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SUMMARY

The boundary element method enables solution of the mixed boundary value
problem in closed and open domain. The solution includes, in contrast to the
finite element method, the radiation boundary condition if the domain extends
to infinity.

Unknown displacements or stresses can be calculated on the soil-struc-
ture interface, on the surface or in the interior of the subgrade. Since the
fundamental solution for the FOURIER transformed wave eguation does not have
to satisfy the boundary conditions - except at infinity - the method is ap-
plicable to imbedded foundations and to layered soil, as boundary and inter-
face conditions are enforced by the boundary integral equations.

Internal damping of each soil layer may be introduced by a complex modu-—
lus of elasticity.

The boundary element formulation leads first to a displacement/traction
relation for limb soil-structure interfaces. Through simple matrix manipula-
tion the dynamic stiffness matrix of a limb foundation may be derived. It
could be used in this form to handle mass and stiffness coupling with the
structure. Structure-structure interaction deces not bring in any more com-
plexity other than higher demands on computer time and storage fiir the numer-
ical calculation. If the foundation can be considered as rigid, kinematic
restrictions on the soil-structure interface are intrcduced to condense the
dynamic stiffness matrix to the rigid body degrees of freedom before coupling
with the structure is performed.

In the paper parametric studies are presented for rigid foundations.
These include comparison of compliance coefficients of slender 3-dimensional
and strip foundations, the effect of topographical disturbances of the soil
surface and the influence of embedment on structure-structure interaction,

calculated here for two-dimensicnal problems.
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1. Introduction

Soil=structure interaction is commonly performed in the frequency domain,
where in a multistep analysis the structure and the soil are treated as sepa-
rate substructures. The structure including its footing is usually discreti-
zed by standard finite element techniques. The soil, with a soil-structure
interface of the same shape as the actual foundation, may be discretized by
cne of the three methods:

~ the finite element method with transmitting boundary conditions,

~- the half-space method,

- the boundary element method,.

The first two methods have been applied successfully and applications can
be found in IDRISS et al. /1/. The third method is relatively new in its ap-
plication to soil-foundation systems and is described in DOMINGUEZ /2/ and
OTTENSTREUER and SCHMID /3/. Extensions and additional applications are given

in this paper.

2. Boundary integral representation

We assume that the soil is a linear elastic or visco-elastic continuum
with finite od infinite extension. In the frequency domain its spatial beha-
vicur is described by the FOURIER transformed wave equation subjected to
specified displacement and traction constraints along the boundary, and to
the radiation boundary condition if the body extends to infinity. Applying
BETTI's reciprocity theorem to the boundary value problem (see Fig. 1) leads
to the boundary integral representation, here written in index notation,

B, u, dB + [ & w dr = [p, u as + [t % ar, (1

B r 1 B 1 1 T 1 1

where u ti’ p; are the components of displacements, tractions and body for-
ces, respectively.

Let ;. be a singularity of the body force, equivalent to a unit point
load at x; in the direction j and let Gij and ;ij be the corresponding free-
field GREEN's functions, i.e. the fundamental solution ef eg. (1)} in the full-
space. Then, neglecting body forces p;r edg. (1} leads to the boundary inte=
gral equation

e ou, (%) ¢ FE L eox®) w0 ar =f b ™)t (x) dr, (2)

i o 43 i p 13 i
with x,x% € r.

The constant ¢ depends on the singularity of the kernel Eij and on the
smoothness of the boundary. f represents CAUCHY's principal value. Details
are given by HARTMANN /4/.

Note, that the inertia forces are retained in the fundamental solution.
The fundamental solution is given e.g. in CRUSE and RIZZO /5/.

Since the fundamental solution satisfies the radiation boundary condition,
the integrals in eqg. (2} extend only along the 'finite part' of the becdy,
where displacements or tractions are specified.

Considerable further simplification may be achieved if GREEN's functions
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can be found which satisfy the homogeneous boundary conditions. In this case
the left hand side integral in equation (2) extends only over that part of
the boundary where displacements are given, the right hand side inte-

gral extends only over the part where tracticons are specified.

In the problem shown we have essentially a boundary value problem of the
2nd kind, with loads prescribed along the surface of the soil, being zero
outside the foundation, and with kineamtic constraints along the soil-struture
interface.

Eg. {2) now reduces to

u, (x*) = '[G..(x,xa) t. {x} dr x,x*e€r {3}
i r 1) ] I
In eg. (3} the index I stands for the soil-structure interface F1 and tj
is the unknown contact force, influenced by the kinematic constraints of the
foundation.
RUCKER /6/ used an equivalent formulation to calculate kinematic inter-—
action of surface foundations. In /6/ the GREEN's function for a point load

in half-space is given.

3. Boundary element discretization

We subdivide the surface T into discrete segments and expand the unknown

displacement and traction functions in polynomials

u. (x) = ofx) uf xer
] ] g (4)
- B 8
tj(x) = Q7 ({x) tj X € r,
where QBis the patch function in- the patch B.
Eg. {4) into (2) yields the boundary element equation
a f* a, B s=f* a, B
c ui(x y + J tij(x,x } e° dar uj d uij(x,x } e dar tj’ {5)
or in matrix notation
Tu=0U¢t. (6)
Similarly, eg. (4) into (3} would reduce to
u=Ut. (7)

The formulation, given in egs. (5} and (6) is, with the free-field
GREEN's function, valid for any bounded or unbounded homogeneous body with or
without interior boundaries. The discretization with boundary elements should
extend over the boundary segments r, and I, {see Fig. 1} . Numerical experi-—
ments have shown so far that it is often sufficient to discretize only the
soil-structure interfarce or a relatively small area outside the foundation.
But more experience has to be gathered. This is especially necessary for
stratified soil, where additional discretization has to be introduced along
the soil interfaces. '

The formulation used e.g. by RUCKER /6/ where the response of the half-
space due to a harmonic point force has been chosen as GREEN's function {egs.

{3} and (7)), is applicable only to surface foundations on the homogenecus
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half-space. Its advantage, however, is that only the foundation area has to
be discretized.

It is interesting to mention here the so called 'decoupled formulation',
which can be derived from egs. (5) and (6). OTTENSTREUER and SCHMID /3/ used
it for surface foundations on the half-space. The assumption that vertical
and horizontal vibrations are decoupled implies that the T-matrix in egq. (6)
is a scalar matrix and that the discretization outside the foundation has no
contribution and may therefore be cmmitted. The matrix form corresponds here

to eq. (7).

4. Dynamic stiffness of limb and rigid foundations

We assume for the following that in the boundary element the patch func-
tion is equal to one. u? and tg may then be interpreted as the displacement
and traction component in the center of the element B. Let the area of the

B

element be A" and the diagonal matrix A the areas of all elements.

With the definition of the element (nodal) forces

P=at (8)
the force displacement relation

u=EFEPE or E=Ku (9)
follows.

The compliance F and the impedance K for a limb soil-structure interface
are given by
F=7"vua' and X =2y T. (10)

The dimension of F or K can always be condensed to the number of the
degrees of freedom of the soil=structure interface.

The dynamic stiffness matrix K may be used to couple the soil with the
mass and stiffness of an elastic structure, using standard coupling technigues.

If the foundaticon can be considered as rigid the dynamic stiffness can

be condensed further to the rigid body degrees of freedom, @1, through the

transformation
K=a Ka (11)
where the matrix a is defined through the kinematic constraint equation
u=at (12)

between the displacements of the socil-structure interface and the rigid body
displacement of the foundation.

It may be mentioned here, that for a giveﬁ load P, acting on a rigid
foundation ,the contact foreces t between foundaticon and soil follow from

P=ko, withe=a"p (13)
together with egs. (12) and {6). Numerical computations show that the results
for quadrilateral surface foundations, obtained with the decoupled formula-
tion agree with those given by GAUL /7/.

The following numerical results are calculated in non-dimensional com-
plex form, using the usual dimensionless freguency a . The homogenecous scoil

has a PUISSON's constant of v = 0.25.
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5. Numerical results for rigid foundations

5.1 Comparison of rectangular and strip foundation

Rectangular foundations with a large aspect ratioc will behave in the
same way as strip foundations. The convergence from 3-D towards 2-~D vibration
behaviour is shown in Fig. 2, where the relation of 3-D to 2-D impedance coef-
ficients is plotted over the aspect ratic a/b. In the 2-D and 3-D calculations
only the foundations are discretized by boundary elements, using the 'decoup~
led formulation'. For an aspect ratio a/b = 10 there is satisfactory agreement
of 2--and the 3-dimensional impedance representations.

5.2 Topographical variation

The compliance coefficients of a strip foundation on three different
surface configurations are shown in Fig.3 in dimensionless form, where the
non-dimensional coefficients fxx' fzz' fxm are related to the dimensiconal com-
pliance coefficients through the factors G, ¢ and Gb, respectively. The re-
sults of a foundation on a plane surface (case 2) are compared with those of a
foundation in a ditch {case 1) and on a dam (case 3). The influence of the
topographical variation shows up mainly for low frequency values. The devi-
ation between case 2 and case 3 is more pronounced than that between case 2
and case 1.

5.3 Variation of embedment

For a structure-structure interaction problem the influence of the
embedment of structure II (see Fig. 4) on the dynamic stiffness coefficients
is shown. The elements of the 6x6 impedance matrix are calculated in dimen-—
sionless form, where the non-dimensional impedance matrix is the inverse of
the non-dimensional compliance. The figures shown here include only the 3 main

diagonal coefficients of foundation II and the cross-coupling coefficients
Kyut Kot Ko
motion of structure I on the force Ez of foundation II.
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