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1 Introduction. Let Xl’ XE’ .... be an infinite sequence of independent,

non-negative, random varisbles. Write S =X, + ... + X and let N(x) be
the maximum suffix k such that Sk < x. The simplest Elementary Renewal
Theorem states that, when the {Xn] are identically distributed, &(N(x)/x} =
l/SXn , as x>® ., Let Y¥(x) be an unbounded, non-decreasing function of

of regular variation (Feller, 1966 , p. 269). A more general theorem of

Smith (1964, 1966) allows the { xn} to be non-identically distributed and
shows that if Sn/n tends in probability to a finite limit B as n —>

(that is, the Weak Law of large numbers holds) then &Y(N(x))~(x/u) as x —> .
This result has been carried further by Williamson (1966) who showed that if

there exists a proper distribution function K(x) such that P{ Sn/n <x} =
K(x), as n=> o , at every continuity point of K(x), then 6N(x)~xé? ut dK(u)
as x => o , However, Williamson found it necessary to assume that certain
extra conditions were satisfied, and his theorem is not as strong as the one

of Smith for the case when K(x) is degenerate (and a weak law of large numbers

holds). 1In the present paper we shall prove the following theorem.

Theorem 1 Let { Xn} be an infinite sequence of mutually independent, non-
negative, random variables, ILet A(n) be an unbounded, strictly increasing,

and continuous function of regular variation with exponent 1/B8, B > 0. Let

A(x) be the function inverse to A(n). Suppose there is a proper distribution

function K(x) such that, as n —> o,

X+ X, + een X
(1.1) P o) - Sx}

> K(x)

at every continuity point of K(x). Then, if R(x) is any regularly varying

function of index Q >0, as X —> ® ,




e R(N(x)) ~ I(ap) R(A(x)) ,

where
00

rp) = [ S @ .

0 u

The integral I(0B ) may be divergent, in which case it is to be understood

that

€ R(N(x)) / R(A(x)) —> +» as x> +o,

Note that the inverse of a regularly varying function is a regularly

varying function and that, consequently, A(x) is regularly varying with index

B. We also remark that it will be seen later that I(2f ) is necessarily finite .

when a condition " & (0+) > 0", to be explained later, is satisfied.

The special case of Theorem 1 when the { Xn] are identically distributed,

non-negetive random variables is not uninteresting, Feller (1966 p. 424
Theorem 2) provides an appropriate convergence theorem. Unfortunately, as he
gives it, it does not give results when his exponent has the value unity.
From the material he provides, however, one can prove quite easily the

following.

Theorem A, Let { Xn} be an infinite sequence of mutually independent,

identically distributed, non-negative random variables with distribution

function F(x). ILet A(x) be a continuous and non-decreasing regularly varying

function with exponent 8, 0 < B £ 1, and suppose that, as x>,




- = t aa = e ™ _ap e

X

(1.2) -}]-;-f {1 =TF(u)} du ~ F(a—_—m .
0

Let AMn) be the regularly varying function which is inverse to A(x). Then,

as n —> o« ,

P{ ol ?\(n; " < x } —>  G(x)

at all points of continuity, where G(x) is the stable distribution function

with Laplace-Stieltjes transform G*(s) = e ° .

Incidentally, when O <p< 1 (i.e. B # 1), the condition (L2) is

equivalent to the simpler

{(1-F(x)}~ 1 .

r(1-4) ax)

From Theorem A and Theorem 1 we then have the following renewal theorem

for non=negative and identically distributed random variables: -

Theorem 2. Under the conditions of Theorem A, for any regularly varying function

R(x), with exponent & > 0, as x => ® ,

e R(x)} ~ T R(a(x))
T (1)

Notice that Theorem 2 does not provide information if P = 0. However,

the special case {B = 0; & = 1} has been discussed, to some extent, in an



elementary fashion already (Smith, 1961). All we need to deduce Theorem 2
from the earlier ones is the evaluation of I(a@B ) for the stable law G(x).

We have:

[o ulaa dc(u)=[{fowe'7‘“r—?%-; dx} 4 6 (u)

0

B8 o B-1
_ =N A
= \/F e EQE&;TT—- dA

= £ gg}+ 7y s 2s claimed.

2. Proof of Theorem 1.

We begin by mentioning certain results from "standard" probability
theory which we shall use. Let {Fn(x)} be the respective distribution
functions of the variables { Xn} . Then, denoting Laplace=-Stieltjes

transforms thus: F¥ (s) , for s real and positive, we see that (1.1) implies

n
S
(2.1) I=Il Fg(m) —> K*¥(s) , as n=> o,

Let us write, for x > 0,

n xN(n)
o (x) = 7\%;1-)- Z {l-Fj(u)] du .
j:

O

S o oy e G e an o .



e s o &y = & =N we s

-
@

| =

Then, plainly, @ n(x) is a non-decreasing function of x and it is not a

difficult piece of analysis to deduce from (2.1) that

1 1
¥ — — a—
on (s) > 3 log —m” S ) n-——>cw,

Therefore by the continuity theorem for Laplace-Stieltjes transforms(Feller,
1966, p. 410), there is a non-decreasing function o(x) (possibly with a
jump at x = 0 , which must be taken into account when calculating transforms)

end, at continuity points, @n(x) —_ O(x) as n —> o, Furthermore,

1 1
o*(s) = "y logf_)-(_-rs-)-— .

We can quickly determine whether ®(x) has a jump at x = O, since we must

evidently have

P(o+) = Slf_n;m %— log L
K*(s)

Tncidentally, it is not hard to show that, when ®(0+) >0, I(aB) is finite

for all @ > 0. If we define, for x > 0, non-increasing functions
n
M) = ) O-E AN,
J=1
then <I>n(x) = fx Mn(u) du and so there must be a non-increasing function
o

M{x) such that Mn(x) —> M(x), at all continuity points, as n >,

Furthermore, for any a >b >0,



\- -

o(a) - o(p) = f: M(u) du, I

as so {-
o(x) = §(o+) + fg M(u) du. I

This implies '
(2.2)  kx(s) = e-s¢(o+) - s f:: e S¥M(x) ax i
|

Because it has been so easy to derive these "classical" results for

non-negative random variables, we thought it worthwhile and conveltlient to do so '

and at the same time introduce our notations. There is one further result we

o 58 e 2 ay Sy aEm ¢ N .

shall need which does not lie quite so near the surface. It transpires that,
if (1.1) holds, K(x) cannot be any distribution function whose transform
happens to have the form (2.2). In fact K(x) must be of "Lévy class L"

which is the case if and only if M(ex) is a convex function for - < x < ,
A minor consequence is that M(x) is continuous in O < x <», We refer to
Feller (1966) or Gnedenko and Kolmogorov (1954) for a treatment of this
convexity property.

One further preliminary needs discussion. A minor irritation in our
wprk is that in various places we would wish a variable to be an integer and
it may not be. When we vrite Sn and n is not an integer we shall mean by
Sn the partial sum Xl + oeee t Xk’ where k 1is the least integer not less

than n. If a <b are not integers we shall denote sums such as

>~
c
[N



- ey N an = W

more simply as
b
Yo
: J
a

This will save some typographical problems.

Let us now consider the proof of Theorem 1. We begin by showing that
if the theorem is once proved for R(x) = fa , @ >0, then it will follow
for the general case by a rather amusing trick. Indeed, we shall only need the
theorem proved for ¢ arbitrarily small. Let us suppose, therefore, that the
theorem has been established when R(x) = <, Suppose L(x) is an arbitrary

function of slow growth and 7 > . Let b(x) be a non-decreasing continuous

function of x > 0, taking integer values when x is an integer, and such that
(04 a
v() ~ 7 (1) 1YY, x>,

Since ¥ >Q we have that b(x)/x and thence b(x+l) - b(x) are increasing

for large X.

Suppose Xn} to be a sequence of non-negative, independent random

variables, such that

Xl + .00 + X

P{ a gg} — K(t), n—=>w .
Nn)

Define a new sequence of random varisbles { Yh} as follows. If the suffix

k = b(r)+l for some r then Y, =X (we can take b(0) = 1 so Y, = xl);

>therwise let P{Yk = 0} = 1. let us define a continuous non-decreasing iﬂtx)

such that §(n) = r for all integers n satisfying b(r) <n <b(r+l). It is not



difficult to see that @(x) varies regularly with exponent (¢/7) and that

n
Z, Y,
P{—ﬁrﬁ%— _<_§} —> K(¢), n=> o,

Thus { Yn] is a sequence of random variables to which Theorem 1 applies,
with M@(n)) in place of A(n); we note that A@(x)) varies regularly, with
exponent (0/B7).

Now let M(x) be the maximum k such that Y, + ... + ¥ <x. Then, noting

that b(A(x)) asymptotically equals the inverse of A @(n)), we have

(2.3) e {[mxna} ~ (AT LA)) T(BY).

But

e {[M(X)]a} =i (- 71) P {Yl Y+ Y Sx}
=1

and, since so many Y's are almost surely zero, we find this equation means

e {[M(x)]a} =i () - -1 P {xl f X < x}
r=1

=€ {[b(N(x))]o‘}

=& R (N(x)) ,

if R(x) = x! L(x). Thus, from (2.3) we have




(-

e R(N(x)) ~ R(Mx)) I(B7),

as was to be proved.

Let us now consider the proof of Theorem 1 for the case R(x) = & ’

a > O *
For fixed ¢ >0 and varying x >0, set n = A(x/{). Thenn —>

as x —> o , and

P{N(X)ZA(X/C)} = P{Sn < x}
= P{Sn < ;x(n)}

(2.4) —K(t), as x->w,

provided { is a continuity point of K.
Since A(x) has exponent B > 0 , we can write A(x) = _xBL(x) where L(x)
is a function of slow growth.

Thus

as x —> ® ,

[

]
s

w

and so, from (2.3), we have

» it EEJB-} —  K() , 8 x->e,

or,

(2.5) P{i’; > u} —  k@Y?),  x>w.



But
]
04
N{x _ -1 N(x
6{[AX]} _afou P{K&%zu}du'

Thus we can infer from (2.4) and Fatou's lemma that
(0]

lim inf C{Bz ]O‘} o f @ Py qu

X -> 00 0

v

1]

I(ap ).

In the case when I(®P ) = « the theorem is proved. From now on we

suppose I(a@B ) <w. By dominated convergence we see that, for any C > O,

c
. a-1 N(x
lim o fu P{Yé-}-c-;- > u} du
X —> 0
c

= f u %L K(u-l/B) du.

0]

The proof will be complete if we can show that, for any € > O, we can choose

C = C(c) so that

(2.6) fua-l P {%% > u }du < €
C

for all sufficiently large x.

For integer j, let us write Gj(x) =P {Sj <x } =P {N(x) > j}.

Then (2.6) may be rewritten

10

- G e N N m 0 & N am



(s
}; Jf uOt-l P {#(x) > u Aix)}- du < €,
3 2 Ax) Gﬁﬁ%

which is equivalent to

)

Alx

Z Gj +l(x) f ot du
13¢ () @&9

Thus we see that our theorem will be proved if we can show that, for
all large X,

(2.7) j(o"l) Gj(x) < € [A(x)]o‘

3 > cA(x)

The proof that, when I(@B ) <« , (2.7) must be true, is quite involved

and is given the following two sections.

3, Completion of proof when &(0+) =0

co .
Lemna 3.1. If 0%(s) = [ e™*¥ 30 (x) then, for all x >0, &*(1/x) <

®(x). Consequently,

11



«Q
1 -0(x)/x dx '
NCTE f e ap- S I@e).
X
: i
Proof. The argument depends on the ¢onvexity of M(ex). Thus, if x >0 l
and y > 0O, l
-1y
2M(x) < Mxy) + Mxy ). l
Evidently, '
>}
¢*(x-l) - o(x) = -3’2 f e-u/x o(u)du - o(x) '
0
i ol
- [ eV [o(y) - 9(x)] ay
bl Xy
= f e-y{ f M(u) du} dy .
0 X
= Jl - J2 , say,
where

ey
]

) [me-y { J;xy M(a) du} &y

l\)c'
1l
\J
o
1
>
—
\
2
£
g
&




If, in J,, we set u = x/v we find

/
Jy = X j;z—y{ j;ly M(x/v)%g—} dy

and so, by the convexity of M(e™),

But M(x) is non-increasing, and so

1
-J, < -x M(x) eV (1-y) ay
s M
X ng!

Similarly, the monotonicity of M(x) yields

g < x M(x) j; eV (y - 1) dy
ngxz ,

e

15



Consequently J, -J, <O and Q*(x-l)s ®(x) as claimed. Thus

-®(x)/x dx -¥%(1 X dx
[orwl g o [ e
_ f K*fl(x) ax
= le
0

fwfwe::é; dx dK(u)
o o %

o]

I'(cxfs)f L— ax).
0 u

This proves the lemma. Notice, by the way, that it has not used ®(0+) = O.

Lemma 3.2. Suppose ®(0+) = O. Then, given any 8 > O, one can find

0 <a<b<¥8, such that

L) o .o 4,

for all a<x<sb.

-1

_ x
Proof. Let us set ¥(x) = x . o(x) = x fl M(u) du, and note that

¥(x) is consequently differentiable and non-increasing. Suppose that for

1k




some & > 0 and almost all x <b,

-x ¥ (%) < a B + Nx .

By integration we have

Wx) < w(B) + oplog (8/x) + a5 - 24x.
Thus
5
fs e i e“P‘(S)+2~/_8_ f ee»ffdx
X o8 SaB x .

The integral on the right diverges and so we have a contradiction, in view of

Lermma 3.1. Thus, if E denotes the set of x-points where

_x\lf'(X) > OLB +'J—-}E »

then the intersection E [ (0,5) must have strictly positive Lebesaue measure
for every & > 0. But =-x ¥' (x) =¢(x) - M(x); and both M(x) and ¥(x) are
continuous. Thus =-x V¥'(x) is continuous and so, in any interval (0,8) there

must be a sub-interval (a,b), 0 <a <b <35, such that

inf -x ¥(x) > ap+ Nx .
x €(a,b)

This proves the lemma.

15



Lemna 3.3. If ®(0+) = 0 then there exists a constant A > QB , together

withe> 0 and n > 0, such that for all large n

ﬂl'r'J i AG3) {1-Fj(n7\(3))} > A
€n

Proof. Choose p > 0,0 <y <l For any integer P and all n > 7_P define

ny (P A(y)
T, p (P7) = ﬂl;l-)- ZI {1 - Fj(pu)} du
’ nyP 0
n?‘p-l) Nn ‘rP)
2 ) {2-me0) «
§=1 0

ny® '/\(nyp) ‘
- ) i [ f-rgen} e

J-l 0
We know that, for every { >0, as n = «,
n GA(n)
o] Z f {l-FJ(u)} du —>  o(L) .
j=1L 0

We also know that A(n) varies regularly, with exponent 1/B . Thus, as

n->own ,

Moy P) ~ y B A (n7(p-l)) ’
An 7('9'1)) ~ 7(P"]—)/ﬁ An) .
16



Therefore

p/B

(p-1)/8
Z—I-)—l—)—/— ‘I’(VI/BO)-Z;— ® (o) ,

lim inf T >
im 1 n,p(p’y) 2 5

n —> oo

and so, for any large integer k,

k
lim inf }; Tn,p (o,N) > d , say,
n-> o p=1

where
_Je l/Bp o(p) C 7,P/B
4 = { 7,17f3p B 0 } p; ’

Evidently, as k >, dk > d, with

7,1/(3 { o (Zl/ap) ) ¢§)p)} .

a =
® (1-71/‘3) 7P o

But, by lemma 3.2, we can choose y and p in such a way that
-x ¥ (x) > ap+ Jx

for all x such that 71/6p < x <p. However, by the mean value theorem,

there is a 6, 0 <6< 1, such that

W) - o 7Py = o1y ¥y y(e-60 [1-v Y/PY).

17



Thus

1/p
Y 1/By _
———1;7-—( B) {ﬂf(pv ) \lf(p)}

v

1/8 { op 1
pY + _—
p-6o[1- 71/B] N op- ep[l-'y*/p] }

071/6{-9‘-59- + ':]-:;L)-}

v

71/B{oza + J?)—}.

We can choosz ¥ < 1 sufficiently close to unity to make
\
y/ﬁ{a B+ \[; }] >aB without spoiling our argument. Thus doo >ap, and so

there is a large k such that d.k >ap . This means that, if we set € = 7k<6

. n o NJ)
lim inf ) ; [ {l-FJ (pu)}du > ap .

n ->w

However, for any small ©& >0,

18



Therefore
n  NJj)d
lim sup 7\-%-‘:-1-5- z f {l-Fj(pu) }du < 9_(.2_8.)_’
n > o en O

and the right member can be made arbitrarily small by choice of 8(since ®(0+) =

0). It now follews that, for a suitably small 8 ,

n NJ)
lim inf —-—%Gy }j f {1 - Fj(,ou)} au >ap.
n->w en  AN(F)®

But, since {1 - Fj(x)} is a non~increasing function of x, this in turn implies

n
lim inf 7\%3)- Z A(j){l-Fj(pm (j))} > aB.
€n

n —> o

If we set 7 = pB the lema is proved.

We are now in a position to complete the task of this section. Let Q(x)

0, and let Q(x) increase only through

be a non-deCreasing function, Q(0)

1, 2, ... ; the saltus at x = N(J) is to

jumps at the points x = A (§), J

be {1- Fj(nk (1))} . Lemma 3.3 then shows that for some A >0P and all

19



x > x_ (4), "
X
(3.1) ;l{- f udQ (u) > A l
ex
On the other hand, .
An) n '
1 1
I [ we@ gy ) A {r-rm o}
eX(n) en '
n N
s ww ) ) fonwfe |
1 0
_— ol
' |
lim sup :l- ud 0 (u) < QT] < w,
X => €x '
and so there exists a finite B such that '
x
(3.2) % f ud 0 (u) < B '
€x .
for all  x 2 X,.
From (3.1) we have, if y >x > X '
y u |
1 L
f = { f vdo (v)} dv > A log ¥.
x " eu . '
20 .



But, by Fubini's Theorem (or integration by parts),

fy'{l;z { fuvdn (v) du
X e

=f3c,10(u) +-}]z‘ fxudQ(u)

X €x
x ¥
-efdQ(u) -3]; fudQ(u).
€x P'S

Thus, for y >X2X

fda(u) > A log (%) - B,

X
and so, if y > Yo where

- e 2B
¥, = exp A-aB)’

we shall have

y

fdQ(u)

X

[AY

(Br22) g (¥)

v log % R say,

21



where v >0aB. Thus, if ANn) > (x/7) ¥y, and (x/7) > X

Z {1-Fj(n7\(j))} > v log “x“n ’
Alx/n)

whence,

n

end, a fortiori,

(3.3) illj {l - Fj(x)} > v log 7\xnn .

From rather obvious probabilistic considerations we have

INA

4]
R Fj (x)

Gn(x) &

n
(3.4) eF1 B-F; (03

IA

Thus, if Mn) > x yo/'q and if x >x,n , from (3.3) and (3.4) we find

v

G (x) < n’;ﬂ .

n

The inequality on n is equivalent to one of the form n > C A(x), for C

22



sufficiently large. Thus

\%

o=1
(3.5) G ) < -) —
nx;x) ('ﬂ n>;\(x) [A(n)]

At this point we need the following result on regularly varying functions.

Lerma 3.k4. If Z(n) varies regularly with exponent ¥ and if 7 +Q <0

then, as t —> o

Z &L 2(n)  ~ MRAL)

7 + of

This lemma is closely analogous to a familiar result involving an integral in
place of a summation (see Theorem 1, p. 273, of Feller (1966) where, however,
the proof of a vital lemma is incorrect, though salvable). TFor this reason no

proof of Iemma 3.4 seems necessary.

If, in (3.5) we let v =af + 8B, d >0, then the function

z(n) = {(Mn)} ™Y

varies regularly with exponent - (@+5). Thus we can appeal to Lemma 3.l to

find that, as x> o« ,

ol (VX €5 I ¢ N €5 I
wi(x) N s(AcA ()1 8 ¢° x"
23



We then, finally, deduce from (3.5) that

1 -1 1
lim sup ——— n ¢ (x) L ——x
x e AT n>;\(x) o Tee

Since C can be chosen arbitrarily large, the theorem is proved for the

case 0 (0+) = O.

i Completions of proof when ®(0+) >0

The following lemma, needed here, generalizes a result buried in Smith (1964).

Lemms, 4.1, Let (X ]} be a sequence of independent, non-negative, random
il

variables with distribution functions {F (x)} . Set, for x>0,

d)n(x) = 7\%3 i %[X)\(?l - Fj(u) } du.

J=1

If, for some x >0, Qn(x) is a bounded function of n and if there is

a & > 0 such that, for every x >0,

(4.1) lim inf ¢ (x) > 58 ,
n —> n

then, for any @ >0, € >0, we can find C(€) such that for all large x,

using established notation,

O e < ear® .
3>CA(x)

2k




Proof. Suppose that & n(C) < A< o for all n and some fixed ¢ > O.

From the fact that (4.1) holds we must be able to find an unbounded non-decreasing

function w(A(n)) such that, for all large n,

J=1 0]

This inequality remains valid if we replace w(A) by a more slowly
increasing wl(k) < w(A). Thus, by Lemma 9 of Smith (1964) we may suppose
that w(A) is continuous, non-decreasing, and unbounded, and that MNw(A) is
an increasing function of A . Let us define £(A) = log w(A); evidently

N 2(N) 1is also, for all large A, an increasing function. Let us now set

oy - ) m)
w(n)
Then
t(n) _ Mn) log w(n
t(t(n)) ~ w(n) log w(t(n ‘

However, for all large n, ANn) > t(n) ; therefore

t(n Mn
(&) = w%n% )

Thus, whenever A(r) > t(n), or, equivalently, r > A(t(n)), we shall

have

25



Therefore, for all large n,

. At(n))-1 Nn)/w(A(n))
] f {1 -F ; (u)} du
0

j=1

n NJ)/2(NI))
+ 'X%BT Z f {l-Fj(u)} >
At (n)) 0

that is, say,

T,(n) + T,(n)

v
o

Choose a small 71 > 0. Since t(n)/A(n) = £(n)/w(n) >0, as
n—=>w® , we shall have t(n) < nA(n) for all large n. Also, since
w(Mn)) =>w as n->eo , we shall have A(n)/w(Mu)) < ¢nA(n) for

all large n.

Thus
An)) tnN(n)
1
Tl(n) < m A(i ./j {l - FJ(u) } du.
1
g

But A(n A(n)) ~ nsn as 0 > e |, and so A(nA(n)) < 21q

26
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for all large n. Therefore

&

T (n) < = En fwn){l Fo( }
L(n o) - B, u) du .
1 0

o

However 7\(271B n) ~ 2]'/B nTAMn) as n-—>eo and so 7\(271B n) > 1 Nn)

for all large n. Therefore

We may then infer that

lim sup T, (n) < 2]'/B 1 A.

n-—-> o

Thus, since 7 is arbitrarily small, we conclude that

lim inf T2(n) > 8

n-> o

and so there must exist some 81 > 0 such that, for all large n,

27



n N3)/2 (N3))
(k.2) 3\%—1—7 z {1 - FJ, (u)} du > 81 .

§=1

For a given large x define r¥ = r¥(x) as the greatest integer such
that Mr*)/2(Mr*)) < x. Let s* = s*(x) be the greatest integer such that
Ns*)/2(N(s*¥)) < (1 + e)x. Choose a large C >0 and consider the following

three cases.

(1) c AMax)<n < r¥ (x).

By a familiar inequality (see e.g. Smith (1964)),

W (t)
(4.3) ¢, () < e Tt >0,
where
n ©
(4.h) Wt) = tx -t f e { 1 - F.(u)} du
j=L 0 ’

Let t = 1/x and truncate the integrals at x in (4.l4) and we find

(k.5) W(/x) < 1. ? fx {1 - F, (w) } du,
0

3=l

Since MJ)/# (MJ)) < x for j=1,2, ..., n < r¥(x) we have

from (4.2) that

§ _/}‘{ {1 - Fj(u)} a > An) B, .
0

3=1
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Thus, from (4.5),

8, Nn)
Wn(l/x) < 1- = s
and so
5, A(n)
(4.6) ¢ (x) < em {1_ ixn } n < ¥,

(i) r*(x) < n g s*(x)

By combining inequalities (3.4) and (4.3) we have that

R_(t)
(%.7) Gn(x) < e 1

where

1 -
Rn(t) 5 tx

'
Oj
’\/J::S
l—J
N
i
.
~
b
-
——

Thus, truncating integrals,

o] Kol
Ms
O%g
1]
1
ct
o
. =
[}
=
.
~
o
N
——
g

(4.8) R (%) < % -z y f{l—}?j (u)} &
0



Let us set

N3)/£(N3))
1

7.3 = A {l-Fj (U.)J du ,

Ij(x)= f{ {l-Fj (u)} du .

0

Then (4.2) can be rewritten
(4.9) A A RTTIL A A ‘617\(n).

If §>r* (so NJ)/2(NF)) > x), we have
M3)/e(N35)) :
{1 - FJ (u)} du = 73. - Ij(x).

X
Therefore

(4.10) <ﬁ%}§)—) >> (1 -F ) 2 7, - 1,00

But, if 3 < s*(x), then N(J)/4(N(3))

<:} "G - %;) < ex.
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Thus, from (4.10) ,

7y - Iy (x)

e X

1-F, (%) 2 , T < § <%

From this result and (4.8) we infer

r¥* n
1 1 L
(4.11) Rn(l/x) < 3 v y 75 " Box S Ij(x)
1 r¥+l
n
1
- 28X y (7j = IJ' (X))
r¥+]1
n
= 1 1
2 2ex }i 73
1
5. Nn)

2ex

by (4.2). Therefore, from (4.7) we have

SlX(n)

(4.12) @ (x) < exp {%— '_'é?a'x—""} , r*<n<s*

From (4.6) and (4.12) we may thus infer that
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s¥ ©
y n o-1 Gn(x) < e% Z n&-t e-(517\(n)/2ex).
n=CA(x)+1 cA(x)

(=

o]
< .2 -1 2ex

cACx)

¢ -1

if we choose C sufficiently large so that the inequality e~

valid for € = (8l Mn)/2ex). The argument used near the end of §3 will

then show that

s*¥(x)
(4.13) lim sup 1 p&-t ¢ (x)
[AG) T : n
x => o0 n>CA(x)
can be made arbitrarily small, by choice of C.
(iii) s¥(x) <n Arguments similar to those for case (ii) show that
(%.7) holds with (4.8) replaced by
s¥ n
(h.14) R (1/x) < & - = 7. - =— I, (x)
n 2 2ex 3 2ex R J
1 s¥+1
n
- I (x
o 75 3( ) }
2 ) x )
s*+1  BAGY O °

However, when Jj > s*, A(5)/2(A(j)) > (1 + e)x and one can infer that
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;\-}\j - x > ex
and hence deduce that
s¥*
1. 1
(4.15) R (1/x) < 2 Sex y 7
1

Write
= v
T = J
D b }
s¥+1 2(AJ)) -x
and
PJ = 71 + 72 + LR J + 7j L
Then
_ [;1 - I‘s*
Th = e . Aeerl)
F16X6 L(AN(s%+1)
(wwhd.)
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ol 1 1
Lol )
S¥+1 L(N(5 LON(J+1

We may assume s*(x) to be large, so that Pj > 81%(3) for all j in

the range. Thus

Slk(n)

> = - Tox
L(AN(n 2Ns*+1)) X

T

5 A s¥*+1)- Lo

N s¥41 x
E%%Zs*+155 -

. i {:(;n N(3-1) }

¥* -
s¥+2 7 3 X

If we use this last inequality in (4.14) we find

+
o
H
%
+
l—l
>
=
cu
-
—
|
Cae -
'
»
'
nf >
+
c*ra
+
‘_l
'—J
]
—
ol ON WS S U G0 P B0 O 0 D 0 0 e v 0 O B e
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) 5. A(s¥+1) (A1)
(.16) o (x 1y < 1.4 - 5 4(Ns%2)) 2{7\(3)\-? -1}

Als*+1
z% Ns*+1)) 5¥42

If |x-j| <1 then Nx)/MJj) =>1 as x and j increase. Thus

n

i { 7\(;1;\(5) 7\(3’-1} - f ?\?\Xx

s¥+2 s¥+1

Nn
- 108 \ o

Hence, for some 5., 0K 82 < &, we have from (4.16) that, for

2
all large X,

8 A(s*+1)

A s*+1
T(Ns*+1))

-1
2Rn(x )y <1 -

)
- 28, L(N(s*+1)) 1log
N(s*+1)
We must thus conclude from (4.7) that, when n > s¥,
5, L(N(s*+1)) _
G (x) < [Mf%i%l] e‘f"(X)’
n Nn
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where

(4.17) W(x) = 3

For sufficiently large x,

z‘ nC!-l Gn(X) <e‘|’(x) [7\(3*+1)]X Z n
s*#l

But [Mn)]™ X varies regularly wi

we have, as X —> o,

0

}j nq-l
o [A(n)]*

s¥+

Therefore
2]
(.18) Z 22 6 (x)
s¥+1
Since

A(s*+1 N
L(A(s¥+1 -

8, Ns*(x)+1)

52 L(N(s*(x)+1) > x>a B, and so

o]

a-1

Ly N0

th exponent -x/B , and so, from Lemma

B(s*+1)>
[N(s*+1)1% |x<p |

s¥+1 L(N\(s* N s*
s¥* z%%§s*+15$ AL (s*
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AN s*+1
< —WL (1+e) x ,

it is clear that for large X

A(s*+1 _
- T < (1+2e)x .
Therefore, from (4.17) ,
L 8, A(s*+1)
(4.19) V(x) < 3 - = .
Furthermore, if we represent AN(x) = xl/B L(x), where L(x) is a

function of slow growth,

\/p
(4.20) -%fﬁ%i;) =:3i5§ill . %ﬁﬁé%%}- .

But, from the familiar cancnical representation of L(x) dve to Karamata
(1930),

fx egu! a

1 u u

L(x) = a(x) e ’

where a(x) =1 and &(x) =>0 as x=>e . Thus, for somefinite A, >0

L{A(x g(u)
_2_1—% < -
Tle*tl) = Al exp { f 3 du }

>4
%
A
N ON O A O A0 o B 0 & A0 A P G e A A e
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* G/B
- s¥+]
= Al. <:;ixgi> ’

for all large x and arbitrary € > 0. Thus, from (4.20),
(1-€)/B A
S¥+1 s*+1)
(k.21) <m5—> < Al( p” >

From (4.18), (4.19), and (4.21) we then deduce

(=<}

(4.22) S z 6 (x)

1" &

= 0 < [w(x)]aB/(l-e) e Slw(x)/bre> p

say, vhere w(x) = N(s*(x)+1)/x. But  A(s*+1) > (1+e)x £(N(s*+1)), and

so w(x) >» as x-=>o . Thus we have, finally, from (4.22) that

co
1 : 2 le (x) = 0, as x>
[A(x)]% n

s¥+1

This result, coupled with the arbitrary smallness of (4.13), completes the

proof of the theorem.
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