ABSTRACT

NING, BO. Bayesian Analysis of Dynamic Times Series and High-dimensional Models
with Their Applications. (Under the direction of Peter Bloomfield and Subhashis Ghoshal.)

This dissertation uses time series and high-dimensional models to analyze large datasets
which contain time series or high-dimension information. Bayesian methods are used for
conducting analyses due to their flexibility in incorporating such information through
prior distributions. The goal of this dissertation is to solve three major challenges tied to
the two different datasets the author analyzed. The first challenge is to detect causality
given the data that have a low signal-to-noise ratio. The second is to derive asymptotic re-
sults for the multivariate sparse linear regression when the covariance is unknown and its
dimension is large. The third is to analyze time series datasets containing extreme values,
the major problem is to make an inference for a highly nonlinear and non-Gaussian state-
space model (SSM). To tackle the first challenge, a novel Bayesian method is proposed to
detect causality through latent variables. The method is to compare two posterior distri-
butions of a latent variable—one obtained by using the observed data from the observed
data and the other one obtained by using the data from their counterfactual potential
outcomes. To solve the second challenge, a test is constructed to apply general theory by
bounding moments of likelihood ratio statistics around points in the alternative in order
to derive the posterior contraction rate for the multivariate sparse linear regression with
an unknown covariance. Also, a semi-parametric Bernstein-von Mises theorem is used to
quantify the uncertainty for the regression coefficients with frequentist validity. For the
third challenge, a new dynamic generalized extreme value (GEV) model is proposed. This
model has Gumbel marginal distributions linked together with a Gaussian copula with
order-one auto-regression (AR(1)) dependence. This model is a highly nonlinear SSM. A
particle Gibbs with ancestor sampling (PGAS) algorithm is introduced to sample draws
of the parameters in the model. The PGAS algorithm does not have degenerate issues
and produces much more draws that are accepted during the sampling process compares

to other sampling based methods.
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BIOGRAPHY

Please allow me to use first person as the story I am going to tell is a story about my
life.

For the past five years, I have devoted myself to conducting research on Bayesian
analysis. Soon this journey will come to the end, and I am ready to encounter a new
chapter in my life that is to continue doing research as a postdoctoral researcher in the
Department of Statistics and Data Science at Yale University. However, an academic
career was not always on the horizon for me; in fact, it’s surprising that I am even
pursued an advance degree.

When I was in the middle school, I certainly did not appear to have the makings
of a career in academic. My teachers constantly humiliated me for my ignorance. My
Chinese teacher once berated me before the entire class, “Bo, you are an idiot! I hear that
there is a kind of medicine that can cure stupidity. But you are exceptionally stupid—I
don’t think it will work for you.” I was so embarrassed by her crushing words that I have
remembered them to this day.

Teachers were not the only ones who criticized me when I was young; I was bullied
and laughed at by my classmates and my extended family as well. As a result, I became
isolated and developed a sense of self-loathing. My grades became steadily worse across
the three years of middle school. During my last year, I unsuccessfully attempted suicide.
Shortly afterwards, I was involved in a car accident. At the time, I wish I had simply
been killed. Luckily, I survived.

Even after having survived two life-threatening events, I noticed that no one—expect
my parents—seemed really care about me. My Chinese teacher actually pretended she
did not know that I had those experiences. I finally began to lose faith on trusting people.

However, not everything in my middle school life was negative. My parents, who
genuinely cared for me and who did not require me to have perfect scores on my exams,
were wonderful. They constantly encouraged me to read books. I was especially fascinated
with the book A Short History of Nearly Everything by Bill Bryson. From it, I learned a
number of stimulating facts drawn from many sciences, including astronomy, geography
and biology—subjects that were not being taught in school. These early lessons sparked
my abiding interest in science. My parents had the good sense to fuel my interests by

buying me chemical equipment so that I could conduct chemistry experiments at home.
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Without their supports and unflagging encouragement, I do not think that I would have
survived that difficult season. Their aid helped me to develop my nature curiosity about
science, a curiosity that I have maintained; it still drives my research today.

Unfortunately, it took me a long time to recover from my middle school experiences,
and [ was neither a top student in my high school nor did I attend a prestigious college.
Nevertheless, my curiosity carried me along the arduous road of my life and lead me
to pursue graduate studies in the United States. I planned to pursue a Ph.D. in econo-
metrics or microeconomics; unfortunately, due to I lacked the appropriate mathematics
background, studies did not go well at the beginning. Eventually, however, curiosity and
determination helped me to get up to speed.

It was Dr. Atsushi Inoue, my master advisor in economics, who first piqued my in-
terest in Bayesian analysis. From there, Dr. Peter Bloomfield, my first Ph.D. advisor in
statistics, brought me fully into the world of Bayesian analysis. Under his guidance, I
applied Bayesian methods for dealing with time series to financial datasets. As I used
these methods, my curious led me to question why some Bayesian methods did well and
others did not. I was finally able to find answers to these questions when I met with
Dr. Subhashis Ghoshal, who is an expert on Bayesian statistics. Dr. Ghoshal became
my second advisor, as I turned my research focus on the theoretical study of Bayesian
methods.

I should admit that it was tough to begin work in the theoretical statistics, as I barely
understood the papers I was reading. However, once again curiosity and determination
ultimately lead to breakthrough. I can still remember the joy that came when I finally
and fully understand a theorem and its proof from one of his papers. After years of
training, I finished my first theoretical work in Bayesian analysis. I view this as the
major achievement of my doctoral studies.

Although I devoted most of my time to study theoretical properties of Bayesian
methods, I want to be an applied statistician in the future. I want to provide theoretical
sound statistical methods for solving the data analysis problems of other fields. I know
that my curiosity will continue to drive me to solve problems and glean new knowledge
from these fields, in particular, astronomy.

If T could travel back 15 years ago, I would tell myself to have greater faith in my-
self and to fight against injustice instead of putting up with it. The past, however, is

irretrievable. From the standing point of today, I am thankful for the hard experiences
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to some degree—they gave me the ability to understand the pain that many minorities
endure; they taught me how large an impact a teacher can have (for good or bad) on
students.

I am lucky that to have survived and to have, furthermore, the good fortune of being
able to pursue scientific research. This, I am sad to say, is rare for many people who
have had experiences like mine. Having survived, I feel that it is my responsibility to
broadcast my success to these victims and to motivate them so that they do not to give
up on their lives. When I become a teacher in the future, I want to make sure that no
students is ignored, dismissed, or cruelly criticized and that those students who want to
become future scientists are given the best help that I can provide.

I would like to teach at the university level understandably, but I feel that it is
my responsibility to teach pre-college students as well. I hope to be involved in some
organizations, like “Teaching for Taiwan”, who make it their aim to teach minority and

marginalized students and so ensure that quality education is available to all.
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Chapter 1
Introduction

In the era of big data, analyzing large datasets is challenging not only because com-
putation is a time-consuming process, but also because some data structures are very
complex. Bayesian approaches to inference especially for big datasets are attractive be-
cause it is flexible enough to handle complex data objects by incorporating the structural
information through prior distributions. By using Markov chain Monte Carlo (MCMC)
algorithms, which are sampling-based Bayesian methods, one can obtain sample draws
of the desired distributions for parameters in the model. As a result, the posterior mean
and credible intervals can be obtained with no additional cost. Bayesian methods also
possess good frequentist properties. For example, in high-dimensional analysis, which is
used to deal with the situation when the number of regression coefficient exceeds the
number of observations (known as the p > n problem), it has been shown that by choos-
ing appropriate priors, such as in Castillo and van der Vaart (2012) and Martin et al.
(2017), the resulting posteriors contract at the minimax (or near minimax) rate.
However, many challenges also present in Bayesian analysis. For instance, although
Baysian methods for the state-space model (SSM) have been developed, they are not
suitable for dealing with highly non-linear SSMs (i.e., the dynamic generalized extreme
value model in the later chapter). Thus, new Bayesian inference techniques are needed
for computing those models. Another example is to study the theoretical properties of
a multivariate sparse linear regression model, which is often used in many real data
analyses. Due to the techniques used to derive the theoretical results of a univariate
model cannot be applied to derive the theoretical properties of a multivariate model,

there is a need to develop a new technique to derive those theoretical results. In this



dissertation, the author develops new Bayesian methods and techniques to tackle three
challenges in time series and high-dimensional models, which are applied to analyze large

datasets. The three challenges will be described in the next section.

1.1 Research challenges

Of the three major challenges this dissertation addresses, the first challenge emerged in a
study conducted for MazPoint Interactive Inc. (MazPoint), which is an online advertis-
ing company located in Morrisville, North Carolina. The goal of this study is to measure
the sales lift caused by a running an advertising campaign, which is a causal inference
problem. A commonly used Bayesian approach (Rubin, 2005; Brodersen et al., 2015) to
estimate causal impacts is to take differences between the observed sales data and the
estimated sales data obtained from counterfactual (also known as potential outcomes).
The counterfactual is constructed from several control stores that the advertising cam-
paign did not run on. The challenge is to detect causality from the dataset when its
signal-to-noise ratio is so low that if using the approach described above, it often gives a
misleading result that there does not have any causal impacts.

The second challenge emerged during efforts to provide a theoretical justification for
using the model developed in the first study: to derive the asymptotic properties of a
multivariate sparse linear regression model where the covariance matrix is also unknown
and its dimension is large. To derive those asymptotic properties is a challenging task
because the previous techniques (for example, Castillo et al. (2015)) used to study the
univariate sparse linear regression models cannot be applied directly. This is due to
the previous asymptotic results are derived directly from the corresponding posterior
distribution—this is possible only when the variance is assumed to be known. However,
the derivation does not go through for a multivariate model with a unknown covariance
matrix. Thus, an alternative approach needs to be explored.

The third challenge is to develop a Bayesian inference algorithm for a new dynamic
extreme value model, which is a highly nonlinear SSM. Bayesian inference for a linear
Gaussian SSM is often carried out by using the Kalman filtering and backward smooth-
ing (KFBS) algorithm. For a nonlinear SSM, a simple method is to apply the KFBS
algorithm to an approximated linear SSM first, which is often obtained by finding a lin-

ear approximation for the nonlinear equations (for example, using a second order Taylor



expansion to the log-likelihood functions). Then use a Metropolis-Hasting (M-H) algo-
rithm to keep useful draws (Shephard and Pitt, 1997; Durbin and Koopman, 2012; Niemi
and West, 2010). An alternative approach is to use the sequential Monte Carlo (SMC)
algorithm. This algorithm first generates samples (often called particles) from a chosen
proposal density; and then calculates the weights between the proposal density and the
true density. The generated particles and their weights give a discrete approximation to
the true density. However, the difficulty occurs when the SSM is highly nonlinear, this
makes it hard to find the approximated density or a proposal density so that the KFBS
and the SMC algorithm can be applied easily. A poor approximating density or a pro-
posal density will produce too many useless sample draws and make the computation
time very long and the mixing rate of the chain very high.

To summarize, the three challenges are as follows:
1. How to detect causality when the data have a low signal-to-noise ratio?

2. How to derive asymptotic results for the multivariate sparse linear regression model

with the covariance is unknown and its dimension is large?

3. How to make inference for the highly nonlinear and non-Gaussian SSM?

1.2 Chapter outline

Chapter 2 addresses the problem of detecting causality when data have a low signal-
to-noise ratio. A novel Bayesian method is proposed. The new method is to compare
two posterior distributions of a latent variable—one obtained by using the observed data
from the test stores and the other one obtained by using the data from their corre-
sponding counterfactuals. Each counterfactual is estimated from the data of synthetic
controls, each of which is a linear combination of sales figures at many control stores over
the causal period. Control stores are selected using a revised Expectation-Maximization
variable selection (EMVS) method. A multivariate structural time series model is used
to capture the spatial correlation between stores by placing a G-Wishart prior (Letac and
Massam, 2007) on the precision matrix. A two-stage algorithm is proposed to estimate
the parameters of the model. To prevent the prediction intervals from being explosive,
a stationarity constraint is imposed on the local linear trend of the model through a

recently proposed prior. The benefit of using this prior is discussed in this chapter. A



detailed simulation study shows the effectiveness of using our proposed method to de-
tect weaker causal impact. The new method is applied to measure the causal effect of
an advertising campaign for a consumer product sold at stores of a large national retail
chain.

To give a theoretical justification for using the model developed in Chapter 2, Chapter
3 explores the asymptotic properties of a Bayesian high-dimensional multivariate linear
regression model with correlated responses. Thus addressing the second research chal-
lenge. This model has two unique features: (i) the covariance matrix is unknown and
its dimensions can be high. (ii) group sparsity is imposed on the predictors. Sparsity on
individual coefficients is considered as a special case. A product of independent spike-
and-slab priors is chosen for the regression coefficients, each of which is a mixture of a
point mass at zero and a multivariate density involving a f3/¢;-norm (Yuan and Lin,
2006). A Wishart prior with increasing dimension is placed on the inverse of the co-
variance matrix. Four main results are obtained: First, the posterior contraction rate is
derived. Second, the bounds on the effective dimension of the model is obtained with
high posterior probabilities. Third, it shows that the multivariate regression coefficients
can be recovered under certain compatibility conditions. Last, the uncertainty for the re-
gression coefficients is quantified with frequentist validity through a Bernstein-von Mises
type theorem. This result also leads to selection consistency for the Bayesian method.
The posterior contraction rate is derived using the general theory through constructing
a suitable test from the first principle by bounding moments of likelihood ratio statistics
around points in the alternative. This leads to the posterior concentrates around the
truth with respect to the average negative log-affinity.

In Chapter 4, a new dependent generalized extreme value (dAGEV) model is con-
structed. This model incorporates a dependent Gumbel process into a GEV model through
using a variable transformation technique, which combines the marginal cumulative dis-
tribution function (CDF) of a Gumbel distribution with the standard normal copula.
The model can be written as a highly nonlinear state space model in which the hidden
process is a dependent Gaussian autoregressive with order one (AR(1)) process. A par-
ticle Gibbs with ancestor sampling (PGAS) algorithm is used to sample the elements of
the state vector. This algorithm turns out to be very efficient in solving highly nonlinear
state space models. This model is also flexible enough to incorporate seasonality. A sim-

ulation study and two real data analysis—a water flow dataset and a S&P 500 dataset



are conducted.

1.3 Contributions

This dissertation makes a number of original contributions that can best be considered
in terms of its three driving research challenges.

As for the first challenge, a novel Bayesian causal inference method to detect causality
is proposed. This idea of detecting causality at a latent variable level is not restricted
to the specific structural time series model used in this thesis and can be applied to
many other models in different applications. Furthermore, the posterior distributions of
the latent variable are obtained without any extra cost because of using the MCMC
algorithm. The second contribution made in Chapter 2 is a revised EMVS (expectation-
maximization variable selection) algorithm being used to select variables faster for time
series datasets. The calculation of this algorithm is provided. This algorithm can be easily
extended to other scenarios in dynamic time series analysis. The third contribution is to
use a recently proposed prior for the first order vector autoregressive (VAR(1)) process
of a SSM. The need to use this prior is due to the fact that other commonly used priors,
including the conjugate-prior, failed to produce samples of draws of the coefficient matrix
to meet this Schur-stable constraint (Roy et al., 2016), then the VAR(1) process can be
nonstationary. The new method is able to solve this problem. A simulation study suggests
the effectiveness of using this method.

Regarding the second challenge, in order to derive the posterior contraction rate for
the multivariate sparse linear regression with unknown covariance, this dissertation con-
structs a test to apply the general theory of posterior contraction by bounding moments
of likelihood ratio statistics around points in the alternative. This test can be applied
to many other multivariate analyses when the mean and the covariance matrix are not
known. This study also shows good recovery and selection consistency properties for the
regression coefficients. Furthermore, this study quantifies the uncertainty for the regres-
sion coefficients with frequentist validity through a semi-parametric Bernstein-von Mises
type theorem. The third contribution is that we study the posterior that group sparsity
is imposed on the predictors. This setting is more general as it contain the special case
that the sparsity is put on individual coefficients.

Finally, concerning the third challenge, this dissertation proposes a new dynamic



GEV model by incorporating the dependence between extreme events through a depen-
dent Gumbel distribution and then matching its distribution with a same type depen-
dence standard normal copula. The advantage is that the marginal distribution of each
parameter is sampled from an exact GEV distribution. Furthermore, a particle Gibbs
with an ancestor sampling (PGAS) algorithm is used to sample the hidden process of
the model. Unlike the KFBS and SMC algorithms, the PGAS algorithm produces more
useful draws. This is because this algorithm first finds a pre-specified ancestor lineage or
trajectory path that is used to guide draws from the invariant unconditional distribution,
and then allows the pre-defined ancestor lineage to update during the forward sampling
process, and drop some lineage with degenerate weights. As a result, the degenerate issue

is resolved and a large amount of draws is accepted.



Chapter 2

Measuring the advertising effect for a
multivariate dynamic time series sales
data

2.1 Introduction

MaxPoint is interested in measuring the sales increases associated with running adver-
tising campaigns for products distributed through brick-and-mortar retail stores' . The
dataset was obtained as follows: MazPoint ran an advertising campaign at 627 test stores
across the United States. An additional 318 stores were chosen as control stores. Con-
trol stores were not targeted in the advertising campaign. The company collected weekly
sales data from all of these stores for 36 weeks before the campaign began and for the 10
weeks in which the campaign was conducted. The time during which the campaign was
conducted is known. The test stores and the control stores were randomly selected from
different economic regions across the U.S.. Figure 2.1 shows an example of the locations
of stores in the State of Texas.”

To the best of our knowledge, the work of Brodersen et al. (2015) is the most related
one to the present study. Their method can be described as follows. For each test store,

they first split its time series data into two parts: before and during a causal impact (in our

!The methodology developed and presented in this chapter is not connected to any commercial
products currently sold by MazPoint.

2Note: The locations of the stores shown in the figure are not associated with any real datasets
collected by MaxPoint.
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Figure 2.1: An example of test and control store locations in the State of Texas (Google
Maps, 2017). The red dots represent the locations of the test stores; the blue dots represent the
locations of the control stores.

case, the impact is the advertising campaign). Then they used the data collected before
the impact to predict the values during the causal period. At the same time, they applied
a stochastic search variable selection (SSVS) method to construct a synthetic control for
that store. The counterfactual potential outcomes (Rubin, 2005) are the sum of the
predicted values and the data from the synthetic control. Clearly, the potential outcomes
of the store exposed to advertising were the observed data. Finally, they compared the
difference between the two potential outcomes and took the average of differences across
different time points. The averaged difference is a commonly used causal estimand that
measures the temporal average treatment effect (Bojinov and Shephard, 2017).

The method proposed by Brodersen et al. (2015) is novel and attractive; however,
it cannot directly apply to analyze our dataset due to the following three reasons: (1)
Many causal impacts in our dataset are weak. The causal estimand that Brodersen et al.
(2015) used often fails to detect them; (2) The test stores within an economic region
are spatially correlated as they share similar demographic information. Using Brodersen
et al. (2015)’s method would not allow to consider the spatial correlation between stores;

(3) The SSVS method is computationally slow because it requires sampling from a large



model space consisting of 2P possible combinations of p control stores. In the following,
we will discuss our proposed method for addressing these three difficulties.

First, we propose a new method for detecting weaker causal impacts. The method
compares two posterior distributions of the latent variables of the model, where one
distribution is computed by conditioning the observed data and the other one is computed
by conditioning the counterfactual potential outcomes. We use the one-sided Kolmogorov-
Smirnov (KS) distance to quantify the distance between the two posterior distributions.

The new method can successfully detect weaker impacts because it compares two
potential outcomes at the latent variable level; while the commonly used method com-
pares them at the observation level. Since the observed data often contain “inconvenient”
components—such as seasonality and random errors—which inflate the uncertainty of the
estimated causal effect, the commonly used method may fail to detect weaker impacts.
In the simulation study, we show that the new method outperforms the commonly used
method even when the model is slightly misspecified.

The causal estimand in the new method is different from the one of the commonly
used method. The former one measures the temporal average treatment effect using
the KS distance between two posterior distributions and the latter measures that effect
using the difference between two potential outcomes. Formal definitions of the two causal
estimands are provided in Section 2.2.

Secondly, we use a multivariate version of a structural time series model (Harvey
and Peters, 1990) to model the sales data of test stores by allowing pooling of infor-
mation among those stores that locate in geographically contiguous economic regions.
This model enjoys a few advantages that make it especially suitable for our causal infer-
ence framework. First, the model is flexible to adapt to different structures of the latent
process. Secondly, it can be written as a linear Gaussian state-space model and exact
posterior sampling methods can be carried out by applying the Kalman filter and simu-
lation smoother algorithm proposed by Durbin and Koopman (2002, 2012). Thirdly, it is
relatively easy to deal with missing data due to the use of the Kalman filter and backward
smoothing (KFBS) algorithm. The imputing process can be naturally incorporated into
the Markov chain Monte Carlo (MCMC) loop.

Since test stores are correlated, the number of parameters in the covariance matrix
grows quadratically with the dimension. Consequently, there will not be enough data to

estimate all these parameters. In our approach, we reduce the number of parameters by



imposing sparsity based on a given spatial structure (Smith and Fahrmeir, 2007; Barber
and Drton, 2015; Li et al., 2015). We consider a graphical model structure for dependence
based on geographical distances between stores. If the distance between two stores is very
large, we treat them conditionally independent given other stores. In terms of a graphical
model, this is equivalent to not put an edge between them. We denote the corresponding
graph by G. Note that G is given in our setting and is completely determined by the
chosen thresholding procedure. We use a graphical Wishart prior with respect to the
given graph G, in short a G-Wishart prior (Roverato, 2002), to impose sparsity on the
precision matrix. One advantage is that this prior is conjugate for a multivariate normal
distribution. If ¢ is decomposable, sampling from a conjugate G-Wishart posterior is
relatively easy due to an available closed form expression for the normalizing constant in
the density (Lauritzen, 1996; Roverato, 2000, 2002). However, if G is non-decomposable,
the normalizing constant does not usually have a simple closed form (see however; Uhler
et al., 2017), and thus one cannot easily sample directly from its posterior. In such a
situation, an approximation for the normalizing constant is commonly used (Atay-Kayis
and Massam, 2005; Mitsakakis et al., 2011; Wang and Li, 2012; Khare et al., 2015). A
recent method introduced by Mohammadi and Wit (2015) is a birth-death Markov chain
Monte Carlo (BDMCMC) sampling method. It uses a trans-dimension MCMC algorithm
that transforms sampling of a high-dimensional matrix to lower dimensional matrices,
thus improving efficiency when working with large precision matrices.

In a multivariate state-space model, the time dynamics are described by a multivariate
stochastic trend, usually an order-one vector autoregressive (VAR(1)) process (de Jong,
1991; de Jong and Chu-Chun-Lin, 1994; Koopman, 1997; Durbin and Koopman, 2002).
To use a VARMA (p, q) (order p vector autoregression with order ¢ moving average) with
p > 1, ¢ > 0 process is also possible and the choice of p, ¢ can be made based on data (e.g.,
chosen by the Bayesian Information Criterion). However, the larger the p and ¢ are, the
larger the number of parameters that need to be estimated. For the sake of tractability,
we treat the hidden process as a VAR(1) process throughout the chapter.

Putting stationarity constraints on the VAR(1) process is necessary to prevent the
prediction intervals from becoming too wide to be useful. However, constructing an ap-
propriate prior complying with the constraints is not straightforward. Gelfand et al.
(1992) proposed a naive approach that puts a conjugate prior on the vector autoregres-

sive parameter to generate samples and only keep the samples meeting the constraints.
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However, it can be highly inefficient when many draws from the posterior correspond
to nonstationary processes. A simple remedy is to project these nonstationary draws on
the stationarity region to force them to meet the constraints (Gunn and Dunson, 2005).
However, the projection method is somewhat unappealing from a Bayesian point of view
because it would make the majority of the projected draws have eigenvalues lying on
the boundary of the corresponding space (Galindo-Garre and Vermunt, 2006; Roy et al.,
2016). We instead follow the recently proposed method of Roy et al. (2016) to decompose
the matrix into several unrestricted parameters so that commonly used priors can be put
on those parameters. While conjugacy will no longer be possible, efficient algorithms for
drawing samples from the posterior distribution are available.

Thirdly, to accelerate the computational speed of selection control stores, we sug-
gest using a revised version of the Expectation-Maximization variable selection (EMVS)
method (Rockova and George, 2014). The model uses an Expectation-Maximization (EM)
algorithm that is faster and does not need to search 2P possible combinations.

It is worth mentioning that there are many other popular methods for construct-
ing a synthetic control, such as the synthetic control method proposed by Abadie and
Gardeazabal (2003), the difference-in-differences method (Abadie, 2005; Bonhomme and
Sauder, 2011; Donald and Lang, 2007), and the matching method (Stuart, 2010). More-
over, Doudchenko and Imbens (2016) provided a nice discussion on the advantages and
disadvantages of each method. Unlike these methods, there are two advantages of using
our proposed method: 1) It does not need to have a prior knowledge about the relevant
control stores, the process of selecting control stores is completely driven by data and
can be easily incorporated into a Bayesian framework. 2) It provides a natural model-
based causal inference by viewing counterfactual potential outcomes as missing values
and generating predicting credible intervals from their posterior predictive distributions,
and finally providing a quantitative measure for the strength of the causal effect (Rubin,
2005).

We apply our method on both simulated datasets and the real dataset provided
by MaxPoint. In the simulation study, we compare the new method with the method
proposed by Brodersen et al. (2015).

The rest of the chapter is organized as follows. Section 2.2 introduces causal assump-
tions and causal estimands. Section 2.3 describes the model and the priors. Section 2.4

describes posterior computation techniques. Section 2.5 introduces our proposed new ap-
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proach to infer causal effects in times series models. Simulation studies are conducted
in Section 2.6 and model diagnostics are performed in Section 2.7. In Section 2.8, the
proposed method is applied on a real dataset from an advertising campaign conducted

by MazPoint. Finally, Section 2.9 concludes with a discussion.

2.2 Causal assumptions and causal estimands

This section includes three parts. First, we will introduce the potential outcomes frame-
work. Secondly, we discuss three causal assumptions. Finally, we define two causal esti-
mands with one of them is new.

The potential outcomes framework is widely used in causal inference literature (Rubin,
1974, 2005; Ding and Li, 2017). Potential outcomes are defined as the values of an outcome
variable at a future point in time after treatment under two different treatment levels.
Clearly, at most one of the potential outcomes for each unit can be observed, and the rest
are missing (Holland, 1986; Rubin, 1977; Imbens and Rubin, 2015). The missing values
can be predicted using statistical methods. In the study, we predict the values using the
data from a synthetic control that is constructed from several control stores.

Based on the potential outcomes framework, we conduct the causal inference. There

are three assumptions need to make for conducting the inference. They are,
1. The stable unit treatment value assumption (SUTVA);
2. The strong ignorability assumption on the assignment mechanism;
3. The trend stays stable in the absence of treatment for each test store.

The SUTVA contains two sub-assumptions: no interference between units and no dif-
ferent versions of a treatment (Rubin, 1974). The first assumption is reasonable because
the stores did not interact with each other after the advertising was assigned. As Rosen-
baum (2007) pointed out, “interference is distinct from statistical dependence produced
by pretreatment clustering.” Since the spatial correlation between test stores is produced
by pretreatment clustering, it is different from the interference between stores. The sec-
ond assumption is also sensible because we assume that there are no multiple versions of
the advertising campaign. For example, the advertising campaign is not launched across

multiple channels.
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The strong ignorability assumption also contains two parts: unconfoundedness and
positivity (Ding and Li, 2017). Unconfoundedness means that the treatment is assigned
randomly and positivity means that the probability for each store being assigned is
positive. In our study, we assume the company randomly assigned advertising to stores
and each store has an equal probability of being assigned.

The last assumption says that the counterfactual potential outcomes in the absence
of the advertising in test stores are predictable.

Now, we shall introduce some notations before defining causal estimands. Let n be the
total number of test stores to which the advertising were assigned. The -th test store has
p; control stores (stores not assigned with the advertising), i = 1, ..., n. The total number
of control stores are denoted as p, p = > ., p;. The length of the time series data is T+ P.
Let 1,...,T be the periods before running the advertising campaign and T+ 1, ..., T+ P
be the periods during the campaign. Let w; = (wyy, ..., Wyip) be a vector of treatment
at time t = T + 1,...,T + P, with each w;; being a binary variable. The treatment
assignment is time-invariant, so w; = w. For stores assigned with advertising, we denote

the sales value for the i-th store at times t as y;;. Let 5 be the observed data and yS be

the counterfactual potential outcomes which are missing. We let Y™ = (y5Ps ... yobs)
and Y' = (y¢f, ..., yL) respectively be the observed and missing potential outcomes for
n test stores at time t, t = 1,...,T + P. Clearly, Y?» = Y when t = 1,...,7. We
define Y3 7 p= (Y, ..., Y ) and Y3, 1 pyp = (Y, ..., Y, 0).

We first define the causal estimand of a commonly used method. For the ¢-th test

store, it is defined as
T+P

1
LS -,

t=T+1
which is the temporal average treatment effects (Bojinov and Shephard, 2017) at P time

points. In our setting, the treatment effects for n test stores are defined as

1 T+P
5 > (Y -y (2.2.1)

t=T+1

To introduce our new causal estimand, let x;; be the data for the synthetic control
for the i-th test store at time t. Recall that the data of a synthetic control is a weighted
sum of the sales from several control stores. Define X .7.p = (X1,..., X11p), where

X, is an n x p matrix containing data from p control stores at time ¢. Let u;; be a latent
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variable of a model, which is of interest. Define p, = (14, ..., 1,;) Which is an n x 1

vector. We let
T+P

oY w5 Xurer) (2.2.2)

t=T+1

be the posterior distribution of the latent variable conditional on Y‘f’; +p and Xy7qp,

and
T4+P
p( Z Nt‘Y(I)PYEaYgf+1:T+P:X1:T+P) (2.2.3)
t=T+1

be the density conditional on Y‘ifT +pand Xy7yp.
The new causal estimand is defined as the one-sided Kolmogorov-Smirnov (KS) dis-

tance between the two distributions for i-th store, which can be expressed as

T+P

obs cf
sup [«7:< E Mt < x|yi,1:Tayi,T-i—l:T—&-Paxi,l:T-&-P)
v t=T+1
T+P

obs
N ‘7'—( Z it < x|yi,1:T+vai,1:T+P>i|,
t=T+1

where F(-) stands for the corresponding cumulative distribution function. In our setting,
since test stores are spatially correlated, the causal effect of the i-th test store is defined

as

T+P
Sup |:F< Z Hit S w‘YT%%a Y§f+1:T+P7 Xl:T+P>
v t=T+1
T+P
- F( Z ’uit S x‘Ytl)P’Z%JerXl:TJrP)]-

t=T+1

(2.2.4)

A larger value of the one-sided KS distance implies a potentially larger scale of causal
impact. An impact is declared to be significant if the one-sided KS distance is larger than
its corresponding threshold. The threshold is calculated based on several datasets that
are randomly drawn from the posterior predictive distribution of (2.2.3) (See Section 2.5
for more details.)

We would like to mention that although the proposed method is applied to a multi-

variate time series model, even in the context of a univariate model, the idea of comparing
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posterior distributions of latent variables appears to be new. Generally speaking, this idea
can be adopted into many other applications with different Bayesian models as long as

these models are described in terms of latent variables.

2.3 Model and prior

2.3.1 Model

We consider a multivariate structural time series model given by (to simplify the notation,

we use Y, instead of Y™ in the current and the following sections),
Yt = Mt+6t+Xt/3+€t7 (231)

where Y, p,, 6; and €, are n x 1 vectors standing for the response variable, trend,
seasonality and measurement error respectively. n is the number of test stores, X, is an
n X p matrix containing data from p control stores at time ¢t and B is a sparse p x 1
vector of regression coefficients, where p can be very large. We allow each response in Y,

to have different number of control stores, and write

Tiig o Tipy 0 e 0 0 .- 0
X; = 0 - 0 Toart = Topyt "t 0 0 )
0o .- 0 o --- 0 T Tpitr ct Tppp oty

with > p; = p. Let v = (m1,...,7,) be the indicator variable such that v; = 1 if and
only if 3; # 0. €, is an independent and identically distributed (i.i.d) error process.

The trend of the time series is modeled as

i1 = K+ Te+ Uy, (2.3.2)

where 7, is viewed as a term replacing the slope of the linear trend at time ¢ to allow
for a general trend, and wu; is an i.i.d. error process. The process 7; can be modeled as a

stationary VAR(1) process, driven by the equation

Tit+1 — D + @(Tt — D) + Uy, (233)
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where D is an n x 1 vector and ® is an n X n matrix of the coefficients of the VAR(1)
process with eigenvalues having modulus less than 1. If no stationarity restriction is
imposed on 74, we model it by

Tyl = T+ vy, (2.3.4)

where v, is an i.i.d. error process.

The seasonal component d; in (2.3.1) is assumed to follow the evolution equation

S—2
Sip1 = — > iyt wy, (2.3.5)

j=0

where S is the total length of a cycle and wy is an i.i.d. error process. For example, for an
annual dataset, S = 12 represents the monthly effect while S' = 4 represents the quarterly
effect. This equation ensures that the summation of S time periods of each variable has
expectation zero.

We assume that the residuals of (2.3.1)—(2.3.5) are mutually independent and time
invariant, and are distributed as multivariate normals with mean 0,,.; and covariance
matrices X, 3, 3, and X, respectively.

By denoting parameters oy = (py, 7,8, ,0;,_g.) and n, = (u}, v, w;), the

model can be represented as a linear Gaussian state-space model

Yt = zoy + Xtﬁ + €, (236)
o1 = c+ Tat + R’l’]t, (237)

where z, ¢, T and R can be rearranged accordingly based on the model (2.3.1)—(2.3.5);
and €, ~ N(0,X), n ~N(0,Q), Q = bdiag(X,,X,, X,) are mutually independent; here
and below “bdiag” refers to a block-diagonal matrix with entries as specified. If 7, is a

nonstationary process in (2.3.3), then we set ¢ = 0.

2.3.2 Prior

We now discuss the priors for the parameters in the model. We separate the parameters
into four blocks: the time varying parameter ay, the stationarity constraint parameters
D and ®, the covariance matrices of the error terms 3, 3, 3, and ¥, and the sparse

regression parameter 3.
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For the time varying parameter, we give a prior a; ~ N (a, P) with a is the mean
and P is the covariance matrix. For the covariance matrices of the errors, we choose

priors as follows:

ZilNWg(VwH‘)’ E;lNWg(V,k%(n—i—l)H),
S Wov k3(n+ DH),  3.' ~ We(v, k3(n+1)H),

where Wy stands for a G-Wishart distribution. For the stationarity constraint parameter
D, we choose a conjugate prior D ~ N (0, 1I,,).

Putting a prior on the stationarity constraint matrix of a univariate AR(1) process
is straightfoward. However, for the VAR(1) process in (2.3.3), the stationarity matrix ®
has to meet the Schur-stability constraint (Roy et al., 2016), that is, it needs to satisfy
IAj(®)| < 1,7 =1,...,n, where )\; stands for the jth eigenvalue. Thus the parameter
space of @ is given by

"= {® R |\(®)| < 1,j=1,....n} (2.3.8)

Clearly simply putting a conjugate matrix-normal prior on ® does not guarantee that
all the sample draws are Schur-stable. We follow Roy et al. (2016)’s method of putting
priors on ® through a representation as given below.

We first denote 7; = 7; — D, then the Yule-Walker equation for 7; is
U=3oUd +3,, (2.3.9)

where U = E(7,7) is a symmetric matrix. Letting f(®,U) = U — ®UP’, we have that
f(®,U) is a positive definite matrix if and only if ® € &™ (Stein, 1952). Furthermore,

we have the following proposition:

Proposition 2.3.1. [Roy et al. (2016)] Given a positive definite matriz M, there ezists
a positive matriz U, and a square matrizc ® € &" such that f(®,U) = M if and
only if U > M and ® = (U — M) OUY? for an orthogonal matriz O with rank
r = rank(U — M), where (U — M)'? and U™ are full column rank square root of
matrices (U — M) and U™,

In view of Proposition 2.3.1, given ® € &" and an arbitrary value of M, the solution
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for U in equation (2.3.9) is given by
vec(U) = (1,2 — ®® ®) 'vec(M). (2.3.10)

Letting V =U — M, we have & = V20U 2, where V is a positive definite matrix,
and O is an orthogonal matrix. The matrix V' can be represented by the Cholesky
decomposition V' = LAL’, where L is a lower triangular matrix and A is a diagonal
matrix with positive entries. Thus the number of unknown parameters in V' reduces to

n(n — 1)/2+n. The parameter O can be decomposed by using the Cayley representation
O=E [I,-GI,+G) " (2.3.11)

with E, = I, — 2iej€e}, . € {0,1} and e; = (1,0,...,0)", where G is a skew-symmetric
matrix. Thus the number of parameters in O is n(n —1)/2 + 1. By taking the log-
transform, the parameters in A can be made free of restrictions. Therefore there are
n? unrestricted parameters in ® plus one binary parameter. We put normal priors on
the n? unrestricted parameters: the lower triangular elements of L, the log-transformed
diagonal elements of A and the lower triangular elements of G. For convenience, we
choose the same normal prior for those parameters and choose a binomial prior for the
binary parameter ¢.

For the sparse regression parameter (3, we chose a spike-and-slab prior with 3 ~
N(0,A,), A, = diag(as,...,a,) with a; = vo(1 — v) + v1yi, where 0 < vy < vy,
diag refers to a diagonal matrix with entries as specified; 7(v|0) = 0"!(1 — §)»~11 with

v =220 i 0~ Beta(Gi, G).

2.4 Posterior computation

In this section, we propose a two-stage estimation algorithm to estimate the parameters.
In the first stage, we adopt a fast variable selection method to obtain a point estimator
for B. In the second stage, we plug-in its estimated value and sample the remaining
parameters using an MCMC algorithm.

To conduct the variable selection on 3, a popular choice would be using a SSVS
method (George and McCulloch, 1993). The algorithm searches for 27 possible combi-
nations of 3; in B using Gibbs sampling under v = 0 and v = 1, 7 = 1,...,p. In the
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multivariate setting, this method is computationally very challenging when p is large. An
alternative way is to use the EMVS method (Roc¢kova and George, 2014). This method
uses the EM algorithm to maximize the posterior of B and thus obtain the estimated
model. It is computationally much faster than the SSVS method. Although SSVS gives a
fully Bayesian method quantifying the uncertainty of variable selection through posterior
distributions, the approach is not scalable for our application which involves a large sized
data. Since quantifying uncertainty of variable selection is not an essential goal, as vari-
able selection is only an auxiliary tool here to aid inference, the faster EMVS algorithm
seems to be a pragmatic method to use in our application.

After obtaining 3, we plug it into (2.3.6)~(2.3.7) and deduct X3 from Y. We denote

the new data as }N’t, and will work with the following model:

i}t = ZOoy + €, (241)
o =c+To + Ry,

In the MCMC step, we sample the parameters in the Model (2.4.1) from their corre-
sponding posteriors. Those parameters include: the time-varying parameters a;.r, the
stationarity constraint parameters D and ®, the covariance matrices of the residuals

>t et et and 3,0
2.4.1 Estimating the sparse regression parameter
Ifwelet Y; =Y, —E(Y,), X; = X —E(X}) and of = a; — E(a;), then we have

Y, =za] + X8+ €, (2.4.2)
0‘:+1 =Ta; + Rn,.

Recall that €; ~ NV (0,X) and n, ~ N (0, Q) are i.i.d. random errors.
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The joint posterior distribution for parameters in this model can be written as
W(aT;TmBaﬁ)/?Q)(I%EaQ | Y:7X:)
T T
< [[r(¥71X7, 07,8, 2) [ [ flegleg 1, @, Q) ()
pale Pl (2.4.3)
x 7 (Bly)m(v]0)7(0)m (vec(®))m (2 |v, H)
x (3 ky, v, H)m (3, ko, v, H)7o (3, ks, v, H).

To obtain B, we use a revised EMVS algorithm and the priors for almost all the
parameters except for ®. Since 3 is the only parameter we are interested in here, to
reduce the complexity of deriving the expression appearing in the EMVS algorithm, we
consider a conjugate prior for ®: vec(®) ~ N (0,0.1 x I,,2). In the simulation study, we
show that the choice of the prior for @ is not influential.

Our EMVS algorithm indirectly maximize the posterior by iteratively maximizing the

object function:

Q(B.0.2.2.Q| Y., 2 M, QW)
=C+Q(8.2.3.Q| Y 0" &0 50 QW)+ 0y | Y, 0V),

where C' is a constant,
Q,(8,®,%,Q | Y, 0" " =M Q")

T
1 R o *
- _§Z]EO‘T;T|' [(Yt - XtIB - zat)’E 1<Yt — Xt/B — zat)]
t=1

T-1
1 * * _ " N 1 o
) ZEQT:T" [(atﬂ - Tat)/RQ 1R/(at+1 — Tat)] o 5041/(11
t=1
T+v—2 T+v—3
2 2
1
(TS R+ D)
+ Te(k3(n + DHE,Y) + TR (0 + 1)HE,))
1 p
/
C2x O.1V€C((I)> vece(®) — ;E’ﬂ' [IOg (Uo(1 — %)+ vl%ﬂ
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72) + V17

_%;BE E”'[vo(l— 1 ]

and

Q,(0 | g(lﬁ)7 g(k))

:Zlog(la%@) (1) + (G — 1) log 0 + (p + (2 — 1) log(1 — 0).

A more detailed derivation of Q;(3, ®,3,Q | BH o®) e*®) wk) Q*)) and Qs (0 | B*). o))

are given in Appendix B.

2.4.2 Sampling the time-varying parameters

From (2.4.1), the posterior distribution of a7 can be expressed as

T T
m(anr9,Y,) o [[p(Yilew, 9) [ [ plaul oy, 9)m () (2.4.4)
t=2

t=1

with each density being a multivariate normal distribution; here 9 stands for all the
parameters in the model excluding a;.7. To sample ay.77, we apply the Kalman-filter
and simulation smoother algorithm (Durbin and Koopman, 2012, 2002). Recall a; ~
N(a, P). To choose a definite prior for a;, we proceed as follows: if ay.p follows a
nonstationary stochastic process, we choose a diffuse prior for a;, that is we let a =
0 and P be a diagonal matrix with large diagonal elements. If 7.1 is restricted to
be stationary, then the component of a; corresponding to 7; needs to have a prior
distribution with a smaller variance. Under some circumstances, one can estimate the
values for the variances using classical methods by treating parameters as time-invariant
in a given training datasets (Primiceri, 2005). But here 7 is a latent variable standing for
the trend and thus is not estimable. However, we found that the resulting procedure is not
sensitive to the choice of values of variance. For example, we can choose the covariance

matrix of 7, to be the identity matrix.
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2.4.3 Sampling the stationarity constraint parameters

Given the priors described in Section 2.3.2, we sample the parameters from their posterior
distributions using a Metropolis-Hastings algorithm. We choose the proposal density for
each parameter to be a normal distribution centered at the value of its lastest MCMC
draw and variance to be a small number, say 0.1.

One can choose to update n? 4 1 parameters one by one. However, when n is large,
it is more efficient to update them in blocks. One may choose the block knots to be
either fixed or stochastic. For stochastic knots, one may use the method introduced by
Shephard and Pitt (1997).

Given a current draw for @, by using the prior N'(0, I,,), D can be sampled from its
posterior given by

W(D|@7 Tl:T) ~ N(I“"Da VD>7 (245)

with

"1, -®)+1,]"

v

Vp = [(T-1)I,—®)%,;

T-1
up = VoI, —®) ZTtH—@"'t}

2.4.4 Sampling the covariance matrices of the residuals

The residual error terms are both multivariate normal with precision matrices having the
same sparsity structure. In the following we derive the posterior of ¥7!: the posteriors
for ¥, X1 and X' can be derived in a similar way. We summarize these parameters
in Table 2.1.

We impose sparsity on X! to reduce the number of parameters needed to be esti-
mated. The sparsity structure is a pre-determined matrix of zeros and ones which as-
sumes that two responses are conditionally independent if the corresponding entry is 0.
In Bayesian analysis, sparsity on an inverse covariance matrix is often imposed through
a G-Wishart prior (Dawid and Lauritzen, 1993; Roverato, 2000, 2002). Given a sparsity
structure G, the prior Wy (v, H) has the expression

1
( 1|g) (V H)|E | exp{_étr(HE_l)}]l{zflquL(g)}, (246)
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where the normalizing constant Ig(v, H) for a decomposable graph is given by
1
Ig(v,H) = / x|/ exp{—§tr(H2_1)}]1 mtemr B (2.4.7)

here v > n—1 is the degree of freedom, H is an n X n symmetric positive definite matrix,
M™(G) is the cone of the symmetric positive definite matrix 3! based on the graphical
structure G. We allow G to be either decomposable or non-decomposable and use the
BDgraph package in the R library for computation, which uses explicit expression for the
normalizing constant in (2.4.7) if the graph is decomposable and uses the BDMCMC
algorithm (Mohammadi and Wit, 2015) if the graph is non-decomposable.

Table 2.1: Parameters of the posterior densities of 71, =1 -1 -1,

Parameters DF Scale matrix
2_1 T +v Zle (i;t — ztat)(f’t - Ztat), + H
2;1 T+v-1 ZtT:El(Nt-H — Ky — Tt)(#t+1 - Ky — Tt), + k%(n +1)H
»! T+v-1 =1 (T — 7)) (Trp1 — ®7) + k(n+ )H
S THv—1 S5 G+ X570 6 ) G + X570 8iy) + K(n+ DV H

The proposed two-stage estimation algorithm is thus summarized as follows:
Stage 1: EMVS step. Choose initial values for 8, aT(O) and PT(O) using the revised
EMVS algorithm to find the optimized value for 3.

The two-stage algorithm is proposed as follows. In Stage 1, we estimate the sparse
regression parameter B In Stage 2, we sample the parameters in the model (except

3) using the MCMC algorithm. In below, we provide the details of our algorithm.

Stage 2: MCMC step. Given fft, we sample parameters using MCMC with the

following steps:

(a) Generate o using the Kalman filter and simulation smoother method.
(b) Generate ® using the Metropolis-Hastings algorithm.
(¢) Generate D.

23



(d) Generate covariance matrices from their respective G-Wishart posterior den-
sities.

(e) Go to Step (a) and repeat until the chain converges.

Skip Step (b) and (c) if no stationarity restriction is imposed on 7.

2.5 A new method to infer causality

In this section, we will introduce our new method to infer causality (in short, “the new
method”) along with a commonly used method.

Recall the treatment effects of the commonly used method is defined in (2.2.1).
Since ZtT:Til Y? is an unobserved quantity, we replace it by its posterior samples from
p( tT:TPH Y YR, Xirip).

The commonly used method may fail to detect even for a moderately sized impact
for two reasons. First, the prediction intervals increase linearly as the time lag increases.
Secondly, the trends are the only latent variables would give a response to an impact;
including the random noise and the seasonality components would inflate the uncertainty
of the estimated effect. For the data with a low signal-to-noise ratio, this method is which
even harder to detect causal impacts.

We thus propose a new method by comparing only the posterior distributions of the
latent trend in the model given the observations and the data from counterfactuals. The
new method consists the following five steps:

Step 1: Applying the two-stage algorithm to obtain posterior samples for parameters
in the model using the data from the period without causal impacts.

Step 2: Based on those posterior samples, obtaining sample draws of Y5 4174 p from
its predictive posterior distribution p(Y' 3, .7 p|Y 5o, X110p).

Step 3: Generating k different datasets from counterfactual potential outcomes (in
short, “counterfactual datasets”) from the predictive posterior distribution, for the j-
th dataset, j € {1,...,k}, denoted by Y;f(ﬁ:Ter. Then fitting each Ychiji:T+P into the
model to obtain sample draws of the trend from its posterior distribution, which is shown
in (2.2.3) (here, we replace Y5 | 1., p with Y;fﬂ:TJrP). Also, fitting the observed data
Y%, into the model and sampling from (2.2.2).

Step 4: Using the one-sided Kolmogorov-Smirnov (KS) distance to quantify the dif-

ference between the posterior distributions of the trend given by the observed data and
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the counterfactual datasets. The posterior distribution of the trend given by the coun-
terfactual datasets is obtained by stacking the sample draws estimated from all the k
simulated datasets, then calculating the KS distance between the two posterior distribu-

tions for each store as follows:

1 k T+P
obs cf j
sup [EZ <F< Z it > < $|Y1bT, TE%:T+P7X1:T+P>)

t=T+1

- (2.5.1)
T+P
- ]'-< Z Hit < IE|Y1 T+P7X1:T+P>] )
t=T+1
where i = 1,...,n, and F(-) stands for the empirical distribution function of the obtained

MCMC samples.
Step 5: Calculating the & x (k — 1) pairwise one-sided KS distances between the
posterior distributions of the trends given by the k& simulated counterfactual datasets,

that is to calculate the following expression

TP
P []:< Z pir < x| Y7, Y5 ipo X, T+P>
t=T+1
T+P (2.5.2)
obs (5
~F( X e <alVIR YT Ko ) |,
t=T+1

where j,j' = 1,...,k, j # 7. Then, for each i, choosing the 95% upper percentile among
those distances as a threshold to decide whether the KS distance calculated from (2.5.1) is
significant or not. If the KS distance is smaller than this threshold, then the corresponding
causal impact is declared not significant.

The use of a threshold is necessary, since the two posterior distributions of the trend
obtained under observed data and the data from the counterfactual are not exactly equal
even when there is no causal impact. Our method automatically selects a data-driven
threshold through a limited repeated sampling as in multiple imputations.

So far we described the commonly used method and the new method in the setting
where the period without a causal impact comes before that with the impact. However,
the new method can be extended to allow datasets in more general situations when: 1)
there are missing data from the period without causal impact; 2) the period without

causal impact comes after the period with a impact; 3) there are more than one periods
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without causal impact, both before and after the period with a impact. This is because
the KFBS method is flexible to impute missing values at any positions in a times series

dataset.

2.6 Simulation study

In this section, we conduct a simulation study to compare the two different methods
introduced in the last section. To keep the analysis simple, we only consider the setting

that the period with causal impact follows that without the impact.

2.6.1 Data generation and Bayesian estimation

We simulate five spatially correlated datasets, and assume the precision matrices in the

model have the adjacency matrix as follows:

11000
11100
01110/, (2.6.1)
00111
00011

that is, we assume variables align in a line with each one correlated with only its nearest
neighbors. We generate daily time series for an arbitrary date range from January 1, 2016
to April 9, 2016, with a perturbation beginning on March 21, 2016. We specify dates in
the simulation to facilitate the description of the intervention period. We first generate
five multivariate datasets for test stores with varying levels of impact and label them as
Datasets 1-5.

For each Dataset 4, = 1,...,5, the trend is generated from p;; ~ N(0.841;¢ 1,0.1%)
with p;0 = 1. The weekly components are generated from two sinusoids of the same

frequency 7 as follows:
dit = 0.1 x cos(2mt/7) + 0.1 x sin(27t/7). (2.6.2)

Additional datasets for 10 control stores are generated, each from an AR(1) process with

coefficient 0.6 and standard error 1. We let the first and second datasets to have regression
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coefficients 81 = 1, 2 = 2 and let the rest to be 0. We then generate the residuals €; in the
observation equation from the multivariate normal distribution N(0,3) with precision
matrix having sparsity structure given by (2.6.1). We set the diagonal elements for ¥~ to
10, and its non-zero off-diagonal elements to 5. The simulated data for test stores are the
sum of the simulated values of p,, d;, X3 and €;. The causal impacts are generated as
follows: for each Dataset i, 2 = 1,...,5, we add an impact scale (15—1) x (log1,...,log20)
from March 21, 2016 to April 9, 2016. Clearly no causal impact is added in Dataset 1.
We impose the graphical structure with adjacency matrix in (2.6.1) in both observed
and hidden processes in the model and then apply the two-stage algorithm to estimate
parameters. In Stage 1, we apply the revised EMVS algorithm. We choose the initial
values B8 and ay{(o) to be the zero vectors and the first 15 x 15 elements of P’{(O), which
correspond to the covariances of the trend, local trend and seasonality components, to

©) are set to 0. We select 20 equally

be a diagonal matrix. The remaining elements in P
spaced relatively small values for vy from 107% to 0.02 and a relatively larger value for
vy, 10. For the prior of 6, we set (; = (3 = 1. The maximum number of iterations of the
EMVS algorithm is chosen to be 50. We calculate the threshold of non-zero value of 3,
from the inequality: p(y; = 1|8;, Y7, X;) > 0.5 (See the detailed discussions in Rockova

and George, 2014). Then the threshold can be expressed as

I

40 \/log<vo/v1> +2log(0/(1 - 0))

1 1
Uy — Y

where 6 is the maximized value obtained from the EMVS algorithm. Rockova and George
(2014) also suggested using a deterministic annealing variant of the EMVS (DAEMVS)

algorithm which maximizes
1 " * *\5
E(QT;T:‘YN' [g log’]r(al:T7 /37 g 97 (1)7 Ea QlYt ) Xt) ’ B(k)7 0<k)7 (I)(k)7 E(k)a Q(k)} s (263)

where 0 < s < 1. The parameter 1/s is known as a temperature function (Ueda and
Nakano, 1998). When the temperature is higher, that is when s — 0, the DAEMVS
algorithm has a higher chance to find a global mode and thus reduces the chance of
getting trapped at a local maximum.

Figure 2.2 compares the results for using EMVS and DAEMVS with s = 0.1 algo-
rithms. We plot 3 and their thresholds based on 20 different values of vy from 107 to
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EMVS DAEMVS (s=0.1)
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Vo Vo

Figure 2.2: EMVS (left) and DAEMVS (with s = 0.1) (right) estimation of 8 based on the
simulated datasets. The dark blue lines are the parameters that have simulated values 2; the
light blue lines are the parameters that have simulated values 1 and the black lines are the
parameters that have simulated values 0. The red lines are the calculated ﬁ}h values, within the
two red lines, the parameters should be considered as zero parameters.

0.02. From the plot, the estimated values for 8 using both EMVS and DAEMVS methods
are close to their true values.

The true zero coeflicients are estimated to be very close to 0. However, we observe
that the values of B! is larger by using the EMVS method compared to the DAEMVS
method. This is because in the region where vq is less than 0.005, the § estimated from
EMVS is very close to 0, thus the negative value of log (é/ (1-— é)) is very large and the
threshold becomes larger. Based on the simulation results, we use DAEMVS with s = 0.1
throughout the rest of the chapter.

The DAEMVS gives a smaller value of S, yet the thresholds can distinguish the true
zero and non-zero coefficients in this case. Nevertheless it may miss a non-zero coefficient
if the coefficent is within the thresholds. In practice, since our goal is to identify significant
control variables and use them to build counterfactuals for a causal inference, we may
choose to include more variables than the threshold suggests provided that the total
number of included variables is still manageable.

Recall that in the Stage 1, we used a conjugate prior for vec(®) instead of the origi-
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nally proposed prior described in Section 2.4.3. Here, we want to make sure the change
of prior would not affect the results of 3 too much. We conduct the analysis by choosing
two different values of the covariance matrix of the prior: Is and 0.01 x I5. We found the
estimates Bs are almost identical to the estimated values shown in Figure 2.2. We also
consider using other two models: one ignores the stationarity constraint for 7 (henceforth
the “nonstationary model”); another ignores the time dependency of the model (hence-
forth the “misspecified model”). To be more explicit, for the nonstationary model, we let
the local linear trend follow (2.3.4). The misspecified model is given by Y} = X3 + ¢,
with ¢;s are i.i.d random errors with multivariate normally distributed and mean 0 by ig-
noring their dependency. We conduct DAEMVS with s = 0.1 for both of the two models.
In the nonstationary model, we choose a diffuse prior for aj and change the covariance
corresponding to the local linear trend in P to be 10° x I'5. In the misspecifed model,
the M-step in Section B.1 can be simplified to only updates for 3, # and the covariance
matrix of ¢;. We plot the results into Figure 2.3. Comparing the results in Figure 2.3 with
Figure 2.2, there are not much differences among the results obtained using the three
different models for estimating (3.

In Stage 2, we plug-in B and calculate i}t in (2.4.1). We choose the prior for the rest
of parameters as follows: we let a; ~ N(0,I). If 7, is a nonstationarity process, the
initial condition is considered as a diffuse random variable with large variance (Durbin
and Koopman, 2002). Then we let the covariance matrix of 7; to be 10° x I'5. We let
v =1,k = ky = ks = 0.1. We choose H = I5 and the priors for 25 parameters
decomposed from ® to be N (0, \/52), and let ¢ ~ Bernoulli(0.5). We run total 10,000
MCMC iterations with the first 2,000 draws as burn-in.

2.6.2 Performance of the commonly used causal inference method

In this section, we study the performance of the commonly used method. The causal
effect is estimated by taking the difference between observed data during causal period
and the potential outcomes of counterfactuals during that period. In Stage 1, we use the
DAEMVS (s = 0.1) algorithm to estimate 3 for the model (2.3.6)—(2.3.7). A stationarity
constraint is added on the local linear trend 7;. In Stage 2, we consider two different
settings for 7;: with and without adding the stationarity constraint. We choose Dataset
4 as an example and plot accuracy of the model based on the two different settings in

Figure 2.4. There are four subplots: the left two subplots are the results for the model
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Figure 2.3: DAEMVS (with s = 0.1) estimation of 8 based on the simulated datasets using
the nonstationary model (left) and the misspecified model (right). The dark blue lines are the
parameters that have simulated values 2; the light blue lines are the parameters that have
simulated values 1 and the black lines are the parameters that have simulated values 0. The red
lines are the calculated B}h values, within the two red lines, the parameters should be considered
as zero.

with a nonstationary local linear trend and the right two subplots are the results for the
model with a stationary local linear trend. Before the period with a causal impact, which
is March, 21, 2016, the estimated posterior medians and 95% credible intervals obtained
from the two models are close (see plots (b) and (d) in Figure 2.4); but their prediction
intervals during the period with a causal impact are quite different. In the model with
a nonstationary local linear trend, the prediction intervals are much wider and expand
more rapidly than those resulting from the model with a stationary local linear trend.
In the former case, the observed data during the campaign are fully contained inside
the prediction intervals and thus failed to detect a causal impact. However, the model
with a stationary local linear trend gives only moderately increasing prediction intervals
and thus can detect the causal impact. Plots (b) and (d) shown in the bottom of Figure
2.4 are the estimated causal impact in each model for Dataset 4 calculated by taking
the difference between observed values and counterfacutal potential outcomes. In each

plot, the estimated causal impact medians are able to capture the shape of the simulated

30



causal impact. However, the prediction intervals in plot (b) contain the value 0 and thus

negate the impact. The shorter prediction intervals in plot (d) do not contain the value

0, and thus indicate the existence of a impact.
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Figure 2.4: Plot of the causal impact in Dataset 4 using models with a stationary and a
nonstationary local linear trend. (a) and (c) are the plots of estimation (before March 21, 2016)
and prediction (after March 21, 2016) of Dataset 4 without stationarity constraint (left) and
with stationarity constraint (right). The gray line is the simulated dataset, the blue line is
the estimated posterior median of the dataset using the model, the dashed blue line is the
corresponding 95% credible and prediction intervals. (b) and (d) are the plots of estimated
causal impact by taking the difference between the observed data and Bayesian estimates using
the model with a nonstationary local linear trend (left) and the model with a stationary local
linear trend (right). The black line is the simulated true impact, the blue line is the estimated
median of the impact, the dashed blue lines are the corresponding 95% credible and prediction
intervals.

To give an overall picture of the model fitting for the five simulated datasets, we
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Table 2.2: Posterior medians and 95% credible intervals of average causal impacts for simulated
datasets estimated using the multivariate models with a stationary and a nonstationary local
linear trend.

Simulated impact Nonstationary Stationary
Dataset 1 0.00 0.00 [—4.419,4.425] 0.29 [—1.440, 1.996]
Dataset 2 1.06 0.64 [—3.989,5.298] 1.07 [—0.648,2.780]
Dataset 3 2.12 1.22 [-3.758,5.965]  2.27 [0.399,4.014]
Dataset 4 3.18 2.83 [—1.793,7.575]  3.16 [1.500, 4.862]
Dataset 5 4.23 4.25 [—0.249,8.771]  4.25 [2.520, 5.904]

summarize the posterior medians and their 95% credible intervals of the estimated causal
impact for all the datasets in Table 2.2. In the model with a nonstationary local linear
trend, no impacts are detected for all the five datasets since their corresponding prediction
intervals all contain the value 0. In the model with a stationary local linear trend on 7,
the impacts are successfully detected for the last three datasets. For Dataset 2, it has a
weaker impact. Its impact is not detected even after imposing the stationarity constraint.
Also, when the stationarity constraint is imposed, including the intercept D in (2.3.3)
helps give a robust long run prediction. Thus, from Table 2.2, we find that the estimated
medians using the model with a stationary local linear trend are closer to the true impact
compared with that obtained from using the model with a nonstationary local linear
trend.

In the setting where the sales in the test stores are spatially correlated, the use of
the multivariate model with a stationary local linear trend is necessary for obtaining
more accurate estimates for causal effects. We compare the results with a univariate
model which ignores the correlation between the five simulated datasets. We fit the five
datasets independently into that model. The model is the univariate version of the model

(2.3.6)—(2.3.7). In the univariate model, the errors €;, u;, v; and w; become scalars.

2
w?

as 072 ~ Gamma(0.1/2,0.1 x SS/2), 0,2, 0,2, 0,2 ~ Gamma(0.01,0.01 x SS), where
SS =3, (v —9)*/(T —1) and § = 32/, y;/T. The parameters D and ® in (2.3.3)
also become scalars and to be denoted by d and ¢ respectively. We give them the priors

d ~ N(0,0.12) and ¢ ~ N'(0,0.12)1(_y 1.

In order to make the comparison between the multivariate model and the univariate

We denote 02, 62, 02 and o2 as their corresponding variances. We choose their priors

model meaningful, we plug-in the same B obtained from Stage 1 for both models. We
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Table 2.3: Posterior medians and 95% credible intervals of average causal impacts for simulated
datasets estimated using the univariate model.

Simulated impact ~Stationary (univariate)

Dataset 1 0.00 0.17 [~2.197, 2.472]
Dataset 2 1.06 1.03 [-1.365,3.473]
Dataset 3 2.12 2.16 [—0.370,4.476]
Dataset 4 3.18 3.20 [0.821, 5.748]
Dataset 5 4.23 4.08 [1.564, 6.489]

conduct an MCMC alogrihtm for the five datasets separately using the univariate model
by sequentially sampling draws from the corresponding posterior distributions of ay.7, d,
¢, 02, 02, 02 and 02. We run the MCMC algorithm for 10,000 iterations and treat the first
2,000 as burn-in. The estimated causal impacts are shown in Table 2.3. By comparing
the results with the results in Table 2.2, the univariate model produces wider credible
intervals for all of datasets even though their posterior medians are close to the truth.
Thus the multivariate model with a stationary local linear trend is more accurate for
detecting a causal impact.

We conduct additional independent 10 simulation studies by generating datasets using
the same scheme which described above, but using different random number generators
from the software. We conduct the same analysis for the 10 simulated studies using
the multivariate model with stationarity constraints. All of these studies show that the
commonly used method failed to detect causal effect for the second dataset, which is the

one with the smallest amount of simulated causal impact.

2.6.3 Performance of the new method to infer causality

In this section, we study the performance of the new method. We use the same simulated
data in Section 2.6.1. We calculate the one-sided KS distance in (2.5.1) and the threshold

in (2.5.2) for each ¢ = 1,...,n. We also calculate the one-sided KS distances
1 k T+m
obs cf(y
w13 (#( 5 <oty

r j=1 t=T+1

T+m
— -7:( Z Mig < x’Y?];Dqum, Xl:T—i—m)] ;

t=T+1
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and the corresponding thresholds for m = 1 to m = P. This allows to see how the KS
distances grow over time.

We plot the results in Figure 2.5. There are five subplots in that figure with each
represents one simulated dataset. For each subplot, the red line represents the one-sided
KS distances between posteriors from a test store and its counterfactuals, and the light-
blue line represents its corresponding thresholds. The threshold is calculated based on
k = 30 simulated counterfactual datasets. In the plot, Dataset 1 is the only one with the
one-sided KS distances completely below the thresholds and it is the dataset which does
not receive any impacts. This suggests that our method has successfully distinguished
between impact and no impact in these datasets. For Dataset 2, the impact at the early
period is small, thus we observe the causal impact in the first three predicting periods are
not significant; however, the new method can detect the impact after the fourth period.

We also summarized the results in Table 2.4. Compared with the results from the
commonly used method (see Table 2.2), the new method shows a significant improvement
in detecting causal impacts. From Dataset 3 to Dataset 5, the one-sided KS distances are
all above their corresponding thresholds. Also, as the impact grows stronger, we observe
that the distances becomes larger. The thresholds too increase along the time, since the

predicting intervals for the trends become wider.

Table 2.4: Results of the one-sided KS distances and thresholds obtained by applying the new
method to detect causal impacts in Dataset 1, ..., Dataset 5 using the multivariate model with
a stationary local linear trend. We only present the results at the dates March 22, 2016, March
31, 2016 and April. 9, 2016 which correspond to the 1st day, 10th day and 20th day during the
causal period.

Dataset 1 Dataset 2 Dataset 3 Dataset 4 Dataset 5

March, 22 KS distance 0.005 0.033 0.103 0.137 0.277
(1st day) Threshold 0.118 0.083 0.112 0.110 0.120
March, 31 KS distance 0.143 0.402 0.612 0.884 0.989
(10th day)  Threshold 0.313 0.192 0.256 0.299 0.369
April; 9 KS distance 0.520 0.763 0.928 0.999 1.000
(20th day)  Threshold 0.715 0.349 0.354 0.409 0.636

To check the performance of the new method, we conduct 10 more simulation studies
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Figure 2.5: Results of applying the new method to detect causal impacts in Dataset 1, ...,
Dataset 5 using the multivariate model with a stationary local linear trend during the causal
period from March, 22, 2016 to April, 9, 2016. In each subplot, the red line gives the one-sided
KS distances between two posterior distributions with one is given the data of counterfactuals;
the light blue line gives the corresponding thresholds.

using the data generated from the same model. Although the values of the one-sided KS
distances and thresholds are not identical for each simulation, since the model is highly
flexible and the estimated trend is sensitive to local changes of a dataset, the new method
successfully detects the causal impacts in Dataset 2, ..., Dataset 5.

We applied the new method to the univariate model, which is described in Section
2.6.2, using the same simulated dataset. The graphical and tabular representations of
the results are presented in Section 3 of the supplementary material. We found that by
comparing with the results obtained from the multivariate model (see Figure 2.5), the
thresholds are much larger among all the datasets. Recall that from Table 2.3, the credible

intervals estimated using the commonly used method are wider. Thus when we randomly

35



draw samples from a counterfactual with a larger variance, the posterior distributions
for their trend are more apart. As a result, the pairwise one-sided KS distances between
the posterior distributions of the trends are larger. Even though the thresholds are larger
when using the univariate model, unlike the results obtained by using the commonly used
method, the new method can still detect the causal impact for almost all the datasets
which received an impact successfully, except for the very weak impacts in Dataset 2

during the first three periods and Dataset 3 during the first period.

2.7 Model checking

In this section, we present the convergence diagnostic results for MCMC chains. We also
present the results for a sensitivity analysis. Furthermore, we discuss the choice of the

threshold for declaring a significant impact.

2.7.1 Convergence diagnostic

We conduct an MCMC convergence diagnostic based on the simulated datasets we used
above. Figure 2.6 gives the trace plots for several parameters including the trend for
Dataset 1 at time ¢ = 1, p, ;; the (1,1) coordinate element for covariance matrix %, 3,
>, 2, and stationarity constraint matrix ®. From Figure 2.6, we see that all the six
chains mix well. For each chain, the burn-in periods are short and the chain remains
stable after the burn-in period. Due the limitation of space, we do not show the trace
plots for all the parameters of p,.;, 71.7,01.7, X, Xy, 3y, X, and ®, but all of them
have well-mixed chains.

We then use inefficient factors (IFs) to calculate the efficient draws for each MCMC
chain. The formula is given as 1+ 2 3™ (1 —i/M)p; (see Chib, 2001), where p; is the
estimated autocorrelation at lag ¢, M is the batch size which we take as 5000 in this
simulation study. When we say that the inefficient factor has value M, this means that
the number of effective draws is the total number of iterations without burn-in divided
by M. Figure 2.7 plots the IFs for parameters in the model including all the parameters
in the trend p,.p, the covariance matrices 3, 3, ¥,, 3, the intercept for the local
linear trend D and the parameters in the stationarity constraint matrix ®. From the
plots, we observe that all the IFs except for a few parameters in ® are very small which

suggests that the correlations are low. The large inefficient factors for parameters in ®
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Figure 2.7: Plot of the inefficient factors (IFs) for pq.p, X, 3., 3, 3y, D, ®. The first 400
values are IFs for parameters in py.7 (5 datasets each with 80 time periods), the following 100
values are IFs for parameters in 3, 3, 3,, and 3,,, with each has 25 parameters, the next 5
values are IFs for parameters in D; and the last 25 values are IFs for parameters in ®. The red
lines separate IFs result from different parameters.
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occur because the use of Metropolis-Hasting algorithm, which is expected to have a larger

inefficient draws than using a Gibbs sampling algorithm.

2.7.2 Sensitivity analysis

Consider the following model,

Y, =zay + X8+ o€,

(2.7.1)
o =c+To + Ry,

where o;s are random draws from an exponential distribution with mean equal to 1. Thus
the error is heteroskedastic with a heavy tail. We generate the data from (2.7.1) but use
the model (3.1) of our chapter to conduct the causal inference. The data generating
process is similar to the one described in our chapter. We apply both the commonly used
method and the new method to estimate the causal effects of the simulated datasets. The
results for using the commonly used method are shown in Table 2.5 and the results for
using the new method are shown in Table 2.6 and Figure 2.8.

From Table 2.5, the commonly used method fails to detect the causal impact for
Dataset 2 and 4. Even though Dataset 4 has a relatively large impact. However, from
Table 2.6 and Figure 2.8, we found that by using the new method, all the Datasets
containing causal impact are successfully detected. Our method also does a good job on
distinguishing the datasets containing causal impacts with the one not containing any

causal impacts.

Table 2.5: Posterior medians and 95% credible intervals of average causal impacts for the
model (2.7.1).

Simulated impact Posterior median 95% credible intervals

Dataset 1 0.00 —0.03 [—2.177,2.233]
Dataset 2 1.06 1.81 [—0.421,4.044]
Dataset 3 2.12 2.65 [0.520,5.193]
Dataset 4 3.18 2.71 [—0.393,5.102]
Dataset 5 4.23 4.28 [2.108, 6.000]
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Figure 2.8: Results of applying the new method for detecting causal impacts in Dataset 1, ...,
Dataset 5 with the data generated from model (2.7.1) during the causal period from March, 22,
2016 to April, 9, 2016. In each subplot, the red line gives the one-sided KS distances between
two posterior distributions with one is given the observed data and the other given the data of
counterfactuals; the light blue line gives the corresponding thresholds.

Table 2.6: Results of the one-sided KS distances and thresholds obtained by applying the new
method to detect causal impacts in Dataset 1, ..., Dataset 5 using the model (2.7.1) with the
stationarity constraint. We only present the results at the dates March 22, 2016, March 31, 2016
and April. 9, 2016 which correspond to the 1st day, 10th day and 20th day during the causal
period.

Dataset 1 Dataset 2 Dataset 3 Dataset 4 Dataset 5

March, 22 KS distance 0.000 0.199 0.080 0.054 0.292
(1st day) Threshold 0.106 0.103 0.147 0.116 0.111
March, 31 KS distance 0.001 0.628 0.735 0.691 0.938
(10th day)  Threshold 0.197 0.230 0.292 0.333 0.354
April, 9 KS distance 0.020 0.911 0.964 0.973 0.999
(20th day)  Threshold 0.410 0.380 0.380 0.559 0.572
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2.7.3 Using a threshold by choosing a different percentile

In our study, we proposed using the 95% upper percentile to calculate the threshold for
detecting a significant impact. If we choose a higher percentile, it becomes more difficult
to detect an impact. On the other hand, it prevents false discoveries. We then conduct
a study by using the 99% upper percentile for the same simulated datasets. We plot
the results in Figure 2.9. Compared with Figure 2.5, the thresholds in Figure 2.9 are
randomly larger for all the subplots. However, we can still successfully detect the causal

impacts in all the datasets.
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Figure 2.9: Results of applying the new method for detecting causal impacts in Dataset 1, ..
Dataset 5 during the causal period from March, 22, 2016 to April, 9, 2016 with thresholds chosen
as the 99% upper percentile from the one-sided KS distances obtained from 30 generated coun-
terfactuals. In each subplot, the red line gives the one-sided KS distances between two posterior
distributions with one is given the observed data and the other is given their corresponding
counterfactuals; the light blue line gives the corresponding thresholds.
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2.8 Application to a real dataset

In this section, we present the results of a real data analysis for measuring the causal
impact of an online advertising campaign (run by MazPoint) for a consumer product at
a large national retail chain.

Due to commercial confidentiality, we do not show full details of the results, but the
following description explains how our method works in this real dataset. MaxPoint tar-
gets this campaign at 627 test stores and 318 control stores spread out across the country
and collects weekly data throughout the campaign. We choose all the control stores in
the corresponding state for each dataset. If a state does not at all have control stores,
we remove such data from the analysis. In Stage 1, we use the DAEMVS (with s = 0.1)
algorithm to select the control stores for each test store. If for a test store, all the po-
tential control stores are eliminated by the DAEMVS algorithm we also eliminate that
store from the causal analysis, because without building a counterfactual, the causal in-
ference cannot be conducted. After making the selection, we conduct the causal analysis
on 323 test stores in total. For each dataset, there are 46 weekly observations in total
with the last 10 observations occurring in the causal period. Since the length before the
causal period is only 35 per dataset, we have to separate these 323 stores into smaller
datasets and fit the model separately on them. As large national chain retailers organize
promotional and operations activity differently in each state, we treat stores in different
states as independent. State-wise splitting typically keeps the number of stores less than
15. If one state has more than 15 stores, we split further into subregions to meet the
requirement. We further assume that the stores in two different subregions behave inde-
pendently. The regions are separated based on city boundaries. Within each region, we
assume that stores are connected with each other. This means that the inverse covariance
matrix (equivalently, the covariance matrix) follows a block-diagonal structure with at
most 15 nodes in a block.

We assume the three causal assumptions in Section 2.2 hold. The following table
summarizes the number of stores with significant causal effects from the advertising
campaign. From the table we found that the number of stores are increasing from the
first week to the last week. During the first five weeks, the number of stores that received
causal impact increased rapidly compared with that in the last five weeks.

Not only the number of impacted stores increased during the advertising campaign

period (shown in Table 2.7), the magnitudes of the impacts in those stores also increased.
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Figure 2.10: Plot of the causal impacts at test stores at end of the second week (a), the
fifth week (b) and the last week (c) for an advertising campaign of a consumer product
at a large national retail chain. The impacts below their thresholds are set to zero. The
United States map is produced using Google Maps, 2017.
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Table 2.7: Number of test stores that received significant causal impacts for each week of
running the advertisement campaign by using the multivariate model with a stationary local
linear trend.

1st week 2nd week 3rd week 4th week  5th week

Number of stores 23 44 55 62 73
6th week 7th week 8th week 9th week 10th week
Number of stores 72 77 78 82 84

In Figure 2.10, we plot the estimated one-sided KS distances for stores along with their
locations at Weeks 2, 5 and 10. In each figure, we plot only the stores with significant
causal effects. The red dots represent the stores with the one-sided KS distances larger
than their corresponding thresholds, which suggests that those stores received significant
causal effects. The grey dots represent the stores that do not show significant causal
effects. We find that the magnitudes of the impacts for most of the stores have a larger
increase from the first five weeks compared with the last five weeks. Comparing the plots
of the fifth week and the tenth week, we find that only a few stores in California, South
Dakota, Ohio and Texas got increased causal effects.

We also conduct an analysis by assuming that the test stores are independent and
thus ignoring their spatial correlation. Table 2.8 lists the number of stores that received
significant causal effects. The numbers are smaller than those obtained using the mul-
tivariate model. This suggests most of the impacts are weak and the spatial correlation

between sales in different stores help detect the weaker impacts.

Table 2.8: Number of test stores that received significant causal impacts for each week of
running the advertisement campaign by using the univariate model.

1st week 2nd week 3rd week 4th week  5th week

Number of stores 25 19 22 23 18
6th week 7th week 8th week 9th week 10th week
Number of stores 17 15 15 13 14
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2.9 Conclusion and discussion

In this chapter, we proposed a novel causal inference method which compares the poste-
rior distributions of the latent trend conditional on two different sets of data: one is the
observed data which contain a causal effect; the other one is the data from a synthetic
control. We calculated the one-sided KS test statistics between the two posterior distri-
butions. A threshold was used to decide whether a causal impact is significant or not.
In the simulation study, we showed that our method can detect a smaller sized causal
impact more efficiently compared with the commonly used method even when the model
is slightly misspecified. The new causal inference method is not restricted to the spe-
cific structural time series model used in this chapter and can be applied to many other
models in different applications.

We used a multivariate structural time series model to estimate the causal impact of
a stimulus on subjects such as an advertising campaign for each individual store. Sales in
those stores are spatially correlated. A Bayesian analysis was used to estimate parameters
in this model. We imposed sparsity on the precision matrix based on the distance between
each pair of stores. The sparsity was imposed through a G-Wishart prior, where the graph
G can be either decomposable or non-decomposable. We restricted the hidden process 7
to be stationary in order to stabilize the prediction intervals. To sample its time-varying
variables, we used the Kalman filter and simulation smoother algorithm. This algorithm
can be used to impute missing values inside the MCMC loops.

We used the revised EMVS algorithm to select control stores. We also discussed the
advantage of using the DAEMVS algorithm which is a modified version of the EMVS al-
gorithm. Compared to the EMVS algorithm, the DAEMVS algorithm reduces the chance
of getting trapped at a local maximum. Both the EMVS and DAEMVS algorithms are
computationally much faster than the sampling based method like SSVS. Since the EMVS
algorithms cannot be incorporated into MCMC loops, we proposed a two-stage algorithm
to estimate parameters. In Stage 1, we used the DAEMVS to obtain B; in Stage 2, we
plugged-in B and used an MCMC algorithm to obtain posterior distributions of the
remaining parameters.

We compared the multivariate model with the univariate model which assumes inde-
pendence between responses based on simulated datasets. The results indicate that the
univariate model gives wider credible intervals (if using the commonly used method) and

larger threshold (if using the new method) than the multivariate model. Thus incorpo-
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rating of the spatial relationships between test stores is beneficial.

Finally, we analyzed a real dataset on sales data of products distributed through brick
and mortar retail stores for an advertising campaign run by MazPoint. Even though,
due to commercial confidentiality, we did not provide the full details of the results, the
summarization tables of the number of stores that received significant impact suggests

the effectiveness of using the new causal inference method.
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Chapter 3

Bayesian Linear Regression for
Multivariate Responses Under Group

Sparsity

3.1 Introduction

Asymptotic behavior of variable selection methods, such as the lasso, have been ex-
tensively studied (Biithlmann and van der Geer, 2011). However, theoretical studies on
Bayesian variable selection methods are limited to relatively simple settings (Castillo
et al., 2015; Chae et al., 2016; Martin et al., 2017; Rockové, 2018; Belitser and Ghosal,
2017; Song and Liang, 2017). For example, Castillo et al. (2015) studied a sparse linear
regression model in which the response variable is one-dimensional and the variance is
known. However, it is not straightforward to extent those results to study the multivari-
ate linear regression models with unknown covariance matrix (or even the univariate case
with unknown variance).

In many applications, predictors are naturally clustered in groups. Below, we give

three examples.

1. Cancer genomics study. It is important for biologists to understand the relation-
ship between clinical phenotypes and DNA mutations, which are detected by DNA
sequencing. Since these mutations are spaced linearly along the DNA sequence, it is
often assumed that the adjacent DNA mutations on the chromosome have a similar
genetic effect and thus should be grouped together (Li and Zhan, 2010).
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2. Multi-task learning. When information for multiple tasks is shared, it is preferable
to solve these tasks at the same time to improve learning efficiency and prediction
accuracy. Relevant information is preserved across different equations by grouping
them together (Lounici et al., 2009).

3. Causal inference in advertising. Measuring the effectiveness of an advertising cam-
paign running on stores is an important task for advertising companies. Counter-
factuals, which are constructed using the sales data of a few stores, chosen by a
variable selection method, from a large number of control stores not subject to
the advertising campaign, are needed to conduct a causal analysis (see Chapter
2). Control stores within the same geographical region—as they share the same
demographic information—can be grouped together and selected or not selected at

the same time.

Driven by these applications, new variable selection methods designed to select or not
select variables as groups, through imposing group sparsity on the regression coefficients,
have been developed. For example, the group lasso method is proposed (Yuan and Lin,
2006). It replaces the ¢;-norm in the lasso with the ¢5/¢1-norm, where the f5-norm is put
on the predictors within each group and the ¢;-norm is put across the groups. Theoretical
properties of the group lasso have been studied (Nardi and Rinaldo, 2008) and its benefits
over the lasso in the group selection problem have been demonstrated (Lounici et al.,
2009, 2011; Huang and Zhang, 2010). Recently, various Bayesian methods for selecting
variables as groups were also proposed (Li and Zhan, 2010; Curtis et al., 2014; Rockova
and George, 2014; Xu and Ghosh, 2015; Chen et al., 2016; Greenlaw et al., 2017; Liquet
et al., 2017). However, large-sample frequentist properties of these Bayesian methods
have not been studied yet.

In this chapter, we study a Bayesian method for the multivariate linear regression
model with two distinct features: group sparsity that is imposed on the regression co-
efficients and an unknown covariance matrix. To the best of our knowledge, even in a
simpler setting without assuming group sparsity, convergence and selection properties of
methods for high-dimensional regression with a multivariate response having an unknown
covariance matrix have not been studied in either the frequentist or the Bayesian litera-
ture. However, it is important to understand the theoretical properties of those models
because correlated responses arise in many applications. For example, in the study of

the causal effect of an advertising campaign, sales in different stores are often spatially
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correlated (Ning et al., 2018). Furthermore, when the dimension of the covariance matrix
is large, it would affect the quality of the estimation of the regression coefficients.

When the covariance matrix is unknown and high-dimensional, the techniques that
were developed for deriving posterior concentration rates (Castillo et al., 2015; Martin
et al., 2017; Belitser and Ghosal, 2017) cannot be applied. Also, The general theory
of posterior concentration (Ghosal and van der Vaart, 2017) in its basic form is not
appropriate to use because it typically deals with the average Hellinger distance which is
not sufficient for our analysis. Thus in order to apply the general theory to derive a rate,
we shall construct required tests directly by controlling the moments of likelihood ratios
in small pieces.

In this study, we consider a multivariate linear regression model

G
Yi=> XiB+e, i=1...n, (3.1.1)

j=1
where Y; is a 1 X d response variable, ¢ = 1,...,n, X;; is a 1 X p; predictor variable,
J=1,...,G, B, is a p; X d matrix containing the regression coefficients, and ¢y, ..., &,

are independent identically distributed (i.i.d) as V' (0, X) with 3 being a dx d unknown co-
variance matrix. In other words, in the regression model, there are G > 1 non-overlapping
groups of predictor variables with the group structure being pre-determined. When G = p,
it reduces to the setting that the sparsity is imposed on the individual coordinates. Thus
the results derived in our chapter are applicable to the ungrouped setting as well. The

model can be rewritten in the vector form as

where 3 = (3},...,085) is a p x d matrix, where p = Z].Gzl p;, and X; = (Xa,..., Xig)
is a 1 x p vector. The dimension p can be very large. The dimension d can be large as
well to a lesser extent when the sample size is large. The number of total groups G is
clearly bounded by p. We denote the groups which contain at least a non-zero coordinate
as non-zero groups and the remaining groups as zero groups.

To allow derivation of asymptotic properties of estimation and selection, certain con-
ditions on the growth of p, G, d and pq,...,pg need to be imposed. We allow p > n
(which means that n/p — 0) but require that the total number of the coefficients in all
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non-zero groups together are less than n in order. We further assume that the number of
coordinates in any single group must be of order less than p and that log G < n. Finally,
to make the covariance matrix is consistently estimable, we assume that the dimension
d of the covariance matrix satisfies the condition that d?logn < n.

As for the priors, we choose a product of d independent spike-and-slab priors for 3
and a Wishart prior for £ 7!, the precision matrix. The spike-and-slab prior is a mixture
of point mass for the zero coordinates and a density for non-zero coordinates. In the
ungrouped setting, commonly used densities for non-zero coordinates are a Laplace den-
sity (Castillo et al., 2015), a Cauchy density (Castillo and Mismer, 2018) and a normal
density with mean chosen by empirical Bayes methods (Martin et al., 2017; Belitser and
Ghosal, 2017). In this chapter, we choose a special density for the non-zero coordinates
(see (3.3.1)). This density involves the ¢5/¢;-norm, which is used as a penalty to obtain
the group lasso in a non-Bayesian setting.

The remainder of the chapter is organized as follows. Section 3.2 introduces notations
that will be used in this chapter. Section 3.3 describes the priors, along with the necessary
assumptions. Section 3.4 provides the main results. The proofs of the main results are

given in Section 3.5. Auxiliary lemmas are provided in Section 3.6.

3.2 Notation.

We assume that Gy, ...,Gq are G disjoint groups such that Ulegj ={1,...,p}. Since
these groups are given and will be kept the same throughout, their notaions will be
dropped from subscription notations. Clearly, p; is the number of elements in G;. Let
Pmax = Maxj<j<gp;. For each k =1,...,d, let S, C {1,...,G} stand for the set which
contains the indices of the non-zero groups for the k-th component and s, = |Sk| be
the cardinality of the set Sj. Also, define S = nglSk and s = ZZ:1 s. Let Sp i be the
set containing the indices of the true non-zero groups, where Sy C {1,...,G}. Define
PSor = Djesy, Pir a0d Py = Dopy Psi -

For a vector A, let ||A|1, ||A]|21 and [|A|| be the ¢1-, ¢5/¢,- and ly-norm of A re-
spectively, where ||All2; = ZJGZI |A;]| with A; is the submatrix of A consisting of
k € G; coordinates. For a d x p matrix B, we denote By, as the k-th column of B
and |B|lr = y/Tr(B” B) as the Frobenius norm of B. For a d x d symmetric positive
definite matrix C| let eig,(C), ..., eig,(C) denote the eigenvalues of C ordered from the
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smallest to the largest and det(C') stand for the determinant of C. For a scalar ¢, we
denote |c| to be the absolute value of c.

Let p(f,g) = —log( [ fY2g"/2dv) be the negative log-affinity between densities f and g
and h2(f,g) = [(fY*—g"/?)2dv be their squared Hellinger distance. The Kullback-Leibler
divergence between f and g is given by K(f,g) = [ flog(f/g) and the Kullback-Leibler
variation between f and g is denoted by V(f,g) = [ f(log(f/g9) — K(f,g))*. The symbol
fo stands for the density of f with the parameters at their true values. The notation
|t — v||rv denotes the total variation distance between two probability measures p and
.

We let N (e, F, p) stand for the e-covering number of a set F with respect to p, which
is the minimal number of e-balls needed to cover the set F. Let I, stand for the d
dimensional identity matrix and 1 stand for the indicator function.

The symbols < and 2 will be used to denote inequality up and down to a constant
while a =< b stand for Cia < b < Chya for two constants C; and Cy. The notations a < b
and a V b stand for a/b — 0 and max{a, b} respectively. The symbol dy(-) stands for a

Dirac measure.

3.3 Prior specifications

In this section, we introduce the priors used in this study. We place two independent
priors on B and X as they are both unknown. We place d products of independent
spike-and-slab priors on B and a Wishart prior on ¥, which is known as the precision

matrix.

3.3.1 Prior for regression coefficients

We denote the k-th column of 8 as (i and the notations fs, and fs¢ as collections of
the regression coordinates in the non-zero groups and the zero groups respectively. Each
spike-and-slab prior is constructed as follows. First, a dimension s, is chosen from a prior
e ontheset {0,1,...,G}. Next, asubset Sy, of cardinality sy is randomly chosen from the
set {1,...,G}. Finally, A vector g, = {;1(j € Sk)} is chosen from a probability density

gs, on RPSk given by (3.3.3). The remaining coordinates Sse set to 0. To summarize, the
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prior for 3 is
d

7(S1,- .50 8) = [ [ (k. Be), (3.3.1)

k=1

1
where (S, ) = ”G(|Sk’)m95k(55k)50(552) and the density 7ms(|Sk|) is the prior for
Skl

the dimension s, = [Sk|.

Assumption 1 (Prior on dimension). There are positive constants Ay, Ay, As, Ay with
A1G_A37Tg($k - 1) S 7Tg(8k) S AQG_A47TG(Sk - 1), (332)

forsp=1,....G, k=1,....d.

For example, the complexity prior given by Castillo et al. (2015) by replacing p by G
shall satisty the above assumption.

The Laplace density (Castillo et al., 2015) or the Cauchy density (Castillo and Mis-
mer, 2018) are generally chosen as g, since the normal density has too sharp tail that
overshrinks the non-zero coefficients, although some empirical Bayes modifications of the
mean can overcome the issue (see Martin et al., 2017; Belitser and Ghosal, 2017). How-
ever, in our setting, as sparsity is imposed at the group level, a more natural choice of

the prior is the density which incorporates the ¢5/¢;-norm. We thus consider the prior

9(Bk) = (H (%)) exp (= AellBrll2.). (3.3.3)

j=1

L(p; +1) \Vpi
where a; = ﬁ(%) " > 2 (see Lemma 3.6.1). This density has its tail lighter
J

than the corresponding Laplace density. From Stirling’s approximation, it follows that
a; = O(p;/ ?). We would like to mention that Xu and Ghosh (2015) developed a posterior
computational strategy for a similar prior. They also incorporated the f5/¢;-norm into
their prior, except for that they did not provide the explicit expression of the normalizing
constant for that prior.

The tuning parameter A\ needs to be bounded both from above and below. The value
of A\p cannot be too large or it will shrink the non-zero coordinates too much towards 0.
It should not be too small because a very small value will be unable to prevent many

false signals appear in the model and hence making the posterior to contract slower. The
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upper and lower bounds for the permissible limits are stated in below.

Assumption 2. For each k =1,...,d, \, <\ <\, where

_ Djeson i _ A 1/Ps
Pson = g A= G TS

SIXE, X=3,]>_IX:]*logG.  (3.34)
i=1

=1

The lower bound of \; is derived from (3.5.12). Suppose that G = p (when each
group has only one element), the lower bound reduces to A\, = /> ., || X;||?/p, which is
analogous to the lower bound displayed in Castillo et al. (2015).

The upper bound of \; is motivated from the following lemma.

Lemma 3.3.1. Under Assumption 2,

Po (Z 1X1(Y; — XiBo) By V2 |1% > dx2> 0. (3.3.5)

=1
3.3.2 Prior for the covariance matrix

We put a Wishart prior on the precision matrix: 37! ~ Wa(v, ®), where W, stands for a
d-dimensional Wishart distribution, ® is a symmetric positive definite matrix, v > d—1,
v =d, and d — oc.

Although, other priors can be used, the Wishart prior is the most commonly used

prior in practice as it is conjugate for the multivariate normal likelihood.

3.4 Main results

3.4.1 Posterior contraction rate

We study the posterior contraction rate for the model (3.1.1) and the priors given in
Section 3.3. We write 3, and X, for the true values for 8 and X respectively. Recall that
So 1s the set which includes the index of the true non-zero groups of Sy, sox = |Sox|
is the cardinality of that set Spz. Let Sy = Uf_,So and sy = ZZZI So,;- Define the set
S={5:|%| =sox,k=1,...,d}.

The general theory of posterior contraction for independent non-identically distributed

observations (see Theorem 8.23 of Ghosal and van der Vaart, 2017) is often used to derive
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a posterior contraction rate, which is based on the average squared Hellinger distance.
Since the average squared Hellinger distance between multivariate normal densities with
an unknown covariance is small does not necessarily imply that the parameters in the
two densities are also close on average, we work directly with on the average negative
log-affinity which is still very tractable in the multivariate normal setting.

To derive a posterior contraction rate, we construct a suitable test from the first
principle by breaking up the effective parameter space given by a sequence of appropriate
sieves under the alternative hypothesis into several pieces. For each piece sufficiently
separated from the truth, we pick up a representative and obtain a most powerful test
(i.e., the Neymann-Pearson test) for the truth against that alternative. We bound the
moments of the likelihood ratio of an arbitrary density in the piece to the density of the
representive of that piece to show that the most powerful test for the truth against the
representative has adequate power for any alternatives in the corresponding piece.

By using this approach, we require the true values of B, and X, to be restricted
into certain regions to ensure that the prior concentration around the true point is not
too small so that the posterior contraction rate is sufficiently fast. This is unlike Castillo
et al. (2015), who obtained results uniformly over the whole space as their case (univariate
with known variance and Laplace prior) allows explicit expressions for a direct treatment.
More precisely, we require 3, € By and ¥y € Hy, where By and H, are shown in the

following assumption.

Assumption 3. The true values of B, € By and ¥y € Hy, where
By = {8 : maxi<p<q ||Bllan < B}, Ho={Z:b0I1; <X < by}, (3.4.1)

S ( log GV prax log n)
d maxj<g<d >\k

b1, by are two fized positive values, B = , €n 18 given in (3.4.4) and

A satisfies Assumption 2.

The largest value of 3 is obtained is by taking A\; = ), for all k and G' = p, which is
psologp
For the sake of

dy/S XG>

simplicity, we assume that n=' >"" | || X;||? is bounded above by a large constant. Then

the ungrouped case. Then the upper bound becomes 3 =

that upper bound increases to infinity very quickly since p > n. When G < p, the upper

bound increases at a slower rate than the bound when G = p, as p increases.
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Theorem 3.4.1. For the model (3.1.1) and the priors given in Section 3.3, suppose that
St X2 < nbs for a fized positive number by, d*logn < n <K p, SoPmaxlogn <
n, where pmax = max(py,...,pa), and that Assumptions 1-3 hold. Then, for M; > 0
sufficiently large,

1(8: S0, 1X:(8 = By)lI* = Mine?
(S 15 = Sl > Mie

Yi, ... ,Yn) 0, (3.4.2)

Yi,... ,Yn> -0, (3.4.3)

where

oo [
n n n

Remark 1. A major contribution we make to prove this theorem is the construction of
exponentially powerful tests for the truth against the complement of a ball by splitting
the complement in suitable pieces (not necessarily balls) where we can control a moment
of the likelihood ratio for two points within each piece. This gives a general technique
of construction of tests required for the application of the general theory, which can be

useful in many other problems.

Remark 2. Instead of using the prior given in (3.3.3), one can also choose a Laplace
density for the coordinates in the non-zero groups. Then the ¢5/¢;-norm of By, ||Bo k2.1,
in the set By should be replaced by ||5ok|l1. Clearly, ||Goxll21 < ||Boxll1, hence in the
latter case the set By will be smaller. In fact, one can replace the f5/¢;-norm with any
other ¢,/¢;-norms, for 1 < ¢ < oco. Then the norm of fy; in By needs to be adjusted

accordingly.

Remark 3. When G = p, the rate reduces to €, = {\/(sologp)/nV+/(d?logn)/n }. The
first part of the rate is the same as the rate obtained when the sparsity is imposed at the
individual level, such as in Bithlmann and van der Geer (2011) and Castillo et al. (2015).
When G < p, the first rate can be obtained when the ratio sgpmaxlogn = O(sglog G)
(i.e., when the number of coordinates in each group takes a fixed number) and d is

sufficiently slowly growing.

Remark 4. The second rate in (3.4.4) reveals that in some situations, by imposing

group sparsity, the posterior will contract at a slower rate than imposing sparsity at the
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individual level. This happens when too many zeros are put into non-zero groups (often

known as weakly group-sparse (Huang and Zhang, 2010)).

From Theorem 3.4.1, if the dimension of the covariance is too large, then the posterior
contraction rate can be much slower. Under such a situation, the rate can be improved

if we know any special structures for the precision matrix. Here we give two examples.

Example 1 (Independent responses). If the responses are independent across compo-
nents, then the model (3.1.1) can be written as d independent model with each one
1s
1 1
— Yy, = O_—Xzﬂk + &k &k ~ N(0,1).
k

Ok

Then one can estimate the parameters in the d models separately. The posterior con-

. . . [ —~d
centration rate for each corresponding posterior becomes €, = Zk:l ei w» Where €, =

{\/so,klogG\/\/so,kpmaXIOgn} E=1 d
n n R yeee, Q.

Example 2 (Sparse precision matrix). The third rate in ¢, may be improved if the

precision matrix is appropriately sparse. Banerjee and Ghosal (2014) showed that when
the matrix has an exact banding structure with banding size k, then using an appro-
priate G-Wishart prior, the posterior for the precision matrix X' contracts at the rate
k*/2(logn/n)'/? with respect to the spectral norm. When the sparsity does not possess a
specific structure, Banerjee and Ghosal (2015) showed that the rate reduces from d//n to

\/ (d + m)logd/n with repsect to the Frobenius norm, where m is the number of non-zero

off-diagonal elements.

As a consequence of posterior contraction near the truth, the following estimate is

easily obtained (see page 200 of Ghosal and van der Vaart, 2017).

Lemma 3.4.2. For positive constants Cy and Cy, and the rate €2 in (5.4.4), define the

event
o { [ [T oo = o)

then
Po(ES) <exp (— (14 Co)ney). (3.4.5)
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3.4.2 Dimensionality and recovery

In this section, we study the dimensionality and recovery properties of the the marginal

posterior of 3.

Lemma 3.4.3 (Dimension). Let a prior wg(sy) satisfying (3.5.2) for allk =1,...,d be
giwen. Assume that soPmax logn < n, sy = max{sok, SokPmax10gn/log G,dlogn/log G},
and logd < Aylog G. Then for a sufficiently large number My > 2(1 + Cy) /A4 + 1,

sup ]EOH<Bk |Su] < Mast, k=1,...,d
Bo€Bo,XoEHo

Y. ,Yn> Sl (3.4.6)

Lemma 3.4.3 also implies that the sum of the cardinalities of the non-zero groups in
d different columns will not exceed s* = Zzzl sp. We state this result in the following

corollary.

Corollary 3.4.4. Under the setup of Lemma 3.4.3, with s* = ne2/log G,

sup EOH<5 2 |S| > Mas*
Bo€Bo,X0€Ho

Y. .. ,Yn) =0, (3.4.7)

From Corollary 3.4.4, s* > sy when either sopmayx logn/log G > s or d*logn/log G >>
so- This means that the support of the posterior can substantially overshoot the true
dimension sg. In the next corollary, we show that the posterior is still able to recover 3,

even when s* > sq;

Corollary 3.4.5 (Recovery). Under Assumption 2, if Sopmax logn < n, then for a suf-
ficiently large constant Mz > 0,

2
Msnez

> i X167, (s7)

sup %HOW—ﬁN%Z
Bo€Bo,X0EHo

Yi, ... ,Yn> =0, (3.4.8)
where ¢ (s*) is the restricted eigenvalue (see Definition 3.4.6 below).

Definition 3.4.6 (Restricted eigenvalue). The smallest scaled singular value of dimen-

sion § is defined as

2 (5) = inf § = KBy g 3.4.9
%“)IH{ZLA&WW%’ 0= (349
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As p > n, the smallest eigenvalue of the design matrix must be 0. The restricted
eigenvalue condition assumes that the smallest eigenvalue for the sub-matrix of the design
matrix, which corresponds to the coefficients within non-zero groups, is not 0.

The results for other norms for the difference between 3 and 3, can be also derived
by assuming different assumptions on the smallest eigenvalue for the sub-matrix of the
design matrix. For example, using the uniform compatibility condition (in Definition 3.4.7

below), we can conclude that for a sufficiently large number M, > 0,

2 ox
Myne; s

d
sup  [EqII 18k — Bokllsr > == -
(Z 212 ST ()

BOEBo,EQGHO

Yl,...,Yn>—>0.

The proof is almost identical to that of Corollary 3.4.5.

Definition 3.4.7 (Uniform compatibility, ¢5/¢1-norm). The {5 ;-compatibility number in

vectors of dimension § is defined as

G2 (3) = inf § — 2=t | X8I ., 0<s<3dy (3.4.10)
7 Zi:l HXiHQZk=1 Hﬁkum

By the Cauchy-Schwarz inequality, || 55 ||> > ||Bx|3.1/ 5k, it follows that ¢g,(5) < ¢y, , (3)
for any s < G.

3.4.3 Distributional approximation

In this section, we show that the posterior distribution can be approximated by a mixture
of multivariate normal densities.
We first rewrite the model (3.1.1) as

Y;=Vec(B)X;+¢ei, i=1,...,n, (3.4.11)

where Vec(3) is a 1 x pd vector by stacking all the columns of 8 into a row vector,

X; =1,;® X, is a pd x d block diagonal matrix. The above model can be also written as
Y; =Vec(Bg)Xis+ei, 1=1,...,n,

where Vec(Bg) is a 1 x (30, 37 jes, Pj) vector, which consists of coordinates of 8 from
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the set S, and X; g is a (37, > jes, Pi) x d matrix, which is the submatrix of X;.
Then log-likelihood function is given by

0, (Vec(Bg), Zlogf (Y;|Vec(Bs) X 15, %)

= —7d log(27) — B log (det(E)) (3.4.12)

- % Z (Vi = Vee(Bs) X i) £ (Yi — Vee(Bs) X is)
=1

If ¢ Y jes, i < n, then the maximum likelihood estimator (MLE) of Vec(Bg) is
unique. We denote the MLE as Vec(3g) and the Fisher information matrix as I, g.
From (3.4.12), we can obtain that Vec(Bg) = (>r, XZ»VSX;S)fl(Z?:l X,;sY/) and
s = n S, Xos% X

Based on the model (3.4.11), the marginal posterior distribution of 3 is

I(B|Yi,...,Y,)
ffB exp (£(Vec(B), X) — £(Vec(By), o)) dIL(Vec(3))dIL(X)
[ [ exp (€(Vec(B),E) — €(Vec(By), o)) dII(Vec(B))dIL(E) ’

(3.4.13)

with

d .
1(vec(8) - [ ] IT (25)" exp(-MlBs aa)dss, © o

k=1 \SpC{1,...G}jeS, 7

It is clear that the posterior distribution is a mixture density over different subsets
Si,..., 5.

Let Sf = {Sk C {1,....G} : |Sk| < Mas;i}, k= 1,...,d. In the next theorem, we
show that the posterior II(B|Y3, . ..,Y,) can be approximated by a mixture of multivariate

normal densities given by

=(B|Yi,....Y, o<H > wFEN(Vec(Bs,). I 5, ) @ dse. (3.4.14)
k= 1SkeS*
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where

1 AL\ Pi . - —1/2
wg, o 7rG(sk)m H (f)p (QW)ZjESka/2<det (ZX;SkzalXi,Sk))
sk’ jESK J =1

1 : -
xexp {3 D IVee(B,) X5, 5 22} 1{S1 € St (3.4.15)
=1

with > g wg =1, forallk=1,...,d.
Before we state the theorem, one more terminology should be introduced. We recall

the notion of the small A region (see Castillo et al., 2015). In our setting, each A, belongs
maxi<p<d A\kSpv/10g G

2im 1Kl

the MLE, Vec(,@ g), is an asymptotically unbiased estimator and does not depend on the

to the small A\ region if

— 0. When )\ belongs to this region,

choice of different values of A\y. When choosing the value of A\ outsides the small X region,
this MLE is no longer asymptotically unbiased and will depend on the choice of A (cf.
see Theorem 11 of the supplementary material of Castillo et al., 2015). As a result, the
posterior will concentrate near a distribution with center differing a lot with different

values of \j.

Theorem 3.4.8 (Distributional approximation). For k = 1,...,d, if mg(sx) satisfies

maxy, A\pspy/log G

(3.3.2) and — — = 0, then for a positive constant c,
Zi:l “XzH
sup ITL(- Y7, ..., Y,) — II°(-|Y3, ..., Y |lrv — 0. (3.4.16)
BoEBo:be, (s*)>c,
YoeHo

Note that the above theorem does not require that the cardinality of the set S to be
close to sg. The result still holds when s* > s.

3.4.4 Selection

In the previous two sections, we have shown that even if s* > sy, the marginal posterior
of B can recover the truth and can be approximated by a mixture of multivariate normal
densities. In this section, we derive conditions for selection consistency. Since selection
consistency requires s* = sy, we need to assume the dimension of the covariance and the

coordinates in the non-zero groups are sufficiently small. We also need to assume that
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the smallest signal cannot be too small, which is a group sparse version of the Beta-min

condition. This condition is stated in below:

- M;3ne2
B = { mln 1Bkl > \/21 P ||2¢£2(80)} (3.4.17)

1<k<d

The lower bound displayed in the condition is derived from (3.4.8). Unlike the Beta-min
condition in Castillo et al. (2015) which the individual components are bounded away

from 0, our condition allows a zero to be included in a non-zero group.

Theorem 3.4.9 (Selection consistency). If mg(sk) satisfies Assumption 1 for all k =

A vnlog G
maxy ZkiOk“)?Hzg — 0, d®logn < sglogG, and logd < Aglog G, then for
i=1 [}

5p < GA™L with Ay > max(1,2by), where by is defined in (3.4.1), and a positive number

¢,

1,....d,

sup Eoll(B : Sg = Sp,|Y1,...,Yn) = 0.
,3068005’2‘507]9‘S8n,k:1 ..... Cl7
bey(s0)>c, ZocHo

If the conditions of Theorem 3.4.9 are satisfied, then the marginal posterior distribu-
tion of B in non-zero groups can be approximated by a multivariate normal distribution
with mean Vec(Bg,) and the covariance matrix g, =n( > Xis,20 Xig,) " There-
fore, credible intervals for 3 can be obtained directly from the approximating multivariate

normal density.

3.5 Proofs

Proof of Lemma 3.3.1. Let & = (Y — Xi8y)%, 12 , then

n n n d
~1/2
D IXIYs = XiB) S5 2 ME = DO IXPIEN = Do) &
i—1 i=1 =1 k=1
Therefore, the probability in (3.3.5) can be also written as

Z?:l HXZH2 ZZ=1( z2k — 1)
Fo < NeZh e t) ’ (351
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n 1/2
where ¢ = (Z)\k dZHX 12)/ (243" 1%:011) . By (3.6.4), the probability (3.5.1)
=1

is bounded above by

2 exp ( - t2/<2(1 + mtm(){))»,

n 1/2
where m(X) = max || X;|*/ (Z ||XZ-||4> . We plug-in the expression for ¢ in (3.6.2) and

=1
m(X), then the last display is bounded below by 2G~7 if

d
Z (dqlogGZHX |* + ¢*log® GmaXHX | )
k=1
+2qlogGmax||XiH2+dZHXZ-||2. (3.5.2)
=1

By choosing ¢ = d and A = A, = 3y/>_, [ Xi[?log G, (3.5.1) is bounded above by G4,
which goes to 0 as G — oo or d — oc. D

Proof of Theorem 5.4.1. The proof contains two parts. In the first part, we quantify prior
concentration around the truth in the sense of Kullback-Leibler divergence from the true
density. In the second part, using the results obtained from the first part, we derive (3.4.2)
and (3.4.3).

Part I. The method we use to obtain the posterior contraction rate is described as
follows. We construct a test from the first principle by breaking up the effective parameter
space into several pieces which are sufficiently separated from the truth. Then for each
piece, we consider the likelihood ratio test for the truth against a representative in the
piece. We show that this test works for the entire piece by controlling the likelihood ratio.
Finally, we consider the maximum of these tests and control its size by estimating the
total number of pieces.

Let F, be a suitable “sieve”. We shall verify that

(K (f, fo) < €, V(f, fo) <€) > exp(—=Cine?), (3.5.3)
II(FS) < exp(—Cyne?), (3.5.4)

for positive constants C'; and Cy > C + 2 and the following condition.
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Let fo = [[i—, fo; and f =, fi, where fo; = N(X;8, %) and f; =

Then there exists a test ¢, such that

Efo¢n S e—nE%’ sup ]Ef(l _ ¢n) S e—ane%/él’

JeFn: 3l |1 Xi(B— 60)||2>an€3“
or |Z-%o[|Z>Mi€2

where C} is a positive constant.

Counsider the sieve

«Fn {f 1r£lk:a<xd‘sk‘ < Sna maX HB]kH < pmaana
1<k:<d

exp(—dlogn) < eig,(B7"), eigy(X7") < n},

where

S0 SoPmax logn dlogn ~ 35,(log GV pmax logn)

s = max { . dlogG " logG o = Pamax (ming A )

Recall that the expression of ), is shown in (3.3.4).

N(X,8,%).

(3.5.5)

(3.5.6)

First, we check (3.5.3). The Kullback-Leibler divergence between f and fy is

K(f. fo) = 5 (T5(55 %) — d ~log (det( ZXﬁ B)=5 (B~ Bo)' X)),

and the Kullback-Leibler variation between f and fy is

(Tr(Z'E55'E) — 2Te(E'E) + d)

l\DI»—l

V(f, fo) =
D Xi(B-PB)E'23 B - B,) X!
+n§ (B = B0)%" %5 (8 - Bo)' X;
We define the two events A; and A, as follows:

A ={Z: Tr(E;'E) — d — log (det(%;'%)) < e,
Tr (%) 'E3)'S) — 2Tr(E, ') + d < €2 },

A= {(8,2): Y~ Xu(B — By (8 - By)'X] < nel,
1=1
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D Xi(B - By)5 B8, (B - By) X] < nei/z}.
i=1

Writing II(K (f, fo) < €2,V ([, fo) < €2) = II(A2|A;)II(A;), we shall derive lower bounds
for TI(.A;) and II(.A|.A;) separately.

Define ¥* = 261/22251/2 and note that 7' ~ W,(v, 2(1)/2<I>Eé/2) as X7 ~
Wa(v, ®@). Then

d d
{2 Z eigy(X*) — 1 — log(eig, (X)) < €2, Z eig, (X2 < } (3.5.7)

k=1 k=1

Furthermore, we define A7 = {_, {X : 1 < eig,(X*) < 14+ d "%, }. It is easy to verify
that A; D Af. By (3.6.10), we obtain that

(A1) > TI( A7)
> exp (— endlogd — c1ad® logd — d(d + 1) log(1/e,)/2 — ci3d), (3.5.8)

where c11, ¢12 and c¢q3 are positive constants.
To derive a lower bound for II(As|A;), we need the following two results. First, by
Z0 > blIdu

1 o I
~2_XiB =By (B - By) X < - D IXi(B-By)I*
=1 =1
Second, we have
LS OXB - 8055 555 (8 - By X!
i=1

1 - —1/2 * 1 . —1/2
< =D IX(B — Bo) Sy PIPIST — Talle + — Y118 — B)Z 2
=1 i=1

n d
1 _ 2
SEZHXi(ﬁ—ﬂo)Eol/QIF(H D (cigy (2 )
i=1 k=1

Conditional on A; and again, by ¥y > b, I, the last expression can be further bounded
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above by

146, — _ 2 —
I8 = BB I < e S I8 - Bl
i=1 1=1

provided that €, < 1. Thus II(A|A;) is bounded below by

(- ZHX (8- Byl <

) 2 1, (G 2P ) < )

Tn 1
> — 0.
> 0 max 18— foula < Z32), (359)
h ne, By (3.3.1), (3.5.9) can be further bounded below b
wnere r, = v e r—— .0.1), NN can be rurtner boundae celow DYy
dy i I1Xl)*

1
se (Bs,)dBs, 3.5.10
kl;[l(ﬂc S0,k) (SOk) /Ilﬂk o< mfg (Bs;,) ﬁS) ( )

By changing the variable 85, — fo.s, to (s, and using the fact that ||z|| < ||z||; for any
vector z, each integral in (3.5.10) is bounded below by

*)\kHﬁo kll2,1 ) jef)\kHBjHldv.
1 5

J€So,k

> e AkllBokll2 H o Mernv/B1/(2s08) = <)‘krn\/_>
z pj!

. 50,k0
JESo,k J

The lower bound in the last inequality is obtained by using the result that the integrand

equals to the probability of the first p; events of a Poisson process happen before time

Tnv/b1/(2504) (similar to the argument used to derive (6.2) in Castillo et al., 2015).
Now, (3.5.10) is bounded below by

11 (wG “or) 7 )“’C“%“’l [T (e Pf’@ka) >)

So.
k=1 80,k JESok 0.k
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By Assumption 1, the last display can be further bounded below by

d d
Ao G (9% oxp ( - Z el Bokllzn — Z )\krn\/b—l/2>
k=1
x H H (Akr”\/_) (3.5.11)

So .k
k= IJESOk 0,k%3

Combining the lower bounds (3.5.8) and (3.5.11), log IL(K (f, fo) < €2,V (f, fo) < €2) is
bounded below by

— cndlogd — 012d2 logd — d(d -+ 1) lOg(l/En)/2 — Cl3d + So IOg Al

d d )\ r \/b_ d
—cusolog G = 3 Aillfollza = D=5+ D0 Y pilog(hrav/bi)

k=1 k=1 k=1 jE€So k (3.5.12)
d d
=33 pilog(sora;) = > Y logp;!.
k=1 j€So x k=1 j€So,k

Let €2 be as in (3.4.4). Since €2 > (d?logn)/n, the sum of the first four terms in (3.5.12)
is bounded below by a multiple of —ne?. By Assumption 2,

anf/z - Z >~ pilog (\ra/br) S solog G < nel,

k= 1j€S()k

as €2 > so(log G)/n. Also, since maxy, ||Bo.x|l21 < B with the expression of 3 is displayed
n (3.4.1), then Zzzl MellBox]l < me?. Furthermore, since log(p,!) < p;logp; and a; =
O(p;m), we obtain that

d d d
D pilog(soras) + > > log(p) <3 Y pilogp; < nel,

k=1 j€So x k=1 jE€So x k=1 j€So x

as €2 > SoPmax l0g n/n. This completes the verification of (3.5.3).
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Next, we verify (3.5.4). We obtain that

I(F) < S8 = 50+ 30 (D 30 11854l = prect)

k=1 k=1 SpeS, jESk (3513>
+ H(eigl(E**l) < exp(—dlogn)) + H(eigd(E*fl) > n),

where S, ={S C{1,...,G} : |S] < 5,}. By (3.3.2), the first term in (3.5.13) is bounded
above by

d 9] .
S Y wlo) <dnis) Y () < 2aap G

To derive an upper bound for the second term in (3.5.13), we apply the the upper
bound of the tail of a gamma density in page 29 of Boucheron et al. (2013) and the
inequality 1+ z — /1 + 2x > 2?/(2(1 + z)), for any = > 0, to obtain that

Apmax
rpmaxfl efkkrdr

(8] > P o) = /

>pmaan F(pmax)

< exp (= Pmax(1 + AeHn — /1 + 20 H,,))

max)\ H2

WA (3.5.14)

where j = 1,...,G, k= 1,...,d. We then plug-in (3.5.14) to obtain the upper bound,
which is

max)\ H2
exp <logd+2dlogsn + 5, log G — p—k>

For the summation of the third and the fourth terms in (3.5.13), we apply (3.6.7) and
(3.6.8), then it is bounded above by

exp(cosd? log d — caed® logn) + exp(—d? log d + cosd® logn + d* /2 — cayn),

where co1, €99, . . ., Cog are positive constants.
Now we combine the upper bounds for each term in (3.5.13), choose H,, in (3.5.6) and
Cy > C} + 2. Then (3.5.13) is bounded above by exp(—Cyne?). We thus obtain (3.5.4).
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Last, we verify (3.5.5). Let ¢, = 1{f1/fo > 1}, the most powerful Neyman-Pearson

test. If the average negative log-affinity —n~'log [ f&/ 2 11 /2

than €2, then

between fy and f; is bigger

Bon = Efowm = 1) < /\/H < e,

This gives the first inequality in (3.5.5). For the second inequality in (3.5.5), observe that
by the Cauchy-Schwarz inequality,

By (1 —ou) < (85,000} {8 ()}

By following the similar arguments used in proving the first inequality in (3.5.5), we
obtain that

Ep,(1—¢u) = Ep, (Vi/Ai 2 1) < / fofi < e

For |3, — Bllr < 6, = \/€2/(6nbs) and ||X; — X|| < 4§/, = 1/(n?d), we have Ey, (f/f1)* <
e"n/2. Recall that by is the upper bound for n=' 327 | || X;||%. To end this, observe that

]Ef1 (f/fl)2 = (det(z*))n/Z(det(QI _ 2*71))*71/2

n 3.5.15
X exp (ZXzﬂ*E_l/Q(ZE* — I)—lz—l/Qﬁ*’X;). ( )
=1

Now [|2; — X|| < ¢/ = 1/(n?d) implies that

1= = Il < [I=7H]1321 - 2] < 0|2 - Zp < nd,.

Therefore, 1 —nd,, < ||X*]] < 1+ nd,. Writing eig, (3*) for the k-th eigenvalue of ¥*, we
obtain that

(det(2))"?(det(2I — 51)) ™

n <& . * n . 1
=exp (5 D lon (i3) ~ 5 3t (2~ ot

67



n5’

< log(1+nd,) — =31 )

_exp( Zog +n Zog 5n)

< exp(n2d6;/4) < exp(1/4),
by the choice of ¢/ ; here the second line is obtained by applying the inequalities 1 — 2~
logz < z — 1 for z > 0 and 1+ nd, < 2. Using the inequalities ||(2X* — I)7|
(2(1 = ndy,) — 1)71 < 2and || 27! = eig,(Z7") < n, we bound the exponential term of
(3.5.15) by

<
<

D IXIPIB = BIFIZTHINEE = D)7 < 600367, < nep /2.
=1

Hence, (
in (3.5.5
Now, with |3, —8||r < d, and |31 —X||r < nd,,, the metric entropy can be calculated

as follows:

3.5.15) is bounded above by exp(1/4+mne2 /2). This verifies the second inequality
)-

log N (e, Frn, p)

< log (H Z (|Sk ) (M)Zjesk PJ') +d? log (6d3/2 log n/(n&b))

k=1 SxeSn
6Pmax Hn v/ 60b
b n 3) + d*log(6nd®*logn)
€n

< d1og 5, + 5, 10g G + d5nPama 0g (

S, dgn 108; G + dgnpmax log(pmaan) + dgnpmax lOg n+ d2 log d+ d2 log n

< ne.
This shows that the posterior H( S p(fis foi) 2 nealYa, . .. ,Yn) — 0 in Py-probability.

Part II. Observing that

n o V(e . 1/4
%Zp(fi,fo,z') = —log <(d t<2)) z(i t(21)/2)) )
(et (=52))

1 - 2+20 -1 7 <!
+%;Xi(ﬁ—ﬂo)< B ) (B —By)'X;.
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Then Y"1, p(fi, foi) < ne2 implies both

(det(2))"* (det(T0))"*

— log 7 < ei, (3.5.16)
<det (222°)>
and .
X+ 3\ !
LS8 (ZEE) B sy X <6 (3.5.17)
=1

We first show the probability of (3.5.16) goes to 1 implies (3.4.3). Let

(det(2))"*(det (o))"
(et (22)) "

Because X has eigenvalues bounded away from zero and infinity, by Lemma 2 of Suarez
and Ghosal (2017), we obtain that

2(S, %) = h? (N(o, ), N (0, 20)) -

P(2,30) < |57 = 20)8, )% < B (2, 20). (3.5.18)
Since

(det(2))* (det(%o))"*
(det (EEEO)Y/Q

we obtain that |2 — 3g[|2 < €2.

We now show that the probability (3.5.17) goes to 1 implies (3.4.2). Given (3.4.3) and
by Assumption 3, we obtain that

= - log(l - d2<27 20)) = d2<27 20)7

—log

13+ Zo]* = ||Z — 3o 4 230||> < 2[|= — Zo||7 + 8|20 < 2€. + 8b3.

Hence, by

an((B52) - (s - 252

where eig;(A) and eig,(A) are the smallest and the largest eigenvalues of a matrix A
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respectively. Then (3.5.17) implies that

E+20H

1 n
2> - ZHXB Bo)ll? > = X8 = Bo)l*/y/ € /2 + 283,
=1

Combining with (3.4.3), we obtain (3.4.2). O

Proof of Lemma 3.4.5. Let & = {S : s1 < r1,...,84 < rq}, where ry, > Mays; for k =
1,...,d, we need to show that E¢II(S : S € §°|Y3,...,Y,) — 0 as n — oo. The posterior
probability II(S¢|Y;,...,Y,) is given by

C I Js T lf »>dn<ﬁ>dn<z>
(S, ..., Y,) = T FTT £- (i) as) (3.5.19)

By Lemma 3.4.2, the denominator of (3.5.19) is bounded below by e~(1+¢2)n< with a
large probability. For the numerator of the posterior (3.5.19), we have

//H I ()@ in(s)) S/ Xd: Msk >7).  (3520)

k=1

By Assumption 1 and Ay/G4 < 1/2 as G — oo, for each k,

e Tk—50,k e A Tk
(s > 1) = Z Ta(sk) < ma(son) < ) Z (GA4) (Gj4) :
Sk=Tk jZO
d d
Therefore, Z (s, > 1) Z 5/ GA4) * and we obtain that
k=1 -1

EII(S|Yi, ..., Y,)
< Eoll(S°Ya, ..., Ya)1E, + Po(E7)

< exp ((1 + Cy)nes +log2 + log (Z (AQ/GA4)rk>> +o(1). (3.5.21)

k=1

Now we shall show that (3.5.21) goes to 0 as G — co. We write ne2 = 32¢_ st log G.
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Then the expression in the exponential function of (3.5.21) equals to
d d
log2+ Y log ( 3 G(HC?)SE*AWA;"’“) . (3.5.22)
k=1 k=1

For r, = Mjsy,
d
*_ * 4 Mos¥* _ * Mos*
§ G(H—Cg)sk A4M25kA2 25k < dmaX(G(H_CQ A4M2)5kA2 2 k) — 0,
k
k=1

as G — oo if logd < Aylog G and My > 2(1+ Cy) /A4 + 1. Therefore, (3.5.22) goes to oo
and thus (3.5.21) goes to 0. We then complete the proof. O

Proof of Corollary 5./.5. By Lemma 3.4.3 and Definition 3.4.6, we have
D IX(B = Bo)lI* = 67,(s") D IXIPI8 = Boll%
i=1 i=1
Plugging-in the inequality into (3.4.2), we obtain (3.4.8). O

Proof of Theorem 3./.8. Let

O = {8115/ < Mo, 18 = Boll3 < (Maned)/ (X, 1X:l1262,(57) }.

The proof contains two parts. In the first part, we show that the total variation distance
between two measures II(-|Y;,...,Y,) and Ilg, (-|Y7,...,Y,) is small, where the second
measure is the renomalized measure of II(:|Y,...,Y},) restricted to the set ©,. We also
show that the total variation distance between II*°(-|Y,...,Y,) and IIF (-|Y3,...,Y;)
is also small, where the second measure is the renomalized measure of II°(-|Y7,...,Y},)
that is restricted to the same set. In the second part, we show that the total variation
distance between II(-|Yy,...,Y,) and II®°(-|Y1, ..., Y,,) is small.

Part I. For any set A, let IT14(-) be the renormalized measure which restricted to the
set A. Then [|II(-) — IT4(+)|| < 2II(A€). Clearly,

L[y, Ya) = THe, (Y, Ya) [y < 210(8 ¢ On[Yi, ..., V)
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2
Mg'ben

2 i X7, (s)

<2AI(|S| > Mys'[¥a, ... Vo) + 201 ( 18— Boll3 >

Y'lw"ayn)

— 0,

by (3.4.2) and (3.4.7).
Now, to show that

HHOO(.‘YD . ,Yn) — Ho@on(-|Y1, . ,Yn)HTV < ZHOO(B € @2\3/1 . ,Yn)7
we write

II*(B € 6;|Y1,...,Y,)
_ f@% exp{f(\/ec(,@), EO) - é(Vec(,@O), EO)}dU(Vec(ﬁ))
fexp{ﬁ(\/ec(,@), 20) — E(Vec(,ﬁo), 20)}dU(Vec(B)) ’

(3.5.23)

where

d )
dU (Vee(8)) = D ”G(LS“) II (%) "dIl(Vee(Bg)) @ dse.

k=1 S,€S} (|Sk|) jesy

Recall that Sf = {Sk : |Sk| < Mas;}.
By (3.4.12), £(Vec(3), Xo) — £(Vec(B), Xg) equals to

d n n
1 - _
D= (=5 20 108 = o) XusBg 2P 4 37 (Vi = Vee(B0) X) Zg X (5 — o) ).
k=1 =1 i=1
Note that except for the elements of the first row of X ;, the rest are 0.
By plugging-in the last display into (3.5.23), the denominator can be bounded below
by

[T 11 (2" [ewi=; S 185, — o) X B3 1P)
( G ) ' aj 2 — k 5 2,00,k <0

X exp (Z (Vi — Vec(ﬂo)Xi,so)Eng;;,so,k(5sk — 5o,k)/> dfs, -

=1

By changing the variables Bg, — 5o to ng and applying Jensen’s inequality, the last
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display is bounded below by

1 e T (2)” femw (= 5 210X B3 s
=1

JE€So,k J

> pj/2
Ak \Pi 27) 750k
_ H wa(éo,k) H (a_k> n( ) —— 5 (3.5.24)
k=1 (So,k) jGS()’k J (det(2i21 Xivso,kz Xl SO k))

We thus obtain a lower bound for the denominator.

The numerator of (3.5.23) can be written as follows:

/C exp < - = Z |[Vec(Bg — By) X ZSE_l/QH )

n

xexp (37 (Vi = Vee(B) X5 55 X s Vec(Bs — By)' ) dU (Vec(Bg)).

=1

By applying the tail bound for a standard multivariate normal distribution,

P(mkax I ; (Vi — Vec(Bo) X i) 0 ' Xis|| =2, | b1 lognz ||XZ||2> < P 0,

i=1

as d < n. Note that 24/b; logn >, [| X;]|2 = Ay/b1 log n/log G. By the Cauchy-Schwartz
inequality, with probability tending to one, we obtain that

n

D (¥i = Vee(B0) X ) 8 X (Vee( 8 — By))’

i=1

U

n —

d
ZZ Y Vec(B,) X ) 1X;7k(ﬁk — Box) < )\ 18k — Boxll-

k=1 i=1 k=1

By applying the inequality S°¢ | [|As]| < 1/d 2%, || 4|2 for vectors Ay, ..., Ay and writ-

ing © = 3x/2 — /2 for any z, the upper bound in the last display is bounded above
by

~ d
3Av/db; logn /\\/b logn
v e ZHﬂk Boall? — Y2 T Zu@k Boll

3.5.25
2y/log G ( )
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Furthermore, by writing 3z/2 = 2x — x/2 for any x and using the restricted eigenvalue
condition in (3.4.6), the first term in (3.5.25) can be further bounded above by

2xy/dbilogn Y 1 [[Vee(B — B) Xull>  A/dbylogn S 16— Aol
VIos G 0 XG4, (%) 2vIog G\ {3 |

We apply the inequality 2ab < a? + b? for any two numbers a and b to the first term
in the last display. As 3 € O¢, recall that the posterior is concentrated on the set

ny

S* = {5 :|S] < Mys*}, then the last display can be further bounded above by

2X2db1 logn B Xenr/Msndby log n
s TIP3, flog Gy, IX P 7)
(3.5.26)

1 n
5 D IVee(B — By) Xl +
i=1

Now we combine the upper bounds (3.5.25) and (3.5.26), the numerator of the posterior
(3.5.23) is bounded above by

2X2db1 logn B Xenr/Msndby logn )
log G320, [1XGIP07,(s7)  \/log G Yo, 1 XilPPees (5)

Vb1 logn d
< [ (- Suge 2o MlA - o) dU (Vee(By)).

o

The integral part in the last display can be further bounded above by

: G
>\k pj )‘k\/w )
IH/JI;[IC <a—j) exp ( - W”Bk - 5o,k||>dﬂk 3w (s)1{Sk € S}

d log G \Pi/? < .
= H H (bl ]0gn> Z Wg(sk)]l{sk < ‘Sk}
s =0

k=1j€Sy

sp=0

Finally, we obtain the upper bound for the numerator, which is

exp ( N db, logn B Xenr/Msndby logn )
log G370, [ Xill207,(s*)  /log G S, 1 Xi[2e, (5%)
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X eXp(— 22:1 Zjeskpjl b logn )HZW sk)1{S, € S;}
2 logG G F

k=1 s;=0

Cex (18dbl logn _ 3€,\/ Msndby logn B Zizl Zjesk D; o (bl logn)>
AT O, (5%) 2 #Vlog G

< [ D ma(se)1{Sk € S} (3.5.27)

k=1 s;=0

Now, we combine the lower bound of the denominator (3.5.24) and the upper bound
of the numerator (3.5.27). Then the posterior (3.5.23) is bounded above by

n 1/2
pj (det(zi,1 Xz So kz 1X'IL 150, k))

I (e
)\k (QW)ZJESo,k p;/2

k=1 c(s0) €S0k
18dbi logn  3€,+/Msndb; logn Zzzl Zjesk pj b1 logn
X exp < 5 " - log ( ))
7, (5%) Pe, (5¥) 2 log G
G
X Z Wg(sk)]l{sk € S,:} (3528)
sp=0

Note that 3o > b1y, by letting I's,, = 31, Xis,, 30 Xig

0,k and applylng Jensen’s

inequality,
1 Z] S
der(l,,) < (g i) ZHXstH
jES(),k J
ZHXH Zicso”
Thus
i\ Pj ; Zj pj
[T (52)" det(rs, )2 < (=) P Gror —exp (3 pyloglps/v/br) ) G-,
‘ Ak Vby ‘
J€So,k J€So,k

By putting the term exp (Zjeso D log(pj/\/b_1)> together with the exponential expres-
sion in (3.5.28) and choosing a large enough value of Mj, then the exponential term goes
to 0 as n — oo (note that we assume that ¢, (s*) is bounded below by a constant c).

Also, the prior mass mg(sx) can be bounded below by G~%. As a result, the product of

75



the rest terms also goes to 0. Therefore, the posterior goes to 0 as n — oo.

Part II. For a generic set B,

e, (B|Y,...,Y, OCH Z 778) H (%)pj

k= ISkES* JESK

X //(Bm@n) exp (— 5 Z (Y; — VeC(/BS)Xi,S>2—1/2H2) exp(— x| Br2.1)dBgdI(X),

i=1

and

H%on(Blyh..., OCH Z 7TG H <22_j)pj

k=1 SpeS* Sk JjESK k=1

X/(Bmen)exp(—%;H(Yi—\/ef:(ﬂs) 05) S0 2I?) exp(— ZAk]\ﬁokHzl)dgs

In the following, we shall show that the total variation distance between the above two
measures goes to 0 as n — oo.

We take an Sy from the corresponding set Sj for all £ and denote the correspond-
ing measure by II§ (B|Y1,...,Y,) and II5™(B|Y;,. .., Y,). We first show that the total
variation distance between the two measures goes to 0. To this end, we use the Bernstein
von-Mises theorem (see Theorem 1 of Castillo, 2010) in a semiparametric model. The
main difference with Castillo (2010)’s setup is that is the nuissance part in our model is
parametric but high-dimensional. This theorem requires calculating the remainder term
in the local asymptotic normality (LAN) expansion of the log-likelihood, which is denoted
as Rem,,(Vec(8,), 3;), and showing that

sup ’Remn(vec</60)7 E) — Remn(VeC(ﬁ), 2)’

— 0. 3.5.29
pw T nl[Vec(B — By (3.5.29)

For simplicity, we denote £ = X! and define two local paths,

tP
[DHEE >35 1P

Vec(B,) = Vec(By) +tb, Q= Q+

where b is a 1 x pd vector, ® is a d x d symmetric matrix and t = n~/2. Then by Lemma
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3.6.5, the remainder term in the LAN expansion on the log-likelihood is given by

—s)?
Rem, (Vec(3,),3;) = ‘2 Z/ plk_ 5 )

where py, is the k-th eigenvalue of E(l)/ Z(Qt — 90)2(1]/ ?_Since the remainder term does not
depend on 3, |Rem,,(Vec(B,), ) — Rem,,(Vec(8),X)| = 0. Thus we verified (3.5.29). We
now conclude that the total variation distance between the two measures 113 (B|Y7,...,Y,)
and 112 “(B|Y1,...,Yy) goes to 0. Then the total variation distance between the two mea-
sures H@n(B|Y1, ..., Y,) and IIF, (BY1,...,Y,) also goes to 0. O

Proof of Theorem 3./.9. The proof is similar to the proof of Theorem 4 of Castillo et al.
(2015), thus we will simplify our proofs when the results can be obtained easily by
following their arguments. Let = be a collection of all sets for S such that S € &,
Sk D Sox and Sy # Sk, where Sy = US_ {Sk : |Sk| < Maso, Bos, € l”;’} and let
Is, = Y0, X535 X} g,. We shall show that II°(3 : S € E[Y;,...,Y,) — 0 in
probability.

By (3.4.14), we obtain that

I(3: S €SVi,....Y,)

d
<II > ws

k=1 SLeSo
e ma(e) () (S700) (Mjes, Ofay)) 2m) Baesuns

<H Z SOIc Sk—S0,k max
7TG So k)(G) SKEE

., 3 j’/2
k=1 sp=s0,k+1 ISk | =% (Hj'esoyk()‘k/aj’)pj )(QW)Z €50, P
det(T's,,) ) 1 o
o Sow) 5 ~1/2)12
X (det(FSk)> eXp{§;HVeC(ﬁsk)Xi,sk20 12}

1 < A _
x exp{ 5 IVee(Bs, ) X, %o 1/2”2}, (3.5.30)
=1

where My = 2(1+ C5) /A4 + 1 (see Lemma 3.4.3).
By using the same techniques as those used to prove (6.11) and (6.12) of Castillo
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et al. (2015), we can verify that

I

. 1/2
Hjesk()‘k/aj)pj (det(FSO’k)) < (9\/10g6’)2j€507k Pi—2jes, Py
Hj,eso!k()\k/aj/)pj’(det(FSk))1/2 = \b1¢,(S0)

and

P Vo) X054 P = 3 Vel ) X, 53

=1

<tl(Yopi— Y p)(0gG)/b)

JESk J' €S0,k

where t, > 2by(s — Sovk)/(zj‘esk pi— D €S0k pj7). Then (3.5.30) is bounded above by

Ma2sg Sk Py
s s (50 k) HJ’ESO,k aj
k—50,k >
Iy iy S
SLEE, H = a
k=1 sp=s0,x+1 |Sk| =5 JE€SK ]
(3\/27r log G) 2jes, PimXilesy, P s—sok
X |\ ————F— ’ B
b1¢y, (s0)

with probability tending to 1. The last display goes to 0 as n — oo since sqj, < GA471
and (szkk) < (M2GA4_1)Sk_SO’k- ]

3.6 Auxiliary results

1/m
Lemma 3.6.1. For a = ﬁ(ﬂmm) 7

r(g+1)
A\ ™
(—) exp(=A|(X1, ..., Xo))dX, - dX,, = 1. (3.6.1)
m \Q
Also as m — 00, a < m'/2. Expressing X; in the spherical polar coordinates by a radius

r, a base angle 0,,_1 € (0,27), and my angles 01, ...,0,,_o ranging over (—mw/2,7/2),
then the density of v is given by
)\m

f(r|x) = T (m) " exp(—Ar), (3.6.2)
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which s a gamma density with the shape parameter m and rate parameter X.

Proof. Applying the polar transformation, evaluating the Jacobian, and applying the
results shown in Chapter 1.5.1 of Scott (2015), the integral in (3.6.1) equals to

27 w/2 w/2 A\ ™ m—2 ‘
/ / e / / <—> L exp(—Ar) H cos' 0,,_i_1drdf; - - - dO,,_od0,,_;
0 —7/2 —7/2 a i=1
27rm/2)\m .
= [ ———— """ —Ar)dr. 6.
/ F(m/Q)amr exp(—Ar)dr (3.6.3)

The second line of the last display is obtained by using the results in Chapter 1.5.2 of
Scott (2015). Since [r™~te~*"dr = I'(m)/\™, the choice

= ﬁ<%>l/m _ ﬁ(%)l/m

makes (A/a)™exp (— A|[(X1,...,Xn)||) a probability density function. Now by Stir-
1/2
Vo (P < a <
e \e
e (2m\Y2 o oo La e . .
<—) , which implies that a < m'/2. (3.6.2) is self-evident from (3.6.3). O
e

ling’s approximation to the gamma functions, we obtain that

V2
Lemma 3.6.2 (Lounici et al., 2011). Let &,...,& ~ N(0,1) be i.i.d random variables
and v = (vy,...,v) be a non-zero vector. Define n, = S.r_ (€2 — 1)vy/(v/2|v]]) and
m(v) = ||v||/||v]|. Then fort >0,

P(|n,| > t) < 2exp ( - T \gtm@))). (3.6.4)

Lemma 3.6.3 (Muirhead, 1982). If A ~ W;(v,®) withv > d—1, p; < --- < pg are the
eigenvalues for A, then the joint distribution for (pi,...,pa) 1S

/20 w/2 (et (B) vz d v—d— :
T (d z(r 2) LI e = 1)
a(d/2)La(v/2) 5 i< (3.6.5)

1
X / exp ( - —Tr(cIrlHA(p)HT)) dH
o(d) 2

where O(d) denotes to the space of orthogonal matrices, A(p) = diag(p1, ..., pa), and Ty
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denotes to the d-dimensional multivariate gamma function, which is defined as

Fd(a):/B>0eXp (Tr(—B))(det(B)) (@0 dB

where a > (d —1)/2 and B > 0 means that B is positive definite.
Further if ® = 14, then (3.0.5) reduces to

7Td?/22—du/2

1 : a v—d—1)/2 d
Ty(d/2)T4(v/2) eXp( 52@1:[ T = po)- (3.6.6)

=1 1<j

Lemma 3.6.4. If X' ~ W,(v,®), where v > d — 1 and v < d, then for positive
constants aq, as, as, ay, by, by, bz, by, with t1 > vd, to >0 and 0 < t3 <1,

(elgd( h > tl) < ((blt )/dz) exp(d2/2 — aity), (

P(eig(271) <) S (bad)?* 152, (
PN {1 <eig(=7) < 1+t3}) (bad) =724 exp(—agd(1 + t3))(3.6.9
PN {1 < eig, () < 1+1t3}) = (bad) /23D exp(—aqd).  (3.6.10

Proof. The proofs of (3.6.7)—(3.6.9) follow from the proof of Lemma 9.16 of Ghosal and
van der Vaart (2017), except that here we need to express factors involving d explicitly.
To prove (3.6.10), we need the following inequality:
d d
P(ﬂ{z 1 <eig,() < 1+t3}> > P(ﬂ{z 1ty <p < 1}),
i=1

=1

for 0 < t3 < 1 and p; = eig;(X "), which is the i-th smallest eigenvalue of X', i =
1,...,d. Consider the set I; = {1 — (d —i+ 1)t3/d,1 — (d — i+ 1/2)t3/d} for each i. It is
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easy to verify that if p; € I;, then p; € [1 — t3,1]. By (3.6.5), we obtain that

P(l—t3<pz§1 Z—l

d2 v l//2
Z /22 d/2 det / /H v—d— 1/2 _pz)
Fd(d/Q)Pd l//2 I,

It =1 z<g
X / exp ( — =Tr
o(d) 2

1
- 7rd2/22*d”/2(det((1>)) v/
- Ta(d/2)Ta(v/2)

(quHA(p)HT))depl .. dpa
v

<2id>d(d+1)/2 exp ( — %Tr(¢1)>.

for j >4, l; —1; > t/(2d). The lower bound in the third line of the last display is obtained
by noticing that —A(p) > —pglq > —I4, and HH” = I;. Then (3.6.10) is obtained by

applying Stirling’s approximation to the gamma functions in that lower bound. O
Lemma 3.6.5. For a multivariate normal density N (Y;|Vec(8) X, %), i =1,...,n, let

tP

Vec(B,) = Vec(B,) +tb, 2 =+ ,
(0 = Vo) O Imes

be local paths for Vec(B) and 2 respectively, where Q = X' b is a pd x 1 vector, ® is
a d x d symmetric matrix and 0 <t < 1. Then

gn(vec</6t)7 Zt) - €n(Vec(ﬁ ) 20)
VT ((Qy — 0)®)

=— +\/‘be Q,(Y; — Vee(B,) X))
2||z”2r1>z:”2|| p

_—be QX b’————Z/ ’1’__5 (3.6.11)

where p; is the i-th eigenvalue of the matriz Z[l)/Q(Qt Q0)21/2

Proof. The proof is similar to that of Lemma A.1 in Gao and Zhou (2016). Let Q, =
%Z?:l(Y; — Vec(8,) X;)'(Y; — Vec(B,)X;) and Q, = : Zz 1(Y Vec(B) X)) (Y; —

Vec(By)X ;). From (3.4.12), we have
ln(Vec(By), %) — €a(Vec(By), o)
= 7 (log (det(S)) — log (det(X))) — T Tr(Q, ) + 5 Tr(Qu)
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= 5 log (det(L, — 23/ (20 — Q0)Z5%) = 5T ((Qo — T0) (€ — Q)

- DT (B0 - 205 - S ((Qt - Q).

To obtain (3.6.11), first we plug-in the expressions of Q, and Q, into Tr ((Q,—Q)<2)
to obtain that

gTr (Q, — Qu)%) ;th (Y — Vee(B,) X be QX

Next, we apply Taylor’s expansion with the integral form of the remainder to the log

function to obtain that
log (det(I — 570 — Q)20 + Tr (207(Q0 — Q)=7)

Z pi +log(1 — p;))

=1

:_%i __Z/ 1—3

; — )2
— LI ) 1/2HF——Z / s

tP
Finally, we plug-in the expression of ;, — Qy = into the last line

ViS5
of the last display to complete the proof. O
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Chapter 4

Bayesian inference for generalized
extreme value distribution with

(Gaussian copula dependence

4.1 Introduction

Generalized extremely value models have been used extensively to estimate and pre-
dict extreme events in many applications, including environment, engineering, economics
and finance studies. Both frequentist and Bayesian approaches have been developed to
estimate those models (Coles, 2001; Coles and Powell, 1996). Recently, dependent GEV
models (for short, dGEV models) have attracted much attention. Those models are useful
in applications when extreme events are time-correlated. For example, higher temperature
in one day may be followed by a higher temperature in another day.
A GEV distribution is shown as follows:

P(Yﬁy):F(y):exp{— (1—1—{%)_&}, (4.1.1)

where p, 1 and £ are the location, scale and shape parameters respectively. To extend
the GEV model to a dGEV model, it is common to introduce dependence for some of
its parameters. Previous studies have focused on letting p follow an AR(1) process with
other parameters time invariant (Huerta and Sans6, 2007); and letting p, ¥ and £ be

time-dependent and follow ARMA-type process (Wei and Huerta, 2016). However, since
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we consider the dependency of extreme events, a more general way to introduce the time-
dependent structure is to insert a copula. This idea is originally proposed by Nakajima
et al. (2011, 2017). To be explicit, their model is constructed as follows.

If we define )
Y, — )\ ¢

a; = log (1 +e-t ,u) , (4.1.2)
L

then a4 follows the Gumbel distribution. Solving (4.1.2) for Y;, we obtain the following

expression,
-1
e (1.1
and if «; is a hidden AR(1) process,
A1 = ¢Oét + Mt e ~ Gumbel, (414)

then the model becomes a nonlinear non-Gaussian state space model. To estimate the
parameters in the model, they first show that the model can be approximated by a linear
Gaussian state space model, by finding a linear approximation for nonlinear observation
equations and using mixed normal distributions to approximate the Gumbel errors in
the state equation. However, from (4.1.4) the marginal distribution of «; does not follow
a Gumbel distribution, because the sum of two Gumbel-distributed random variables in
general does not follow a Gumbel distribution. We thus propose a method to allow a; to
follow exactly the Gumbel distribution. The model has Gumbel marginal distributions
linked together with a Gaussian copula with AR(1) dependence. By this construction,
the marginal distribution of a; is exactly from a Gumbel distribution. The details are
shown in Section 4.2.

Because the number of variables in the dGEV model is large, we use Bayesian analysis
to draw samples from the joint distributions. The Markov chain Monte Carlo (MCMC)
algorithm allows us to sample from the conditional distribution for each individual param-
eter, and thus we only need to take care of the conditional distribution of each parameter
at one time instead of the joint distribution for all parameters. A drawback of using
the MCMC algorithm is that the mixing can be slow due to the high dimensional state
vector in the model. As a result, many iterations are needed and methods to reduce the
correlation between chains such as marginalization, permutation and trimming (Dyk and
Park, 2008; Liu et al., 1994; Liu, 1994) must be considered.
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In Bayesian analysis, a common technique is to use Kalman filtering and backward
smoothing (KFBS) (West and Harrison, 1997) for sampling draws from linear Gaussian
state space models. For nonlinear non-Gaussian state space models, the KFBS cannot ap-
plied directly. One way of sampling those model is to find a linear approximation for the
nonlinear equations (Shephard and Pitt, 1997); common techniques include using a first-
order Taylor series expansion based on the observation equations, or a second-order Taylor
expansion based on the log-likelihood functions, and finding a mixed normal approxima-
tion for the non-Gaussian errors. The sampling approach is to apply KFBS algorithm
on the approximated linear Gaussian state space model, and then use an Metropolis-
Hastings (M-H) algorithm to accept or reject the draws. However, when the model is
highly nonlinear and non-Gaussian, these approximation techniques may perform very
poorly; as a result, the M-H step will reject most of the draws, thus increase the com-
putation time and reduce the mixing rate of the chain. There are many extensions for
the KFBS for adapting to a nonlinear state space model including extended Kalman
filter, robust extended Kalman filter (Einicke and White, 1999) and using mixed normal
densities to approximate nonGaussian densities (Niemi and West, 2010).

An alternative way to make inferences in a nonlinear state space model is to use a
sequential Monte Carlo (SMC) algorithm. This approach is as follows: it first generates
particles from a chosen proposal density; and then calculate the weights between the
proposal density and the true density. The generated particles and their weights give
a discrete approximation to the true density. However, one issue with this method is
the degeneration of the weights, thus a resampling step is needed when calculating the
weights. Recently, much effort has been put into incorporating SMC within MCMC;
some of the methods include particle Metropolis-Hastings and the particle Gibbs sampler
(Andrieu et al., 2010), as to use MCMC approach is more convenient when dealing with
a model with many variables.

The particle Gibbs sampler is the method we shall use in this study; this method uses
collapsed Gibbs sample (Liu, 1994), which allows the joint distribution to be invariant
in MCMC sampling. The essential idea is to combine a conditional SMC (¢SMC) (Liu,
2001) with the Gibbs sampler. The cSMC method needs to keep a path known as ancestor
lineage to survive in each resampling step. However, this algorithm has two weaknesses:
poor mixing rate and particle degeneration (Doucet and Johansen, 2011; Chopin and

Singh, 2015). An approach to address these weaknesses is to do backward smoothing,
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which known as forward sampling and backward smoothing (FFBS) algorithm (Whiteley,
2010; Lindsten and Schon, 2013; Kantas et al., 2015). A drawback for the FFBS algorithm
is that adding the backward step increases the computation time. A more recent method
which is known as Particle Gibbs with ancestor sampling (PGAS) (Lindsten et al., 2014) is
proposed to address the computation issues of FFBS. The PGAS approach is as follows:
for each forward sampling step, instead of fixing the ancestor lineage, the algorithm
resamples the ancestor lineage. In this case, some particles with small weights in the
ancestor lineage will drop out.

In the rest of the chapter, we will introduce our novel dGEV model, which incorporates
the dependence between extreme events through a dependent Gumbel distribution; the
dependent Gumbel distribution is constructed through a normal copula. Then in the final
model the observed variable is sampled from an exact GEV distribution. Our model can
be expressed as a nonlinear Gaussian state space model; we use PGAS to sample the
hidden process in the nonlinear state space model. We also show that our model may be
extended to incorporate seasonal components, which are needed for some datasets; we
name this model as a seasonal dGEV model.

In the simulation study, we show our estimated posterior medians for parameters are
close to the true values, and the true values are contained in the 95% credible intervals.
Because the latent variables marginally follow a standard normal distribution, we could
use standard normal distribution tails to characterize the extremeness of the values.

We fit the model to two real datasets: one is an annual maximum water flow dataset
and the other is a weekly minimum return for the S&P 500 index.

The remaining sections are arranged as follows: Section 4.2 introduces our dGEV
model; Section 4.3 describes a Bayesian computation steps; Section 4.4 adds seasonality
on the dGEV model; Section 4.5 illustrates the dGEV and seasonal dGEV models using
simulated data; Section 4.6 conducts a real data study for a water flow dataset and a

financial dataset; Section 4.7 concludes.

4.2 The dGEV model.

Our dGEV model is constructed as follows: Suppose that (; follows the standard normal
distribution, so that ®(3;) follows the uniform (0, 1) distribution. Let G(«) be the CDF
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of the Gumbel distribution: G(a) = exp(—exp(—«)). If

ap =G (®(B)) = —log(—log(5)),

then oy follows the Gumbel distribution.

Now suppose that f; follows an AR(1) process:

Biy1 = OB + i, (4.2.1)

for t =1,...,T — 1, where n; ~ N (0,1 — ¢?) and 3; ~ N(0,1), and let

Y; — ,U‘l"l/fexp(£?¢+€ta
_ u+w(_log(q)(§t)>>_§_l+q, (4.2.2)

for t =1,...,T, where ¢, ~ N(0,0?) and ; ~ N(0,1). Adding the normal error ¢; in
the observation equation makes the model have a nonlinear state space presentation. The
variance of the error should be small and negligible.

The parameters in our model are p, 1, &, 0, o2

and the latent variables (i.r7. In
Bayesian analysis, we adopt a similar priors for these parameters to those suggested by
Coles and Tawn (1996); Chavez-Demoulin and Davison (2012). That is pu ~ N (v, 03),
Y ~ Gamma(ay, by), & ~ N (vg,07). The prior for ¢ ~ U(—1,1), where U stands for a
uniform distribution. Last, the prior for 072 ~ InvGamma(a, b), which we later abbreviate

IG(a,b).

4.3 Posterior computation

In this section, we describe the MCMC algorithm that will be used for sampling draws
of the parameters in the dGEV model. Because of the number of parameters is large, the
MCMC chains will converge very slowly. To ameliorate this problem, we consider using
trimming and blocking techniques (Dyk and Park, 2008).

In the following, to simplify the notation, let 8 to be any parameter(s) in the model
and —@ to be the parameters in the model except 6. The outline of the MCMC algorithm

is designed as follows: we sample m_»(9#|Y") from its posterior distribution by grouping ,
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¥, and & together and treating them as a block; and then sample 7_,2(0?|Y), 7_4(¢]Y)
from the conditional posterior distribution using Gibbs and Metropolis-Hastings algo-
rithm; last, sample 7_g(B3|Y") using the particle Gibbs with ancestor sampler (PGAS)

algorithm, which will be introduced later.

4.3.1 Sampling u, 1, &

We group p, ¥, £ together and sample from their joint distribution to reduce the cor-
relation between MCMC chains (Nakajima et al., 2011). Thus we consider the joint

conditional posterior distribution for 9J:

7 oY) = [[ mo(OYo)m(w)e(e)(£). (4.3.1)

Although the priors for g and 1 are conjugate with their likelihoods, the prior for & does
not. When we group them as a trivariate parameter, the joint likelihood is not conjugacy
with the priors, thus we use an Metropolis-Hastings (M-H) algorithm to obtain draws
from the posterior. The M-H algorithm requires to find a proposal density, which is
derived from the second-order Taylor expansion of logm_»(9¥|Y"). To be more specific,
the proposal density is 9° ~ MVN(v*, %), where

_ Plogm_9(I]Y) ‘
99 997 9=D’
* 4 * 810g7T_19('l9|Y)
v SO 09 ‘ﬂ:@’

E*_l —

and 9 is a value that maximizes the posterior of 7_g(9|Y); this value can be calculated
by using optim in R. After sampling a draw 9" from this proposal density, we use the

M-H algorithm to accept or reject ¥ with ratio

i [y T [V )
0.9°) = min AL )
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4.3.2 Sampling o2
To sample 02, we choose a conjugate prior inverse gamma prior as follows,
o? ~1G(a,b).
Since ¢; should be small, we choose a to be large and b to be small so that the prior will
have a smaller variance. Then the posterior of o? can be written as follows:
T

(0?Y) =1G (a+ b5 2 (- L toga(@) < - ) ) (43.2)

t=1

4.3.3 Sampling ¢

The conditional posterior of ¢ can be expressed as follows:

_¢(¢|Y) = (27T)—T/2(1 N ¢2)—T/2 . exp{ B Zt:?(ﬁt - Cbﬂt_l)

= }-W(gb), (4.3.3)

where 7(¢) is the prior of ¢. Because the posterior density is not a well known distri-
bution, similar to dealing with parameter 13, we find a proposal density for 7_,(¢|Y") as
,¢<¢|Y) ~ N(V¢, O'(?)) with

2 0 log7r¢(¢\Y)‘
¢ ol ¢=¢’
Ologm_4(4|Y)
Ve SO+ 0y 9¢ ‘¢>=¢>

After we draw ¢* ~ q_¢(d|Y) ~ N (g, 03) , ¢* is accepted with probability

(9" Y )g—0(¢]Y)
a(6.6") = min {1, M<¢1Y>q¢<¢*lY>}'

4.3.4 Sampling F;.1

The posterior distribution for 7_g(3|Y") can be expressed as the following,

T T

7 s(BY) =[] f(Vi|B 9,0 [ [ £(BelBir, )7 (By),
t=1 t=2
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with

T 2((— log(®(8)) € - by

22 202

F016:9.6%) = (5-)
1

F(B|Be1,0) = <m>_5 exp{ B Zt:zz((ﬁlt__;;ﬁ)tl) }’

o) = ———en{- 5}

Due to the highly nonlinear expression of the likelihood f(Y;|8;,9,0?), the KFBS algo-
rithm developed based on linear state space models cannot be applied directly. That is
because the linear approximation using Taylor expansion has very poor performance. As
a result, the acceptance probability is almost 0 for our model.

The particle Gibbs sampler proposed by Andrieu et al. (2010) provides an alternative
to sampling the nonlinear state space model. It is based on the conditional sequential
Monte Carlo (¢SMC) (Liu, 2001) algorithm which is similar to the SMC algorithm except
for that it assigns an ancestor lineage keep out of the resample stage. The particle Gibbs
sampler algorithm treats the particles and weights generated from ¢cSMC as a discrete
distribution approximating the true density; a draw is randomly sampled from these par-
ticles according to the their weights. Since the draws are obtained from an approximated
distribution and not the real one, a pre-specified ancestor lineage or trajectory path is
used to guide draws from the invariant unconditional distribution. However, this method
is known to have degenerate issues and a poor mixing rate. A finer algorithm is to allow
the pre-defined ancestor lineage to update during the forward sampling process, and drop
some lineage with degenerating weights. The method is known as the PGAS algorithm.
The method uses a trimming technique (Dyk and Park, 2008) to improve the mixing rate
of a Gibbs sampler; also, the degenerate weight issue is ameliorated.

In the remainder of this section, we shall introduce this method. We summarize
the notations to be used later for convenience: Let ¢_g(f5;|Y:) be a proposal density,
B, ..., BN be N particles drawn from the proposal density, & is a index in {1,..., N} and
E=(1,...,N);let B* = (BF, ..., %) stand for the samples generated from the same tra-
jectory path k; let Bf = (,Bf,...,ﬁf_l,ﬁf+1,...,ﬁ:’ﬁ), andk = (1,...,k—1,k+1,...,N);
let ; be the previous draws or the starting value for f; and S} be the current draws
from SF; let w;(8F) be the unnormalized weight for the k™ particle of 8; sampled from
q(Bi| — B,Y:, Bi—1), and Wy(BF) be its normalized weight.
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We consider two methods to choose a proposal density: The first method is to use
Taylor expansion on the mean of the observation equation. For simplicity we write (4.2.2)

as the following:

Yt = fﬂ(/Bt) + €t,
Be = g¢(Bi-1) +

with fo(B:) = u+((—log(®(B:)))~° —1)/¢ and g4(B;—1) = ¢f;_1; then we approximate
fo(B¢) with

fo(B:) = fo (gfb(ﬁil)) + f1/9 (9¢>(ﬁ£1)) (@t - g¢(ﬁf—1)) /e

Because in a nonlinear equation, the second term in the Taylor expansion can be relatively
large, the constant c is used to control the approximated density. We adjust the value ¢ to
keep the weights from degenerating. Then the proposal density then can be transformed

into a Gaussian distribution,

4-p(BY) = N(vg,,03,),

with
1
05 = mﬂLﬂs(%(ﬁf_l))Q/Uz,
2 / E )2
v = et + G (v fatgu(60) x au(BE)).

The second method is to ignore the ¢, in (4.2.2), then we write ; as a function of y,

=& [exp | — Yoo p -
By =@ ( p( <1+§ 7 >+ ))

where @1 denotes the inverse standard normal distribution function. Then we choose a

as follows,

proposal density to be the t-distribution with mean 3, and a small value of degrees of
freedom, namely 5. This method does not apply to general state space models, but can
perform very well in our model; this is because the ¢; in our model is small.

After specifying the proposal density, the PGAS algorithm is as follows,
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e At current iteration i, given 3.
e Fort=1,

— draw ;"1 ~ qp(B1[Y1);
— let B = B;;

— calculate weight for [ =1,..., N as

o 18 9,0 m(8))
YT )

wi

> wll

i

e Fort=2,...,T,
— resample ¥ | according to the weight W* for k = 1,..., N —1, denote as Bt"il;
— sample BN, from ¥ | with the associated weights:

S whf (BB, 8)

— draw BN ~ q_g(Bilwe);
= let g% = 5
— let ﬁi:t = (Bi:tfl,ﬁé), forl=1,...,N;

— calculate weight for [ =1,..., N as

wl — fOﬂﬁLﬁ?UQ)p( Z”Bgl—la(b)
' a-p(BY2) ’

l

l——
Wi= o
1=1 Wt

e Draw k from 1,..., N with the corresponding probability W% """ .

e Let B =p".
e Set 3 = 3, and go to the next iteration.

Then from the algorithm, we obtain draws for 3.
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4.3.5 Markov Chain Monte Carlo

In summary, the MCMC algorithm is conducted as follows:

1. initialize all the parameters values 9, 3, ¢, 02;

2. sample ¥ = (i, 1, &) from (4.3.1), and using the M-H algorithm;
3. sample o2 from (4.3.2);

4. sample ¢ from (4.3.3), and using the M-H algorithm;

5. sample B using PGAS;

6. repeat steps 2-5 until sufficient draws have been obtained.

4.4 Seasonal dGEV model

Seasonality can be easily incorporated into our model by adding sinusoids to any of the
location, shape or scale parameters. This method is convenient since it has flexibility in
the choice of the number of sinusoids and it does not greatly increase the difficulty of
making inferences about the model.

We start by adding two sinusoids to the location parameter; the model is shown as

follows:

Y; = p + ag cos(wt) + ag sin(wt)

CL LIS

Bey1 = OB+, e ~ N(0,1 — ¢2),

+ e, 6 ~N(0,0%), (4.4.1)

where w = 27 f is the angular frequency, f is the number of cycles that occur for each
period of time. For a given dataset, f is typically known; for example, it has value
1/365.25 for annual variability in a daily dataset, or 1/4 for a annual variability in a
quarterly dataset. In equation (4.4.1), ¢t =1,...,T, a; and as are the coefficients for the
two components of the sinusoid, we denote a = (ay, as).

To estimate the parameters in (4.4.1), we use similar priors to those for the parameters

described in Section 4.3. For the added parameters in the seasonal component in this
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model, we treat w as a known parameter. We observe that a has a multivariate normal
likelihood in the equation, we choose the prior for each element a; to be NV(0, agi). Then

the posterior for a is as follows,
T o(alY) ~ N(vq, Za), (4.4.2)

with

T T
t=1 t=1

where p, = (cos(wt),sin(wt))T, @ = diag(c2,,02,), Y; = Y, — 1 — 9 x ((— log(®(B,))) ¢ —
1)/€. To conduct an MCMC algorithm for this model, we could adapt the algorithm
described in Section 4.3.5, adding an extra step to sample a.

Sometimes, a dataset may show seasonality in the scale parameter, such as in a
weather dataset, the variation in the winter may be larger than in the summer. Our model
has the flexibility to deal with a dataset like this by adding two similar sinusoids to ),
i.e. 1+ ag cos(wt) 4 ay sin(wt). It is possible to add sinusoids to the £ parameter or adding
more sinusoidal components to each parameter; however, more parameters in the model
will reduce the mixing rate between chains in the MCMC algorithm; as we will shown in
the simulation study, the dGEV model already exhibit a large autocorrelation between
samples in the chain. For simplicity, we add seasonality only to the location parameter.

In the later context, we will refer this model to be the seasonal dGEV model; however,

it should be kept in mind that seasonality could be added to any of the parameters.

4.5 Illustrative simulation study

In this section, we illustrate the dGEV and seasonal dGEV models (4.4.1) using simulated
data. To generate datasets, we start by generating time-varying parameters (1.7, and
then use (1.1 to generate observations Yi.r. To be more specific, for the dGEV model,
we generate 1000 observations. The choice of the sample size is arbitrary; however, more
observations are rquired for a model with more parameters, for example in the case where
we add seasonality to both the location and scale parameters. In the simulations, we
choose ¢ = 0.8, u = 0.5, ¢ = 0.3 £ = 0.05, and o = 0.1. We first simulate 8, ~ N(0, 1),
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Table 4.1: Posterior medians and 95% credible intervals (C.I.s) for parameters pu, v, &,

o, 0.
Parameter True value Posterior median 95% C.I. Inefficiency factor
i 0.5 0.492 [0.4332, 0.5642] 222.26
WP 0.3 0.315 [0.2818, 0.3599] 233.84
£ 0.05 0.101 [0.035, 0.1843| 186.26
0] 0.8 0.823 [0.7781, 0.8636] 173.69
o 0.1 0.092 [0.0753, 0.1109] 61.61

then f,..., By can be generated according to the AR(1) process in (4.2.1). Based on
the generated values of 5.7, we then generate dataset Yi.r from (4.2.2). For the seasonal
dGEV model 4.4.1, we choose a; = 1, a; = 2, and suppose we have an annual dataset,
f =1/365.25 and w = 27/365.25.

After generating observations, we chose priors to conduct the Bayesian analysis.
The priors for those parameters are as follows: u ~ N(0,2%), ¢» ~ Gamma(2,2),
& ~ N(0,22), ¢ ~ U(—1,1), and 0? ~ IG(1,0.01). We choose the total iteration for
MCMC to be 20,000, when running the algorithm, with the first 5,000 as burnin. In the
PGAS step, we choose the number of particles to be 1000. Lindsten et al. (2014) shows
that when this number is chosen, the PGAS algorithm has update frequency very close
to 0.999, the ideal rate.

We then fit the model to the simulated datasets. The first row in Figure 4.1 plots the
MCMC draws for parameters except for fs for the dGEV model. The draws converge
quickly for each parameter; the red lines that indicate the true values are all contained
in the draws. Table 4.1 gives summary statistics for the posterior medians and credible
intervals. The results show that the true values lie within the 95% credible intervals, and
the posterior medians are close to their true values, except for the parameter . The issue
with &, the shape parameter in the GEV distribution, is that the proposed distribution
is a less accurate approximation to the true posterior distribution than in the case of the
location and scale parameters; thus its the posterior median has larger bias compared
with the posterior medians of y and .

Table 4.1 also provides the inefficiency factor for each parameter; this statistic gives a
diagnostic about how well the chains in MCMC mixed. It is calculated as 142 Zi\il(l —
s/M)ps (see Chib, 2001), where ps is the estimated autocorrelation at lag s, and M is
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Figure 4.1: Plot of MCMC draws (1st row), autocorrelation function (ACF) (2nd row)
and histogram with density (3rd row) for u, v, &, ¢, 0. The red line indicates the true
values.

the batch size, which we take as 500. An inefficiency factor of m means that the effective
number of draws is the total number of iterations, after deleting burn-in, divided by m.
The results in the table show that those inefficiency factors are large, which corresponds
to the slow decay in the ACF plots in Figure 4.1.

Figure 4.2 plots the posterior median and 95% credible intervals for (i, ..., S1000-
Recall that the time-varying parameters are in a standard normal copula; thus each 3,
has a marginal standard normal distribution. Examining the posterior medians of s
shows that the majority of them fall in the 95% standard normal interval. The credible

intervals are very small around each posterior median, as a result of the small value of
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Figure 4.2: Plot of posterior median (blue line) and 95% credible intervals (grey dash
lines) for f,. .., Biooo; the yellow dashed lines indicates our simulated value for fs; the
four dash red lines from up to down represent the 0.995, 0.975, 0.025, 0.005 quantiles of
the standard normal distribution.

Table 4.2: Posterior median and 95% credible intervals (C.L.s) for parameters p, 1, &,
¢7 ay, ag, O.

Parameter True value Posterior median 95% C.I. Inefficiency factor
L 0.5 0.472 [0.4172, 0.5485] 219.05
P 0.3 0.300 [0.2681, 0.3396] 214.55
13 0.05 0.014 [—0.0432, 0.08136| 92.22
) 0.8 0.797 [0.7486, 0.8380] 103.36
ay 0.1 0.984 [0.9212, 1.0409] 115.30
aso 0.1 1.000 [0.9453, 1.0641] 129.67
o 0.1 0.092 [0.0775, 0.1064] 101.07

measurement error €;.

Figure 4.3 shows that the simulation results of selected parameter draws based on
the seasonal dGEV model. The estimated posterior median and 95% credible intervals
of those parameters are summarized in Table 4.2. The 95% credible intervals all covered
the true value, and posterior medians are close to their true value. We also found the

inefficiency factor for parameters in the seasonal dGEV model to be on average higher
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Figure 4.3: Plot of MCMC draws (1st row), autocorrelation function (ACF) (2nd row)
and histogram with density (3rd row) for u, ¥, &, ¢, a1, as. The red line indicates the
true values.

than the non-seasonal model; this is because having more parameters in the model in-
creases the correlations between chains. Figure 4.4 gives a plot of posterior medians and
their credible intervals for i, ..., f100. The figures show that the majority of draws fall
in the 95% region of the standard normal distribution. Also we plot the simulated true
data of [y, ...

credible intervals.

, Brooo in Figure 4.2; all the true values are covered by their estimated 95%

4.6 Real data study

We conduct a study of two real datasets in this section. The first dataset is an annal
maximum water flow dataset and the second is a minimum log-return dataset for the
S&P 500 stock index. We fit the dGEV model to both datasets, and we fit the seasonal
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Figure 4.4: Plot of posterior median (blue line) and 95% credible intervals (grey dash
lines) for f,. .., Biooo; the yellow dashed lines indicates our simulated value for fs; the
four dash red lines from up to down represent the 0.995, 0.975, 0.025, .005 quantiles of
the standard normal distribution.

dGEV model to the S&P 500. The plots of MCMC outputs (including MCMC draws,
autocorrelation functions (ACF) and histograms along with densities for parameters)

obtained from the Bayesian inference for the two datasets are placed in Appendix C.

4.6.1 Water flow data

A water flow dataset is collected from French Broad River at Asheville in North Carolina.
The datasets contains annual maximum water flow level from 1941 to 2009. A plot of
this dataset is shown in Figure 4.5, the plot shows that there are two spikes in the year
1964 and 2004 which may consider to be unusual years. Our goal is to investigate how
extreme those two values could be by fitting into the dGEV model.

We run the chain for 20,000 draws and treat the first 5,000 as burnin, the number of
particles is chosen to be 1000. Before running the analysis, we standardize the dataset
to avoid computation problem. The plot of draws and summary statistics is presented
in Figure C.1 and Table 4.3. The ACF plots and inefficient factors for each parameters

shows the chain mixed well.
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Figure 4.5: Annual maximum water flow of French Broad River at Asheville, North
Carolina.
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Figure 4.6: Plot of posterior medians (blue line) and their 95% credible intervals (grey
dash lines) for f;s by fitting dGEV into water flow dataset. The four dash red lines from
up to down represent the 0.995, 0.975, 0.025, 0.005 quantiles of the standard normal
distribution.
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Table 4.3:  Posterior medians, 95% credible intervals and inefficient factors for parameters

2 1/17 ga ¢7 g.

Parameter Posterior median 95% Credible interval Inefficiency factor

[ 10144 [8566.1, 118645.0] 170.58
W 4351 3148.0, 6303.0] 223.22
¢ 0.22 [—0.031, 0.664] 223.22
¢ 0.21 [~0.075, 0.523] 74.16
o 10.27 [6.468, 19.664] 34.59

From Table 4.3, the time varying parameter ¢ has posterior median 0.021, the 95%
credible intervals cover with 0, the result suggests that the dependency between extreme
values are low or possibly does not exist.

In Figure 4.6, we plot the posterior median for f;s. Since each S;s has marginal
distribution from standard normal, it is convenient to compare these values with standard
normal quantiles. If the values is larger than 2.326 in absolute value, then it is beyond
99% quantiles of normal distribution, which may seems unusual. From the plot, both of
the two events in 1964 and 2004 we are interested in lies on the boundary of 95% quantile,
and their credible intervals are below 99% quantile, which may shows the two events are

not extreme as it looks like from the data plot.

4.6.2 S&P 500 datasets

Another dataset is from S&P 500 minimum weekly log-return, the data is collected from
September, 25, 2006 to September, 12, 2016. A plot of this data is shown in Figure 4.7.
The data is plotted in a —1 scale, so the largest value in the plots stands for the minimum
return. Our interests is focus on finding the most unusual happened events in the dataset,
especially during 2008 to 2010. Sometimes a time series shows seasonality, although the
seasonality is not so obviously to appear in this model, we are interested to fit model
to find out if seasonal effects exists. We fit the dataset in both of the dGEV model and
the seasonal dGEV model, the plot of draws are shown in Figure C.2 and Figure C.3.
The posterior medians with their 95% credible intervals for parameters in the model are
summarized in Table 4.4. The inefficient factors for those parameters are also provided.
In the MCMC algorithm, we run 20,000 iterations and treat the 5000 draws as burnin;
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Figure 4.7: Weekly minimum S&P 500 log-return dataset, adjust the dataset to be —1.

we choose the number of particles to be 1000 for both of the two models. For the seasonal
dGEV model, we choose f = 7/365.25.

From the result shown in Table 4.4, the estimation for location, scale and shape
parameters for both dGEV and seasonal dGEV model are close, the inefficient factors for
seasonal dGEV model are larger than the dGEV model. In the output of the estimation
of seasonality parameters a, ao, there value are very close to 0, and their 95% credible
intervals contains 0. This suggests seasonality may not exists in this model.

Figure 4.8 gives plot of estimated [;s posterior medians and their 95% credible inter-
vals for fitting both models. The two models gives a very similar estimates for those [;s.
Both plots indicates the period during 2008 crisis are much more unusual than other pe-
riod. The highest point has its posterior median close to 99% quantile of standard normal,

and its credible intervals bounds contains the area which exceed the 99% quantile.
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Figure 4.8: (a) Plot of posterior medians (blue line) and their 95% credible intervals
(grey dash lines) for f;s by fitting the dGEV model into S&P 500 dataset. (b) Plot of
posterior medians (blue line) and their 95% credible intervals (grey dash lines) for ;s
by fitting the seasonal dGEV model into S&P 500 dataset. The four dash red lines from
up to down represent the 0.995, 0.975, 0.025, 0.005 quantiles of the standard normal
distribution. dataset.
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Table 4.4: Posterior medians with their 95% credible intervals and inefficient factor for
parameters u, 1, &, ¢, 0 in the dGEV model and parameters u, ¢, &, ¢, 0, ay, as in the
seasonal dGEV model.

Parameter estimates for dGEV model

Parameter Posterior median 95% Credible interval Inefficient factor

] 0.696 [0.5847, 0.8307| 37.83
(0 0.348 [0.2171, 0.4645] 80.29
13 0.449 [0.2638, 0.7264] 179.25
) 0.713 [0.5347, 0.8555] 145.46
o 0.967 [0.7425, 1.1817| 96.37

Parameter estimates for seasonal dGEV model

Parameter Posterior median 95% Credible interval Inefficient factor

1 0.683 0.5691, 0.8101] 39.16
W 0.476 [0.3132, 0.6440] 91.94
¢ 0.425 0.2294, 0.6912] 220.46
¢ 0.680 [0.4547, 0.8277] 201.65
a —0.034 [—0.1712, 0.1027] 7.75

as —0.042 [—0.1794, 0.0890] 7.76

o 0.531 [0.3729, 0.6430] 154.70

4.7 Conclusion and discussion

In this chapter, we proposed a novel dependent GEV model. The model can be expressed
as nonlinear Gaussian state space model. Due to the observation equation is highly non-
linear, we use the PGAS algorithm to sample time-varying parameters. This algorithm
can be incorporated into an MCMC algorithm. The simulation study based on the MCMC
algorithm shows that the sampled parameter distribution could cover the true value and
the posterior median is close to the truth. The shape parameter ¢ is turned to be harder
to estimate compare to the location and scale parameters. We also showed that our dGEV
model can easily to incorporate seasonal components. Seasonality can be added to both
the location, scale and shape parameters.

We did two case studies using the model: one is the annual maximum water flow
dataset and another is the weekly minimum return of S&P 500. The estimated dependent

parameter in the water flow dataset contains value 0 which suggests the correlation
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between extreme values are low. The two unusual events in 1964 and 2004 does not turn
out to be very unusual after plotting the corresponding estimated value of 3. In the S&P
500 dataset, the correlation is very high. By fitting this dataset into the seasonal dGEV
model which suggests there does not exist any seasonality effect. The draws of §;s shows
that extreme values during the 2008 economics crisis is very unusual compares to other
values.

Our model turns out to require large computation time when the sample size is larger.
However, the sample size usually is 10,000 when analyzing extremely daily values for
temperature. In order to analyze those datasets, an improvement of current algorithm is
need. On the other side, for datasets contains seasonality on the scale or shape parameters,
the number of parameters will increase and cause the inefficient factors become larger.
Thus a method to redesign the MCMC algorithm is needed as well. Both of these issues
need to be address in the future study but is beyond the scope of this study.
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Appendix A

The Kalman filter and backward

smoothing algorithm

For the following state-space model

Y, = zo,+X,08+e€,
a1 = c+Toy+ Rr,,

where €, ~ N (0,X), n ~ N(0,Q), Q = bdiag(X,,X,, X,) are mutually independent,
the Durbin and Koopman (2002)’s KFBS algorithm is described as follows: for a dataset
with no missing values, the Kalman filter for updating oy, where a; ~ N(ay, Py), t =

1,...,T, is given by

'Ut:Yt—Za,t, Ft:ZPtZ/+2,
K,=TPZF;', L,=T - K,z,
a1 = C + Tat + Ktvt, Pt+1 = TPtL; + RQR,

For updating the missing values in the dataset, the Kalman filter algorithm becomes
a1 = C + Tat, Pt+1 = TPtT/ + RQR/

From the above, we obtain a;.; and P,,; depending on the data Y,...,Y . The
backward smoothing algorithm will give the conditional expectation of a; and P; given

the full dataset Y,...,Y . To distinguish between those two values, we denote the
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latter one as a;r and Py.

The backward smoothing algorithm is given by

i1 = z'Ft_lvt + L;T’t, Nt,1 = z'Ft_lz + L;NtLt,
ayr = a; + Py, Pyr=Py— PN, P

The covariance between a; and a;_; is given by

Pt—l,t|T = COV(at_l, Ozt|Y1, . 7S/VT> = Pt—lL:S_l(I — Nt—IPt)-

116



Appendix B

Deriving the EMVS algorithm

In this chapter, we provide the details on deriving the EMVS algorithm used in Chapter
2. The algorithm contains two steps: the E-step (the expectation step) and the M-step

(the maximization step).

B.1 E-step

The expectation of e}, afa;’ and afa |’ respect to aj.p|- can be estimated using the
KFBS algorithm (see details in Chapter A).

The term [E.|. [log (vo(l—%)—i-vlfyi)] is a constant when conditioned on the parameters
B(k), Vo, V1.

Let a; k) — E,. [m} , because ~; is a binary variable,

al-(k)ZEw[ }: 2 (L= %) | By ()
vo(1 — %) +v1yi Vo U1
Denote wfk) = E,.(7:), then
(k) k) p(k gﬁ)
w” =By () = Py = 1| BV, 0%) = 70—,
Gii" + Ga

where g1 = (5" |uo, 01,7 = Py = 16%) and g = w(5"|uo, 01,7 = )Py =
0/6™)). Based on the prior in Section 3, gY;) and gg;) can be written as gﬂ?) = W(ﬁi(k) [vo, v1, 7 =

1)0® and g = (8" v, v1, 3 = 0)(1 — 6.
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If using DAEMVS algorithm with parameter s, then

(k) (gyf))s
Wi = s (s
(gu ) + (g% )

To summarize, in the k-th E-step, we find

Q(B,0,®,%=,Q | BV, 0™ @® nk) Q®) (B11)
=E(ar, - [logm(alr, 8,7.0,2,%,Q|Y], X;) | B*, 00, & m® QW]

where E(q: _4).(+) denotes the conditional expectation E(aiT7_y)|ﬁ<k)79(k),(I,(k>7z(k)7q<k).

B.2 M-step

We first denote

*(k+1)

at|T = EQT:T (a: | YT:T’ XT:T? IB(k)a e(k)v Q(k)a E(k)a Q(k))a
*(k * ok * *
Vt|(T+1) = EQI;T"(at at, | Yl:T7 Xl:T7 IHUC)’ Q(k)a q)(k)7 E(k)7 Q(k))v
*(k+1 * ok * *
‘/t,(t—l|’_%1 - EQI;T“(at at—ll | Yl:T7 X11T7 ﬁ(k)7 0<k)7 q)(k)’ E(k)a Q(k))v
WD) por(kt]) w(ktD) (kL)Y
P v =Viigr — @y (a’t—l\T ) )
w(k+1) *(k+1) *(k+1) *(k+1)\/
Pt|T - Vt\T - a’t|T (a’t|T ) )
and obtain a:‘(ﬁﬂ), P;(T’Hl) and P:i’iﬂ% from the KFBS algorithm for each t =1,...,T.
We define Af;(k) = diag(ay{(k), . ,a;(k)), recall a; is the i-th diagonal element in A,.
For each a:(k), we have
(k) (k)
k) _ 1 ) 1 :1_wi +wi
a; v o 1 — )
a; vo(1 — i) +v1% Vo (1

k (k) .
where w{® = E.(7) = P(3; = 1|8, 0%) = -1 with

14 21

gglf) = W(ﬁi(k)Wo;Uh% =1)oW),
g% = (B v, v1,7 = 0)(1 — 6)).
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Then in the k-th M-step, we maximize (B.1.1) with respect to 6, 3, ®, £~ ! and Q.

Their optimized values can be obtained by executing the following steps:

gk+1) p1w +G -1

p+ Cl + CQ -2 7
T T
k:+1) <Z IX* + A k+1)> (Z X;"(E"“))‘l(YZ‘ _ za:‘(ﬁﬂ))),
t=1 t=1
T-1

Vec((I)(kJrl)) _ ( ((V<T>:\(:ﬁ+l))/ ® (25}@)—1) + 10In2)—1

T

k’ 1 * * ES * *k 1 /
B Zz t|T+ ) Y Xtﬁ(kﬂ))/ N Z(Yt N XtIB(kH))(at‘(TJr )) P

t=1

(k+1
+ZZthT+) /+H] IL{E 6M+(g)}7

T-1

( VD ) yoeeeD) (V*('““))'(T(’““))/

Q(kJrl)
Viar ta+r1r — Vet

T+V_ |:<t:1
1,1, 0 0
crevgnaea)o ok

0 0 1,1,

ki(n+1)H 0 0
+ 0 k%(n +1)H 0 ] 1{2;1,2;1,2;16M+(g)}7
0 0 k‘%(n +1)H

(B.2.1)

where 1,4 stands for the indicator function of a set A, 1, is an n x 1 vector with

its elements are all 1s, E o F' is the Hadamard product between matrices £ and F',

*(k+1)

V(T):I(Jlfﬂ) is the covariance matrix for 7, which is inside of V' . The similar no-

HT
tation is used for V(7); tktllT The E- and M-steps are repeated until the values of

Q(3,0,9,2,Q | B &) gk) k) 3k ,Q(k) stop increasing significantly. Since p > n,
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we can apply the Sherman-Morrison-Woodbury formula to rewrite (X;'(Z®")~1 X7 +
A*(k—‘rl))—l in IB(k+1) as
~

(A*(k+1))—1 _ (A,’;(’““))_lX:’[E(’“) + X:(A,*Y(k“))_lX;"]_1X;*(A,*Y(k+1))—1

~y Y

to only invert an n X n matrix instead of a p X p matrix.
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Appendix C

Plots of MCMC outputs for the water
flow data and the S&P 500 data
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Figure C.1: Plot of MCMC draws (1st row), autocorrelation functions (ACF) (2nd row)
and histograms along with densities (yellow lines) (3rd row) for parameters pu, ¥, £, ¢,
0% in dGEV model of the water flow dataset.
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Figure C.2: Plot of MCMC draws (1st row), autocorrelation functions (ACF) (2nd row)
and histograms along with densities (yellow line) (3rd row) for parameters u, ¥, &, ¢, o>
in the dGEV model by fitting the S&P 500 dataset.
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Figure C.3: Plot of MCMC draws (1st row), autocorrelation function (ACF) (2nd row)
and histograms along with densities (yellow line) (3rd row) of parameters p, 1, &, ¢, ay,
as in a seasonal AGEV model by fitting the S&P 500 dataset.
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