
Abstract

BANERJEE, ANINDITA. Optimal Two-stage designs in Phase-II Clinical Trials. (Under the

direction of Dr. Anastasios A. Tsiatis.)

Two-stage designs have been widely used in phase II clinical trials. Such designs are de-

sirable because they allow a decision to be made on whether a treatment is effective or

not after the accumulation of the data at the end of each stage. Optimal fixed two-stage

designs, where the sample size at each stage is fixed in advance, were proposed by Simon

when the primary outcome is a binary response. We propose an adaptive two-stage de-

sign which allows the sample size at the second stage to depend on the results at the first

stage. Using a Bayesian decision theoretic construct, we derive optimal adaptive two-stage

designs. The optimality criterion is to minimize the expected sample size under the null

hypothesis value. We further explore optimal adaptive designs that minimize the expected

sample size at the alternative hypothesis, at a probability mid-point between the null and

alternative hypotheses and a weighted combination of the null, alternative and mid-point

value. We also construct an envelope function that gives the lowest expected sample size

for any possible value of the response probability. The different designs are compared to

Simon’s design as well as the envelope function. The designs that minimize the expected

sample size at the mid-point between the null and alternative hypotheses and the design

that minimizes a weighted average of the response probabilities are closer to the envelope

function. Results show that these designs perform better across a range of the response

probability values, and generally surpass Simon’s design.
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Chapter 1

Introduction

1.1 Overview of Group sequential designs

In a clinical trial or any kind of experiment, data or patients might enter into the

trial in a staggered manner, one by one or in groups. The treatment is assigned

to the patients when they enter the trial and data is generated when and as we

get the responses from the patients. At the beginning of the trial the number of

stages and the number of patients to be enrolled in these stages are specified in ad-

vance. So at each stage of the trial, on the basis of the data generated till that point

of time, we decide either to accept the drug, reject the drug or continue the trial.

This design procedure allows us to test the efficacy, toxicity level for a particular

drug or choose a better treatment between two treatments (or between placebo and

treatment). The former is the kind of testing procedure that we might come across

in a phase-II setting, while the latter is usually the case of a large, multi-centered

phase-III trial. Due to the ethical, economic and administrative issues involved,

sequential designs have become essential for clinical trials. It is imperative that

patients always get the best medication, hence we want to assign the best treat-

ment based on the data accumulated at a certain point of time. Also if the drug

is not doing well, we would like to stop the trial early, so that we do not assign

the inferior treatment to many patients. Again, if we stop the trial early then the
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resources can be used to test the next drug in the pipeline. As mentioned above,

sequential designs have the liberty to make a decision at the end of every stage

so that it suits in the right framework. From an economic point of view, due to

interim analysis, identifying a good treatment takes less time and resources and

hence is cost efficient. In fact, this is one of the many reasons why sequential de-

signs are preferred to fixed-sample designs. There are other concerns that should

be taken into consideration. For example, we should make sure that the design is

executed as planned in the protocol, that we are using the correct section of pa-

tients, correct treatments, etc. The feature of the design to be able to monitor the

data throughout the trial allows us to make a decision about the trial early before

there is any problem with the trial. Hence in all these situations sequential designs

fit the scenario very well. But many times, during interim analysis, it is difficult to

monitor the data continuously one by one, but rather the analysis could be done

in groups of individuals or after certain time interval. This gave rise to group se-

quential designs or multi-stage designs. For example, as stated in Turnbull and

Jennison (2000), the Data Monitoring Safety Boards meet periodically to analyze

the data after certain time intervals.

1.1.1 Group Sequential designs

The general methodology of a group sequential design is explained with the help

of a hypothesis testing problem, where we need to compare two treatments (or

a placebo and a treatment). For a K stage sequential design, suppose we have 2m

patients at every stage, where each of m patients receive each of the two treatments

respectively and the data is analyzed after each group of 2m responses. At every

stage of the trial, i = 1, 2, . . . , K we compute the test statistic and we reject the

treatment if the test statistic exceeds a certain critical value. The trial terminates

if at any stage we reject the treatment, otherwise it moves on to the next stage. If
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at the end of the K th stage, the test statistic falls within the critical region then

we accept the drug or else the drug is deemed to be ineffective. The analysis at

the end of every stage is based on accumulating data till that point of the trial,

which results in different critical values for every stage. These critical values are

determined such that they satisfy the type I error constraint and power restriction

is satisfied by the group size, m.

1.1.2 Examples of group sequential designs

The efficacy or toxicity of a drug is examined with respect to a standard level of

efficacy or toxicity respectively. If the measure of efficacy or toxicity is binary, then

the testing problem underlying the sequential design will be a test of binary pro-

portions problem. For example, we might have H0 : π = π0 vs. H1 : π = π1

where π0 and π1 are the proportionality constants with respect to which we are

going to perform the test. For instance as mentioned in Simon (1989) we might be

interested to check whether the amount of tumor shrinkage is 50% after adminis-

tering the treatment. In that case the drug would be deemed effective. This is the

kind of test we would come across in a typical phase II setting. In case of Phase

III trials though, the standard testing procedure is to compare the proportion of

two treatments( say A and B) or of a placebo and treatment. So the test parameter

could be the difference of proportions (πA − πB) or the ratio of proportions (πA
πB

).

Another obvious example would be continuous responses following a normal dis-

tribution with known variances. We mainly test for the mean effect of the treat-

ment in a phase I or phase II setting while we might test the difference of mean

responses for two treatments.
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1.1.3 Common tests for group sequential designs

Pocock (1977) adapted the idea of a ’repeated significance test’ at a constant nomi-

nal significance level to analyze accumulating data at a relatively small number of

times over the course of a study. Here also we have m groups of patients arriving

in the trial in k stages. This design is motivated by the fact that on ethical grounds,

fixed sample size designs cannot be implemented when the patients enter into the

trial in a sequential manner. Again, sequential designs are not a practical approach

in all cases. Due to the fact that sequential designs are inconvenient for certain

circumstances, it would be good to check the comparison between the two treat-

ments when the responses are normal in nature when the variance is known. As

mentioned earlier, Pocock used the concept of repeated significance testing used

by Armitage (1975). The statistical problem is to compare two treatments (or a

treatment and a placebo) A and B, when the response is normally distributed with

known variance. A group of 2m patients in each stage (with a maximum of K

stages) is randomized to the two treatment groups with m patients in each group.

If we denote XAk
and XBk

as the observed sums from the two treatment groups for

the k th stage, the test statistic for Pocock’s test Zk = 1
(
√

2σ)mk
(XAk − XBk) follows a

standard normal distribution where XAk = ∑
m
i=1 kXAi, XBk = ∑

m
i=1 kXBi and XAi ∼

N(µA, σ2), XBi ∼ N(µB, σ2), where σ2 is known. For any stage k = 1, . . . , K − 1

if |Zk| ≥ CP(k, α) we stop and reject H0, otherwise we continue to stage k + 1. At

the end of stage K, if |Zk| ≥ CP(k, α) we stop and reject H0, otherwise we stop and

accept H0. The critical values of CP(k, α) is chosen such that the test has overall

type I error α and is given in Turnbull and Jennison (2000).
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In their paper in 1979, O’ Brien and Flemming proposed a multiple testing proce-

dure for comparing for two treatments. The method is suggested as an improve-

ment over a fixed one stage trial. Similar to Pocock’s design, the treatment is ad-

ministered to m groups of patients arriving in K stages and data is analyzed peri-

odically when and as responses from a group become available. The hypothesis of

no treatment mean difference is given by the test statistic in Turnbull and Jennison

(2000) as follows. For stages k = 1, . . . , K − 1 if |Zk| ≥ CB(k, α)
√

K
k we terminate

the trial and reject H0, otherwise we continue the trial to the k + 1 stage. For the

Kth stage if |Zk| ≥ CB(K, α) we terminate the trial and reject H0, otherwise we ac-

cept H0. Zk is the standardized normal test statistic and CB(k, α) is chosen such that

the overall type-I error is equal to α and different values are given in Turnbull and

Jennison (2000). Pocock’s test has narrower boundaries initially, allowing greater

opportunity for very early stopping, whereas the O’ Brien & Flemming test has

narrower boundaries later and a smaller maximum sample size. Pocock’s test of-

fers greater opportunity to stop early with a low sample size and when it continues

to the final analysis it has a higher maximum sample size. The group sequential

trial offers reduction in expected sample size over the fixed sample size test when

the treatment difference (|µA − µB|)is much greater than zero. Pocock has the ad-

vantage of lower expected sample size under extreme values of |µA − µB|.

Wang and Tsiatis (1987) developed a class of optimal tests, such that Pocock and

O’ Brien & Flemming’s testing procedures are special cases. These are two-sided

tests indexed by a parameter ∆, which tests the equality of two treatment means

when the variance is known. Specifically the test as described in Jennison & Turn-

bull is given as follows. The assumptions are same as used for the previous two

tests. Thus, after stage k = 1, 2, . . . , K we terminate the trial and reject H0 if |Zk| ≥
CWT(K, α)K

k

∆−1/2
otherwise we continue to the k + 1th stage(or group). At the end

of the Kth stage we terminate our trial and based on whether |Zk| ≥ CWT(K, α) or
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not we reject or accept H0 respectively. CWT(K, α) is chosen such that the overall

level of significance is equal to α and CWT(K, α) is provided for different choices of

∆ and K in Wang and Tsiatis (1987). If we allow ∆ = 0.5 and ∆ = 0 in the above

test statistic, we get the Pocock and O’ Brien & Flemming test statistic respectively.

The Wang and Tsiatis (1987) test allows the investigator to choose a suitable test

(by selecting a particular ∆) depending on whether he wants wider boundaries,

smaller expected sample sizes, and so on. Thus group sequential designs are given

preference to sequential designs because they allow monitoring of responses of

groups of patients rather than monitoring each patient one at a time.

1.2 Simon’s two-stage design

We shift our focus to Phase-II trials and will only discuss this phase in the follow-

ing chapters. It is in this phase where we test the efficacy of the drug after the

maximum tolerated dose is determined in Phase I. At the end of this phase, effec-

tive drugs move on to further phase III testing while ineffective drugs are screened

out from the process, so it is also known as the screening phase. One of the most

commonly used group sequential design for this purpose is Simon’s fixed two-

stage design. The design is based on the testing of hypothesis problem where we

test if a particular drug is effective or not. The assumption of this design is given as

follows. Patients enter into the study sequentially in two stages and the responses

are binary in nature. At the first stage we accrue n1 patients. If the responses from

these patients are less than r1 then the treatment is declared to be ineffective, oth-

erwise it moves on to the second stage where again a fixed number of patients

(n − n1) is treated. If at the end of the second stage the total number of responses

are greater than r, the drug is effective. Thus, the parameters of Simon’s design
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are (n, n1, r1, r). Simon derived optimal and minimax designs for the fixed two-

stage group sequential design. In case of the optimal design, for a given null and

alternative response probability value, optimal parameter (n, n1, r1, r) values are

generated such that the design satisfies a given type I and type II error constraints.

The definition of optimal being that the expected sample size of this design would

be lower than the expected sample size for any other design considered, under

the null hypothesis value. For the minimax designs, he derived optimal param-

eters considering a fixed maximum value of the total sample size, n. The idea is

to search the smallest maximum ’n’ such that the two-stage design has a specified

type I and type II error.

Although Simon’s design is optimal, opportunity exists to derive more efficient

designs. This is due to the fact that we could consider flexible designs that would

allow the design to be more response oriented. We try to give a brief overview of

some of these flexible designs commonly known as adaptive designs.

1.3 Adaptive designs in clinical trials

Adaptive designs allow the trial to be flexible at any stage, throughout the drug-

making process. There may be different forms of adaptations implemented in a

clinical trial like sample size re-estimation, adaptive allocation, stopping early due

to efficacy or futility. These adaptive designs advocate in decreasing sample sizes,

decreasing the length of the trial, increasing the probability of assigning the pa-

tients to the better treatment and so on. Hence the need for implementing these

designs have become manifold, specially in the pharmaceutical industry. For in-

stance Chang, 2005 mentions an adaptive design where we could terminate the

trial early if the drug is promising. Though, a cut-off should be determined on the

basis of the response rate between the treatment and the control in order to stop
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early.

Hommel (2001) describes another adaptive design for a multiple testing problem.

This design is flexible to the extent that it allows the hypothesis to modify on the

basis of the results of the trial. A lot of careful planning should be done, since the

more flexible the trials are, the more they are prone to manipulation. On another

note, Tsiatis and Mehta (2003) argue that for testing a treatment difference there al-

ways exist a group sequential design that would be more efficient than an adaptive

design.

We also generate a new adaptive design but contrary to the above designs it is an

optimal adaptive design. This design is based on Simon’s fixed two-stage design

which has been described earlier. Specifically, based on the results obtained from

the first stage the new design changes or adapts the second stage sample size. We

derive the optimal adaptive design which has the minimum expected sample size

under the null hypothesis value and this has been described in Chapter2, while we

consider some more globally optimal designs described elaborately in Chapter3.

To summarize and provide some future research ideas we move onto Chapter4.
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Chapter 2

Adaptive two-stage designs in phase II clinical trials

Anindita Banerjee and Anastasios A. Tsiatis

ABSTRACT

Two-stage designs have been widely used in phase II clinical trials. Such designs are desirable

because they allow a decision to be made on whether a treatment is effective or not after the accu-

mulation of the data at the end of each stage. Optimal fixed two-stage designs, where the sample

size at each stage is fixed in advance, were proposed by Simon when the primary outcome is a

binary response. This paper proposes an adaptive two-stage design which allows the sample size

at the second stage to depend on the results at the first stage. Using a Bayesian decision theoretic

construct, we derive optimal adaptive two-stage designs; the optimality criterion being minimum

expected sample size under the null hypothesis. Comparisons are made between Simon’s two-

stage fixed design and the new design with respect to this optimality criterion.
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2.1 Introduction

Clinical trials, conducted properly, provide a reliable way of determining whether

a drug can be introduced into the market. After the tolerable dose level is deter-

mined in a phase I clinical trial, a promising drug moves to phase II testing where

the feasibility of the treatment, side effects, toxicity, logistics of administration and

cost are evaluated. It is during this phase of testing that investigators want to

screen out drugs that are unlikely to be effective as well as move promising drugs

to further phase III testing as quickly as possible. Often, the efficacy of a treat-

ment during phase II testing is evaluated with a binary response; i.e. success or

failure of treatment, and some minimal acceptable probability of response is set to

determine whether the drug is deemed feasible for further testing or not.

Multi-stage or group-sequential designs are especially useful for this purpose. In a

multi-stage design, the observed response rate is computed on accumulating data

from patients entering the study sequentially at pre-determined stages and, if this

observed response rate, at any stage, is sufficiently large or small, the study is ter-

minated and the decision to move to phase III testing or to eliminate this treatment

from further consideration is made. Such designs are set up so that a decision must

be made before or at some pre-determined final stage and these designs must have

with appropriate operating characteristics; i.e. prespecified type I and type II er-

rors. Multi-stage designs are popular because they have been shown to result in

the correct decision with the same accuracy as a one-stage design but with smaller

average sample sizes.

Although the more stages in a multi-stage design, the better the performance in

terms of smaller average sample size, the greatest incremental gains are achieved

with fewer stages. That is, the greatest gain in average sample size is seen when

moving from a one-stage design to a two-stage design and then less and less as
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the number of stages grow. This fact, together with the logistical difficulties in-

volved in setting up multi-stage designs have made two-stage designs especially

attractive for phase II clinical trials.

In this paper we are not considering a randomized design which compares the

treatment under study to a parallel treatment, but rather, we only consider one

treatment group whose probability of response is denoted by π. The statistical

problem is given as a hypothesis testing problem. Two values for the probability of

response are given in advance, π0 and π1, with π0 < π1, where π ≤ π0 represents

a drug with low activity which should be screened out for further testing and π ≥
π1 represents a drug with sufficient activity to warrant further phase III testing.

Simon (1989) considered two-stage designs. In Simon’s design, patients enter in

two-stages and the number of patients to be treated in these two-stages are fixed.

The procedure is given as follows; there are n1 patients to be treated in the first

stage, if the number of responses from the first stage is less than r1 then the trial

terminates and the drug is declared a failure. Otherwise, it goes on to the next

stage where (n − n1) patients are enrolled. If the response from both stages is

greater than r then we declare that the drug shows sufficient efficacy to move to

phase III testing, otherwise, it is declared a failure. The type I error is defined as the

probability of declaring the drug effective when π ≤ π0 and the type II error is the

probability of declaring the drug ineffective when π ≥ π1. Simon found optimal

and minimax two-stage designs for the above setup subject to the maximum type

I error and type II error being less than or equal to prespecified values of α and β

respectively.

We too consider two-stage designs, but, we allow the possibility that the second

stage sample size and rejection rule depend on the results of the first stage. Among

such adaptive designs, we consider finding the optimal design; i.e. the adaptive
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two-stage design that minimizes the average sample size under the null hypothe-

sis π = π0, subject to the type I and type II error constraints. Such designs are more

flexible and since the two-stage designs of Simon are special cases of the adaptive

designs, the opportunity exists to obtain more efficient two-stage designs. In sec-

tion 2, we formulate the problem and give the results in section 3. Discussion of

the results are presented in section 4.

2.2 Adaptive Two-stage Designs

2.2.1 Assumptions and Notation

We will assume that patients enter the clinical trial sequentially and the primary

response for the i-th patient is a binary response denoted by Xi, where

Xi =







1 if success ,

0 if failure .

After enrolling n patients we observe Sn successes, where Sn = X1 + . . . + Xn and

X1, . . . , Xn are assumed to be identically and independently distributed with re-

sponse probability π given by P(Xi = 1). We note that (n, Sn) is a sufficient statistic

for π. For our testing problem, we denote by π0 the probability of response, be-

low which, the experimental drug being tested, will be declared as a low activity

drug. Similarly, we define π1 such that, if the experimental drug has probability of

response greater than π1, then the drug will be deemed effective. For convenience,

and keeping with the usual terminology of hypothesis testing, we denote the null

hypothesis by H0 : π ≤ π0 and the alternative hypothesis by H1 : π ≥ π1. The

sample sizes for the first and second stage are denoted by n1 and n2 respectively.

The data of the trial are denoted by R = (R1, R2), where R1 denotes the data from

the first stage X1, . . . , Xn1
and R2 denotes the data from the second stage, assuming
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the study was not terminated at the first stage, Xn1+1, . . . , Xn1+n2 . Being an adap-

tive two-stage design, the sample size n2(R1) at the second stage may be a function

of the data observed at the first stage. This includes the possibility that n2(R1) = 0

which would mean that, for such values of R1, the study would be terminated at

the first stage and no additional data R2 would be collected. The decision to reject

the null hypothesis or not is denoted by the binary variable D where D = 1 corre-

sponds to rejecting the null hypothesis and declaring the drug effective or D = 0

where we declare the drug ineffective. The decision D, of course, depends on the

data R that are observed from both stages. The prespecified type I and type II er-

rors will be denoted by α and β respectively; thus, designs that we consider must

satisfy P{D(R) = 1|π = π0} ≤ α and P{D(R) = 0|π = π1} ≤ β.

2.2.2 Methodology

A two-stage design, adaptive or not, can be summarized by {n1, n2(R1), D(R)};

that is, the number of patients n1 in the first stage, the number of patients n2(R1)

in the second stage, which could be a function of the data collected at the first stage

(including the value 0 if the study is to be terminated at the first stage), and finally,

the decision to reject the null hypothesis, or not; i.e. D(R) = 1 or 0 which would be

a function of all the data collected. Our goal is to find the optimal two-stage design,

which we define as the design that minimizes the expected sample size at π = π0;

i.e. E{n1 + n2(R1)|π = π0}, subject to the type I and type II error constraints;

P{D(R) = 1|π} ≤ α for π ≤ π0 and P{D(R) = 0|π} ≤ β for π ≥ π1. Remark: In

the subsequent development we only considered adaptive designs for the simple

null hypothesis π = π0 versus the simple alternative π = π1. Such tests would

also be appropriate for testing the composite null hypothesis π ≤ π0 versus the

composite alternative hypothesis π ≥ π1 if the power function was monotone in

π. Because of the complexity of the designs that we developed, we were not able to
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formally prove this monotonicity property. However, we empirically verified, by

numerically computing the power function for every test we developed, that these

power curves, without exception, were strictly monotone. Hence, from here on, we

will only consider the error constraints for the simple null hypothesis P{D(R) =

1|π = π0} ≤ α and the simple alternative hypothesis P{D(R) = 0|π = π1} ≤ β .

The problem of finding such an optimal adaptive design satisfying the error con-

straints can be viewed as a constrained optimization problem which can be solved

using Lagrange multipliers. The objective function with the Lagrange multipliers

can also be cast as a simple Bayesian decision-theoretic problem using an expected

loss function that can be minimized using backward induction. This approach

for finding optimal designs was used by Lai (1973) for fully sequential designs

and by Barber and Jennison (2002) for group-sequential designs. While Jennison

(1987) used a direct search over boundaries to compute optimal group-sequential

designs. Toward that end, we define the following loss function

L{n1, R1, n2(R1), R, D(R), π} = {n1 + n2(R1)}I(π = π0) + (2.1)

d0 I{π = π0, D(R) = 1}+d1 I{π = π1, D(R) = 0},

where I(·) is the indicator function and d0 and d1 are constants to be determined.

We also put prior mass on the parameter π at the two values π = π0 and π = π1,

say, P(π = π0) = P(π = π1) = 1/2. With this loss function and prior probabilities

on π, we derive the expected loss as

E{L(·)} = E [E{L(·)|π}]

= .5[E{n1 + n2(R1)|π = π0} + d0P{D(R) = 1|π = π0} +

d1P{D(R) = 0|π = π1}]. (2.2)

Since P{D(R) = 1|π = π0} is the type I error and P{D(R) = 0|π = π1} is the type
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II error, we see that the expected loss given by (2.2), up to a multiplicative constant,

is the objective function that would need to be minimized if we wanted to mini-

mize the expected sample size under π = π0, i.e. E{n1 + n2(R1)|π = π0}, subject

to constraints on the type I and type II errors, using Lagrange multipliers d0 and

d1. Consequently, the optimization problem now is to find the unconstrained opti-

mal design {n1, n2(R1), D(R)} that minimizes (2.2) for any Lagrangian multipliers

d0 and d1 and then to find the find d0 and d1 for which the optimal unconstrained

design satisfy the constraints; namely, a type I error of α and type II error of β. We

also note that the choice of prior mass of .5 at each of the points π0 and π1 was ar-

bitrary. Since the values of d0 and d1 can take on any values, the objective function

(2.2) would, up to a proportionality constant, have been equivalent if we had used

any other set of probabilities for the prior mass at π0 and π1.

The strategy we just outlined for constrained optimization using Langrange mul-

tipliers would lead to the desired optimal two-stage sequential design if we could

find values d0 and d1 which exactly satisfied the type I and type II error constraints.

However, because of the discrete nature of binomial probabilities, this cannot be

achieved. Instead, we chose d0 and d1 that resulted in designs with type I and type

II error probabilities that were as close as possible to α and β, respectively, without

exceeding them. Consequently, the designs we present may not necessarily be the

optimal two-stage sequential design; i.e the design which minimizes the expected

sample size at π = π0 subject to the type I and type II error constraints. However,

we would expect such designs to be very close to optimal especially if d0 and d1

could be found that resulted in designs with type I and type II errors which were

close to the desired α and β. In section 3, we discuss the issue of lower bounds for

expected sample sizes in greater detail, demonstrating that the stated strategy will,

at least, get us close to the optimal design.

The unconstrained problem; that is, minimizing the expected loss with fixed values
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of d0 and d1 can be viewed as a Bayesian decision-theoretic problem which can be

solved using backward induction as we will now show: Starting backward, the

last action to be taken, after all the data R are collected, is the decision D(R) to

either reject the null hypothesis, D(R) = 1, or not, D(R) = 0. Using the law of

conditional expectations, the expected loss can be computed as

E{L(·)} = E[E{L(·)|R}],

where E{L(·)|R} is equal to

{n1 + n2(R1)}P(π = π0|R)

+ d0P(π = π0|R)I{D(R) = 1} (2.3)

+ d1P(π = π1|R)I{D(R) = 0}. (2.4)

The optimal choice D(R) is the one which minimizes the conditional expectation

E{L(·)|R}, which, by comparing (2.3) to (2.4), is to choose D(R) = 1 if

d0P(π = π0|R) ≤ d1P(π = π1|R),

and D(R) = 0 otherwise. A simple application of Bayes rule leads us to the deci-

sion rule that we should reject H0, i.e. D(R) = 1, if

d0P(π = π0|X1, . . . , Xn1+n2) ≤ d1P(π = π1|X1, . . . , Xn1+n2),

or equivalently

(1/2)d0π
Sn1+n2
0 (1 − π0)

n1+n2−Sn1+n2 ≤ (1/2)d1π
Sn1+n2
1 (1 − π1)

n1+n2−Sn1+n2 .
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By taking logs, we obtain

Sn1+n2 ≥
log ( d1

d0
) − (n1 + n2) log 1−π0

1−π1

log
π0(1−π1)
π1(1−π0)

.

Hence, D(R) = 1 if Sn1+n2 ≥ cn1+n2 , and 0 otherwise, where

cn1+n2 =
log ( d1

d0
) − (n1 + n2) log 1−π0

1−π1

log
π0(1−π1)
π1(1−π0)

. (2.5)

We shall refer to this optimal D by Dopt(R). Continuing with the backward in-

duction, the optimal choice of n2(R1) is obtained by minimizing the conditional

expectation E[L{n1, R1, n2(R1), R, Dopt(R)}|R1] which equals

{n1 + n2(R1)}P(π = π0|R1) (2.6)

+ d0P(π = π0, Sn1+n2(R1)
≥ cn1+n2(R1)

|R1) (2.7)

+ d1P(π = π1, Sn1+n2(R1)
< cn1+n2(R1)

|R1). (2.8)

Let b(n, π, r) and B(n, π, r) denote the probability that a binomial random variable

with sample size n and probability of success π is equal to r or is greater than

or equal to r, respectively, for r = 0, . . . , n. Then a simple application of Bayes

rule and conditional expectations enables us to compute (2.6)-(2.8) by using the

following:

P(π = π0|R1) =
b(n1, π0, Sn1

)

b(n1, π0, Sn1
) + b(n1, π1, Sn1

)
,

P(π = π0, Sn1+n2 ≥ cn1+n2 |R1) = B{n2, π0, max(0, cn1+n2 − Sn1
)}P(π = π0|R1),
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and

P(π = π1, Sn1+n2 < cn1+n2 |R1) (2.9)

= [1 − B{n2, π1, max(0, cn1+n2 − Sn1
)}]{1 − P(π = π0|R1)}.

We see from the formulae above that the optimal value n2(R1) depends on R1 only

through the sufficient statistic (n1, Sn1
). Thus, to find this optimal value of n2, we

consider, for each n1 and s1 = 0, . . . , n1, the sum of (2.6),(2.7) and (2.8) for different

integer values of n2 starting with n2 equal to zero until we find the minimum which

we denote by n2opt(n1, Sn1
= s1).

The final step in the backward induction is to find the optimal n1; i.e. the value n1

that minimizes the unconditional expected loss E[L{n1, R1, n2opt(n1, Sn1
), R, Dopt(R)}],

which, computed using E[E{L(·)|π}], equals

.5

[

n1 +
n1

∑
s1=0

n2opt(n1, s1)P(Sn1
= s1|π = π0)

+ d0

n1

∑
s1=0

P(Sn1+n2opt(n1,s1)
≥ cn1+n2opt(n1,s1)

|Sn1
= s1, π = π0)P(Sn1

= s1|π = π0)

+ d1

n1

∑
s1=0

P(Sn1+n2opt(n1,s1)
< cn1+n2opt(n1,s1)

|Sn1
= s1, π = π1)P(Sn1

= s1|π = π1)

]

,

or equivalently,

.5

[

n1 +
n1

∑
s1=0

n2opt(n1, s1)b(n1, π0, s1) (2.10)

+ d0

n1

∑
s1=0

B{n2opt(n1, s1), π0, max(cn1+n2opt(n1,s1)
− s1, 0)}b(n1, π0, s1) (2.11)

+ d1

n1

∑
s1=0

[1 − B{n2opt(n1, s1), π1, max(cn1+n2opt(n1,s1)
− s1, 0)}]b(n1, π1, s1)

]

.(2.12)
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The optimal n1 is obtained by evaluating (2.10)+ (2.11)+(2.12) for integer values n1

and finding the value for which this is minimized. This will be referred to as n1opt.

Notice that expressions (2.11) and (2.12), when evaluated using n1opt are equal to

d0α(d0, d1) and d1β(d0, d1), where α(d0, d1) and β(d0, d1) are the type I and type

II errors respectively for the unconstrained optimal two-stage design with fixed

constants d0 and d1.

To find the optimal design subject to constraints on the error probabilities, we must

now search for the values of d0 and d1 so that α(d0, d1) is as close to the prespecified

type I error α without exceeding it and similarly β(d0, d1) is as close to prespecified

type II error β without exceeding it. Because of the discreteness of the binomial dis-

tribution, the functions α(·) and β(·), as functions of d0 and d1, are discontinuous

and piecewise constant and therefore finding solutions to the equations

α(d0, d1) ≈ α

β(d0, d1) ≈ β

doesn’t lend itself well to algorithms involving gradient searches.

Consequently, we proceed as follows: First we define the objective function U(d0, d1)

as

U(d0, d1) = abs{α(d0, d1) − α} + abs{β(d0, d1) − β}.

Ideally, we would like to find values of d0 and d1 where U(·) was identically zero.

Because of the discreteness of the problem, this will not occur in general. There-

fore, our aim was to narrow our search by finding candidate values for d0 and

d1 which made U(·) as small as possible and then choose the optimal design; i.e.

the design which minimized the expected sample size under H0 while satisfying
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the error constraints, among these candidates. Thus, the numerical problem we

faced was to find minimum values of the discontinuous objective function U(·).

The hyperplanes generated from the objective functions may divide the parameter

space into a large number of regions and it is impractical to examine them all. For

such complex surfaces, gradient algorithms are not feasible and instead we used

the random search simulated annealing algorithm. The actual algorithm that we

implemented is described in detail in Lin and Geyer (1992) . We not only success-

fully found the values of d0 and d1 that minimized the objective function, but were

also able to identify other values of d0 and d1 which were close to the minimum.

Although the values of d0 and d1 that minimizes U(d0, d1) will yield α(d0, d1) and

β(d0, d1) which are close to α and β, respectively, they are not necessarily smaller

as is required by the constraints. Thus, we had to consider other values of d0 and

d1 to find the design which gave type I and type II error as close to α and β with-

out exceeding them. Because of the very discrete nature of the objective function,

the number of such candidate “close to minimum” values were relatively small,

among which, we could identify the desired design. The design identified using

this algorithm will be denoted as the optimal Bayes design. As we noted, previ-

ously, this is not necessarily the optimal two-stage sequential design.

In some cases, we found that the optimal design resulted in a maximum sam-

ple size that was very large. Consequently, we also considered designs where

we restricted the maximum sample size to some value nmax. This did not create

any additional difficulties to our methodology as the only change necessary in our

procedure was to restrict the search for n2opt(n1, s1) to values less than nmax − n1;

otherwise, everything else described above remained the same.
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2.3 Results

We compared Simon’s two-stage design to our optimal two-stage adaptive de-

signs, both with unrestricted and restricted maximum sample size, using the same

values of π0 and π1 that were considered by Simon (1989) and later published in

Piantadosi (1997). For the restricted adaptive design we only considered designs

where the maximum sample size did not exceed the corresponding maximum

sample size for Simon’s design by more than 10%. The results that compare the

expected sample sizes under the null hypothesis for these three designs are given

in Table 1. Along with the expected sample size we have also presented the type I

error (α) and power (β̄ = 1 − β) of the test so that we can compare the designs in

other aspects. We use the subscript S, AU and AR to denote Simon’s designs, the

unrestricted adaptive two-stage designs and the restricted adaptive two-stage de-

signs in table 1 respectively. Likewise, in tables 2 and 3 we denote Simon’s design

and the restricted adaptive two-stage design by S and A respectively. As in Simon

(1989), we consider combinations of π0 and π1 with difference πd equal to either

.15 or .20, the type I error α equal to .05 and the power β̄ equal to either 0.90 or 0.80.

We wish to point out that Simon’s design only allowed for early stopping at the

first stage if the treatment is not effective; that is, only if Sn1
were sufficiently small.

Since the adaptive designs we consider also allow for early stopping at the first

stage if Sn1
were sufficiently large or small, this gives our designs an advantage.

However, we found that allowing for early stopping, for benefit, has minor effect

on the expected sample size and hence comparison is made between the proposed

adaptive optimal design and Simon’s optimal design.

As is expected by the theory, the smallest expected sample size is always achieved

by the unrestricted adaptive design. The restricted adaptive design always has

smaller expected sample size than Simon’s design as well. This, of course, must be
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the case since Simon’s design is contained within the class of restricted adaptive

designs which are contained within the class of unrestricted adaptive designs. The

gains in efficiency were modest. For most cases, the expected sample size under

the null hypothesis was 3-5% lower for the adaptive designs as compared to Si-

mon’s design and the restricted design often gave results very close to the optimal

unrestricted design.

For completeness, we give the design parameters for the optimal restricted adap-

tive two-stage designs for all the combinations of π0, π1, α and β̄ considered above.

In Tables 2 and 3, we present the results for πd = .20 and πd = .15 respectively.

Specifically, we give the optimal value for n1, the optimal value of n2, as a function

of Sn1
and the value r which defines the rejection region; that is, we reject H0 when

Sn1+n2 ≥ r. We have also presented the values of parameters for Simon’s design,

i.e. (n, n1, n2, r1, r).

To illustrate how to read these tables, consider, for example, the optimal restricted

design when π0 = 0.3, π1 = 0.45 (i.e. πd = .15), α = .05 and β = .10 which is

found on the right hand side of Table 3a. For this scenario, the first stage sample

size, n1, is 39. If the number of successes Sn1
is less than or equal to 12 or greater

than or equal to 21, then the study is stopped at the first stage to reject or not reject

the null hypothesis respectively. If Sn1
fell between 13 and 20, then an additional

n2 patients would be entered into the study, the value of n2 depending on Sn1
. For

example, if Sn1
= 16, then an additional 75 patients would be entered into the

study for a total of 39 + 75 = 114 patients. If the total number of successes among

the 114 patients Sn1+n2 was greater than or equal to r = 43, then we would reject

the null hypothesis, otherwise not. We also note from this table that if Sn1
was

between 17 and 20, then the number of additional patients was 81 reflecting the

restriction on the maximum sample size.
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A counter-intuitive feature of this design is that as Sn1
increases, the second stage

sample size, n2 increases till a certain point and then abruptly becomes zero. One

of the referees suggested that they believe the reason for this is that, the expected

sample size is being minimized under the null hypothesis H0 : π = π0 only. Since

as Sn1
increases, the posterior probability concentrates on π1, under which there

is no penalty for the sample size. Hence it is not simple to understand where the

cut-off for the sample size occurs and is dictated by the Bayesian decision rule for

obtaining the optimal adaptive design.

As mentioned earlier, the error rates of the optimal Bayes design are not attained

exactly and hence there might be a non-Bayes test with lower expected sample size

but higher error rates, which are still less than the specified type I and type II error

rates. Since we cannot exclude such possibilities, we have computed lower bounds

for the expected sample size, i.e. a value for which the expected sample size of

any two-stage design, satisfying the error constraints, must exceed. Denoting the

expected sample size of the optimal Bayes design by essopt and the corresponding

type I and type II errors by αopt and βopt, a lower bound can be computed by,

essopt − {d0(0.05 − αopt) + d1(0.2 − βopt)}

To give an example for the lower bound, consider the optimal unrestricted Bayes

design when π0 = 0.5, π1 = 0.7 (i.e. πd = 0.20, α = 0.05 and β = 0.2), which yields

an expected sample size 22.95. The corresponding lower bound is 22.81, a differ-

ence of 0.14. The lower bounds have been computed for all the cases considered

and the maximum difference between the expected sample size for the optimal

Bayes design and the lower bound was 0.15. It should be noted that the optimal

Bayes design is an optimal design for type I and type II errors that are exactly those

achieved by the optimal Bayes design.
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All the computations were done using the statistical package R version 2.0.1 (Ihaka

and Gentleman, 1996). We would gladly make the software available upon request.

2.4 Discussion

Using a Bayesian decision-theoretic approach for minimizing expected loss through

backward induction, we have derived almost optimal two-stage designs that min-

imize the expected sample size under the null hypothesis subject to constraints on

the type I and type II errors. We have shown that such designs are adaptive de-

signs in the sense that the sample size at the second stage and the rejection region

depend on the results from the first stage.

We compared the results of the optimal Bayes designs to those derived by Simon

who considered fixed sample sizes for the two stages and other adaptive designs

which restricted the maximum sample size. We found, as expected, that the op-

timal Bayes adaptive designs always gave better results than those from Simon’s

designs. Nevertheless, the gains are modest with a 3-5% decrease in the expected

sample size under the null hypothesis. A drawback of the adaptive design is the

fact that the second stage sample size is not known in advance which may create

difficulty in planning resources for the trial. Whether the modest gains in expected

sample size are worth the extra difficulty in conducting and planning for such an

adaptive design is not clear. But in any case, we have documented the best one can

do with a two-stage design if the criterion is minimizing the expected sample size

under the null hypothesis.
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Table 2.1: Comparing the expected sample sizes for Simon’s design and the adaptive re-
stricted and unrestricted design

π0 πd αS αAU αAR βS βAU βAR essS essAU essAR

0.05 0.20 0.047 0.045 0.046 0.812 0.810 0.802 11.89 10.90 11.03
0.049 0.045 0.045 0.902 0.902 0.902 16.75 16.67 16.67

0.15 0.047 0.047 0.047 0.801 0.800 0.800 17.60 17.13 17.45
0.046 0.049 0.049 0.902 0.900 0.900 26.60 25.83 25.83

0.10 0.20 0.047 0.048 0.049 0.805 0.800 0.809 15.01 14.48 15.01
0.047 0.050 0.046 0.901 0.903 0.903 22.50 21.98 22.29

0.15 0.048 0.048 0.048 0.800 0.800 0.802 24.65 23.77 24.65
0.050 0.046 0.050 0.902 0.901 0.900 36.82 35.43 36.24

0.20 0.20 0.050 0.048 0.050 0.800 0.802 0.802 20.58 20.07 20.18
0.048 0.050 0.050 0.904 0.900 0.900 30.43 29.21 29.21

0.15 0.049 0.050 0.046 0.800 0.800 0.801 35.37 34.21 34.77
0.049 0.050 0.050 0.901 0.900 0.900 51.45 50.23 50.23

0.30 0.20 0.050 0.050 0.050 0.803 0.802 0.801 23.63 23.21 23.21
0.050 0.049 0.050 0.903 0.901 0.901 34.72 33.68 33.78

0.15 0.050 0.050 0.050 0.802 0.800 0.801 41.71 40.54 40.80
0.048 0.050 0.050 0.901 0.900 0.900 60.77 58.46 58.60

0.40 0.20 0.049 0.049 0.050 0.801 0.800 0.801 24.52 24.41 24.43
0.049 0.050 0.050 0.902 0.900 0.900 35.98 34.95 34.95

0.15 0.049 0.050 0.050 0.805 0.801 0.801 44.93 43.14 43.32
0.050 0.050 0.050 0.900 0.900 0.900 63.96 62.08 62.88

0.50 0.20 0.050 0.050 0.050 0.801 0.802 0.801 23.50 22.95 23.08
0.049 0.050 0.050 0.901 0.901 0.902 34.01 32.88 33.45

0.15 0.047 0.050 0.050 0.802 0.800 0.800 43.72 42.20 42.20
0.050 0.050 0.050 0.901 0.900 0.900 62.28 60.64 60.90

0.60 0.20 0.049 0.047 0.047 0.802 0.801 0.801 20.48 20.08 20.08
0.043 0.050 0.050 0.901 0.901 0.904 29.47 28.15 29.08

0.15 0.048 0.047 0.049 0.800 0.800 0.803 39.35 38.26 39.01
0.048 0.050 0.050 0.901 0.901 0.900 55.60 54.06 54.35

0.70 0.20 0.049 0.045 0.045 0.804 0.812 0.812 14.82 14.58 14.58
0.046 0.050 0.047 0.905 0.905 0.901 21.23 20.75 20.89

0.15 0.049 0.050 0.048 0.807 0.800 0.800 30.29 29.10 29.62
0.050 0.050 0.049 0.904 0.900 0.900 43.40 41.59 41.59

0.80 0.15 0.049 0.044 0.049 0.802 0.805 0.802 17.72 17.34 17.56
0.048 0.048 0.048 0.903 0.904 0.903 24.45 23.88 24.38
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Table 2.2: Design when πd=0.2 and α = 0.05

π0 = 0.05 and β = 0.2 π0 = 0.05 and β = 0.1

n1(A) = 8 and n1(S) = 9 n1(A) = 12 and n1(S) = 9

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
0 0 0 8 9 2 0 0 0 0 12 9 2 3
1 9 8 17 17 3 2 1 8 21 20 30 3 3
2 10 8 18 17 3 2 2 16 21 28 30 4 3
≥3 0 8 8 17 2 2 3 21 21 33 30 5 3

≥4 0 21 12 30 2 3

π0 = 0.1 and β = 0.2 π0 = 0.1 and β = 0.1

n1(A) = 10 and n1(S) = 10 n1(A) = 14 and n1(S) = 18

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 1 0 0 10 10 2 1 ≤ 1 0 0 14 18 3 2
2-3 19 19 29 29 6 5 2 17 0 31 18 6 6
4 22 19 32 29 7 5 3-5 25 17 39 35 8 6
≥5 0 19 10 29 2 5 ≥ 6 0 17 14 35 3 6

π0 = 0.2 and β = 0.2 π0 = 0.2 and β = 0.1

n1(A) = 12 and n1(S) = 13 n1(A) = 17 and n1(S) = 19

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 2 0 0 12 13 5 3 ≤ 3 0 0 17 19 5 4

3 12 0 24 13 8 3 4 19 0 36 19 11 15
4 22 30 34 43 11 12 5 29 35 46 54 14 15
5 32 30 44 43 14 12 6 40 35 57 54 17 15

6-7 35 30 47 43 15 12 7-9 42 35 59 54 18 15
≥ 8 0 30 12 43 5 12 ≥10 0 35 17 54 5 15

π0 = 0.3 and β = 0.2 π0 = 0.3 and β = 0.1

n1(A) = 16 and n1(S) = 15 n1(A) = 25 and n1(S) = 24

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 5 0 0 16 15 8 5 ≤ 8 0 0 25 24 10 8

6 14 31 30 46 13 18 9 17 39 42 63 17 24
7 24 31 40 46 17 18 10 29 39 54 63 22 24

8-10 34 31 50 46 21 18 11 37 39 62 63 25 24
≥11 0 31 16 46 8 18 12-14 44 39 69 63 28 24

≥ 15 0 39 25 63 10 24
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Table 2.3: Design when α = 0.05 and πd = 0.20 contd.

π0 = 0.4 and β = 0.2 π0 = 0.4 and β = 0.1

n1(A) = 18 and n1(S) = 16 n1(A) = 26 and n1(S) = 25

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 7 0 0 18 16 10 7 ≤11 0 0 26 25 13 11

8 0 30 18 46 10 23 12 15 41 41 66 21 32
9 18 30 36 48 19 23 13 29 41 55 66 28 32
10 30 30 48 46 25 23 14 37 41 63 66 32 32

11-12 32 30 50 46 26 23 15-17 47 41 73 66 37 32
13 33 30 51 46 27 23 ≥18 0 41 26 66 13 32

≥ 14 0 30 18 46 10 23

π0 = 0.5 and β = 0.2 π0 = 0.5 and β = 0.1

n1(A) = 15 and n1(S) = 15 n1(A) = 22 and n1(S) = 24

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 8 0 0 15 15 10 8 ≤11 0 0 22 24 14 13

9 23 28 37 43 24 26 12 12 0 34 24 21 13
10 30 28 45 43 28 26 13 30 0 52 24 32 13

11-13 31 28 46 43 29 26 14 40 37 62 61 38 36
≥ 14 0 28 15 43 10 26 15-18 45 37 67 61 41 36

≥19 0 37 22 61 14 36

π0 = 0.6 and β = 0.2 π0 = 0.6 and β = 0.1

n1(A) = 26 and n1(S) = 27 n1(A) = 22 and n1(S) = 19

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤6 0 0 10 11 8 7 ≤ 12 0 0 22 19 16 12
7 21 0 31 11 23 7 13-14 0 34 22 53 16 30
8 31 32 41 43 30 30 15 17 34 39 53 28 30

≥ 9 37 32 47 43 34 30 16 28 34 50 53 36 30
17 34 34 56 53 40 30

18-19 35 34 57 53 41 30
≥ 20 0 34 22 53 16 30

π0 = 0.7 and β = 0.2 π0 = 0.7 and β = 0.1

n1(A) = 6 and n1(S) = 6 n1(A) = 13 and n1(S) = 15

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤4 0 0 6 6 6 4 ≤9 0 0 13 15 11 11
5 21 21 27 27 23 22 10 13 0 26 15 22 11
6 22 21 28 27 24 22 11 24 0 37 15 31 11

≥12 27 21 50 36 33 29
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Table 2.4: Design when α = 0.05 and πd = 0.15

π0 = 0.05 and β = 0.2 π0 = 0.05 and β = 0.1

n1(A) = 10 and n1(S) = 10 n1(A) = 20 and n1(S) = 21

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
0 0 0 10 10 2 0 ≤ 1 0 0 20 21 3 1
1 18 19 28 29 4 3 2 22 20 42 41 5 4
2 21 19 31 29 4 3 3-4 23 20 43 41 5 4
3 20 19 30 29 4 3 ≥ 5 0 20 20 41 3 4
≥4 0 19 10 29 2 3

π0 = 0.1 and β = 0.2 π0 = 0.1 and β = 0.1

n1(A) = 18 and n1(S) = 18 n1(A) = 19 and n1(S) = 21

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤2 0 0 18 18 4 2 ≤1 0 0 19 21 4 2
3 25 25 43 43 8 7 2 15 0 34 21 6 2
4 26 25 44 43 8 7 3 39 45 58 66 10 10
5 29 25 47 43 9 7 4 51 45 70 66 12 10

≥ 6 0 25 18 43 4 7 5-7 54 45 73 66 13 10
≥8 0 45 19 66 4 10

π0 = 0.2 and β = 0.2 π0 = 0.2 and β = 0.1

n1(A) = 23 and n1(S) = 22 n1(A) = 37 and n1(S) = 37

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤5 0 0 23 22 7 5 ≤8 0 0 37 37 10 8
6 29 50 52 72 15 19 9 28 46 65 83 18 22
7 43 50 66 72 19 19 10 50 46 87 83 24 22
8 54 50 77 72 22 19 11-14 54 46 91 83 25 22

9-10 55 50 78 72 22 19 ≥15 0 46 37 83 10 22
≥ 11 0 50 23 72 7 19

π0 = 0.3 and β = 0.2 π0 = 0.3 and β = 0.1

n1(A) = 26 and n1(S) = 27 n1(A) = 39 and n1(S) = 40

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 8 0 0 26 27 11 9 ≤ 12 0 0 39 40 15 13

9 24 0 50 27 20 9 13 27 0 66 40 25 13
10 40 54 66 81 26 30 14 48 70 87 110 33 40
11 54 54 80 81 31 30 15 64 70 103 110 39 40

12-15 62 54 78 81 34 30 16 75 70 114 110 43 40
≥ 16 0 0 26 81 11 30 17-20 81 70 120 110 45 40

≥ 21 0 70 39 110 15 40
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Table 2.5: Design when α = 0.05 and πd = 0.15 contd.

π0 = 0.4 and β = 0.2 π0 = 0.4 and β = 0.1

n1(A) = 28 and n1(S) = 26 n1(A) = 45 and n1(S) = 45

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤11 0 0 28 26 14 11 ≤ 19 0 0 45 45 22 19
12 0 58 28 84 14 40 20 38 59 83 104 40 49
13 37 58 65 84 32 40 21 57 59 102 104 49 49
14 52 58 80 84 39 40 22-25 68 59 113 104 54 49
15 64 58 92 84 45 40 26-27 69 59 114 104 55 49

16-19 65 58 93 84 45 40 ≥28 0 59 45 104 22 49
≥20 0 58 28 84 14 40

π0 = 0.5 and β = 0.2 π0 = 0.5 and β = 0.1

n1(A) = 25 and n1(S) = 28 n1(A) = 39 and n1(S) = 42

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 13 0 0 25 28 16 15 ≤ 20 0 0 39 42 23 22

14 37 0 62 28 37 15 21 38 0 77 42 45 22
15 51 0 76 28 45 15 22 54 0 93 42 54 22
16 63 58 88 83 52 48 23 73 63 112 105 65 60

17-18 65 58 90 83 53 48 24-25 76 63 115 105 67 60
19-20 66 58 91 83 54 48 26-29 77 63 116 105 67 60
≥21 0 58 25 83 16 48 ≥30 0 63 39 105 23 60

π0 = 0.6 and β = 0.2 π0 = 0.6 and β = 0.1

n1(A) = 26 and n1(S) = 27 n1(A) = 31 and n1(S) = 34

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 16 0 0 26 27 19 17 ≤19 0 0 31 34 21 21

17 22 0 48 27 34 17 20 48 0 79 34 54 64
18 41 40 67 67 47 46 21 66 0 97 34 66 64

19-23 47 40 73 67 51 46 22 72 61 103 95 70 64
≥24 0 40 26 67 19 48 23-27 73 61 104 95 71 64

≥ 28 0 61 31 95 21 64
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Table 2.6: Design when α = 0.05 and πd = 0.15 contd.

π0 = 0.7 and β = 0.2 π0 = 0.7 and β = 0.1

n1(A) = 19 and n1(S) = 19 n1(A) = 24 and n1(S) = 25

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤14 0 0 19 19 16 14 ≤17 0 0 24 25 19 18
15 31 40 50 59 40 46 18 33 0 57 25 45 18

16-17 45 40 64 59 51 46 19 47 54 71 79 56 61
≥18 46 40 65 59 52 46 20-21 61 54 85 79 67 61

≥22 62 54 86 79 68 61

π0 = 0.8 and β = 0.2 π0 = 0.8 and β = 0.1

n1(A) = 9 and n1(S) = 9 n1(A) = 19 and n1(S) = 19

Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1 n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 7 0 0 9 9 9 7 ≤ 16 0 0 19 19 17 16

8 19 20 28 29 26 26 17 22 23 41 42 37 37
9 21 20 30 29 28 26 ≥18 24 23 43 42 39 37
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Chapter 3

Globally optimal two-stage designs for response

probabilities

Anindita Banerjee and Anastasios A. Tsiatis

ABSTRACT

Phase-II trials provide a platform where, on the basis of the efficacy, ineffective drugs are screened

out and promising drugs move on to the next phase. The efficacy of the drug is often evaluated by a

binary response, i.e., success or failure of the drug, and is determined by testing the response prob-

ability. Two stage designs are widely used for this purpose because they result in correct decisions

with the same accuracy as a one-stage trial but with smaller average sample sizes. Simon (1989)

proposed optimal fixed two-stage designs which minimize the expected sample size under the null

hypothesis. We have derived optimal adaptive designs at the null that perform better than Simon’s

design, although the gains are modest (Banerjee and Tsiatis, 2005). By adaptive we mean that the

second stage sample size will be dependent on the results from the first stage. We further explore

optimal adaptive designs that minimize the expected sample size at the alternative hypothesis, at

a probability mid-point between the null and alternative hypotheses and a weighted combination

of the null, alternative and mid-point value. We also construct an envelope function that gives the

lowest expected sample size for any possible value of the response probability. The different de-

signs are compared to each other as well as the envelope function. The designs that minimize the

expected sample size at the mid-point between the null and alternative hypotheses and the design
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that minimizes a weighted average of the response probabilities are closer to the envelope func-

tion. These designs perform better across a range of the parameter values, and generally surpass

Simon’s design.
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3.1 Introduction

Group sequential designs are fairly common in phase-II trials due to the nature of

the data. These designs involve inspection of the data at pre-specified stages and

a decision to accept or reject a drug or continue the trial can be made at the end of

any stage. The more the stages in a group sequential design, the greater the cost

involved in setting up the design, but we gain in reducing expected sample sizes

as compared to a single stage design. Throughout this chapter we have confined

ourselves to two-stage designs only, which is widely used when implementing

group sequential designs. We are dealing only with binary responses, i.e., success

or failure of a drug, although group sequential designs are not restricted to this

type of data. One of the most widely used two-stage designs, used for binary

response data, was developed by Simon in 1989. The basis of his design is a testing

of hypothesis problem. We test whether a particular treatment is effective or not

with the help of the response probability of the drug. Simon considered fixed two-

stage designs which are optimal at the null hypothesis.

Constructing a design optimal at the null hypothesis makes the design more con-

servative, in the sense that it gives more importance to rejecting a bad treatment

than accepting a good one. Thus in order to be a little more flexible, we would

give allowance to treatments which are likely to be accepted. Hence instead of get-

ting rid of drugs that are inferior or ineffective, we want to give more importance

to accepting better and effective treatments. This could be established by consid-

ering an optimality criterion where we minimize the expected sample size under

the alternative hypothesis in the sense that we are giving more allowance for ac-

cepting a better treatment. The optimal designs explained in Banerjee and Tsiatis

(2005) focused on designs where the criterion was to get rid of ‘bad’ treatments as

soon as possible, and the optimality function was minimizing the expected sample
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size under the null hypothesis. Moreover a design optimal at the null, considers

the null hypothesis value only at the expense of response probability values away

from the null.

It is interesting to evaluate the behavior of the optimal designs at the different

values of the response probability, i.e., to understand how an adaptive design,

optimal at the null hypothesis, performs at other values of the response probability.

Intuitively, a design optimal at a certain probability value will be best at that value

but might not do that well for other values of the response probability.

There is scope for achieving even smaller expected sample sizes by considering

newer optimal designs as compared to the optimal design at the null hypothesis

value in Banerjee and Tsiatis (2005). We consider designs with different optimality

criterion and compare them with Simon’s design to see how they fare. In fact,

there was only a 3-5% decrease in the expected sample size when we compared our

adaptive design optimal at the null hypothesis to Simon’s design. A natural thing

to do, therefore, would be to consider other optimal adaptive designs which work

better than Simon’s design in order to determine if we can reduce the expected

sample sizes by a greater amount.

In this chapter, we consider optimal designs based on different optimality criteria.

For instance, we consider a design, where the optimality criterion is to minimize

the expected sample size in-between the null and the alternative hypothesis value.

The designs we develop are either for particular values of the response probability

or for a combination of the response probabilities. Each design gives us the small-

est expected sample size for a certain optimality criterion, but we are interested

in developing a design which gives us the lowest expected sample size across the

range of the response probability for a particular combination of the null and alter-

native hypothesis value and therefore we generate an envelope function. We also
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develop a number of optimal adaptive designs as mentioned above. Therefore the

optimal design that is closest to the envelope function will be the best choice of

an optimal adaptive design for a particular choice of the null and the alternative

hypothesis value. Pertaining to a certain scenario, an investigator can choose the

best adaptive optimal design, which will have the lowest expected sample size for

any value of the response probability, in between π0 and π1. In section 3.2 we dis-

cuss the adaptive designs derived using different optimality criteria and explain

the weighted optimal design in detail. Later, we produce some results in section

3.3 and conclude with discussion in section 3.4.

3.2 Optimal Adaptive Two-stage Designs

3.2.1 Assumptions and Notation

The assumptions for the design are similar as in the previous chapter, which is

given as follows. We assume that patients enter the clinical trial sequentially and

that the primary response for the ith patient is binary and is denoted by Xi, where

Xi =







1 if success ,

0 if failure .

After enrolling n patients, we observe Sn successes, where Sn = X1 + . . . + Xn

and X1, . . . , Xn are assumed to be identically and independently distributed with

response probability π = P(Xi = 1). We note that (n, Sn) is a sufficient statistic

for π. For our testing problem, we denote by π0 the probability of response be-

low which the experimental drug being tested will be declared as a low activity

drug. Similarly, we define π1 such that, if the experimental drug has probability

of response greater than π1, then the drug will be deemed effective. For conve-

nience, and keeping with the usual terminology of hypothesis testing, we denote

the null hypothesis by H0 : π ≤ π0 and the alternative hypothesis by H1 : π ≥ π1.
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The response probability in-between the null and the alternative value used for

constructing other optimal designs will be denoted by π∗. The sample sizes for

the first and second stage are denoted by n1 and n2 respectively. The data of the

trial are denoted by R = (R1, R2), where R1 denotes the data from the first stage

X1, . . . , Xn1
and R2 denotes the data from the second stage, Xn1+1, . . . , Xn1+n2 , as-

suming that the study was not terminated at the first stage. Being an adaptive

two-stage design, the sample size n2(R1) at the second stage may be a function of

the data observed at the first stage. This includes the possibility that n2(R1) = 0

which would mean that, for such values of R1, the study would be terminated at

the first stage and no additional data R2 would be collected. The decision to reject

the null hypothesis or not is denoted by the binary variable D, where D = 1 corre-

sponds to rejecting the null hypothesis and declaring the drug effective, or D = 0,

where we declare the drug ineffective. The decision D depends on the data, R, that

are observed from both stages. The prespecified type I and type II errors will be

denoted by α and β respectively, and so the designs that we consider must satisfy

P{D(R) = 1|π = π0} ≤ α and P{D(R) = 0|π = π1} ≤ β.

Banerjee and Tsiatis (2005) describes the procedure by which we can construct op-

timal designs under the null hypothesis, i.e., minimizing the expected sample size

at π = π0. In this chapter, we construct other optimal designs, i.e., designs that

yield lower expected sample sizes at different values of the response probability, π

other than the null. All of these designs are adaptive in the sense that the number

of patients in the second stage n2(R1), is a function of the data in the first stage.

We also derive an envelope function which gives us the minimum expected sam-

ple sizes at various values of the response probability for a particular combination

of π0 and π1. The envelope function acts as a lower bound for the optimal designs

such that any other design we derive, depending on the optimality criterion, has

expected sample sizes higher than that of the envelope function at that response
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probability value. Optimality criteria defined are based on different values of the

response probability.

The first optimal design we derive is minimizing the expected sample size under

the alternative hypothesis value, π1 and let this design be defined as optimal(1).

The second design, focuses on minimizing the expected sample size for the re-

sponse probability in between the null and the alternative value, i.e. at π = π∗

(π0 < π∗ < π1), and is denoted by optimal(2). Finally we consider an optimal-

ity criteria which is a weighted mixture of different response probabilities denoted

by optimal(3). While developing these designs, for convinience a simple null,

π = π0, versus a simple alternative, π = π1 is tested rather than a composite

null hypothesis π ≤ π0 versus a composite alternative hypothesis π ≥ π1. This

assumption is valid since we empirically verified that power curves are monotone

in nature. Due to the computational complexity in deriving the optimal(3) design,

we only dicsuss the procedure in deriving this design.

3.2.2 Weighted Optimal Design

As the name suggests, the weighted optimal design is derived on the basis of the

optimality criteron where we minimize the expected sample size under a weighted

combination of response probabilities (including the null and the alternative value).

This weighted combination could also exclude the null and the alternative hypoth-

esis value, though in this case we have included both of them. The general tech-

nique of deriving this optimal design is the same as the method of deriving the

optimal design at the null. We first find the optimal unrestricted design that gives

us optimal values of n1, n2(R1) and D(R). The next step is to determine the design

parameters for which the optimal unconstrained design satisfies the type I and
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type II errors constraints. Thus to begin with we define the following loss function

L{n1, R1, n2(R1), R, D(R), π}=
K

∑
i=0

I(π = πi){n1 + n2(R1)}+d∗0 I{π = π0, D(R) = 1}

+d∗1 I{π = π1, D(R) = 0}, (3.1)

where π0 < πi < π1, (i = 2, . . . , K), I(·) is the indicator function and d∗0 and d∗1
are constants to be determined. We also put prior mass on the parameter π at

the values π = πi (i = 2, . . . , K), π = π0 and π = π1, say, P(π = πi) = pi,

(i = 0, . . . , K). A simple case would be if K = 2: the expected sample size would

be minimized under π0, π1 and πi = π∗. The constants d∗0 and d∗1 in (3.1) are

interpreted as Lagrange multipliers used in obtaining our optimal design. With

this loss function and the prior probabilities on π, we derive the expected loss as

E{L(·)} = E [E{L(·)|π}]

=
K

∑
i=0

piE{n1 + n2(R1)|π = πi} + p0d∗0P{D(R) = 1|π = π0}

+ p1d∗1P{D(R) = 0|π = π1} (3.2)

or equivalently,

E{L(·)} = E [E{L(·)|π}]

=
K

∑
i=0

piE{n1 + n2(R1)|π = πi} + d0P{D(R) = 1|π = π0}

+ d1P{D(R) = 0|π = π1} (3.3)

where the Lagrange multipliers d0 and d1 will be equal to p0d∗0 and p1d∗1 respec-

tively.

P{D(R) = 1|π = π0} is the type I error and P{D(R) = 0|π = π1} is the type

II error of our design in the expected loss equation given by (3.3). In order to

obtain the optimal design under π = πi, i = 0, . . . , K, we minimize ∑
K
i=0 wiE{n1 +

n2(R1)|π = πi}, (where wi are the weights and in this case wi = pi) subject to
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constraints on the type I and type II errors, using Lagrange multipliers d0 and d1.

Consequently, the optimization problem now is to find the unconstrained optimal

design {n1, n2(R1), D(R)} that minimizes (3.3) for any Lagrangian multipliers d0

and d1 and then to find d0 and d1 for which the optimal unconstrained design

satisfies the constraints, namely, a type I error of α and type II error of β. We also

note that the choice of prior mass at the points πi (i = 0, . . . , K), was arbitrary.

Since the values of d0 and d1 can take on any values, the objective function (3.3)

would, up to a proportionality constant, have been equivalent if we had used any

other set of probabilities for the prior mass at π0 and π1.

Using the law of conditional expectations, the expected loss can be computed as

E{L(·)} = E[E{L(·)|R}],

where E{L(·)|R} is equal to

K

∑
i=0

{n1 + n2(R1)}P(π = πi|R)

+ d0P(π = π0|R)I{D(R) = 1} (3.4)

+ d1P(π = π1|R)I{D(R) = 0}. (3.5)

The unconstrained optimal design is obtained by implementing the backward in-

duction algorithm as used in Jennison (1987) and Barber and Jennison (2002). We

will follow the steps of this algorithm to lead us to the optimal {n1, n2(R1), D(R)}.

Given the complete data and as the name of the method suggests, the obvious step

would be to evaluate the optimal decision at the end of the trial. This optimal

D(R) is the one which minimizes the conditional expectation E{L(·)|R}, which,

by comparing (3.4) to (3.5), is to choose D(R) = 1 if

d0P(π = π0|R) ≤ d1P(π = π1|R),
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and D(R) = 0 otherwise. A simple application of Bayes rule leads us to the deci-

sion rule that we should reject H0, i.e. D(R) = 1, if

d0P(π = π0|X1, . . . , Xn1+n2) ≤ d1P(π = π1|X1, . . . , Xn1+n2),

or equivalently

(1/4)d0π
Sn1+n2
0 (1 − π0)

n1+n2−Sn1+n2 ≤ (1/4)d1π
Sn1+n2
1 (1 − π1)

n1+n2−Sn1+n2

By taking logs, we obtain

Sn1+n2 ≥
log ( d1

d0
) − (n1 + n2) log 1−π0

1−π1

log
π0(1−π1)
π1(1−π0)

= cn1+n2 (3.6)

Hence, D(R) = 1 if Sn1+n2 ≥ cn1+n2 , and 0.

We shall refer to this optimal D by Dopt(R). The next step of the backward induc-

tion algorithm will be to obtain an optimal value of the sample size at the second

stage. At this stage, we have the information from the first stage of the design, so

we compute an expected loss conditional on the data from the first stage, R1, given

as,

E{L(·)|R1} =
K

∑
i=0

{n1 + n2(R1)}P(π = πi|R1) (3.7)

+ d0P(π = π0, Sn1+n2 ≥ cn1+n2 |R1) (3.8)

+ d1P(π = π1, Sn1+n2 < cn1+n2 |R1) (3.9)

Let b(·) and B(·) denote the binomial pmf and cdf respectively. Applying the prop-

erties of conditional expectation and Bayes rule to (3.8) and (3.9) and using the
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facts,

P(π = π0|R1) =
b(n1, Sn1

, π0)p0

p0b(n1, Sn1
, π0) + p1b(n1, Sn1

, π1) + ∑
K
i=0 pib(n1, Sn1

, πi)
(3.10)

= prob1(say)

P(π = π0, Sn1+n2 ≥ cn1+n2 |R1) = B(n2, Sn1
, π0)P(π = π0|R1)P(π = π0)

and

P(π = π1, Sn1+n2 < cn1+n2 |R1) = [1 − B(n2, Sn1
, π1)] P(π = π1|R1)P(π = π1)

we compute the expressions (3.8) and (3.9).

The expression (3.7) can be expanded by applying simple Bayes rule,

K

∑
i=0

P(π = πi|R1) =
∑

K
i=0 b(n1, Sn1

, πi)pi

b(n1, Sn1
, π0)p0 + b(n1, Sn1

, π1)p1 + ∑
K
i=0 b(n1, Sn1

, πi)pi

(3.11)

= prob2(say)

We note that in all the expressions, the second stage sample size depends only

on R1 through the sufficient statistic (n1, Sn1
). For each value of n1 and Sn1

=

0, 1, . . . , n1 we compute the above expressions and the value for that n2(Sn1
) for

which [E{L(·)|R1}] is minimum, gives us the optimal value.

After obtaining the optimal decision rule and optimal second stage sample size,

the last action would be to compute the optimal n1 of our design. This is done by

minimizing the unconditional loss function, E[L{n1, R1, n2(R1), R, D(R), π}] using

the fact E{L(.)} = E{E(L|π)}. Expanding (3.3) the unconditional loss function
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becomes,

n1

∑
Sn1

=0

{n1 + n2(Sn1
)}

K

∑
i=0

P(π = πi|Sn1
) +

n1

∑
Sn1

=0

P(Sn1+n2 ≥ cn1+n2 |π = π0, Sn1
)+

n1

∑
Sn1

=0

P(Sn1+n2 < cn1+n2 |π = π1, Sn1
)

or equivalently,

n1

∑
Sn1

=0

{n1 + n2(Sn1
)} ∑

K
i=0 b(n1, Sn1

, πi)pi

b(n1, Sn1
, π0)p0 + b(n1, Sn1

, π1)p1 + ∑
K
i=0 b(n1, Sn1

, πi)pi

+

n1

∑
Sn1

=0

B(n2, π0, max(cn1+n2 − Sn1
, 0))b(n1, π0, Sn1

)P(π = π0)+

n1

∑
Sn1

=0

[1 − B(n2, π1, max(cn1+n2 − Sn1
, 0))b(n1, π1, Sn1

)P(π = π1)

or equivalently,

n1

∑
Sn1

=0

{n1 + n2(Sn1
)} ∑

K
i=0 b(n1, Sn1

, πi)pi

b(n1, Sn1
, π0)p0 + b(n1, Sn1

, π1)p1 + ∑
K
i=0 b(n1, Sn1

, πi)pi

+

(3.12)

p0

n1

∑
Sn1

=0

B(n2, π0, max(cn1+n2 − Sn1
, 0))b(n1, π0, Sn1

)+ (3.13)

p1

n1

∑
Sn1

=0

[1 − B(n2, π1, max(cn1+n2 − Sn1
, 0))b(n1, π1, Sn1

) (3.14)

The expressions (3.13) and (3.14) gives us the type I and type II errors of the design

and we denote them by α(d0, d1) and β(d0, d1) respectively, while the expression

(3.12) denotes the optimal criteria of our design. Through the above procedure, we
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have obtained the optimal unconstrained design. The next step would be to obtain

the Lagrange multipliers d0 and d1 for which the design satisfies the type I and

type II error constraints. Here we are considering the outcome of the drug to be

binary in nature. Due to the discrete behavior of the binomial distribution, the op-

timization techniques should not involve derivatives; which rules out most search

algorithms for continuous functions, since they involve gradient search methods.

Hence we define a simple objective function,

U(d0, d1) = abs{α(d0, d1) − α} + abs{β(d0, d1) − β}

which will help us determine the (d0, d1) values. The smaller the difference be-

tween the derived α(d0, d1) and β(d0, d1) to the specified α and β respectively, the

smaller will be the value of U(d0, d1). Our strategy is to minimize this objective

function U(d0, d1) such that it is almost close to zero and this is done by using a

random search algorithm known as simulated annealing, described in detail by

Lin and Geyer (1992). The search for the Lagrange multipliers d0 and d1 over a

three-dimensional surface using a random search pattern. First we generate two

numbers randomly from a bivariate normal distribution having mean equal to the

initial choice of (d0, d1) and a prespecified variance. We derive the type I and type

II errors of the design and update the objective function, say U(·)(i). At each run

of the parameters (d0, d1) we compare the objective functions U(·)(i+1) and U(·)(i).

Depending upon the difference of U(·)(i) and U(·)(i+1), say δ, we take the fol-

lowing action. If δ is less than zero, we update the Lagrange multipliers (d0, d1),

otherwise we generate a random number from a Bernoulli distribution with some

probability which depends on δ and a constant known as the ’cooling factor’. We

compare the random variable with δ and if it is less than δ then the (d0, d1) values

are updated or else we go to the next run. At each run we update the ’cooling

factor’, which is so chosen such that the function approaches zero as n increases.
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The idea is to determine the parameters randomly over a grid of all possible com-

binations of (d0, d1) such that they satisfy the optimal design characteristics. By

implementing this technique we were able to identify the optimal design which

has minimum expected sample size and satisfied the type I and type II error con-

straints. But due to the discreteness issue, this design may not be the optimal

Bayes design, though it is very close to the optimal design. So, we claim that there

cannot be another design that will satisfy the error constraints and have expected

sample size smaller than our optimal design and we have computed lower bounds

to prove this fact. Infact, the optimal design will be closer to the Bayes optimal de-

sign if the computed type I and type II errors α(d0, d1) and β(d0, d1) are closer to

the specified α and β respectively without exceeding them.

3.3 Results

Given a range of parameter values of the response probability that we obtained

from Simon (1989) and Piantadosi (1997), we generate optimal designs and com-

pare it with one another and Simon’s design. For each pair of values of (π0, π1)

we compute an optimal design at the alternative, at the mid-point between the

null and the alternative response probability value and the weighted combination

of the response probability at the null, alternative hypothesis and a value in be-

tween the null and the alternative. Although, in the latter design we have applied

weights of (1/3, 1/3, 1/3) at the three points (π0, π1, π∗); in general we could con-

sider more than three points. All these designs have type I error rate α equal to 0.05

but we considered two different power values, β̄(= 1 − β) equal to 0.8 and 0.9. A

graphical representation of the comparison of expected sample sizes between the

different designs mentioned above is provided along with Simon’s design in fig-

ures 3.1 through 3.17. In all the graphs, the envelope function has been shown

inorder to compare the optimal designs with respect to the envelope function. The

46



envelope function gives us the lower bound for the expected sample size for all

parameter values of the response probability. For a particular choice of π, the

envelope function gives us the lowest expected sample size as compared to the

other optimal designs developed and so provides a basis for the comparisons. We

denote the optimal adaptive design at the null hypothesis value (π0); alternative

hypothesis value (π1); mid-point (π∗) between the null and the alternative hy-

pothesis value and a weighted combination of π0, π1 and π∗ by Null, Alternative,

Mid-point and Mixture respectively. The envelope function and Simon’s optimal

design have also been shown in the graphs.

The typical shape of the curves in these comparison graphs is due to the fact that

we are plotting the expected sample sizes against three response probability val-

ues: π0, π1 and π∗. Instead if we consider five response probability values the

graphs will be smoother, though the trend will remain the same.

The expected sample size plots show that all the designs have typical trends. The

adaptive design optimal at the null and Simon’s optimal design have an increasing

trend. Though, the adaptive design optimal at null beats Simon’s design at π0, in

most cases it does poorly as we move away from the null. Again, the adaptive de-

sign optimal at the alternative has a decreasing trend, having the lowest expected

sample size at the π1 value and larger expected sample sizes (as compared to the

other designs) at π0. The mid-point design is closer to the weighted optimal de-

sign in all cases considered. For the mid-point design we apply 1/2 weight at

π = π∗ and 1/4 each at π0 and π1. Also for the weighted optimal design we have

applied weights on these three response probability values as mentioned earlier.

Thus, the plots of these two designs are similar in nature. Rather, if we considered

more than three values for the weighted optimal design, the results might get al-

tered. The designs with 90 % power show similar trends as the designs with 80

% power, though the expected sample sizes are larger for β equals 0.1, which is
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Figure 3.1: Comparison graphs for design π0=0.05 and π1=0.25

obvious. Due to the discreteness of the binomial distribution the error rates are not

exact. Hence while comparing the expected sample size of the adaptive designs,

we considered those designs for which the type I error and type II error is less

than or equal to 0.05 and 0.2 (or 0.1 as the case may be) respectively. As expected,

the weighted optimal design performs fairly well with respect to expected sample

size. In most cases it remains close to the envelope function throughout the range

of π. This suggests that the weighted optimal adaptive design remains stable for

all values of π as compared to other designs. Hence it can be used as an alterna-

tive to Simon’s design and we have provided a comparison of the actual designs

for these two optimal designs in tables 3.1, 3.2, 3.3 and 3.4. For these designs all

the computations were done using the statistical package R version 2.0.1 (Ihaka

and Gentleman, 1996).

These weighted optimal designs are presented for different combinations of π0

and πd(= π1 − π0) values. We also provide Simon’s optimal design for all these

cases so that we can compare it with the weighted optimal design. The subscripts

S and W are used to denote Simon’s optimal design and the weighted optimal de-

sign respectively. Design characteristics for the weighted optimal design are given.
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Figure 3.2: Comparison graphs for design π0=0.1 and π1=0.3
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Figure 3.3: Comparison graphs for design π0=0.2 and π1=0.4
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Figure 3.4: Comparison graphs for design π0=0.3 and π1=0.5
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Figure 3.5: Comparison graphs for design π0=0.4 and π1=0.6
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Figure 3.6: Comparison graphs for design π0=0.5 and π1=0.7
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Figure 3.7: Comparison graphs for design π0=0.6 and π1=0.8
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Figure 3.8: Comparison graphs for design π0=0.7 and π1=0.9
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Figure 3.9: Comparison graphs for design π0=0.05 and π1=0.20

52



response probability (pi)

ex
pe

ct
ed

 s
am

pl
e 

si
ze

0.1 0.175 0.25

20
30

40

Envelope
Null
Alternative
Mixture
Mid−point
Simon

(a) 80 % power

response probability (pi)

ex
pe

ct
ed

 s
am

pl
e 

si
ze

0.1 0.175 0.25

30
40

50
60

70

Envelope
Null
Alternative
Mixture
Mid−point
Simon

(b) 90 % power

Figure 3.10: Comparison graphs for design π0=0.1 and π1=0.25
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Figure 3.11: Comparison graphs for design π0=0.2 and π1=0.35
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Figure 3.12: Comparison graphs for design π0=0.3 and π1=0.45
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Figure 3.13: Comparison graphs for design π0=0.4 and π1=0.55
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Figure 3.14: Comparison graphs for design π0=0.5 and π1=0.65
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Figure 3.15: Comparison graphs for design π0=0.6 and π1=0.75
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Figure 3.16: Comparison graphs for design π0=0.7 and π1=0.85
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Figure 3.17: Comparison graphs for design π0=0.8 and π1=0.95
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Particularly, the optimal n1, the number of successes in the first stage Sn1
, the op-

timal second stage sample size n2(W), and the rejection rule r. The parameters for

Simon’s design (n1, r1, n, r) are also shown. To illustrate how the weighted optimal

design works we consider one example say when π0 = 0.2, π1 = 0.4 and β = 0.1

which is on the right hand side of Table 3.1. The adaptive weighted design has an

optimal n1 of 18 while that of Simon’s design is 19. For Sn1
less than or equal to

3 or greater than 8 the trial stops and we do not need to accrue any more patients

in the second stage. Otherwise if the number of successes is between 4 and 7, we

have a variable second stage sample size to choose from. If Sn1
equals 7 we treat

27 patients in the second stage and a total of 45 patients. Among 45 patients, if

the number of responses is greater than or equal to 14 (=r) then we declare that

the drug is effective. Also the second stage sample size, n2(W) increases smoothly

from zero to a particular value and then decreases smoothly to zero as opposed to

the strange nature of the second stage sample size for the design optimal the the

null hypothesis value.

3.4 Discussion

Optimal designs for different criteria have been developed. All these designs are

adaptive in the sense that the second stage sample size and the rejection rule de-

pend on the results obtained from the first stage. The adaptive design optimal at

the null performs well at the null hypothesis value but does poorly with respect

to expected sample sizes at other values of the response probability. This is due to

the fact that this design emphasizes on the null hypothesis value at the expense of

response probability values away from the null. Rather than being conservative,

we emphasized on accepting a ’good’ treatment and hence constructed the design

optimal at the alternative. As expected, this design performed better than Simon’s

design at π1 and it is a good design to implement if the criterion is to minimize
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the expected sample size under the alternative hypothesis. Some investigators are

of the opinion that if the treatment is doing better then we should administer it

to as many patients as possible but others are of the opinion of stopping the trial

as early as possible. Moreover, the design optimal at the null performs best at π0

and the design optimal at the alternative performs best at π1 while they both fail to

perform well at other values. We also considered a design optimal at the mid-point

between the null and the alternative value. The expected sample size for this de-

sign remains close to the weighted optimal for most of the designs we have shown.

Again, the expected sample size plot for the weighted optimal design is closest to

the envelope function in most of the cases. The reason being that we have given

equal emphasis on the null hypothesis value, alternative value and the mid-point

value. Therefore, this design can be identified as an optimal design which does

uniformly better across the range of the response probability. Rather than giving

importance to rejecting a bad drug quickly (choosing the design optimal at null)

or giving importance to accepting an effective drug sooner (choosing the design

optimal at alternative) we would reduce the bias either way by implementing the

weighted optimal design. The weighted optimal design would be a ’ reliable ’

design to use if we were not sure about the behavior of the drug to be tested.
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Table 3.1: Comparing the weighted optimal design with Simon’s design when πd=0.2 and
α = 0.05

π0 = 0.05 and β = 0.2 π0 = 0.05 and β = 0.1

n1(W) = 12 and n1(S) = 9 n1(W) = 5 and n1(S) = 9

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
0 0 0 12 9 2 0 0 19 0 24 9 4 0
1 0 8 12 17 2 2 1 20 21 25 30 4 3
2 6 8 18 17 3 2 ≥2 0 21 5 30 2 3
≥3 0 8 12 17 2 2

π0 = 0.1 and β = 0.2 π0 = 0.1 and β = 0.1

n1(W) = 8 and n1(S) = 10 n1(W) = 10 and n1(S) = 18

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
0 0 0 8 10 3 1 0 0 0 10 18 3 2
1 13 0 21 10 5 1 1 19 0 29 18 6 2
2 19 19 27 29 6 5 2 29 0 39 18 8 2
3 13 19 21 29 5 5 3 23 17 33 35 7 6
≥4 0 19 8 29 3 5 ≥4 0 17 10 35 3 6

π0 = 0.2 and β = 0.2 π0 = 0.2 and β = 0.1

n1(W) = 15 and n1(S) = 13 n1(W) = 18 and n1(S) = 19

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤ 3 0 0 15 13 6 3 ≤3 0 0 18 19 6 4

4 18 30 33 43 11 12 4 23 35 41 54 13 15
5 21 30 36 43 12 12 5-6 33 35 51 54 16 15
6 17 30 32 43 11 12 7 27 35 45 54 14 15

≥ 7 0 30 15 43 6 12 ≥8 0 35 18 54 6 15

π0 = 0.3 and β = 0.2 π0 = 0.3 and β = 0.1

n1(W) = 14 and n1(S) = 15 n1(W) = 26 and n1(S) = 24

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤ 4 0 0 14 15 7 5 ≤8 0 0 26 24 12 8

5 25 0 39 15 17 5 9 24 39 50 63 21 24
6 30 31 44 46 19 18 10-11 34 39 60 63 25 24
7 35 31 49 46 17 18 12 31 39 57 63 24 24
8 20 31 34 46 15 18 ≥13 0 39 26 63 12 24
≥9 0 31 14 46 7 18
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Table 3.2: Comparing the weighted optimal design with Simon’s design when α = 0.05
and πd = 0.20 contd.

π0 = 0.4 and β = 0.2 π0 = 0.4 and β = 0.1

n1(W) = 13 and n1(S) = 16 n1(W) = 23 and n1(S) = 25

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤ 5 0 0 13 16 8 7 ≤9 0 0 23 25 13 11

6 28 0 41 16 22 7 10 27 0 50 25 26 11
7 34 0 47 16 25 7 11 37 0 60 25 31 11
8 30 30 43 46 23 23 12 41 41 64 66 33 32
9 22 30 35 46 19 23 13 37 41 60 66 31 32

≥10 0 30 13 16 8 23 14 26 41 49 66 26 32
≥15 0 41 23 66 13 32

π0 = 0.5 and β = 0.2 π0 = 0.5 and β = 0.1

n1(W) = 11 and n1(S) = 15 n1(W) = 28 and n1(S) = 24

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤ 5 0 0 11 15 8 8 ≤13 0 0 28 24 18 13

6 28 0 39 15 25 8 14 0 37 28 61 18 36
7 33 0 44 15 28 8 15 0 37 28 61 18 36
8 31 0 42 15 27 8 16 25 37 53 61 33 36
9 23 28 34 43 22 26 17-18 30 37 58 61 36 36

≥10 0 28 11 43 8 26 19 0 37 22 61 14 36
≥20 0 37 28 61 18 36

π0 = 0.6 and β = 0.2 π0 = 0.6 and β = 0.1

n1(W) = 25 and n1(S) = 11 n1(W) = 21 and n1(S) = 19

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤7 0 0 25 27 8 7 ≤ 12 0 0 22 19 16 12

8-17 0 32 25 11 23 7 13-14 0 34 22 53 16 30
18 8 32 41 43 30 30 15 17 34 39 53 28 30
19 12 32 47 43 34 30 16 28 34 50 53 36 30
≥20 0 32 17 34 34 56 53 40 30

18-19 35 34 57 53 41 30
≥ 20 0 34 22 53 16 30

π0 = 0.7 and β = 0.2 π0 = 0.7 and β = 0.1

n1(W) = 6 and n1(S) = 6 n1(W) = 6 and n1(S) = 15

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤4 0 0 6 6 6 4 ≤3 0 0 13 15 11 11
5-6 21 21 27 27 23 22 4 13 0 26 15 22 11

5 24 0 37 15 31 11
≥12 27 21 50 36 33 29
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Table 3.3: Comparing the weighted optimal design with Simon’s design when α = 0.05
and πd = 0.15

π0 = 0.05 and β = 0.2 π0 = 0.05 and β = 0.1

n1(W) = 12 and n1(S) = 10 n1(W) = 18 and n1(S) = 21

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
0 0 0 12 10 2 0 0 0 0 18 21 3 1

1-2 15 19 27 29 4 3 1 13 0 31 21 4 1
≥3 0 19 12 29 2 3 2 22 20 40 41 5 4

3 21 20 39 41 5 4
≥4 0 20 18 21 0 4

π0 = 0.1 and β = 0.2 π0 = 0.1 and β = 0.1

n1(W) = 10 and n1(S) = 18 n1(W) = 14 and n1(S) = 21

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
0 0 0 10 18 3 2 0 0 0 14 21 3 2
1 25 0 35 18 7 7 1 29 0 43 21 8 2
2 36 0 46 18 9 7 2 47 0 61 21 11 2
3 30 25 40 43 8 7 3 47 45 61 66 11 10
≥4 0 25 10 43 3 7 4 35 45 49 66 9 10

≥5 0 45 14 66 3 10

π0 = 0.2 and β = 0.2 π0 = 0.2 and β = 0.1

n1(W) = 10 and n1(S) = 22 n1(W) = 14 and n1(S) = 37

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤1 0 0 10 22 4 5 ≤1 0 0 14 37 5 8
2 51 0 61 22 18 19 2 56 0 70 37 20 8
3 55 0 65 22 19 19 3 67 0 81 37 23 8
4 51 0 61 22 18 19 4 74 0 88 37 25 8
5 40 0 50 72 15 19 5 70 0 84 37 24 8
≥6 0 50 10 72 4 19 6 59 0 73 37 21 8

7 0 0 14 37 5 8
8 0 0 14 37 5 8
≥9 0 45 14 66 5 10

π0 = 0.3 and β = 0.2 π0 = 0.3 and β = 0.1

n1(W) = 24 and n1(S) = 27 n1(W) = 40 and n1(S) = 40

Sn1
n2(W) n2(S) n(W) n(S) r(W) r(S) Sn1

n2(W) n2(S) n(W) n(S) r(W) r(S)
≤7 0 0 24 27 11 9 ≤ 12 0 0 40 40 16 13
8 41 0 65 27 26 9 13 45 0 85 40 33 13
9 49 0 73 27 29 9 14 56 70 96 110 37 40
10 54 54 78 81 31 30 15-16 64 70 104 110 40 40
11 46 54 70 81 28 30 17 56 70 96 110 37 40
12 35 54 59 81 24 30 18 40 70 80 110 31 40
≥13 0 54 24 81 11 30 ≥19 0 70 40 110 16 40
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Table 3.4: Comparing the weighted optimal design with Simon’s design when α = 0.05
and πd = 0.15 contd.

π0 = 0.4 and β = 0.2 π0 = 0.4 and β = 0.1

n1(A) = 25 and n1(S) = 26 n1(A) = 47 and n1(S) = 45

Sn1
n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1

n2(A) n2(S) n(A) n(S) r(A) r(S)
≤10 0 0 25 26 14 11 ≤19 0 0 47 45 24 19
11 49 0 74 26 14 11 20 0 59 47 104 24 49
12 55 58 80 84 40 40 21 62 59 109 104 53 49
13 57 58 82 84 41 40 22 68 59 115 104 56 49
14 53 58 78 84 39 40 23 73 59 120 104 58 49
15 43 58 98 84 34 40 24 64 59 111 104 54 49
≥16 0 58 25 84 14 40 25 56 59 103 104 50 49

≥26 0 59 47 104 24 49

π0 = 0.5 and β = 0.2 π0 = 0.5 and β = 0.1

n1(A) = 30 and n1(S) = 28 n1(A) = 43 and n1(S) = 42

Sn1
n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1

n2(A) n2(S) n(A) n(S) r(A) r(S)
≤15 0 0 30 28 19 15 ≤22 0 0 43 42 26 22
16 0 58 30 83 19 48 23 52 63 95 105 56 60
17 55 58 85 83 51 48 24 64 63 107 105 63 60
18 57 58 87 83 52 48 25 66 63 109 105 64 60
19 55 58 85 83 51 48 26 64 63 107 105 63 60
20 43 58 73 83 44 48 27 57 63 100 105 59 60
≥21 0 58 30 83 19 48 28 43 63 86 105 51 60

≥29 0 63 43 105 26 60

π0 = 0.6 and β = 0.2 π0 = 0.6 and β = 0.1

n1(A) = 24 and n1(S) = 27 n1(A) = 36 and n1(S) = 34

Sn1
n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1

n2(A) n2(S) n(A) n(S) r(A) r(S)
≤ 15 0 0 24 27 18 17 ≤21 0 0 36 34 26 21

16 50 0 74 27 52 17 22 0 61 36 95 26 64
17 53 0 77 27 54 17 23 52 61 88 95 61 64
18 46 40 70 67 49 46 24 64 61 100 95 69 64
19 37 40 24 67 43 46 25 65 61 101 95 70 64
≥20 0 40 24 67 18 46 26 61 61 97 95 67 64

27 49 61 85 95 59 64
≥28 0 61 36 95 26 64
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Table 3.5: Comparing the weighted optimal design with Simon’s design when α = 0.05
and πd = 0.15 contd.

π0 = 0.7 and β = 0.2 π0 = 0.7 and β = 0.1

n1(A) = 21 and n1(S) = 19 n1(A) = 23 and n1(S) = 25

Sn1
n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1

n2(A) n2(S) n(A) n(S) r(A) r(S)
≤14 0 0 21 19 18 14 ≤16 0 0 23 25 19 18
15 0 40 21 59 18 46 17 51 0 74 25 59 18
16 28 40 49 59 40 46 18 55 0 78 25 62 18
17 37 40 58 59 47 46 19 55 0 78 79 62 61
18 32 40 53 59 43 46 20 42 54 86 79 52 61
19 14 40 35 59 29 46 ≥21 0 61 23 79 19 61
≥20 0 40 21 59 18 46

π0 = 0.8 and β = 0.2 π0 = 0.8 and β = 0.1

n1(A) = 9 and n1(S) = 9 n1(A) = 17 and n1(S) = 19

Sn1
n2(A) n2(S) n(A) n(S) r(A) r(S) Sn1

n2(A) n2(S) n(A) n(S) r(A) r(S)
≤7 0 0 9 9 9 7 ≤14 0 0 17 19 16 16
8-9 20 20 29 29 27 26 15 29 0 46 19 42 16

16 29 0 46 19 42 16
≥17 0 23 17 42 16 37
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Chapter 4

Conclusion

Two-stage sequential designs have been widely used in phase-II clinical trials.

These designs are attractive because they are as accurate as a one-stage design

but result in smaller expected sample sizes. They are also more cost effective than

setting up multi-stage designs. We have constructed such two-stage designs which

are adaptive in nature. Phase II trials are much smaller as compared to phase III

trials, so the goal is to accrue less number of patients for testing the efficacy of the

drug. Hence, we compute optimal adaptive two-stage designs where the optimal-

ity criterion is to minimize the expected sample size under the null hypothesis.

Comparison of this new adaptive design (Banerjee and Tsiatis, 2005) is made with

respect to Simon’s fixed two-stage design. Simon (1989) proposed a two-stage de-

sign where patients enter into the trial sequentially in two phases and the number

of patients in these two phases are fixed in advance. Our proposed design allows

more flexibility in the sense that the second stage sample size and the rejection

rule depends on the results from the first stage. We also assume that the patients

enter into the trial sequentially and the response of the ith patient is binary, either

success or failure of the drug. Here we only consider one treatment group and

test the efficacy of that particular treatment with the help of the response probabil-

ity of the drug. The approach for obtaining optimal designs is cast as a Bayesian
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decision-theoretic problem for minimizing expected loss through backward induc-

tion algorithm. We compare the results of optimal Bayes designs and other opti-

mal designs designs which restricted the maximum sample size to those derived

by Simon who considered fixed sample sizes for the two stages and other adap-

tive designs which restricted the maximum sample size. We found, as expected,

that the optimal Bayes adaptive designs always gave better results than Simon’s

designs. Nevertheless, the gains are modest with a 3-5% decrease in the expected

sample size under the null hypothesis.

The designs optimal at the the null (π0) gave more emphasis at the null at the ex-

pense of other values away from π0, so we explored adaptive designs by consid-

ering different optimality criteria (Chapter3), i.e. minimizing the expected sample

size under different values of the response probability. For instance, we use the

response probability under the alternative hypothesis as an optimality criterion

and another where we use the response probability in between the null and the

alternative. We also consider a mixture of the response probabilities to generate

the weighted optimal adaptive design. These optimal designs are compared un-

der different scenarios amongst themselves and also with Simon’s optimal design.

The idea is to be able to identify the ’best’ design for a particular pair of null and

alternative values of the response probability. By the ’best’ design, we mean, the

one which has the minimum expected sample size globally across the range of

the response probability (π). Hence, we generate an envelope function as a ba-

sis for these comparisons. This envelope function provides a lower bound for the

expected sample size for any value of the response probability lying between the

null (π0) and the alternative (π1) probability values. We found that a design opti-

mal at a certain response probability value will have the lowest expected sample

size at that value. Moreover, the further we move away from the null hypothesis

the more we gain with respect to lowering expected sample sizes. The weighted
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optimal design is closest to the envelope function and hence is an adaptive design

which is globally optimal across the range of π.

Generally, the efficacy of a drug is tested with the help of the response probability

of the drug. Say, for example, the activity of the drug depends on the amount

of tumor shrinkage. But for cases, when the tumor is removed, or otherwise, we

might be interested in testing the activity of the drug with the help of a time-to-

event variable, say one year survival. Two-stage designs have been developed for

testing these survival probabilities (Case and Morgan, 2003). As an extension, we

are interested in developing optimal adaptive two-stage designs for this statistical

testing problem. The optimal criteria would be to minimize the expected sample

size and the expected total study length both under the null hypothesis.

Another extension of our research would be to generate confidence intervals for

the response probability (π) of the adaptive two-stage designs. Tsiatis et al. (1984)

computes the exact confidence interval for the mean when the responses are nor-

mal for a group sequential test. The usual method for computing confidence inter-

val will not be appropriate for the adaptive design since the second stage sample

size vary depending on the results obtained from the first stage. Thus we will

generate exact confidence intervals for adaptive group sequential designs for pro-

viding more information on the possible range of values for (π) at the end of the

trial.

A drawback of the adaptive design is that the second stage sample size is not

known in advance which may create difficulty in planning resources for the trial.

Different from the other adaptive designs, our proposed design is optimal with

respect to minimizing expected sample sizes. Though the design optimal at π0 at-

tain modest gains in decreasing expected sample size, it would be the best design

one could achieve if the criterion is minimizing the expected sample size under
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the null. We also generated a number of adaptive designs having different optimal

criterion and a globally optimal design to reduce the bias both at the null and al-

ternative value which allows the investigator to implement the most appropriate

design for a particular scenario.
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