ABSTRACT

FULLER, JOHN DAVID. Methods to Alleviate Processing Requirements of High-Fidelity
Multibody Parachute Simulations Involving a Confluence Mass. (Under the direction of Dr. Robert
H. Tolson.)

Methods designed to reduce the numerical stiffness and processing requirements of high
fidelity entry trajectory models involving parachutes are explored. Parachute deployment systems
have often been simulated using rigid body dynamic models. The system is comprised of a parachute
rigid body attached to the vehicle via a confluence mass with flexible lines. The simulations
incorporating the confluence mass often take excessive amounts of processing time due to the
relatively small mass of the confluence point and the resulting high frequency motion. The two
methods investigated here seek to simplify the equations of motion to be integrated in the simulation,
removing the numerical stiffness and increasing the required time step.

Initially an analytic solution is derived from previous work on the subject and is used to
linearize the confluence point equations of motion about an equilibrium point. The motion of the
confluence point about the equilibrium point can then be reduced to that of a simple harmonic
oscillator, resolved analytically and averaged over a larger time step than required for integration of
the original set of equations of motion. This procedure allows the removal of the equations of motion
of the confluence mass from the system, replacing them with analytic solutions for its position and
velocity. The numerically stiff portion of the simulation is thus removed, significantly improving
processing time.

The second method developed is entitled the singular perturbation method, and involves
suppressing the small inertia of the confluence mass responsible for high frequency motion. The
singularly perturbed system allows simplification of the equations of motion by removing the
confluence point velocity state equations. The velocity state vector may be estimated by taking the

limit of the equations of motion of the confluence point as its mass approaches zero. The stiffness of



the equations is again removed, thereby increasing the integration time step and decreasing overall
processing time. The singular perturbation method is applied to parachute entry models of the Mars
Exploration Rover mission as well as the Crew Exploration Vehicle abort mode.

Results from both methods are compared to models in which a confluence point with mass is
used with integration of the full set of equations of motion. Performance is evaluated in each case by
way of comparing integration time step to measure the benefits of application of the methods.
Necessary assumptions and the resulting implications for each approach are defined and evaluated to

assess the convenience and application of the methods.
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1 Introduction

1.1 Problem Statement

Many planetary entry systems employ a parachute system in the latter phases of entry,
descent, and landing. Trajectory analysis programs often model these systems using 6 degree-of-
freedom motion of multiple rigid bodies’. The parachute and vehicles are modeled as individual
rigid bodies connected by flexible lines. To more realistically model the system, a confluence point is
used between the bodies where the lines converge. Generally the confluence point is be modeled as
an individual, 3 degree-of-freedom body. An example configuration is shown in Fig. 1.1. The
solution to the differential equations of the confluence point is on a different time scale than those of
the more massive bodies of the system. Provided that the confluence point mass is much smaller than
the masses of the parachute and the vehicle, the high frequency motion of this mass requires a small
time step to integrate the equations of motion. Some trajectory analysis software packages solve the
differential equations of motion simultaneously with a constant time step integrator. The small time
step required for the integration of the acceleration of the confluence point is the limiting factor of the
entire simulation. Increasing this time step would greatly reduce the turn-around time of trajectory

simulations involving parachute deployment with a confluence point.



Confluence Mass —/

Fig. 1.1 Generic rigid body parachute model with confluence mass

Trajectory analysts are more concerned with the behavior of the parachute and attached
bodies rather than the behavior of the confluence point. The overall motion of the more massive
bodies is generally unaffected by the small inertias of the confluence point mass. The primary goal
would be to eliminate the confluence point mass while still modeling the system dynamics as a result
of the lines converging at that point. The scope of this work is to explore different methods of
circumventing integration of the confluence point equations of motion while retaining the prediction

of the dynamics of the system.



1.2 Model Configuration

The particular system modeled for this method is comprised of a rigid body parachute

connected to a rigid body vehicle by way of a confluence point. The parachute is connected to the

confluence point by a single riser, and the confluence point has three bridles that connect to the

vehicle. The parachute and vehicle are modeled as 6 degrees-of-freedom bodies, while the

confluence point is a 3 degrees-of-freedom body. The free body diagram of the confluence point is

shown in Fig. 1.2. Assuming the confluence point has a mass of m, the equations of motion of the

entire system are

mvﬁ; = Fext,v + mvg - (Tl + TZ + T3)

mcE:T1+T2+T3+T4+ng

— -

My ¥, = Foprp +mpg — T,
(bv = [Iv]_l{ﬁext,v - Ml - MZ - M3 - a17 X [Iv]

(b—p = [Ip]_l{Mext,p - M‘l - 510 x [Ip] ’ 5,,}

Fig. 1.2 Confluence point free body diagram
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The parachute and vehicle are subject to gravity, as well as aerodynamic forces and moments
denoted by the subscript “ext.” Equation 1.2 is on a different time scale than the other equations of
motion, resulting in the numerically stiff problem. The bridles and riser are modeled as springs with
stiffness and damping values defined by the user. The tension of each line is defined as

Ti = [Ki(I7 = 7ell = Log) + Gy = 72) - ul (1.6)
where

NGl )

S T (L.7)
Note that no compressive forces are permitted in the lines for any of this work. Most models of this
nature incorporate extremely high stiffness values, due to the use of Kevlar lines. Higher spring
stiffness values increase the numerical stiffness of the problem. Some models incorporate very little

damping to maintain conservative estimations in capsule swing and coning, which will be addressed

in each approach.

1.3 Methodology

Research at NASA Langley briefly investigated the problems with confluence point mass
integration with interesting results. Past approaches’ included an equilibrium point solution in which
the confluence point is placed at an equilibrium location based only on line tension, i.e. at each time
step the confluence point is in static equilibrium. The equations of motion for the confluence mass
were eliminated from the simulation entirely. A further investigation of the equilibrium point and its
usefulness in predicting the confluence point motion is warranted. An analytic solution is developed
from linearization of the confluence point equations of motion, evaluated at the equilibrium point.
This analytic solution was devised once observations of the system indicated that the confluence point

oscillates about the equilibrium point at a different frequency in each axis. Assumptions of small



deflections in the confluence point from equilibrium allow linearization of the coupled, non-linear
equations of motion.

The analytic solution is applied to a system similar to the configuration in Fig. 1.1, where the
attachment points are held at fixed locations. The confluence point is then deflected from equilibrium
and the resulting motion is predicted and compared against full integration of the equations of motion
at significantly lower processing costs. Difficulties can arise in the analytic solution in the form of
non-convergence of the Newton iterative solver. Consequently, development of a new method
without the hindrance of iterative solutions is desired. The singular perturbation method employs the
idea of the equilibrium point solution but instead uses the fundamental equilibrium equation to solve
for the confluence point inertial velocity. The result is a reduced first order differential equation in
terms of position and velocity of the confluence point. The velocity is integrated to determine the
inertial position of the confluence point. The high frequency motion of the confluence point is
eliminated and the required time step for the simulation can be increased by two orders of magnitude.
Implications of the singular perturbation method include the investigation and handling of slack
cases, when one of the connecting lines has no tension. This requires the use of damping on the
confluence point, a standard practice in parachute system models.

The singular perturbation method is applied to models of the Mars Exploration Rover (MER)
entry configuration as well as the Crew Exploration Vehicle (CEV) abort mode configuration. The
models are analyzed using POSTII, a trajectory analysis program used to simulate entry, descent, and
landing scenarios®. Results from the models using a point mass at the confluence point is compared
to results using the singular method. The MER model is used in several simple free-fall cases with
varying initial conditions. The CEV abort mode configuration utilizes two sequentially-timed
parachute systems with confluence points. The method is applied to both systems in the same abort

scenario and initialized following the abort tower jettison event.



2 Analytic Confluence Solution

2.1 Theory

Study of the confluence point in this system reveals particular inherent behavior with respect
to the equilibrium point. The equilibrium point is the location at which the confluence point would be
located in static equilibrium. As a result, a perturbation of the confluence point from equilibrium
results in harmonic oscillation about this equilibrium point in the three axes. This motion is a
function of the magnitude of the perturbation, as well as the stiffness and damping properties of the
connecting lines. Given these observations, an analytic solution based on a simple harmonic
oscillator is conceivable. Linearization of the confluence point mass equations about the equilibrium
point provides the analytic solution, developed here. The procedure to locate the equilibrium point is
further explained in the references’.

The equations of motion for the confluence mass in condensed form are

4
m, i, — Z[Ki(”ﬁ' — 7l = Loy) + Ci(7 —7) - Al = 0 (2.1)
=

Separating the equations into the three axes and expanding provides

4
fx = mcfcx - Z Ki Nix (\/(f'ix - 7.ﬂcac)z + (f'iy - f'cy)z + (fiz - f'cz)z - LO,i)
i=1

- Ci{(f‘ix - 7:‘cx)nizx + (fiy - 7;‘Cy)nix niy + (fiz - fcz)nixniz} =0 (22)
i=1

4
fy = mcfcy - z Ki Ny (\/(’f‘ix - f'cx)z + (fiy - 'cy)z + (fiz - 'cz)z - LO,i)
i=1
4
- Ci{(fﬂix - 7;'cx)nix n;y + (f'iy - f'cy)nizy + (f'iz - fcz)niy Nizjy = 0 (2'3)
i=1



4
fz = mcfcz - Z Ki Ny (\/(fix - 7:‘cx)z + (T"L'y - T"cy)z + (fiz - f'CZ)Z - LO,L’)
i=1
4
- Ci{(f'ix - f'cx )nixniy + (f'iy - 7:'cy)niy ng, + (f'iz - f'cz)nizz =0 (24)
i=1

Linearization of f, about the equilibrium point is defined by

0 0 4] 0
,],c A7, + —fx At + —fx Ay, —fx A7,
ot eq 07, eq 07, e ar,, eq
9] 0 0
+ Jx Ar, + Jx Aty + Jx Ar,, =0 (2.5)
o7, eq ar, . or, eq

Linearizing f, and f, as well and rewriting in matrix format provides a simple, damped harmonic
oscillator equation
m, (115347, + CAT, + KAT, = 0 (2.6)

where

-

AT, = 7. — Ty

l
l

o
a

Ar, =7, — Ty

and C and K are the linearized equivalent damping and stiffness matrices, respectively.



These matrices are defined as

[0fc 0fc 0] 0fc 0fc 0]

07y 0T, 0T, 01y 01, 01,
F_|0 o 0f o_|h o o

0Ty 0T, 0T, 01y 01, 01,

of, 9f; 9f; of, 9f; 9f;

07, 0T, afcz_rczreq 01, 071, arcz_rczreq

These partial derivatives are provided in Appendix A. The procedure for finding the equilibrium
point velocity ?eq is provided in Appendix B. The simple harmonic oscillator equation is solved as a
polynomial eigenvalue problem®, providing three eigenvalue pairs, each pair corresponding to
harmonic motion in one eigenvector direction. The eigenvalues for each axis can be real, distinct
pairs or complex conjugate pairs depending on the amount of damping in the system. The solution of
the linearized equations along each eigenvector is then
Ar, =1, — 1,0 = Ae®" + Be®2!
2.7
AY, =7, — T,y = Aaje™* + Baye®2t
for cases where the eigenvalues are real and distinct values a; and a,. For cases where the
eigenvalues are a complex conjugate pair a + bi, the solution is
Ar, =1, — 1,4 = Ae® cosbt + Be® sin bt
(2.8)
AY, =7, —T,q = Aae® cosbt — Abe® sinbt + Bae® sin bt + Bbe® cos bt

The values of constants A and B can be determined with the initial conditions of Ar, .o and A7 ;.
These analytic equations can be solved to predict the motion of the confluence point, removing the
need to integrate its equations of motion. This approach effectively locates the confluence point by
averaging over the high frequency motion, motion which is generally along the longitudinal direction

of the system. The axes of high frequency motion can be determined by examining the eigenvalue

pairs found in the linearized characteristic equation in Eq. (2.6).



2.2 Validation

A simple model is used to study the analytic method, in which the attachment points are held
at fixed locations while the confluence point is free to oscillate. The system is shown in Fig 2.1
below, with the corresponding physical parameters listed in Table 2.1. Note that the system is similar
to a small mass suspended by two damped springs, where the triple bridles placed closely together
can be represented by a single equivalent spring. This observation gives way to the prediction of high
frequency motion in the z axis with lower frequencies in the lateral x and y axes, as the restoring

forces in the lateral directions are very small relative to the vertical forces.

-y

53
Table 2.1 Simple model specifications
Parameter Value
Co 100 N-s/m
C, 300 N-s/m
h 36.2161 m
Kp 50,000 N/m
K: 90,000 N/m
I—O,b 6m
Lo, 30m
me 15 kg
R 1m

Fig. 2.1 Simple confluence motion model



Given the value of h, the system is vertically stretched such that the uppermost attach point is
0.3 m above a system with all lines at free-stretch length. This input ensures the lines are taut
throughout the simulation. The x and y components of the uppermost connection point are zero. The
location of the equilibrium point can be found by resolving the forces on the confluence point
geometrically, or by Newton-Raphson iteration for more complex configurations. The equilibrium

point is

0
Toq = 0 m
6.0305

Equation (2.6) is evaluated independently of the initial confluence point position, providing

_[40142 0 0 1 Ns _[52928 0 0 N
C=| o 40142 0 | — =| o 52028 0 —
0 0 591.97] ™ 0 0 2360601 ™

The matching two values along the diagonal of the equivalent damping and stiffness matrices indicate
symmetries in the system in the lateral directions x and y. This lateral symmetry, as well as the
correlated terms being zero is a result of the system being axisymmetric along z in this equilibrium
position. Evaluation of the polynomial eigenvalue problem® for Eq. (2.6) provides
Ay =4, = —0.1338 +18.7839i
A, =—19.732 + 123.89i

The natural frequencies and damping ratios are derived, and are provided in Table 2.2.

Table 2.2 Linearized case equivalent parameters

Direction o, , rad/s T,s &
X 18.7843 0.3345 0.0071
y 18.7843 0.3345 0.0071
z 125.4485 0.0501 0.1573

Observation of the parameters in Table 2.2 indicates rapid oscillations of the confluence mass in the z

axis. This high frequency motion was expected as the largest components of restoring tension lie

10



along the z axis. The system symmetry at equilibrium dictates lower, equivalent frequencies and
damping ratios in the lateral x and y directions. The confluence mass motion over 5 seconds is
predicted via the analytic solution as well as with integration of the equations of motion with an initial

confluence point position and velocity defined in Table 2.3.

Table 2.3 Confluence initial conditions

Direction o, m Arg, m Ty = Ay, M/s
X 0.04 0.04 -1.0
y 0.05 0.05 1.0
z 6.06 0.0295 5.0

The analytic solution for position of the confluence mass with respect to the equilibrium point is
shown in Fig. 2.2. The significant difference between frequencies and damping ratio in the lateral
and longitudinal directions is clearly indicated. For a given configuration of the line connection
points, the confluence quickly oscillates about a plane intersecting the equilibrium point while its
projected position in that plane revolves the equilibrium point. Damping values then determine how
fast the confluence point settles towards equilibrium. With regard to a computer simulation, this
dictates that the confluence mass would never theoretically reach the equilibrium point within descent

trajectory integration, let alone during a single time step.

11
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Fig. 2.2 Confluence analytic position with respect to equilibrium point
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The analytic solution for position from evaluation of Eg. (2.8) is compared against the
integrated solution in Fig. 2.3 over the first 0.5 seconds of motion. This integrated data is output from
the variable time step integrator ode45 within Matlab®, which utilizes 4" and 5" order Runge-Kutta
integration. Processing times were 0.0654 s and 2.3804 s for the analytic and integrated solutions,
respectively. The analysis was performed on an Intel Centrino® Duo machine equipped with
Windows Vista™., Position is measured with respect to the equilibrium point, which is constant and
equivalent between output methods. Note that forces due to gravity are ignored in both data sets.
The analytic position and velocity of the confluence mass approximately match the integrated
solution for this simple case. Differences in position are seen in the lateral directions x and y, where
the analytic solution oscillates at slightly different amplitude than the integrated position. High
frequency motion in the longitudinal z axis is matched to within 0.3 mm at the largest deviation. The
calculated values of natural frequency and damping ratio in Table 2.2 from the linearized
characteristic equation are also in agreement with the oscillations seen in the integrated position.

Large deviations in output from the integrated position are observable when confluence point
motion extends further from the equilibrium point, where linearization assumptions are no longer
valid. Cases where the confluence point is initially located outside this region or when the confluence
initial velocity propels it there can cause significant errors in output from the analytic solution. Non-
linearity in the equations of motion becomes increasingly influential in asymmetric bridle tension
conditions, limiting this region of validity further. Such asymmetry can be observed in this simple
system by laterally deflecting the uppermost connection point, resulting in an equilibrium point off

the z-axis.

13
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2.3 Discussion

The analytic solution method presented here constitutes a procedure to predict confluence point
motion with respect to the equilibrium point. Past approaches’ involving the equilibrium point
solution provided a solution of simply placing the confluence point at the equilibrium point within
each time step. This method ignores the confluence point motion resulting from its position and
velocity while displaced from equilibrium. The analytic method can be used to identify axes of high
frequency motion and used to average this high frequency over a larger time step than full integration
requires. Theoretically, using the analytic method to predict confluence position and velocity within
a single integration time step should then produce results of greater similarity to the fully integrated

result. There are several points of discussion that explore the effectiveness of the analytic method:

1. Calculation of the equilibrium point in a high-fidelity parachute descent simulation is a
significant obstacle, given high instances of slack connecting lines and frequent non-
convergence of iterative solvers.

2. The analytic method presented requires significantly more computations than the
equilibrium method, given that the linearization coefficient matrices and characteristic
eigenvalues must be calculated in addition to the equilibrium point within each time
step.

3. As the equilibrium method already places the confluence point at the long period
averaged position about which the analytic method oscillates, it is likely the analytic

method offers insignificant improvements to data accuracy.

15



The primary difficulty in implementing this method within a high-fidelity entry, descent, and
landing simulation is the calculation of the equilibrium point within each integration time step.
Calculation of the equilibrium point is performed by way of a Newton iterative solver in which the
confluence position which satisfies

N N
ZTL ZKi(llﬁ — el = LO,i)ﬁi =0 (2.9)
i=1 i=1

The solver can be remarkably effective in well-conditioned cases in which all lines are taut
where an accurate initial guess is provided. Conversely, the solver is prone to non-convergence in
cases which lines may be slack. Given the condition that no lines provide compressive forces, the
solver will also diverge if a single iteration propagates the equilibrium solution to a point where any
line is slack. In the event of a slack line, the solver provides an equilibrium position resolved by the
attachment points of the remaining taut lines. The subsequent iteration results in an extreme
corrective tension from the previously slack line coupled with possible slackness in the previously
taut lines. Consequently, a single slack instance within the Newton iterative solver produces
considerable instability resulting in non-convergence. Both the equilibrium point solution and the
analytic solution derived from it here are subject to these problems of non-convergence.

It was determined while implementing the equilibrium point solution that for Runge-Kutta 4™
order integrators, the equilibrium point must be evaluated within each intermediate slope calculation
of integration. This constitutes four iterative solutions per time step. The analytic solution presented
here requires an additional calculation of the equilibrium point velocity, the linearized equivalent
stiffness and damping matrices in Eq. (2.6), and the eigenvalues. The method would thus require
significantly more processing time than the equilibrium method alone.

It is observed that the motion of the more massive rigid bodies of the system is generally

unaffected by small deviations in position and velocity of the less massive confluence point.
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Consequently, output data from the equilibrium point solution, a method which effectively eliminates
high frequency oscillation of the confluence point, shows satisfactory agreement to a fully integrated
solution that requires a significantly lower time step. It is then questionable that using the analytic
method presented would drastically improve results by predicting the high frequency motion
previously ignored.

Given the reasoning presented above, implementation of the analytic method within a
complex parachute trajectory simulation was avoided. Difficulties in defining acceptable initial
conditions in which no slack events are encountered as well as in maintaining confluence point
position within the region of linear assumption validity prohibited further investigation of this
method. Future work in the matter would require a more robust solution procedure for determining
the equilibrium point. It would also behoove the analyst to prove the analytic method provides
superior accuracy over the equilibrium point solution, and that the improvement is worth the

additional computational requirements required.
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3 Singular Perturbation Method

3.1 Theory

The singular perturbation method, like the equilibrium point solution, aims to replace the
numerically stiff equations of motion for the confluence mass with other less computationally
expensive means. Examination of Eq. (1.2) indicates the source of the stiffness is the very large
acceleration value resulting from tension values being divided by the small confluence mass. This
equates to a problem of singular perturbation, where some small parameter on the highest order
derivative in a system of equations may not be approximated by setting the parameter to zero. Here,
the mass of the confluence may not be set to zero without causing singularity.

Consider the limiting case as the confluence point mass approaches zero where the number of
lines attached to the mass is generalized. As the mass approaches zero, so must the limit of the left

hand side of in Eq. (1.2):

Mz

i (meft) = 2. 61

The limit provides an equilibrium relation at the confluence point with N attached lines. The
equilibrium point solution” uses this equation to solve for the equilibrium point location, eliminating

the equations of motion of the confluence point from the system. On the other hand, the singular

perturbation solution uses this equation to determine the velocity E which is integrated along with the
other equations of motion to provide the inertial position. Solving for the velocity of the confluence

point requires expanding the tension equation.
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Each tension vector is defined by

T, = [K(IF = 7oll = L) + Gi(F = 72) - Ay (3.2)
where

L _G=R)
A

(3.3)
and 7; is the inertial position of the attachment point of line “i” to the vehicle or parachute. Recall
that compressive forces will be ignored since many parachute trajectory models only allow tensile
forces. Expanding Eq. (3.2) and rearranging provides

N N
2 Ci(Fc -A) Ay = Z[Ki(”ﬁ — Tl = Loy) + Cit A;| Ay
i=1 i=1

(3.4)

Solving for 7, obtains
N
o=l {Z[Ki(uﬁ- — 7l = Log) + Cify - 7] A (3.5)
i=1

where

2
N | Cingy Cinpenyy iy,
_ 2
a= Z Cinyny,  Cny, Cingyny, (3.6)
L 2
=1 Cinyny,  Cnyng,  Gng,

Note that « is the linearized equivalent damping matrix C, as damping force is linear in the
confluence point velocity. The solution obtained is a continuous function until the system reaches a
situation where any of the attached lines go slack, such that this slack line provided the only opposing
tension to the remaining taut lines. In the presence of a slack line, the matrix a becomes non-
invertible resulting in a singularity in Eq. (3.5). This condition is caused when there is no confluence
velocity that will maintain the equilibrium amongst the remaining lines in tension.

Line slackness was a considerable obstacle to the analytic solution presented as well as the

equilibrium method referenced, and has often been a troublesome issue among multibody trajectory
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simulations. One method generally used to circumvent the problem is the inclusion of a confluence
damping force. Past models have often used excessive confluence damping forces to reduce the high
frequency motion that this method seeks to alleviate. Unfortunately, introducing the damping force
contaminates the motion of the system when compared to the results from applying a mass at the
confluence point, when no damping force is necessary for slack cases.

In this study, a minimal confluence damping force is applied only in the amount necessary to
propagate the integration through instances of singularity. The confluence damping, without which
equilibrium would be impossible, is required to balance the net force from the remaining lines in

tension. The confluence damping force is defined by

ﬁd = _Cc(;c - FC,O) (3 7)

where FC_O is the inertial velocity of the confluence point from the previous integrated time step. This
previous velocity must be included because the damping force is reliant upon the relative velocity of
the confluence point with respect to the system, not the inertial velocity. Subtracting this term serves
to eliminate the inertial component of the confluence velocity. The damping force is added to Eqg.
(3.1), providing
N
i=1 (3.8)
Substituting Egs. (3.2) and (3.7) into Eq. (3.8) and rearranging obtains
N N
(Z (7. - Ay) ﬁi) + (7 = (Z[Ki(”ﬁ' — Tl = Loy) + Gy - Ay ﬁi) + Ce7ep (3.9)
i=1 i=1
Solving for the confluence velocity provides the damped confluence solution

N

7. = [a] ™ {(Z[Ki(uﬁ- — 7l = Log) + Cify - ] ﬁi) + ccrl,o} (3.10)

i=1
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where

2
N | Cingy Cingnyy,  Cingeny,

1 0 0
[a] = Z Cingenyy Ciniy2 Cimyy Nz | | +Cc [0 1 0] (3.11)
i=1 Cinixniz Ciniyniz Cinizz 0 0 1

Note that when there are no slack lines, confluence damping is not used or C, = 0.

The method was evaluated where the user input a constant confluence damping coefficient.
This was undesirable because the physical definition of confluence damping is vague at best and
setting a value is equivalent to guessing. Additionally it was found that there was always some
lowest value of damping that resolved slack cases and introduced the least contamination into the
system for that particular set of initial conditions and system parameters. Damping below that
particular value C. does not result in a well-conditioned o matrix, resulting in a termination of the
simulation. Unfortunately it may be difficult for a first-time user to determine this acceptable value,
since cases that include mass at the confluence point may not be available for comparison with the
singular perturbation method. These problems associated with a constant damping value necessitated
the development of a method to determine C,. without requiring user input.

Determining an acceptable value of confluence damping at each slack case that arises
requires a way to rank the matrix a according to how “close” it is to singularity. Understanding that
the matrix is singular and therefore non-invertible when damping is not included, it is also found that
any value of C, added to the diagonal elements will make the matrix non-singular. Therefore using
singularity as a metric for grading acceptable matrices « is not sufficient. Small amounts of damping,
while making the matrix non-singular, will still allow some analyses to become unstable.
Determining if a matrix is nearly singular can be accomplished using a condition number commonly

used in linear algebra. The condition number is defined by

i = llelllla™|l (3.12)
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Matrix «a is ill-conditioned if a small relative change in a causes a large relative change in its
inverse'®. The degree of ill-conditioning is gauged by the condition number k. Using the Frobenius

norm of the symmetric matrix o, the condition number reduces to

k = \trace(a?) - trace((a=1)2) (3.13)
Increasing the diagonal values of matrix « drives the condition number lower. Low condition
numbers indicate a matrix is well-conditioned, providing a metric to use in the incremental
application of damping to slack cases. The value of the required condition number is ultimately up to
the analyst, but for these proceedings a value of 5 was used and found acceptable.

Implementing the singular perturbation method within most integrators is relatively
unobtrusive. When the state vector is evaluated for the equations of motion, the integration of
acceleration of the confluence point is disregarded and the velocity is obtained via Eq. (3.10). Slack
line cases require adding increments of C.within each particular time step until the appropriate
conditioning is obtained. The velocity of the confluence point is then integrated to determine the
position of the confluence point. This method eliminates the integration of acceleration from the

analysis, increasing the minimum required time step. Effectively the singular perturbation method

replaces the three velocity state equations without the need for iterative solvers within each time step.
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3.2 Validation

Validation of the singular perturbation method requires comparison to models that have mass
at the confluence point, models that use this mass to evaluate the full set of equations of motion. The
simulation software used to test the method is the Program to Optimize Simulated Trajectories Il
(POST2)®. The original POST software package was developed by Lockheed Martin for NASA and
was used to optimize ascent and reentry trajectories of the Space Shuttle. The program has been
modified and upgraded extensively over the past decades for use with all types of re-entry problems
encountered by planetary landers. Of particular relevance is the enhanced capabilities to model
multibody vehicular configurations, allowing POST2 to simulate mixed 3 and 6 degree-of-freedom
attached bodies within the same analysis®. The established and verified multibody capability using a
point mass for the confluence point allows POST2 to simulate parachutes. The attaching lines are
modeled by massless spring-dampers as presented in the theory section. The following subsections
present results comparing POST2 results for MER test cases and the CEV abort mode, using both the

unmodified equation of motion solution and the singular perturbation method.
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3.2.1 Mars Exploration Rover Simulation

The Mars Exploration Rover (MER) entry

configuration was chosen to model initial cases

using the singular perturbation method. This particular configuration has been modeled in past

studies®® to validate multibody simulations, providing some legacy with which to compare the results

from this study. The entry model, like many Mars lander simulation models, consists of the rigid

body vehicle attached via three bridles to a swivel

confluence point, which is connected to the rigid

body parachute with a single riser. The configuration with dimensions is shown below in Fig. 3.1.

The system properties used for this section are detailed in Tables 3.1 and 3.2.

T T 1T T:-F Parachute AC
'| | 7 Parachute CM Table 3.1 MER model line properties
| I||||' Line Lo, M K,N/m C, N-s/m
| | II I|' Bfl_d|eS 0.7152 47,000 470
[ Riser 1.832 60,000 600
‘ ’Ilfl
| ‘||'I
| |||||' 31321 m
I||| ||I Table 3.2 MER model mass properties
|| Vehicle Confluence Parachute
DoF 6 3 6
Riser m, kg 761.0  0.1539  16.00
_ Parachute Attach Point  hoo KIM*  238.02 N/A 253.7
Bridles 1 %37 m 2
42T Confvence lyy, kgm 179.13 N/A 11265
.23 m 2, kgm?  212.51 N/A 1126.5

ST Capsule CM
Fig. 3.1 MER descent configuration
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The body axes used for the vehicle as well as the attachment point and center of mass
locations are shown in Fig. 3.2. The bridle attachment points are placed 120° apart. All test cases
except cases 5 and 6 begin with the x body axis pointed to nadir, the y body axis pointed East, and the
z body axis pointed South. The simulation used a non-rotating, elliptical Mars planet model with
spherical gravity. All MER simulations start at zero latitude and longitude at an approximate altitude
of 8.4 km. The planet model parameters are detailed in Table 3.3. To simulate the Martian
environment, an atmospheric model was used to vary density with altitude. The density profile is
shown in Fig. 3.3. The atmospheric density was used to calculate the aerodynamic forces of the
parachute only. The aerodynamic forces on the vehicle and confluence point are neglected in all test

cases.

0.1714 m

|

0.5356 m

Fig. 3.2 MER body axes and bridle attachment points

Table 3.3 Mars planet model parameters

Parameter Value
u 4.282828685 x 10" m®/s?
Re 3.393940 x 10° m
R, 3.376780 x 10° m
Jo, J3, da. .. 0.0
Q 0.0 rad/s
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Fig. 3.3 Mars atmospheric density profile

The parachute and shroud lines in the simulation are modeled as a single rigid body with
aerodynamic data as a function of the parachute angle of attack. A constant drag value of 0.46 was
used for the axial force coefficient. The values of Cy used are shown in Fig.3.4. The forces are
applied at the parachute aerodynamic center, located 1.57 meters above the parachute center of mass.
The parachute has a reference area of 178.47 m? and it begins with an initial orientation with the x
body axis pointed to nadir, the y body axis pointed East, and the z body axis pointed South for all test

cases.
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Fig. 3.4 MER zero trim parachute model

The system model was subjected to several test cases that sought to exploit particular
dynamic motion. The initial conditions of each case were varied to individually examine the desired
dynamics such as swinging or excessive line slackness. Test case 1 begins with the configuration
dropped from rest, and positioned so that all lines are at stretch-free length. Test case 2 is identical to
test case 1, except the parachute is positioned 1 cm lower in altitude to introduce initial slackness in
the connecting lines. Test cases 3 and 4 are identical to case 1, except the vehicle is given an initial
lateral velocity to the East and South, respectively, causing frequent and asymmetric slackness in the
three bridles. Test cases 5 and 6 begin with the initial configuration with the lines at free-stretch
length with the vehicle rotated 10 degrees about the z and y axes, respectively. The vehicle begins
with an initial downward velocity in test cases 5 and 6 as well. For cases 1 through 4, the full mass
solution uses an integration time step of 0.0001 seconds and the singular perturbation solution uses a

time step of 0.01 seconds. Cases 5 and 6 used a singular perturbation time step of 0.002 s.
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Test case 1 for the MER configuration serves to validate the singular perturbation method in
the most simplified of cases. This case also establishes a baseline model for the gravitational and
aerodynamic effects for subsequent tests. The fully deployed configuration shown in Fig. 3.1 is
dropped from rest. The line tensions start at zero and increase to the maximum loading at terminal
velocity. The initial conditions are detailed in Table 3.4. The bridle tension history is shown in Fig
3.5. The difference in line loading between the triple bridles is negligible compared to the high
tensions experienced during the simulation. The singular perturbation method results show
agreement to the full equation of motion solution in all line loadings to within 1 Newton and 6

Newtons for the bridles and riser, respectively.

Table 3.4 MER test case 1 initial conditions

Body Altitude, m North Vezlocny, East Velgaty, Down Vezlomty,
m/s m/s m/s
Vehicle 8380.217 0.0 0.0 0.0
Confluence 8381.447 0.0 0.0 0.0
Parachute 8414.600 0.0 0.0 0.0
1200 ; : : ; ;
~ 900f
g 600
15 ol full
singular
0 1 1 1 1 1
0 10 20 30 40 50 60
time, s
20 14
= 15 13
g 10 12
g
= 5 11
0 10
0 1 2 3 4 3 3.05 3.1 3.15 32
time, s time, s

Fig. 3.5 Test case 1 tension history of bridles
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The initial 2 seconds of the simulation are of particular interest because of the erratic force
profile of the singular perturbation method. This behavior is attributed to the initial slackness of all
lines which institutes the use of confluence point damping. The damping force is activated if any of
the lines are slack, and the riser is noticeably slack for the first second. Once the solution has
propagated past the slack instances, the confluence damping force is removed and the force profile
settles to the same trend as the fully integrated solution. The small, relatively constant difference in
the force profiles is attributed to the initial imposed confluence damping force. The orientation and
lateral inertial position of all 3 bodies remain unchanged for the entire duration, and the final capsule
altitudes for the full and singular solutions are 4258.2 m and 4268.0 m, respectively.

Test case 2 begins with the parachute located 1 cm closer to the confluence point, resulting in
slackness in the main riser. Table 3.5 gives the initial conditions of the case. Since aerodynamic
forces are only applied to the parachute, the capsule and confluence point initially fall faster than the
parachute. The resulting effect is a rapid excitation of the confluence point due to the sudden tensile
forces exerted when the riser becomes taut. The results from the full solution and singular

perturbation solution for test case 2 are shown in Fig. 3.6 and Fig. 3.7.

Table 3.5 MER test case 2 initial conditions

Body Altitude, m North Vezlocity, East Velg)city, Down Vezlocity,
m/s m/s m/s
Vehicle 8380.217 0.0 0.0 0.0
Confluence 8381.447 0.0 0.0 0.0
Parachute 8414.590 0.0 0.0 0.0
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Fig. 3.6 Test case 2 tension history of bridles
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Fig. 3.7 Test case 2 tension history of riser
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As in test case 1, the difference in line loading between the triple bridles is negligible.
Several slack instances follow the excitation, highlighting the confluence damping effects that must
be applied with the singular perturbation method. The initial 3 seconds of the tension profiles show
similar behavior between the triple bridle and riser force profiles. Both methods capture the sudden
excitation of the confluence point, with a slight phase lag between the full solution and the singular
solution profiles. The amplitude and period of the tensions are separated by a lag of approximately
0.1 seconds. The lag seen in the singular perturbation solution is a result of the confluence point
falling relatively slower than in the fully integrated case. This is caused by the confluence point
damping force appearing in place of the slack parachute riser. The damping force is opposed by the
small tensions of approximately 4 Newtons seen each of the three bridles in the singular perturbation
data. The excitation then settles to the steady increase seen in test case 1, now separated by no more
than approximately 10 Newtons between the two data sets. The orientation and lateral inertial
position of all 3 bodies remain unchanged for the entire duration, and the final capsule altitudes for
the full and singular solutions are 4258.2 m and 4268.1 m, respectively.

Test case 3 is designed to evaluate the results of the singular perturbation method in the event
of frequent slackness in the connecting lines. This effect is achieved by imparting an initial lateral
velocity on the capsule while leaving the parachute and confluence point unchanged. Table 3.6

details the initial conditions of test case 3. The vehicle is given a

Table 3.6 MER test case 3 initial conditions

Body Altitude, m North Vezlocity, East Velgcity, Down Vezlocity,
m/s m/s m/s
Vehicle 8380.217 0.0 1.0 0.0
Confluence 8381.447 0.0 0.0 0.0
Parachute 8414.600 0.0 0.0 0.0
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lateral velocity in the East direction, which will cause bridle 3 to be initially slack. The results are
shown in Figs. 3.8 through 3.11. Bridles 1 and 2 are initially taut, exciting the confluence point and
causing slack instances in all four connecting lines early in the simulation. Note that the movement

of the bodies remains in the XY body plane of the capsule, so tensions in triple bridles 1 and 2 are

identical.
1200 T T T T T
= 900
& 600f
172}
5
= 300 full
singular
0 1 1 1
0 10 20 30 40 50 60
time, s
160 1060

= 120 1020
£ 80 980
(72}
5
=40 940

0 900

0 4 6 8 10 50 52 54 56 58 60

time, s time, s

Fig. 3.8 Test case 3 tension history of bridle 1
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Fig. 3.9 Test case 3 tension history of bridle 3
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The first 10 seconds of the tension profiles confirm multiple slack instances amongst all
connecting lines. The resulting difference in the singular perturbation method as compared to the full
solution has the same phase lag seen in test case 2. As the high frequency motion of the confluence
point settles, the long period frequency caused by capsule swing dominates the remainder of the
simulation. The long period frequency in the triple bridle profiles is essentially the same between the
data, though again separated by a slight phase lag attributed to earlier use of confluence damping.
The amplitude of the full solution profile in this region is approximately twice that of the singular
perturbation solution. The tension of the parachute riser in this time span has fully settled in both data

sets, separated by a difference of approximately 6 Newtons.

3200 T T T T T
> 2400
& 1600
g
= 800 full
singular
0 1 1 1
0 10 20 30 40 50 60
time, s
300 3000
> 225 2925
& 150 2850
g
= 75 2775
0 - - 2700 - - -
0 2 4 6 8 50 52 54 56 58 60
time, s time, s

Fig. 3.10 Test case 3 tension history of riser
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Fig. 3.11 Test case 3 confluence point lateral velocity

The initial high frequency oscillation of the tension profiles attributed to the rapid oscillation
of the confluence point, shown by the lateral inertial velocity profile in Fig. 3.11. This velocity
profile is closely matching in shape and frequency between the two methods. The long period
oscillation shows that the average value of velocity is closer matched than the high frequency
oscillations, as is also demonstrated in the line tension profiles. The final inertial lateral position of
the capsule differs by 1.2 meters, and the final altitude of the capsule differs by 9.0 meters between
data sets.

Test case 4 is another case designed to examine the results in cases with frequent occurrences
of slackness, however with the motion confined to be coplanar to the XZ capsule body plane. This
motion is interesting because it represents the most asymmetric line loading possible. The initial
conditions for test case 4 are shown in Table 3.7. The test case begins much like test case 3, except
the lateral velocity on the capsule is applied in the Northern direction. The asymmetric effects are
traced to bridles 1 and 2, which rapidly “trade” instances of slackness early in the simulation. The

results for test case 4 are shown in Figs. 3.12 through 3.15.
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Table 3.7 MER test case 4 initial conditions

Body Altitude, m North Vezlocny, East Velguty, Down Vezlomty,
m/s m/s m/s
Vehicle 8380.217 1.0 0.0 0.0
Confluence 8381.447 0.0 0.0 0.0
Parachute 8414.600 0.0 0.0 0.0
1200 T T T T T
~ 900
& 600
5 - full
singular
00 10 20 30 40 50 60
time, s
200 1100
> 150 1040
§ 100 980
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0 4 6 8 10 50 52 54 56 58 60
time, s time, s

Fig. 3.12 Test case 4 tension history of bridle 1
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Fig. 3.13 Test case 4 tension history of bridle 2
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The initial tension profiles for bridles 1 and 2 verify instances of slackness induced for
alternating periods. The singular perturbation solution approximately matches the full solution in all
connecting lines over the first 10 seconds with less short period, high frequency behavior. As the
confluence point high frequency motion settles and leaves intact the long period tension oscillations
from capsule swing, bridles 1 and 2 have alternating periods where the full solution and singular
solution match in phase and amplitude. The long period oscillations for bridle 3 are nearly identical
in period and amplitude between data sets, yet separated by a phase lag of approximately half of the
wavelength. The phase lag has little impact on the orientation and position of the capsule or
parachute, but rather on the confluence point. As mentioned earlier, the overall time-dependent
position of the confluence point is of little importance to the trajectory analyst, provided there is

negligible change in the dynamics of the more massive bodies.
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Fig. 3.14 Test case 4 tension history of bridle 3
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Fig. 3.15 Test case 4 confluence point lateral velocity

The confluence lateral velocity in Fig. 3.15 shows remarkable similarity between output sets.
Initial disagreements due to frequent line slackness are quickly resolved in the first 6 seconds,
followed by general agreement in both short and long period motion. Agreement between the
averaged values of lateral velocity across the entire simulation assures accuracy in the confluence
integrated position, resulting in agreement in the overall system dynamics for both outputs. The final
inertial lateral position of the capsule differs by 0.95 meters between data sets, and the final altitude
of the capsule differs by 9.3 meters.

Test case 5 begins with the capsule rotated 10 degrees about the +Z body axis and positioned
such that the confluence point is located in the same location as previous tests with the triple bridles
at their free-stretch lengths. All vehicles begin with a downward velocity of 10 m/s initiating higher
initial parachute drag, as starting the simulation from rest has been thoroughly studied. The initial
conditions of test case 5 are detailed in Table 3.8. The initial rotation of the capsule serves to induce
swinging, or another method to rapidly excite the confluence point. Line slackness is also observed,
however less severe in occurrence when compared to test cases 3 and 4. The results for test case 5 are
shown in Figs. 3.16 through 3.19. Note that the motion of the system is confined coplanar to the XY

capsule body plane, resulting in identical tension profiles in bridles 1 and 2.
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Table 3.8 MER test case 5 and 6 initial conditions

Body Altitude, m North Vezlocny, East Velzgcny, Down Vezlomty,
m/s m/s m/s
Vehicle 8380.236 0.0 0.0 10.0
Confluence 8381.447 0.0 0.0 10.0
Parachute 8414.600 0.0 0.0 10.0
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_ 1000 NWWV
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2 sing. dt=0.002 s
20 full 1
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Fig. 3.16 Test case 5 tension history of bridles 1 and 2
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Fig. 3.17 Test case 5 tension history of bridle 3
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The early portions of the simulation show stark differences between the two methods, with
the singular perturbation solution giving more high frequency behavior than the full solution. It was
determined that lower time steps reduced this artifact, as shown by the singular output when run at a
time step of 0.002 seconds. It is evident that with the singular perturbation method, care must be
taken in choosing integration time steps for cases in which there is more high frequency motion of the
confluence point. The method still affords higher time steps than full integration, however.
Fortunately, the averaged tension values agree despite the differences seen here. Later in the
simulation, when the confluence point motion has settled, the oscillations in bridle tension show
agreement between methods in both frequency and amplitude. Note that the case in which the time
step was 0.01 seconds showed agreement in average tension values following confluence settling,

despite the high frequency artifacts introduced early on.
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Fig. 3.18 Test case 5 tension history of riser
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The singular output riser tension in Fig. 3.18 shows the effects of the high frequency artifacts
as well, with a much longer settling period of the confluence than the integrated solution. The higher
time step of 0.01 seconds indicates large oscillations introduced early in the profile. By the end of the
simulation the riser tension profiles differ by no more than 4 Newtons between the full integration

and the lower time step singular perturbation solution.
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Fig. 3.19 Test case 5 confluence point lateral velocity

The confluence point lateral inertial velocity is plotted above, showing more high frequency
effects in the singular perturbation output data. Initial deviations in the higher time step are evident
here as they were in the tension profiles. The larger effect of line slackness on the confluence
velocity from the singular solution is evident following the 4 second mark as well. The later portion
after confluence point settling shows agreement between averaged confluence velocities, and

therefore confluence position output. Agreement between confluence behavior data prescribes
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agreement in the dynamics of the capsule and parachute bodies. The final inertial lateral position of
the capsule differs by 0.02 meters between the full integration and low time step singular data sets,
and the final altitude differs by 2.0 meters. For the higher time step singular perturbation output, the
final lateral position and altitude differ by 0.65 meters and 8.5 meters, respectively.

Test case 6 begins with the capsule rotated 10 degrees about the +Y body axis and positioned
such that the confluence point is located in the same location as previous tests with the triple bridles
at their free-stretch lengths. All bodies in the case also begin with a 10 m/s downward velocity.
Similar to test case 5, this case seeks to examine the singular perturbation method results for extended
swinging motion by the capsule. Unlike test case 5, this case will examine the motion coplanar to the
XZ body plane. This motion causes asymmetric line loading in the bridles much like the scenario in
test case 4. The initial conditions for test case 6 also in Table 3.8, with the exception of the vehicle
rotated about the +Y body axis instead of the +Z body axis. The results from the full equation of
motion solution and the singular perturbation method are shown in Figs. 3.20 through 3.24. The same
high frequency artifacts seen in test case 5 were seen here with higher time steps, so a time step of

0.002 seconds was used for the singular perturbation method.
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Fig. 3.20 Test case 6 tension history of bridle 1
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Fig. 3.21 Test case 6 tension history of bridle 2
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The tensions in all lines show excessive high frequency motion in the initial 10 seconds of the
singular perturbation method. Much like in test case 5, this motion is confirmed by the high
frequency changes in the confluence point lateral inertial velocity in Fig. 3.23. After settling of the
confluence point, the velocity output data agree in long period averaged value. The later, long period
oscillations in bridle tension also show agreement in frequency and phase, with 10% larger amplitude
from the singular output data for bridles 1 and 2. Bridle 3 shows agreement here in amplitude and
frequency and amplitude, though showing a phase lag of half the wavelength. The riser tension
profile shows negligible difference and is not pictured. The positioning of the capsule shows
agreement between data sets, with a difference of 1.9 meters in final altitude and 0.026 m in lateral
inertial position. The deviation in lateral position is most evident in the initial portion of the

simulation where slack cases are being handled.
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Fig. 3.22 Test case 6 tension history of bridle 3
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Fig. 3.23 Test case 6 confluence point lateral velocity
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3.2.2 Crew Exploration Vehicle Simulation

The Crew Exploration Vehicle (CEV) is the next-generation vehicle being designed for
manned space exploration. Similar in design to the Apollo tower abort systems, the CEV is
scheduled for operation in 2014 and is currently in the design and test phases. The CEV will be
capable of abort during early portions of the launch trajectory, enabled by an active-control abort
tower situated at the apex of the capsule. The abort motor can be fired during launch to separate the
CEV and propel it a safe distance from the launch vehicle. The tower then reorients the capsule to fly
heat shield forward, and is then jettisoned along with the forward bay cover. The parachute systems
are deployed to bring it safely back to the surface. The first integrated test for the abort system is
called Pad Abort 1 (PA1) and is scheduled at the White Sands Missile Range in 2009. The PA1 test
scenario occurs as described above with the exception that the abort motor is fired while the CEV is
at rest on the launch pad.

Extensive research modeling the trajectory of the CEV abort mode, including that of PA1,
has been conducted in the NASA Langley Atmospheric Flight Engineering Systems Branch. POST2
models involving six degree-of-freedom motion of the system have been used for the analysis. The
system is comparable to the MER test case system employing a confluence point that deploys at line
stretch, approximately 12 seconds after tower jettison. The similar models allow the singular
perturbation method to be easily applied and evaluated in a complex analysis. The trajectory scenario
in Fig. 3.24 marks the main events of the PA1 test case and the timing of the events in the actual test
and singular perturbation simulation are shown in Table 3.9. Note that the simulation is not started
until the tower jettison since the confluence point and main parachutes are not deployed until shortly
afterward. As with the MER test bed, all simulations are conducted using both the full equation of

motion solution with a mass applied at the confluence point and the singular perturbation method.
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The parachute is modeled as a single rigid body as with the MER test cases. Aerodynamic forces are
calculated for both the capsule and parachute rigid bodies. The full equation of motion solution
requires a time step of 0.0005 s and the singular perturbation solution requires a time step of 0.01 s
following parachute deployment. The simulation was run on a Red Hat® Linux AS4 machine with a
single 2.8 GHz Intel Pentium processor. The full and singular analyses each took 80.57 s and 35.80 s

of processing time, respectively. The results from the simulation are shown in Figs. 3.25-3.29.
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Fig. 3.24 CEV Pad Abort 1 test scenario

Table 3.9 Pad Abort 1 event log

Time since Simulation

Event ID Description L .
ignition, s time, s
1 Ignition of abort and pitch motors 0.00 N/A
2 Liftoff 0.02 N/A
3 Abort motor tail off 2.60 N/A
4 Begin reorientation 10.00 N/A
5 Jettison tower 21.00 0.00
6 Deploy drogue parachutes 24.50 3.50
7 Deploy main parachutes 30.50 9.50
8 Attain 30 ft/s descent rate 52.74 31.74
9 Touchdown 99.87 78.87
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Broad comparison shows good agreement between results from the full equation solution and
singular perturbation solution. The tension histories of the connecting lines indicate portions of rapid
load inductions as well as portions of settling that varies depending on the line number, providing
ample variety of motion of the confluence point. All three bridles experience slack instances, briefly
on bridle 1 and then significantly more frequent on bridles 2 and 3. The riser experiences a single

slack instance for approximately 0.5 seconds just after the snatch loads from the parachute opening.
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Fig. 3.25 Pad Abort 1 tension history of bridle 1
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Fig. 3.26 Pad Abort 1 tension history of bridle 2
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Fig. 3.27 Pad Abort 1 tension history of bridle 3
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Line tensions from the singular perturbation method compare closely with the full solution
even during periods of extreme slackness, indicated by the singular solution output matching in
frequency, phase, and averaged tension values. The agreement is seen particularly in the long period
oscillation of the tensions, and slightly less so in short period oscillations caused by approximations
of the rapid motion of the confluence point. The agreement in tension is significantly improved from
the MER test cases exploring slack cases, most likely due to the lower frequency and duration of the
slackness. Many typical trajectory analyses would be engineered to avoid severe line slackness as
well, so results from the CEV Pad Abort 1 scenario represent a better test bed for evaluating the
overall utility and accuracy of the singular perturbation method. Additional plots comparing the

output data, including riser tension, can be found in Appendix C.
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Fig. 3.28 Pad Abort 1 confluence point relative velocity (CEV body frame)
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The calculated velocity of the confluence point in the singular perturbation solution indicates
rapid, short period induced oscillations during slack instances. Figure 3.28 indicates less of such
oscillation in the integrated results. This difference is attributed to the applied confluence damping
force. Slack portions can be quickly identified by the thicker, high frequency behavior. Despite the
increased deviation in the velocity, the approximate trend follows that of the full equation solution.
This results in close agreement in the position of the confluence point. Portions later into the
simulation are not plotted because of negligible difference in results once the confluence point has

settled.
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Fig. 3.29 Pad Abort 1 CEV Euler orientation angles

The orientation of the CEV capsule and the parachute are shown using Euler orientation
angles. The orientation data from both solution sets agree over the initial portion of the analysis, with
slight deviation later once the system has settled dynamically. Slight deviation in the capsule
orientation is attributed to the use of confluence point damping during slack instances earlier in the
simulation. The deviation has little effect on the orientation of the capsule, indicated by matching

angle of attack and sideslip angles in Appendix C. The angular rates of the capsule are virtually

identical between data sets.
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3.3 Discussion

Generally speaking, the singular perturbation method for the MER and CEV test cases
produces comparable results against the full equation of motion solution with mass applied at the
confluence point, between twenty and one-hundred times the integration time step. The largest
increases in time step are admittedly only permitted in the simplest cases in which the confluence
mass experiences little high frequency motion. High time steps used with the singular perturbation
method produce high frequency artifacts that worsen during periods of slackness and rapid confluence
point motion. The test cases presented examine the robustness of the method in baseline conditions
as well as rare occurrences of excessive line slackness and vehicle swinging. In cases where
slackness is not encountered and no confluence damping is needed, the results are nearly identical.
After the inclusion of confluence damping, discrepancies appear in the form of inertial position and
orientation. The difference is tied directly to the amount of damping applied to the confluence point
when propagating past instances of singularity.

Before the application of the condition number shown in the method, a constant confluence
damping term was defined and often led to severe differences in results between data sets. The MER
test cases 3 and 4 resulted in final lateral positions differing by up to 100 meters with the use of
constant confluence damping. Use of the condition number allows variable application of confluence
damping in varied amounts allowing as close to nominal a solution as possible. Though differences
in long-term behavior of the system are observed after application of confluence damping, its
necessity has been established in the theory section.

The singular perturbation method as presented has a great deal of versatility. Theoretically it
may be used to abbreviate the equations of motion of any mass connected to significantly heavier
bodies by any number of massless springs with damping. The method can be easily applied to an

integrator by way of replacing the solution for the confluence velocity with Eqg. (3.10). Results from
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the method closely agree with the full solution for smaller confluence point masses, as the singular
perturbation method provides the motion as though the connection point has no mass. Systems which
experience severe slackness in the connecting lines will also show more deviation from the singular
perturbation method. Inclusion of the restoring damping force on the connecting mass is essential to
keep the solution from going unstable. Higher occurrence of slackness will result in greater
deviations due to the stabilizing damping forces.

Other limitations found with the procedure dealt with systems which included extremely
under-damped systems. A major characteristic of the singular perturbation method is the reliance
upon damping values to solve for the inertial velocity of the confluence point. Low values of
damping cause the system to become ill-conditioned, leading to rapidly diverging solutions for
confluence velocity. In this case the analyst would be better suited with the equilibrium point
solution” which disregards damping values. Otherwise, the line damping must be increased until the

singular perturbation solution converges.
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4 Conclusions

Two new methods for predicting confluence point behavior in parachute multibody simulations
have been presented. The goal behind developing the methods is to reduce processing requirements
of these multibody simulations, in which the use of a confluence point can severely hamper analysis
turnaround times. The dynamics of a system are more accurately represented with the use of a
confluence point, offering substantial benefits with effective application of the methods. The two
methods can be easily modified for generic systems that have any number of connection lines
between multiple bodies and a single small confluence mass. The analytic method was developed
and modeled in a simple fixed system, while the singular perturbation method was tested in various
simple analyses on the MER capsule as well as a high-fidelity descent trajectory with the CEV pad
abort mode.

Several conclusions can be drawn from the analyses on this complex and multi-faceted problem.
Foremost, the past work in the equilibrium point solution as well as the presented results of the
analytic method based upon it greatly assist in the understanding of how the confluence point behaves
while in motion. The linearization of the confluence point equations of motion about the equilibrium
point reveal approximate simple harmonic motion, heretofore unnoticed in the study of these types of
models. Understanding the physical nature of the model is the most important step in devising such
techniques to abbreviate the numerical stiffness within the system. Obstacles in using the analytic
linearization in a full simulation are those of the equilibrium point solution, given that a Newton
iterative solver is required to converge at every time step in the integration. Additional calculations
within the analytic solution make it more computationally costly than the equilibrium point solution.
These issues, as well as the fact that the equilibrium point solution already provides sufficient results

(assuming convergence) made applying the analytic method within a trajectory integrator
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unattractive. Creation of a new model which did not suffer the same non-convergence limitations
was ultimately desired.

The singular perturbation method manages to bypass the problems of non-convergence while
simultaneously handling interference from slack cases with minimal confluence point damping.
Results from the comparisons show close agreement between results from the singular perturbation
method and from full integration with mass applied at the confluence point. The integration time step
was increased by 100 times for the MER analyses, and by 20 times for the CEV parachute simulation
portion. Swinging motion is appropriately handled, as well as portions of high frequency motion
generally seen in the initial stages of the simulations. The method is exceptionally strong in steady-
state cases in which no slackness is experienced by the connecting lines. When slackness is an issue,
the imposed confluence point damping force is applied in increasing amounts until the system is no
longer ill-conditioned for each particular slack case. The metric for grading the system for ill-
conditioning is determined by the user by way of a condition number. The differences in the results
from the methods are a function of the frequency of slack cases experienced.

Other observations reveal the weakness of the singular perturbation method with the use of
severely under-damped systems, for which the ill-conditioning of the problem disallows correct
solution of inertial velocity. Systems which utilize no damping or very little damping would be
required to use the equilibrium point solution, perhaps with methods to handle slack line cases similar
to the singular perturbation method. Generally speaking, a majority of descent models incorporating
a confluence mass would show turnaround time improvements from application of these methods,

with similar predicted behavior.
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Appendices

Appendix A — Linearized Equivalence Matrix Components
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Appendix B — Derivation of Equilibrium Point Inertial Velocity

The condition for equilibrium of tensions imparted by line stiffness is defined by
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Differentiation of the functions above with respect to the attachment point velocities provides
the equilibrium point velocity.
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The partial derivative matrices are symmetric, and are defined as
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where j and k are the axes along which the partial is taken, and j # k. The equilibrium point velocity

a
is then solved by multiplying both sides by the a—f matrix inverse.
C
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Appendix C — Additional PA1 Simulation Output Data
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Fig 5.2 Confluence relative position in CEV body frame
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Fig 5.6 Parachute Euler orientation angles
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