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INTRODUCTION

This thesis deals with the study of a class of single-counter
queueing processes. In Chapters I, II, and III we assume that those
in charge of the system are capable of controlling "to some extent"
the arrival and/or service intensity. The purpose of this is, in
effect, to reduce the mean number of units ﬁaiting for service to a
desireble length. In Chapter IV we assume that the arrival intensity
is neither constant ﬁor controllable but rather a random process of a
Markovian type.

Chepter I constitutes a special case of, and is introductory to,
the more general case dealt with in Chapter II. Furthermore, we are
able to get explicit forms for most formulas in the special case. A
brief description of the model for the special case is as follows:
The population of units that demand service from the station from
time to time is classified into two categories, say O and 1. When the
number of units in the system ( zs) reaches a certain prescribed -
number R, the server forbids any category O unit from joining the
queue and invites any such unit agein for service, if and only if, gs
reduces to a size r 20, ¥ <R, The exclusion rule does not, however,
affect those who are already waiting in line. The service time is
assumed to hamé an exponential distribution with parsmeter M (= reci-
procal of the average service time) for all units irrespective of the

categories to which they belong.
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The first part of Chapter I deals with the determination of the
stationary probability distribution of.z,s and the problems arising
therefrom, for example, evaluation of Prob [r <4, < R], certain con-
ditional probabilities, etc. For the existence of steady state (sta-
tionary) conditions we have to impose the condition Py = Kl/u <1l. It
is intuitivély obvious that if pl > 1, the server may not have any
idle time and that a divergent queue may ensue ( ¢f. Cox and Smith
[2], page 41). ‘There is no such condition imposed on P, = Ko/u. The
expected (mean) number of units in the Bystem (Ls) is obtéingd
directly from the stationary distribution but for the purpose of cal-~
culating higher moments it is easier to deal with the probability
generating function which we give in Section 1.4. The expected wait-
ing time in the system (W ) is obtained from the formula L, =M Ws,
vhere N is the average srrival intensitj ( cf. Little [4] ).

In Sections 1.5 and 1.6 we are concerned with some distribution
problems. In the case of the distribution of the busy period we
obtain ite laplace transform and its expected length.. For this, we
congider a modified pfocess vhich ceases as soon as the number of
units in the sgystem falls to zero ( cf.l Bailey [1]). Similar is the
case of distribution of time thersystem spends with Ao (or Kl) as the
arrival intensity before it changes to Al (or Ko) for the first time.
Using the same mathematical technique as the above mentioned distri-
bution problems, we also obtain the generating function of the

Laplace transform with respect to time, of the time-dependent proba-

bility of the number of unite in the gystem, It appears that it is
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very difficult to obtain the inverse transform.

In Chapter II we also assume that the service time is exponen-
tially distributed with parameter ¥ but the population of units
demanding service is comprised of (N + 1) categories, say
0, 1, 2, vee., N. Consequently, the arrival intensity M assumes

(N + 1) values Ko, Xl’ cony KN and associated with these values of A,

we have N pairs of integers (rl, Rl)’ (re, Re), ceses (rN, RN) satis-

fying ry 20 , r, <R, (1 =1,2,04.y N) 5Ty <y L0 R <R

(1=1,2, .., N -1). When L reaches a size R, , (1 =0, 1,...,8-1),

the server forbids any unit belonging to categories O, l,,i.,i from
Jjoining the queuve and any category i unit is invited again for service,

if and only if, zs reduces to a size r The exclusion rule does

i+1
not, however, affect those who are already waiting in line,

The problems we deal with in Chapter II are exactly the same as
those of Chapter I, except with (N + 1) categories instead of only 2.
We are able to obtain explicit expressions for both the stationary
distribution and the probability generating function of gs. For the
busy period distributién we simply show how to obtain its Laplace
transform from a set of (2N + 1) equations involving (2N + 1) unknowns.
The distribution problems concerning first passage times for the para-
meters ho and M_ are exactly the same as those concerning the para-

N

meters ho and A, respectively of Chapter I, For the parameter Ki

1
where i % 0, N, the problems is solved by considering a set of differ-
ence equations satisfied by f_ (t)'s , where £ (t) is the probabil-

ity density function (p.d.f.) of the required distribution statting



ix
initially from a position m. This is discussed in detail in Sec-
tion 2.6. We have not given the expression for the generating func-
tion of the Laplace transform with respect to time of time-dependent
probabilities, though we are able to do so as in Chapter I, since we
are unable to obtain its inverse transform.

Lastly, in Chapter II mention must be made that the existence of

stationary conditions is achieved only when Py = AN/ <l .There are
A/w (i=0,1,...,8-1).

no restrictions whatsoever on the values of,p:.L
Also vwhen N is infinite we will etill have a stationary distribution
proﬁided a certsin series converges (See Section 2.7).

A study of the above queueing process suggests another problem
which is mathematically analogous to the problems discussed before
but whose physical interpretatién is quite different. This is con-
sidered in Chapter III. It is the case where the arrival intensity
is constant but the service rate u changes according to a rule very
similar to the change of M in Chapters I and II. The (N + 1) values
of K are denoted by By Hys f.;, Ry and, associated with these values
of 4, are N pairs of integers'(rl, Rl),»(re, R2), cees (rN, RN) sat-
isfying the same requirements as in Chspter II. The problems we deal
with in Chapter III are exactly'the same as in Chapters I and II and
‘the corresponding results are very similar in form. Thus, for example,
the probability of the server being idle in the case when N = 1 is

given by the reciprocal of

i ‘ X O O .
1-p, " (R« r) —= » Py tl



in the case where M is changing and p fixed (Chapter I), and, by

the reciprocal of

pRFr-1 p _p

l:-Lb'(R'r)g»R 2 l""o’él
(o] bo - bo 1l- bl

vhere bi = N/ui (i = 0, 1), in the case where W is changing and M
fixed (Chapter ITI).

In Chapter III we have not considered the above special case
(N = 1), but all appropriete formulas can be obtained from the general
case by proper identification of the parameters. In the special case,
it may be noted that if we put uo =0, r= Orwe have vwhat is known as
the (O,R) doctrine introduced By Yadin and Neor [7].

The title of Chapter III is "A single-counter queue with change-
able service rate." The reason why we call it a single-counter
instead of a singel-server is because, in'effect, we have only one
counter but we bring in or drop out helpers or auxiliary servers
depending upon whether the number of units in the System increases
or decreases within a certain specified range.

In Chapter IV we consider a queueing process under the assump-
tions that the service time has an exponential distribution with
parameter M and the arrival intensity A is neither constant nor con-
trollable, but rather a random process of a Merkovian type. We have
consideréd a very special case where A assumes only two values ho
and hl’ though in principle the methods developed are genefal. We

assume that the probability of arrival in a small interval of time



of length 5t is either Koﬁt or hlﬁt. If at any instant of time the
arrival rate is Ko, then in the next interval bt the probability that

ho will change to A, is ﬂoﬁt. Similarly when the arrival rate is Kl,

1
the probability that it will change to ho in the next interval 8t is:
Klﬁt.a oL e o o .

A considerable pert of Chapter IV is devoted to problems arising
from the\arrival process described above, Specifically, these prob-
lems are (i) the distribution of the inter-arrival time, (1i) the
joint distribution of two successive inter-arrival times, (iii) the
probability generating function of the number of arrivals in an inter-
val of length t, and (iv) the Joint probability generating function
of the number of arrivals in two successive non-overlapping intervals
of lengths t, and t,. As expecied, vhen we put.ho =N (= N say), all
results reduce to those of Poisson arrivals with parameter A, A
result which is intuitively obvious is that the mean number of
arrivals in an interval of length t is given by (ﬂ6 K°+ ﬂlhl) t,
vhere “i is the proportion of time in which the arrival rate is
hi (i= 0,1).

As far as the qneueiﬁg part is concerned, we can determine only
the fraction of time in which the server is idle or busy. We are able
to write down the queueing equsations complétely; but the solution, at

present, seems intractable. The probebility of the server being idle

is obtained by the method of generating function, and this is
A
= A r A = - = = .
P(G) P(O: O) + (OJ l) 1 (ﬂopo + T&pl), pi i/“’ (1 0,1)

This result is intuitively obvious. We are not able to determine
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P(O,Kb) a_na_y(o,hl) .separately, where P(0, 7»1) is the probability
that the server is idle and that the arrival rate is Ai'

If, with the same arrival brocess, we comsider the queueing pro-
cess with é limited waiting room, of size N say, it is possible to
obtain an explicit expression for the stationary distribution for

small values of N. For large values of N, the solution can be

expressed in a determinantal form,



CHAPIER I
A SINGLE-SERVER QUEUE WITH CONTROLLABLE

ARRIVAL RATE - A SFECIAL CASE

1,1 Introduction. In this chapter we are considering a single-server

queueing process under the following assumptions: -
(a) The service time is exponentially distributed with mean
duration - 1/ .
(b) The arrival process is what may be called "controllable

Poisson arrival process with two arrival satesg®,

Meaning of "controllable Poisson arrival process with two arrival rates":

In any queueing process we have a cycle consisting of two phases called
the idle and busy periods respectively. Suppose at some instant of time

the system is idle, that is, there are no units (customers) in the system.

Units then start coming in a Poisson stream with intensity A = )b'
The arrival rate AN is equal to )b a s long as the number of units

in the system (Bs) is less than some prescribed positive integer R.

As soon as zs reaches a value R, the arrival rate A changes from )b
to )1 instantaneously and it continues to be )1 as long as Es
is strictly greater than some other prescribed integer r, (r >0, r< R).
When 4 reaches the value r, A changes back from )i to )b andr
the same process is repeated; that is, the arrival rate will continue

to be )b until ES takes a value R again.



With the above assﬁmptions, we shall determine the stationary
probability distribution of the number of units in the system (and
also give the expression for its generating function) and its ex-
pected value, the expected waiting time in the system, the Laplace
transform of the distribution of the busy period and its expected
value, etc, In the case of the number of units in the system we
shall also give an expression for the genergting function of the
Laplace transform with respect to time of the time dependent proba-
bilities,

1.2 The distribution of Bs, the number of units in the system:

Let (n, )&) denote the state that zs =n and )i is the
rate of arrival where n=0, 1, 2, ... and i =0, 1. By virtue of
our assumptions, clearly, the states (n, )b) for n> R and the
states (nm, )1) for n< r are inadmissible. The diagram associated

with the process is the following:-

R-2 R~y

v 4]
’ """‘>/\D) IL -
f*\\ \

) ¥ — .
T+t 43 R'H R+2, />\‘)/LL<—-—

Diagram 1.1



Let P(t, n, 7\1) denote the probability, at time t, of the

state (n, 7\1) and denote by P(n, 7\1) the corresponding stationary

probability.

By employing the usual '5t' technique, we have the

following differential-difference equations for the process:

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)

(r.2.7)

(1.2.8)

(1.2.9)

P'(t,

P (t,

P'(t,
P'(t,
P' (%,

P (¢,

P'(t,

Pr(t,

0, ’b)

n, ?\O)

T, 7\0)

1]

n, 7\0)

R-1, A)
r+l, 7\_L)
n, 71)

R, A)

B, A)

- N P(t, 0, )b) + WP(t, 1, AO)

"'(U'"' 7\O)P(t: n, 7\0)"' “P(t: n+l, ?\O)
+Nﬁ@,nd,%ﬁ(n=l£”urd)

"(U"‘ 7\0)1:(13: r, 7\0) + UP(t: r+l, 7\0)

+ A B(t, r-;, A) + pe(t, r+l, A)
"(FH' 7\O)P(t: n, )\0> + IJP(t) n"'l; ?\O)

+ AOP(t, n-1, wb)(n=r+1,r+2,...,R-2)
= -(u+ )b)P(t, R-1, ’b) + 75P(t, R-2, 75)
= -t )1)P(t, r+l, )i) + wP(t, r+2, )1)
-(p$ )1)P(t, n, )1) + u P(t, n+l, )1)
+ NP(t,n-1, N)(n=r+2,r+3,...,R-1)
~(ue N)E(t, R, A) + pR(t, Rel, N)
+ )1P(t,R-l, )1)+ )bP(t,R-l, )b)
~(p+ NIB(t, n, N) + WP(t, 141, A)

+ )1P(t, Nel, )1) (n > R+1)



The following difference equations which the stationary proba-
bilities satisfy are obtained from the above differential-difference
equations by merely putting P'(t, n, )&) = 0 and suppressing the
" argument t from P(t, n, 7&) for 811 n and i, They can also be
obtained directly from the fact that the intensity of leaving a cer-
tain state is equal to thé intensity of coming into the state

(cf. Morse [5], page 16).

(1.2.10) pP(1, 7\0) - AP(o, 7\0) = 0

(1.2.11) i P(n+2, xo) ~{p+ 7\O)P(n+l, 7\0) + 7\0P(n, 7\0) =0
(n=0,1,2,,..,r-2)

(1.2.12) pP(r+1, 7\1) + uP(r+l, 7\0) - (u+ '/\O)P(r,7\0) + 7\OP(r-l, 7\o)=o

(1.2.13) |4P(n+2,ho) - (u+ %b)P(n+1,7B) + %bf(n,ko) =0

(n = I‘, I'+l, ¢y R-B)

(1.2.1k) - (u+ ?\O)P(R-1,7\o) + 7\OP(R-2, 7\0) =0
(1.-2.15) pP(r+2, 7\1) - (u+ 7\l)P(r+l, 7\1) =0
=0

(1.2.16) u P(n+2, 71) - {u+ 7\1)P(n+l, 7\1) + 7\lP(n, 7\1)
| (n = r+1, r+2, ..., R-2)
(1.2.17) MF(R+1,}4]_}~..(L:+){L)P:(B, D\l)-xJ\lP(R-l, A) +AB(R-1, A ) =0

(1.2.18) w P(n+2, 7\1) - W+ 71)P(n+l, 7\1) + 7\lP(n, 7\1) =0

(n> R) .



We shall solve the above difference equations and express all
P(n, )&)'s in terms of P(O, )b) , Wwhere P(O, )b) will be
deternined leter from the normalizing equation.

Notice that (1.2.11) is a homogeneous difference equation of the
second order with (1.2,10) giving the intial condition., We shall first

assume that M # u; then the solution to (1.2,10) and (1.2.11) is

(1.2.19) P(n, A) = pg P(O,) (n=0,1,2,... vy and
p, =A/u -

Similarly the solution to (1.2.13) with (1.2.14%) as the initial condi-

tion is given by
r

e R
(1.2.20) P(n, X)) = -;;r%—gﬁ (og - 6,)P(0, 1)
Q [s] .

(n = r, r+l,\ ceeey R’l) .
we can write equation (1.2.12) as
P(I‘+l, )\l) = (l + pO) P(I‘, 7\0) - DOP(r-l, 7\0) - P(I‘+l, 7\0)

and substituting the values of P(r, )b), P(r-1, )b) and P(r+l, )b)

from (1.2.13) and (1.2.14) we have the relation

pR+r

(1.2.21) P(r+1, A) = 2= (1 - o) B(0, A) .

o, = o

Again from (1.2.19) we have
Rtr-1
(o}

(1.2.22) P(R-1, ) = = 7 (1 - p )B(0, ) .

' Po = Fo



o

(1.2.24)  P(n, A)

Thus we have

R+r
(1.2.23)  P(r+1, N) = pB(r-1, y) = pg =(1- 0, )P(0, A).
Po = P

The case where )b = por p = 1 is obtained by solving the
equations directly or by taking the limits of (1.2.19) and (1.2.20)

as P, tends to 1. The following are the solutions

P(O: }b) (n = 0, l, eo e I‘) 3

(1.2.25) P(n, ) = %f-;lp(o, ) (n=r, r+1,...,B-1) and
P(0, &)
(1.2.26) P(r+1, N) = P(B-1, }) = T .

In solving the remaining equations we shall assume that
I 7‘1/“ < 1. The fact that we need the restriction p <1
will become obvious later when Wé impose the normalizing condition on
the probabilities,

The solution to (1.2.16) with (1.2.15) giving the initial con-

dition is
P(r+l, N) ner

(1.2.27) P(n, )\l) = -—(ml-)- (1 - P ).
(n = r+1, r+2, .., R)

where P(r+l, )1) is given by (1.2.21) or (1.2.26) depending upon the
value of Py

Next, equation (1.2.17) can be written as

P(R+1, A) = (1 + pl) PR, N) - P P(R-1, N) - P P(R-1, A) = O.
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Making use of (1.2.27) and (1.2.23) or (1.2.26) depending upon the
value of po , and after simplification we obtain

. P(r+1, )i) (- Ty

(1.1.28) P(R+l, 7\1) l-——(—l———;\—)' 1
S

P P(r, 71) .

Lastly, the solution to the difference equation (1.2,18) with

(1.1.28) giving the initial condition is

- P(r, ) oBR
(1.2.29) P(n, 73_) P(R, l) oy
P(r+l, Al) Rer. n-R
I R N
(1-0,) 1 1
1
(n > R) .
On normalization we obtain
o
(1.2.30) z [B(n, A)) + B(n, N)] = 1.
n=0 v
® R-1 r R-1
Now £ P(n, 7\0) = I P(n, 7\0) = Z P(n, 7\0) + X P(n, 7\0).
n=0 n=0 n=o n=r+l
Case (i) I # 1, we have
r rooa 1l - pz+l
(1.2.31) = P(n, A) = £ o PO, N) =P0, A) ———em
o] o o} o}
n=0 n=o0 l-p
o
and : r
R-1 R-1 Py

' R
(1.2.32) = P(n, A) e - p7) P(0, )
=r+l o n=r+1 pg - pR ° o

[}
™



®

R
oy P(0, A) o?l -0 R
= - (R"r"l) p .
r - R (l -p ) o}
po pO (o]

Adding (1.2.31) and (1.2.32) and simplifying we obtain

R-1 P(0, ) oS
(1.2.33) = P(n, 7\0) =  e———— - (R-r) —x F(0, 7\0)
n=0 1- Po Ps = Ps
P(0, A) P(r+1, A))
e ——  (Rer) —
1~ po l - po
on using the relation (1.2.21).
Case (ii) . P, = 1, we have
r r
(1.2.34) % P(n, 7\0) = I P, ?\o) = (r+1)P(0, 7\0)
n=0 n=0
and
(L235) 3 Bm A) - £ ER po, )
1.2.35 L Pn,A) = = = P(0, A
n=r+l o ersl BT °
P(0, A)
= —g [R(R-r-1) - Z(R+r)(R-r-1)]

1
I (rer-1)B(0, 2) .

Adding (1.2.34) and (1.2.35) we have when Py =1
R-1 1

(1.2.36) £ P(n, 7\0) = -2-(R+r+l)P(0, 7\0)
Nn=0

Note that (1.2.36) can also be obtained by taking the limit of (1.2.33)

as  pg tends to 1.



o] o]

Next £ B(n,\,) = = P(n, 7)) and
n=0 1 n=r+l
2o 5 R ) = B oA -1y
1.2'57 Z P n, = Z l - p
n=r+l )1 n=r+l 1-p 1
R-r
P(r"'l} ) -P
- A [(Rer-1) - =X ]
(L -pq) (1-0,)
(1.2-38) ;, P(n: ?\l) = C;: P(R) 7\1) pil-R .
n=R n=R
P(R, )
P(r+1, A)
= )\12 (l - pi{-r) >
provided Py < 1.

[oe]
Note that if p, > 1, the series 32 P(n, )1) would not con-
n=R
verge. That is, we have a stationary distribution if and only if

py < 1. This condition is intuitively obvious.

Summing (1.2.37) and (1.2.38) we obtain

» P(r+1, kl)
(1.2.39) b P(n, ) = (Rr) ————= .
Nn=r+l . (l - pl)

Substituting (1.2.33) and (1.2.39) into (1.2.30) we have for the

case p_ £ 1
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P(0, M) (o _-p.)
(1.2.40) =2 . (R-r) I P(r+l, N) = 1
(1-p)) (1- o )(1- p))
or on using (1.2.21) we obtain
| 1
(1.2.41) ¥(o, AO) = : g ;P A1
: 1 o Po "P1
—— ARr) ¢
1-p, Pg=P, L1-p

and substituting (1.2,36) and (1.2.39) into (1.2.30) we have for the

case po = 1

P(r+1, %l)

(1.2.52)  Z (Rerel) B(O, A ) + (R-7) = 1
)
(1 -p))
or on using (1.2,26) we obtain
(1.2.43) PO, A) = - 1 .
° % (R+r+l) + L
l-p

1
It Ins been verified that (1.2.43) can also be obtained as a limiting
case of (1,2.41).

Summerizing all the results obtained so far, we have for the dis-
tribution of the number of units in the system, subject to the restric-

tion that p

L < 1,
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3 . %ﬁpo P(O) 7\0) 3 po ;é 1
P(n} ?\O) = l' (n:O’l).._r)
r
~ Po P(OJ 7\0) n R) ll_ L
{‘ r - pR po po J po
i o o
P(n,N) = 03 (n=r,r+1,...,R-1)
i Re-n
{ R-r P(O,?\) ) po=l.
P(r+1, )
P(n, 7\1) = h (1 - p; ) (n=r+1,...,R) ,
P(r+1, A,)
1 R-r -r
Pln 1- > R
where Rer
- P
?i p;‘ - DR (l - DO)P(O, 7\0): pO ;é 1
P(I"i“l, 7\1) = °i OP(O 07\ )
2
p =1
1 (R-7) ’ o
and
P 1
R+T o -0 s porj= 1
=< -(R-1) 3 o) 1
l-po P, - p 1 - pl
P(0, %) =
1
P =1
1 1 ) o
5 (R+r+l) + -
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The probability of finding the system where 7\i is the rate

of arrival is given by

B2) = T e ) (1=0,1) .

From (1.2.33) and (1.2,36) we have

R+r

P
[ L - (R-r) _;2....§ JP(O, A)eft L
1-p, P, =P
(1.2.45) P( 7\0) =
‘.—é (R+r+1) P(O, 7\0) , P =1
and (1.2.39) gives
P(r+1, 7\1)

(1.2.46) P( 7\1) = (R-r)

where P(0, 7\0) and P(r+l, 71) are given by (1.2.4k4).
By means of straightforward algebra, it can be shown that the
probability that the number of units in the system (.ZS) lies be-

tween r and R is given by

: R-r +
Po 1=pg pz -ploQ 1-p;)
(-p,) R-r _
+ -(T_—p—i-)' r?:l Dl}:} P(0; 2\0)(9#1)
(1.2.47) Plr< 4 <R] = (55) R;:r" n
-l ) - .
[%‘(R—Hl) + — nfy P1 JP(O; 7\0)
(R-r)(1- pl)
(p_=1) .

o}
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Similarly, the expressions for the conditional probabilities that
the arrival rates are %b and )1 given that r < zs < R are,

respectively, given by

R
1 o)
- (R-r) ———
.’ 1 -po r _ pR
i (p,- ) (1-p ) R-r
; {(R- 1 z P;}
{ (l -0, ) (l-pl) n=1
(1.2,48) P[)/r< s, <R]-= J} o #1
| % (R-r+1)
- R- 4
{ (R-r) - i P?
% (R-r+1) + =l
(R-r)(1 - p)
and
p =1
§ 2 {(R-r) i (})
Rer) - =
p: 01; 1_p1 n=1 £
. R ’
|1 Py { (pg-ey) (1-p ) R-r n}
\ e = e—— (R / Z p
| | T TR 2aer -0,) (1-01) 1
(L.2.b9) P[N/r < 4 <R] = 4 Py A1
(1) - T o
R-r) - 2 »p
Y n=1 1
(R-r) (1-p,)
\
\ . . R-T ’
(Rer) - = o}
% (R-r+1) + n=1

(Rr) (1))
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1.3, The expected number of units in the system (Ls) and the

corresponding waiting time (W ): The contribution to L, from

the states (n, A ) (n =0,1,... R-1) is given by

R-1 r R-1
L, = Z n P(n,Ao) = I n P(n,)b) + 2 n P(n,%b) .
o n=0 n=0 n=r+l

Case (i) oy £ 1

1!

r T
Now £ nP(n,A) Z n pz P(0,7,) and after simplification

=0 n=0
we obtain
r r r
(1.3.1) = nPR(m) = P0,7%) o (-6 ) - v 6 (1-0)] .
n=0 l-po
Similarly, it can be shown that
R-1 R-1 nop P(O,%b) n R
(103-2) z n P(n;ko) = z T R ( po - pO)
n=r+l n=r+l (po - po)

I
Pq Po R-1
= P(O,A . r 1- ~R 1-
(0 °)<p-p>[<1-po>2{ o2 (1-p,) RN H(1-5.)

r R 1 R
e ot - A oF |

Adddng (1.3.1) and (1.3.2) we obtain

(1.3.3) [ G R Jron)
1.3.3) L. = - - i(Rir)(R-r-1 P(0,\
I et S e )
P(r+1, )1) P(r+l, %1)
= r) - —(R+r)(R- -1)
Usp) o (lwo) TSR

on using (1.2.21), fo £ 1.
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Case (ii) p_ =1

o)
r z r(r+l)
(1.3.4) Z n P(n,7\o) = Z n PO, 7\0) = P(O,?\o) ===
’ n=0 n=0
and it can be shown that
@35 5 mRma) = 5 n BB pon)
1.3.5 y nPnpr)= = n =— P(O,A
n=r+l *o n=r+1 R-r ’To

P(0,A.) 1
el t 2 {(RL)R-r(ra))

- 1 (ro1)R(2R-1)-r(r1)(2re)] |

Combining (1.3.4) and (1.3.5) and simplifying we obtain

(1.3.6) L % (82 + Rr + v° - 1) P(O,\,)

o}

i}

= % (R-r)(R2 + Rr + 2 - l)P(r+l,)1)
on using (1.2.26), Po = 1.

The contribution to L, from the states (n, )1) (n > r+l)

is given by

) R-1 )
L, = £ =nPmN) = 3 wR(an)+ 2 onP(n)) .
1 n=r+l n=r+l n=R

It can be shown that

R-1 R-1 P(r+1, N) Ny
(1.3.7) = =n P(n,)l) = ¥ n (1 - N )
n=r+1 n=r+l (1 -pl)
P(r+l, 7\1) 1 1 Py
= -3 =(R+r)(R-r-1) - x
—CT- “‘pl [ 2 pi (]_-pl)2

x {r pf_(l-pl')-Roi'l(l-pl)+ pi -91;3 .l
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o P(r+1, 7\1) n-R
(1.3.8) n-Z-j,R nP(n 7\1) = -(——_-‘%-)— (1 - ) pl

P(I‘+l,7\l) R- Py
=W(l-plr)2——— ('51"-3+l)

1 pl)
and addition of (1.3.7) and (1.3.8) leads to

P(r+1, 7\1) (R-p r) ‘]
(1.3_.9) le = W [—(R+r)(R-r-l) + —(—-——DI)

Adding (1.3.3) and (1.3.9) we obtain

(1.3.10) L. = P(O,\.) P(r+l )l: (B-pgr)
3. = ; - P(r+1,
S e} l'po 2 7\1 (l_po)2
(p.- pl) (R-plr)
+ -(R+r)(R-r 1) (lop e p 5 - - _pl)2 ] ’
P F 1

where P(0, 7\0) and P(r+l, 73_) are, respectively, given by (1.2,U41)
and (1.2.21).

8imilarly, adding (1.3.6) and (1.3.9) we obtain

1 (R+r)(R-r-1)
2 (L-0 )

(R -p,r)
. 012 }’ o =1
(1 -0)

(1.3.11) L, = P(r+1, 7\1) [ %(R-r)(R2+Rr+r2-l)

P(0, A.) ,
where P(r+l, 71) = '(f{'-_x'_;é- and P(0, 7\0) is given by (1.2.43).
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The expected waiting time in the system, by making use of the

well-known formula of Little [4], is given by

(1.3.12) W =

where 3\ (= A B xo) + le( Al)) is the actual expected arrival rate
under the operation of the management doctrine, and P( %o) and

P( kl) are, respectively, given by (1.2.45) and (1.2.L46).

1.4 The generating function of the probabilities of the number of units

in the system: Define the partial generating functions

R- ,
h(z, )b) = Zl' z® P(n, %O)
n=0
(1.4.1) .
n(z, \) = 2 P(n, }) .

n=r+1
Denote the probsbility of finding n units in the system by P(n);

then clearly the generating function of the P(n)'s is

(1.4.2) h(z) = nh(sz, Ao) + h(z, %l) .

With h(z, )b) given by (1.4.1) equations (1.2,10) through

(1.2.14) lead to
% [h(z: 7\0) - P(O) 7\0)] - (P- +?\o)h(Z, 7\0) + PP(O:?‘O)

+ A2 [h(z,xb) -z 'lP(R-l,%b)] + pz P(r+l, hl) = 0

which on simplification gives
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R+1 r+l1
W(1-2)P(0,A) + Ay 2 IB(R-1, %)= ue” R(xe1, \)

k. - N '
(1..3) n(z,2,) N 2o - (s A )zt w

Similarly with h(z, kl) given by (l.4.1) considering equations
(1.2.15) through (1.2.18) we obtain

r+l R+1

Wz P(r+1,ml) - A 2 P(R-l,xo)

(L.4.4) n(z,n,) = .
1 7,7\122'(“-4'7\1)2"'“

Case (i) o £ 1: Clearly, h(z,)b) converges for all values of =z,
The denominator on the right hand side of (1.4.3) has two zeros
occurring at z =1 and 2z =p/ A =1/p  and therefore the
numefator must vanish for these two values of z. That is, we have

the following two equations
Ao P(R-1, xo) - uP(r+1, xl) =0

p(1-2p IR(0,A) + A (1h IFB(R-LA ) - 11 )T R(r+L, N )=0

Solving these equations we have

\(l.lh5) P(I‘fl,)\l) = DOP(R"l:?\o)
R+r
Po
=5 (e JBON) .
Po " Py

As expected (1.4.5) is the same as (1.2.21).
Notice that h(Z,Kl) converges for }7 < 1 and that the denomina-
tor on the right hend side of (1.4.l4) has two zeros occurring at z=l

and z = 1/ pqe As has been remarked before, for the existence of
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equilibrium conditions we require p, <1, that is, 1/ pp > 1,
otherwise the server will be unable to deal with the customers as
fast as they arrive, We, therefore, disregard the zero z = 1/p 1
As before the numerator on the right hand side of (1.4.4) must

vanish at z = 1 and this leads to the relation
P(r+1, M) = p P(R-1, A )

which is the same as (1.4,5) and on using this relation we can
write

R+l 1+l

z -z )

w(1-2)P(0, ) + AP(R-1, 2 )(
A, 22 - (p+ 7\0)24- ¥l

(1.4.6) h(z,)b)

il

AB(R-1,A) (25 - )

(1.5.7) n(z,%)

A, 2° - (p +-Al)z +i

1

where Rir-l

p
P(R-L,A) = —— (1 - p )P(0, A)) .
Po " Po

On using the normalizing condition

1= 1i h( = 1i [h( ;7‘) h() )]
R

it has been verified that P(o,%b) is given by (1.2.41)., Thus we have
determined the generating function h(z) completely when po £ 1.

Case (ii) p_=1: Whenp_ =1 (1L.k4.3) gives
o o

R+1 r+l

(1-2)B(0, X)) + z
1 - 2)°

P(R-l,)b) -z P(r+1,xl)

h(z,)b) =
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Using similar arguments as before we obtain

(1.4.8) P(r+l, 7‘1) = P(R-1, ?\o)
P(0,7)
and
P(O’%b) 1 R n
(1.4.9) h(z,7\o) = Ty [1 - ) z z] .

n=r+l

The expression for h(z, )1) remains the same as before, that is,
it is given by (1.4.7) except that in this case P(R-1, %o) is given
by (1.4.8).

Again on using the normalizing condition we arrive at

1

1 1
-2— (R+r+l) + -(-1:5—1')

P(O,?\o)

which is the same as (1.2.43).

Having determined h(z), we can find out the moments of the dis-
tribution of the number of units in the system. As a check for the
expected number of units in the system we calculated h'(z)/z=1 and

got the same expressions as those given in section 1.3.

1.5 The Laplace transform of the distribution of the busy period and

its expected length: To obtain this we follow Bailey's method for

finding the distribution of the busy period in case of a simple queue
[1]. That is, we consider the modified process which ceases as soon

as the nurber of units in the system falls to zero. In other words,
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the state (O,Ab) may be considered as an absorbing state with the
condition that at the beginning of-the period the system is in
a state (1vxo).

With this understanding, we denote by Q(t, n, Ki) the proba-
bility of the state (n, 7\1) at time t. Note that P(t, n, 7\1)
introduced in section 1.2 has the same meaning as Q(t, n, Ki)
but for a different process. The differential-difference equations

which the Q(t, n, )i)'s satisfy are:

(1.5.1) Q' (t, o, 7\0) walt, 1, 7\0)

[0 1, A) = -weRJA(EL) + walt,2),)

L (em 2y)

-(p,+ )b)Q(t, n,7\o) + “Q(t) n+l)?‘o)+?\oQ(t: n-1, 7‘o)

(1.5.2) 9 [n=23...,r-1]

Q' (t,7, )

"( U."')\O)Q(t) r)?\O) + B Q(t’: r+l, 7\0)

—

+ AOQ(t,r—l,Ko) + pa(t, r+l, Kl)

‘(u*'?\o)Q(t)n: 7\0) + “Q(t)n"'l: 7\O)+ )\OQ‘(t)n'l;?\o)

./
I! Q' (t,n,)
i [n=r+l, r+2,...,R-2]

: Q'(t:R"l,J\O) = ‘(u‘*’?\O)Q(t:R'l;?\o) + AOQ(t)R"Q: 7‘0)
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Q' (6, 7+Lny) = ~(er A6, TH,0) + palE, T2, )

Q'(t;n: 7\1) '(I-J-+?\_L)Q(t;n:7\l) + HQ(t:n"'l;?\l)"' }\lQ,('b,n-l, 7\1)

[n = r+2, r+3,...,R-1]
(1.5.3)

Q‘(t:Rﬁ\l) = "'(u"')\l)Q'(t)R: 7\1) + HQ(t)R+l;7\l)
+2Q(t, R-1,A,) + AQ(L,R-1, A )
Q' (5,m, Ay) = -Gt A A(E 1,2 )+ pR(E,neL, A )+ A Q(EB-1,2)
[(n > R+1] .

Define the partial generating functions

R-1

n
Q(t: Z, 7\0) = nil z Q(t) n, 7\0)
(1.5.4) N
t’; ) = ? Q t; )
a(t, z, N) n=§+1 z A, n, N)

and because of the initial condition Q(0, n, 7‘i) 1 n=1 1i=0

0 otherwise

[}

we have

1
N

Q(o: 2, 7b)
(1.5.5)

]
(o]

a0, z, N)

Making use of (1.5.4), the set of equations (1.5.2) leads to
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_ 29 Q(t:z: 7\0) ) )
(1'5-6) 7 = D\O z - (}J."'?\o)z'*' 2 JQ.(t: 297‘0)‘ H.ZQ,(t,l,%o)

ot
R
- A FTR(8,R-, N)) + uaTTR(E, 7LD

Let us denote the Laplace transform of any function «(t) by

o*(s) where

(1.5.7) o*(s) = I e %t o(t) at .

Taking the Laplace transform with respect to time of both sides of

(1.5.6) and using (1.5.5) we get

Z[S Q*(S) Z:.)\o)'z] = [')\022-(”+7\0)Z+p]q*(8, 217\0)' NZQ*(S:]-: 7\0)

zR+l

- 7\0 Q*(s,R-l,')\o) +u zr+lQ*(s,r+1,7\l)

that is

pzQ¥*(s, 1, ?\O) + ?\ozR+lQ*( s,R-1 ,7\0) wzFtax(e , 1=l-l}\:|_.)-z2

(l~5°8) q_*(s, z:)\o) =

5 :
A 2o - (s +u+7\0)z + M

Since q*(s,z,}\o) converges for all values of z provided
Re(s) > 0, the zeros of the denominator in (1.5.8) must coincide with
those of the numerator. Let us denote the zeros of the quadratic ex-

pression N 22 - (s +p+7\i)z +p by a;(s) and Bi(s) where

-5—7\1-;- [(stp+ N)+[(svp+ 7\1)2 - hu%i]l/e}

£ o, (s)

H

(1.5.9)
1 Bi(s) 5 :;1 {(s+p+ 7\1)-[(S+ o }\1)2 - b p}\i]l/g'}

(i = O’l)
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1 'y .
» (s + +7\i), oy By = A and in (1.5.9)
we choose that value of the square root for which the real part is

so that <, + B. =
i i

positive. Setting the numerator of (1.5.8) equal to zero and sub-
stituting the two zeros Q, and B ° (at each of which the numera-

tor must vanish), we have

R
ua*(s,1, A ) + A, g @%(s,B-1, A,) - nal*(s,r+1,0) = @

(1.5.10) °
w@*(s,1, A ) + A BRRX(s,T-LA) - wB o QK(s,THLA) = B -
Similarly considering equations (1.5.3) and on meking use of
(1.5.4%), (1.5.7) and (1.5.5) we obtain
I-er+lQ*(S;r+l, 7\1) - 7\OZR+1Q*(S)R'1; 7\0)
(105-11) Q.*(.S: Z’?\l) = .

7\iz2- (s +u+7\l)z+p

Since q*(s,z, 7\1) converges inside and on the unit circle for
Re(s) > 0, the zeros of the denominator of (1.5.11) inside and on jz| =1
mist coincide with the corresponding zeros of the numerator. Using
Rouche's theorem, it can be shown that (see Saaty [6], page 89) the
denominator of (1.5.11) has only one zero inside the unit circle and
this zero is B, as given by (1.5.9), and there is no zero on

|z] = 1. Setting the numerator of (1.5.11) equal to zero at z = Bl

we obtain
(1.5.12) hQX(s,T4L, N) = Aogai'r Q*(s,B-1, ) .

Solving for Q¥*(s,l, 7\0) from equations (1.5.10) and (1.5.12) we

obtain after lengthy but simple algebra and noting that Oti ﬁi =N / 7\5_
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(oEt B
(1.5.13)  a*(s,1,7 ) = T
Al - Bg)
_ Op-r_ R-r R-r -
+(%)rl (o BOR) ] 5l§(a%rﬁ;) .
© 7\0((13 'Bo) {(ao - Bo)' Bl- (ao - Bo)}

Now the p.d.f. of the length of the busy period fb(t) is clearly

given by

il

(1.5.14) £, (t) Q' (t, 0, A )

walt,1, A) .

Teking the Laplace transform of both sides of (1.5.14) we have
(1.5.15) £%(s) = ua*(s,1, A )

(I—l/7\o) R-1 R-1
I Y T
(ai- Bi)[ °© e

+ B ) d r |
T (gD B - B

Recall that ¢, and B, (i =0,1) are functions of s and are
given by (1.5.9).

Thus we have determined the Laplace transform of the distribution
of the busy period., On differentiating f:’é(s) and setting s equal

to zero we obtain the expected length of the busy period given by



R+r
1_ , Rer N - Po o 41
LL-%O u-Kl %o of . pR’ o
(1.5.16) Eb(t) = 0 o
o
1 1 1
m [ §(R+r+1) + T 5 ] » Py =1

1.6 The Laplace transform of the distribution of time the system

spends in the subset of states {(n,7i)} before it goes out of the

subset for the first time and its expected value, (i =0,1): The

digtribution of time the system spends in the subset of states
{(n, Ko)} (n =0,1,...R-1) before it goes out of the subset for the
first time is clearly the same thing as the distribution of time,
in a simple queue, that elapsés before the number of units in the
system grows from 0 to R. The latter is known (see Saaty [6] ,
Exercise no. 17,-page 129) and we shall simply write down the
results: Let fo(t) denote the p.,d.f, of the required distribution
and let fg(s) denote its Laplace transform, then

oy Ao, - B)
(1.6.1) £%(s) = " Q§+1; B§+l) )

o o

where ao and Bb are given by (1.5.9). The expected length of the

period is given by

e

R
7\0_ m + (?'\.—E-};j'z [(M/?\O) - l] > 7\0 % B
(1.6.2) Eo(t) = °
R(R+1) ~ A
21 ’ o
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Similarly, the distribution fl(t) of the time the system
spends in the subset of states {(n, xl)} (n = r+l, r+2, ...) be-
fore it goes out of the subset for the first time is the same thing
as the distribution of time, in a simple queue, that elapses before
the number of units in the system reaches r < R, where R is the
number of units at time t = 0. The Laplace transform of fl(t)

is given by

(1.6.3) £4(s) = ai"r ,

where again Bl is given by (1.5.9) and the expected value

R-r
(1.6.%) El('b) = W .

Note: Saaty has also found the inverse transform of fzks) .

1.7 The generating function of the Laplace transform with respect

to time ofrthe time-dependent probabilities of the number of units

in the system: Let us denote by P(t, n) the probability at time

t that there are n units in the system, Then clearly,

(l-7ol) P('b: n) = P(t:n: 7\0) + P(tyn) 7\1)

Define the generating functions

R-1
h(t: z, 75) = z Zn P(t,n) 7\0)
n=0
(1.7.2) ¢ n(t,z, n) = s 2" P(t,n, A,)
’ )‘l n=r+1 T 3
n(t, z) = h(t,z, A)) + h(t, z, 71) .
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We assume that at time t = O there are no units in the sys-
tem and this leads to the initial condition

1, i

il
o

(1.7.3) (0, z, \) =

0, i=1

By considering equations (1.2.1) through (1.2.5) and making use

of (1.7.2) we obtain

(1.7.14‘) Z ah(t, Z, 7\0) _
at -

Doz - (e A )z +pln(t,2, A )+ m(z-1)B(t,0 )

R+1 r+1
- 7\OZ P(t:R"l: 7})) tpz P(t) r+l, 7\1)

Taking the Laplace transform with respect to t of both sides of
(1.7.4) and making use of (1.7.3) we obtain after a little simplifi-

cation

(1.7.5) el

1
u(l-z)P*(s,o,Ko)+)bz P*(s,R-l,%b)- P P*(s,r+l,%1)-z

h¥(s,2,N ) =
o] 2
. 7\0 2 (s +p +7\0)z _—
Meking the same kind of argument as in section (1.5) we arrive
at the following equations
(1.7.6)

1
H(10 )P*(s,0,A )+N, o

R+1
o P*(s,R-l,)b) -pa P¥(s,r+1,3 ) = a,

R+1

w(1-B )P*(s,0, A )+N B~ P*(s,R-L,A ) -p 6?1 P*(s,7+1,N) = B

vhere O and B are given by (1.5.9).
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Similarly considering equations (1.2.6) through (1.2.9) we ob-

tain as before

r+1 R+l
wz P¥(s, r+l, )1) - A2 P*(s,R-l,)b)

(L.7.7) n¥(s,z,) = 2
712 -f(s+|..l+7\l)z+ B

where

R-r

P¥(s,R-1, 7\0)
1

(1.7.8) wP*(s,r+l, 7\1) = N B

and again B, is given by (1.5.9).

Now (1.7.6) and (1.7,8) are three linear equations in three
unknowns and hence all the unknowns cen be determined. That is,
both h¥*(s, z, )b) and h¥*(s, z, xl) can be determined. The
generating function of the Laplace transform with respect to time

of the P(t,n)'s is obviously given by

(1.7.9) h*(s, z) = h¥(s,z, ) + b¥(s,z, M)

Note: Because of the fact that
(1.7.10) 1im s P¥(s, n) = 1im P(t, n)

8 —>0 t =>o
we can get (1.14.3) and (1L.4.4) from (1.7.5) and (1.7.6) respectively
by means of (1.7.10). As a check we see that if we use the same
operation on (1.7.8) we obtain (1.k.5).

1.8 Remarks: On putting N =M all the results or formulas for

a simple queue, subject to the usual restriction po <1 for the
existence of equilibrium conditions, can be obtained from this

chapter.
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It is possible to superimpose a cost structure on the problem
and on defining a cost function, optimization may be carried out.
The parameters R, r and hl are assumed to be under the control
of menagement and appendix (a) summarizes an approach to the

selection of their optimal values.



CHAPTER I1
A SINGLE-SERVER QUEUE WITH CONTROLLABLE ARRIVAL

RATE - THE GENERAL CASE

2.1 Introduction, In this chapter the assumptions for the distri-

bution of the service time is the same as in Chapter I. The assump-
tion regarding the arrival process is more general in the‘sense
that we allow the arrival rate A to take (W+1) values, vhere N
is an integer 2 1.

Let the (N+1) values of A be denoted by Ao’ %1, cee, )N

respectively and let (ry, Rl), (r2, Ra), veeers (T Ry be W

pairs of integers satisfying ry =2 0, rl < T, < veese < Ty

Rl < R2 < esoeses < RN and r, < Rl, r, < R2, ceveney I < RN'

Suppose at some instant of time there are no units in the system.

Units then start coming in a Poisson stream with intensity A= %O.
This arrival rate %b remains unchanged as long as the number of units
in the system ( £)) 1is strictly less than Ry. When Bs assumes

a value R. the arrival rate changes instantaneously from Ao to )1.

1
After the change takes place, the arrival rate will continue to be 71

as long as 1.+l < gs < R,-1. If zs goes down to ry then

1 2

changes back from %1 to Ko and in order that Ao change again

to )1, zs has to grow to size Rl and the same process is re-

peated. With 7 assuming a value 71, should Bs grow to a size R2
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the arrival rate changes instantaneously from J\.l to >~.2 and it

continues to be 7\2 as long as T, + 1< zs < R3-l. If zs

goes down to I, then A changes back to 7\]_ vwhereas if £

reaches a value R5 the arrival rate changes instantaneously from

s

7\2 to 7\5 When A changes from 7\2 to 7\5, the arrival rate
will continue to be 7\3 as long as r3+l < _.Gs < R-l and

will change back to A, if and only if .ES goes down to rs

2
and will assume a value 71; should Zs reach a size Ru and so
on. When N\ assumes a value A, , We have r+1 < 4, < R-1. If

N-1" N
ry_y» M changes from Ay to N2

whereas if Zs grows to size RN N will change instantaneously to

ZS goes down to a value

A, and at this last stage it will continue to be 7\1\1 unless ﬂs

goes down to Ty

for all .@s > Ty + 1.

In this chapter we shall restrict ourselves strictly to equili-

when A changes back to 7\N_l; that is, N = 7\1\1

brium conditions and we need (as in Chapter I) the restriction

7\N < B for the existence of stationary probabilities, When we
draw the state diagram of this pr.ocess we see that there are N
loops which may or may not overlap depending upon the values of the
r,'s and R,'s (i =1,2,... N). In every case we have (N+l) sets
of equations corresponding to the (N+l) values of A . We shall
again denote by (n, 7\1) the state that 4 =n and N = N

(n=0,1,2,...; i=021,2,... N)o
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2.2 The distribution of g the number of units in the system:

(I) The case of N non-overlapping loops: This is the case where
(0 < ry <R <r,<Ry<.... < Ry, <7y < RN) . The diagram of

the process for this case is as follows

[2 ~\

-r 7 /\o /—L%"
A \‘*

“F;'H 1» — /\U/u  —
/_ A,
e e s -
\(‘l.rl RZ N-{ R'V-/‘ > )\ ) (( —-
/ N\-Z ,I
f'l;\ \)‘ "%
Yo RGP Lae
Y41 R, Nei
N=-j- -1 Ny
/L{ -
A ptt Ry
> \Nj/L =

Diagram 2.1
The stationary probabilities P(n, Ai)'s satisfy the following
(N+1) sets of difference equations. We shall refer to the set
corresponding to ), as the i-th set and denote it vy (i)
(i =0,1,...,N).

Set (0)
(2.2.1)  wP(1, A) - AP(O, A) =

(2.2.2) uP(n+2, 7\0) - (p+ 7\0')P(n+l, 7\0) + 7\0P(n, 7\0) =

(n = O,l,...,rl-2)

(2.2.3) pP(rl+l, 7\1) + pP(rl+l, 7‘0)’(”‘“ 7\O)P(rl, 7‘0)’“ 7\01>(rl-1, 7\o)= 0
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(2.2.4) uP(n+2, ko) - (p+ )b)P(n+l, ho) + 76P(n, )b) =0

-3)

r+l’.'.,R

(n = rl) 1

1
(2.2.5) - (p+ 7\O)P(Rl-l,7b)+ AOP(Rl-E, 7\0) =0,
Set (i) i:l,e,tco, N"l
(2.2.6) pP(ri+2, 7\i) - (p + xi)P(ri.n-l, 7\1) = 0
(2.2.7) uB(n+2, N) - (p + 7\i)P(n+l,7\i)+ 7\iP(n, 7\1) =0
(n = r;+1, ri+2,...,Ri-2)
(2.2.8) p,P(Ri+l, 7\1) - (p+ 7\i)P(Ri, 7\i)+ 'AiP(Ri-l, 7\1)+ Ai_lP(Ri-l, 7\1_1)
= 0
(2.2.9)  pP(m+2, A,) = (w+ N)B(nel, ) + MB(n, A,) =0

2)

(n =Ry, Rytly vees Ty -

(2.2.10) pP(r+1, 7‘i+1)+ pP(r+1, Ai)-(uml )P(ri+l,7\i)+7\i]:"(r-l, 7\1) =0

i+l i+l i+l
(2.2.11) |J.P(n+2,7\i) - (p+ 7\i)P(n+l,7\i) + ?\iP(n, xi) =0

(n'—':r. ) I‘+l, -o.c,R-B)
10 i+l

(2.2.12) - (u+N)E(Ry -1, 7‘1)+ 7,_,LP(R_-12, A;) =0,
1+

get (N)
(2.2.13)  pP(ry2, Ny = (u+ Ag)P(zytl, M) = 0

(2.2.14) pP(n+2, %) - (p+ €ApP(orL,ay) + MP(n, Ay) = 0
(n = rNﬂ, ;~N+2, voss By=2)
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(2.2.15)  pP(RL, Ny) - (A)P(RyA+NP(R-1, 7\\,)*?\1\]_11’(31}1, A.1)=°
(2 2.16) pP(n+2_AN)-(u+)N)P(n+1 )N)+ )NP(n_)N) =0 (n> RN) .

In solving these (N+1) sets of equations we shall deal only with
the case where Ai £u (i=0,1,2,,..,N-1). The results for some or
all 7\l = 4 can be obtained as limiting cases.

Notice that when we geplace r:L and | Rl by r and R respec-
tively equations of the set (0) are the same as equations (1.2.10)

through (1.2.14) and hence the solutions to equations of the set (0)

are given by

i P(n, K ) = pn P(O‘,k ) (1’1 = O,l,oco,r ) 2
lo) (o] (o] ’
(2-2017) prl R
o) n 1
P(n, 7\0) = = ( Py ~Po )®(0, 7\0)
pl_pl
0 o]
(n=I'l, I‘l+l, e e e ,Rl-l)

and

P OP(Rl_l’ 7\0)

(2:2.18) P(rl+l, 7\1)
' R, +r

o 171
o
= = ] (l - QO)P(O) 7\0)
I
o )
vhere  p, = )&/u (1 =0,1,2,...,N) .

Next we shall solve equations of the set
(i) for i = 1. Equations (2.2.6), (2.2.7) and (2.2.8) are the same

as (1.2.15), (1.2,16) and (1.2.17) when we replace r; and R, by
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r and R respectively and therefore we have

P(r,+1, A,) n-r
(2.2.19)  B(n, 7)) = —E—2 (1-p, T
(n=rl+l, T2, ey Rl)

and
(2.2.20) 'P(Rl+1, xl) = plP(Rl, )i) .

The solution to (2.2.9) which is an ordinary homogeneous dif-
ference equation of the second degree with (2,2,20) as the initial

condition is

n-Rl
(2.2.21) P(n, kl) = P(Bl,'hl) N
P(rl+1, Al) . R,-r; DRy
(1 -0,)
(1’1 - Rl, Rl+l, LR ] r2) .

Similarly the solution to (2.2.11) with (2.2.12) as the initial con-

dition is given by

P(re, Rl) n R

2
(2.2.22) P(n, “1) = P, R, ( Py - P 1 )
Py ~P1
(n - I‘2+l, I‘2+2, [ ] Rz-l)

where P(r,, Al) is given by (2.2.21).

2
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Notice that we can write equation (2.2.10) as
P(r2+l,A2) = (1 + pl)P(rz,Al) - plP(r2-1,7i)-P(r2+l,)i)

and substituting the values of P(re,Kl), P(rg-l,)l) and P(r2+l,Kl)

from (2.2.21) and (2.2.22) we arrive at the relation

P(r_,A\.)
2 2 (1.
(2.2.23) B(r A) - R, - (1 py)
Py - P3

it

plP(Rz"lJ 7\1) ]

on using (2.2.22) for n=R, ~ 1.
Also on using (2.2.21) for n = r, We can express P(r2+l, %2)

in terms of P(rl+l, )1). The relation is given by
R +r oy R

22 1 1
P Py = Py
(2.2.24) P(r2+l, xg) = = % — \P(rl+l, Al)
2 2 171

and recall that P(rl+l, )1) is given by (2.2.18).
On using (2.2.23) we obtain an expression alternative to (2.2.22)

for P(n, )1) and this is

P(r2+l, Ag) n-R

(2.2.25) P(n, ) =
M (1 -0,)

(n = ry 1+, r2+2,...,R2-l) .

Let us now summerize the solutions to equations of the set (1)
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P(r +1, A,) n-r
]!/a P(n")\l)‘ = L 1 1- pl l)
1
i (n=rl+l, rl+2,...,Rl) s
' P(r,+1,2,) R, -T
(2.2.26) P(n,).) = —tell (1,1 1y 2R
1. ~ 1 P
(n=Rl) Rl+l, ev 0y I'2) k)
\\ P(r +1,7.) n-R,.
2 70 2
P(n) 7\1) = pl - l)
(1 - pl)
(nﬂl‘z’ I'2+l, 200 ; Re‘l)
where R2+r2 rl Rl
Dl pl - Pl
P(I‘2+l, ke) = r2 : 'R-2 Rl-"'rl‘ P(I‘l‘l'l, 71)
P - P P
1 1 1

plP(RE-l’ 7\1)

and

i}

P(rl+l, 7\1) poP(Rl-l, 7\0)
pRl+rl
o]
(l -p )P(O, 7\ ) .
1 Rl 0 o]

P~ =~-P
o o

Recall that this last relation is given by the set (0).

Notice that the sets of equations (i) (i = 1,2,... N-1) are
exactly the same except for the differences in the subscripts of the
parameters. In solving the set (1) we made use of the information
P(rl+l, )1) = ;3OP(R1-1, Ab) given by the set (0). Similarly

set (1) gives the information P(r2+l, xe) = plP(RQ-l’ Al) for
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solving set (2). In view of the remark made at the beginning of
this paragraph, clearly the solution to set (2) can be obtained from
the solution to set (1) by merely replacing No Ay Py Ty R,
r2 and R2 respectively by ‘Az, AB, Py Ty R2, r3 and R3' The
information supplied by set (2) for solving set (3) is
P(r5+l, AB) = °2P‘R3'1’ Aa). In this way we solve equations of the
sets (1), (2), ..., (N-1) successively, Furthermore, we notice that
equations of the set (N) are the same as equations (1,2.15) through
(1.2.18) vwhen we replace A, Al, r and R respectively by

0

and R, and hence the solution to equations of

M- Mw Tn N
the set () can be obtained from the solution to equations (1.2.15)
through (1.2.18).

We now write in condensed notation the solutions of the equations
of the sets (0), (1), +.., (N) wunder the restrictions Py £ 1

(i =0,1,... N-1) and, as has been remarked before, for the exis-

tence of the stationary probabilities we need PR < 1.

P(nJ ko) = pg P(O} AO) (n-"-'o, l,o.n,rl s
(2.2.27) prl R
P(n, 3) =—5— Rl(&j - p,DIR(0, 3 )
pol “Po

(n-—-rl, I‘l+l, co sy Rl"l) L
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For i=1,2,...,N-1, we have

P(r;+1, M) n-Ty
P(n) 7\i) = _—(T-'-'—p-lT (l - pi )(n:ri+l,ri+2,...,Ri) s

P(ri+l, %i) R, -7, Dn-R;
(2.2.28) P(n, ) = ——(—l—_—p—iT(L q° Ty T(n=B,Ritl...,1 o),

P(rg,,#1, Ay,y)  neRy

(n——-r. F) r+ l sse R - l) .
S i T i
Finally, we have
P(ry+l, M) n-ry
N (‘P(n, AN) = —TET:TEEJ——(I -y )
(2.2.29) (n=ry+l, r+2, oo, Ry)
P(r +1 '}\N) RN-r n_RN
N N
P(n, AN) = —rif:"gEy-f(l - Py ) Py (n > RN)
where
P(r +1, N) = pR(Ri-1, A))
| p§l+rl
. 2 0
(2.2.30) " —F R (1 -p,)2(0,7), and
Po =~ Po

P(r.+ 1, 7‘:'1+l)

o:P(R - 1, A\,)
i+l o i+l )&

!
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1417 141 Ty Ry

1 Py = Py N
(2.2.30) = 7T, R, R.AT. P(r;+1, i)

1+1_ N i+l 0 i"i

Py 1 1

(i = 1,2,000,N"l) .

The only unknown involved now is P(O, )b) which will be determined
later from the normalizing equation. We postpone this for the time
being.

(II) The case of N overlapping loops: That is, the case vhere be-
sides the general restrictions on the ri's and Ri's given in
section (2.1) we have an additional restriction rygq < Ry

(i =1,2,...,8-1), The diagram of the process for this case is

given below

ol M Ry

/\\ —\XX —y )La,/{té...
A o
Ll Ry —_— ) A
Tt R P AL M
M S A
' 3
Tt P»\ R,

4

Diagram 2.2



The sets (0) and (N) of equations which the stationary

probabilities P(n, 7\i)'s satisfy are exactly the same as in case

(I). The i-th set is given by

set (i) i=1,2,.0.,N-1
(2.2.31) p,P(ri+2, 7\1) - ( p+ 7\i)P(r1+l, 7\1) = 0
(2.2.32) pP(n+2, 7‘i) - (p+ 7\i)P(n+l, 7\i) + 7\iP(n, 7\1) =0

(o= 1,41, r.42, vou, T = 2)
+ + i+l

(2.2.33) p,P(I"+ 1, 7‘i+1)+ n P(r‘+ 1, 7\1)-(p+7\_,L)P(ri+l, 7\1)
i+l i+l

+7\iP(ri;ll, 7\1) = 0

1

(2.2.34) u P(n+2, 7\i) (p+7\i)P(n+l, 7\1) + 7\iP(n, 7\1) =0

(n = I'i+l, r.+ l, ve ey Ri-a)
i+l

(2.2.35) wP(R+1, 2, )

(p+7\i)P(Ri,7\i) + ')\iP(Ri-l,?\i)
+ )\i_lP(Ri-ul, 7‘i-1) = 0

(2.2.36) pP(n+2, ;)

(p.+7\i)P(n+l, N+ 7\iP(n, 7\i) =0

(n=R-, R.+l ooo,R-j)
S i+l

(2.2.37)

(A P(R 7,1, Ay) + AiP(Ri;la, N) =0,
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Again we first solve equations of the set (i) for i = 1.
Notice that (2.2.31) and (2.2.32) are exactly the same as (2.2,6)
and (2.2.7) respectively when we replace T by Ri and hence

we have

P(r +1, A, ) -r

(2.2.38) P(n, 7\1 7——-———)'— (1 - pl

(n = r+1, ?l+2, ceny r2)

1y

where P(rl+l, Al) is given by (2.2.18).

The equation (2,2.33) can be written as

P(rtL,N) = (1 +p))B(ry M) - P P(rm1,N ) - B(rptl, B,)

Substituting the values of P(rz,)i) and P(r2-1,71) from (2.2.38)
in the above equation after some algebraical steps we arrive at

r -r. +1
P(rl+l, 7\1) 2771

(2.2.3 P'r +1, = - - P(r +1, A
2.39) P(r,+1, ) @ o 1-n ) - B(rp+1, M)

where P(r2+l, AQ) is not yet known.,

The solution to the difference equation (2.2,34) with (2.2.38)

for n=r, and (2.2.39) as initial conditions is given by

P 1, n- P s N =T
(2.2.40) P(n,)yi) = (rf )\l) 1-p rl) - ._(.I.'Ef_.._)(l - p;_l 2)
(1-0.) 1 -e)
(n = Ty Totly e, Rl) .
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Next, equation (2.2.35) can be written as

P(Rl+l, 7\1)' = (1 ml)P(Rl,xl) - plP(Rl-l, 71) - pOP(Rl-:L,?\O) .

Making use of (2.2.40) for n = Ry and n =R,-1 and also the re-

lation P(rl+l,%1) = poP(Rl-l,)b) we arrive at
(2.2.51)  P(RFLA) = o P(R,A) - B(zp#l,) -

The solution to (2.2.36) with (2.2.40) for n = R, and (2.2.41) as

initial conditions is given by '
‘ r R

P(r.+L,A,) py> - pT
A Nl S S S
(2.2.42) B(n,N) = T-5) pRl+rl P1
1

P(r 1, Ay) n-r

+ -Tjjjr?zzy ( Dl - 1)

(n = Rl, R

l+l, a0y Rz-l) . .

Lastly, equation (2,2.37) leads to
(L +0)B(Ry-1, M) = p P(Ry-2, A)

Substituting the values of P(R2-l,kl) and P(R2-2,71) from (2.2.42)

into the above equation and after some algebraical steps we obtain

R2+r2 rl Rl
" Py Py = Py p )
(2.2.43) P(r2+l,7\2) = 5, E, ﬁlﬂ‘l , (rl+;L,7\l .
S Py
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On substituting the value of P(rl+l, hl)_ from (2,2.43) into
(2.2.42), it can be shown that

P(r2+l,%2) n-R

(2.2.43)  P(n,) = T (g 2.1)

(1’1 =R F} R +l, es ey Ra-l) »

1

from which we also have the relation
(2.2.44) P(r2+l, 7\2) = plP(Re-l, 7\1) .

Thus we have completely solved equations of the set (1) and note that
for solving set (1) the only information we need from the set (0) is
the relation P(rl+l, )1) = pQP(Rl-l,%b). Similarly, we use the
relation P(r2+1,)2) = ;iP(Re-l,)i) for solving set (2). Making
exactly the same argument as in case (I) we give below the solutions

of the sets (i) (i =0,1,...,N),

) - P(n, 7\0) = prol P(O’?‘o) (n =0,1,..., rl) ]
(2.2.45) J‘x pzl Y
“ P(n,N) = N 2y (o, -0, )2(0,2 )
Po = Py

(n = I'l, I‘l+l, seey Rl-l) .

For i=1,2,...,N-1 we have



P(r +1,M; ) n-r,

PP(H;?\)——E—B-T—— 1- oy )

(n=ri+1, 2 e ee, ri+l) ,

P(r+l7\) n-r,

P(n,k)—jm—lp l)-

P(r + 1, 7\.+l n-r

i+l
e al

(2.2.46) 0(\

(n=r. Fy r + l, [N R. ) )
,! i+l 141 : i

\ i ;'r.+1l, Ai"-'»l : n-Riv1
P(nJ 7\1) = ( P, - l)

(l = pi) i

(n=R-, R.+l) cs ey R-l) .
voE i+l

- Finally, we have

P(r,+1, A,) n-r
P(n, 7\N) = (T I\_IQN).)\N (l - P N N)
(n = I‘N‘*‘l, I‘N+2,..., RN)
2.2.47
( ; P(rN+l, 7\N) Ry-ry, D-Ry
| B(n,. Ay = Ty (L-0y4 7)oy

where

i+l)

46

(n> Ry)
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r P(rl+l, 7\1) = poP(Rl-l, 7\0)
pRl+rl
= 0 (1 -
= T, (1 pO)P(O,?\O), and
, ) Py ™ Py
(2.2,48) '1
'V P(r + 1, A,,) =0, P(R -1, N)
sl i+l T
ii
pRi+l+ Tiel pri pRi
i Fi T4
S T PlrgtL M)
i+l 0 i+l 0 i i
pl -3 i

(i = l,a’oao,N‘l) .

Again P(0, Ko) will be determined later from the normalizing

equation.

(III) The casé of N trivially overlapping loops: This is the case
where r; . = R, (i =1,2,...,N-1) besides the restrictions on the
r;'s and R,'s as given in section (2.1).

The diagram of the process for this case is as follows
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b} all R-i
' ! — /\,3 )//C &
PR Yo
R,=T2 R{f . /\\
T+t A ‘ 5!/{" e
M !
Ry=5 )
Y+t —7 Az, A e
R - "NN‘:
- .
““‘X;J“** — A
3 N y Al A—
)3 '\)‘w-z /
/ RN::IN R"\"'l . L{
N4t TN
-{
/“ My
Y‘N"T‘l RN
——y ,\N )/(“.\ -

Diagram 2.3

This case is really & special case of both (I) and (II) with the
understanding that r, , =R, (i = 1,2,...,N-1). The difference
equations satisfied by the stationary probabilities are the same
as in cases (I) and (II), except that instead of equations (2.2.8),
(2.2.9), (2.2.10) of case (I) or equations (2.2.33), (2.2.3L4),
(2.2.35) of case (II) we only have the single equation

(2.2.49) ;LP(ri:ll, Ki+l) +,lP(ri:ll, Ai) - (p+ Ai)P(ri+l,Ai)

+ )iP(r -1, Ai) + Ki_lP(Ri'l’xi-l) =0
ial
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The solutions for the P(n, ki)'s are the same as in case (I)
except that in (2.2.28) the case where n = Ri+l,.....,ri+l does
not arise, or are the same as in case (II) except that in (2.2.45)
the case where n = T+ 1, seee, Ri does not arise.

Having obtained z;i solutions for the above three basic cases
it is easy to see how to obtain the solutions for other cases that
we have not considered.

Let P(7&) (i = 0,1,...,N) denote the probability of finding

the system in a state where the arrival rate is )i' Clearly
]

P( 7\1) = % P(n, 'Ai) . It can be shown, on paking use of
n=0 .
relations between P(riill, )R+l)’ P(r;+1, ki) and P(0, %O) as

given by (2,2.30) or (2.2.48), that in every case

R -1 P(0,) P(r,;+1, N)
(2.2- 50) P(?\o) = nio P(n,'i\o) = W - (Rl-rl) —ﬁ-—_-—p—'o-j—— )
R -1
i+l P(ri+1,k )
(2. 2-5 l) P(}\i) = = P(n, 7\1) = (Ri-ri) W
n=ri+ 1 Bt
P(r.+ L 7‘J‘.+1)
- (R, ., -1, ) i+l
i+l i+l (1- pi)

(i = l,2,clu;N"'l) 5

0 P(I‘N+l,_7\1\.')
(2.2.52) P(AN) = n=1§: " P(n, 7‘1\1) = (RN-rN) W .

N
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N
The normalizing condition requires 1= = P( ki) which on
. 3 =0

using (2.2.50), (2.2.51) and (2.2.52) leads to

P(O")\O) ) g (R_ ( pi-l "'pi)

l-ri.)(l" pi-l) (l" o] i)

(2.2.53) 1 = P(r +1,M,)

(l - po) 1=l,
where the P(ri+1, ki)'s are expressed in terms of P(O,Ao) by
means of relations (2.2.30). Thus we can determine P(O,ko) from
(2.2.53). We have therefore determined the probability distribution

of the number of units in the system for all cases considered,

2,3 The expected number of units in the system (Ls) and the corres-

ponding waiting time (WS): We discovered above that the expressions

for the P(Ai)'s for all cases considered are exactly the same, The
same is true in this case too and this will be obvious from the next
section when we deal with the generating function..

Denote by L, the contribution to L, from the states (n,)i),

i
where

[+ ]
L. = L n P(n,xi) (i =0,1,2,...,N) .
i =0
It can be shown by means of simple but lengthy algebra, wherein we

make use of the relations (2,2.30), that for all cases

o) © R,-1 y ) o (07 )-(5 ) P(rl+l,hl)
(2 e = Z nP{n = —— P 0’ - -0 T e ———————
s, o Ny (l_po)2 o 1071 (1- po)e

1 P(r +l,%1)
3 (Rl+rl)(Rl-rl-l) 13f%3327—-.
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FOI‘ i = 1,2,000,N"l

R-1
A P PP SRS -t
(2.3.2) L. = £ nP(n,A)=3R,+r,)(R,-r,-1) ==
85 et +1 2y VTV -137:f7§7_
: ) P(r+1,M,) : ) P(riill’ki+1)
+‘ R.“p r. . g - R. - p I,
i MiTi (l _ pi)z i+l Tivi+l (1 - pi)2
.l P(ri:il, Ai+l)
3Re1*0540) Ry Ta0g71) - :
- Py
oo ) 1 1 ’ ) P(_rN+l,7\N)
(2.3.3) L, = 5 nP(n, = (R Ty, J(Rpmiiomd ) setisoammmmnie
W nergsl T = R T oy
Pr+1, Ap)
N 2
+ (Ry-ayry) ———5~

Combining (2.3.1), (2.3.2) and (2.3.3) we obtain

N P
(2.3.4) L, = £ L, = ——5P0OM)

i=o i (1 -po)

(P 4-°y)

(1-p,_1)(1-9;)

N r(R,-p .T,)
i M.l3 1
[—-—-————-——-— * 3 (Ri+ri)(Ri-ri-l)

-2 2
i=1 (l - pi-l)

(R,- p.r.)
Bl -4 }p(riﬂ, A)
where the P(ri-i-l, 7;1)'3 and P(0, 7\0) are known from (2.2,30) and
(2.2,53).
The expecting weiting time in the system (WS) is, on using Little's

formula, given by
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N
L, , vhere A = f—-o?\iP(?\i) .

(2.3.5) W

fl
=’lik‘

2.4 The generating function of the probabilities of the number of

units in the system: The probability of finding n wunits in the

system is given by

N
P) = Z Rn)) .
i=0

Define the generating functions of the P(n)'s and P(n, 7\i)'s as

follows
e}
n(z) = = 2"P(m)
(2.4.1) =0
[+
n(z,N) = E znP(n,%i) (i =0,1,2,...,N)
n=0

and recall that the following states are inadmissible

(n,?xo) for n> Ry-1

z‘(n,7\i) for n<r;+#l, n>R-1
i+l

(i =1,2,000s, N-1)

(n,?xN) for n<ry+1 .
Clearly
N
(2.4.2) h(z) = iz; h(z, ‘)\i) .
=0

Using the definitions (2,4.1) by considering the difference
equations of the set (0) for all the three cases considered in

section (2.2) we arrive in every case at the following
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Rl+l rl+1
p(l—z)P(O,ko)#\oz P(Rl-l,7\o)- Kz

2
7\0z - (u+7\o)z + 1

P(rl+l,7\l)

(2.4.3) n(z) =

This is so because equations of the set (0) for all cases are the same
as equations (1.2,10) through (1.2,14) when we replace r, and R;

by r and R respectively.

Also it is easy to see that in every case equations of the set
(i) (1 =1,2,...,N-1) lead to

r.+1
-5’— [h(z,)\i)- z ™ P(ri+l,7\i)] - (u"'?\i)h(z.v?\i)
R-1
i+l
+ %iz[h(ziki) - Z - P(Ri;ll,ki)]

R r,
i i+l _
+ N7 P(Ri-l,%i_l) +uz P(ri:ll, Ai+l) =0,
vwhich on simplification gives
ri+l T Ri+'l -
(h:gzﬂ\l) = ‘[uz. :‘P(ri+l,7§ii) - 7\.1.!_12 P(Ri..j&, ?3.-1)

(2.4.4) R+1 r+ 1
i+l i+l 2
S e R R A s G Ve E

Lastly, the set (N) of equations for all cases is the same as

equations (1.2.14) through (1,2.18) when we replace ry end Ry
by r and R respectively and hence

Tyl Ryl
z 7 PlrgrlAy) - Ay gz B(RgL, Ay o)

M
b, z, = .
(2.4.5) n(z, %) ?\NZQ TrCRE—
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Except for the subscript 1 in ry and Rl equation (2.&.5)
is the same as (1.4,3) and hence as in Chapter I we arrive at the

following relation

(2.4,6) P(rl+l,7\l) P P(R -1,0)

(1 -po)P(o,xo) .

Let us first consider (2,4.4) for i = 1, Making use of (2.4.6)

we can write

(2.4.7) '
T +l R +1

Bz, W) « [P, )z T -zt Jene ) P‘(R -1, N)
r2+l o
-pz P(r2+l,)2)]/()lz -(pﬁ)i)z +p 1.
Since h(z,\ ) converges for all values of 2, the zeros of the de-
1
nominator of (2,4%.7) must coincide with the zeros of the numerator.

But clearly the zeros of the denominator occur at z=1 and
= l./pl and hence we arrive at the following equations
MEP(R,-LA;) - p,P(r2+l,7\2) = 0
R +1 R

ry+l 1 o*t
pB(r+1,0 ) [(3/e)) & =(1/0)) = I\ (2/e)) © P(R-LN)

r2+l
- u(l/pl) P(ry+1,M,) = 0 .

Solving these two equations we obtain
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(2.4,8) P(r2+l,7\2) = plP(Rz-l,?\l)
pR2+r2 prl pRl
L 11 P(r.+1, A )
= , .
prz- pR2 @R1+r:L 1 1
1 1 1

Similarly considering (2.4.4) for i=2 and making use of (2.4.6)

and meking exactly the same argument as above we get

P(r3+l,75) = 9213(33-1,7\2)
R3+;3 r2 R2
Pyo Py = Py
= T R. R 41 P(r2+l’)é) :
5,03 22
Po~ Po >

~ In this way we continue considering (2,4.U4) successively for

i=2,3...,N-1 and obtain

(2.4.9) P(r.+ 1, 7‘i+1) = piP(R‘— 1, 7\i)

i+l i+l
R & B
= —— P(r.+1,A,)
T, R R.+1, i i
N i+l 0 i+l 0 i 71
i T3 i

(i =1,2,.4.,N-1) .
Lastly, notice that (2.%.5) is the same as (1.h.4) when we re-
place N by 1 and hence we consider only the zero z=1 which

occurs in the denominator of (2.4.5), We disregard the zero 3z = Lﬁ)N
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since for the existence of equilibrium conditions we require
l/pN >1 and h(z,?xN) may not converge for |z| > 1.

Setting the numerator of (2.L4,5) equal to zero and substi-
- tuting 2=1 (at which the numerator must vanish) we obtain the

relation

P(rN + 1, 7\N) = pN-l-P(RN" 1, 7‘1\1-1)

which is the same as (2,4,9) for i = N - 1,

Using (2.4.6) and (2,4.9) we can now write
Rl+1 rl+1
p (1-2)P(0, ?\o) B P(rl+l, 7\1)(2 -2 )

(2.4.10) h(z,A)
© g7\0,32‘(“+?‘o)z+|4

R, +1 r. 4+ 1; :
‘ (1-2)P(0, 7)) + (= 1 -zt "’)P(rl+l, N)

Po 2’ '(l *9924' i

r.+.1
i+l )P(I‘.

G T e ez L f 1)
z -2 rar ’7‘i 2 -2 i1t M4

(2.4.11) h(z,?\i)
piz2 - (1 + pi)z +1

(i=l,2,|l.ll, N" l)

r+ 1l +1
(zM --zf.ll\I )P(rn+ 1,7\N)

(2.4.12) h(z,xﬁ) = .
pﬂzg - (1 + pN)z +1

Taking the limits as z —> 1 of (2.4.10), (2.4.11) and (2.4,12)

and using 1'Hospital's rule we obtain the expressions for the

. P( %-i) 's since



P(A) = lim h(z, M)
z —> 1
 and as expected these expressions are the same as (2;2.&9),
(2.2.50) and (2.2.51), Thus we have determined the generating
* function h(z) = g h(z,Ki)? where the h(z,ﬂi)'s_are given by
(2.4,10), (2.h.1i§0and (2.4,12), The relation between the
P(ri+1,hi)'s and P(o,ho) is obtained from (2,&.6) and (2.%.9)
and P(O,Ko) 1s determined from the mormalizing condition (2.2.52).
It may be noted that (2.4.10) and (2.%,11) are true even if
some or all pi's (1 =0, 1, «es, N-1) are equal to unity wheras
(2.4.6) and (2.4,9) will have to be modified by taking limits.
Having determined h(z), we can find the moments of the

distribution of the number of units in the system by usual

nethods,

2.5 The Laplace transform of_the distribution of the busy

period. As in ﬁhe case of the generating functién, we get the
same expression for the Laplace transform of the busy period-
distribution for all cases considered in Section 2.2. We shall
therefore deal only with case (I), that is, the case of N non-
overlapping loops. As in Section (1.5) we consider the modified
process which ceases as soon as the number of units in the system
falls to zero. The initial condition is that at the beginning of

the period the system is in a state (1,%6). Again we denote by

o7

Q(t,n,hi) the probability of the state (n,hi) at time t. The (N+1)
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sets of differentisl-difference equations which this process satisfies are}
Set (0)
(2.5.1) Q! (t,o;;\o) = “Q(t:l:ho)
Q' (t:l,}‘o) = "(“' + }‘b)Q(txl:Ko) + “Q(tsea}"o)

O (5,mt1,h ) =Lk )a(t,nH,8 ) + HA(t,me2, A ) + A Q(t,m,N )

(n = l, 2, esey 1‘1~2)

(205-2) Q' (t’rl’}‘o) _'(_“"'}"O)Q(t;rl:}"o) + HQ(t,I‘l"‘l,}\o) + }"OQ(t:rl‘l:}"o)

+ nQ(t;rl"’l:}‘l)
Q‘(t,n+1gko) = -(u+Ab)Q(t,n+1,hb) + uQ(t,n+2,Ab) + AbQ(t,n,ho)

(n = I‘l,rl+l, ecoy Rl-s)

Q! (t’Rl-l’}‘o) = '(u"'}‘o)Q‘('t:Rl'ly}‘o) + }\OQ(t’Rl-Q’}\o) ’

Set (i) i = 1, 2’ ey N"l

' (6mg #1,8) = -(hh DAty 41,0 ) + BQ(t,T 42,0,
Q" (6,m11,A ) = -(bh )Q(t,0e1 ) + 1R(6,m92,1, ) + A,Q(t,n,1, )

(n = +l, r +2, sesy Ri"2)

i i

Q' (t,R;,A ) = -(ur)a(t,R, M) + HA(t,R,+1,M ) + M Q(E,R,-1,M, )

A 1.
+ i_lQ(t,Ri 1, 1-1)
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Qr' (t,n-'.l}}\i) = ‘(FH-}‘:I.)Q(t’n.'-l’)‘i) + “‘Q(t)n"‘e’}'i) + }\iQ(t}n)xi)

(n =Ry, Ri+L, oo, 1, ,0-2)
QU7 45N ) = =(wh)alt,ry 0N ) + HACE, 7, +1,A)
+ ?\iQ(t,riﬂ-l,?si) + “Q(t’ri-i;1+l’}"i+l)
Q' (t,041,0,) = -(w+h )Q(t,0+1,0, ) + Ba(t,042,N, ) + M Q(t,0,0,)
(n = Ty Tyaqtls eees Ri+l-5)
Q4R =LA = =(0)A(6,R, =10 ) + Ma(t,R o -2,M)
:Set (W)

Q.' (t)rN"'l))"N) = "(I‘J""Xn)Q(t)rN*';J}"N) + HQ(tJrN"'Q}}"N)

Q! (t;n"'l: KN)

'(u"'}"N)Q(t)n"'l})‘N) + uQ(t)n+2)}\‘N) + ANQ(t’n)}"N)
(20501") (n = rN+l, rN+2, essy RN"E)

Q! (t'RN’)\N) = ’(u#\N)Q(t"RN’}‘N) + “Q(t)RN‘*'l:}‘N) + hNg(t’RlV-l’AN)
+ )\N-lQ(t’RN-,l’XN-l)

Q! (t)n"'l:}‘N) = ‘(“"'}‘N)Q«(t:n*'l:}“l\]) + uQ,(t,n+2,7~N) + }“NQ(t:n:}‘N)

(‘n >R .
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Introduce the partial generating functions

R1-1 n
Q(t:zy)‘o) = I ZQ(t,n,)\o)
- m=l
- Ryt
(2.5.5) a(t,z,h) = = 2°Q(t,n,M, )
n=ri+l

(i = l’ 2, seny N"l)

a(t, z’)\l\l) = gJ an(t:n,}“N)

n=rN+l

and because of the initial condition mentioned above we have

oo Q(Q: 2y >‘o) = 2
(2.5.6)
9.(09 Z, }\i) =0 , i;éO .

Applying (2.5.5) to all equations of the (N+1) sets above
except the first equation of the set (O) ,A that is, Equation (2.5.1),
and then taking Laplace transforms with respect to timeb t and meking

use of (2.5.6), we obtain as in Section 1.5

Rl+l , ‘rl+l
uzQ*(s,l,ho)#\oz Q*(s,R,=1,M )bz

2
Q,*(s,rl+1,?~l)-z

(2.5.7) q*(stzi}‘o) = 5
hz - (s+|4+?~.°)z + B



oL ri-l-l R +l
(2.5.8) q*(s’z’hi) = [Hz Q*(s,ri+1,ki)-xi_lz Q*(s,Bi-l,Ki;l)

e R, .+1

1+l
+ hiz Q*(S’Ri+1'l’hi) .

. Tyt A )VIN 22 A 1
- Mz Q*(s,ri+l+l, i+l) /L 1 2 ~(s+p+ i)z +H
(i = 1, 2, ssey N"l)
rytl . RN+1 N
Hz " QX(s, L Ny) < Ay gzt @H(e,RyL Ay )

(2.5.9) q*(s,2,y) =

P
A -
NZ (s+u+AN)z +

Let the zeros of the guadratic Kize - (s+u+hi)z + M be denoted

i by o, (s) and 8, (s):

o a, (s) =% {(s4pr,) + [(s+u+>»i)2-hu?\i]l/2}
(2.5.10) |

Bi(s) = E%;{‘S*“+Ki) - [(s+u+Ai)2-huhi]l/2}

(i = O, 1, 2, esey N)

where in (2.5.10) we choose that value of the square root for
vhich the real part is positive.
Making exactly the éame argument as in Section 1;5, tﬁat is, that
- the zeros of the denominator must coincidé,with the zeros of the numera-
tor in (2.5.7), (2.5.8) and (2.5.9) and further that we consider only

those zeros that 1ié inside the circle of convergence we arrive at the
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following equations

I
Q

R
“Q*(s:l:hb)+K°Q%1Q*(S:Rl'l’xo) lQ*(S r +l’hl) =

O"!O"i
f
W

R
¥ (5, 1,8, )#h B Ta#(5, R ~1,% )-8 Tex (s, +1,M ) =

g R i+1Q

A LA, A -1,A

Mot Q*(s,ri+l, i) 11% o (s,R 1, 1.7 + 5% (s,Ri b i)

= Fi+
(2.5.11) -ua& 1Q;*(s,ri+l+1,?~i+1)=o
R

A YA ~1.A

usi Tqx (8,2 41,0 )-M, B, 1ot (s, Ry =LA 1)+ s Q*(8,R; 1-1,M)

Titla,, .
By (8,7 + oMy 4n)=0

(i = l, 2’ eeosy N“l)
“BN Q*(s r +1’ ) - M lBN Q*(B’RN l, ) = 0 .
(2.5.11) is a set of (2N+l) linear equations in (2N+l) unknowns

and hence Q*(s,l,hb) can be determined.

But the p.d.f. of the length of the busy period fb(t) is clearly

given by
fb(t) = Q' (t:o;}‘o)
= uQ'(t,l’KO)’ on U.Sing (20501)‘
That is
(2.5.12) £#(s) = wax(s,1,h)
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on taking Laplace transform, vhere Q#(s,l,ﬂo) is determined from
(2,5.11). Thus we have shown how in principle to obtain the Laplace
transform of the distribution of the busy period. In practice it

may be very complicated.

2.6 Thg Laplace transform of the distribution of time the system

spends in the subset of states {(n,Ki)}, (1=0, 1, «.., N) before it

goes out of the subset for the first time. Clearly the problem for

the two cases 1 = 0 and i = N is the same as in Section 1.6, More
specifically, for i =0 the result is given by (1.6.1) with r and R
replaced by rl and Rl respectively and for i = N the result is given
by (1.6.3) with B,,* and R replaced by By Ty and R, respectively.

We shall now deal with the case where i # O,N. Without any loss
of generality let us consider the case i = l; That ig, we are
interested in the distribution of time the system spends in the
subset of states {(n,h )} vefore it goes out of the subset for the
first time either to the subset {(n,KQ)} or the subset {(n,K )1

Recall that for the subset {(n,hl)}, n goes from r,+1 to R,-1.

Let us demote by fm(t) the p.d.f. of the required distribution
given that initially it started from the state (m,hl). On using
the notation e(u+%1) for the exponential distribution with paremeter

H+W1 it is easy to see that the following equations are true:

A

P _u ' 1 \er
(2.6.1) frl+1 = ';EXI ?(“"}‘1) + Eﬁz e(“‘“}‘l)@ frl+’2
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oo ) A
. 1
(2.6.2) Tasl = E:x; e(uh,) @ T * Ten u+hl e(uth) & p
(n = I‘l+1, I‘l+2, oy R2-3)
. h .
. . A
(2.6.3) fRQ-l = I‘:'XI e(u+7\1) e fR2_2 + “+)‘l e(p+ 1)

vhere © stands for the convolution and we have suppressed the argu-
ment t in the f (t)’s for convenience,
On taking the Laplace trensform with respect to t of (2 6.1),

(2 6 2) and (2.6.3) we have
N

(2.6.4) £ (8) = b 4 ok % . (s)
r +1 p+Al+s (u+hl+57 rl+2
. . 1
(2.6.5) £%.1(8) = e £x(s) + N % 40(8)
(n = I'l+l,rl+2, LXXY) RE'S)
. " N
(2.6.6) f"ﬁe_l(s) “ T fig o(8) + e u,,,\fs .

Notice that (2,6.5) is a homogeneous difference equation of the
second order and (2,6.4) and (2,6.6) give the initial conditions. The

solution to (2.6.5) is
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(2;6;7) £*(s) = elﬁloz(s)]"n + C2[B(S)]m

(m - rl+l,rl+2, Vn.o, Re-l)

whére
afs) = aé;[(u+xl+s) + {(u+hl+s)2 - huhl}l/ej
B(s) = Z,%-itcmfs) - Unate)® - an 2]
1 R_-2 1 R.-r.-3
¢ =p L (w2 {(uer se)Beh g L [(uh 4s)-n p))/lp B L L(HA 4e)
1= F 1 1 17"
'Ala}{(u+h1+s)ﬂ-u}-aﬁa-rl-3{(“*A1+s)'hls}{(“+h1+s)a““}]
and
r.+1 +1 R _-2 R -1 -3
¢, = pll [hlafl {(u+hl+s)-hla}-ua 2 {(u+hl+s)a-u]/[ﬁ 21 {(u+Al+s)

RE-rl-B
-h o (weh +8)p-k}- {(uer +8) -2 B H (k4 +8)a-pi )]

Thus, we have obtained the Laplace transform of the p.d.f. of

the required distribution.

2,7 The case when N is infinite, When N i1s infinite it is clear

that the existence of equilibrium conditions depends upon the

convergence of the series [see (2.2.52)]

L _ .
(2.7.1) £ (B,-r, (s n Pi), P(r, +1,M,)
1=l (1-p;_;)(1-p;) P(0,7.)




and recall that because of (2.2.30) the ratio P(ri+l,Ki)/P(O,Kb)
involves only the pi's, ri’s and Ri‘s. If the above series converges
then all the appropriate formulas developed in this chapter will

still hold when the number of loope is infinite.

2,8 Remarks., On putting Al = Ke =...=’~N = ho’ all the corresponding

results or formulas for & simple queue, subject to the usual restriction
P, < 1 for the existence of equilibrium conditions, can be obtained
from this chapter. |

It ie also possible to superimpose a cost structure on the problem
and define a suitable cost funcﬁion. The parameters involved in the
cost function are clearly Ty Ri'and Py (1=1,2, ooy N)o We shall
not attempt to pursue this probleﬁ further as even in the case of &
single loop we are not able to get explicit expressions for the optimal

values of the parameters.



CEHAPTER III
A SINGLE-COUNTER QUEUE WITH

CHANGEABLE SERVICE RATE

3,1 Introduction. In this chapter we are consildering another

gueueing procéss under assumptions which are in some sense the
opposite of those considered in the first two chapters, The
following assumptions are made: |
(&) Arrivals constitute a Poisson process with fixed parsmeter A,
(v) Service time is distributed exponentially? but the parameter
of the distributioﬁ, M, is subject to changes depending on realiza~
tions of queue size,

Let (rl, Rl), (re, Re)’,“” (rN, RN) be N'pairs of integers
1 1 { Rl,Ar2 < Ra, sess Ty < RN; ry < r,
< e <1 <R. < ,4¢ < RN‘ Beginning from the moment the

§ 71 2
system is idle, the service rate K assumes a value K eas long as

satisfying r, 20, r. <O, r

1
; R

the number of units in the system ([s) is strictly less then R,.
When Ks gssumes & value Rl,’the'service rate changes instantaneously

and as long as [s satisfies r, + 1 < [s < R,-1 the

1 1l 2
service rate will remain constant st “1’ Should [s go down to

from uo to &

- rl, B will change back from ”l to po and in order that “b changes

and the same process is

to K. again fs has to grow to size R

1 1

repeated, With M assuming a value K

2

, should [s reach a size R
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M will change instantaneously from ul'to MQ vhere the service
rate will stay constent as long as IS satisfies v, + 1 < [s < Rs-l.

It will change back to M. when [s drops to a size r_, but will take

1 2
a value u3 when Is attains a size R3.7 The case here is similar;
Bo= ks as long as Ty + 1< {s < R,-1 and W will change to W, vhen

Is = Iy but will assume & value W, when [s reaches a value R, and
80 on. When W = M . we have rNjil.S Is < Byl If [s drops down
to a size rN-l’ B will change from W, 1 to ”N—Q vwhereas if fs grovwse
to a size RN’ ¥ will change instantaneéusly to Hy and gt this last
stage there will be no further chﬁnge in M unless [s’goes down to
a size rN_when B changes back to “N;l' That is, K = uN for all

[s 2 Ty

Under the above model, we are ;nterested in finding the stetio-
nary distribution of the number of units in the system (and also the
generating function) and its expebted value,.the expected waiting
time in the system, the Laplace transform qf the distribution of the
busy period, etc, It will be seen later that for the existence of
steady state conditions we need the sole restriction A < HN.

As in Chapter II ve shall restrict ourselves to three cases
only, that is, the cése of N nonwoverlapping loops, the case of N
overlapping loops and the case of N trivially overlapping loops.

The soluiion to other cases cah easily be inferred from the solu-
tions of the above three cases. We shall deal with the first case
in detail whereas for the second and the third we shall simply

write the solutions directly as the mathematical techniques are very



similar to those

in Chapter II, We denote by (n, v.i) the state

that [8 =nend K = ui (h=0,1,2 eeej31=0,1, 2, ..., N).

By virtue of our

inadmissible

assumptions the followlng states are clearly

(n, uo) for n > R,-1

(n, ;) forn<r,+l, n>R, -1

i i+l
(i = l, 2, seey N‘l)

(n, W) forn< .

3.2 The distribution of [(s, the number of units in the system.

(I) The case of N non-overlapping loops, that 1s, the case where

(OSrl<Rl<r2

<R, <... <RN-1< rN<RN)' Ihe diagram of

the process for this cage is given below:

R-1

' ——p "}'J/l(u &
\\,\

e Ryt -
R‘ by k—-——) X)/L("f-
M
B
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Y .
ot ! 2 X /3N31_~> ) /4 —
TNy
Y R -
M N"’?«}_ :'( .
T+ et Vv
N-; A
/”{(
N
Y R
N‘f’l N

— }/,UN Ca

Diagram 3.1
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Denoting by P(n, ui) the stationary probability of the state
(n, ui), the system gatisfies the following (N + l) gets of
difference equations. We will denote by (1) 1 =0, 1, oo, N)

the set corresponding to ui.

Set (0)
(3.2.1) I"'OP(l) “o) - » P(0, ”‘0) =0
(3.2.2) uoP(n+2, uo) - (u°+x) P(n+1, uo) + A P(n, “b) =0

(n=0,1, ..‘., rl-e)

(3'.2‘.3) M P(rl+1, uo) - _(u°+>~)P(rl, uo) + A P(rl-l, “o)
+ ulP(rl+1, ul) =0

(3;2;h) uoP(n+2, uo) - (pb+h)P(n+1, uo) + A P(n, uo) =0

(n = rl, I'l+l, ceny Rl-B)

(3.2.5) - (B #IP(R -1, M) + N P(R-2, 1) =0
Set (1) i=1,2, .00, N-1
(3.2.6) WP(ry 42, 1) = (B +NP(r+1, b)) = 0
(3.2.7) by P(n2, By) - (b +A)P(n4, k) + A P(n, 1) =0
(n = r 41, ri+2);.., Ri-2)
(3.2.8) ”1P(R1+1’,”i) - (ui+A)P(Ri, ui) + A P(Ri-lg ui)
+*MP(R-1, Wy 1) =0
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(3'209) “iP(n".a) p'i) - (“’i+}\)P(n+l’ p'i) + A' P(n, I"'i) = 0

(n =Ri, R +l, 0oy r 2)

i i-1"

(3.2.10) uiP(ri+l+1, ui) - (ui+h)r(ri+l, “1) + A P(ri+l-l, ui)
+ ui+lP(ri+l+l, “1+1) =0

(3.2.11) uiP(n+2, ui) - (ui+h)P(n+1, ui) + A P(n, pi) =0

(n:r +l, coey R 3)

141’ T141 141"

(5.2.12) - () (R,

-1, ui) + N P(R

Set (I)
(3'.2.,13) P(ry+2, w) = (WeAMP(r#1, we) =0

(3.2.14)  pyP(ne2, Kp) - (uN+A)P(n+1, By) + A P(n, By) =0

(n = I‘N+l, 1’.‘N+2, saey RN-E)

(5.2.35)  WR(EAL b)) - (NPR, 1) + A PR, 1)

+ M P(Ry=1, My ;) =0

(3:2.16)  wp(ase, 1) - (4WB(asL, W) + A Bn, ) = 0

(n > Ry) -
We shall solve the above (N+l) sets of difference equations
and express all P(n, ui)'s in terms of P(O, uo) which will be
determined later from the normalizing equation, Furthermore we

shall only deal with the case A ¢,ui (1 =0, 1, 2, 4u., N-1). The
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results for some or 8ll A = ui can be obtained as limiting cases.,

Equations (3.2.2) of the set (0) is a homogeneous difference
equation of the second order with (3.2.1) giving the initial condi-

tion, The solution is given by
. : 0
(302fl7) P(n: IJ.O) = bo P(O) l“"o) (n =0, 1, erey rl)

(Wote that b, and Ay introduced in Chepter ITI have the same meaning,

i
but for differemt processes.)

Similarly the solution to (3.2,4) with (3.2.5) as the initial condi-

tion is

. . R . .
(3.2.18) P(n, 1) = (b2 - bol)P(O, b ) (n=r 7. +1)e . o R -1),

1 1

b T - Db
o o

Substitution of P(rlfl? uo), P(rl, “o) and P(rl-l, uo) from (3.2.18)

and (3.2.17) into (3.2.3) leads to

(3.2.19) P(rl+1, “1) = blf(Rl-l, uo)

R 4r. -1
b b 171

a S (1 - D )P(0, K) .

. r
bt-p
[o] [s]

This formula may be compared with formula (2.2,18).
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Next we shall solve equations of the Set (i) for i = 1. The
solution to the difference equation (3.2.7) with (3.2,6) as the
initial condition is
3 P(r, 41, H) ner, S
(3.2.20) P(n, “l) = —-(T—_-EIT- (1~ 'bl )(n = rl+l,rl+2)...,Rl),- :
Substituting the values of P(Rl, ul) and P(Rl-l, “1) from (3.2.20)

into (3.2.8) and meking use of (3.2.19), we arrive at the relation

] P(r.+1, H.)  Rer
(3:2.2)  p(r 41, ) = bt (1- 5.1 1)
1 1 1 (1 - b ) 1
' 1

= blP(Rl, ul) .

Now (3.2,21) serves as an initial condition for equations (3.2.9),

the solution of which is

- P(r,+1, M. ) R,-r, n-R : :
(3.2.22) P(n,_ |-l ) = """"]"-'-'-"""'}"‘ (1 - b l l)b l (n‘:-'R ,R +l,‘oo,r )c
N 1 1 1771 2
1l

The solution to (5,2.11) with (3.2.12) as the initial condition is

o P(r., . ) R
22 "1 n 2
(3.2023) P(n, p‘l) = T;—_R; (bl - bl )(_n—-re,rg’l“l,oco, 32 1)0
by -y

Substituting the velues of P(r2+l, Hl), P(re, Hl) and P(r,-1, Ml)

into (3.2.10) we obtain on using (3.2.22)
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Ry-1
ol byb " Blry,k,)
(3.2.24) P(r2+1, u2) = bQP(Rz—l, ul) = o (1 - b,)
b, = b,
R2+r2-l | rl Rl
_ Doty bt
e P(r.+1, M)
r, R R, +r 1 1
b5 -2  pll
1 1 1

vhere P(r 1+l B ) 1s given by (3 2, 19)

Making use of (3,2.24) we can write (3. 2.25) in an alternative form

P(r +1, p. )

(3.2.25) P(n, “1) = 5— (b -1)(n = 2,r2+l,...,R -1).

2 (1 - bl)

Thus we have solved equations of the set (1) completely. Notice
that the set of equations (1), (1 = 1, 2, ..., N-1) are exactly the
same except for the differences in the subscripts of fhe parsmeters.
In solving the set (1) we made use of the information P(r1+1, ul)
= blP(Rl-l, Ho) given by the set (0). Similarly set (1) giyes the
information P(r2+l, “2) = b2P(Re-l, Hl) for solving set (2). Cleerily
the solution to the set (2) can be obtained from the solution to the
set (1) by merely replacing Wys oy By Tq5 Ryy T and R, by ue,v
Hsy by Ty, Ry, Ty, and Ry respectively., In solving the set (3) we
meke use of the information P(r3+1, MB) = b3P(R3-l, u2) and so on.
In this way we solve all equations of the sets (1), (2), «.., (N-1)
successively. The soluticn to the (N-l)th set cen be obtained from
that of the first set by merely replacing K., My, bl,'rl, Rys Tpo
and R2 by K N-1’ uN N-1 TN-1° RN 1 Ty and RN respectively.

Furthermore, we have the information P(rN+1, uN) = bNP(RN'l’“N;l)



75

for solving the (N)th'set, With this informetion the solution of

the (N)th set is given by

o P(r, +1, H.) n-x.
(3.2.26)  P(n, uy) = (? - be (1 - by N)(n=rN+1,rN+e).._.,RN)
- P(r,+1, - - |
(3.2.27)  Bln, 1) = e o ) oy a2y

(1 - by)

Summerizing the results, we have for the solutions of the

equations of the sets (1) (1 =0, 1, .., N)

'P(n, po) = b:P(O, “o) (n = O’ l, crey I‘l)

(3.2.28) ry
b R
0 n, 1

R (bo-bo )P(O’“o)(n = Iyt

1 .
bo - bo

P(n, P-o) = l+l’ X XW Rl-l)

For 1 =1, 2, evsy, N-1 we have

P(r, +1,K. ) n-r :
Ployi, = —2 L (4 . H=r +1, r.42,..4,R,)
i i i i i
(1-1,) .
P(r, +1,u,) R ~-r, n-R ce
= i i i1 i,
(3.2.29)lP(n,Hi) = -5 (1-bi )bi (n'Ri’Ri+l””’ri+1)
i
b, P(r, . +1,K, .)  neR -1 '
i bi+l (1 - bi) i
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P(r +1,H.) n-r
"P(n,p’ ) = _L""u‘lv'- (l"b N) (n =T +l,1‘ +2‘)..',RN)
( N (1 - v) N N N
A N
(3.2.30)
P(r +1, )
P(n,by) = ——m W RN bm n (n > R)
(1 - bN)
wvhere
P(rl+1,ul) = bly(Rl-l,uo)
. I
! blbil rl 1
; T]T——ﬁi— (l-bo) P(O,uo) and
o b~ -Db
(3.2.31) { o o
atbbiag) = PRy -1k
Ria*iat & B
b, .b b," - b
i+1°1 i i
=7 R, “Far o Blrgey)
1+1 1+1 171
by - b b,

i

(i = l’ 2, “rey N-l) .

The only unknown involved now is P(O, uo) which will be determined

later.
(11) ‘The case of N overlapping loops: The diagram of the process

for this case is as given below
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Diagram 3.2

The solutions to the (N+1) sets of difference equations

corresponding to this case are as follows

jp(n:“o)
(3.2.32)
b 1

! R
n, 1
tP(n,m)) e (55D, JP(0,1 ) (n=r ;741,000 R, -1).

r
bt .p 1
o] (o]

blolP(O,Ho) (n = O, l’ RN rl)
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FOI‘ 1= l, 2, seey N-l ve have

P(r,+1,K, )
F P(n,u ) = et (1~ b 1) (ner, +1,7,42)00007y 1)
(1-v) -
i
) P(r,#,i;)  memy o By R(rgatlby ) Ti41
(3 2. 33) P(n,n,) = (i~b, )™ (1- bl )
} (1 -1,) iv1 (1 -1,)
, i 1
i
| (n = I'i+:!.’r1+:0.+l",‘.”Ri) ’
[
| (
i b, P(r, .+,K,..) n-R
i 1417 4 i+l
(b -l)(nﬂRi’Ri"'l,o..,Ri_'.lvl)o

\
\ P(n,u ) =
177 hha |- b,)

Finally, we have

P(r NPy ) n-Iy
P(n,PN) = - bN) (1- b ) (n"rN"'l’rN*Q;"-:RN):
(3.2.34)
Pl = P(rN+1:”N) RN'rN n- RN (8 > Ry)

vwhere the relations between P(r 1L M ) and P(0, My ) and between

P(ri+l+l, i+l) and P(r +1:“ ) 1 =1, 2, vos, N-1) are the seme

as given by (3.2.31).

(III) The case of N trivially overlapping loops: The diagrem

of the process for this case is as shown below
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Diasgram 3.3

This is really a special case of both (I) and (II) with the

understanding that r = R, (1=1,2, «ooy, N-1). The solutions

i+l
for the P(n,ui)'s are the same as in case (I) except that in

(3.2.29) the case where n = Ri+l, ceey T does not arise, or

i+l
are the same as in case (II) except that in (3.2.33) the case where

n +lyase, Ri does not arise.

=T
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The probability P(l-li) (1 =0, 1, ooy, N) of finding the

) system in a state vwhere the service rate is ui is clearly given
m .
by P(ui) = OP(n,ui). On meking use of (3.2.31), it can be shown
he

that in every case we have

P(O,k ) b P(r,+Ll,K.)
(1-1) 1 (1 -_bo)
/ P(r,+1,k,) by Bl +Lm )
(3.2.35)°§P(u)=(R-r) 173 (R, -r, )2 i
1 171 1+177 14170
’ (1 - bi) | i+l (1 - bi)
;
| .
! V (i =1, 2, R N-l)
’ |
| P(r +1,u_)
¢ Yp(y) = (Ryery) N8 providea by <1,
" (l "bN) .

@D
If b, > 1 the series = P(n,uN) does not converge and there

N n=0
will be no statlonary distribution.

N
The normalizing condition requires 1L = I P(ui) vhich, on
i=0
making use of (3.2.25), leads to
- P(O,u) N (by _y-by)
(3.2.36) 1 = - (Ri-ri P(ri+1,ui)

(1 - bo) i=1 bi(l-bi_l)(i-bi)

where the P(ri+1,ui)‘s are expressed in terms of P(O,uo) by means

- of relations (3.2.31).
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Thus we can determine P(O,uo) from (3.2.36). That is,
we have completely determined the probability distribution of

the number of units in the system.

3,3 The expected number of units in the system (LS) and the corres-

ponding waiting time (Wg). Just as in Section 2.3 all the three

cases considered lead to the same expressions for LS and WS'

Let LS denote the contribution to LS from the states
1 . : ,

(n’ “‘i) (i = o, l, evey N)n Clearly

L. = % nplan)
= n P(n,H .
Si n=0 , 1

On making use of relations (3.2.31) it can be shown that

s b b P(r,+1,H.)
(3.3.1) L 2 _p(0,u ) -~ (Rieb r ) =2 ——dte2
S (b )? O 1o (1-p)®

b P(r. +1,u.)
1 o 1771
-5 (Rl+rl)(Rl~rl-l) T

1 (1- bo)
FOI‘ i = l, 2’ sy N“l

o P(r,+1,n,) P(r +1,8,)
(3.3.2) L = 5(R4r,)(Rox -1) —2 T2 4 (5 b ) —2—ty

1 (1 - by) (1-1,)

(& o et Pt )
A £ M | i+1’b (1 - b )2
1+1 i

= by Pz 1My )

- 1 i+l+ri+1)(Ri+1'ri+l'l’b (1 -1,) ’
2 1+1 "1
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P(ry+1,Hy) P(r+l,Hy)

2 + (Ry-byry) .

(5.3, ry
3.3.3) g, 72 5 (Ryrry) (Ry=ry=1) — . bm)2

N

Combining (3.3.1), (3.3.2) and (3.3.3) we obtain

(3.3.4) L, = ZL, =~ PO, k)
5 320 5 (l-bo)2 > o
(R b, .r,) Db
- 1-1" 12 % + %(Ri+ri)(Ri-ri-1)
i=l- (1 -, 407 71
(b 4 - b)

b (l—b l)(l-b )
(R, - b;7,)

(1V = )2 ‘} P(r +1, My )

where P(0O, uo) and P(ri+l, ui) are given by (3.2.31).
The expected waiting time in the system is obtained from the

formula (3.3.5) Wg = LS/A .

3,4, The generating function of the probasbilities of the number of

units in the system, The probability P(n) of finding n units in the

system is
N
P(n) = = P(n,u ) .
1=0
Define
(3.k.1) h(z,u ) = Z z P(n,u ) (1 =20, 1, eouy, N)

n=0
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then clearly the generating function of the P(n)'s is given by

(3.4.2) n(z) = £ 2" P(n) = I h(z, b)) .
n=0 i=0

Using the definition (3.4.1) by considering the (N+l) sets of
 equations of case (I), that is, equations (3.2,1) through (3.2.16)
or the (W+1) sets of equations corresponding to case (II) or Case (III),
we arrive as in Section 2.4 at the following expressions for the

1
h(z,ui) 8

R
- +A\
po(1 z)P(O,uo) 2

r.+1

1 L B
P(r1+1,P1)

17 -

(3.4.3)  n(z,m)
A (b, + Nz + uo'

For i = l, 2, ceey N"‘l

C ri+l_ N Ri+l
CRN) h(z,pi) = [uiZ' P(ri+l,ui)f z P(Ri'l’“i-l)

R, .+l
+ 2 PUR(R-1,0))

r +1
i+l
TR P(ri+l+1,u

i )N - (1, M)z + w, )

i+l

rN+l RN+1
My 2 P(rN+1,uN)-Az P(RN—l,uN_l)

kze - (pN + ANz + by

(5.4.5) z,My) =

Clearly the zeros of the quadratic hzg - (ui+k)z + B, are given
by z =1 and z = l/bi (1=0, 1, +v., N). Using exactly the same
kind of argument as in Section 2.4, that is, that the zeros of the

denominators must coincide with the corresponding zeros of the
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numerators for which the h(z,ui)’s converge, we finally obtain

Rl-l rl+l
uc(l_z)P(o,uo) + ul?(rl+l,ul)(z z = )

(3.4.6) h(z,uo) = :
AzE - (uo+L)z + W

FOI‘ i = l, 2, ssey N"l

gi+1 Ri+l
[MiP(ri+l,|J-i)(z -2 )

(3.5.7)  h(z,u,)

R, .+l r, _+1
1,1 EAETIPE LS )]/[Kze-(ui+K)z+ui]

1410

+1 +1
by (T, by (er -ZRN )

Hy g P(ry

» by < 1

(5.0.8)  n(z,m)
' NP - (pN+A)z + By

where
Rl+rl-l
blbo
P(r1+1,ul) = PR (l-bo) p(o0, uo)
bbbt
o] [e]

(3.4.9)
R 1 r, R

i i
) = bi+1pi _ b,” - by
i+l r, .. Ri+1‘ bRi+ri
i i i

141 ° T 141"
B(

+1,4

) P(ry+L,my)

(i = l, 2, eery N"l) . .

Teking the limits as z —> 1 of (3.4.,6), (3.4.7) and (3.L4.8)
and on using ['Hospital's rule we obtain the expressions for the

P(ui)'s since P(ui) = lim h(z,ui). As expected these expressions
z —> 1 '
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are the same as those given by (3.2.25) and the only unknown
quantity, P(O, uo), involved in the h(z, ui)'s is determined
from (3.2.26).

Having determined h(z, ui) (1 =0, 1, «os, N) the generating
function h(z) of the P(n)'s can be obtained from (3.4.2) and hence
the moments can be found in the ususl menner.

Tt may be noted that (3.4.3) and (B,M.h) are true even if some
or all b,'s (1 =0, 1, ..., N-1) are equal to unity whereas the

i
relations given by (3.4.9) have to be modified on taking limits,

3.5 The Laplace transform of the distribution of the busy period.

As in the case of the generating functioh all the three cases con-
sidered in Section 3.2 lead fo the same result. We shalltherefore deal
only with case (I). Again we consider thermodified.process which
ceases a8 soon as the number of units ih the system falls to zero.

The initial condition is that at the start of the period the system

is in state (1, “§)° Denoting by.Q(t, n; ui) the probability of

the state (n, ui) at time t, the modified process satisfies the

following (N+l) sets of differential -difference equations:

Set (0)

(3.5.1) Q' (t, 0, b)) =1 Q(t, 1, 1)
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Q'(t:l:“o) = '(“O+K)Q(t:l:uo) + POQ(t,E,NO)

Q' (£,041,8 ) = -(B +MQ(t,n+1,1 ) + M Q(t,n42,1 ) AQ(t,n,H )

(3-5-2) (n = vl) 2, sy rl"2)

' (o 4 -
Q (t’rl’“o) (H°+ )Q(t’rl’“o) + “OQ(t;rl+l:“o) + XQ(t:rl l,#o)
+ B Q(t,r +1,H,)

Q'(t,n+l,u°)

[}

~(k #M)Q(t,n+1,1 ) + 1 Q(t,042,0 ) + MQ(t,n,u )

(n =Y r +l, L R1-3)

1’ 71

Q'(t,Rl-l,Hd) = -(MofK)Q(t,Rl-l,Po) + AQ(t:Rl“E:HO)

Set (1) , 1 =1, 2, «vos, N-1

il

' o (14
Q' (t,1, 41,4, ) (M)At 7, #1,0, ) + 1,Q(t, 7, 42,1, )

Q' (t,n+1,1,) = -(1, 4M)Q(t,n41,1,) + K Q(t,042,1,) + M(t,0,1,)
(n = £+, T 42, ee, Ri-2)
Q' (t,R 51, ) = ~(k #NQ(E,R 51, ) + HQ(6,R 41,0, ) + AQ(E,R -1,1,)
+ xq(t,Ri—l,ui_l)

(3.5.3) Q'(t;n+l,Pi) = - (“i+x)Q(t)n+1)“i) + ”iQ(t’n+2’“i) + 7\Q:('l"an.vu_.l_)

(n = Ry Ri+lyeee, ri+l-2)



Q:(t,ri+l,ui) -(pi+A)Q(t,ri+l,ui) + uiQ(t,ri+l+1,ui)

+ MR, Ty g oLoby) By Q08 Ty k)

Q' (4,041,1,) = ~(b, M)Q(t,n+1,0,) + 1,Q(6,m42,1,) + Aa(t,n,b,)

(=1 00750 e Ry -3)
Q' (t,R -k ) = (1, A)AE,R, L -L0)  + M(E,R, G -2,H8,)
Set (N)
Q‘(t,rN+l,uN) = -(uN+N)Q(t,rN+1,uN) + uNQ(t,rN+2,uN)
o (3.5.5) @ (£,n4L, 1) = ~(uh)a(t,nel, i) + w@(E,ms2, k) + AQ(t,m,0)

(n = I‘N+l,I‘N+2, e Q,RN"2)

Qa' (t,RNJIJ'N) "(“N."}")Qu(t}RN)“N) + “NQ(t)RN+l)“N)

+ }\Q,(‘b,RN-l,NN) + hQ(t:RN’l:MN_l)
Q' (t,n+l)uN) = -(MN+}\')Q(t}n+lJuN) + PNQ('t,n'*-Q,HN) + }'Q(t:n)uN)

(n>Ry) .

Introduce the partial generating functions



e n
o4 q(t,Z,llo) = Zl 2 Q(t,n,“o)
n=

(3.5.5)

a
Q(t,z:“i) = 20 2" Q(t:nJ“‘i) (1=1,2 .ee, N) .
n=

The initial conditions are given by

((:Z ,i=o

(3.5.6) q(O,Z,Hi) = t o 1 40

Applying (3.5.5) to all equations of the (N+1} sets above
excepting equation (3.5.1) of the set (0) and then taking Laplace
trensforms with respect to time t, and meking use of (3.5.6), we
obtain as iﬁ Sections 1.5, 2.5

R+l rlal 2
O¥ - - % -
uon%(s,l,no)+hz g (s,Ry=1,8 )=k, 2 (8yx +1,1,)-2

(3.5.7) a*(s,2,1 )
e? - (s+uo+7~)z + B

ri+l Ri+l
[“'iz Q’*(S’rii-l’ui)-?\z Q*(S’Ri-l’ui-l)

(5.5.8) (s, 2,0,)

R +1
i+l
+hz Q*(s,Ri+1-l,Mi)

T +1

i+l 2 n
-ui+12 Q*(s’ri+l+l’pi+l)]/[hz '(S+“i+ )Z+“i]

(i = l; 2, LR N} N"l)
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rN+1 RN-l-l
Mz Q(s,mprL,eyg) - Az T @x(s,Ry-1,by 4)

(3.5.9) a*(s,2,ky) =

2

Az" - (s +pN+h)z'+ M

N

Let the zeros of the guadratic Kza - (s + ui+h)z + ui be denoted

by vi(s) and Gi(s) where

/ vi(s) = é% [(s+uiﬁk) +{(s+ui+A)2 - hpix}l/ej
(3.5.10) 1
8,(s) = é% (s, +2) - {(5+ui+h)2 - huik}l/al

(1=0,1,2, v0s, N)

and where in (3.5.10) we choose that value of the square root for
vhich the real part is positive.

Uging the same kind of argument as in Section 1.5, that is,
that the zeros of the denominator of q%(s,z,ui) must coincide with
the zeros of the numerator for those zeros for which q*(s,z,ui)
converges, and by comsidering (3.5.7), (3.5.8) and (3.5.9) we arrive

at the following set of (2N+l) linear equations in (2N+1) unknowns
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R, r ‘

/n b Q%(s, 1,8 )Y *(s,R, -1,H ) - T CER AR
; Rl Ty
/ MOQ*(s,l,uo)+h60 Q*(s,Rl-l,uo) - By6 Q*(s,rl+1,ul) =8

Ty Ry By
+* - N % - +Ay
“’ivi Q (S)ri+l)p'i) vi Q (S’Ri l,ui l) ¥

+1
Q*(8,R; -1y
| A
S F141
(3.5.11)4 BV (T gty )=0
ri 1 Ri"l'l

b8, ek (s,r 41,0, ) - N6 k(e R -1k, o )4N8, TR (8,Ry Lok )
1 r
. i+l =
l“ -ui+161 . Q’*(S,ri_’-l'}'l, p'i+l)"o
1 ,
\ (i =1, 25 ecoe; N'l)
]
\

6NN Q*(B:rm+l’HN) - xﬁENQ*(S’RN'l’HN-l) =0

But the p.d.f. of the length of the busy period fb(t) is given
by |
£, () = Q' (£,0,1)

= HOQ(t,l,uo) on using (3.5.1)
or in terms of Laplace transform we have
% =
(3.5.12) fb(s) ubQ#(s,l,uo)

where Q*(s,l,uo) can be obtained from (3.5.11).

Thus we have shown how, in principle, to obtain the Laplece
transform of the distribution of the busy period.
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In the special case where B takes on two values_uo and Ml
there is only one pair of integers (rl,Rl), ry 20, 7y < Rl’
resulting in three equations in three unknowns. The first two of
these eqﬁations are exactly the same as the first two equations
of (3.5,11) and the third one can be obtained from the last
equation of (3.5.11) by'merely replacing By, Ty, Ry end GN by

ul, T Rl and 61 respectively. In this case we have

- u
(5.5.13) £3(8) = —g2g—l(v ' -5 1)
' h(vol-sol)

R, -r R
171
+ (“C’)rl-l 8y TUv-8,00
~ R, R R~r r »r
(v 18, 1)-6. v s 1)

171 BT
-8 )
(o] ]

1

and the expected value Eﬁ(t) is given by

R_+r
171
1 Rl'rl By -ty b

o =
Y“o-x T BR T R %" Mug #1

(3.5.14) Eb(t) =5'

/ b
"1 1 1 _
!ﬁ; [2(Rl+rl-l) + 14bl] , b =1

w1<n.

3.6 The Laplace transform of the distribution of time the system

spends in the subset of states (n,ui)}(i =0, 1, ..., N) before it

goes out of the subset for the first time, It is easy to see that




o2

these problems are exactly the same as those dealt with in
Section 2;6 except for the differences in the parameters. Thus
in this case the solution to the distribution problem connected
wvith the subset of states{n,ui)}can be obtained from @he solution
concerning the subset of states {(n,Ni)}'in Section 2.6 by merely

pu‘btingk ==7\-andl-1=l-l fOI‘i=O, l, es ey Nc

i i

3.7 The case when N is infinite. As in Section 2.7, the existence

of steady state conditions when N is infinite depends upon the

convergence of the series[see (3.2.26)]

.o .
(3-7- l) by (Ri-ri) (bi_l-‘bi) f—(lri.'.l, pi)
i=1 B(Tb, )(T5;) “FGL)

where the ratio P(ri+1,ui)/P(O,uo) involves only the b,'s, r,'s
and Ri's and is given by the relations (3.2.31).

If the ahove series converges all the appropriate formulae
developed in this chapter are still valid when there are infinite

number of loops.

3.8 Remarks. On putting ul =Hy = eee = by = uo, all the
corresponding results or formulas for & simple queue, subject to
the usual restriction bo < 1 for the existence of equilibrium
conditions, can be obtained from this chapter.

It is also possible to superimpose a cost structure on the

problem and define a suitable cost function., The parameters involved
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in the cost function are clearly r,, R, end b, (1 =1, 2, easy N).

Appendix (b) gives & brief discussion of the problem for the special

case where N = 1, that is, the case vwhere i takes on two velues.



CHAFTER IV
A SINGIE-SERVER QUEUE WITH VARIABLE ARRIVAL RATE

4,1 Introduction, In this chapter we attempt to solve a single-

server queueing process under the assumptions (a) the service-time

is exponentially distributed with.pa,rame'ber pu and (b) the arrival
process is a Poisson process with variable parameter 7\‘. The meaning
of the assumption (b) can best be explained as follows: The probability
of an arrivel in a smell interval of time of length 5t is A&t
where A mey assume more than one value say A » 7\1, 7‘1\1‘ If

et any time +t the arrival rate is A (m=0,1,...,N), then in
the next interval of tifne of length 8%t the probability that 7\m
will change to some other value is Ko dt. Given that 7\m has
changed during the interval &%, we denote by p,, the conditional
pll\;obability that A changes from 7‘m to 'Ar. Clearly Py = 0 and
r2=0 Py =1 (m=0,1,ess,N).

We shall first deal with problems arising from the above arrival
process, for example, the distribution of the inter-arrival time, the
distribution of the number of airivals in an interval of length t etc,
In this whole chapter we shall consider the case where A takes only
two values 7\0 and 'Al but the methods developed are perfectly general,
at least in principle, When A takes k values where k > 2 we need to
solve a k-th degree polynomial the roots of which have to be found.

If A assumes only two values, 7\0 and 7\1 we have corresponding

to these two values Ky and Ky as explained in the first paragraph and
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the conditional transition probabilities are given by Pop = 1, Pio= 1.

The stationary probability that the arrival rate is )i is denoted by

n,, Where
i

. K
(,-l-.l.l) T o= -——-’-(:I-‘—--—- and Tfl = .—E—?T—l?l. .
O

0 KO+K-L‘

l,2 The distribution problems concerning inter-arrival times: The

first problem we wish to study is

(A) The inter-arrival time distribution:- Let Qt()i) (i =0,1) de-

note the probability that there is no arrival in an inferval of time

(0, t) and that the arrival rate at time t is A, where it is to be
understood that we are concerned with only an interval of time of length
t no matter where it is placed in the time axis, By employing the ' Bt!

technique, clearly we have the following two differential equations:

n

Q) + (A + k) Q(N) = kg Q(N) =0

(4.2.1)
Qr(n) + (0 + ) @ (N) = k@A) =0

where (4.2.1) are to be solved subject to the initial conditionms
T A

_ o ‘o
(4.2,2) K Tk * TN
2o (n) =k
T3 =QAN) = WA A ’

n, end n, being given by (4.1.1) .
Denoting the Laplace transform of Qt(%i) with respect to t by
Qg(xi), Re(s) > 0, we have on teking the Laplace transform of (4.2,1)

and making use of (4,2,2)
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H
-1

(s + A+ k)AX(N) - x Q*(N) T
- K Qﬁs%(kl) + (s + 75_ + l&)Qg(?i) 1

from which we obtain

(%.2.3)

[}
Y

'ro(s + 7\1) oK

N ()\0 + 7\l + Ko+;cl)s+(7\o7\l+ A gt N Ko)
'rl(s + ?\o) + K

s° + (?\o+7\l K +:<l)s+(7\07\l+7\oxl + 7‘.LKo)

With some algebraical manipulations we can express (4.2.4) in an

ax(n) =
(ho2.4)

Q*(A)

alternative form

O e [ S T°(7"r°)+'<1] L
-] 8 rl-ro N S + ro L (o) rl-ro s + rl
(k.2.5)
oy AR 2 [ AOTe]
. 8 1°%o Js+r.° b:I_ 1_'11'0 s+I‘l
where

IO Y
- pas— -

(k.2.6) r, = %[ (A N+ Ti) F \}!ﬂ{(“~;o._e7\l)+(f<;;lcl)}2 +)+K0K1] (i=0, 1)

with r, having the negative sign in front of the radical.
If we denote by Qt(7\) for the probability of no arrival in (0, t),

then, clearly Qt(h) = Qt(xo) + Q’t( 7‘.!.) or in terms of Laplace transform

(h.2.7) Q) = Qx(n) + ax(n) .

Msking use of (4,2,5) and noting that T, + 7, = 1, we obtain
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cC~T cC -1
0 1

* 1
(4,2.8) Q. (A) =( 2) + (1 - )
S rl- I‘o s + I‘o rle- ro 8 + rl

vhere ¢ = 7»0'1' + A 'ro + KO + K Taking the inverse transform of

1 1 1°
(4.2.8) we get

¢~ T -r ¢c-T, -ryt
(k.2.9) Qt(}‘-) =(r —) e + (1 - 3= e
1" "o 1 7o

Let F(t) be the distribution function (d.f.) of the inter-arrival
time, then clearly F(t) =1 - Qt(?\) and therefore the p.d.f. f£(t) of

the inter-arrival time is given by

c-r -rot c - r -I‘lt
(k.2.30) £(t) =(;—=)re (1 g e
1 7o 1 o

which is a mixture of two exponential distributions. The expected

-

value E{t)} is é;wea by -~

A A
ot) - o i Ti 1+ M Kyt Ky
T's 71 o™

Denoting by M for “oho + 5. N we have

1 1
AA T AN
A A + =5 1/
To l+Tlo+Ko Kl o0 % ¢+ }}.o +(K0+Kl)
~ ~
}‘O}\l
= + (Ko +K1), since n +x, =1

ahd M M+ A + A K a
o 1 o 11 170 = °>~1+(Ko +Kl)7€,
that is,

(k.2.11) E(t) =

er—'
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It can easily be shown that if A = A, (= N say),then f(t):le-kt.
Furthermore, if K — ®, Kl’———> © and is constent, then
£(t) —> X &~ NP,
let us denote by £(t,\,) dt the probability that the length of
the inter-arrival time lies in the interval (t,t + dt) and that at its
termination the arrival rate is Ki’ Making +he same kind of argument

as in the derivation of £(t) we obtain by conmsidering (4.2.5)

T (M -r )+ -r t
o f(tako) =[ e rl 0 Ki] re o +[ T - TO(Kl-ro)+K1]rle-rlt

{ I [e} - r -
Ll' )
( 02.12)0\

-r.t

)
Tl( o} 'I:o)+ o}rle 1

: T (N -2 )+ -r t ,
! 1 1 o © ol o -
f(t,hl) -[ .}roe + [Tl

(B) The joint distribubion of two successive inter-arrivel times:-

Let tl and t2 be the lengths of two successive inter-arrival
times respectively and denote by'h(tl,tz) their joint p.d.f. Also let
h(t,},,t,)dt,db, denote the probability that the length of the first
inter-arrival time lies in the interval (tl,tl+dtl) and that at its
termination the arrival rate is Ki(which is the same as saying that
the next arrival time starts with an arrival rate Ki) and that the

length of the next arrival time lies in (ta,tz + dt2). We then have
= A
(4.2.13) h(tl,tg) h(tl, o,te) + h(tl,kl,te)
= A
B/t 82 (b 8g) + Blby/tyshy) £(8),M)

vhere f(tl,hi) (i = 0,1) are given by (+.2,12).



99

By virtue of the process being Markov process it is clear that

whatever be t., the length of the next inter-arrival time depends only

l’
on the arrival rate at its start, that is, h(te/tl,Ki) depends only on

hi' We can therefore write

(h.2.18) n(t),1,) = blby /A )E(t,,A) + n(ty /A ) £(t,,M).

On the other hand the conditional distribution of té given tl

does depend on both tl and the arrival rate at its start. We can
write (4.2.14) as

(oy/ty) 26y) = | Bs) 20U /) % megh) 20y /e) | 2oy,

that is,
= A
(4.2.15) h(t,/t;) = hlby/A ) £(A /8,) + hs/M) £(h /6)).
The only difference in the derivation of f(tl) and h(te/Ki) lies
in the initisl conditions. h(te/ho) can be obtained from (4.2.10) by

merely replacing t, To and T. by te, 1 and O respectively and recall-

1
- 'Y - h h .
ing that in (4.2.10) ¢ TN *F Th TR R that is,
PN S -r t c =T -r.t
/ O i 12
(1.2.16) nlty 7)) = [28)re © %+ (1- H) re
~T1 O/ . 1 Q
=)§- .
where co 1 + No + Kl Similarly
C,- T -r t c.~ T r.t
(%.2.17) (s /N.) = __}_._Q_)reoe+ S N -D W -
21 ry- r o] r.-r
. o / 1 "o
=N K k_,
where ¢y o f o 5y Put
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=Ty
| 8% =T,  f=l-8
1l o
e, -r
10 _
'bo = 5 s b3.~ 1l -~ bo
16
(4k.2.18).
: -
Q= To( 17o)* "1 Q =T -0
| "o r. -1 - M o ©
! 1l 70
| T, (N -xr )+ &
\ B = l1'o0 o o B. = T.m @
o T ~r 2717 1 Yo
170

Where T and T, are given by (4.2.2) and c  and c
> I LI T

(4.2.16) and (4.2.17) respectively.

1 are gg given in
Making use of (4.2.16), (4.2.17), (4.2.12) and (4.2.14) we obtain

for the joint distribution of tl and t2

(4.2.19) h(tl, t2) = (aodb+ boso)roe r e

+ (alai+ blBl) r.e re

+ (aoal+ boBl) r,e r e
+ (alab+ blBO) r e rye .

Integrating h(tl,te) with respect to tl and te separately we obtain

the marginal distributions of tl and t2 and, as expected, these are

the same and given by (4.2.10). Thus we have shown that t, and t, are
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identically distributed but no independent.

Now

(4.2.20) Cov(tl, t,) = E(tlte) - E(tl) E(te)

o)

| 2 2
(aloco+bOBo)/ro + (alal + blBl)/rl

1
+ (a0 *+ BBy *+ a0 + BB )/rory - o

where A is as given in (4.2.11). It can easily be shown that

= A=A
Cov (tl’te) 0 vhen M 1 , and

Cov (tl’tg) —>0ask —>® , K —>® and 1

constant.

4.3 The distribution problems concerning the number of arrivals:

(A) The generating function of the distribution of the number of

arrivals in & time interval of length t.
Let pt(n, Ai) (i = 0,1) denote the probability that there are exact-
ly n arrivals in an interval of time (O,t) and that the arrival rate
at time t is Ki, where again by time t we mean an interval of time of
length t no matter where it is placed on the time axis. By employing
the '6t' technique, we havé the following two set of differential
equations

;ftp;(o,x5>'+ (A, & )p (O)N.) - K.B0M) =0
(k.3.1) ,

kpé(n,ho) + (A + 6 )p () - kop(n,h)

SAp(selN) =0 (n21)
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py (O,h) + (M + K ) pt(o,xl) -k pg(O,N) = 0
(1.3.2)]
{p% (8,h) + O+ &) p(0,M) = 8 p (A ))-Mp, (a-1,M) = 0
(n >1)
Where (4.3.1) and (¥.3.2) are to be solved subject to the initisl

conditions

F po(na}":,_) =0, n>0
l .
(4.3.3) 5\

po(o})\'i) = “i (i = O’l) )
n, is given by (4.1.1). Define

0 n . . . . ..
(hoi-u) Gt(z’hi) = i=g Pt(nyki) v} :
then (L4.3.1) and (4.3.2) lead to

¢ (Z:A )
‘- tat =~ (xo'hoszb)Gt(Z’ho): Kth(Z’xl) =0
(405'5)%
1 3G, (z,M, )
\ ;t T (g #8065 )- K6 (2) = 0

and (4.3.3) leads to
AN) =
(4.3.6) Go(z, i) T
Denoting the Laplace transform of Gt(z,hi) with respect to t by

G:(Z,Ki), Re(s) > 0, Qe have from (4.3.5) and (4.3.6)
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. ' *, * _
‘ 7 (é * Ko+7\o- Koz)' Gs(z’)\o) - GI's(z" Kl) =7
(4.3.7) = '
l kG (N ) + (s + K, +A A z)G*(z A) =
) o s 7o 177 ) T

1 1 i

from which we obtain

*( x ) no(s * M- A.lz) Ky
. G Z, = = . ..
| 8 ° s2:+{+<04» B+ 40 ) (L-2) Tae{1-) {8 Ap® kg xojjthl(l-z)}
(4.3.8) & - '
% ‘ ﬂl(s + Ko- N oz) +&
GE(Z,Kl)= 2 >

g%l s +(A + Ki)(l-z.)}s*(l-z)[% AjHe AN (1-2)

But the probability of having exactly n arrivals in an interval
of time (o,t) is clearly given by
p,(n) =2, (0,M)) + . (n,M) .
. Hence if we denote by Gt(z) the generating function of the pt(n)'s
and G:(z) the Laplaée transform with respect to t of Gt(z) we then
have

G:(z) = G:(z,hé) + Gi(z,?t)

which on using (4.3.8) gives

A N -
S+Kq Ml"'(“c:l"'ﬂlo)(:L z)

(8.3.9) G5(2)s = ‘ , L
s +[Ko+nl+(7\o+ A)(1-2)) s+(1-z‘){Kohlmlkomohl(l-z)}

s + ¢(z)

=

{s + ro-(.z) } (s+rl(z)}
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where
Jc(z) =R +N + (n A Ab)(l-z)

(h 3 10)

© caoen s - ——
e

[
\
B¢
{ r (z) = {{(K +* )+ (» +>»l)(1-z)} {(n -K )+()\ A )(l-z)}#m n‘]

(i =0,1)
with r_ (z) having the negative sign in front of the radical.
On further simplification the expression for G (z) given by (h 3.9)

can be written as
. 1 1
()4'-3.11) G')SG(Z) = A.O(Z) m + Al(z) m

where J'Ao(z) + Al(z) =1 , and

(k.3.12)
{ c(z)v- ro(z)

\Ab(z) = rl(z) ~ ro(z)

Taking the inverse transform of (4.3.11) we obtain the expres-
sion for the required gemerating function * . -
ro(z) t -7 (z) t
(4.3.13) Gt(z) =Ao(z) e + A (z) e .
The mean and the variance of the nuimber of arrivals in {o,t) are

respectively given by

5E(n)= Nt , where A= ﬂoho + “lkl’ and

(h--3ol)+)l (}\ _}\ 2 ' 5 (7\ ?\1)2 _(Koml)t})"
Var(n)=At + 2(—————7— }1—(n 1°7) ] t-21 nlz;——:;-séﬂl-e ST

Under the condition that k= Kl(= kK say), we have



() =L (M + M)
o B(n) = 5 ( ot l)t and

(h;3-15) hony?
Var(n) = %(howul)t + .\._ZL'.’E__._ J ( 2% yix
r o

It has been verified that

(1) }\o = }\l (=Nsay) implies Gt(z) =e" >~(—1—z)t, and

(11) Ky = @, K =D and A:ro constent implies G, (z) =—>

1
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e-K(l-z)t‘

* *
Similarly by seperately considering G/ (z,7»o) and Gs(z,hl) as

given by (4.3.8), ve obtein

*
st (2,7,) = B (2) ?-l'—li':(_z') +Ry (2) E—:l-fz(_i)
(£.3.16) o
{c: (2,4)) = Q (2) 5—71;;(;) + (z) ;":%;zr

where

g (2)- n 7, (2)
Ro(z) + Rl(z) =7 RO(Z) = T,(2) - T (2)

(%.3.17) <
§,(2)- my7 (2)
QO(Z) + Ql(z) =7q QO(Z) = rl(z) - ro(z)

eg(z) - ﬂo}\l(l_z) + K (z)= ﬂl}‘o(l'z) %

\ 1%

Taking Vthe inverse transforms of (4.3.16) we obtain

{ G, (z,n) = Ro(z)e-r°(2)t + Rl(Z)e-rl(Z)t
(4.3.18) 4 _ro(z)t ‘ -rl(z)i
L6, (2,M) = Q (2)e +Q,(z)e .
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(B) The generating function of the joint distribution of the number

of arrivals in btwo Buccessive non-overlapping intervals of lengths .

nl arrivals in an interval of time of length tl and n2 srrivals in
the next successive interval of length te. Also let h(nl,hi,na)

:= Let h(nl,nE) denote the joint probability of finding

denote the probability that there are n, arrivals in tl, that at the

the arrival rate is hi,'and thet there are n, arrivels in

end of tl

the next successive interval of length t2. It is to be understood
that both h(nl, n2) and h(nl, Mo ne) do depend explicitly on %,
and t2 but we have suppressed them for convenlence of notation.
Clearly,

(h.3.19) h(nl: n2)

h(nl: hoi n2) + h(nly Kl’ n2)

h(na/nl)}\o)P(nl}}"o) * h(ne/nl’}\l)P(nl’}\'l)

where p(nl,Ki) 1s the probability of finding nl arrivels in tl
and that at its termination the arrival rate is hi'

Making the same kind of argument as in section 4.2, the

and’h depends only

conditional distribution of n fl

o given both n

1

on hi" That 1s, we can write

(4.3.20) h(ny, ny) = h(ny/ &) p(n,N)) +h(ny/N) p(ng,h,) .
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Define
| ® ® n) n
F H(zl,ze) = I I z% h(nl,ne)
n.=0 n,=0
1 2
- © 1,
(he3.21) < W(ze/hi) = I 1z, h(ne/Ki)
n2=0

00 nl
AN) = A =
\ G(Zl) i) n2=o Zl P(nl, i) (i o} l) .
1

Meking use of (4.3.21) it is easy to see that (4.3.20) leads

to

(1.3.22)  E(ay,z,) = Wzy/h )6(zpN) + H(zg/h)o(ay,h).

The gxpressions for G(zl,hi) (1 = 0, 1) ean be obtained
from (4.3.18) by merely replacing % by t, and z by z,. Also the
derivation of the formula for W(ze/hi) is exactly the same as
that of G, (z), {see (4.3,13)} except for the initial conditions.
More specifically W(ZQ/KO) is obtained from (4.3.13) by merely

replacing t, t, and i#., respectively by te,,l and O, Similarly

1
for W(ze/Kl) we replace t, «_ and x, of (4.3.13) vy ty, O and 1

respectively, that is
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!QW(ZE/KO) - Mb(ze)e-ro<gb)t2+Ml(za)e-rl(=2)t2

|

a - - "
\W(ze/hl) i} No(ze)e ro(ze)taml (e rl(ze) o

{ (z,)-x (z,)

= rl(ze"ro(ze)’ Ms(ze)iMi(za)al\—L

where Mé(za)

(4.3.23) g

{ (z,)-r (z,)
N (z.) = 222 2. N (2,)4N (z,)=1
o' 1 rl(zg)'ro(ze) o' 2 1 z2

i
)
o
|

f,(z) = s 4y h (1-2))

i
i

and [1(22) = K°+Klfko(l-z2) .

Now we are in a position to write down the final expression

for H(zl,zg) and this is given by

.o - £ -
(’4--3-2)4) H(Zl,za) = [Ro(zl)Mo(ze)"Qo(zl)No(ze)]e ro(zl) le ro(ZE)tQ

‘ -r.(z,)t, -r,(2z,)t
+ [Rl(zl)M]_(Zg)"Q]_(zl)Ng(zg)]e 1 ZJ, le r]_ 22 2

x, ()%, -7, ()
T8 (oM (2,90, (2 (ap)Je © % e 22

-r,(z.)t, -t (z,)t
+ [Rl(zl)Mb(z2)+Q1(zl)N6(ze)Je 1t e To'%2’"2

vhere Ro(z), Rl(z), Qo(z) and Ql(z) are given by (4.3,17) and Mb(z),
Ml(z)? Na(z) and Nl(z) by (4.3.23). Also ro(z) and rl(z) are given
by (h.3.10).
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On putting z.=l1 and z_=1 separately we obtain the generating

1 2

and n, respectively and each is found to coincide

functions of n o

1

with (%.3.13).
As & check we calculated E{n) and Var(n) and obtained the same

expressions a&s given by (#.3.1&). Also the expression for the

covariance between n. and n, is given by

1 2
x » -(r 46 )% -(k_ )t
(4.3.25) cov(nl,n2) = "o “1'2 (M 'Al)e[lre o l) N1e © l) 2]
(&o+nl) °

Clearly (1) ho = M implies cov(nl,nE) = 0, and

1

(11) K, —>®, " —> @ and 7 constant implies cov(nl,ne) = 0,

1

bt The server's idle fraction and discussion of the gqueue equations.

Let P(n,hi) (1 = 0, 1) denote the étationary probability that there
are n units in the systém and that the arrival rate is Ki. It is easy

to see that the system satisfies the following two sets of equations

N MP(1,M)) - (KQ+KO)P(0,KO) + 8, P(0,M) =0
(h41)
Cup(mi,h ) - (M )P(s,R )+ k P(aM) + A P(a-1,A) = 0
n>1l
MP(1,M,) - (A +,)P(0,M) + k P(O,h ) =0
(b.b.2)
HP(n+1 A ) = (A4 )P(n,M) + 8 Po,A ) + A P(n-1,M) = O

n>1l .
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Define

L ©
(La4.3) n(z,M) = Z 2" P(n,M) (1=0,1).
n=0

Making use of (l,4.3) equations (4.4.1) and (h.%.2) lead to

the following two equations

g2 - (a2 (A )+ mpan(z,h) = B(1-2)PO,N)
(hohob)
nozh(z,kb) + {Klze-(u+hl+ﬂl)z+u}h(z,hl)=u(1-z)P(0;Kl)

from which we obtain

¢ n(zh) = 8 (2)/A()

(4.k.5) 1
h(z,hl) = Ai(z)/A(z)
where
- A
k(1-z)p(0, o) K2
A(z) =
° ALY AP (ueh, +k
“(l'Z)P(O, l) 1Z '(“H' l+ l)Z‘HJ-
2
- - A
Az (uh e Yz k(1-z)p(0,M)
Al(z) =
K z u(l-z)P(o,}\l)
o
A ze—(u+K +# Jz+u K2
and A(Z) = ¢ c 0
K g 2 K
o Klz -(H+Kl+ l)z+u .
Clearly lim h(z,Ki) = #, , vhere x, 1s given by (4.1.1).

% —> 1



From (4.4.5) we have

b, (2)

0
T, = l;m 6] (form 6)
2 w—— ]

ehlp(0,% ) + 2(0,1)]

SR - - A"

ko (B=h ) (- )

n;f(o) ﬂoP(O)

ke (Amp )+ (1-p,) ) no(1~p°)+nl(1-pl)

vhere p, = 7»1/!4 (1 =0, 1) and P(0) = P(O,Ko) + P(O,Kl) represents

the fraction of time in which the server is idle, that is,

(u;h;é) P(0) = no(l-po) + nl(l-pl)
= (1-p) where p = N/u

and also we assume E < 1, for otherwise there would be no steady
state conditions. The result (4.4.6) 1is, of course, obvious from
the fact that the expected numbér of arrivals per unit time is A
(see (4.3.,14))and tre capacity of the number of services per unit
time is M.

Unfortunately, when we perform the same operation on h(z,?\l)
we arrive at the same result, which of course, is obvious from

(4,4.4) when we put'z = 1. Thus we are uneble to determine P(O,%o)

111

and P(0 ,?~1) separately., Furthermore, at present, the solution seems

intractable.



If we are interested only in the mean number of units in
the system we can consider a modified process where there is a
limited waiting room, of size N, say. This means we shall have
a set of 2N+2 homogeneous linear equations in 2N+2 unknowns and
the coefficient matrix is of rank 2N+l, For small values of N,
it is easy to get explicit solution for the unknowns aﬁd for
large values of N we can at least write the solution in determ-
inantal form,

Knowing the solution of the P(n,?»i) for m = 0, 1, «u.y I,
i =0, 1 we cen £ind the mean number of units in the system. Then
letting N —> 00 the corresponding result will give the mean
number of units in the system for our original process. This is
as far as we can go concerning this problem, at present. It may
be noted that we are faced with the same difficulty in the problem
where the arrival rate M is constant but the service rate is a

random variable,
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APPENDIX
A NOTE ON COST STRUCTURE AND OPTIMIZATION

The cost function which we construct and consider here is of
the simplest possible type: The contribﬁtions of the various com~-
ponentS'to the total cost are assumed to be linear with respect to
their average values.

If the presence of a single waiting customer at the station
costs Cc per unit time, the contribution to the total cost due to
the gverage number of units waiting for service (LS) amounts to
CcLS. First, wve shall.consider

(a) the queueing process considered in Chapter I, that is,
the case where the arrival rate is controllable end assumes two
values Ab and hl‘

In this process if we assume that the menagement has to pay &
penalty cost of Ca per customer turned away, then the cost per unit
time associated with this source is Ca?(Nl)(Ko-Kl), where P(Nl) is
the fraction of time in which the artival rate is hl.

Clearly the above two costs are competing with each othef and

the problem is how to choose r,R and Kl( or § = po-pl) for minimizing

the total cost. This total cost is given by
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C(r,R,8) = €L, + CP(A) (A M)

= chs + cau P(hl)s

where
R+r
o p (R-p_r) (p_-p,)
L = [ o =2 e 4 2(Rir) (Ror~l)pr it
5 - e I‘; R (1-p ) 2 i]_..p i
(1-p,)"  py-p, o 1
R+r
(1-p) p {p_-p,)
1l o} o 1
-(R~p,T) o> Y1/L - (R-r) 17 o #1
2 - / R - )
1 (l'pl) (1-p,) p:‘_po (1-p,) o
pR+r
=[pom‘2£m+§)2- r° = {(R-por)m'l(m+6)2+%(R+r) (Rer-1)6(m+6)
Po"P
' pR+r
«(Rep, )0}/ [0 (w48) P (Rer) 52 8(wt8)] , m = 1-p
PPy °
(R-r) 2
or-pn 1Py
P("\) — (o2l )
1 : Rtr p =-p
i 1 -(R—r) P, o 1
L2 R -
1Ry on-py 17P1
Rir
(R-r) g— T m(m+6)
- £o™Po _
- R+r L]

o
o~ (w#8) e (Rr) —C 8(m+d)
Pe"Po
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As an approximation for the choice of the optimal values of r,
R and §, it is suggested that the cost C(r, R, §) be differentiated
with respect to r, R and § separately and in each case set the

resulting equation equal to zero. The following are the resulting

equations
. pR+r p2R+rlogp
- -1 2
cc@n Lt )= (Rer) o 8(mt8) ][~ ( (Rep )m" (mes)
p. - p r R)_
° o Po Po
pR+r
1 -1 2
+ E(R+r)(R-r-l)5(m+5)-(R-plr)m } -a—-g—-——ﬁ {p (m+5)
o~ Po
-2 2
+ (erel)s(mss) - m oy ] - [gu (mrs) -
+r .
0 ((Rp t)n (meg) F(Rer)(R-r-1)s(mes)-(R-pyx)m ] ]
P - P
o o
plg-yr‘ ‘ . p§R+r log po
[ 5(ms) + (R-r)s(m+s) —x2
Py =P ( - )
R+r R+r
-1 2 o] o
-C | [m" (g )= (R-r) ———— 6(m+g) ] [ms(m+s) { 5
| P- P, Py - B
0 2R+r. pR'l'I‘ pR+r
o o o
+(R-r) ——gz }}+{(R-1) T R ‘mﬁ(m+6)}[—g——§ §(m+6)
R, =0.) P, " Po P~ 0y

logp

2R+
+ (R-r)s(m+s) %o g ]\ = 0,
5 )
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R+r

- o)
CC(EPOm-z(mfa)z- -:ﬁ?t-gg {(R-ﬂbr)m—l(m+6)2 +
o "o
R+r
+ Z(Rer)(R-r-1)5(mrs)-(Ropyr)m ][ —2me 5 (mrs)
P ™ o
&R+2rl g o pR+r
- (R °pﬁg J- " ) - ()2 ()]
"o o o~ o
R+2r
p log
[ (Zr pR)g { (R-por)m'l(m+5)2 + %(R+r)(R-r-l)5(m+5)
o~ o
R+r \
- (Repyr)m b =2 (o H(meg)P S(2R-1)5(meg)m ) 1)
Po " Po J
R+r R+r

[l 82 Po Po
teg i { [m " (mes) -(R-r)jgg“:":;§- § (m+5) ] [ms (m+g ){ PR +

. o o) o o)
R+2r R+r
o) lo

P P
+ (R ) — g2 J+[(R-r) ———x ms(m+s)]
(o= o 6 - Pg

o

R+r R+2r
Po ) log p

o
[ % 5 (g )+(Rer) g (m5) = B2
Po " Po Po = Pyo

R+r

%Qm'l<m+6>2-<R-r> 2o smes) 020 2 mes)

Pe " Po

pR+z-
; —g—_-p-ﬁ{em-l(ma)»f 2(Rer)(R-r-1) (m+25) } ]

pO e}
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-2 > R -1 2
Sl Bmes)? - s (Rep_r)u e

(Rer) (B-7-1)5 (m5 )= (Repyr)m ) J[2u™(mes)

pR+r \
- (Rr) —— (w25)] )
Po "Pg
/ pR+r pR+r
regp | (g ) 2o (Rer )@ () [(R-r) —e2—p(ms25) ]

Po = Bo P, - 0

o o
R+r pR+
- [(Rex )} ms(m+s)][20" (m+5) (Rer)——% (m+25)]\ =0,
po b po po o

By means of a computer it may be possible to obtain an approxi-
mate optimal solution, Next we shall consider

(b) the special case of the queueing process considered in
Chapter III. This is the case where the service rate is changeable
and assumes two values My and Hye

In this process we assume that the additional cost per unit
time for bringing in an auxiliary server with capacity €= ul - M
is Cbe . The contribution to the total cost from this source is
P( “1)6% ¢ , where P(p1 ) is the fraction of time in which the

service rate is Hy e The total cost is, therefore, given by

C(r, Rye) = C L, +C Pk )e

where
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Rir-1

b b, b {bo (R-bor) 1 (bo-bl)
[ (1.5 )2 T LT RLb (TE) + 3(Rer)(R-2-1) B, (1-5,)
L = o o o
S
(1-b ) Bl (p b))
-(R-b; ) 02}]/ [“1 X & -(B-r)——% (1% )l ]’
| (1-b,)% - o b - b 1
P(r+liul)

P(l-‘-l) = (R-I‘) —-(i#—_—.b-;)-

bR+r—l

( bl o _ 1l - bo
R-r) —
br_ bR 1l - bl
_ o o
- R+r~-1
1 (R-1) bo b,-by
l-bo bg - bi i- 'bl

wh = =
eze b A1 and by 7\/(;40 +€ ) .
The problem of finding optimum values of r, R amd € 1is

similar to the first one and we shall not pursue further,



