, <1< Uy < ®) such that a diverggnce measure < u, or > Uy
between _Pl and P, are worth detecting. Then v; = ui/(l + ui),
1=0, 1,

Wald has also discussed the congiderations that may govern the
choice of U, and Uy e Because of the symmetrical footing in which

the two treatments stand with respect to each other in our problem,

attention might be restricted to procedures with u. = 1/u°; l.e. with

1
lvi -1/2] = (1 - uo)/é(l + uo) = 8, (say), 1 = 0, 1. It may be veri-
fied that”the resulting procedure 1s then the same as that of Girshick
[ 97.

If, moreover, the two error probebilities o, B are taken to be
equal we arrive at symmetrical procedures. For this class of procedures,
Hall /227 has proposed a modification to effect a reduction in the
ASN when 2 and p, are approximafely equal.

(ii) Three-decision approaches.

Besides the two decisions of judging one of the two treat-
ments to be better than the other, the third one of making no such
Judgment and proclaiming them to be the same for all practical pur-
poses, 1s now introduced. This is the approach of the common two-

sided non-sequential tests. Most of the procedures considered by



Armitage also have this feature.

The three decisions 8,0 al, 8, corresponding to Py = Py
Py > Py pl < Py respectively correspond in terms of v to v = 1/2,
v > 1/2, v <1/2 respectively. Armitage / 3/ has suggested a pro-

cedure obtained by running simultaneously two one-sided SPRT's, viz.,

T": Testing H:Vv=1/2 against H:v=12+5 ,

1

T": Testing H,t v = 1/2 - 8, ageinst H: v = 1/ .

2

The CC and ASN of this procedure might be obtained from the results of
Boer _/_" 197 who developed the theory for such procedures for the binomial
parameter, just as Sobel and Wald [ 3_5_7 did for the normal mean problem.

All the sequential procedures described so far (except Hall's [ 2_2_7’)
are open in the sense that they are not truncated (although they termi-
nate with probability onme). Armitage / 47 has considered a class of
restricted (truncated) procedures in which sampling is continued until
cne of three specified boundaries is reached leading to the three
possible decisions about v and hence about Py and Pye He con-
siders various types of boundaries and finds the performance of the re-~
sulting procedures in terms of the usual criteria of the Neyman-Pearson
theoretic formulation.

The sequential procedures described so far were concerned with the
derived problem in terms of the single binomial parameter v and hence
are based solely on the untied observations. Darwin [ l_§7 has cone
sidered within the three-decision approach a symmetrical truncated pro-

cedure which utilizes the tied pairs without discriminating between
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the two types of tied pairs. If (Xli" Xe:‘.) is the sequence of

palirs of observations where

—

in = {l for a success

: 0 for a fallure
i=l, 2, XXX} M. k=l, 2, and

= l, 2, LR ¥ M F

2y = Xy - ¥y
n

Sn = X Zi, n =1, 2’ cees M
=1

then, Darwin's procedure accepts the three decisions al, 859 ao
according as Sn crosses the boundaries Sn = h, Sn =«h and n=»,
where h and M are certain positive integers. He considers the
problem of choosing h and M such that the procedure has a high
probability of leading to the correct decision. We shall also pro-
pose in section 1.5 procedures based on Zn's.

1.3 Criticism of the existing procedures.

As mentioned and explained by Armitage /[ 5s ve 53/, the first
difficulty "may be caused by the fact that the measurements in which
one is primarily interested are the probabilities of success P and
Poo vhereas the sequential design is specified in terms of the
derived quantity +v". This difficulty beccmes much more relevant when
one considers a decision~theoretic formulation of the problem. Once
it is agreed that v is the primary parameter of interest rather than
Py and Ppo all the usual decision-theoretic specifications regarding
loss, cost, prior distribution, etc., might well center around v, a

binomiel parameter as considered in section 1.6.
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In all the sequential procedures mentioned in the previous
section where the original problem is reduced to one about a single
binomial parameter v, the ASN function as well as the terminologies
‘truncation' or 'termination'!, etc., refer only to the untied portion
of the sequence of pairs of all observations. The total amount of

expected sampling can be obtained in each case by dividing the ASN by

P,(1-py) + Pp(l ~py) =1 - , say,

where T is the probability of a pair being tied. Thus the total
amount of sampling before reaching a decision might be quite high
if T, is sufficiently large. The motivation behind introducing the
class of restricted procedures is that unlike those of Wald and -
Girshick they have a relatively more attractive feature of possessing
a known upper bound, but only on the number of untied pairs and not
on the total number of pairs. Thus these procedures of Armitage (as
well as of Hall) are really not truncated in the sense that Darwin's
procedure is truncated.

It is quite reasonable that the tied observations do not in-
tuitively contain much, if any, information about the difference
Py = Py and hence may not seem relevant for any test of Py = Dpe
They cannot be discarded by sufficiency or invariance considerations;
however, byt they certainly involve some cost. It might happen in all
the sequential procedures mentioned above except Darwin's that the
available resources for continuing sampling are exhausted before a

sufficient number of untied observations are obtained to reach a
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decision. Also in Darwin's approach , the choice of a particular pro-
cedure with desirable power properties depends on the unknown proba-
bility =_.

It is true, of course, that in practice, the experimenter has a
rough knowledge of the mggnitude of no.and may utilize this, as
shown by Armitage /5, p. 54/ in choosing a suitable sequential plan.
But this is exactly what a Bayesian analysis attempts to do in a more:
formal way. We may mention here that informal Bayesian analyses of
double dichotomies are to some extent available., By assigning a prior
distribution for the two parameters, one may calculate the posterior
distribution after any amount of sampling, and discontinue the experi-
ment when the posterior distribution seems adequately concentrated to
permit a decision. Novick Z’§l7 has discussed such approaches in the
context of clinical trials.

Finally, Anscombe / 2/ has questioned the appropriateness for our
problem of the very foundations on which the existing procedures of the
previous section rest, viz., the operating-characteristic concepts of
the Neyman-Pearson theory of tests, His basic thesis in 1727 is that the
existing procedures might be appropriate in devising a routine decision
procedure that will work sufficiently well in the long run, but not so
in a problem where we have to analyze, interpret and meke some recommen-
dations on the basis of just one series of observations. Whatever
happened is relevant for our present action and not whatever could have
happened but did not.

Anscombe also criticizes the consideration of the third decision
of teking no positive action. In some applications one has to recom-

mend only one of the two treatments or one of the two production pro-
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cesses to be used in the future.

1.4k A decision-theoretic formulation.

Anscombe.[fg7 suggests a way in which the problem should be
tackled and illustrates to some extent with the corresponding normal
distribution problem. He suggests a decision-theoretic formulation of
the problem in terms of loss and cost functions, vwhich is adapted and
elaborated for our problem given below.

(a) actions: The action al(az) corresponds to the recommendation
that treatment Tl(Te) is to be used with future patients. Action
al(ae) is preferable if p, - P,z 6 >0 (¢ <0).

(b) costs per observation: We shall consider only linear cost

functions, i.e., the cost of n observations will be proportional to
n, the constant of proportionality, denoted by C, being termed the
cost per observation. When interpreted as the usual cost of performing
an experiment, C may be regarded as a constant. There arise, however,
certain situations where C might 8épend on the unknown parameter o.
We illustrate this possibility below.

Suppose in the industrial process example that the effective
items produced during the period of trial (to determine which one is
the better process) are marketable. Suppose the monetary utility per
effective unit (viz, profit) is, say k in some monetary unit. Had
we known which one was the better process and allocated the two units
to it, the expected utility would have been 2k max (pl, p2). Instead
we expect only k(pl + pg) by allocating one unit to each process.
Each pair of observations thus costs (on the average)

2 max(p,, py) - k(py + 2y) = k[py - p,] = k[0]

in unrealized profit.
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In the drug-testing situation, apart from the monetary costs of
experimentation, we incur a different type of cost peculiar to this
situation. For each pair of patients allocated to the two treatments,
one patient is subjected to the inferior treatment giving rise to a

so-called ethical cost, considered earlier by Anscombe 1fg7. Although

it is difficult, if not impossible, to assess this cost in terms of

any monetary unit, it may not be too unreasonable fo assume that the
ethical cost, thus involved, is greater, the greater the difference

in the efficacy of the two treatments. By similar considerations as

in the previous situation, it turns out that the ethical cost per pair
of observations is increasing in [él. Suppose, forbsimplicity it is

k [Oj, vhere k is any arbitrary positive constant. We shall ignore

in thils situation any monetary cost that might be incurred in obtaining
a pair of observations, as it cannot easily be combined ﬁith the ethical
cost.

It is to be noted that the symbol k arising above in diffexent
connections is generic and stands for any arbitrary positive constant.
For reasons to be explained in the next subsection we may teke k = 1
Thus teking a pair of observations as the new unit of observation, we
shall be concerned with the two following special types of cost per
observation, viz.,

Case (1): c(®) =1, for all o, called constant cost

case (ii): c(e) = |e], called absolute deviation cost.
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(c) 1losses due to wrong action: It is well-known that a testing

of hypothesis approach on which some of the current procedures are
based, . when formulated as a decision-theoretic problem, involves only
simple loss functions. We shall consider below two different types of
loss structure that may be more realistic.

I. Linear loss structure: The losses for the respective actions are

2a |e] 1f < 0;
L(O,al) =
o s if 6>0.
(1.1)
fo iIf <03
L(e; a,) =
2ae if e>0.

It is instructive to write them as regret functions, viz.,

The constant of proportionality 24 (the factor 2 is introduced as a
notational convenience to be understood subsequently) may be inter-
preted as some sort of index of the future use envisaged for the recom-
mended drug or process (Anscombe /[ 2/). Since it is the relative magni-
tude of the loss vis a vis the cost per observation that matters in the
ultimate analysis, the constant k in C(8) , as mentioned earlier,

can always be (and henceforth is assumed to be) standardized to unity,
by adjusting the factor 2A. After such adjustment, the constant 24
may be interpreted as the number of future patients who will be the
potential users of the recommended drug in the drug-testing example,

or the number of future items to be produced by the recommended process
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in the industrial process example.

Perhaps, in practice, the experimenter will be able to assess
this constant, just as in the Neyman-Pearson-theoretic formulation
he is required to assess the least difference in the parameters con-
sidered to be worth detecting. It will follow from the asymptotic
theory to be developed in Chapter IV that the sensitivity of the
optimum procedures to it diminishes as it increases. Anscombe [ 27
discusses how to make some guess about this constant in the context
of the clinical trial situation. Anyhow, this type of loss structure
has been considered by so many authors [ 11, 26, 29, 33, 217 10 name
only a few that it seems to be well-established in this branch of the
statistical literature.

IT. Modified loss structure: We shall have occasion to consider

a slightly altered version of the linear loss structure that is espee
cially relevant in the clinical trial situation, as envisaged by
Anscombe /" 27. For the problem where © =6, - 8, is the difference
between the unknown means of two normal populations with known variances,
and where Y stands for the cumulative sum of the differences of n
successive pairs of observations, Anscambe introduceg this type of
loss structure as follows:

“"perhaps 2A should be assessed, not as a constant, but as an
increasing function of [yn] /n, since the more striking the treatment
difference indicated the more likely it is that the experiment will be
noticed and so will affect the treatment given to the future patients.

One way of introducing such a dependence of 24 on |y nl /o is to
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assess 2A + 2n as a constant, as though the sum of the number of
patients in the trial and of the number of later patients directly
affected by the trial were fixed."

If we denote this latter comstemt as 2A (which should not be con-
fused with the earlier 2A in the definition of the linear loss struce
‘ture), and if an action is taken after performing tests on n pairs
of patients, then the numberof prospective patients to use the recom-
mended drug is reduced to 2A - 2n, The constant of proportionality
in the proposed loss function will thus depend on n, the stage of

sepmpling. Explicitly then, we define the modified loss structure as

follows:
2(a-n)J6] , if <0, n<a;
L(e, al;n) = 0 » if <0, n>A;
0 » 1f >0, n=0,1,2...
(1.3) - -
5 0 , if 0<0, n=0,1,2,...;
L(O,ae.:n)= o » if 6>0,n>4;

2(A-n)e , if >0, n<a.

The considerations that led to the formulation of the modified
loss function suggest that the absolute deviation cost combines more
naturally with this type of loss structure. Hence the modified loss
function will be considered in Chapter III only in conjunction with

c(e) = |e] and not with constant cost.
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Remark: It seems worthwhile at this stage to point out an

interesting connection between the decision-theoretic formulation

of our problem, with the modified loss and absolute deviation cost,
and the classical two-armed bandit problem with e certain restricted
class of strategies as considered by Vogel _[' 3§7‘. The original two=-
armed bandit problem is concerned with devising a sampling plan (i.e.
prescribing a policy of selecting one of the two possible binomial
expe}rimen’cs with unknown probabilities of a success, Py and Pps at
each of a fixed total of 2A experiments) in order to maximize the
total return. Vogel comsiders, and also gives some justification for
doing so, a class of strategies as follows. In the first 2N steps
each of the two kinds of experiments, I and II, say, is performed an
equal number, N, of times. The remaining 2A - 2N steps are per-
formed either with I or II alome selected on the basis of the
results of the first N pairs of observations. Nowthe decision
whether to continue taking one more pair of observations or to discon-
tinue taking peirs and performing the remaining steps with I or II,
is made with the help of a sequential procedure, &, say. N is thus
a random variable bounded above by A.

If E(N) denotes the expected number of pairs of steps before
deciding to continue with a single type of experiment, if v/ 1 = ‘_\_f.7
denotes the probability of continuing with I [ I_]_:7 when the procedure
6 1is used, then the total expected return following this plan is

glven by

W(py,2p38) = (p+0p)B(N) + py v/ 2A - 2E(M)7+ pp(1~y)/ 24 - 2B(N)7,
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while the best possible expected reutnr would have been
2A max (pl’PQ) = m:‘x W (pl’pe;b)‘
Thus the regret in following § 1s given by

r(p)Pp36) = max W (pyopp38) = W(pysPyi8)
5

E(N) [p,-p,] + v /724 - 2B(N)7 max /7O, py-py 7

+ (1 - v)/2a-2B(N)/ max /70, py-Ry />

» which mey easily be verified to be the same as the risk function (de-
Tined as the expected loss plus expected cost) associated with the pro-
cedure § for our problem with modified loss and absolute deviation
cost.

(8) & priori distributions: Although it is theoretically possi-

ble to carry out a Bayesian analysis for any a priori distribution,

it has become quite customery for the sake of mathematical convenience
to deal with only those a priori distributions that are closed under
sampling / 40/, which have alternatively been christened as natural

conjugate priors (NCP) by Reiffa and Schlaifer / 33/. In most circum-

stances prior knowledge of the experimenter, which is to be reflected
in the prior distribution, is rough and can adequately be quantified
with the help of a particular member of any reasonably large family
of a priori distributions.

The natural conjugate prior distribution of
of Py and Py is a product of two beta distributions. This speci-

fication may be satisfactory when a priori it is reasonable to con-
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slder Py and Py to be independent. If, however, the experimenter
has some prior reasons to believe that the curative potentialities
of the two drugs go together (which might be due to the fact that the
ingredients of the two drugs are to some extent similar), then one
should select some joint distribution of Py and Py with a positive
correlation between them. As this will frequently be the case, a
natural conjugate prior is ruled out for the model as it stands. We
shall instead convert the problem to another one for which it is possi-
ble to specify a natural conjugate family of prior distributions with
correlations between Py and Poe The a priori distribution with
which we shall be mostly concerned in our analysis in Chapter II and
ITT will thus be specified at the end of the next subsection in which
we describe the intended reduction of the original problem.

1.5 Reduction of the original problem.

In so far as we are interested only in the difference Py =Py e
and not in the actual values of Py and Ps (the specification of loss
and cost in the previous section involving Py and Py only through
¢) the problem would have been a lot easier, if, like the corresponding
normal problem, there existed a sufficient statistic Y whose distri-

bution involved only € . We can, however, represent @ as

@ =z py = by = 0y(1-p;) - py(1-p;) = w1y - 7, (saY),
the difference of the probabilities of the two types of untied observa-
tions. Moreover, due to the symmetrical footing on which the two drugs
stand to each other, it would seem that the two types of tied observa-

tions contain little or no discriminatory information about @ = pl-pg,‘
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and, therefore, may be coalesced into a single group with 1little loss

of efficiency. The probability of a tied pair is thus

PPy + (1= p )1 -p,) =x (say)

We are thus led to consider the statistic

the difference of the two Bernoulll random variables. 7 has the

following trtmemial distribution:

P/Z =0/ = T
Tfi 2 O} 1= 0’1,2

(lo)'l') P [Z =;7 = ﬂl
T + Ty + T, = 1.

P[Z = -1] = N

The specifications about the acticns, losses and costs per observa-
tion described in the previous section remain the same for this modie
fied problem if one interprets © not as Py = Py but as Ty = Aye
We have thus reduced the original problem of comparing two binomial
rarameters into a problem of comparing two cell probabilities in a
certain trinomial model.

The fact that for the corresponding problem of comparing two
normal means it is sufficient to restrict attention to the difference
Y = Xl - X2 of the two observations by appealing to the principle of
invariance and sufficiency_['gl7, and the fact that the binomial problem

is approximated by the normal problem at least for large samples, lend

some additional justification for the present reduction. The main argu-
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ment for this modification is, however, the resulting mathematical
simplicity engendered out of the existence of a convenient family of
a priori distributions that is NCP for the trinomial model. This is

defined below as:

& priori distribution:

~ T'(a,b,c) a-l b-1 c-l
(1.5) a(a,be) 2 Gnsmpleshic) = Rl (1o o)
X dnl dﬂe: “1.2 0, 1 =0, 1, 2; Ty + Ty + Ay = 13

a,b,c positive integers

This has been called the (bivariate) Dirichlet distribution /41, p. 177/.

This family possesses certain properties that make it as tractable
mathematically as the beta family. Some of these properties are re=-
corded in the subsection below for future reference.

1.5.1 Some Properties of the Dirichlet distribution.

(a) The marginal distributions of the Dirichlet distribution are

beta distributions. Explicitly,

__ T(a+b+c) a-1 bicel <. <
dg(nl) -——I-E—Ig:(m-)—— 1(1 (l-:ttl) dﬁl, O_Itl_l,

v _ _ D(a+bsc) b-1 a+c-1 <
28 () ‘TTT("'(ETcT" iy (1= mp) dmpy O0Zmy=le

(b) The means, variances and covariance of =x, and x, are

given by
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. i a , v _ a(b+e) ;
(1.52) E(“l) a+b+c (nl) (a+b+c)2(a+b+c+l)

i b ’ _ b(a+c) ;
(1.5b) E(“g) a+b+cC V(ﬂg) (a+b+c)2(a+b+c+l)

ab H
(a+b+c)2 (a+b+e+l)

Cov (ﬂl) “2) = -

From these it follows that

a=->
E(ny - ") = T BT e ’

_ Lhab+ ac + be
(a+b+c)2 (a+b+c+l)

(1.6) V(nl - )

(¢) The family of Dirichlet distributions form a natural conjugate
family to the trinomial distribution, so that the posterior distribution
of Tys Ry after observing n independent observations each following
a trinomial distribution, is another Dirichlet distribution with new
parameters. Specifically, if the a priori distribution is
a g(nl, ﬂelao, b, ¢ ) and if out of the n observations
a,b,c(a+b+c = n) belong to the three cells with probability Mys Ty

l - T = Ay respectively, then the a posteriori distribution is

a §(ny, ny| &, + @ b+ b, e +c)

1.5.2 Reduction of prior information.

The modification of the original two-binomial problem into the
trinomial problem gives rise to the technical problem of converting

the prior information about Py and Py into that about Ty and Tye
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Although a precise analybtical transformation of this information is in-
convenient mathematically (in fact, the transformation from Py Py to
Tys Ty is not one to one, but one to two at most), any such sophisti-
cated treatment may not be necessary since a priori information is usu-
ally. of a rough nature. A few lower order moments of Ty and T,
are sufficient to fit a particular Dirichlet distribution. Now it
might be easier on the part of the experimenter to form some ideas
about the moments of Py and Ps rather than about Ty and Ty
from prevlious experience, In such sltustions the following relations
might be helpful; these relations give the means and variances of

and gx, in terms of those of P, and Py assuming independence

Ty 2
of 123 and Py -

E(ui)

E(pilzzl - E(p5_i);7 ’
(1.7)

V(ny) = V(p,)[1 - B(pg_,) 7% + Vipg_,)E(R,)

+ V(py V(ps_y)s

i=1’20
It way be interesting to know, in particular, what a uniform dis-
tribution of Py and Pp> reflecting little or no & priori knowledge

about pl, pg, means in terms of =x., “2 and vice versa, A rough

1
calculation using the above formulae shows that a uniform prior dis-
tribution of p,, p, over the square /0, 17 x /0, 17 (i.e.,

assuming Py and Py independent and uniform) corresponds approxis

mately to the Dirichlet distribution 4 § (2,2,5).
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If the experimenter feels that Py and p, are not independent,

then the following formulae might be useful.

B(x) = E(p,)/L - B(p, )7 - o/ V(p,) Vpy 372,

V(x,) ® V()1 - E(p3_i_272 + ¥(ps_4) Ea(pi)

- 2 B(py)/ 1 - B(p5 )7 o/ V(py) V(pj_i)jl/ %5 1a1,2.

vhere p 1is the correlation coefficient between pl and Poe

Using the above formulae it may be verified that a joint distri-
bution of Py and Py with uniform marginals and a correlation
p = 1/2 corresponds approximately to the Dirichlet distribution
ag(h,h,11).

1.6 A decision-theoretic formulation for the binomial problem.

In this section we write down, for the sake of completeness, a
corresponding decision-theoretic formulation for the problem involving
a single bincmial parameter, p. The binomial problem has an indepen-
dent interest of its own. In fact, the problem with linear loss struc-
ture and constant cost has already been considered by Moriguti and
Robbins 1_397. Moreover, this might serve as a statistical formulation
for the original problem when it is reduced, as shown in page 6 to the
problem about a single binomial parameter, neglecting the ties. This
model also arises with continuous respomses, such as temperature or blood
pressure reading, to the two treatments in the following way. Instead
of discretizing the continuous responses as lying above or below a cer-

tain level as mentioned in page 2, we consider the original xssponses
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as such. Suppose specifically that Xl and X2 are distributed with

absolutely continuous distribution functions Fl and F2 respectively.
Suppose also that the experimenter does not wish to make any assumption
about any specific parametric form, say normsl, exponential etc. for

Fl and F2, and wants to test whether Xl is larger than X2 in

some probability sense (e.g., stochastically larger / 27, p. 73/);

then the present formulation can be applied to the following binomial

parameter

The various elements of a decision-theoretic formulation are

specified below:

model: P/X=1/=p, P/X=0/=1-p, 0<p<1.
actions: &, preferable if p >1/2 ,

a, preferable if p <1/2 .

2

costs per observation: (i) C(p) = 1, all p : constant cost

(11) c(p)

Jp-1/2|: absolute deviation
cost.

losses: I. linear loss structure:

Lp,a,) = | 2alp-1/2], it p<1/2
Lo , 12 p>1/2 .

(1.9) .
L(p;ag) = (} O 3 if pfl/@ ]

*\

! ooa(p-1/2), if p > 1/2 .
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II. modified loss structure:

L(p,a,3n) = g 2(a-n)Jp-1/2], if p < 1/2, n < 4,

$ 0 » £ p <1/2, n> A,
\\ 0 ] ifp>l/2) n=0,l,2..-
(1.10)
O ;] ifpfl/Q,n:O,l,Q,...,

L(P}az;n) = j

0 s if p > 1/2, n > 4,

\ME(A-n)(P-l/E): if p > 1/2, n < A.

a priori distribution:

(1.11) &€ (a,p) = dE(pla,b) = _%ég%%l 2L 1p)PLap,

0zp=1,

where a,b are positive integers.

We shall use the term binomial problem to denote the decision

problem formulated above, In Chapter II we shall consider a slightly
more general situation, viz., testing p < Py against p > Py where
P, is an arbitrary number O < P, < 1l. The above formulation corres-
ponds to the special case p_ = 1/2.

The corresponding decision problem concerning the trinomial model

will be called the trinomial problem. Another important reason for

introducing the binomial problem in this thesis is the fact that, being
mathematically simpler to solve 1t constifutes a first step towards the
solution of the trinomial problem. In fact the analyses for the two

problems are so analogous that in the remaining chapters only the
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binomial problem is treated in details. The results for the trinomial
problem are just stated omitting many of the details.

1.7 Review of some earlier relevant work.

We have already mentioned Anscombe / 27 which contributes rather
heavily towards the formulation of our basic problem as stated in
section 1.4. Anscombe considers the corresponding normal problem and
gives an easily computable outer bound on the optimum boundary. We
are, howvever, cdncerned with the exact optimum boundary for our prob-
lens.

We have also mentioned Moriguti and Robbins / 30/ in section 1.6
in connection with the binomial problem, Specifically, they consider
only linear loss, constant cost and P, = 1/2. From rather elementary
considerations they show the existence of the Bayes procedure for
their problem and describe it constructively. They have also glven
the numerical values of the optimum boundary for certain values of A.
Next, they give a heuristic treatment (which we shall adapt for our
generalizations) of the limiting behavior of the optimal solution
under two different types of limiting tendencies. For the second
type of limiting tendency that turned out to fit the observed numerical
results better than the first, they reduced the problem of finding the
optimal solution to that of solving a free boundary value problem, thus
arriving at the same mathematical problem as Chernoff{Z_%E7 and Lindley
Z’g§7 arrived at for the normal problem. But they gave for the first
time a formal series expansion solution of the free boundary value

problem (in the permissible range) which has later been shown to be
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an asymptotic expansion by Breakwell énd Chernoff /[ 127. Moriguti and
Robbins also considered some alternative ad-hoc gampling rules and com-
pared them with the optimal one at least in some restricted sense.
Finally, they presented some charts showing the OC curves and ASN
curves for the optimal sampling rule for some representative values of
the relevant parameters involved.

It will be seen later that the limiting behavior of the optimal
solution for the binomial problem reduces to that of the optimal solu-
tion for the normal problem under appropriate limiting tendencies. For
this reason, results connected with the latter problem are relevant
for our purpose. Towards this we méntion an important contribution of
Bather /B 7 in outlining some methods of obtaining certain bounds on
the optimal solution. These bounds, of course, have nothing to do
with the outer boundary of Anscombe, mentioned earlier in this section,
for the normal problem, and the possible inner boundary that might be
obtained from the modified Bayes rule developed by Amster [17.

The works reviewed above are directly relevant for our specific
problem. It is not intended here to review any of the rapidly gvowing
volume of works connected with the general theory of sequential analysis.,
An excellent summary of the current state of affairs in this field is
given in /7257 by Johnson.

1.8 Chapter by chapter summary.

Chapter I. The basic problem of double dichotomies is stated.
Existing methods of analysing such data within the framework of Neyman-
Pearson theory are described briefly along with their main defects and

their inappropriateness in the present context. Following Amscombe ng7,
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the problem is then formulated as a decision-theoretic one within the
framework of Wald theory involving more than one realistic loss and
cost function, The problem thus formulated is then modified, for
reasons that are explained, to one involving the difference of two
cell-probabilities in a certain trinomial- distribution, called the
trincmial problem. The corresponding binomial problem is also formu-
lated.

Chapter II. The general theory of statistical decision as given in
Blackwell and Girshick_[ig7 is applied to show that the Bayes procedures
for the various decision problems (with IInear loss) are truncated with
probability one. It is also described here how to obtain the Bayes
sampling rule and hence the optimum (Bayes) bcundary constructively,
for both the binomial and trinomial problems (linear loss structure
and both constant cost and absolute deviation cost).

Chapter III. The usual characterizaticn of a Bayes procedure in
the general set up considered in section 2.1 is extended in section
3.1 to take account of any "stage-dependent' loss function. These
results are then specialized to obtain some simple recursion relations
characterizing the optimal procedures for the various decision problems
with modified loss and absolute deviation cost. These procedures are
also shown to be necessarily truncated at a known stage.

Chaptef IV, The limiting behavior in large samples of the optimunm
boundaries for the decision problems studied in Chapter II is ccnsidered.
Extending Moriguti and Robbins® /[ 30/ approach the problem of finding

the normalized optimal boundaries with appropriate normalizations is
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reduced to that of solving certain partial differential equations
free boundary value problems. A series expansion for a certain por-
tion of the optimum boundary is then obtained for each problem. Exe
pansions which enable the computation of the average risk are also
given.

Chapter V. An indirect verification of the series expansions of
Chapter IV is offered with the help of certain upper and lower bounds

on the optimum boundary obtained by applying scome methods of Bather_1f§7.
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CHAPTER II

BAYES PROCEDURES WITH LINEAR LOSS STRUCTURE

2.0 Summary.

In section 2.1 we collect together some known results of the
general theory of statistical decisions that are applied with in-
creasing specializations in the subsequent sections. In section
2.2 a binomial model with linear loss and a general Py is intro~
duced. -Sufficient conditions are obtained for a Bayes procedure
to be truncated. 1In section 2.3, a beta prior distribution is
introduced and the sufficient condition of section 2.2 is shown
to be satisfied. 1In section 2.4 the point of truncation of a Bayes
procedure is defined; 1t is also shown how to determine it. Section
2.5 gives a description of how to obtain the optimal boundary from
the point of truncation by working backwards step by step. Section
2.6 contains some points useful for computation of the optimal
boundary as described in section 2.5. Sections 2.7-2.11 treat the
trinomial problem and correspond in the numerical order with the
sections 2.2-2,6.

2.1 Some well-known results about Bayes sequential procedures with

a general model.

In this section, we collect together some known results 1727 that
will be useful in obtaining the Bayes sequentlal procedures for the

binomisl and the trincmial model with linear loss structure.
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Notations:
%Xi} ¢ sequence of independent and identically distributed

i=1,2,... random variables,

fg(xi) ¢ probability density function of the random variable

%

with respect to some measure p ,
(‘:\ = {Qf;: space of states of mature ,

a ¢ two possible actions or terminal decisions,

8,7 85

(e, ai),: losses ,

i=l’2
c(e) ¢ cost per observation ,
g ¢ a priori distribution (om a g-field of subsets of &),

c(§) = {c(e) ag(e) .

.
®

L(g ’ ai)EJL(g) ai) d‘g (O)’ i=1,2.
& !

p(8) = 1=I:IL1fn2 e, ay) |
ZOEEXCRYION
®

xj = (xl’ x2) epary Xj), J =1 25 sen

by
®,J

J
fO,J(.}_C ) ol ﬂl fg(xi), Jj= 1, 25 eoe o

t

- . C -
fE,j = fg,'j(icj): )fg“j AE(0), J=1,25 oo
®

dgj(e) = fe,j dg(o)/fg,j s J=1,2, veu
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déo(g)a ag(e) .

1e0) = £,() ae(6)/zly)

N : sample size (random variable) using a specified decision
funetion ,

j} » =0, 1; ..t a sampling rule, where

1
-

bl

\',rjg \‘/j(_}_cj), j=0,1, ... is the probability that N = j, that
is, the probability of termination after observing xl,...,xj.

¢'§l§¢j§ >y J=0,1, «vo: a terminal decision rule, where

¢3 z ¢3(§j)’ j=0,1, ... is the probability of teking action

a, after observing Xl""’xj conditional upon N = J .
6= (¥, ¢g) : a sequential decision function ,

An’ n=0,1,2,:ssst  class of all sequential decision functions
truncated at N = n, i.e., with Yot ¥y + et =1

identically in X .

Ao = U An ¢t class of all truncated sequential decision functions .

n=1
Al ¢ class of all sequential decision functions which terminate

almost certainly, i.e. for whiech

£ }y=1, ae. forall ee (®,

A ¢ class of all sequential decision functions subject to usual

/9] measurability conditionms.
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8 = (ﬂgg, ¢§) : Bayes decision function in a specified cldass A |
r(€, §) : average risk associated with § .,

pn(g) z min r(€, §), n=0,1,2,... » Bayes risk in B
A
n

(this notation 1s consistent with earlier one, po(g))

A 4

o(e)z min  r(E, ) : Bayes risk in A2 .
6 € AP

We state the results in the form of the following lemmas.

Lemma 2.1. A Bayes terminal decision rule for § € A, where A is

An for any n or Ak for any r = 0,1 or 2, satisfies

[0 1f p(g;) = I(E,, &) <L(gy, &)

.

(2'1) ¢§;j = . u if " = 1t = " ,
i
k_l if " = L(ﬁj; 32) < L(gj’ al) ’
j = 0,1,2,...11 s if A = An 3 n = 0,1,2,-00 F]
or J=051,2.0. if A=, k=01 or 2;

where u is arbitrary (0 <u<1).

1

= ( b ¢.) 1is a Bayes decision function in A° ,

Iemma 2.2, If 6§

then

(2:2)  pl€) = min [oy(8)  o(6l") £,(v) auly) + o(e)7,

and, after observing xl seeey x‘j » sampling is terminated if and only

if

p(gj) = po(gj) 4
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Lemma 2.3, I

(2.3) gi{-,c(g) > o}: 1,
then

n.ljgm'pn@) = p(g) -
Notations.

n> 1

(2.38.) umE [po(gm) + C(Em27f§,m > = 0,132,.00,11

m, n—l)oo.)l by

Vo Wﬁ defined recursively for m

{ Ty, = u,
(2.&){ v =min (um, vm) y Mm=1n, N=l,...,1;
‘{ Vm = 5Wm+l<§m, Xm+l) dp(xm+l), m=n-l,n-2,;oo,l .

Lemma 2.4, If there exists a least positive integer n, such that for

every n > nO P

(2.5) W < Vo forall X .,
then
(2'6) pn = pn +1 = cee
o) o
Notations.

( Fi(g)'f )\g I L(gi ai) f L(g} 33_1)} 2 is=s 1,2 .

(2.7) _
(o(8)=48 [ 18, 8) = L(E, )} = T, AT, .
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(2.8) Az {8 | o(8) = py8) = e, a )b, 1-1,2.

\

!

/\l \J /\2: stopping set .

(2.9) N £ complement of /\ : continuation set .

Lemma 2.5. A 51_1_12' /\2 are convex, i.e,, if §l and ’§2 belong

to N 1’ then any convex linear combination E of gl and 52 ’

namely

‘A§l+(1-x)§2 » 0SA< 1

belongs to /\.i, i=1, 2,

Note. TLemms 2.3 follows from Theorem 1 of /[ 23]. All other
lemmes are essentially contained in Blackwell and Girshick's book _/_— 27.

2.2 Binomial model.

In this section we apply the results of the previous section with
the following specializations and call the decision problem simply the

binomial problem.

(2;11)

(2.10) £(1) =2, £(0) =1-p; 0<p<1 .,
a, 1is preferable if p > Py 2
a, is preferable if p < Py *

where P, is an arbitrary constant, 0 < P, <1.

if p<p

-

L(P:al) = ){EA(PO'P)
|

W O » 1f p>p .

s

{ Y » 1if PfPO:
24(p-p ) if p>p, .

it

L(p}ae)

-
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It follows from the above specializations that

((TE) = e lB%p > Y

-

'

(wmﬂ ¢

: ]
(2°12) Fa(g) g ,Egp < p05 2

po} ;

jA Ee [p-p | - & Be(p-p,) » for Eel ,

1]

and
(2.13)  p (8) =\A Bgle-p,| - A Be(pp) , for EeT,,

A Eg]p-po] » for €e(7)

which may be written compactly as

(2.14) 0 (8) = Angp-Pol - A!Eg(P-PO)l .

of lemma 2,1 and p(§) of lemma 2.2 (equations (2.1) and (2.2))
€53 P
reduce to
0 s if E§ P>Po ’
_ J
= n =
(2.5) g, = v o, 1f =D,
L 1 , if " <Po )

-

J = O,l;2,.¢o,n; n = 0,1,2,...

(2.16)  p(g) = min Lpy8)s £,(1) p(ggl)) * fg<o>p<g§°>> + ¢(8)_7

where
A
(2.17) fg(i) = J - (1 - p)l-i daeg(p) , 1i=0,1 .

and po(g) is given by ‘(e.lh) .
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We develop below a sufficient condition for & Bayes procedure
for the binamial problem to be truncated with probability one, i.e.,
5E in A° coincides with 6§ in A2 « Under the assumption of
€ being absolutely continuous, Sobel.['§§7 proves that the Bayes
sequential procedure 6§ in A2 is truncated with probability one
for a general set up that includes ours with constant cost. His
method of proof did not allow extension for a cost depending on the

parameter; hence the necessity of the following theorem.

Theorem 2,1. A sufficient condition for a Bayes sequential procedure

Sg for the binomial problem to be truncated with probability one is:

(2.18) (a) g {c(p)>0% = 1

and
(2.19)  (v) Em Var(p [ § )/ C(E) = O a.e.

N >

wniformly in n.

Moreover, § takes at most n observations, where ng is

g

the smallest positive integer such that for every n > n, - 1

(2.20) Var(p | )/ Cc(g,) < 1/22a  a.e.

EEEE: Condition (a) is introduced in order that lemma 2.3 holds.
It is trivially s&tisfied for constant cost for any €. For absolute
deviation cost, viz., C(p) = ]p-pol, it is satisfied for any abso-
lutely continuous E and hence in particular when E 15 a beta dis-

tribution (1.11) .
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Proof: Because of lemma 2.3 and lemma 2.4, it is sufficient to show

that there exists a least positive integer g such that for every
n‘z no )

for all x .

. <
(2 21) un-l iy vn"l 2 _n_l

Writing explicitly the definitions of w _, end vn_l,,(2.3a) and (2.4),

(2.21) reduces to

pro(gn_l) + (n-1) C(8, 1)/ e ne1
(2.22)

< f [ogfe,) +nCE) 7 % o du (x), forall x,_,
i.e., for all gn—l for a fixed £ .

Writing
(2.23)  A(g) = p,(€) - £ (1) po(ﬁgl)) - £(0) po(§§o)) ,
for convenience, (2.22) reduces under the present set up, to
(2.24) x(gn_l).f c(gn_l) for all § . -
Wow from the definitions
0
(2.25) dg = fé(l) a gil) + fg(o) d gg ).

Also, expectation being a linear operation, it follows from (2.25)

that for any integrable g(p) ,

(2.26)  E e(p) = £,(1) Eg§1) g(p) + £(0) E§§°) e(p) .
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It follows from (2.13) and (2.26) by identifying § with €1
that x(gn_l)' is identically zero for all those En-l such that
§, 10 (gn_l)§9)(gn_l)§°> all belong to the seme T, i =1 or 2.
(2.24) is then satisfied for all these §,.; 8nd for any non-negative
cost C(p) .

Each of the remaining gn_l's belong to one and only one of the

following three mutually disjoint subsets:

){" 0, ‘:‘%\5 l E p = Po} )

(2.27)

’ .
)= ig lEg(o)p<po<E§ Py Ty
!

. )
\\ (=48 1Er <p, < Eg(l)p»‘;cre :
1

If € ¢ Eilo , then ggl) € Fl and ago) € Ty, 80 that it follows

from (2,23), (2.13) and (2.26) that

ME)

A £,(1) Eggl) (0-p,) + 4 £,(0) Eggo) (p,-P)

[

1
A g' (p-p )pd £(p) + A f (p,-»)(1-p) a £(p)

A e
e o

f

(2.28)

2a var (p | )

remembering that

P, = Egp for £ € ﬁilo .

If £ ¢ Sfll s then ggl)e r, end ggo) € T, , 80 it again

follows from (2.23), (2.13) and (2.26) that
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i

Me) = 24 £,(0) Eg(o$1°o'1°)

1 1
= 24 J,(po-p)(l-p) d¢ (p)

(2.29) 2
- 2A'ZFEg (1-p)" - (1-p,) Eg(l'P1:7

< 2A[E§(1-p)2 - Eg (1-p)_7

since E.p > P, Tor € e £ﬁll’ and this

= 24 Var (pfg) .

It can be shown similarly that for £ e iﬁ)nf

(2.30) M) = 2 [B, p° - P, E, 2/

< 2aver (plg) .

Hence (2.21) is satisfied if there exists an n, such that

for every n > nO 3

Va
r (25, ;) < 1

c{z_ )

(2.31)

for which a sufficient condition is (2.19) .

The second part of the theorem follows immediately from (2.31).
The proof of the theorem is thus complete.

Remarks: (1) It 1s to be noted that n, defined in (2.20) de-
pends on the particular a priori distribution € , while the sets

(); » 1=0,1,2 (2.27) are defined independently of it,
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(é) It follows from the proof above that for the conclusion

of the theorem to remain valid it is sufficient that (2.19) hold good

ﬁilo k) .£7ll k«} Lﬁlg °

111}

only for those £  which belong to )

2.3 Beta a priori distribution.

From now onwards we shall consider an a priori distribution given by

F(ao+bo) a =l b -1

- , s .o o o] - o} ,
(2.32) dag(a,b,) = dglrlag,b,) () p° (1p)° ap

0<p<1l,

where ) bo are positive integers.

It is well-known / 40/ that the beta family of distributions is
closed under sampling. In the terminology of Raiffa and Schlaifer
. /337, (2.32) forms a natural conjugate prior for the model binomial
distribution. In other words, if &, and bn denote the number of
successes and failures respectively in a sample of size n, the a

posteriori distribution is given by

(2.33) a gn(p) =4 g(ao +a, b+ bn), N = 1525000,

Thus the set of all possible a posteriori distributions that can arise

from the a priori distribution (2.32) caﬁ be represented by the set

of all lattice points in a positive quadrant with origin at (ao,bo).
It is well-known / §/ that the Bayes decision-function can be

completely characterized by the sets /\ 19 /\2, 7‘ defined in (2.8),

(2.9). In this special case, these sels that are associated with

(2.32) can be represented as certain sets in the space of lattice

points mentioned above. Without any risk of confusion we shall denote
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these various (a,b) sets by the same notations as the corresponding
g sets, The optimum boundary (for the decision problem) that will
be mentioned henceforth quite often, is formally defined (unlike the

terminology in Moriguti and Robbins 1#397) as the set of points (a,b)

in the stopping set /\ such that (a-1,b) or (a,b-1) is in the con-

tinvation set 7i .

Due to the closedness property of the beta family mentioned
above, it is not necessary to determine the optimal boundary along
with the various sets /\ZL’ N 0’ 7\ for each a priori distribution
separately. It 1s possible to describe them in terms of a fixed origin
say (0,0), and to obtain them for a particular a priori distribution,
like (2.32), we need only to shift the origin to (ao, bo). It amounts
to considering the a priori distribution (2.32) as being arrived at
with a sample of no—2 2 a+ b0-2 observations with aoul successes
and bo-l failures, starting with a uniform prior.

In the following analysls the terms optimum boundary, stopping sets,
continuation sets, etc. are defined with respect to this fixed frame of
reference. Accordingly, by 4 gn(p), unlike previously, we shall mean
d g(a,b) where a + b = n. It is obvious that any sequential pro=-
cedures which is Bayes for 4 §(ao, bo) and is truncated at n (in
the sense that it takes at most n, observations before it tells one
to stop), is also truncated at n, +a + b, (in the above sense)
when referred to this fixed frame of reference. Since any a priori bteta

distribution can be represented by d g(ao, bo) where ao’bo are finite,

the condition (2.19) for a Bayes procedure to be truncated remains
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valid when En is given the new interpretation above. We apply this
condition in this new light to arrive at the following corollary to
Theorem 2.1.

Corollary 2.1. A Bayes sequential procedure for the binomial

problem with a beta prior distribution is truncated with probability

one.

Proof: As noted before, condition (&) of Theorem 2,1 is satisfied
for the particular cases we are concerned with here.
Now

ab
(a+b)2 (a+b+1)

(2.34) var (pla,b) =

Case (i). Constant cost, i.e. C(a,b) = 1 for all (a,b) :

var(pla,b) _ ab 1 —
(2.35) C(@8) (oo P(arme1) | FEL >0

uniformly 88 8 + b =we=> « .

Condition (2.19) is thus ensured in this case.
l

Case (ii). Absolute deviation cost, i.e., C(a,b) = !>lp-p |ae(a,b):

As noted in remark (2) after Theorem 2.1, we need only verify the
condition (2.19) for those g belongihg to .fili’ i=0,1,2 which

may be written in this special case as follows:

(236) (), = < (@) |55 = 2,8
- y a a
(2.37) 4 ll = 3_(a:b) ] T <p, < E;E(E ’
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38 Clp = e Ity < ndfr | -

Also, it is sufficient to show that (2.19) holds only asymptotically

as (a+b) =~=—>o , Now

1
c(a,b) = ]—3-(%,-5 ( [p-p, p* 1 (1-p)°L ap
(2.39) 75

p (a+b)-1 '1—-'50(e.+b)-l

1

1 o]

A f [o-p, |p (1-p) ap
B(po a+by I-p a+b) A

for (a,b) ¢ i:li » 1 =0,1,2, vhere B(a,b) is the well-known beta
function. Also, the right hand side of (2.39) is asymptotically

/15, p. 2527 equal to

(2.80)  [ew(1p)/x TP (@) MR
Thus
(2.51)  Var(pla,0)/6(a,b) ta [ 3 (1-9.)/2 72 (asd) /2 —> 0

uniformly as a + b —w=> o

concluding the proof of the corollary.

2.4 Determination of the point of truncation in the binomial problem.

The set ﬁj)o has been called, for obvious reasons, the neutral

boundary by Weatherill / 40/, We shall call (") the extended neutral

boundary for ressons to be explained below., The polnt gf truncation is

then formally defined to be that point of (), say (ao,bo) such that

a® + b° 1is smallest and no point (a,b) of (7) with a+b > a® + bo.ig




L8

2 continuation point. The point of truncation, thus defined, may or

may not belong to the optimum boundary defined earlier. It does not
belong to the optimum boundary if it is in £_)o' In the symmetric
case, i.e., when P, = 1/2, the point of truncation may alternatively
be defined as the first stopping point on (7) (which is the same as
iﬁ)o vhen p = 1/2). Here by "first" we mean "with smallest sum of
co-ordinates”,

The determination of the point of truncation is important in the
sense that, once it is known, it is possible to obtain the optimum
boundary, as will be described afterwards, by working backwards from
this point with the help of the recursion formula (2.16).

Before we proceed further, we note the following facts about the
sets (7). » 1 =0,1,2, |

(1) iflo is empty if p = 1is irrational. If p, 1is rational,

in which case it can be written as a pure fraction, say,

(2.42) p, = T, /(r, + 1)
where T, and r, are mutually prime to each other, then the sequence
of points {rék, rbg}gg {;gk} » say, belong to i_lo . It 1s obvious

that the farther the ratio ra/fb is from unity, the fewer the points
in Kﬁlo. In the special case p_ = 1/2, i”)o consists of all the
points (a,a) on the diagonal a=b.

(2) ﬁﬁ)l and ﬁflg are empty when p_ = 1/2. They have been
primarily introduced for the situation Po % 1/2. They represent

points near ﬁflo but not exactly on 1t, on the two sides of it,
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Lfli being on the side of /\i, i=1, 2. In fact, a point in
Sfll(ﬁfgz), though belonging to .f\l‘ /\2), is so near to the neu-
tral boundary, i_lo , that a failure (success) at the point leads
the resulting posterior distribution to /\E(IKl) .

(3) Let Lz %ﬂa,b)la+b =Vn} ~ denote the set of lattice points
on the line a+ b =n. Then () f) L is empty if and only if
)N v,, isnotemtyand () N\ I, C (), - Inall other
situations, L_l intersects Lh in exactly cne point. In the special
case p, = 1/2, since () ='£flo, it follows that L [ () is
empty if n 1s odd while L N () is the point (n/2, n/2) if n
is even.

(k) 1If p, is given by (2.&2), then there are exactly r -1 points
of ("), interwoven with exactly r,-1 points of (), in (7) be-
tween any two points, say, (rék, rbk) and (r;E:i, $£E$i) of L_lo .

The results of the previous section ensure that a Bayes sequen-
tial procedure is truncated. This means that there exists an integer
n° sufficiently large such that the sampling region (or the continua-
tion set) lies below the straight line L o Using the above facts, the

n
region of sampling can be narrowed down further as stated in the following

lemmsa .

Lemma 2.6. If the Bayes sequential procedure- for the binomial problem

with a beta prior distribution is known to be truncated at 1n° (i.e.,

every point (a,b) with a+b > n® is a stopping point), then the con-

-—

tinuaﬂion set A is contained within a rectangle {with a corner re-

moved in the first two cases below):
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(1) If the line a+b = n° intersects (") at a point, say

(a°,p°) of Sfll’ then A is bounded by a =a°, b =1b° + 1, and

the diagonal joining (a°, 1°) with (a°-1, v°+1).

(i1) 1If the line a + b = n° intersects (") at a point, say
o

(a%,1°%) of Silg , then /\ is bounded by a = a%+1l, b = b° and the

dlagonal joining (2%,b°) with (a%1, bv°-1).
0

(1ii) If the line a+b = n~ intersects ﬁfﬁ at a point, say,

(a®,0°) of ("), then /\ 1is bounded by

o)

(iv) If the line a+b =n  does not intersect ( ), which case

arises vhen the line a+b = n%1 intersects Lf) at a point, say

(a°,v°) of Lflo , then /\ 1is bounded by

a=a°, b=bog

Thevprocf of this long lemma is simple and follows readily from
lemma 2.5 and the above facts (1), (2) and (3).

The above lemma is useful in locating the point of truncation. If
it is known that all the points on a certain line Lh are stopping
points, then so are all those on the line Ln-i except perhaps the one
in (), if any. In other words, if LN () 1is empty, we move on
to the next line Ln_es if, on the other hénd, Ln-l N gf) is not
empty, in which case it consists of just one point belonging to any of
the ﬁf)i’s, i = 0,1,2, according to (3) above, then it needs to be
verified whether it is a stopping point or a continuation point. If

it is a stopping point, we move on to the next line, and proceed
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analogously till we reach the first continuation point on iﬁl . The
next theorem gives an easily applicable criterion by which it is
possible to verify whether the point £(a,b) in L1 N () is
é stopping point or a continuation point.

Theorem 2.2. If €(a,b) is a point on (7) _such that §( ), i.e.,

(a+1,b), and a( ) i.e., (a,b+1l), are stopping points, then £(a,b)

is a stopping point or a continuation point according as

(2.43) Meg) < c(g) or NMg) > c(g),

where

2A Var (p | &) »if g e (7))

(2.5%)  AE) 24 [Eg(l-p)Q - (1-p,) B, (1-p)7 , it €€ (),

2 , -
%[%p-%%@7 s if ge (), .

Proof, Since the Bayes procedure is known to be truncated, the hypo-
thesis of lemma 2.2 is satisfied so that (2.16) holds. Subtracting

'po(§) from both sides of (2.16), we get

(2.45) o(g)-p (g) = miql“o,fg(l) {p(igl))-oo(§§o))§

v 2,00) {e(el) - 0 (e$N) + cle)-n(e)7

vhere AN) is defined as in (2.23).
‘Since E( ) and g(o)are stopping points, by hypothesis,

(l))

o(g;™) = o (ggi)), i=0,1.



Hence, (2.45) reduces to

(2.46)  p(g) = p (5) = min /0, C(g) - AMg)_7

Now g is a stopping point or a continuation point according as

p(g) = o (5) or olg) < o (8),

i.e., by (2.46), according as

Mg) < cg) or aMeg) > c(e) .

The expressions for A(E) given in (2.44) were already obtained in
(2.28), (2.29) and (2.30). The proof of the theorem is complete.
We novw derive bounds on A(E) = AM(a,b) for & = £(a,b).

Lemma 2.7 .
(2.47) 0 < Ma,b) <24 p (1-p )/(a+D) .

We are now in a position to determine the exact location of the
point of truncation. For simplicity we consider the symmetric case
first.

Special case: P, = 1/2.

As noted earlier, ( ll and ( 22 are empty in this case; ( 2o
consists of points (a,a). It follows from the procedure indicated
above and Theorem 2,2 that the point of truncation is given by Cao,ao)

vhere a° is the smallest positive integer such that

(2.51) A%, 8% < (e 29) .

Now for constant cost, C = 1 , while for absplute deviation cost
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1
1
c(we) = § |o-3] a (a0
0
_ 1 (2a)l 1 _ 1
T 2 Talal % - 3 %1 (a,2), say

2
where bi(a,a) denotes the central term of the symmetrical binomial
distribution with parameters (2a , %) .
Thus it follows from (2.51), (2.52) that the truncation point

is (ao, ao) where a° is the smallest positive integer such that

o) 1/, A
(2.53) a- > 3(3-1) ,
for the case of constant cost; and such that

(2.54%) (22° + 1) bi(ao, &%) > a

for the case of absolute deviation cost. Standard binomial tables
may be used to obtain a° from (2,54). For large values of A, we

may use instead the asymptotic relation

(2.55) a®u A%,

Corollary 2.2, If (ao, ao) is the point of truncation, then the

points (aya) with a < 2’ are continuation points.

This follows réddily from the definition of the point of trun-
cation, the monotonieally decredsing propeyty of x(asa)/ta,a) with
respect to a, and Theoreh 2.2, especially the equation (E'.lp5) remen-

bering that p{f,go for any point (a,b) .
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General case. o< P, <1

It follows from (2.43) and (2.47) that any point (a,b) with

(2.56) a+b >

1s & stopping point. Thus, if (a', b') be the point of () with
smallest at+b satisfying (2.56) and if (a®,b°) be the point of

truncation, then

(2.57) a®+ b

° < a4+ p

Consider the points of gfl in a sequence with decreasing atb,
starting from (a?,b'). With the help of the criterion developed in
Theorem 2.2 we way then search for (ao,bo), as described already,
along this seguence,

special case! { constant cost

< r,

|
\. Po 7 Ta * r'b

In this special situation we do not have to go beyond the point

» as defined in (2.42)

(ai,bl) say, along this sequence, where

0 o)
(al,bl) = (rak + 1, 1k +1)
x° being the largest positive integer k for which

r (1-p_)
(2.58) Mk, rk)T ——O = -
(ré+rb)kﬁl

In fact, it may be shown in this special situation that the

point of truncation, (ao,bo) is one of the (ra T - 1) points of
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(") between the two successive points (ra(k°+l) s rb(k°+l)) and
o 0 - .
(ré k', nk ) of ( lp including the first. This follows since
from the definition (2.58) of k% (r, k° =, k°) is a continuation
point while (ra(k°+1), rb(k°+l)) is a stopping point. Moreover,

all points (a,b) with

(2.59) a+b > (ra + rb)(k0 + 1) + 1

are stopping points. This follows from (2.#5) since for any such
point (a,b),

2A p (1-p,) |
e by lemma 2, .

AMa,p) <
a+b
24 p_(1-p )
TN by (2.59)
(ra+rb)(k +1)+1
< 1

by (2.43), (ré(kc#l), rb(kq+1)) being a stopping point.

Finally, it may be shown just like in corollary 2.2 that‘the
points (ra k, Ty k) with k < x° are all continuation points. We
cannot assert, however, that all the points of 1721 and ~£Tle for
vhich a+b < a° + bo are also continuvation points, since h(a,b) is
not necessarily monotonically decreasing in a+b for (a,b) ¢ iﬁli ,
i = 1,2. This is the reason for the particular definition of the
point of truncation that we chose in the beginning of this section.
We expect, however, that most of them will be continuation points

because by Lemma 2.7 A{a,b) is closely bounded above by a function
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that is monotonically decreasing in a+b .

2.5 Procedure for obtaining the optimum boundary in the binomial

problem.
In this section, we describe how to obtain the optimum boundary

constructively once the point of truncation is known. For simplicity
ve first consider the case p = 1/2.

Special case: p = 1/2 ,

The neutral boundary, Lflo, consists of points (a,a) in this
case. Because of the symmetry of the problem, the coptimum boundary
will be symmetric with respect to the line a = b. Hence, without
any loss of generality, we consider only a > b.

Let (ao, ao) be the point of trumcation obtained as indicated
in the previous section. By Lemma 2.6, all the points on a = a®
are stopping points. Also, from Corollary 2.2, all the points (a,a)

with a < a® are continuation points. Next, the recursion relation

(2.16) reduces to

(2.60) pla,b) = min _/'pp(a,b), E?T: p(a+1,b) + a_ES o(a,br1)+C(a,b)7

where
(2.61) o (ab) = AE/ |p - 2|lasb 7 - A 42=R
‘ o? - L ‘p 21172 2(a+b
and
(2.62) c(a,b) = 1 , all (a,b) , for constant cost ;
/
\LEZ”'P‘ %,la,§7- » for absolute deviation

cost,
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For stopping points p = P2 a known function, and for continuation
points p < Py 88 follows from Lemma 2.2. Thus a point may be
classified as a stopping point or not according as p = p, ©r
p < Py at this point.

Consider the points on the line a = a® - 1, starting from
(a®-1, a®-1) which is a continuation point. p(a®-1,a°%-1) may be ob-
tained with the help of (2;60) since (&% a®-1) and (a°-1,a°) are
stopping points as noted earlier and hence have known p~values. Using
this p(ao-l,ao—l), and the known p-values of the stopping points on
the line a = ao, the p=values of the points on the line a = a® - 1
may be calculated with the help of (2.60) successively with increasing
a - co-~ordinates. Thus, these points may be examined for a stopping
point or a continuvation point one after another. We need, however,
only continue on this line till a stopping point is reached for the
first time. This 1s due to the fact that all further points on this
line are stopping points as can easily be shown using lemma 2.5,

The procedure described in the previous paragraph determines
the boundary point (i.e., the first stopping point encountered) on
the line a = a° - 1. We then consider finding this point on the
next line a = e - 2, in the same way, by examining the points on
it for a stépping point till we reach one. This time we start with
the point (a° ; 2, a® - 2) whose p-values can be obtained frem (2.60)
by those of (a®-1, a®-2) and (a®-2, a®-1) already obtained. This
process is then repeated to find the boundary points on the lines

a=2a°- k, successively for k = 3,4, etc.. The boundary points on
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the part a <b are obtained from those on a>b by symmetry.

General case: 0 < P, <1

As before for each point (a,b) we associate the Bayes risk
p{a,b) which satisfies the same recursion relation as (2.60) where

now (2.61) is replaced by

(2.63)  p(a,b)

AE [o-pllesy - a5 - v, |7
and (2.62) by

1 ., all a,b, for constant cost;

(2.64)  c(a,b)
EZT,P'PO‘13:27 , for absolute deviation cost.

In the general case, the optimum boundary may not be symmetric
with respect to ﬁilo: a="% po/(l'Po)f We have to consider the
boundary both above and below this line. Let (ao,bo) be the point
of truncation on ﬁfl ; obtained as indicated in the previous section.
Three different cases arise according as (a°, b°) belongs'tolgilo s
_(—..23_ or ﬁ.__)g ¢ |

(1) (% 1°) e (3

By Lemma 2.6 the points on the lines a = a® and b = b° are
stopping points, hence their p-values are known. The p-value of the
next point on (), i.e., (a°-1, v°-1) 1s obtained from those of
(a°% 1°-1) and (a°1, b°). Using this p(a®-1,b°-1) and the p-values
of the points on the line a = a°, in the équation (2.60), those of the

points on the line a = a%-1 may be obtained successively from the
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point (ao-l, bo-l) till we reach the first stopping point on this
line. Similarly using p(a®-1, b°-1) and the p-values of the points

(o)

on the line b = bo, those of the points on the line b =Db - 1

way be obtained successively. Consider the next point on (T) which

° . 2.

may be either on the line a = ao - 2 or on the line b =%
In either case, it should be sufficiently apparent by now how to
proceed,

(2): (&% bv°) ¢ Lfll .

By Lemma 2,6, the points on the lines a =a° and b=1"+ 1
are stopping points in this case; hence their p-values are known.
Proceeding as indicated above, the boundary point on the line b = b°
is obtained first. Next the boundary points on the lines a =a « 1,
b=b"-1 and 80 on;

(3): (2% %) e (), -

By Lemma 2.6, again, the points on the line a = a° + 1, and
b =1° are stopping points. The boundary point on the line a = a®
is obtained first; Next the process is repeated with lines a = a’ - k,

b=1°- k, successively with increasing k.

2.6 Some points useful for computation of the optimal boundary.

Since the optimum (Bayes) boundary does not depend on the abso-
lute magnitudes of the Bayes risk p, but rather on the relative
magnitude of the two quantities on the right hand side of (2.60),
we may, for convenience of computation, consider the following trans-

lated quantity
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(2-65) V(a:b) = AE Zth'Polla:§7 - p(a,b)

which may be called the gain function associated with (a,b)e Using

the fact that

(2.66) B/ |p-p Ha,b7 = a+b E/ [p-p |le+1,07 + —= E/‘ [p-p_la,b+17

the equation (2.66) mey be written in terms of (2.65) as

(2.67) v(a,b) = max [Vo(a,b), z V(a+l,b) + —= V(a,b+l) - C(a,b)/
where

(2.68 Vo(a,b) = A ] = -~ P, |

Following Moriguti and Robbins / 30/, for actual computation, we

may still consider another quantity defined as
(2.69) M(a,b) = V(a,b) - V (a,b)

which may be called the net gain function associated with (a,b). It

can be shown from (2.67) and (2.68 that the optimum boundary may be

characterized in terms of M(a,b) as follows,

(2.70) M(a,b) = max/ 0, == M(a+1,b) + 512-13 M(a,b+1) + Ala,b)-C(a,b)7

where
feA -ab//—(a+b)2(a+b+‘l)7, 1t (a,b) e _C')'

‘aA « of(ard) « [p) = B/ (ehn)], it (a,n) € ),
\ . a/(a+b) [(a+l)/(a+‘b+l)-po_7, if {a,b) €
0

) O‘therWise .

K(ayb)ﬁi

)y »
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We give below a closed form expression for C(a,b) for the abso=-

lute deviation cost in terms of tabulated functions:

1
¢(a,b) = E/ |p-p,lle,27 = j lo-p,| a8, ,(p)

(2.71) -
= p, [271, (a,0)-17 - = /2 I, (a+1,b) -17
[o] [o]

where Ix(p,q) is the incomplete beta integral

X

1 -1 -1
(2.72) f(m—qff 27 (1-6)8 at , Dsq > O

o
tabulated by K. Pearson [/ 33/.
For the special case P, = 1/2, we give below in the form of a
lemma another expression for C(a,b) that might be more convenient
for computation:

Lemma 2.8

(2.73)  clad) 2 B/ fp - 3]la = —Elb) gy
where

[‘I.S,;b l—7 ( ]a-b] )
(2.74)  g(a,b) = vile,b; 3) 2z <mi§j(a,b,+ 7
and ! : ;
(2.75)  vifa,bs 3) = (¥P) —2%-;.5

and _[jg7 dengtes the largest integer < x .



2.7 Trinomial model.

In this section we write down without much elaboration the
analogous results for the trinomial problem stated below. These

results can be obtained similarly as in the binomial problem with

po = 1/2.
(2.76) fﬂl,“z(i) =, 1=0,1,25 0<my <1, 2 +m) + 7y = 1.
&y is preferable if T > Ty
a, if preferable if T < My o
. /
g L(nl,nz; al) = iiEA(ne - ﬂl), if my Smy
0 s if 'nl > Ty .
(2.77)
L(ﬂl,nes ae) = o » if w1y Sy
2A(:tl - :rz) ) if my >y .
It follows from the above specializations that
= 2 >
ry Lg ! Eg T > Eg T g ,
o { = <
(2.78) Ty ig I Eg m, S Eg uQ-% s
- £ 1
= E. n. = E, =
$lo = (8 1Bm = Bmpg
and
(2.79) po(g) = A Eglul - n2| - A ] Eg(:rl - :r2)| .
Also, (2.1) reduces to
0] if E, =, > E, =
(2.80) ¢ - € % €5 .2 7
€,J uw , if = ’
l , if i < n 5

,j = 0,1,2,-no’n; n = O,l,egapa .
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and (2.2) reduces to

2
(2.81) p(¢) = min [p (£), = £,(1) p(ggi)) + c(e) 7
o

where

(2.82) fg(i) = B, =«

g i () i = 0,1,2

and po(g) is given by (2.79).

Corresponding to Theorem 2.1 wé have in this case the following
theorem which can be proved analogously.

Theorem 2.3. A sufficient condition for a Bayes sequential procedure

6 ¢ for the trinomial p;oblem t0 be truncated with probability one is:

(2.83) (a) g]{C(ﬂl,na) > O% = 1

and

(2.84) (p) 1im Var (n‘l-ngl gn)/ c(e,) = 0 a.e.,

n-->co

uniformly in n .

Moreover, takes at most n, observations, where n, is the

%
smallest positive integer such that for every n > n, - 1,
(2.85)  var (=, - nalgn)/c(gn) < 1/a , a.e.

It 1s possible to show as in the remark (2) after Theorem 2.1
that it is only neéessary to show that condition {b) holds for

those & < -(—lo .
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2.8 Dirichlet a priori distribution.

From now onwards we consider an a priori distribution belonging
to the bivariate Dirichlet distribution family (1.5) some of whose
properties have already been considered in subsection 1.5.1. From
the property of closedness of this family under sampling, all the
considerations of the binomial problem hold equally well, The only
thenge in this case is that now we have to consider all the lattice
points of the positive octant in the three-dimensional space. The

various sets /\ /\ ) A ) 1"1, 1‘2, _(_ -)-o are considered as

l’
before, with respect to the fixed frame:of reference with (0,0,0)

as the origin in the 3-space. From (1.5 a,b) and (2. ) we may

write
(2.86) Ty ={a,b,c Iazb% sy Ty= %\a,b,c]' afb} ,

if;o = ia,b,c[ a = b§ il.eey = {g,a,c'k ¢ neutral boundary.

The optimum boundary may be defined in this case as the set of

stopping points (a,b,c) such that (a-1,b,c), (a,b-1,¢) or (a,b,c~1)

is a continuation point.

As before, by dgn(ﬂl,ﬁz) we shall mean dt(a,b,c) where
a+b+c=n,
Analogous to corollary 2.1, we have the following corollary:

Corollary 2.3. A Bayes sequential ?rocedure for the trinomial

problem with a Dirichlet prior distribution is truncated with proba-

bility one,
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Qutline of proof: Condition (&) of Theorem 2.3 msy be shown

to be satisfied for the special cases of cost and a priori distri-
butions we are concerned with here.

Now, for ¢ ¢ _(_'_)o s 1t follows from (1.6), putting a =D
(2.87) Var (nl - nelg(a,a,c)) = 2a/(2a+c)(2a + ¢ + 1) .
Also, it can be easily verified that

(é'88) C(a,a,c) = E[C(ul,ne)lg(a,a,c)_']

= 1 9 for constant costi
(2.89) case (i)

B/ |, - nella,a,£7 » for absolute deviation
g . cost: case (ii)

(2.90) = ba// (2a+c)bi(a,a)/

vhere bi(a,a) 1s the central term in the binordal distribution
with paremeters (2a, 1/2) . From these results, (2. 4) follows imme-

diately for constant cost. For the other cost, we have
(2.92) Var(rrl - ﬂgla,a,c)/b(a,a,c) = [ 2(a + ¢ + 1)bi(a,a)/ -1

A (ﬂa)l/2/2(2a +c+ 1) — 0

as 28 + C ==’ o ,

2.9 Determination of the points of truncation in the trinomial problenm.

The results of the previous seéetion ensure that a Bayes procedure
for the trinomial problem is truncated. This means that for a suffi-
ciently large value of n, all the lattice points of the plane, say

Ih: atb+c=n are stopping points. In other words the continuvation set,
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A s lies below this plane. Just like Lemma 2.6, the lemme below

B

narrows down /\ to scme subset of atbtc < n.
Let the two planes I~ and iﬁlo' intersect each other (which

they do perpendicularly) along the line, say, fn: a = (n-c)/2.

n
i

£~lo s 1 =1,2. Obviously, Pg
larly at fn .

Lemma 2,9. If a Bayes procedure for the trinomial problem is trun-

Consider a plane P, in Fi passing through [n at h5° to the plane

and Pg peet each other perpendicue

cated at n, then the continuation set ;ﬂ is contained within the

4 Pn
and t, .

region Rn bounded above by the two planes Pg

Proof: The lemma asserts that for each co-plane, vhere ¢° is such

that a° = (n-c®)/2 is an integer (positive), the continuation set,
A (co), in that plane is contained within the squaxe bounded above
by a = a° and bounded on the right by b = a®, Consider the point

(2%, a°-1, c°) 1in ). It can be represented as a convex linear

o}

combination of the points (a°, a°, ¢°), (a%1, a1, ¢°) ana

(a°, a%1, ¢%1) ant in /\l (veing in Ln) and hence by Lemma 2.5

(a°, &%1, ¢°) 1is also in A Tt can similarly be showm that

l'
(a®-1,2%c%) belongs to /\2‘ (a°, a°-1,c%)amt £a®1,a%¢®) axe two points
of the plane Ln-l on the co-plane. It can be shown successively

that all the points of the plane L . except on iﬁ)o , if any, are

1
stopping points. Utilizing this fact again, all the points on the
plane Ln—2 and on or outside R- may be shown to be stopping points.

Continuing in this way successively we arrive at the above lemma,
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Formal definition of a point of truncation:

For a fixed c¢, we may formally define the point of truncation in

the c-plane just as in section 2.4k, as that point (a°, a°, ¢) of (),

such that a® is the smallest integer such that no point (a,a,c) in

iﬁlo on the c-plane with a 2 a® is a continuation point. Because
of the symmetry of the problem, it will turn out that just as in the
symmetric binomial problem (i.e., with P, = 1/2) the point of trun~
cation on the c-plane might alternatively be defined as the "first”
stopping point (ao, &%, ¢c) in_gilo on this c-plang, "first" here
meaning with smallest a°. It may be noted here that uniike the
symmetric binomial case, the points of truncation defined as such

do belong to the optimum boundary as defined in the previous section.
In fact, it may easily be seen from the above lemme that they cannot
be reached from any point in the same c-plane, but may be reached from
the next lower c-plane;

We now state how to determine these points of truncation. Just as
in the binomial problem, the knowledge of their exact location enables
us to obtain the optimum boundary, as will be described in section 2.10,
by working backwards from these points with the belp of the recursion
formula (2.81).

To find the points of truncation for a Bayes procedure known to
be truncated at n, say, we need, because of Lemma 2.9, orly the set
of points L, N Sf)o to determine whether they are stopping points
or not. A point belonging to Ln-l,f\ iflo is of the form (a,a,c)

where 2a + ¢ = n-1. Notice that these points are on c-planes with
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odd (even) ¢ if =n is even (0dd). A further observation at
this point leads to either (a+1,a,c), (a,a+l,c) or (a,a,ctl), each
of which is a stopping point. The next theorem gives an easily appli-
cable criterion to determine whe’bhef or not such a point (a,a,c) is

a stopping point.

Theorem 2.4. If (a,a,c) is a point on the neutral boundary _(_—_)_o

such that (a+l,a,c), (a,a+l,c) and (a,a,c+l) are stopping points,

then (a,a,c) is a stopping point or a continuation point, according

as

(2.92) A a,a,c) < C(a,a,e) or Ma,a,c) > C(a,a,c)
where

(2.93) A(a,a,c)

A Var(m, - #Qla,a,c) ,

and

(2.94) c¢(a,a,c)

E(C(:rl,ne)[a,a,c) .

The proof of this theorem is analogous to that of Theorem 2.2
and hence omitted.

If all the polnts of L , () (7)  are thus found to be
stopping points, we then i'estrict our attention to the next smaller
region Rn-l. By Lemma 2.9, again, we neéd examine only the points
of Ln-E N _(_ _20 for stoi:ping or continuation points, and this is
done with the help of the above theorem as before. We proceed in
the same way till we reach a stage when not all the points.of, say,

Ln-k N _( _20 are stopping points. It turns out that some will be

stopping and some will be continuation points depending on the value
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of c. Suppose for a Pixed value c® of c, the point ((n-k-c°)/2,

(n-k-c®)/2, ¢®°) 1is found to be a continuation point. Now, using the

monotonically decreasing property of Ma,a,c°) /0(0,a,c°) with respect

to a for the two types of cost C that we are considering, it is

possible to show just as in Corollary 2.2, that all the points (a,a,co)

with a < (n-k-c®)/2 are continuation points. Hence, by definition,

the point

(2;95) (%(n-k-co) + 1, -% (n-k-c°) +1, c°)

is the point of truncation on the co-plane. If, for other values of

c, all the points of Ih-k N Lﬁlo are still stopping points, we move

on the next set of points Lh-k—l N _g lo and so on. It is now

evident how the points of truncation may be obtained for
c.

Using (2.92) and (2;87) we are thus led to conclude
of constant cost that the set of boundary points for the
cedure consists of the lattice points of a curve, having

parametric representations
' o )
(2.96) (a(e)y, 2a(c), o)
where a®(c) is the smallest positive integer such that

2a <
(2a+c) (2a+c+l) N

ol

(2.97)

for a fixed c. Obviously a° depends on ¢ and hence

lar notation a°(c). In fact, it is easily seen from (2

any value of

for the case
Bayes pro~

the following

the particu-

.97) that

ao(c) is decreasing in c¢. This means that the point of truncation

moves to the side of the origin as c¢ increases.
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The set of truncation points for the case of absolute deviation
COot is also given by the same type of curve as (2.96) where (u81ng
(2.87) and (2.90)) a%(c) is now defined to be the smallest positive

integer for which

1 1 <

(2.98) —(mwTeTD) * THaE)

el

for a fixed c. For large A, ao(c) is given approximately by

) (o]
(2.99) JE_e “ = .
2(2a° + ¢ + 1) A

As a numerical illustration, we give below for A = 10, some of the

points of truncation (2.96).

constant costt

c 1 2
2%(c) L1

absolute deviation cost:

c 1 2 3 L 5 6

8%c) 20 17 16 15 1k 13

Finally, we note that i1f the point (2.95) is & truncation point,
then the point ((n-k-c®)/2, (n-k-c®)/2, c® + 1) belongs to L et 1
and hence, is a stopping point from the very definition of Ln-k' We
may formally put this observation in the form of the following lerma
which may otherwise be proved directly from the definitions of ao(c)

from (2.97) and (2.98).

Lemma 2,10, If (a°(c), a(e), ¢) represents a truncation

point, then (a®(c)-1, a°(e)-1, c+1l) belongs to the stopping set.
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We shall use this lemma in the next section;

2.10. Procedure for obtaining the optimum boundary in the trinomial

problem.

We describe in this section how to obtain the optimum boundary
systematically, once the points of truncation are known, wsing socme
recursion relations as well as some simple facts about the optimum
stopping and continuation sets as embodied in Lemmas 2.5, 2.9, and
2,10, Because of the symmetry of the problem, the optimum boundary
is symmetric with respect to the plane asb, Without any loss of
generality, we may thus consider only a 2> b .

Suppose the points of truncation (a®(c), a®(c), ¢) are obtained
as indicated in the previous section. Consider any particular ce
plane, in which, omitting the fixed co-ordinate for the moment,
(a°(c), a%(c)) is the point of truncation. By Lemms 2.9, all the
points on the line a = a® are stopping points., Moreover, as noted
earlier in the previous section all the points on the diagonal asb
with a <a° are continuation points., Finally, the recursion rela-

tion (2. 1) reduces to

' . a b
(2.100) p(a,b,c) = min [po(a,b,c),am p(a+1,b,c) + m 9(a,b+l,c)

<]
+ arbie p(a,b,c+l) + C(a,'b,c-ﬁ
where

la-b]
(2.101) p_(a,b,c) = A El"lﬂl - “g!la’b%§7 - A e

and
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(2.102) c(a,b,c) = 1 -, all (a,b,c), for constant cost
Euf[ul-nalla,b,§7 , for absolute de~
. . © viation cost.
For stopping points p = Py’ a known fupc#ion and for continuation
points p <_po, as follows from Lemma 2.2, Thus a point may be
examined as a stopping point or not, according as .-
P=p, O P<p atthis poin’o.‘

Consider the points on the line a = 2 - 1, starting from
(ao-l, a%-1). (a%a°1,c), (a1, a° c) are stopping points, as
noted earlier, by Lemma 2.9, So is (a®~1, a®1, c+1) by Lemma 2.10.
Hence, p(a®-1,a%1,c) méy be obtained from (2.100). Also, since
(ao;l, ao-l, ctl) is a stopping poinf, by Lemma 2.9 again, all the
points on the line a = a%-1 on the (c+l)-plane are stopping points.
Using this fact, the p-values associated with the other points on
the line a = ao-l on the c-plane may be calculated with the help
of (2.100) successively from (ao-l,ao-l,c) onvards and hence may
be determined to be stopping points or not. One needs to proceed
till one encounters a stopping point on this line a = ao - 1 for
the first time. All further points on this line éan easily be shown
to be stopping points with the help of Lemma 2.5.

The procedure described in the above paragreph determines the
boundary point (the first stopping point encountered) on the line
a = ao(c) - 1 on the ;-plane; This is now carried out for all possi~
ble values of ¢, before one considers finding out the boundary point
on the next line a = a’(c) - 2; Fér a fixed c, we start from the

point (ao-e, a%+2,c) and proceed to the left on the same c-plane
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as before. It is to be noticed that the p-values bf the points
(a°-2, a®2-k, c+1), k > 0, that are needed in this connection,
must have already been obtained in the procedure described so far
(if they are not already stopping points, of course). This is now
carried out for all possible values of c¢. In this way the boundary
point on the lines a = a°(c) -k are cbtained for k = 3, k4, etec.,
successively.,

The boundary points on the part a < b are obtained from those
on & > b, by symmetry. The description of the procedure is thus
complete.

2.11 Some points useful for computation of the optimum boundary.

For convenience of computation we may replace (2.100), as in
the binomial problem, by an analogous relation in terms of the so-

called gain function V(a,b,c) defined as

(2‘.105) V(a,b,c) = A E[Inl-uglla,b,_cj - ola,b,e) .

Using the relation

(2.104) EZ-]“I'“glla:ba§7 = E:%:E' EZ’[ﬂl-nalla+l,b,g7

b

+m E[.:ﬁl~ﬁel.la,bbl,27
+Z;%-TE- E_/—.Iztl-:tgl”,.a,b,cﬁ:_l__']
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(2.100) becomes in terms of V:

' a
(2.105)  V(a,b,c) = maxz_vo(a,b,c), - V(a+l,b,c) +

b c
+ m—' V(a,b+1,c) + mé— V(a,b,c+l)

- C(a,b, 0_27

where
' ' la-bl
(2.106) Vo(a,b,c) = A—l—= .

Alternatively, (2.105) may be put in terms of the so-called net

gain function, M(a,b,c) defined as

(2.107) M(a,byec) = V(a,b,c) - Vo(a,b,c) ,

as follows:

M(a,b+1,c)

a b
(2.1c8) M(a,b,c) = max[o,m M(a+l,b,¢) + o

C
‘l’m" M(a,b,c+l) - C(a,b,c)_7

for a#b. For a=b ,

' 2a
(2.109) M(a,a,c) = V(a,a,c) = max [0: Maya,e) - Cla,a,c)+ atc M(a-t—l,a,c_)_-/

where A{a,a,c) is defined in (2.93).
We give an expresslion for C(a,b,c) for the absolute deviation

cost that might be useful for computation:



Lemma 2,11

(2.110) ¢la,b,c) E[lﬁl-ne" layb,c7
4 max (a,b)
a+ b+ e

vhere g(a,b) is defined in (2.74).

g(a,b)

(&



CHAPTER ITI

BAYES PROCEDURES WITH MODIFIED LOSS STRUCTURE

3.0 Introduction and summary

The modified loss structures as defined in (1.3) and (1.10)
are only some special cases of the general situation when loss in-
curred at any stage depends on the observed outcome. One important
Peature of these special cases is, however, that any optimum sequen-
tial procedure for a decision problem involving this type of loss
must be truncated at A, This follows intuitively from the fact
that any terminal decision after A observations must be correct
in the sense that no loss is involved and the situation cannot be
improved upon by taking further observations whereas any further
observation is going to cost us more for any type of positive cost
function. This argument, may, however, be put in formal mathematical
terminologies by developing an analogous version of lemma 2.4 for
the modified loss structure.

It is well-known / 6, 9/ how to obtain the Bayes sequential
procedure within the class of procedures truncated at a fixed stage,
by the working backwards technigue, for loss and cost depending on
the observed outcome in general, The existence of the Bayes pfo-
cedures for the various decision problems involving the modified loss

structure are thus assured. The problem is then to give a simpler
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characterization of the Bayes procedures that might be applicable
readily in actual computation. Section 3.1 contains such a charac-
terization for the general model that is anelogous to (although not
exactly the same as) that given in‘Zig7 for the traditional loss, con-
stant cost, and independent and identically distributed sequence of
observations.

A further simplification in the characterization results as
shown in section 3.2 when one comsiders the appropriate absolute
deviation type of cost corresponding to a modified loss. As noted
already in section 1.4, it follows from physical considerations that
the modified loss structure fits more naturally with the absolute
deviation cost.

The results of the first two sections are then applied in
section 3.3 and 3.4 to the binomial and the trinomial model respec-
tively. It is in section 3.3 that a rather undesirable feature of
the Bayes procedures with the modified loss structure compared to those
with linear loss structure is illustrated in details with the binomial
model.

3.1 Characterization of the Bayes procedure with a general model.

Extending the results in / 24/ in the desired direction we
arrive at the intended characterization stated as a theorem below.
Apart from the assumptions of independent observations and constant
(but may depend on the unknown parameter) cost per observation, we
introduce the assumpticms regarding the particular structure of the
loss in the appropriate places. We shall retain the notation of

section 2.1 as far as possible changing only the relevant ones.
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Notations: Let

Lj(e,;i) = I(e, 843 53), J=1,2..0505 1=1,250¢ D) ,

be the loss incurred due to action ai after observing xl,...,xj )
when © is the true parameter, For consistency of notation we de-
note by

Lo(e,ai) s 1=12 ee)

the loss incurred when a; -1s taken without teking any observation
and when @ is true, We assume the usual /- 9 / measurability and

integrability conditions for LJ(G, a;). Let

Lj_(g’ai) = /LJ(GJ ai) d g(e), J = 0,1,254445n3 1 = 1,2,
6
(3.0) xd(g) = mn  L.(£8,), J =0,1,2,...,n,
1=1,2 9 ,

Let 6 = (¥, @) be an arbitrary (but measurable) sequential decision

procedure truncated at n, i.e.,

Vot Vgt eee ¥ = 1 a.e, forall Q¢ (E) .

Let 6§ = (Wg, ¢é) denote the Bayes procedure for & . Also let

k14 = \yg,j F} j = 0,1,2,00-, n
R R |

be the conditional probability of stopping with Jj observations given
that J or more observations are taken. wg J's may be obtained uni-

quely from “g J‘s and vice versa.
2
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With these added notations to those of section 2.1, we may

write the Tollewlng results.

The risk r(9, §) associated with § when € is true is given

by
r(e,5) = Expected loss + Expected cost
0
.1) ¥ f vy {ny(erng)d, + 1,(0,2)(1-9,)}
*¢

+ §0(0) 7 py , oW

The average risk associated with 6' is given by

(5.2 x(6,0) = [x(0,) & (9) .
‘ ®.
»Substituting (3.1) in (3.2) and changing the order of integration

(3.3) x(,8) = = \Z [{‘,Lj(o,al)(l-vfj)af L,(e5 ay)d,

J=o
2l 5
+3c(e)/age) -5, s
n ( 4
(5.1) - fwj_/' 155t 4020005 + Lj(g,j,al)(l-géj)}
x4 J
+ 3 c(e;)7 5, 4 u
’ n
(3.5) > jio wjljmln Lj(gj,ae),Lj(gj,al)
wt )
+3cC (gd_)7 £, 5
, o .
- s - J

E o



80

The equality is obtained (3.5) when ¢ = ¢é defined as

R if it = n = i s

|
o

(3.%) ¢§,J. =

1, if to= Iylegeay) < Ly(egse,)

J=0,1,2y000,n
where u is any arbitrary number, O fSu<1l.

Assumption (Ll): The loss depends on the observations in a
rather special way in the sense that it does not depend on the

actual magnitude of the observations. Specifically,

(3.8) Ib(g’ ai) = (n'J) i(@,ai), J =.O:l:°'-:n3 i=1:23@5569 .

Further notations:

(3.9) T(e,a,) = j@i(e,ai) a(e), 1= 1,2,
* Y

\lf. = e 2 ,j = 1’2,'oo’n‘;
17 T

*+ + 9* 1
7‘]fo °e vn-l B
*
¢j-l & ¢j 2 J = 1L,2,...,n;5
* { % * ¢* *
8 = Vg s eees Va1’ Po 2 0002 n-l} *

We shall show below that with the restriction (3.8) » We may write
(3.20)  =(e,8) = v, [T (858,) B + T (6,8,)(1-0,) 7

(x,)
+ (1 - Wo)[jr(gl l, 5*) fg(xl) du(xl) + o(e) 7 .
¥
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Writing the first term in the summation in (3.3) separately and

using (3.8) we have

2(8,8) = Vool TlEsny) f,+  T(esa))i- 4.)7

(3.11) n N .
s E 5 7 ( A (n-J)*l_L(G:ae)ﬁfj + L(s,a1>(1-¢j)}

g4 . _
* O + so(e)7ae (o) £, .apd .
- J EsJ

= v, - o/ Te,m0)0, + T(e,a,)(1-9 )7

e ¥ )/ A + o(8) T

;ﬁ ()
+ o)1) ) T+ (31 ce)7as, (0) £, ol

. 2 _ e
(5.12)  + (1~v) Jz f w}‘_l / £ (o-1 - J-l){L(e,ae) ¢§_1

where

- | _ ) (x,)
(3.13) (1-v )4, = J ¥y { (n-1) {_L(e,aa)qfl + L(e,al)(l-efl)}dgl (2)
¥ © fg;l dpl .
il.e.4,
x (x,) (x,)
(5.k) A = f Vel [Ty Y, e e T, T, a0 7

o
£, (%) )au(x))

J



Now we may write

(x;)

J _ 1 J-1

g, © o, d-1

£, (x,) au(x) .

Substituting (3.15) in the sum, A, say, in (3.12), we have

2

| (x,)
(5.16) A+a, = ;f £, (2 au(x)) /{WZ(n-llz“'i(glxl ERI

% ()
' + ey Pa)-60) 7

Identifying (3.16) properly with (3.11), we may write

{ (xl *
(3o17) A + 4, = ) £.(x)) - aulxy) < z(g) 75 87),
*F
thus arriving at (3.10). Now remembering the notation

p (&) = inf x(g, 8)
6 & B,

we have

n=1

| (x,)
(3.18) (r(glxl ) 8 £ (x)an(z)) > o
7

n-1 ‘ :
B L 0 e« Ko
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erX.)

J

(x,)
+3c(e)/ ag (e) ¢ (Xl)apj :
gl: J |

(x
(8 1)z, (xpdan(xy)



Hence it follows from (3.7), and (3.10), that

| (x,)
(329) ot (E,8) = vo A (8D + (1vo)/ [ g (ey Y )E (xpdaw(x))
x '

& ¢ An
xjfo fixed
+c(e)_/
Thus _ _
(5.20) p,(8) = min [n(e)y [y 5 (8 © )F (%) )ou(x,)
x
+c{¢) 7
and hence
(3:21) ¥y oz %, = [0, A o,(8) < a(e)
)\"l s if 1 = 1"

It may similarly be shown that

(é%’_) fg(y)du(.v) +¢ (§) 7 ,

(3‘.22) pn__‘_j(‘g) = min[KJ(ﬁ): 5/ pn-,j-l

*

j = 1,2,...,11{-1 )
and hence

(3.23) = 4= 40 » 1 oy s(E,

. j = 1,2,...,11-1 ::
[, 122 " = " '

where by (3.0) and {3.8)

(3'.210 xj(g) = (a-1) win T (&a,),

i=l,2
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(5'.25) = (n-3) WMeE) , say .

and po(é) is defined to be identically O for all & . We may thus
state the results in the form of the following theorem:

Theorem 5,1,

Under the assumptions of identically and independently distributed

sequence of observations and with constant cost per observation, the

Bayes terminal decision rule in the class An is given vy (3.7). If,

moreover, the loss function satisfies the assumption (Ll), i.e., (3.8),

then the Bayes sampling rule in the class An can be characterized as:

€54

= O)l’ouo,n"l ]

| = f
(3.26) = -%o » 18 o s(85) <n(e))

. J

where

(3.27 o 4(8) = min _/'%j(g),]pn_j_l(ggﬂ)fg(y)du(y) + o(g) 7
. J = 0,1000yn-1 §

xj(g) being given by (3.25) .

We may express the Bayes sampling rule in words as follows:
After any stage of sampling, Jj, say, J = 0y1,.s.yn-1, we stop or
take another observatign according as pn-j(gj) = (n-3)n(t) or
Pp.y(5) < (m-3) Me) .

We may alternatively define the Bayes sampling rule in terms
of certain sets in 7 n. For this, let us denote, following

Blackwell and Girshick / 97 ,
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' —! { - »
(3.28) Ty = {8 oy = @D T} 5 =010,

It may be verified that

i

‘ s . _—
o ey N "
(3.29) =, D=, D R D RGN

oy £ :
vhere ., is the set of all t's, Now let

* = — 1
G-30) sy sqmpt, FELL for x<y, g eB .

J = O,l,...,n.
Then,

%1 ?

*1 *
(3'31) S"n“ Z (Son ] sln’ ...,,Snn)

forms the required partition of the sample space 3:n such that the

*
Bayes procedure tekes J observations if and only if X € Sjn .

It may also be verified that

. *1 * o
(3;32) Sa.n C San ] j = O,l,n-f,n

*

. ,
9 eeey S ) is the partition of the sample space gen
on nyn

*
wvhere S_ = (S

n . .
corresponding to the truncated Bayes procedure for the decision prob-

lem with the traditional loss function
(3.33) 1(6,a;) = n T (8,8,), 1=1,2 -

This means in other words that if the truncated Bayes procedure with
the loss (3.55) tells one to stop then so will also be told by the
Bayes procedure with the modified loss (5.8), which is rather obvious

from physical considerations.
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'3%3.2 Modified loss structure with absolute deviation cost,

We now consider the following special situations:

I. Assumption (Le):

T (e, a;) = {2 ¢ ,1if °<o,
: i 0 , if 8> 0 |
(3.34)
L(e,ae)..jo , if <0,
129 , if >0 ,
Then,
(3.35) A (e) = B, o] - [5, o]

From (3.35), 1t follows that the various sets _("lo, r, T, corres-
ponding to (2.7) with this modified loss may be defined analogously
as in (2.12) or (2,78) in terms E, © .

£
II. Assumption (C):

c(e) = ko]

where k 1s a positive integer. It may easily be seen from (3.35),
(3.25), (3.27) and (3.26) that with these specializations the Bayes
procedure is truncated at n-k. With k=1, i.e., for the absolute
deviation type of cost we may thus state the result in the form of
the following corollary: |

Corollary 3.1l. The Bayes procedure for the decision problem with

the modified loss structure, viz.,




(e, a33) = J 2(n-3)]e] , i£6<0, §<n,
\ o  ,1£e<0, 3> n
}V 0 , AT 6> 0, § =0,1,24040
(3.36)
(s, ae;j) = 0 »y £ ©<0, § = 0,152, crn
0 , 1£6>0, §>n,
2(n-3)e , if é >0, §<n,

and with the absolute deviation cost, viz.,

(3.3 7 cfe) = |e]

is truncated at ne-l.

From now on we shall only consider these two specializations,
(3.36) and (3.377) which lead to the simpler characterization of the

Bayes sampling rule in terms of the following quantity,

0,1,2.0., n

(3.38) vi(e) = j (a-3) Egl_e( - pn_J(g), 3

b

0 ,,j_>_n;

which may be called the gain function. It follows from (3.%27), (3.39),

(3.25) and (3.35), that
(3.39) V() = max [ (n-3) Bglof - (n-3) {Egl'e_l - {Ege(} ’

(n-3) Belo] - j pn_j_l(g:(LY))fg(y) au(y)
- Eg ,gl_7, j = O,l,..-,n—l.
Now, using the fact that

(3.40) E o] = f Eg(y)jel £,(y) auly) |

% 1
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it foloows from (3.39) that
(3.1) V,(e) = max ["(n-3) B8] , f j+1(§(y))fg(y)dp(y_27,

J = O,l, ...,n—l.

The Bayes sampling rule may thus be stated as follows: after any
stage of sampling, say, J = 0,1l,...,n-1, we stop or take another

observation according as
(3.82)  V,(g,) = (n-3) (Egjel orvj(gj)<(n-a)lE§jol .

It may be noted that it follows from the definition (3.38) of Vj

that
(3.43)  v__,(&) = max [l.Egg'l., o/ = (Ege! for all ¢

thus corroborating with the corollary 3.1 that the Bayes procedure
is truncated at n-1.

3.3 Binomial model.

To obtain the optimum (Bayes) sequential procedure for the
special problems we have been considering, the results of the pre=-
vious section are specialized in the usual way, replacing the n
there by A, and j ‘there by n, © there by p;po. S—lo is defined

as in (2.36). TI'. and T2 are defined in an wbvious way. Equation

1
(3.4%1) reduces in this case to ,

(3.44)  V,(a,0) = max/ 7V, (a,5), g Vooq(alsb) + o Vo (2,040)7

n= O,l,...,A—l :
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where
(3.45) v, (e,b) = (A-n) ké%E - pol , D o= 0ylye.ephel .

From (3.43) it follows that

(3.46) v, ,(a,b) = VA_l’o(a,b) = k§%6 - p,| for all (e,b).

With the help of (3;uu) it is possible, at least in principle,
to calculate Vn(a,b) for all possible values of (a,b) and n
starting from the known values (3.46) for n = A-1l. Once these values
are known, the optimum sampling rule becomes specified.

We now compare this procedure with that obtained in the previous
chapter with linear loss structure. We first note that the subscript
n in Vn(a,b) denotes the number of observations already obtained.
If we start with an a priori distribution dg(ao,bo), then the rele-
vant points (a,b) for which Vn(a,b) has to be defined are those for

which

atb = (ao + bo) +n

The dependence of V on the stage of sampling, n, is thus, essentially,
a dependence on the particular a priori distribution dg(ao, bo)
through a + bo. The prior distribution being fixed for a particular
decision problem, we may, alternatively, write (3.44), omitting the

dependence on n, as thus ,
' a b

where
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(3‘.1;8) Vo(a,b) = (A + a + b -a- b) lﬁ-}; - po'

(which is not to be confused with the earlier Vo(a,b) in (3.4&));
The difference of (3.47) and (2.67) lies in the difference between
the two different definitions (3.47) and (2.67) of Vo(a,b). It may
be noted that the nature of a point (a,b) as to whether it is a
stopping point or a continuation point as determined with the help
of (2.67) did not depend on the particular a priori distribution
one starts ﬁith, whereas this is the situation in the present case
with (3.47). This is an undesirable feature of the procedures con-
gidered in this chapter in comparison to those of Chapter II in the
sense that one has to compute the optimal boundary separately for
each prior distribution, whereas, aé thed earlier in section 2,
Tor the procedures of that section, we need compute the optimal
boundary only for the particular a priori distribution dat(1,1)
and the optimal boundary for any other a»priori distribution may
be obtained by a simple change in the frame of reference.

It is possible to prove the convexity of the two stopping
regions in this case (for the general model) just as in the proof
of lemma 2.5 for the traditional loss. This result may analogously
be used along with the fact that all the points (a,b) with a+b =
a, + bo + A - 1 are stopping points, as in the traditional case,
to arrive at a resulf corresponding to lemma 2.6, delimiting the

region of sampling. We have, however, preferred to show this directly
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using (3.44). For simplicity we only consider the symmetric case,

i.e., vith pg = 1/2.

Lemma 3.1
(3.49) (a) vV (a,a)>V_ (a,a) =0, n<A-l, all a,
n n,O

(3.50) (v) Vn(a,b) = Vn’o(a,b) for |a~b| > Aen, n < A-1.

Proof:
(a) Putting a =b in (3.44) and (3.45) with P, = 1/2 ,
1l . 1
(3.51) Vn(a,a) = max/ 0, 5 {Vn+l(a+l,a) *5 Vn+l(a,a+l)__7
Now, because of symmetry of the problem,
Vn(a,b) = Vn(b,a) all (a,b), all n;
and hence in particular,
(3.53) Vn+l(a+l,a) = Vn+l(a,a+l) .
We, thus, have from (3.51)
(3.54) ,Vn(a:a) = max _/_-0: Vn+l(a+l:a_)_7

Now from the definition (3.4l4) of V, it follows that

Vn+l(a+l,a) > Vn+1,0(a+1,a)
_ A-n-1 '
" HmasD W ()

Hence

(3.55) Vn(a,a) = Vn+l(a+l,a) >0 = Vn’o(a,a) for all a, n < A-1 ,
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(b) Because of symmetry, it is sufficient to prove (3.51) for

a>bonly, i.e., to show
(3.56) Vn(a+k,a) = Vn,o(a+k,a), for k > A-n, n < A-1,

We prove this (3.56) by induction on n. Suppose (3.56) is true f
n = m, we show that (3.56) is also true n = m-1,

From (3.44) and (3.45) it follows that

(3.57) v (a+k,a) = max/"%?Qgiigk 3 2::§ Vﬁ(a+k+1,a) +

2a+k v (a+k,a+l) 7

From induction hypothesis, we get

(3.58) v (a+k+1,a) = (a+k+1,a) = é%%g%é%%%i, k > A-m-1 ,
and
(3.59) ¥ (atkyatl) = v (atk,erl) = %%2‘%5)1‘2‘ » k> A-mel .

Hence, (3.57) reduces to

max/—(A m+l)k (A~m)k 7, k> AGI

(5.60) V_,(atk,a) o(Batk)  * B(2atk) —

i

]

v

0 l o (8.+k,a) 2 k > A—m .
oLy -—

Thus (3.56) is true for n = m-1. But (5;56) is true for n = A-l,
by (3.46). Hence (3.56) follows by induction and the proof of the
lemma is complete.

When interpreted in words, part (a) of the above lemma means

that the points (a,a) on the neutral boundary that may be reached

or
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at any stage of sampling up to A-2 are continuation points. We
stop anyhow after stage A-1l, whatever the point (a,b) is reached.
Hence the point of truncation, may be defined as the point (ao,ao)
vhere a° = (ad+bo+A-l)/2’ in case ad+bo+A:l is even or otherwise
a® = (ad+bo+A-l)/2 + 1/2 1in case a +b +A-1 is odd. Part (v) of
the above lemma then asserts that the optimel region of sampling lies
within the square bounded above by a =a® and on the right by b = a’.

A possible method for obtaining the optimum boundary numerically
may be described analogously as in section 2,5 with the ﬁelp of
(3.47), starting from the point of truncation and working backwards.

3.4 Trinomial model.

For this specialization, we need put @ = Ty - EL5N in the results
of section 3.1. &Tlo, Fl’ Fe are defined in the same way as in

(2.86). Equation (3.41) reduces in this case %o

' a
(5.61) Vn(a,b,c) = max [Vn,o(a,b,C),amE_Vn*_l(a'*‘l’b,c)

b ¢
* grbre V(87 L0) + grmrg Ve (esDserll/

where

A SR A

Again, it follows from (3.43) that

. a~b . )
(3.63) VA_l(a,b,c) = VA_l,o(a,b,c) = EJ:firk—E’ for all (a,b,c) .

With the help of (3.61) it is possible, at least in principle,

to calculate Vn(a,b,c) for all possible values of (a,b,c) and =n
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starting from the known values (3.63) for n = A-1. Once these
values are known, the optimum sampling rule beccmes specified.

As in the bincmial problem, we may alternatively write (3.61)

as
(3.64) V(a,b,c) = mag[ﬁv (a,b,c), V(a+l,b,c) N . - b V(a,b+l,c)
¢
where
- a-b
(3.65) Vo(a,b,c) = (A + ag+b +c -a-b- c) o

and (ao,bo,co) represents the starting point. The same remarks as
in the binomial case apply in comparing (3.64) with (2.105).
Ve state below without proof a lemma corresponding to Lerma 3.1

for the binomial problem.

Lemma 3.2

(a) V (a,a,c) >V (a,a,c) = 0, n < A-1, all a,c .
n ny0
(v) Vn(a,b,c) =V, O(a,b,c) s for |a-b] > A-n, n < A-1, all .
, I 2 S

The proof is analogous to that of Lemma 3.l. Just like Lemma 2.9,
this one also delimits the region of sampling within a certain region
defined as in Lemma 2.9, where n is now replaced by
a +b +c_ + A1 .,

o} o] o] _

Using the lemma above and the recursion relation (3.64), a possi-

ble method for obtaining the optimum boundary systematically may be

described analogously as in section 2,10 starting from the points of

truncation (a®(c), a®(c),c) where a%(c) is the smallest positive integer

satisfying 2a9<c)+c 2 ao + bo + co + A-1, c 2 co .
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It follows from the definition (3’66) of a%c) that a%(c) is
non increasing in c.

Suppose we start with a uniform prior i.e., with

as

a%c) 6 5 5 4 L 3 3

These may be compared with those values obtained in page T0.



CHAPIER IV
ASYMPTOTIC BEHAVIOUR OF OPTIMAL SOLUTION

4.0 Introduction and sumary

In this chapter we study the limiting behaviour of the optimum
boundaries of the various sequential decision problems considered in
Chapter II under limiting conditlons which tend to require large
samples. As sample size 1s not one of the given parameters of a
sequential problem, a naturel approach to the large semple theory
is to make the cost of an observation tend to zero (when the loss is
held fixed) as considered by Wald / 39a/. Since it is the relative
magnitude of the two types of cost, namely, the cost of an observa-
tion and the cost of meking a wrong decision, that matiters in obe
taining the optimum boundaries, en equivalent approach is to make
the loss tend to infinity keeping the cost fixed. We consider this
alternative approach as it is particularly suited for our sequential
decision problems. The limiting condition suggested can then be ob-
talned by letting the parameter A in the various loss functions
approach infinity.

From physical considerations it is apparent that as A becames
larger, more and more sampling is needed to reach the boundary. Thus,
in the limiting case, any point with finite co-ordinates (a,b) or

(a,byc), whichever the case may be, will be within the continuation



97
set. The boundary will consist of points with their co-ordinates also
approaching infinity. The limiting behvaiour of the boundary, if any,
has to be specified only in terms of suitably normalized co-ordinates.

The first point to be resolved in this study, then, is what
constitutes a suitable normalization of the co-ordinates in each case,
in order to yield non-degenerate limits. It turns out that the appro=
pfiate normalization for a given case depends on the cost function .,

Throughout this chapter the binomial problem is considered for
simplicity with P, = 1/2. The asymptotic behaviour of the optimal
solution has been studied by Moriguti and Robbins / 30/ for this
problem with constant cost. Following them closely the problem of
finding the asymptotic optimml Solﬁtion for the binomial problem
with absolute deviation cost is reduced in section 4.1 +to that of
finding the solution of a .par'bial differential equation free boundary
value problem. In section 4.2 certain series representations of the
latter solution are obtained and compared with those given by Moriguti
and Robbins for the coi'responding case with constant cost.

Sections 4.3 and L.4 correspond to sections 4.1 and 4.2 respec-
tively for the trinomial problem. Theseries representation of the
optimal solution is obtained in 'bhis cé.se for both types of cost.

The formal expansions of the asymptotic optimal boundaries for
the various decision problems, obtained in thie chapter, are useful
in giving us some idea of the asymptotic shapes of the Bayes sequen-
tial testing regions, a concept developed by Schwarz [ 3_’-_@7 in a some-
what similar context. We hope that the exact boundary for large A
can be computed from the asymptotic results involving no appreciable

exrror,
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4.1 Binomial problem.

As shown in Chapter II, (2.67), the optimum boundary can be

characterized in terms of the gain function V(e,b) which assumes,

on the boundary and outside it, the value

-(4..1) V(a,b) = Vo(a,b) z  Ala=b|/2(a+b)

and satisfies in the go-reilon (continuation set) the following re-

cursion relation:

a - b
(b.2) V(a,b) = —= Va+l,b) + —= V(a,b+1) - C(a,b)
vhere
(4.3) Cla,b) = 1 » for constant cost,
8/ |p-1/2] o, 57 » for absolute deviation cost.

Tt is possible to giwe, as in (2.70), & similar (with obvious modifi-
cations) characterizajion of the optimum boundary in terms of the

net gain function,

(u;n) . M{ayb) = V(a,b) = Vo(a,b) '.

We now consider what kind of limiting conditions are appropriate
if the boundary is to be non-degenerate., Without going into details
we state that so long as P, is a fixed positive number bounded
away from O and 1, &8 and b must approach infinity at the same
rate in order thg-t the asymptotic boundary be non-degenerate. In
this limiting condi'tion, the problem of testing p < P, against

1 P, reduces after proper standardization to that of testing p < Ho
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against u > Mo where p 1is the mean rate of increase in a standard
Gaussian process. With P, = 1/2, Ho = 0. In this symmetric case,
it is the limiting tendencies of the two pertinent parameters atb: u
and a=bz v that determines whether or not the optimal boundary is
non-degenerate asymptotically. It is possible to show from Chernoff
1—;57 that the appropriate normalization of u, v . and V or M for
a non-degenerate boundary depends on the type of cost and can, in
fact, be determined as given below.

The appropriate normalization consists of:

Case (i): constant cost:

/o x=u/aBB o (aw)m?l
(k.5) v =v/a3 - (a-b) R
V(xy) = V(a,b)/a?3 ;
Case (ii): absolute deviation cost:
[ x
(h;6) y

T(x,y) = V(a,0)/at/2

u/A = (a+b)/A ,

v Al/2 = (a-b)/Al/2 s

Moriguti and Robbins 1”597 studied the limiting behaviour of the cp~-
timum boundary under normalization (%.5). We shall do the same in
this chapter under novmalization (4.6). For convenience we denote by
L the limiting tendency in which &a,b —=> «® along with A such that

x,y in (4.6) remain finite.
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Lemma 4,1

/<,>-->-——)¢<——+—Ly-'-r-- -iY-L> Ve Tlay),
b T 0% « e __7} C(x,y)

say ,

vhere ¢ and Qr are the standard normal density and distributicn

function respectively.

Proof: It is well-known [ 15,. p.25_g7 that the beta density of p

converges to the normal density under L. The standardized variable

is
t - 2=E()
56)) '
where
a _ 1 I
E(P)=m“2+;72 BxX
and 1y, 1
ab E hx® A
V(P) = 1 .
(a+b)“(a+b+1) A(x + K)
Hence,
p = E(p) + t /(D)
1/2
_ _]_.+ y_, 1 + t
278 ' z(xA)lIE
so that

(h.6)  aP(p .1
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Now if t' is N(0,1) ; it follows from Theorem 2 of / 13/ that for

fixed a' and D?,

Elat + bt | 2> Ela' + b' t!]

which implies that E|t]| is bounded and hence the last term in (4.6)

converges to zero in mean as A «=> © , Thus

A2 ¢(a,p) 3 A2 B o - 3llest7 —> Bl + —2— ¢ |

2% o i
Xy Iyl 1 Iy
#(—==) f—¢( )7
\/_1\/_+f__ f-}

The following development parallels very closely the corresponding
development sketched very briefly by Moriguti and Robbins 1#397 for
the case of constant cost.

It follows from (4;2) that within the go-region V(x,y) satisfies

the following relations

(4.7) A2 T(x,y) - Hara 2507 = 3 a2 (a2 (ea™ )
+ V(L y-a"1/2y7

+ (y/ex)at/2 gt 2_/TI(x+A'l,y+A‘l/ .
oLy

- 0 ax + 112, L

1.1/2
5 y2 "'A/y)-

2
. 1/2 . )

Multiplying both sides of (4.7) by A%, letting A —> o and using

lemme 4.1, we see that V satisfies, under L, the following partial

differential equation:
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<l

3

(1.8) T Sl - T(xy) .

1Y)
4P

Kl
o
<

H
<l

On or outside the boundary, V(x,y) is given by

(4.9) Wxy) = T (0y)

where

1/2

(4.10) T (x,y) =V (a,b)/a"% = Vo(l/a'-Ax + 1/2.-Al/ 2y, 1/2A%

1/2_y,,1/2 |
- 1/2.8%25) a2 |y /(2x).
If follows from (4,10) that ?b satisfies, in the region y > 0,
the following homogeneous partial differential equationt

2
o VO

3 ye

_avo+av0=o
X dY d X *

<

+

1
Thus, the standardized net gain function,

(8.32)  W(xy) 2 Wa,0)/AL2 = [V(a,b) - V (a,0)7/012 = Fx,3)F (,7)

satisfies, under L, the partial differential equation,

2

=
o/

L ¥ o8 3N
X Y 3 X

(b13) 5 2
3 Y

= E(X:Y)

no
(07

in the region between the straight line y=0 and the boundary curve

(k.14) y =y, (x)
say. At the boundary, y = 0, symmetry implies the condition:
7| =0
(4.15) A
)
and this, together with

= 1
v ol

o/

(4.16)
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yields the boundary condition

1

2x

=

o ¥
(%.17) 5 I =0

At y = yl(x), a continuity requirement yields the boundary condition

=

(k.18) Wiy=yl(X)

Another boundary condition is obtained by the same arguments as
in Moriguti and Robbins. Suppose that the point (u,v) is on the
boundary, (u+l,v+1) being outside , (u+l,v-1) being inside the go~

region. Then

V'(u,v) = Vé(u,v) ’

and Vi{u+l,v+l) = Vé(u+l,v+l);
where

vt (u,v) = V((wv)/2, (u-v)/2) ,
and

V() =V ((wrv)/2, (wev)/2)

Let us further assume that v-l > 0. Then substitution of

Vi(u,v) = Vé(u,v) = Av/2u, and V'(u+l,v+l) = Vé(u+l,v+l) = A(v+1)/2(u+1)

into
Vi{u,v) = %_/'V'(u+l,v+l) + V' (u+l,v-1)/
Uty | u=vy
2

+ E£EZfV'(u¢l,v+l) - V1 (u+l,v-1)7 - 0075_ ,

obtained from (4.2), yields
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Av _ 1, Alv+l) '
—E—u— e[m + V (u+l,v-l_)_7

2(u+l) 2
iieo’ . ( ) .
A(v-l 2u UtV U=v
t -
v*(utl,v-1) = (L) T - v o 2 72 )
But
Vi{u+l,v-1) Alv-1)
0 2 o(u+l)
Thus
2u WV U=V
1 - 1 - =
Vi (u+l,v-1) Vo(u+l,v 1) v o] ¢ 5 1 5 )
i.e W(ara L,yen=t/2) o 8% o ax 4 Lal/2) Ly, (1,172 )'
€y E4 —X]—J'e_x‘:; ) EA ¥ o) 3 Y] o
Expanding the left hand side and using Lemma 4.1, we get
’ “1/2 3 W -1 -1
(4.19)  wW(x,y) - A / %—37 + o(A™) = o(a™) .

But W(x,y) = 0, since (x,y) 1s on the boundary. Hence, (4.19)

implies that

(1.20) -g-'g - o@al/?y |

Therefore, in the limit, we should expect that

| 3V = 0
(k.21) oy y=y,(x)

The problem of finding the optimum boundary along with the optimum

net gain function thus reduces to the following
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FREE-BOUNDARY PROBLEM:

To solve for the unknown W(x,y) and the urknown boundary yl(x) s

given that W satisfies the partial differential equation

| W AW d3W W =
(boooy 2 2W , yo¥ , oW oW _ Ty
2 aya X 0y oy QX
where
o = 1 {0 Yy sy
(4.23)  Tlxy) = o=+ {95( ) - (- = )} .
’ Y -2 U - S
in the region
(4.24) 0<y_<_yl(x) y 0<x<o |,

and vwhere W(x,y) satisfies the boundary condition

: 1
3 W R for 0<x< o
.2 pAAL ’ i - ’
(4.25) 55| y=0 X o ’

and the free boundary conditions

(4.26) w‘ = 0, for 0<x<w,

¥y = vy (x)

W

[e74

(k.27) 0 , for 0<x<w ,

o/
<

1l

¥y = yy(x)

yl(x) gives the upper boundary. The problem being symmetrical
with respect to y, and W(x,y) = W(x,-y) , the lower boundary is
given simply by -yl(x). Thus it is sufficien:t to consider only y > O.
We now meke a transformation to reduce (4.22) to the heat

equation; we conclude, omitting the proof:
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Lemme 4.2, The non-homogeneous partial differential equation

v T 5% ° £(x,5)

where f£(x,y) satisfies the corresponding homogeneous partial dif-

ferential equation, is reduced to the heat equation, viz.,

2

‘ 3° F 3F

(4.29) 2 - -+ -0,
oz 3t

.e

by the following transformation

t =
(hoEO) Z =
Fl(t:z) = F(x,y) - x f(x,y) '-

It is easily verified that C(x,y) satisfies the homogeneous

partial differential equation:

a2

0y

ol

<ial
sl

(1.51)

ol
o

+
[ o5
oo

Hence, by the lemma above, if we define

(1.32) W (ty2) = W(x,y) - xC(xy)

where t+ and =z are defined by (h.3o), then the free-boundary 7

problem stated above reduces to the following

TRANSFORMED FREE-BOUNDARY PROBLEM:

To solve for the unknown Wl(t,z) and the unknown boundary zl(t),

given that W, satisfies the following partial differential equation:

1
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2% 3 W {0<z <z (t)

1 J - “1
- =Oin'\ s
d 2z 3t j]0<t<w

o=

(4.33)

and satisfies the Tollowing boundary conditions:

= i 1
a'w] _-_]:_acl% =-_2.,
1 B 2 d z 2=0
(4.54) dz| z=0
i .
(k.35) LY z=zl(t) - Cl(t’zl(t)) ?
3 W, | 3T
1 _ 1:
(436) 5% meay(t) = T T memy(t)
where
(4.37)  Tyltsz) = 5 T (53 ) -

L,2 Series expansion for the optimal solution for large x (binomial

problem)
As it 1s very difficult to find the solution of the transformed

free~boundary problém, our objective in the following analysis is
limited to finding a formal serles expansion of its solution for small
t (as in Moriguti and Robbins / 30/). Thus, assuming a series expansion

for the unknown boundary as

(4.38) z,(t) = Z C £

o b
for small +t, where the range of the summation index m will be
settled presently, we are led to consider solutions of the heat equa-
tion (4.33) involving some powers of t. It may be verified that the

function
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(4.39)  Py(t,2) = A" F (-n,1/2; -z2/t) ,

vhere
' . o ofowl) ==
(h‘oh‘O) lFl(a,ﬁ;X) = l + B X + ETB—"!'-]-.T "2"!' + seece
denotes the confluent hypergeometric function and n, A.n are constants,
satisfies the heat equation (4.33).
The most general form of the solution of (4.33) which belongs to

this family and satisfies (4.34) is, thus, given by
(hb1)  Wy(t,2) = Z A % F (e, 1/2; -27/Mt) - 8/2 ,
" _

where the range of the summation index n is detemined along with that
of m in (4.38) from the two free boundary conditions (4.35) and (4.36).
It will be seen below that these two conditions are sufficient to
determine the unknown cpnstants' Cm and' A.n .

From (4.41) and (%4.%0), (4.35) and (4.36) reduce to:

(bk2) = A% F (-n, 1/2; 22 () /) = 3 2 (t) = T (t,2,(¢))

n
La (0L {¢<Zl(t) ) +

VEIR
2(8) o z(t) }
+ = S5 - F( 3&%5:-1;7 9
. (‘b) 3 [
(4.43) i 2n A t" -Z-;-t—- 1F (~+1,3/2; -Z§(t)/ht) =% - g"-;.}" 2=z, (t)
z. (%)
=%-§-]t;-{%-¢(-/;? }'
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To facilitate the later analysis we express the ¢ and _§' func-
tions in terms of confluent hypergeometric functions. To this end we

note the following results (Erdelyi / 17/)

#x) - J—l_-lFlw, @ -Ef2) , e <x<e, afo.
Jen
(h;hh) %,—, #-x) = J—:: 1F1(l/2’ 3/2; -x2/2), w<x<o,
t14

y lFl(aJB + lSY)= B[lFl(a’ B; Y) - lFl(a"l) 53 y_27
and in particular
2y 71 (1/2, 3/25 ¥) = 7 (3/2, 1/25 ) - JFy(-1/2, 1/25 ¥).

Therefore, putting y = -x2/2 ,

#x) + x5 - Hex)T =2 < P i(1/2,1 /2552 2)es F 1/2,5/2,-x2/2}

/2 |

1
V=

Utilizing (4.44) and (4.45), (4.42) and (4.43) can be expressed as:

=

(u;u5)

JFy(-1/2,1/2; /o).

£ 4" 1F1(-n,l/2;-z32_(t)/ht) =% z,(%)- J_:TQL"; 7;‘:_3; 1Fl(-l/2,l/23—Z§(’c)/%)
n %(t) 2 11 1 =) 2
£ nAt" = lFl(-n+l,3/2;-zl('b)/lrb) =5 - 1T (12, /2302 () 1)

J% e %

We now consider the range of m and n in (4.38) and (L4.41)

respectively., We first note that in (4.38) m must be non-negative,
otherwise the series might diverge for sufficiently small t. Next,

it has been shown in Chernoff / 14/ that yl(x)A/E is decreasing in
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x for the case of constant cost. His argument remains valid for
absolute deviation cost too. This means, in terms of the trans-

formed variables, that zl(t)//Et is increasing in t, i.e.,
c

y =

m /2

This rules out the possibility that m < 1/2, because, otherwise,

(L.46) (m - 3) &32 5

for sufficiently small t, the term involving a negative coefficient
in (4.46) might be dominent making (4.46) nonpositive contrary to

hypothesis, Thus if

bk t) = = £
( 7) zl() mzl/g cm 2
then

2
o z,(t) "
(v LI, et

say. Substituting (4.48) 4o (4.42), we notice that in the right
hand side of (L4.42) the minimum power of t is -1/2. Hence the
series on the left hand side should start with n = -1/2. Now by
what steps n should increase in the left hand side of (L4.42) de-
pends, of course, by what steps m increases in (4.38). For sim-
plicity, we teke the step in (k.38) as 1/2, any smaller steps only
increasing the number of unknown coefficients to be determined. We
are thus finally led to consider both m and n as half-integers,
m starting from 1/2 and n starting from -1/2 in (4.38) and
(4.41) respectively.

If we now substitute
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5
(k.49) zl(t) = cl\/% + 02(/%)2 + 05(J%) Foeue e

in (4.42) and (4.43) and equate the coefficients of equal powers of
t from both sides of the equations we are led to the following results.

-1/2

Bquating coefficlents of t from both sides of (4.42), we

get
(h.50) - L 1 (-1/2, 1/2;-05/4) =41/ lFl(l/E,l/Es-Ci/h) ’

/B JEm LR

while equating coefficlents of £™1  from both sides of (%.43), we get

c,
(4.51) - % L J@ (1/2,3/2,-0 ) = - — Ay 8y Fl(3/2,3/2;-0?/4).

\[é;r . »
If C, £ 0, using (4.45), we get from (4.50)

o/t ¢< 3y, 2 rgcdy L1l

A e = _( —) + - =) -3 < 0 forall
Bt CARVE S
C,» vhile fram (k.51),
&/ c
Ay a2 1f¢'§7§) - 3§7>0 forail C ,

a contradiction. Hence C, =0 and hence from (k.51), A._l/2 = -1/2/x.
Substituting these values for the constants Cl, A-1/2 in the
subsequent equations, the next two coefficients 02, Ao are determined.

These are then substituted in the subsequent equations. This process

is repeated, giving us the following result:

Cé = C)"-n 1 # 0 )y 1 = 1,2,3,.0' ?
t =
A.n — (L'.n l)/2 # O b ] n= 0’1,2’... F 2
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and all other coefficients are zero. The first few values are found

to be:
Ci = ﬁl/e ) Aé= __2_1‘-1/2,
L
o - B 4e 3O
529 5/2

We thus arrive at the following series expansion of the solution

of the transformed free boundary problem:

tB/E[-Ci AT R Y |

(h52) z,(t) 342+ oy

_W3/ep /2 1 3f2.2 . 197 5/2 .k
=% AR --i'g-—ﬂ 7+ 1-667{ 1t = oao_7
and

(hsz)  Vo(ts2) = - 2 -2% £~1/2 JFo(=1/2,1/252% /ut)

%‘ 1/2 3/ F (- 3/2,1/2;-2° /)

+

2 3/2 41/2 (- 7/2,1/2;-2 /)

+

22 o2 (11/2 [Py (-11/2,1/23-2% /)

In terms of the original variables x and y (see (4.6)) we get the

following series expansions, for large x, of the optimum boundary as
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1
yl(x) = X Zl('é'”x—)
2
- ﬁ . 1 rl" 71‘0-'}""’ 197“ . l - "'7
=7F -2 L8 <2 160 .16 ";F =

and of the optimum net gain function (4.12) as

W(x,y) = x Cxy) + Wyl » L)

-+ v/ - K- —-/_:)__7 * —C ;75 1 (-3/251/23- y2/2x>

fr-“7“ ( 7/2¥3¥2"y /2x)

5/2
(12:):()) 412529 11/2 1 l( 11/2’1/2:"3’ /2}{)
1 e

In particular,

| (2m) /2, 2)3/2 (2n)?/.529 | 1
(4.56) W(x,0) =—£—— -x—37- -g-—.ll;g ;’W_ + Y x—l-]-_72- - aes

Bx 1 ¥ 1 %2529 1
= LW ppli-tE Ty F ot

X

For the case of constant cost, Moriguti and Robbins / 30/ found
the following:

11 7
N =5 e 960 x!

R A
W(X,y) =X oy
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1 1, hA
top Al E - R
2
o ¥
437 1. ¥
+ -—3*——]-—6—3—3 F (-8, "é: - 'é";"c )
“ e e >
W(X’O) = l 2 - -——'25""—5'-" + ~2—£'5‘31"8'—— bl ] lo . ]
16x 316 x 543" 167x

where x and y are defined in (4.5) and
2
W(x,y) = M(a,b)/A /3 .

4.3 Trinomial problem.

As shown in Chapter II, (2.105), the optimum boundary can be

characterized in terms of the gain function V(a,b,c) which assunes,

on and outside the boundary the value

(k.57) V(a,be) = V (aybye) = A« ot

and satisfies in the go-reglon the recursiocn relation

' a
(1'1‘058) V(a,b,c) = m V(a+l,b,c) + m‘é— (a’b+l’c) T m—— a+.b+c (a,b,c+l)
- C(a,b,C)
where
(4.59) c(a,b,c) =J 1 , for constant cost ,

A

1 EZf]nl-ﬁeffa,bL§7 » for absolute deviation cost
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It is possible to give, as in (2.108), a similar (with obvious
modifications) characterization of the optimum boundary in terms of

the net gain function ,

(4.60) M(a,b,c) = V(a,b,ec) = Vo(a,b,c)

As 1in the binomial problem, the appropriate limiting conditions
for the asymptotic boundary to be non-degenerate depend on the type
of cost per observation. In this problem, apart from the two perti-
nent parameters a+b =u and a-b = v, we have another, ¢. It is
clear that if the order of magnitude of ¢ 1is less than that of
a+b as these parameters tend to infinity, the trinomial problen
essentially reduces asymptoticallyAto the binomial problem considered
in the last two sections. To retain the essential feature of the tri-
nomial problem, then, we keep the order of c¢ the same as that of a+b.
The two different kinds of appioaches of u and v to infinity in
this problem for the boundaries to be non-degenerate are the same as
those in the binomial problem for the corresponding two types of cost
function. Specifically they are as follows:

The appropriate normalization consists of:

case (i): conmstant cost:

a+b
X = -‘7— ) x>0 ;
A2 3
_ _&a~b
(4.61) y == PV
] a+b+e
; z Z 2 X 3

- V(a,b,c
CV(x,y,2) = _L_7_’_2 .
24 A2 3
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case (ii): absolute deviation cost:

/

|

) ‘ _ a=b
y"zﬂe

\ a+b+c

os

v
»
‘oo

Z=T,Z

V{a,b,c)

‘&’ V(X)Y)Z)"" ‘ Al ) .

We denote, for convenience, the two types of limiting tendencies
specified in the above two normalizations by Ll and L2 respectively.
Ve note that if the order of magnitude of ¢ i1s less than that of
a+b, then the corresponding solutions can be cbtained as a special
case with 2z = x,

We now treat the two cases separately.

case (1). It follows from (4.58) that

(5.65) 823 T(x,y2) - Wxyyyz + 4722) 7
- A2/3 [ Fxea=2/3,yen/3  51a2/3) o (en=2/3 y, gra2/3)
+ V(x&A'e/B,y-A'l/E,z+A'2/?17

+ % AQ/?Z_ V(x&A'E/B,y,z+A72/3) - V(x,y,z+A'2/31;7

o w325 Faern=2/3 pen3 en2/3) F(xen™2/3 g2/,

+

z+A'2/5l:7
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Letting A ==> « we see that V satisfies, under L

12 the following

partial differential equation:

2 =

3V _ x 3V _ x3V _  y 3V _
(. 64) "3z T 2z 3 ye 23z Tz 3y 1.

On or outside the boundary , V(x,ys;z) is given by

(k.65) Wxy,2) = T (x5,2)
where
(4;66) Vo(x,y,z) = Vo(a,‘b,c)/l-\.e/3 = Vo(%Ae/Bx& %Al/By,%AQ/BXh %Al/3y,
12/3,_42/3y 14203
= Wyl /2
vhich satisfies, in the region y > 0, the homogeneous partial dif-

ferential equation:

o _ _
: o~V Qv oV oV
x ) x 0 ¥ o o _
(%.67) B - s + 2 + = 0 .

POl

Thus the normalized net gain function ,

(5.66) W(x,3,2) = U(a,b,0)/a%73 = [V(ayb,0)-T (a,b,0)74%/

= V(X)Y:Z) - VO(X:Y,Z)

satisfies, under L

12 the partial differential equation:

=5

3

—

o W 3 W

e of e— = l .

3y d Yy

ISEFY

+

X 9
(4.69) B
oy

=
e

PO
e

We state below a lemma, without proof, that will be used in the

second case as well as in Chapter V,
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Lemma 4.3

If the parameters a,b,c of the Dirichlet distribution E(a,b,c)

tend to infinity along with A in such a way that

;’ at+b
s A%
}

/ -
(L,' 70) ei aab = ¥y ] x>0
)

A

k atb+c 2
A2a

remain finite, then

—i'g I E/_'“ "‘eﬂg(a:b;CV i‘ {¢(/y__) + 'L"L/-""g( ‘L[)-]}
(k.11)

= C(x,y,z), say .

case (1i): Just as in case (i), it follows from (4.58) in this case
(k.72) Al/e[ V(x,y,z) - V(X:V:Z+A-l)_7

- 2 A2 Tl a2 ) T (™ e

+-V-(x+A-l,y-A /,z+A )7/

+ %Al/e_[' V(x+A'l,y,z+A'l) - V(x,y,z+A'l)_7

+ a2, 41/ ar Faral a2, 20a"1)

- 7(x+A'l,y-A'l/ 2, z+A'1)_7

1,1/2. 1

2
. C(—Ax+2A y,EAx--;:Al/y

» Az = Ax) .
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. 1/2
Multiplying both sides of (4.72) by A/, letting A —> o ,
and using Lemma 4.3 with & = 1/2, we see that V satisfies, under

LE’ the following partial differential equation:
| 7 E: &
(h13) - 2L E 21
0 Z 2

oY

vV = ‘
- C .
v (X:V:Z)

o
<il

4.

SR
ol
o;‘cv

P4
z

Tt turns out that V_(x,y,2) = Vo(a,b,c)/Al/ 2

= !yl/z , as in case (1)
and hence satisfies the equation (L4.67). Hence the normalized net gain
function,

(1*'-735‘) W(x,y,2) =M(a,b,c)/Al/2 )

satisfies, under L,, the same differential equation (4.73).
Combining the two cases, we may state that under the appropriate
limiting conditions W satisfies for both types of costs per observaw

tion, the partial differential equation:

x W _ x aW .y W . dW _ =
(ho7h) = g;é * 2 3%R TZ Sy Yy S C(x,7,2) »
where
(k.75) C(x,y,2) = g . 1 , for constant cost

§vgl§ (L) + l_l.Z'l (- 121y7} for absolute
Sx X Jx  J? deviation cost
in the three dimensional region between the plane y=0 and the
boundary surface y = yl(x,z), say. At the boundary surface y=0,
symmetry gives the condition 9 V/Byly_o = 0 1n both cases. This,

together with 3 ¥V /5 yly—o = 1/z, gives the boundary condition satisfied
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by W, in both cases, as

(u;76) I

‘ .1
yt y=o0 z °

As before, from continuity, we have

(&.77) o,

i
Wy

ly=y, (x,2)
for both cases. The other free boundary condition can also be
derived as in the binomial problem; it turns out to be

¢ up to O(A'l/B) for case (i)

y=y,(x,2) = 7 -
L L up to O(A"l/e

' > Wl
(h.78) 35!
' ) for case (ii)

Again, due to symmetry, W(x,y,z) = W(x,-y,z) and the optimum
boundary yl(x,z) is symmetric with respect to the plane y=0.
Thus it is sufficient to consider only y > 0 .
The problem of finding the optimum boundary - .
along with the optimum net gain function is thus reduced to
a free-boundary problem which can be stated as follows after the

following transformation of variables:

r = -§ y 1S r<e ,

8 = % s 0<s< =»o ,

t =z, 0<t<e ,
Wl(r,s,‘t) = W(x,y,z) = x C(x,y,2)

1 ] r -
W(Q‘b 2 oF H ot ) - Cl(T,S,t), say .

A |
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TRANSFCRMED FREE-BOUNDARY PROBLEM:

To solve for the unknown boundary sl(r,t) and the unknown

Wl(r,s,t) where W. satisfies the partial differential equation:

1
azwl > W, {0<s<s (nt),
(4.79) 3 - ST ° 0 in /
3 s } 1Sr< @ )

L0<t< o

with the following boundary condltions:

d WI% 1 3 C
; - r

)

(4.80)

9 8 8=0

(4.81) Wl s=sl(r,t) = - El(r,sl(r,t),t) )

d Wy d Ei
<h'82) S 8 !S:Sl(r,t) =" 3 S S=Sl(r,t) ‘
Now
(4.83) C.(r,s,t) =! == , for case (1)
1 72t

<

)% .' \/2—5[¢(\/—:..;') + = \% - #(- ?-'i';)}_—/, for case (ii)

2t /2%

the latter formule reducing to

2 1 2
=+ = _F (-1/2,1/2;-5/t)
t ﬁll ’ ’

using (4.45). Thus

, for case (i)

(4.8%)

% A Fl(l/2,3/2;-sa/ht)

[ 2t 1

, for case (ii).
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Hence 3 Cl/é 8| g, 18 O for both cases.

‘b4 Series expansion for the optimal solution for large x (trinomial

problem)

Let
‘ s
(4.85) WE(T:S:t) = Wl(r,s,t) oo e
We now consider the two cases separately.

case (1): constant constant:

To solve for the unknown sl(r,t) and 'W2(r,s,t) where W,

satisfies the partial differential equation:

: aewe 3 W,
4,86) ——5 =« —= = 0 in 0<s<s.(rt))l<r< o, 0<t <o
asa 2t - 1M -
with the boundary conditions:
, 3 Wzé
! =
(1+.87) 35| s=0 " o ,
! : S (r,t)
' Y 1
(4:88) Vol g (v) = B Y TwF
2 1

As we are interested in solving this free boundary problem only
for small t, we may assume, as in the free-boundary problem of Moriguti
and Robbins / 30/, a series of expansion in t of the unknown boundary

surface as

(4.90) sl(r,t) = Co(r) + Cl(r)t + Cg(r) £2 5 ...

and, hence, a solution of (4.86) with boundary condition (4.87) of the

form
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(ha91)  Wp(r,s,t) = 2 A (r) % F (-n,1/25-5%/1%)
n

vhere, unlike the previous §ituation, the coefficients Cm(r) and

An(r) may now depend on r. It 1s possible to show as in Meriguti and
Robbins? problem, that the summation in (4.91) is over integral values
of n starting with n = -1. Moreover, the two free boundary conditions
(4.88) and (L4.89) are sufficient to determine the arbitrary functions
An(r) and Cm(r) éompletely. In fact, they may be obtained successive=
ly Jjust as before by equating the coefficients of equal powers of t
from both sides of each of the following equations obtained by substi;
tuting (4.90) and (4.91) in (4.88) and (4.89):

(h'.92)- 5 A(r)t (-n,l/a,-/'zc (x)t" 72/l+t) =

=-l n=0

% I mgocm(r) 27

(41.93) L 2nA (r)t 5= [ zc (T tm71Fl(-n+1,3/e,-/' zC (r)t L 72 /)

N=el m=0 m=0

I
Bl

The results are:

W
f

cl;l(r) csm_l(r);éo, n = 1y2y350e0 o

0’1,2’... ]

A(r) = &5 ((x) 40, n

and all other C!s and A's wvanish., The first few coefficients are:
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Ci(r) = 21'-2 f) Aé(r) = - %r )

cpx) ==, A - 2

C%(r) = -8—22 10 ; Aé(r) = - -]ig o )
. 48 _-11

A(x) =

s

Thus & series expansion in t of the optimum boundary sl(r,t)

for small t may be written ass

2 5
t 16 ,t 896 ,t.8
2(=) - = (2) + 222 (&
T 3r ‘r l5r2 r

vhich may be put in terms of the original variables (see (4.61)) as: -

(ba98) 5y (r,%)

' X\ 2
(4.95) vy (myz)ex 5 (Z, 3) = 23/ 1 - -3-2_-(_ +1;77‘_ &° - ... 7

whichever form is convenient. As 2z —> X, both, however, reduce to

(4.96) 7. (x,%) = 1 - L T o ...
S ex éxt 30 x! :

A more physically meaningful reparametrization of the boundary surface

mry be given in terms of the parameter
(4.97) =2 =%, 0<w g1

(the proportion of untied observations, in terms of the original

double dichotomies problem) as:
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. k=
@ i Tr2
(4.98) ¥ (z,57) = . .
1 ’ 2z 6Z£" 3 0 Z7

“ eos (for large z)

z denoting the total amount of sampling.
A series expansion for the net gain function (4.68) for large x

may be written as

(’*‘-99) W(KJY:Z) =Z - l’ - Z F (1:1/2:"3’ /2x) + - 3 1 1(231/2"3’ /EX)

22 a5/t o) + 5 5 (635 o)

-h827 11 1 1
Thus
(’4-.100) W(X O Z) - X - -—5—}'{_— + -l—"- - esos ]
7 b2® 4821 2880zt

In the special case 2z = x,

37

+ 7 " eee .

bx 1+8x5 2880x0

(k.201)  W(x,0,x) ..%-.. -

case (11): absolute deviation cost:
In this case W, satisfies (4.86) with the boundary condition
(4.87) seme as in case (i). Only the free-boundary conditions (4.88)

and (4.89) are changed to:

Fl(-1/2,1/2;—si(r,t)/ht)+sl(r,t)/r,

cH

(u'.loe) We‘ sms (2s%) = ©

2 1 &l

s=sl(r,t) t /% 2t

(1.103) Py (1/2,3/23-55(x,1) /4%)

a s
+ l/I‘ )

respectively. For small t, a series expansion in t of the solution

may be taken &as
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(4,104) s,(r,t) = ;:1 ¢ (r) £
(k.105) Wa(r,s,'b) = i An(r) £2 lFl(-n,l/E;-sg/ht)

vhere m and n are half integers and the summations starting from
m=3/2 in (4,104) and n = -1/2 in (4.105), just as in the corresponding
binomial situation. Substituting (4.104) and (%.105) in (4.102) and
(h.lOB), and eduating coefficients of eqﬁal powers of tfrom beth sides of
the resulting equations, the unknown coefficients Cm(r)'s and An(r)'s

may be determined successively. It is found that
1} — -
Cm(r) = C(um_l)/e(r) % 0 )y = 1’2;3,..0 s

0,1,2,3) *cee)

1 =
An(r) = A(hn_l)/a(r) ;‘ 0 s
and all other Cn’s and An's are zero. The first few non-zero

coefficients are:

HONNE T : A;{r) = - /% ;

cp () =-TZ—<—“¥_—'>» 4 - =0T

ci(r) = 197 (J’_r Al(r) = -'37: ('/—) )
ay(r) = 1111325"" (/—) .

Thus a series expansion in t of the optimum boundary sl(r,t)

— for small t may be written as:

. 3 PR
(1,206) s)(ryt) = /27 L2 LT (fE) 42, I (-f-;f—.-)5 a7,
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vhich may be put in terms of the original variables (see (4.62)) as:
(20 3 (2) = @) AL =l G o,

z z z
or, alternatively, in terms of T3 , the proportion of untied observa-
tions, and 1z, the total amount of sampling, as

2
1 197 7= 1
[1 2 * J60-16 R voe

(4.108) *( ,O) = AERE L
yi\E L o

or, still, alternatively, in terms of T and x s 88

2 L
(4.109) ¥, ) = L2 7@’-[1. Ry 1%8‘3% E?E- c e T

All three forms coincide as z —> x i.e., as @ ——>1 to

(4.110) yl(x,x) = y:(x,]_) = yg(x,l) = \[2’4._-‘; \/__;;: [l— Tz ___,__ +r 19711’ __l!._E 7

The net gain function turns out as
(4.111) W(x,y,2) = = % + Qy_/'-;: -d- )7
Jx

o i
+ @ (.’ZS) A ;175 lFl(-3/2,l/2s-y2/EX)

3/2
;_(;3_)_ (_) _.775_ F, (-7/2,1/2;-y% /2x)

2(2::)5/ 2 529 ,x
" N (")
1440 « 4

+

-—7— F(-11/2,1/2;-y 2 Jox)



128

Thus

2! en )3/2(_25

(h;llQ) W(x,0,2) = EZEE C§ ;37' ‘75

a(2x)’/2 529 1
Who « 4 (x) <172

+

In the special case, 2z =x,

' ofi 1 elen)?? 1
(4.113) W(x,0,x) = Ef;:_ 3p- 22 S

o(en)? sp9 1
ko « 47 Y

+

It may be noted that (4.110) is the same as (L4.54), the expansion
for the boun@ary yl(x) in the binomial problem wifh absolute de=
viation cost. Also, W(x,y,x) and W(x,0,x) in (4.113) are found to
be double the corresponding expressions (4.55) and (4.56) for the later

sitvation.



CHAPTER V
BCUNDS ON ASYMPTCTIC SOLUTIONS

5.0 Introduction and summary.

In Chapter IV we obtained a formal expansion in negative powers
of x (for large x) of the (normelized) optimal (Bayes) boundary,
Yy and that of the corresponding (normalized) net gain function W
as A «> o for the various sequehtial decision problems considered
in Chapter II., It is, however, very difficult to Justify these
formal expansions, The expansion obtained by Moriguti and Robbins
zr§g7 for their problenm (involving binomial model with constant cost)
has been shown by Breakwell and Chernoff‘z_;g7 torbe an asymptotic one
as X===> o in the sense that the error is small compared to the last
term. Their proof is rather involved. We shall consider 1n this
chapter a less ambitious objective of obtaining some bounds on the
true boundary using Bather's'[f§7.method. These bounds are valid
for all x, large and small, In fact, theyvconverge to the true
boundary wvhen x -;> o a5 well as when X ==> o . In as much as
these bounds provide even approximately the true boundary for inter-
mediate values of x, they are useful in themselves.. Besides, in so
far as the expansions of these bounds for large x are consistent with
the expansions obtained in Chapter IV, they provide an independent check

on then,
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As we are going to follow Bather's methods rather closely, we

try to keep matters simpler by retaining his notations as far as

.possible consistent with our previous ones., Bather's results, like

Chernoff's 1_;57, are concerned with a Gaussian process and deal

with the risk function rather than the gain function approach of
Moriguti and Robbins / 30/ to characterize the optimum (Bayes)
sampling rule. Since the optimum boundary remains the same for

either approach, our choice in the various studies has been prompted
by the relative advantages one offers over the other. In Chapters

II and III we concerned ourselves with the risk function as far as

the gemeral theory developed with réspect to it /79, 2k/ could teke

us and then changed to the gain function for some obvious reasons.

The recursién relations developed in Chapter III could only be ob-
tained in terms 6f the gain function. In Chaéter I1, the computations
of the optimum boundary are easier with the recursion relations in-
volving the gain function rather than with those involving the risk
function. In Chapter IV, we retained the gain function in deriving
the partial differential equation and the various boundary conditions
that it satisfies just to be consistent with Moriguti and Robbins, but
this portion could equally well have been carried out in terms of the
risk function with slight modifications of the resulting partialrdif-
ferential equations (viz., changing the sign of C, etc.) and the
boundary conditions. For‘the asymptotic theory the two approaches are
thus reversible, In order to adopt Bather's technique, it 1s, however,

imperative that one should consider the risk functicn rather fhan the
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gain function, because some of his arguments hinge critically on the

_particular functional form that the risk function takes on the boundary.

In the following analysis, therefore, we adapt the derivation of the
various differential equations along with the boundary conditions in
terms of the normalized risk function. These could, however, be easily
anticipated for the'binomial problem with absolute deviation cost, from
Chernoff's results for the Gaussian process problem with constant cost.,
Under the particular type of limiting tendencies that we are considering,.
the trinomial problem would have reduced to a certain (rather specialized)
bivariate Gaussian prbcess problem, Jjust as the binomial one reduces to
the univariate Gaussian one., We have, however, no special reasons for
considering this bivariate Gaussian process problem in order to derive
the partial differential equations and the boundary conditions satis-
fied by the standardized risk function for the trinomial problem. They
are simply obtained by mod:l.fying, as in the binomial problem, the corres-
ponding expressions in terms of the gain function thé.t @ are derived
in Chapter IV. ‘

In section 5.1, we first consider the binomial problem with ab-
solute deviation cost. The associated free-boundary problem (FBP) is
stated in terms of the normalized risk, E(x,y)"’; Transforming the

variables, the FBP is put in the appropriate form: The upper bound

*(t) for the true boundary o(t) and its expansion for large t are

obtained, A similar development is given for the lower bound E(t)""
Section 5.2 1is concerned with the correspbnding developments for the

trinomial problem with both types of cost.

he ambiguous use of the same symbol E for two different things may
be resolved by referring to the arguments.
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5.1 Binomial problem with absolute deviation cost.
We have seen in Chapter II, (2.60) that the optimum boundary
can be characterized by the Bayes risk p(a,b) which satisfies in the

go-~region the recursion relation

b
p(a,b) = ';;i"ﬁ p(a+l,b) + mp(a,b+l)+C(a,'b)

where

c(a,b) B/ | - 1/2] |a,17 ;

and assumes on and outside the boundary the value

p(2:0) = AE[[p - 1/2]]e,b7 - 4 ;;Eb
' a=b
(5.1) = AC(a,b) - A Aot .

Using the appropriate normalization (4.62) for this case, namely,

(5.2) x

(5'-3) Yy = I‘7§ ’

.
2

o(x,y)

i
k-2
[
Bl

and modifying the results of section 4.1, we see that, under L, the

normalized risk E(x,y) satisfies the partial differential equaticon

D - -— —
12 0, ¥ 20,22 _ . %
2 2+X ay+ax' C(X,y),
oy
in the symmetric region
-y (x) <y < y(x) , 0<x< =
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where yl(x) is the unknown boundary on which bounds are desired;

the boundary conditions are

ap . -

3y 0 on y=20
(5.4) P =B |

g ;7 on the unknown boundary
= IR A

2P D
(5:5) 3y = 37¥ )
where
(5.6) B (%3) = pfam)/at?

Using (5.1), (5.2), (5.3) 5 (5.4) and Lemma L4.1, we may write

p(xy) = Tlxy) - |y]/ex

JE UK X Jx

Considering only the upper boundary, (5.4) and (5.5) become

-l ol ogoldedy g

By, (x)) = B (v (x)

1t

,—p" (Xﬁyl(x)) Bé(nyl(x)) H
vhere the prime denotes differentiation with respect to the second

argument.

Let us novw put the above facts in Bather's notation. Let

5§ = = ’
S
t = x ?
f(s,'t) = E(X:Y) )
K(s,t) = EO(X:Y) ’



C(x,y)
v (=Rx .

Then f(s,t) satisfies the partial differential equation:

c(s,t)

o (%)

: 2
3° £ 3 f 3F - _
(507) a 52 + S ‘g‘—s' + 2t[c<s,t) + 'é—"‘_E_7 = 0

in
s ] < o (t)

with the following boundary conditions:

(5.8) B__JS;? = 0 on s=0

o/

due to symmetry ,
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£(s,t) = k(s,t) -
(5.9) = J—i:{cé(s) - 'lsl ¢ (-l.s.l_)} = 7215, say
whenever
[s] > o(t) , 0<t< ®» ,

and finally

2L G(s),1) = 2B (3(t),t)
(5.10) - - E- ) .

Due to symmetry again, we neeci consider only s > O.

Upper bound:

Following Bather, we consider the following family of separable

solutions of (5.7)¢

#(s,t) = t*° g(s) r any real constant.
’
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It follows from (5.9) that r = -1/2., Hence g(s) must satisfy the

ordinary differential equation

n

g"(s) + 5 g'(s) - &ls) = - 27/2 o(s, %)

(5§11)

- 2e{ge) v of 3 -  (-0) 7

'1/2g(s) is a solution of (5.7) « Now (5.11) does

in order that
not make sense as the right hand side involves +t. In order to make
sense we consider for the present an auxiliary problem where every-
thing remains the same as in the original problem except that the

cost function is now given by
a
cl(s’t) = % C(S,'t)

vhere a 1is some positive constant. The optimal continuation region

for this auxiliary problem then is bounded by straight lines, viz,,

£

L, = {(s,t); -% < s < X}..
The unknown constant A and g(s) are found from the following facts:
g(s) satisPies the differential equation
(5:2)  g"+sgt -g=-2e {We) s [ F-F ()7}

in 42/1 with the boundary conditions:

(5.13) g'(0) = 0
(5.1%) g®) = L(R) ,
(5.15) g = L'(x) .

Now the general symmetrical solution of the homogeneous equation

g'+sg'-g=0
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may be written as
go(3) = v [Hs) +s{z - F(-8)} 7

where vy is an arbitrary constant. A particular solution of (5.12)

with (5.13) is given by

g(s) = ag(s) - 2a y,(s)

where
s u v
2 2 :
(5.16)  yy(s) = s [/ _l§ e ¥ /2 a4 J('VQ o7 /25, /§ d(w) aw .
) u o /0
Let

n(s) = go(s) + gl(s)
be the general solution. Then the two constants Y and A are

determined from (5.14) and (5.15), i.e., from

(5'.17) n(%) Lx) ,
(5'.18) h'(x) = L'(}) .

- Writing (5;17) and (5‘.18) explicitly, we have

(5.19) v[HR) + X {3« AR T+ & 60 22 4, ()= 9R)K KK
an@

(5.20) v [3-HR) T -aXgR) -2 yI(R) = ~ FKX)

Eliminating vy froam (5.19) and (5.20), we get

(5'.21) * g+ 2 4R [% - H(-x)7 {1 + %2 +¢-(% _/'X x}ri(’i)-\blﬁﬁ}—-— -2—}-
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which determines the critical level N for each a > 0 uniquely.
Uniqueness follows from the positivity of the left hand side of (5.21)
which is a consequence of the definitions of the various functions
involved therein.

If we now replace the constant a by the running variable t,
then the resulting solution 'K(t) will constitute, following Bather,
an upper bound on o{t). It may be verified, moreover, that (%)
is decreasing in t. To show this it is sufficlent to show that the
left hand side of (5.21) is increasing in X. This can be proved in
its turn by direct differentiation and by utilization of'the differen-

tial equation that Ql(s) satisfies, namely,
JORESHORIOREVE 82 7.
It aan also ba seen *rom (5.21) that A(t) ==>o and t -->-O and

M) ——>0 as t—ém.

It is thus possible, in principle, to obtain the actual values of

Mt) by solving (5.21) for A after substituting a = t. In practice,

however, difficulty arises because of the presence of temms involving

the untabulated fun >tlons and ¢i. Now it follows directly from

]
the definition (5.16) of §, that
\‘!i(}:) 2 0,

and R HORENOFII

It can be seen from (5.21) that if some positive terms are omitted
from its left hand side, the resulting solution,\i(t), say, can only
exceed A(t). Thus an upper bound to the upper bound A(t) may be

obtained by solving the equation:



138

R2(6)7 = = -

(5.22) R(t) GR(6)) + /2 - FKE) 1+

At), unlike X(t), is amenable to computation using the normal integral

tables. It may also be verii‘:.ed from (5 22) that A(t) 1is decreasing
in t and that A(t) -->»m a8 t =w=>0 and A(t) =—=> 0 as
L o >

Asymptotic form of upper bound for large t.

Lemma 5.1
1 (s) = ofs")

This follows readily from the definition (5.16) of ¢l(s) using the

following transformation:

w
W’.‘:-_‘; ’ V':-E’ u’=‘—;, OSW,,V’,u' 5 1

i

;u,e w13 e-.*32/2_7_{"11’2 {l-v'e(l-w’E)}j

0

, 1
(5.23) /B yy(s) s’*j
e]

O H

dw? dvt du?,

Ml[.Sh+M686+ eee

L
o(s7) ,
where the coefficilents Mh’ M6’ «ss 2y be determined by expanding

the integrand in (5.23) and integrating term by term,

Usging Lemma 5.1, it can be shown that for large t,

' 3
(5.2 M) =LE 3 - FEEE S0 (),
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and 7

>
-0 L oy

1@

O

For large t, we do not lose much by using the computationally more

convenient form A(t) instead of N(t) .

Lower bound:

Without going into the details of the arguments that lead to the
inner bound, for which we refer ‘to Bather, we just indicate the perti-
nent steps relevant for our case only. Following Bather, we consider

here the following family of solutions satisfying (5.7) and (5.8) :

(5.25)  Folest) == JE 8% - H-s)] + Ea glo) -

Eliminating the parameter @ from the two equations below obtained

from the boundary conditions v(57.9) and (5.10) ,

Flp(t),t) = K(p(t),t) ,

Felo(t),t) = Kk'(o(t),t) ,

the inner bound, p(t) is given by the equation:

p(6)8(B(t)) + /5 = H-p(+)) T/ 1 + 5°(+) 7 N

, ' = = ot
2/ 1 + B(e)7g(e(e)) AR Bt _ 7
LR ) T e

(5;26)

The existence and positivity of p(t) follows from the positivity of '
the left hand side of (5.26) that is obtained by using Gordon's in-

equality / 207 on Mill's ratio, viz.,
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equality obtaining as X > o ,
It may be verified from (5.26) that p(t) is decreasing in t
by showing that the numerator and the denominator of the left hand
side of (5.26) are, respectively, increasing and decreasing in p .
It may also be verified that p(t) —-.> ® a8 t =w> 0 and p(t)=> 0
as t -;-> © , From {5.26) again the asymptotic form of p(t) for

large t. turns out‘as follows:

(5.2m) B(t) =~Z LI /R L ol

Now writing (5.24) and (5.27) in terms of the original variables x and
y given by (5.2) and (5.3) respectively, the bounds on the optimum

upper boundary for large x may be written as

- 5 7 1 1

Fy(x) = L =L AT
and

v, (x) = L= 7}1{__[1_ 1. °<71?2')-7

whereas the exact upper boundary (4.54) from Chapter IV is

R T =

X
It is to be noted that the first order term is the same in all three
expansions above and that yl(x) lies between §i(x) and zl(x)

for sufficiently large x.
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5.2 Trinomial problem

As already noted in Chapter II, (2.100), the optimum boundary
can be characterized with the help of the Bayes risk p(a,b,¢c) which

satisfies in the go-region the recursion relation

c

a b

+ C(a,b,c) p)

where
C(aybye) = 5 1 , for constant cost ,
LE[ [t -7, 250,67 for absolute deviation
. S cost ;

and assumes oh and outslide the boundary the value

A 3[_'“1-ﬂ2"33b527 - A a-b| ;

po(a’b’c) atbt+c

Considering the two different types of normalizations for the two

types of cost, viz.,

X = (a+b)/A2/3 s
y = (am)/at?,
z = (a.+b+c)/A2/5 H

p(a,b,c)/A2/3

o(x,y52)

Bo(xsz) = pfanb.c)/n?? ;

for (i) constant cost, and
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x = (at+tb)/A,

y = (a-b)/al/?,

z = (atb+e)/A
B(x:Y:Z) = D(a:b:c)/Al/e )
Bo(%752) = B (aybye) /a2 ;

for (1i) ebsolute deviation cost, using Lemma 4,3 with @ = 1/3 for
case (1) and with o = 1/2 for case (11), and re-expressing the
results of section 4.3 in terms of the normalized Bayes risk
o(x,¥,2), we have the following: |

Under the appropriate iimiting tendencies for the two types of
cost, p(x,y,z) satisfies the partial differentiation equation

2

X 2 p ., ¥Y3P.X23Pp.3P _ _ 37
OB) 7 2t EIiytioEtEs - - Clowe

in the region (symmetric with respect to y=o0):
-yl(x:z)<y<yl(x,z), O<xfz< @ H

yl(x,z) being the unknown upper boundary surface on which bounds

are desired; and where

C(x,y,2) = 1 for case (i),

_LJ. a/;c J——l -LJ- -—'—l or case
5 {¢(/_) J__Q?'( )}f s (ii)

Further, E(x,y,z) satisfies the following boundary conditions:
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(5.29) -g—-;é = 0 on y=0 due to symmetry ,
' - - 0
(5.30) p = b,
_ on the unknown boundary surface ;
- 9P
ap. °
(5.51) 3y 3¥YVY
where
5 nye) =2E gy - bloge L :
VE R e

Considering only the upper boundary yl(x,z) , (5.30) and (5.31) may

be written explieitly as
(5.32) B(x,yl(x,z),z) = Bo(xiyl(x:z):z)

(5.33) o' (xyy(x,2),2) = ol(x,y,(x,2),2)

where the prime denotes differentiation with respect to the second

argument. We now make the following transformation

S

it

s 3 ow < g <
X

=

t = X > 0<t <

f(r,s,t) = E(X:sz)
(5.34) k(r;8,8) = B (%72) = 7:‘_— #e) - Ie] H-lsDy
c(r,s,t) = f—cﬁ(x,y,z)
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(5‘-35) =j r , for case (i)
l% {#e) + [s1[F - H-1s1)T§, tor case (11)
g(r,t) = 3’—1—(/-_2;-2—)- .

It follows from (5.28), (5.29), (5.30) and (5.31) that f£(r,s,t)

satisfies the partial differential equation:

2 .
(5.36) &5 + s3I + 2t/ e(ms,t)+ 2L 7 = o

in

[s] < o(rt), 1<r<e®, 0<t<o,

with the following boundary conditions:

(5.37) -g-—: = 0 on s =0 due to symetry ,

£(rys,t) = K(rys,t) whenever [s]| > o(r,t) ,

and

%‘g (1‘: E(I‘:t):t) %“% (r, E(r,‘b),‘t)

2 . - o(r, S4) .
= 4= 5(x,t)) by (5.34)

Again, due to symmetry, f£(r,s,t) = f(r,-s,t), and it is sufficient

to consider only s >0 .

case (1): constant costs

Upper bound:

Because of the particular separable form (5.34) of K(r,s,t)

we seek solutions of the form
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| . L
(5.38) £(r,s,t) = g(s)

Substituting (5.38) in (5.36), we see that g(s) should satisfy the

drdinary differential equation
(5.39)  &"+sg' - g=-2rt3? o(r,s,t)
Remembering that

c(r,s,t) = r

for this case, we are led to consider the auxiliary problem with the

new cost function as

e (rys,t) = o
1M r2 t372
where a 1is an arbitrary positive constant. Now proceeding as in
the binomial problem, an upper bound A(r,t) on o(r,t) is obtained

from the following equation:
NMzr,t)
' =2 2 2
- N(x,t) -y /2 _ 1
(5.40) e / Ty ey
()
From (5.40) one can easily deduce the following facts:

(5.41) 1. % 4is decreasing in r as well as in t.

(5.42) 2, Fora fixed r >1,

X(ro,t) —-> o0 as 't --—) O .
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(5.43) 3. For any two fixed 1<r <7

1 2 !

-}.\-(rl,'b) 2 X(I‘e,t) » 0<t< ® )

and hence
Mryt) < M1, ), r>1,0<t<e .

4., For large +tr, an asymptotic form of N is given by

B R(r,t) = L 1 e (st : .
(5.44)  N(r,t) PCRT L1-5( ;—2—:0'375) + O(W) 7

Lower bound:

We consider the following family of curves satisfying (5.36) and

(5.37):
‘ .-.52/2
(5.145) Fa(r,s,t) == rt ¥(s) + ofr) ST e )
where the parameter @ is now allowed to depend on r, and

5 .
v(s) = Se-se/Qj ex2/2 ax .

0
The boundary conditions (5.32) and (5.33) for the family (5.45) involve
the inner bound p(r,t) as can be shown similarly to the binomial

problem, using the arguments of Bather, as follows:

K(r, E(r,‘t), t) ,

L]

(5.56)  F (r, Blryt)yt)

(557) B (r, Blrst),8) = K0 (m,B(rst),t) .

Eliminating the parameter o(r) from (5.46) and (5.47), using (5.34)

and the relation
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#s) = s 4'(s) = s/ u(s) - 17,

o(r,t) is given by the following equation

sag) L1 PD -5 -BdE) _ 1,290

8+ 4(e)/ b

The facts (5.41), (5.42), (5.43) stated above for A also hold for
p, as can be verified from (5.48) utilizing some facts about ¥
glven by Bather. Also, using the asymptotic form of w(s) 'given by

Bather, an asymptotic expansion of B for large rt 1is given by

2
- 1 , 2/ 1 1
(5.49) B(r,t) = [1-—=( ) + of ) 7 .
2 925 T T B3R ERYE
The asymptotic expansion of the exact boundary yl(x,z) obtained

in (h.95) for large x and hence for lage 2z, when written in the

notation of this chapter, is given by

(5.50) 7 (r,8) =—gte [1-3 (gl + gL (5 N
’ or® 49/2 323 15 Y 25/ -

A comparison of (5.50) with (5.49) and (5.4k) gives a verification

of (h°95).

case (ii): absolute deviation cost:

Upper bound: Equations (5.38) and (5.39) are obtained as in case (i).
Remembering from (5.35) the expression for c(r,s,t) in this case,
we are led, as before, to consider the auxiliary problem with the new

cost function as

cl(r,s,t) = 5%_ % ¢(s) + ?sf.zié - 4(- !s[);7} .



148

Proceeding as usual we arrive at the same equation (5.21) defining

N for a fixed a in the auxiliary problem. Replacing a in

(5.21) by rt, the resulting equation gives AN(r,t), an upper bound
on E(r,t). We may, as in the binomial problem, obtain an upper bound
Mr,t) to XN(r,t) defined by an equation like (5.22) with the t
in its right hand side replaced by rt. The same three focts (5.47),
(5.42)and (5.43) also hold for either A(r,t) or A r,4) in this
case, Finally, for large rt, asymptotic expansions Ffor them may be

obtained as follows:

‘ 2
(5.5 Rmt) = 2B L1 2 dE) oy T
2 2 3 -
Ret) = L2 L mo 2 (¢80 () 7

Lower bound: As 1a the binomial problem ¢ {8ec (5°¢j,1 we consider the

following family of solutions to (5.36) arnd (5.37) ,

To(rs8:%) == 28 s [5 - $-0)] + ofx) JB ()

where the parameter ¢ may now depend, as in case (i), on r.
Eliminating or) from the following two equations, resulting

from the boundary conditions (5.32) and (5.33) ,

K(r, E(r:t)at) 3

Fa(l"m ar,t),t)

FO/(% ;{;r:’t),t) X*(r, E(I';t):'t) ’

the inner bound g{r,t) is given by the same equation as (5;25) with

its right hand side replaced by 2(1 + ;1) The same three facts (5.41),
(5.42) and (5.43) also hold for p(r,t). An asymptotic expansion of

o(r,t) for large tr is given by
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. 2 5 _
(5.52) B&ﬂ);:@? 5;11-<§}>+og%)_1

Expressing the boundary yl(x,z), obtained for this case in (h;107)
of Chapter IV, in the notations of this chapter gives
: 2 L
(5.55)  Slrt) = LE Lol I8 s o) 7.
Copparipg (5.53) with (5;51) and (5;52) gives an independent check on

(4.107).
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