#1713

THE CRAMER-RAO FUNCTIONAL AND LIMITING LAWS

by
Eddy Mayer-Wolf

Department of Mathematics and Statistics
University of Massachusetts
Amherst, Massachusetts 01003

and

Department of Statistics
University of North Carolina
Chapel Hill, NC 27599-3260
USA

Key Words and Phrases: Fisher Matrix, Cramér-Rao functional, convergence in
variation.

AMS 1980 subject classifications: Primary 60F05; Secondary 49B50



ABSTRACT

Global versions of the Fisher information matrix and the Cramér-Rao
inequality are considered. We study properties of the Fisher matrix such as
continuity and convexity and use the Cramér-Rao functional as a variational
tool to prove convergence to Gaussian laws. These concepts are generalized

to non-Gaussian limiting laws.



§1. Introduction and Notations
In the context of statistical estimation, the Cramér-Rao inequality is
well-known. Namely, with any member of a family {pe}eeH of probability
densities on R", sufficiently smooth in 6 € H (an open set in, say, Rm) is
associated the Fisher information matrix J9 of order m, Je =
(7gPg (X)) (7gpg (X))
pg(X)°

the expectation with density pe). The Cramér-Rao inequality provides, in

0 (ve is the gradient operator with respect to 6, Ee

terms of Je. a lower bound for the error matrix of any unbiased estimator 6 =

h(X):
- AT ~1
Eg(6 - 8)(8 - 8)" 2 Jg V 6 € H. (1.1)

(Throughout, the matrix inequality A > B means that A - B is a symmetric
non-negative matrix). Consider the following particular case (cf. [Pitman,
1979, pp. 36-39]) in which n = m: if p(x) is a "reasonable” density on R"

with p = [ nxp(x)dx and if pe(x) = p(x-0) for each 6 in some neighborhood of
R

the origin, then clearly h(x) = x-u is an unbiased estimator of the location

parameter 6. For 6 = O, (1.1) becomes

covar(X) 2 J_l (1.2)
where X is a random vector distributed with density p and J(=JO) is given by
E[(vp(X))(vp(X))/p(X)2]. Note that (1.2) is an inequality on the density p.
not necessarily connected with any estimation setup, and has a simple direct

proof.



Here, for (1.2), we shall assume fewer regularity conditions on p
(p € H(Rn) as in (2.2)) than the usual proofs require (cf. [Rao, 1973]).

This work concentrates on two issues connected with inequality (1.2).
In Secﬁion 2 we shall consider properties of the Fisher matrix J = J(1) as a
function of probability measures (such as continuity, convexity, etc.). The
main result in Section 2 1is Theorem 2.1. Theorem 2.2 is known with
additional assumptions ([Barron, 1986], [Stam, 1959]). It is included here
as an immediate consequence of Theorem 2.1. In Section 3 we shall exploit
the simple fact that equality is achieved in (1.2) iff p is Gaussian to
establish that probability measures which "nearly"” achieve equality in (1.2)
are "close” to being riormal’”thus providing a tool for proving convergence to
Gaussian laws. o e

In particular, wé%dis@uss_in Section 3 the use of these methods by
[Brown, 1982] and [Barron, 1986] in the classical CLT. Here we Jjust mention
that asymptotic equality in (1.2) for the normalized sums of iid's has not
yet been established in:full-generality. On the other hand we have succeeded
in using the results :of .Section 3, extended to random measures, to prove a
CLT in nonlinear filtering. Namely, if J: denotes the conditional
probability measure of the state of a diffusion process x, conditioned on the
paths yé of a second observation process, with T denoting the "signal to
noise ratio” in the observation process, then in probability as 7 » « J:,
suitably normalized, converges to a Gaussian law ([Mayer-Wolf, 1987]).

Section 4 extends (1.2) to an inequality involving a weighted Fisher
matrix. This extension allows one to obtain, along the lines of Section 3,
convergence to limiting laws other than normal.

The following notation will be used. For any topological space X, B(X)

will denote the Borel o-algebra, P(X) is the set of probability measures on
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(X,B(X)) and )‘n is the Lebesgue measure on (IRn.B(Rn)); weak convergence in
P(X) will be denoted as usual by =>. We use the standard CX(X). C,(X) and
Lp(X) function spaces, 1 { p { ®, (with respective norms W<l , l-il_, II°IIp);
also, for any finite signed measure p on (X,B(X))., its total variations norm

is lpli sup |J'X f(x)u(dx)]. In P(X) we say that M, converges to u in

£€C,(X)
e =1

1 =

total variation and write pu 3 p if llp-p 0, = 0.
n nl

The trace of a matrix A = (aij) is tr A = 2 a,, and v is the formal

1 ii
(weak) gradient operator acting on functions of n real variables, vf =
af 1® F
T . inally the n-dimensional Gaussian densities are denoted by
i‘i=1 ' '

?, A(x) = ((21r)ndetA)-% exp(-%(x—a)TA-l(x-a)). the corresponding distribution

functions by d)a A and the measure they induce*fbn«{Rn.B(IRn)) by Byp e

82. The Fisher Matrix and Its Properties
For a region D C R" let W1'2(D) be the::Sobolev space of functions

belonging to L2(D) together with its first (wegk)i‘derivatives (cf. [Adams,

1975]) equipped with the norm lifll = (Ilfllg + ~ll|‘vf|ll§)”. and define

1,2
H(D) = {u € P(D)Ip = L exists and p” € W'2(D)) (2.1)

and ’
HD) = {u € HD) | [plx? u(ax) < =. (2.2)

For p € H(D) we define the Fisher matrix

Jm) = 4 5y (°(0) (0%(x))Tax (2.3)
while if p € H(D)

i = I () (2:4)



and

3(n) = f () () (ex) (2.5)

Remarks: a) Setting A = {x € D|p(x) = 0}, u(A) = J'D IA(x)p(x)dx = 0. Then
the matrix J(u) can be rewritten as any of the following equivalent

expressions.

fnm‘%%%ﬂ‘u“"‘ I [p(x)] [p(x)] n(dx) = 26

Ip(v enp(x))(v enp(x))" p(dx) = -f; vo! enp(x)u(dx).

(The last term requires further regularity for P).

b) For n = 1, it foltlvbv‘ls?mi'trom Sobolev's imbedding theorem ([Adams, 1975])
that if p € E(D) thei'f P S{s”";’;;écéssarily bounded and continuous. For n > 2
this is no longer true. :

c) We shall not distinguish between a random vector X and the measure My it

induces. Thus, terminology 'such as X € H(D) J(X) or "the mean of pu" will be
adopted freely.

THEOREM 2.1. Let D be a region in R" and (uk)k21 a sequence in H(D) with

densities P and M => u € P(D) as k » o, Furthermore assume that

tr J(p) M < Vk2I1. (2.7)
Then
(1) pe E(D) (with density p).

(i1) tr J(p) < lim inf tr J(u.k)

k-

iii - p in L1 as k » ® (equivalently y n).
Py Hy

Proof: First note that if v € H(D) with density = then




% 2
g, =1+ 5 tr J). (2.8)

Assume now that D is a bounded region. By (2.7) plf is a bounded
sequence in W1'2(D) ahd thus by the Rellich-Kondrachov compact imbedding
theorem ([Adams, 1975, Th. 6.2]) a compact sequence in L2(D). It follows
that there exists a subsequence of plf (wvhich, without loss of generality we
shall assume to be pi: itself) such that pﬁ = g in the weak topology of
W1'2(D) and pﬁ - ;0 in L2(D). It is straightforward to verify that gy = EO

a.e. We have

oy = gglly < Utk + glly el - gy < 2 - g w0
which proves that gg is indeed p's density p and that conclusion (iii) holds.

1,2

Since g € W '%(D), (i) also holds. Furthermore, since in any Banach space

40y

the norm is a lower semicontinuous function in the weak topology, and in view

of (2.8):
tr J(u) = 4lgglls 5 - 4 < 4 lim inf Ipl> 2»-' 4 = lim inf tr (JGy))

which proves (ii).

Now let D be an arbitrary region, not necessarily bounded. Choose ¥ €

: 2
= =3 '
C3(R) such that O < w(p) < 1 Vp € R, (0,01 =1 ¥l[y ) = 0 ond Y—(ﬂlw(p) <

C1 (o Vp €(0,1). (An example of such a function is yY(p) = exp{—p3/(1—p2)},

0 < p <1). For a sufficiently large positive N we truncate any probability
measure 7 with density # to a probability measure nN by defining its density
WN(X) = aN(w)\p( |x] - N)w(x) where aN(1r) is a positive normalizing factor.
Note that as N = o, aN(n) - 1 and 'lrN = ¥ in LI(D)' uniformly on any tight
family of probability measures. Furthermore, if 1 € ﬁ(D) one can verify

N

directly that n € H(D) and



er J(Y) < y [tr () + Cn({Ix] > N})] (2.9)

aN(n

where C is a constant independent of N and n.
Returning to the given sequence e for any sufficiently large N it is
obvious that 1.:11: => uN and from (2.9) it follows that (2.7) is satisfied for

{u.E}, hence the theorem’s conclusions (i), (ii), and (iii) hold for the

truncated measures, i.e. uN €HD N {|x| < N + 1}) (with a density we shall

call pN by an abuse of notation) and pz - pN in Ll.

Now, being weakly convergent, {uk} is a tight sequence so that, by a
previous remark {pg};:21 are Llﬁuchy sequences uniformly in k = 1,2,..., by
which {p }N 1 is also Cauchy, thus converging in L1 to a density p which
obviously is u's density From (2.9) and the tightness of {u.k} it follows

that for each e > O

A
LI T

2
lepl” N N
Fxlay —p — (0)ex < aN(u)tr (7)) < ay(n) liﬂqinf tr(J(y)) <

e

< ay(p) lim inf ——r & Hk) [tr (Jy) + cpk(|x| > N)] <

k- 5

< (1 +e€) lim inf' tr J +
(1+¢) lim ¢ () + e

for all N sufficiently large, from which we obtain the theorem'’s first two
conclusions. Finally, conclusion (iii) follows by using the equivalent

result for the truncated measures and a standard e/3 argument. ]

Remark: Let w € R® have positive components and consider the weighted trace

)
IRXn

of a matrix A = (aU) € , namely

n
trwA = 3 w,a (2.10)

i=1 i7id




Then Theorem 2.1 obviously remain true if "tr" is replaced everywhere by

"trw". (The Sobolev space W1'2(D) should be equipped in this case with the

2, 2 3f , %
equivalent norm IIflI1 oy = (Ilf'll2 + 3 willa-llz) ).
*e i=1 i

LEMMA 2.1. Let X be a random vector in H(R"), b € R” and A a non-singular

T

n x n matrix. Then AX + b € H(R®) and J(AX + b) = A} J(x)A~L.

Proof: Follows immediately from the definitions. , =

COROLLARY 2.1. Conclusion (ii) of Theorem 2.1 can be replaced by the
stronger statement:

(i1)' For each a € R" aT J(n)a £ lim inf aT J(ul;);x.
k- ; S

In particular the function aTJ(-)a, extended to +» on P(D)/H(D) is lower

semicontinuous on P(D).

P

Proof : First let ¢ > O and conclude (ii) of Theorem 2.1 with "t:rW "
i 13

A DAY '
replacing "tr" (as in the Remark followisg ¥'the * theorem) where W, =

(l,e,e,....e)T € R™; letting € = O we obtain J(u),, < lim inf J(uk) .
711 ke 11

Next, given O # a € R® consider a non-singular matrix A with a as its

first column. Letting u =p © A, M = By ° A and using Lemma 2.1

dTJwa = (AT J@IA),, = )y < lin inf J)qy =
T T
= lim inf (A A = lim inf .
ﬁ nf (A" J(m )A),, E nf a J(u )o =

LEMMA 2.2. For any region D C R® ﬁ(D) is a convex subset of P(D) and J(°)
is a convex (matrix valued) function on E(D).

Proof: If My € H(D) with respective densities Py i=1,2 and if ,8 2 O and .



a+ B =1set pu= oy + Buz (whose density is p = ap, + sz). The lemma .

follows then from the equality

T T M

T (vp,)(¥vp,) (vpy) (vp,)
{vp)(vp) = qf—> 17 —2 " 27 -
[ o0 = o[ =5 + o[22 o

T
(pIVP2 = P2Vp1)(plvP2 - p2vP1)
) aB[ P PP, ](x)
which holds for any x for which p(x) > 0. ' =

THEOREM 2.2. If p € H(D,) and 7 €.P(D,) then uwn € H(D, + D,) and
J@wsm) < J(u). (2.11)
R

Proof: First if M
0

J(ux ) = J(1). (see also Lemma 2.1). So by extending Lemma 2.2 to all finite -
0

is the shifted measure p_ (B) = u(B - ) obviously
%o %

convex combinations, inééuality (2.11) is true for n of the form

n= 3 a, &5 . (2.12)
i=1 1 *i

Now, any arbitrary 7 can be approximated weakly by a sequence (nk) of
measures of the form (2.12) which thus satisfy J(u)(-nk) < J(u). Since

obviously u*nk => we, (2.11) follows from Corollary 2.1. =

COROLLARY 2.2. For every u € ﬁ(an) there exists a sequence (uk) in ﬁ(an)
with Py having positive c densities for all k such that My => p and J(p,k) -
J(n) as k » =,

Proof: Simply define M = (recall P A ™ N(a.A)). Obviously e => -
0.k ’

1 and from Theorem 2.2, J(u.k) € J(#). Vk. These two facts and Theorem 2.1




imply that tr J(u) € lim inf trJ(u.k)) from which the corollary follows. =
k=0

For completeness’ sake we shall include the following result on the
Fisher matrix of marginal laws.
LEMMA 2.3. Let X be a random vector in H(Rn) and consider the partition X =

x) x(@)y, x(1) ¢ gk x(2) ¢ BK yith 1 ¢k < n. Then x(1) € HR¥) and

16y < ey Of e
Proof: See [Bobrovsky, Mayer-Wolf and Zakai (1987), Proposition 1]. =

Finally we state the global Cramér-Rao inequality (1.2).
THEOREM 2.3. Let X be a random vector in H‘Rn). Then
3x) 2 (X"} (2.13)
with equality if and only if X is Gaussian.
Remarks: .
(a) The Theorem implicitly states that J(X) ‘i‘s non-singular.
(b) Equivalent formulations of (2.13) are J(X) 2 E(X)-l,
3% J)2(X)% 2 I and so on.
(¢) The assumption X € H(IRn) allows us to verify that J'(x—EX)(Vp)T(x)dx
= -I ‘(by integration by parts) and the pfoof may be completed as in
[Rao, 1973, p. 327]. A detailed proof of a more general result
appears in [Bobrovsky, Mayer-Wolf, Zakai, 1987].

Motivated by (2.13) we define the Cramér-Rao "functional”
¥% %
F(p) = 2(n)” J(u) 2(m)” - I. (2.14)

§3. The Cramér-Rao Functional and Divergence from Normality

A natural question which arises from Theorem 2.3 is whether the matrix

valued Cramér-Rao functional I'(u) defined in (2.14) can serve as an effective



measure of divergence of u from normality.

a positive answer in the sense that (loosely) I'(n) - 0 implies that " tends

to a Gaussian probability measure.
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LEMMA 3.1. Let p € H(R) have density p. mean a and variance 02. Then

b -¢ Ll < «[g F(u)] + L [v§ laag| + 2|a—ao|]. (3.1)
a4.0, 0

Proof: First assume a = a. and o =

assume they are respectively O and 1 since both the LHS of (3.1) and I'(n) are

0

invariant under an affine transformation of the underlying random variables.

Denote

Note that

g

e By
R S SN

g(x) = p'(x) + xp(x). (3.2)

7 B e < [ [0+ o

b 4297, o oax + 1] = rw*. (3.3)

3

: u(dX)]% =

Now solving the ODE (3.2) we may write

p(x) = e

so that

00
"p-¢0,1"1 ST e

=

-x%/2 [ 1, s

—00

L

2
X" /2 I:m

2
S 72 |g(s) ds

E(X)(¢b.1(s) - l[o’m)(s-x))ds]

52/2
€ Ig(s)l |¢0'1(S) - l[o'w)(S‘X) |dsdx =

2 2
[Ii, e 2(14y (())ax + JT & /2¢(s)dx]

o 2
= 2vr 17, ¢* la(s) [9y ()14 ,(s))as.

2
Now the continuous function h(s) = e’ /2¢b 1(s)(1-¢>o 1(s)) tends to O at

In this section we shall provide

% and without loss of generality we may
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+» so that it is bounded, actually it is not hard to prove that Hhil = h(0) =
174, from which we conclude Ilp-q)0 1II1 < v% llglll which together with (3.3)
proves the lemma in this particular case.

In the general case just note that

P a0zl * P2l ™ IFao2 ™ a2l
and it is a straightforward exercise to verify that
oo ™ et $ 5L ol + 2losol)-
Remarks. a) An inequality
IP*. " S or)* + la~ayl + lo-o, ) (3.1)°
a5:9,
can be obtained along the same lines as Lema 3.1 for q = @ and by
interpolation for 1 < p { » as well. *?

b) A sharper inequality than (3.1) follows from the chain (take ao=0, ao=1)

Ilp—«po'lll(z) $2fp log(p/«po'l) < log(14r'(p)). ([Csiszar, 1967, Th. 4.1] and
[Stam, 1959, Eq. (2.3)]. However this proof ddééﬁ;t extend to bounds on the
uniform norm as in the previous remark.

THEOREM 3.1. Let Zj’ J 2 1. be a sequence of random vectors in H(lR)n. If

(i) EZ, > a, cov(ZJ) -+ A (positive definite) and

J
(i1) F(ZJ) -0

then Z, % Z ~ N(a.A).

Proof: The case n=1 follows directly from Lemma 3.1. For the general case

choose a € R® with la] = 1 and an orthonormal matrix A with aT as its first

row. For any random vector X it follows from Lemma 2.1 and Lemma 2.3 that
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JaTX) = J((AX))) < (X)), = &' I(X)a 9 @

so that denoting Ej = (cov(ZJ))-*Zj we have EaTEJ - aT A—%a. cov(aTzJ) =1

and by (3.4)
ra'zy) ¢ T JZpe’ - 1= a'(r(z,) + Da - 10
a'rij Y» aTE where

E ~ N(A_“a.l). By the Cramér-Wold technique [Billingsley, 1968. Theorem 7.7]

so that from the scalar case we conclude that for all a € Rn

it follows that Z.j => Z or ZJ => Z ~ N(a.A).
Note that only weak convergence was obtained because the Cramér-Wold

method does not extend to L! convergence. However, denoting AJ = cov(ZJ)
e J(Z)) = er{(L+ P(ZJ))AEI} < er(l + F(ZJ))tr(Agl) <

¢ {n+ sup(tr T(Z,))}sup tr(A])) < @

so by Theorem 2.1, Zj =M{%t$mplies Zj %z =

As an illustration, we shall conclude this section by relating its contents

to the classical Central Limit Theorem where Xn are 1.i.d. mean O, variance 1

n
random variables in H(R) and Sn = nf%( p Xi). Direct applications of the
i=1

results in Section 2 yield simple proofs to known convolution inequalities
(cf. [Stam 1959, Eq. (2.9)): in particular (n+m} J(Sn+m) {n J(Sn] +m J(Sm)

which shows by subadditivity that L = lim J(Sn) exists. Brown (1982) showed
n—-s

that L=1 if we assume Xl = U+6Z (6 > 0 and Z ~ N(0,1} independent of U), thus
proving a total variation CLT in this case. By letting & - O Brown provided
an alternative proof of the (weak convergence) CLT. Barron (1986) went a

step further and proved "convergence in entropy” in the CLT, which implies L1
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convergence but is weaker than L=1. The question whether L=1 in general
remains open. (We note that L1 convergence has already been established in

[Prohorov, 1952]; for X € H it also follows directly from our Theorem 2.1).

84. Non-Gaussian Limit Laws.

A natural question which arises is whether the techniques of Section 3
can be modified so as to yield limiting laws other than Gaussian. In this
section we shall show a way of doing this; we restrict ourselves to the
scalar case n=1.

Let o(x) be a measurable function'of a real variable satisfying

et

0<c1$a(x)$c2<w Vvx € R (4.1)

dA
and consider the positive measure ?\a on R defined by d}\_a = g (A being the

a3 T

Lebesgue measure). If D = (a,b) define just as in (2.1)

H (D) = {u € PD)|p = L exists an&ﬁtoﬁ)”fe w!'2(D.0)} (4.2)

where W1'2(D.a) is the weighted Sobolev space {fcfﬂf'G L2(D'7\a)}- In other

words, u € HU(D) if its density p satisfies

2

X)) gy < w. (4.3)

Ja(""): ‘= -rD p(x)

(As before, for a random variable X, JG(X) stands for Ja(ux)). Also Ha(D) =

(n € H (D) [3(n) < ).

THEOREM 4.1. If p € H_(R) with density p then

3,030 2 (17 oGan(@a]?. (4.4)
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Equality is achieved in (4.4) if and only if there exist constants

@ €R, B> 0 and C(a.B) > O such that

- ._l J‘x .L).t-a dt
a ot)
p(x) = o[91_ : - %%gle x . (4.5)

Proof: Inequality (4.4) is simply the Cauchy-Schwarz inequality (f .g)2

ngnZugi?

in 12 (R.p) when f(x) = (x-p) and g(x) = -(22)— (x). The fact that
|(£.8)] = |J'__‘,° o(x)u(dx)| follows in the same way as for the particular case

o = 1 (Theorem 2.3). Similarly. the functions w[ o] defined in (4.5) are the
a,

only solutions to the equat ion (op)'(x) = p(x)(x-a), arising from the
condition for equali ty in the Cauchy-Schwarz inequality, which are
probability densities. =

We shall denote the_ probability measure whose density is w[a] by u[a]
a, a,

and motivated by Theorem 4.1 define the non-negative functional TI'(un) =
°° 2
J ()3(m) - [ . o(x)u(dx)] . Let F(x) = .r:o a(ey 4t with x; = 0 and for any

probability measure p, Ea(u) = J':o (x—;—;)F(x)u(dx) (finite or +»; note that

the value of Xg in the definition of F(x) is immaterial).

We also observe that = a and I [u[a] ] = B2 . so that the natural

e a,p>

parameters of the family of measures achieving equality in (4.4) are the mean

p and the "distorted variance"” Ea(u). Note as well that Ja(X) = J(F(X)).

THEOREM 4.2. Let o be a function which satisfies (4.1), and (uJ) a sequence

of measures in Ha(D) such that when j - »

(1) Hy-a€R and za(uj)-»pz>o.

(11) T (uy) 0
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then p j 5 u[a]
a,

Proof: Denote ay = ].-Lj and B? = Ea(uj). Since

[o] ulo] [o] (o]
p, - , € Ilu h, + lip - Il
I el a2t Ve 2 a2
h R A |
and the second term in the RHS obviously tends to zero, it suffices to show
that llu, - u[a] I, 0. For that we proceed just as in Lemma 3.1: denote
J o ﬁ2 1
A |
_ 0 00 -
_ Kj = [J'_w a(x)uj(dx)] / [J’_a° (x—aJ) uj(dx)] and

L} | o %
g;() = (0p,)" () + K (xe)py(x). Py(x) = 33().  (4.6)

Solving (4.6) we obtain

-KJGJ(x)
(py(x) - «»[j] () = S I, g0 S i [d:[ ° 28 - [o,m,(t-x)]dc
o (4.7)
where Gj(u) = fzj (:'—(_:g-)- dv and d;a] (u) = _I'u . B2(v)dv From (4.7),

straightforward computations (which are direct generalizations of those in

Lemma 3.1) show that

"pj - ¢[a] , € Cllg“]"l < C'ra(”j)%

1
“J'B?

where the positive constants C and C' are independent of j (because inf B j >
J

0) thus completing the proof. =
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