
ABSTRACT 

ETEMADREZAEI, MOHAMMAD . High Quality Factor Resonators for Inductive Power 

Transfer Systems. (Under the direction of Dr. Srdjan M. Lukic). 

 

In this dissertation, the Inductive Power Transfer (IPT) systems for multi-MHz frequency of 

operation are investigated, and new ideas for magnetic link inductive coils are presented. The 

main focus of the dissertation is to increase the efficiency of the IPT system by investigating 

various high quality factor inductive coils as the influential components of the system. The 

challenges and limitations for high quality factor resonators at multi-MHz frequencies are 

addressed, and several potential coil conductors are explored. The dissertation consists of two 

general parts: component level, and system level. Each level is investigated individually, and 

then analyzed together to optimize the whole IPT system. 

At multi-MHz frequency of operation, choices of inductive coil conductor are limited to the 

basic types, such as solid round, foil, and tubular conductors. Foil conductor is a potential 

choice from the manufacturing, thermal behavior and current carrying capability points of 

view. However, unlike other typical types of conductors, the characteristics of foil 

conductors are barely expressed in analytical formats due to complexity of electromagnetic 

field distributions in air core IPT systems. Therefore, in order to optimize the system, link, 

and resonator for efficiency purposes, a simple fast approach is essential. An optimization 

approach for foil conductor layout is investigated to maximize the coil quality factor and IPT 

link efficiency. The optimization approach is fast and frequency independent, and solves the 

limitations associated with numerical methods. 

Litz wire is a proper choice of conductor in the KHz frequency range. At multi-MHz 

frequencies, Litz wire has several drawbacks. One limitation is associated with the uniform 

current distribution between strands, which increases proximity losses at such high 

frequencies. A modified type of Litz wire is investigated by adding a coating layer to each 

strand to reduce the overall Litz dissipation compared to a Litz wire with uncoated strands. A 

model is developed to simplify the computation of the coated-strand Litz wire, and the 

reductions in the AC resistance are presented. 



Another drawback of Litz wire at multi-MHz frequencies is the need for small strand sizes 

which poses manufacturing issues. This drawback is addressed using a concentric multi-layer 

tubular conductor as a potential candidate for IPT link resonator. The multi-layer tubular 

conductor can have lower AC resistance compared to a single layer one. This advantage 

comes with proper current distribution between the layers. This optimum current distribution 

is performed using capacitive ballast. Another beneficial role of capacitive ballast is the LC 

integration and to bring the coil to resonance to reduce the unwanted parasites. 

Component level optimization cannot guarantee the optimized system level performance at 

multi-MHz IPT systems. All  IPT sub-systems need to be considered simultaneously for 

efficient system operation. Various system topologies that are commonly used at high 

frequency IPT systems are investigated. The magnetic link and the system level designs are 

unified for the IPT design and optimization. In a prototype IPT system, the techniques used 

for component and system level measurements are discussed, and the system performance is 

characterized.    
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CHAPTER 1 - Introduction to Inductive Power Transfer Systems 

1.1 Methods of Wireless Power Transfer 

Wireless power transfer systems have shown a great potential in the modern industry though 

numerous applications such as health-care [1, 2], defense and military, Electric Vehicles (EVs) [3, 4], 

consumer electronics [5-8], and etc. Depending on the power transfer distance, the transfer medium 

and the amount of power being transferred, there is a specific wireless power transfer technique 

suitable for that application. In this section, we go through various wireless power transfer links, their 

applications and their (dis)advantages [9]: 

¶ Radio Frequency: The radio frequency (RF) links use electromagnetic waves to transmit 

data and power from a source to receiver. This is the most common type of telemetry data 

transfer, as the electromagnetic waves can also be transmitted through vacuum. The source 

and receiver in RF links are antennas that produce the electromagnetic wave by interaction of 

electric and magnetic induction determined by full set of Maxwell equations [10]. Although 

RF links are popular for data transfer, they can also be used to transfer power through 

radiation, such as microwave ovens and industrial RF heat sealers [Con].  

¶ Optical Link:  Wireless optical links use light as an electromagnetic wave to transmit 

and receive data and power in the frequencies above σππ ὋὌᾀ including infrared, 

visible, and ultraviolet light spectrum. The transmitter in the optical link is a light 

source such sun, lamp, LED, and etc. And the receiver is a light sensitive devices 

such as solar cells, or photodiodes [11]. The optical links are mostly used to 

transmit/receive data; however, the power can also be transmitted such as sun 

powering up a solar cell or photovoltaic converters in optical laser power delivery 

applications [12]. 

¶ Ultrasound Link:  Ultrasounds are acoustic waves that propagate in a physical 

medium by exchanging in between the kinetic and potential energies in the medium. 

The frequency of ultrasound waves are above the hearing limit of humans, ρχ ὑὌᾀ. 

The ultrasound links are mostly used to transmit/receive data [13]; however, the 



 

2 

power can also be transmitted [14]. The transmitter and receiver transducers are 

designed using the concept of converting ultrasound mechanical energy into electrical 

energy; such as a piezoelectric crystal [15]. According to the recent industry trend, 

the ultrasound links could have the potential to be used to power the consumer 

electronics such as cellphone, laptop, and etc. from a remote location. 

¶ Capacitive Link:  Capacitive links can transmit energy using capacitance connections 

between source and receiver. Large values of capacitance are required to achieve a 

high energy transfer efficiency, which poses practicality issues. Therefore, capacitive 

links are mostly used in applications where the source and receiver are in close 

contact to each other, such as in isolation amplifiers. 

¶ Inductive Link:  In the inductive link, the power is transmitted from a transmitting 

coil via time varying magnetic field, and is received in the receiver coil according to 

Faradayôs induction law. The magnetic field carrier frequency and the transmitting 

power level vary significantly depending on the application and the powering 

distance. The coupling coefficient between the transmitter and receiver is a key 

parameter that influences the power transfer efficiency. For small distances, this 

coefficient is mostly above ρπϷ; however, for applications with larger distances, this 

coefficient falls below ρπϷ. Special techniques are required to keep the energy 

transfer efficiency high even with quite small coupling coefficients.  

This thesis goes through the inductive power transfer (IPT) as a means of wireless power 

transfer, and investigates all the system components and design strategies to achieve high 

energy transfer efficiencies between source and load. 

1.2 Inductive Power Transfer (IPT) Systems at a Glance 

A common method of transferring power is through Inductive Power Transfer (IPT) between two 

coupled coils [16]. The two magnetically coupled coils can be tightly coupled or loosely coupled [9]. 

Tightly coupled coils have a strong magnetic coupling between them created by the use of 

permeable materials in the path of magnetic flux, or by short enough physical distance  
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Table 1.1: Classification of inductive power transfer (IPT) systems. 

 Tightly Coupled Loosely Coupled 

Method Magnetic induction Magnetic induction resonance 

Range 
Very short 

(or using permeable path) 
Short ï Medium 

Efficiency Very high High (by means of resonance) 

Frequency 
KHz (LF-band) and 

MHz (HF-band) 

KHz (LF-band) and 

MHz (HF-band) 

Application  Transformer IPT systems 

 

 

between the coils. An example of tightly coupled systems is a transformer. The high coupling 

of tightly coupled systems help in having high power transfer efficiencies. In the other hand, 

the loosely coupled coils have a quite small magnetic coupling between them, mostly due to 

large physical distance between them and lack of permeable material in the path of flux. The 

low coupling coefficient in loosely coupled systems reduces the power transfer efficiencies. 

Therefore, special techniques such as coil resonance can be used to increase the efficiencies 

comparable to tightly coupled systems. Inductive power transfer (IPT) systems contain both 

the tightly coupled and loosely coupled system [17], [18]. The division of systems into these 

two categories can be done by evaluation of the coupling coefficient (k) for the coupled coils 

in the system. Depending on the definition, if the coupling coefficient is smaller than ρπϷ 

(k<0.1), the system is considered as loosely coupled; otherwise it is tightly coupled [19], [18]. 

Such naming is only for system classification purpose and has no issue on technical behavior. 

Table 1.1 shows the different methods of magnetic power transfer with their properties. 

1.2.1 Components of IPT Systems 

In order to transmit the power through a loosely coupled magnetic link, the DC power needs 

to be inverted to the AC one operating at the desired frequency ɤ. This can be done through 

the DC/AC inverter or Radio Frequency (RF) Power Amplifier (PA). At the end side of the  
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Fig. 1.1: Block diagram of a typical IPT system. 

 

Transmitting power, the received power needs to be compensated to increase the magnetic 

link efficiency. This can be done using compensating capacitors to resonate the secondary 

coil. The received power is transmitted to the load using remote electronics such as 

rectification and voltage regulation. Compensating the transmitted power has different 

purposes other than magnetic link efficiency. One objective is to reduce the Volt-Ampere 

(VA) rating of the PA. Another reason comes into play where pre-determined power sharing 

needs to be performed when there is more than one receiving end [20]. It can also be used for 

various optimization goals of the system such as system efficiency or input/output voltage 

gain [21]. Fig. 1.1 shows a typical block diagram of a two-coil IPT system representing each 

major component as a block. 

As can be seen in Fig. 1.1, the IPT system is composed of several blocks. Each block has a 

role in transmitting power to the receiver. Therefore, power is dissipated in each stage. In this 

work, two types of efficiencies are investigated namely as coil-coil efficiency, and system 

efficiency. The coil-coil efficiency includes the magnetic link as a whole. This efficiency, as 
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will be discussed in detail through the work, depends on the receiver load and secondary 

compensation. Similar to most of power electromagnetic applications, [22-30], eddy current 

losses inside the IPT resonators occupy most of the dissipation in the system. Therefore, a 

primary goal in the coil-coil efficiency increase would be the reduction of eddy current losses 

in the magnetically coupled coils. The system efficiency, in the other hand, contains all the 

block of the IPT system. Therefore it includes all the blocks starting from the PA to the 

receiver end; inversion, magnetic link and rectification. In this work, the system efficiency 

includes the inversion and magnetic link, Fig. 1.1.  

1.2.2 Applications and Standards 

Applications: There is a fast growing potential for IPT systems in industry applications. All 

of them benefit from the elimination of power transfer medium such as wire, between the 

source and load. In general, the IPT applications find the benefits of wireless power transfer 

in to the: 1- cordless connection (environmental friendly), 2- flexible movement (dynamic 

charging), 3- limited space for energy storage devices (direct continuous powering), and 4- 

hard-reaching loads (life-saving implants). Here are several applications that currently use 

wireless power transfer using induction method: 

¶ Wearable Devices: wearable devices such as smart phones, smart watches, tablets, 

fitness bracelets, and etc, all take the advantage of wireless charging by eliminating 

the power cord from directly connecting to the device, Fig. 1.2a, and Fig. 1.2b. The 

wireless charging transmitter can be as simple as a single pad, or embedded inside a 

table, or box that can charge single or multiple devices. 

¶ Health Care: There are several promising applications for the inductive power 

transfer in health care industry [31], [32]. One application is in the Ventricular Assist 

Devices (VAD) that consists of a pump inside the living body to pump the blood flow 

to the standard rate, [33], Fig. 1.2c. In this application, the wireless power can be 

transmitted to the load inside the body from a transmitter that is located outside the 

body. Depending on technology of the IPT system, the transmitter can be adjacent to 
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the body (with the skin as the separator between source and receiver), or be in a 

further distance from the body. Similar to the VAD application, pacemaker devices 

can get the power wirelessly. The pacemaker stimulates the heart electrically and 

controls the heartbeat.  

The other application of IPT for health care would be in the retinal implants which 

power a chip implanted in the eye for people with a specific blindness [1], Fig. 1.2d. 

The chip can (partially) restore the vision for patients diagnosed with degenerative 

retinal diseases such as Retinis Pigmetosa.  

¶ Electric Vehicles: As the EVs are increasingly becoming popular for cleaner 

environment, a great attention has been paid on their charging method. Inductive 

charging can be performed on EVs, electric busses, electric trains, and generally, any 

electric transportation vehicle by removing the plug-in cord [3], [34], and [35]. The 

EVs can get wireless power while they are at the park position (stationary charging) 

[36], Fig. 1.2e, or while they are in motion (dynamic charging) [4], [37], Fig. 1.2f. In 

the stationary charging IPT system, the EV needs to park (partially) aligned over the 

transmitter which is buried in the floor. In the dynamic charging, the EV gets wireless 

power as it moves over the transmitter pads. Several of these pads can be placed over 

a length of the road to provide power for the moving vehicle. In public transportation 

transportation vehicles such as busses and trains, the inductive charging may seem 

more promising as the route the vehicles move is mostly predetermined, or the stop 

stations at which the vehicle stops is fixed. 

Standards: Currently, there are three main standards for inductive charging: 1- Qi, which is 

supported by Wireless Power Consortium (WPC), 2- Powermat, which is supported by 

Power Matters Alliance (PMA), and 3- Rezence, which is supported by Alliance for Wireless 

Power (A4WP). The PMA and A4WP have merged to form a single broad standard. What is 

common between these standards is that they have the same goal of defining the 

requirements for transmitters, receivers, and the communication protocol between them. 

However, the standards developed by these three main bodies are different.  
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a) Smart phone wireless charging, (Qi), [5] 

 

b) Wireless charging box (PMA), [6] 

  

c) VAD heart pump without IPT, [33] 

 

d) Epi-retinal implant using IPT, [1] 

 
 

e) IPT system for stationary charging, [38] 

 

f) IPT system for dynamic charging, [37] 

Fig. 1.2: Several industrial applications for IPT systems, including wearable devices, consumer electronics, 

health care devices, biomedical implants, and EV stationary and dynamic charging. 

 

¶ Qi (WPC): The WPC Qi standard was developed in 2008 and has the most number 

of members as of 2015, compared to other standards. The Qi standard includes a 
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broad range of transmitter designs such as ingle coil, coil array, and moving coil 

transmitters with the flexibility in the integration of ferrite pad in the coil to shield the 

parasitic magnetic field and to increase the inductance. The IPT systems developed 

by Qi standard rely on tightly coupled systems. The operating frequency for this 

standard is in the range of ρππ ɀ ςπυ ὑὌᾀ, and the air gap distance between the 

primary and secondary coils is the in the range of ς φάά. The Qi standard includes 

the specifications for delivering a typical υ ὡ power to the receiver, as well as ρυ ὡ 

for fast charging solutions, [5].  

¶ Powermat (PMA): PMA standard Powermat was developed in 2012, and defines the 

IPT system specifications for tightly coupled systems. The frequency of operation in 

the Powermat standard is in the range of ςπρσρυ ὑὌᾀ. The inclusion of loosely 

coupled systems is in development, [6]. 

¶ Rezence (A4WP): A4WP standard Rezense was developed in 2012, and is primarily 

focused on the Industrial, Scientific, and Medical (ISM) frequency band of φȢχψ ὓὌᾀ 

and ρσȢυφ ὓὌᾀ. This standard relies on the loosely coupled inductive systems using 

highly resonant coils to power multiple devices over a wider charging area. The PMA 

and A4WP merged in 2015 to provide IPT solutions that include both tightly and 

loosely coupled systems for a broader range of frequency, [7].  

Depending on the operating frequency range of the power transfer system, Maxwellôs 

equations governing the system behavior can have exact or simplified formats. Fig. 1.3 

shows the definition of field regions based on [10]. Any transmitting antenna can fall into 

three categories: near, Fresnel, or far field regions [10]. This classification depends on the 

physical size of the antenna and the wavelength of electromagnetic (EM) wave in the 

medium according to 

,
C

f
l=                                                              (1.1) 

in which ɚ is the EM wavelength, f is the frequency of excitation, and C is the speed of light 

in the medium: 
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Fig. 1.3: The classification of field regions, typical IPT systems are in the near field region. 

 

1
.C

e m
=                                                           (1.2) 

The permittivity and permeability of the medium are represented by  and ɛ, respectively. 

According to [10], in the near field region, the reactive energy storage is dominant and there 

is no radiation pattern determining the antenna. For the Fresnel region, the reactive energy 

storage is dominant, while the antenna has radiation pattern. And in the far field region, the 

radiation pattern is defined and the power is transferred through radiation resistance. The 

typical IPT systems at the KHz ï MHz frequency range, are considered to be operating at the 

near field region, providing the size of antenna is much smaller than the wavelength. 

Therefore, the power transfer through travelling wave (radiation resistance) is neglected, as it 

corresponds to a tiny portion of power transfer to the receiver.  

1.3 Multi -Coil IPT Systems 

Depending on the application the IPT system is used at, the number of coils in the transmitter 

(Tx) and receiver (Rx) can be multiple. In this section, we go through some of these multi-
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coil IPT systems and discuss the applications they are used at, along with their objectives, 

advantages and disadvantages. 

1.3.1 Single Tx ï Single Rx Systems 

The simplest form of multi-coil IPT systems is when there is one transmitter and one receiver 

[39]. The major applications that inhere such configuration include a fixed position of power 

transfer through the system. For example, stationary charging of electric vehicles (EVs), that 

can be installed in a garage floor or charging station, is the most common example of single 

Tx ï single Rx IPT systems.  

However, this system can contain multiple resonating coils in between the transmitting and 

receiving ends. One of the reasons for such systems is to efficiently guide the flux path 

(power) to longer distances, or through a curved line of power. An example of such systems 

is the use of multiple self-resonant (all at the same frequency) dominos to transfer power to 

the Rx located far from the Tx with a curved flux path [40]. The other reason of using 

multiple coils comes into play at multi-MHz frequency where the power transfer efficiency 

(PTE) and the magnetic link efficiency do not have maximum points at one operating 

condition. Using three-coil or four-coil IPT system can introduce more degrees of freedom to 

optimize the system for the desired efficiency without the sacrifice in other objective (PTE) 

[32]. There is also another benefit using multi-coil systems in multi-MHz frequencies; the 

impedance seen from the RF PA terminal can be controlled to be in close vicinity of the PA 

output impedance [20]. This leaves costly matching circuits out to match two far-different 

impedances. In the work of this thesis, we go through single Tx ï single Rx IPT systems. 

1.3.2 Multiple Tx ï Single Rx Systems 

There are two main objectives for multiple transmitters and single receiver IPT systems: 

dynamic charging, or misalignment tolerant systems. Dynamic IPT systems can transmit the 

power while the receiver is in motion. A well-known example is an EV that can receive 

power while it is in motion [41], [42]. There are several techniques to transfer power to a 



 

11 

moving Rx. One method is to put multiple Tx sets along the path of movement; each 

transmitter can be separately/independently fed by its source [42], or a single source can feed 

them all [34]. The first method seems the simplest one; however, it has practicality issues 

that several inverters are required in addition to sensing techniques to detect the Rx. The 

latter method requires only one power inverter; however, it would be inefficient if the Tx 

pads send the power simultaneously. This problem is solved in [43] by proposing a reflective 

field sensing method so that only one of the parallel connected Tx pads, that sense the 

receiver, transmits the power. The sensing is performed using reflective impedance rather 

than electronic sensors.  

The other objective of multiple Tx and single receiver systems is where the system needs to 

be tolerant to misalignment of the Tx and Rx systems. As the IPT efficiency could drop 

sharply with a slight misalignment of the transmitting and receiving coils, inclusion of more 

than one Tx coil can increase this tolerance. One of the techniques is to use a three-coil 

structure such as DDQ [35]. This configuration is composed of two coils located beside each 

other and connected in series, and a third coil on top of them. The vertical and tangential 

fields can be captured with single coil receivers, or identical to Tx, with a good misalignment 

tolerant. In another application, such as in biomedical labs providing wireless power to a 

moving implant, the multi Tx coils are configured in such a way to provide a uniform field. 

Therefore the single Rx coil catches the same amount of power in the specified area [44]. 

The Tx coils are fed from a single source and can be selectively switched to transmit the 

power [45], or can use reflective impedance as the method of field focusing [43]. 

1.3.3 Single Tx ï Multiple Rx Systems 

In some applications, multiple receiver systems need to get power from a single source 

simultaneously, such as universal charging pads for smart phones. The first issue with such 

systems is that when the load of one receiver changes (as the phone battery gets charged), the 

transmitted power to the other loads may be affected. Assume that there is a constant current 

flowing in the transmitter pad coil. Any receiver gets a portion of the transmitted power, 
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linearly related to the resistance it magnetically reflects to the transmitter. Therefore, 

changing the reflected resistance can change the transferred power. There are several 

methods to do so: impedance inverter, repeaters and active (dynamic) tuning. Using the 

impedance inverter (matching circuit) on the transmitter and/or receivers sides, the 

parameters of the matching circuits need to be defined for a specific power sharing [20]. The 

disadvantage of this method is that the power sharing is already pre-determined and variation 

on that requires change of matching circuit parameters. Similar to impedance inverters, 

repeaters can be used between the Tx and each of the Rx coils. The number of repeaters and 

their positioning determine the reflected resistance of each Rx to the Tx [46]. Disadvantage 

of this method is that it poses practicality issues as there are multiple coils involved in the 

flux path which need to be adjusted in order to transfer the desired power to each Rx end. 

Advantage of this method compared to impedance inverter method is that the power sharing 

is easier by simply adjusting the repeater positions. Using active tuning in each Rx side, the 

problems mentioned above can be solved. The active tuning circuit can be a simple boost 

converter that can adjust the reflected impedance to the Tx coil [47]. 

There are various types of dynamic tuning: L-C network, standard boost converter, and tri-

state boost converter. Discrete L and C matrix can be selectively switched using bi-

directional switches to change the reactive power flow in each Rx side [48]. The addition of 

discrete passive L and C components has practical issues. The standard boost can control the 

active power flow by changing the reflected resistance towards the Tx coil [49]. However, it 

does not change the reactive power flow in the Rx coil in case of detuning. Tri-state boost is 

similar to standard boost, but has an extra degree of freedom by shortening the inductive 

energy in the boost technology (freewheeling) [47]. In addition to control the active power 

flow as in boost, the reactive power flow can also be controlled to compensate for detuning. 

A typical problem that is common between most of multi-Rx IPT systems is the cross-

coupling between the receiver coils. The cross-coupling can change the amount of power 

each Rx is absorbing and poses technical issues especially in high quality factor system 

resonators. This problem has been solved in [50] by proposing a multi-resonant IPT system 
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in which each Rx coil is resonant at one of the carrier resonance frequencies using anti-

resonant circuit. This way the cross-coupling can be diminished to a great extent. Another 

problem common to multi-Rx IPT systems is when the Tx coil does not inhere a fixed current 

flowing in it. This way, when one of the Rx coils load changes, its reflective resistance to the 

Tx side varies. This leads to a change in the Tx current which changes the transferred power 

to other Rx coils. This problem can be solved using special matching circuits in the Tx side 

such as LCL topology. The power sharing methods above are useful in case the Tx coil 

current is constant. 

1.3.4 Multiple Tx ï Multiple Rx Systems 

In some IPT systems there are multiple transmitters and receivers. Such systems share the 

properties of the IPT configurations discussed in this section. Therefore, energy localizing 

using field focusing, uniform field Tx coils arrangement, power sharing, misalignment 

tolerance and cross-coupling between Rx coils are the main causes for such systems [51], [2]. 

Depending on the objective of the IPT system, various topologies in the transmitting and 

receiving sides can be used. 

In this work the basics of various IPT multi-coil combinations are briefly introduced. The 

applications, advantages, and disadvantages of each type are discussed. However, it is not the 

focus of this work to go through each combination in detail, as they depend on the exact 

application and objective. 

1.4 Choice of Magnetic Link Resonator Conductor 

The magnetic link resonator is the core part of the IPT system. As will be discussed in 

chapter two, the efficiency of the IPT system directly depends on the quality factor of its 

resonators. Quality factor of a resonator is the ratio of reactive energy stored in it over the 

amount dissipated inside, per resonating cycle. Therefore a low-loss resonator has a high 

quality factor, assuming fixed inductance. As the inductive energy is mostly determined by 

the size of IPT system, there are typically two ways to increase the inductive energy storage 
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capability of a resonator. One method is to increase the number of turns, which can increase 

the dissipation as well; and, the other method is to incorporate high permeable materials. The 

first method can have a more important role in system design of the IPT system, and is not 

the main method to increase the resonator quality factor in this work. The second method 

works well for low-loss high permeable materials. There has been an extensive use of ferrites 

in high power IPT system operating at frequencies below 150 KHz [39]. The use of ferrites 

has the other benefit of changing flux path to not only increase the inductive energy, but also 

shield the surrounding area from magnetic flux due to safety purposes [39]. A probable 

disadvantage of using ferrites could be the increase in dissipation of ferrite and coil 

conductor, cost, size and weight of the system. At multi-MHz frequency IPT systems, ferrites 

such as Ni-Zn-Cu can also be used to increase the inductive energy storage [52]. A similar 

application of such high frequency ferrites is in RFID tags.  

Apart from the inductive energy storage as the objective to increase the resonator quality 

factor, the power dissipation in the coil can be decreased to achieve the same goal. There are 

various choices for the magnetic link resonator conductor, mostly depending on the IPT 

operating frequency. The most common types of conductor choices are solid and foil 

conductors, Litz wire, tubular and multi-layer conductors. We go through the applications, 

advantages and disadvantages of each of these conductor types. 

1.4.1 Solid Round and Foil Conductors 

The most basic form of a conductor is the solid round one. This type of conductor has been 

the focus of much research [H.B.Dwight18], and its corresponding behaviors (impedance in 

general) have been well-studied and determined throughout exact and approximate formulas 

[53]. Since it is the building block of many other types of conductors, such as Litz wire, 

chapter three goes through exact analysis of this conductor. At frequencies above a MHz, 

solid round conductor can even be a choice of the resonator medium, as other types of 

conductors can hardly be superior. This is mostly due to easy availability of this conductor. It 

will discussed later on this work that at multi-MHz frequencies, a Litz wire manufacturing 
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would be significantly harder (super fine strands) than a solid one to even have the similar 

amount of dissipation.  

Another basic and easily available type of conductor is a solid foil one. Foil conductors can 

be the choice of conductor in both low and high frequencies, high and low power, 

respectively. At low frequencies, they are a good current carrying conductor due to their high 

current flowing area; for example, low voltage winding of high power transformers [54]. 

Solid foil conductors have the potential to be used at high frequency applications. The reason 

is that extremely thin foils are already available and affordable in the industry [55]. Due to 

the physical geometry of the foil conductors, they have not been the focus of derivation of 

formulas describing their behavior; unless, in applications where the field behaviors let 

simplifications of the analysis. For example, in a transformer where the foil is parallel to the 

high permeable material, the magnetic field is mostly parallel to the foil, which suggests 

methodology for determining foil parameters, such as impedance. However, this is not the 

case in IPT systems with no high permeable materials involved. Chapter four goes through 

IPT system analysis with foil conductor resonators. Since the derivation of foil impedance 

requires numerical methods, a simple analytical method is proposed to optimize the foil 

shape to boost the resonator quality factor and IPT system efficiency.  

1.4.2 Uncoated-Strand and Coated-Strand Litz Wire  

Litz wire is made up of many insulated strands twisted together to form a bundle [56]. 

Twisting is the key feature of Litz wire that makes it a proper choice of conductor for many 

applications [57]. After a full twist, each strand occupies all the positions in the bundle. This 

leads to equal magnetic flux distribution between the strands. In other words, the eddy 

current losses of the strands are identical, along with the current distributions in them [58]. 

Based on orthogonally principle discussed in [59], the losses in the Litz wire can be divided 

into skin and proximity effects. The strand skin effect is due to the current in that strand, and 

its proximity effect is due to the nearby strands in the bundle, in addition to the external field 
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of nearby turns. This division of losses simplifies the analysis of Litz wire in analytical and 

numerical methods [60].  

The twisting feature of the Litz wire forces the current to be uniform across the bundle, 

averaged over a full twist. Thus, a great portion of the conductor is carrying current, which 

makes it a superior choice to solid and foil conductor. In a solid conductor, the current mostly 

flows in the skin depth outer region of the conductor, making the rest of conductor useless if 

the conductor size is much bigger than its skin depth. In the other hand, forcing the current to 

be uniform across the Litz bundle comes with the cost of internal (due to field inside Litz) 

proximity loss increase at multi-MHz frequencies. Therefore, a proper designed Litz wire can 

hardly be superior to an equivalent solid one at multi-MHz frequencies. 

The problem above is discussed in chapter five by using coated strands inside the Litz bundle. 

For the same dimensions of Litz wire strands, a coating is applied to the strands and the Litz 

properties are investigated. Various coating types can show different behavior in the Litz AC 

resistance. The objective is to decrease the resistance of the Litz wire by applying a coating 

on the strand, so that the internal magnetic field has reduced effect in the strand loss. 

Permeable coatings are capable of doing so; however, their conductivity can be 

counterproductive in some occasions. Depending on whether the skin or proximity effect is 

dominant in the Litz wire, a proper coating type can reduce the Litz AC resistance compared 

to its identical normal Litz wire. 

1.4.3 Multi -Layer Tubular Conductor  

Another disadvantage of Litz wire at high frequencies, besides the internal proximity, is the 

required strand size for uniform current distribution. In order to do so, the strand size needs 

to be comparable to skin depth. This is barely practical at multi-MHz frequencies where the 

skin depth of copper varies between 64 um to 14 um, at 1 to 20 MHz frequencies. These 

problems can be solved using (multi-) layer tubular conductors. 
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Consider a solid round conductor at high frequencies that the current is flowing in the skin 

depth region of the conductor, the inner part can be eliminated, this is the main idea behind 

using tubular conductors [61]. As is discussed in [62], a tubular conductor has an optimum 

wall thickness, at which its AC resistance is lower than the same size solid conductor. This 

makes them a good choice for IPT resonators medium at high frequencies where the solid 

conductor is superior to Litz wire. Another benefit of tubular conductor is the ability for 

cooling from the inside, which makes it a good choice for high power applications. 

The tubular conductor AC resistance can be further reduced by incorporating multiple 

insulated layers inside it. By a proper distribution of current in each layer (close to equity), 

the AC resistance of the multi-layer concentric tubular conductor can be reduced compared 

to equivalent solid or a single-layer tubular conductor. Chapter six goes through the 

investigation of multi-layer tubular conductors, and the optimized layer thicknesses and the 

maximum reduction in AC resistance are analyzed. As was mentioned earlier, this reduction 

happens with proper distribution of current in each layer. The current distribution in each 

layer can be enforced using various current sharing methods [55]. The capacitive current 

sharing is investigated as it will be incorporated to make the coil self-resonant. This leaves 

the external connection of resonating capacitors out, reducing the undesired AC resistance in 

the connection terminals. 

1.5 The Scope of the Dissertation  

Having the IPT systems introduced along with the challenges and modern trends in the 

systems, the work of this dissertation is focused on two general parts, system and component 

levels. Introduction to both parts is presented in chapters 2 and 3. In chapter 8, the 

component and system level design and optimization come together to unify the IPT system. 

The detailed descriptions of chapters are as follows: 

¶ Chapter 2 focuses on system level introduction of multi-coil single Tx-single Rx IPT 

systems. The analysis methods of such systems, that include exact and approximate 

methods, are discussed. The chapter starts with a general analysis of m-coil IPT 
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system which is the basis for most common IPT systems. Then, 4-coi, 3-coil, and 2-

coil IPT systems are presented along with the exact and approximate solutions for the 

system behavior. The characteristics of the IPT systems presented in chapter 2 are 

incorporated in the system level optimization of the IPT setup that is included in 

chapter 8. 

¶ Chapter 3 studies the fundamentals of conductor analysis that are included in chapters 

4-6. As was mentioned before, the quality factor of an IPT system is one of the most 

important parameters in the system that can affect the magnetic link and system 

efficiencies. The chapter starts with the investigation most basic conductor, solid 

round one. Various approaches for conductor internal impedance derivation are 

investigated. The chapter then continues to tubular conductors by derivation of 

electromagnetic field quantities and internal impedance. Such conductors are studied 

in another perspective, situated in uniform magnetic field. This brings the 

understanding of the conductors to a level to closely model them as part of a more 

complex conductors such as Litz, or multi-layer tubular conductors. 

¶ Chapter 4 is the combination of both system level and component level optimization. 

This chapter focuses on the optimization of foil conductor layout to boost the IPT 

magnetic link efficiency. Since the foil conductors are seldom studied with closed-

form formulas for internal impedance, quality factor and mutual coupling, their 

analysis in IPT systems bring a difficulty in design and optimization purposes. 

Chapter 4 introduces an optimization principle which simplifies the IPT quality factor, 

and efficiency optimization without the need for complicated foil conductor 

characteristics. This chapter concludes with a prototype experiment verifying the 

optimization principle and increase in the IPT resonator quality factor. 

¶ Chapter 5 studies a different type of Litz wire as a potential conductor in IPT systems 

at multi-MHz frequencies. It was mentioned earlier in this chapter that Litz wire has 

several drawbacks at such frequencies. One drawback is the significant internal 

proximity field in the wire due to uniform current sharing. The chapter analyzes the 

effect of various coatings on the Litz wire strand, keeping the same Litz dimensions. 
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The two dissipation mechanisms in the Litz wire, skin and proximity, are investigated 

in detail for isolated coated strands using both analytical, from chapter 3, and 

numerical methods. The coated strands are then brought inside the Litz bundle and 

the effect of skin/proximity effect dominance on the dissipation portion is 

investigated. The chapter concludes by application example verifying the reduction in 

power dissipation in Litz wire by proposing a coating material for the strands. 

¶ Chapter 6 looks into concentric multi-layer tubular conductors as a resonator 

conductor for multi-MHz IPT systems. This type of conductor satisfies all the 

drawbacks the Litz wire faces at such frequencies. The tubular conductor analysis in 

chapter 3 brings the fundamental of multi-layer tubular conductor. This chapter starts 

by looking into the optimized tubular conductors to achieve the maximum reduction 

in power dissipation compared to equivalent solid conductor. Chapter 6 further looks 

at current sharing methods to satisfy the assumption for power dissipation reduction 

in the multi-layer tubular conductor. As one of the current sharing methods is using 

capacitance between layers, this approach brings a benefit in designing the conductor 

near its self-resonance. The chapter concludes with application example for multi-

layer conductor and verifies the reduction in power dissipation compared to 

equivalent solid conductor. 

¶ Chapter 7 goes through the most common measurement techniques at multi-MHz 

frequency IPT systems. One of the typical measurements is to determine the quality 

factor of the resonator coil. Various methods for such measurement are presented 

with experimental results. The methods do not rely on the impedance of the inductive 

coil for quality factor determination. In another measurement, the impedance of IPT 

resonator is presented to verify the quality factor measurements of the IPT resonator. 

¶ Chapter 8 brings all the system and component levels into a unit system optimization. 

For the loosely coupled IPT systems, the magnetic link optimization, alone, cannot 

guarantee the efficient system level operation. For example, it is required to optimize 

the magnetic link and the power amplifier simultaneously to achieve high system 

efficiencies. Chapter 8 investigates the optimization procedure including the magnetic 
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link and the transmitter power amplifier. A prototype IPT system is prepared and the 

system level measurements are performed, with the efficiency calculations and 

techniques discussed. 
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CHAPTER 2 - Single Tx ï Single Rx Multi-Coil IPT Link Analysis  

In chapter one, different types of multiple-coil IPT systems were introduced. In this chapter 

the single Tx-single Rx multi-coil IPT system is investigated. Such system can contain more 

than two coils to transfer power to the desired load. There can be two, three, four and even 

more coils comprising the system [21], [3], [20], and [32]. Two-coil IPT system is the most 

common and simplest type of multi-coil systems [3]. Two-coil IPT systems are typically used 

in IPT applications where the impedance matching and power transfer (or voltage gain) are 

not the critical design requirements of the system. In applications where system efficiency, 

power transfer efficiency (or voltage gain), and frequency bandwidth are the key design 

parameters, impedance matching networks are the essential components of the IPT system. In 

multi-coil IPT systems, the existence of more than two coils to transfer the power is 

essentially implementing impedance matching network in the system. For example, in 

consumer electronics and medical IPT applications at multi-MHz frequencies, three- and 

four-coil IPT systems can bring more degrees of freedom to increase the system efficiency, 

voltage gain, and frequency bandwidth [32], [31]. The other benefit such systems have at 

multi-MHz frequencies is the close-range impedance matching for power amplifiers [20], and 

the lower dissipation they inhere compared to typical pi or T impedance matching networks 

[31]. Another use of multi-coil IPT systems is to use the resonators as the repeaters to 

transfer power to large distances or curved paths. For example, IPT systems with more than 

four coils have been investigated in [40] to transfer power to a load which is far away from 

the Tx coil, or is located in the curved power path.  

Due to existence of multiple coils in the system, resistive, inductive and capacitive matrixes 

help analyzing the system. We explore various methods to study multi-coil IPT systems in 

this chapter. The most accurate one is the mesh theory, in which the impedance matrix of the 

whole IPT system is used to solve for currents and voltages in each loop. The second method 

is based on impedance inverter and solves for system efficiencies using simplified formulas. 

The assumption behind this method is that the inductance matrix is simplified by removing 
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mutual inductances between non-adjacent coils. The last method is the most straight forward 

and gives the closed-form formulas for efficiencies of the IPT system. The assumption 

behind this method, besides the one of the simplified inductance matrix, is that all the coils 

are resonant at the same resonance frequency. This method is beneficial in initial design of 

the system as it gives quick understanding of the IPT behavior; however, for more accurate 

analysis the first two methods need to be adopted.  

2.1 Multi -Coil IPT Link Analysis Methods 

2.1.1 System Analysis Using Mesh Theory 

Multi -coil IPT systems can have various source, transmitting and receiver coil. An accurate 

and common method for analyzing such systems is mesh theory. In mesh theory the electric 

equivalent circuit of the IPT system is represented by the impedance, current and voltage 

matrix. Consider the resistance matrix R including the AC resistances of the coils in it 

diagonal part. The C matrizis usually diagonal with compensating capacitances on the 

diagonal part. In most IPT systems the capacitive coupling between coils is usually neglected 

as the inductive couplings take the role for that. The L matrix is a full symmetric (linear 

system) matrix including self- and mutual inductances. The voltage matrix V includes the 

source voltage for the source coil, while the current matrix I contains the values of currents 

flowing in each coil loop. The IPT system is then represented by mesh theory according to 
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Solving for the currents in each coil using equation above can lead to further analysis of the 

system. The coil-coil efficiency of the IPT system Лc-c includes the efficiency of all the coils 

starting from the transmitter to the load coils excluding the source power source coil. This 

efficiency can be calculated having the power delivered to the load PDL and the total power 

delivered by the source PTotal, Fig. 2.4. Having the current matrix, the coil-coil efficiency is 

derived as follows: 
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The load resistance RL is located in the last coil m in the equivalent circuit and is added to the 

(m,m) component of the resistance matrix R.  
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Fig. 2.4: Efficiency diagrams of the system. 

 

There are two commonly used power gains in IPT systems known as transducer power gain, 

GT, and operating power gain, Gp according to 
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The operating power gain has been previously identified as the system coil-to-coil efficiency, 

Лc-c, and depends on the load resistance. The transducer power gain, on the other hand, is the 

whole-system representative of the power gain as it depends both on the load and source 

internal resistances, Fig. 2.4. Using the complex-conjugate maximum power transfer method, 

the maximum power input to the IPT system is defined as 
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in which Vac is the source RMS output voltage and Rs is its internal resistance. Therefore the 

transducer power gain takes the form of 
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in which VL is the RMS voltage across the load resistance. It can be shown that the power 

gain is related to the scattering parameters (S-parameters) of a two-port system in which the 

Rs and RL are selected (matched) as the reference normalization impedances of the input and 

output ports, respectively [63]. The power gains are then represented by 
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In (2.7), S11 and S21 have the meanings of reflection and transmission coefficients, 

respectively. The importance of defining the S-parameters is that they can be measured 

experimentally using Vector Network Analyzer (VNA). Sometimes it is helpful to assume 

the reference impedances for all the ports to be the same, for example the characteristic 

impedance of the systems terminal cables  Z0; then the condition needed for Ὃ ȿὛ ȿ to 

be valid is that Rs = RL = Z0. In this case S21 is simply the forward voltage gain. Looking at 

the four-coil IPT as a two port system, during measurement, the input terminals are 

connected to sending channel of VNA through a transmission line TL, having characteristic 

impedance Z0  (usually 50 Ohm), and the output port is connected to the receiving channel of 
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VNA through a TL. It is, therefore, important to match the load and source internal 

resistances to the characteristic impedances of the TLs [64], [63]. 

In order to find the transducer power gain by means of mesh theory, the source internal 

resistance needs to be added to the resistance matrix in (2.1); not to mention that such a 

change does not influence the coil-coil efficiency. The transduce power gain is then 

determined according to 
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There is another efficiency that corresponds to the whole system including the source 

amplifier and is calculated according to 
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2.1.2 System Analysis Using Impedance Inverter 

Assuming the magnetic coupling exists only between adjacent coils as the power is 

transmitted towards the load, the inductance matrix is simplified to 
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This assumption is true with the non-adjacent coils have a negligible mutual inductance. 

Looking from filter perspective, an IPT system is a band-pass filter letting the power to be 

transferred at a specific frequency (resonance frequency) and attenuating the rest of 
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frequency band. Another way to present the multi-coil IPT system is through the impedance 

inverter which is defined in Fig. 2.5. 

In Fig. 2.5, K is the characteristic impedance of the inverter and ZL is impedance connected to 

its terminals. The seen impedance from the other terminals of the inverter is 

K ZL

Zin

 

Fig. 2.5: Impedance inverter 
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As is shown in the definition of impedance inverter with real K value, the seen impedance is 

capacitive if the shunt impedance connected to the inverter is inductive. Therefore, after n 

levels of inversion, the reflected reactive part would have the ρ  sign behind it. For 

example, in a four coil system with an inductive component on the load coil, the reflected 

reactive part in the drive coil is capacitive if the coils in between are all resonated. The 

impedance inverter is not a physical component but a method to visualize the relationship 

between two sides of its terminals. It can be defined between two magnetically coupled coils 

or inside one coil.  The inclusion of the inverter between the source amplifier and the drive 

coil, or between the load coil and the load resistance can be defined in such a way to 

optimize the source to load power transfer and efficiency [20]. The characteristic impedance 

of an inverter between two magnetically coupled coils i and i+1  is defined as 
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in which Mi,i+1  is the mutual inductance between the coils with the coupling coefficient of 
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Substituting (2.12) into (2.11), the reflected impedance from coil i+1  to its adjacent coil i 

would be determined according to 

, 1 , 1 , 1.ref i i ref i i ref i iZ R j X+ + += +                                         (2.14) 

Assuming the interim RLC coils i and i+1  are resonated at resonance frequency, the 

components of (2.14) would be 
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In (2.15), Qi is the quality factor of coil i and is defined at (resonance) frequency ‫  

according to 
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in which Li is the self-inductance of coil i and Ri is its AC resistance. QiL is the often called 

the loaded quality factor of coil i, and is expressed as 
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And QiR is the called the reflective loaded quality factor of coil i according to 
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Going through the reflected resistance and reactance to the coil i, it starts form the last load 

coil m using the recurrence relations (2.5) - (2.18). Since we assume all the interim coils are 

resonated, the reflected reactive parts through the coils towards the source coil depends on 

the compensation of the load coil. For the m-coil IPT system, the various quality factors of 

the mth coil are 
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In (2.19), QL is the load quality factor that for the series (non-) resonated load coil is 
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Therefore, if the load coil is series resonated, there is no reactive component reflected 

through the coils to the drive coil and the reflected resistive component from coil i+1  to its 

adjacent coil i would be: 
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The coil-to-coil efficiency of m-coil IPT system would, then, be 
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And the power delivered to the load by the source output RMS voltage of Vac would be 
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If the mth coil is series resonated, the reflected reactive component to the drive coil is zero 

and the power delivered to the load would be 
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However, the amplifier still sees the inductive part of the drive coil. To improve the power 

transferred to the load, one can do the compensation of the total reactive part in the drive coil. 

It can be concluded that magnetic link efficiency does not depend on the drive coil 

compensation while the power transfer depends. Both of them, however, depend on the 

resonance of the load coil. 

2.1.3 System Analysis Using Efficiency Equations 

So far two different efficiency concepts, coil-coil and source-coil efficiencies, and the 

transduce power gain were introduced. Using the simplified inductance matrix, by neglecting 

the non-adjacent mutual inductances between coils, the reflected impedance on each coil was 

derived in the previous section using impedance inverters. In this section, besides this 

assumption, we assume that the reflected reactive part from the load coil towards the source 

coils is negligible. This assumption is true for multi-coil IPT systems where the load coil is 

small (in reactive energy storage) compared to resonators between source and receiver [9]. 

Or if the load-coil inductive reactance is compensated by a resonating capacitor. The closed-

form formulas for the efficiencies and the transducer power gain are then derived; being 

explained in detail through the rest of chapter for IPT systems with two, three and four coils 

as the most common systems. For IPT systems with more than four coils such formulas can 

be derived, but are more complicated and are not the focus of this chapter. 
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2.2 Four-Coil IPT System Analysis 

The four-coil IPT systems have multiple couplings between the four coils which gives 

multiple degrees of freedom to optimize the system for various goals such as maximum 

efficiency and power transfer. A typical equivalent representation of the four-coil system 

comprises of a driver coil which is fed by the amplifier, two resonator coils, and the load coil 

which delivers the power to the load through rectification, Fig. 2.6. The rectification process 

is neglected in the analysis here and only the load resistance seen from the rectifier inputs is 

used. The input resistance from the full bridge rectifier which is connected to load resistance 

Ὑ is Ὑ Ὑ. In this analysis the driver and load coils are not resonated. 
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M23
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Fig. 2.6: The equivalent circuit of the four-coil IPT system. 

 

In a practical four-coil IPT system, mutual coupling exists between any two coils introducing 

six different mutual inductances in the system. If the adjacent coils mutual couplings are 

bigger than the non-adjacent coils ones, then the simplified inductance matrix can be used. 

Among the four coils in the system, only coils two and three are resonated at operating 

frequency using capacitor C2 and C3 in series with them. Then using the Kirchoffôs voltage 

law and mesh theory, the currents in each coil can be solved and the coil-coil, source-coil and 

transducer power gain can be calculated accordingly.  

Assuming the coupling exists between adjacent coils only, and the reflective reactive part 

towards the source coil is zero (the load coil is resonated using C4), the equivalent circuit  
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Fig. 2.7: The simplified equivalent circuit of the four-coil IPT system. 

 

would be simplified to Fig. 2.7. And the circuit analysis to calculate the PDL and efficiency 

would be simplified through derivation of several equations.  

As the coil-coil efficiency of the system is represented by (2.22), it is simplified to 
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In (2.26), Xi,i+1  is the link potential between the two adjacent coils, and Ŭ is the load factor 

that depends on the load coil internal resistance and the external resistance connected to it: 
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The coil-coil efficiency of the four-coil IPT is a function of 4 parameters: 3 link potentials 

between the 4 coils, and the load parameter Ŭ. The whole system efficiency is then 

determined according to 
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And the transducer power gain would be 
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In (2.28), ɓ is called the source factor according to 

1 .
s

R

R
b=                                                         (2.29) 

2.3 Three-Coil IPT System Analysis 

Fig. 2.8a shows the full equivalent circuit of a three-coil IPT including source and load coils 

and resistances. The full inductance matrix has 3 mutual-inductances. In the simplified 

inductance matrix format, the only one non-adjacent mutual inductance is neglected, figure 

2-5b. Like the four-coil IPT system, the full equivalent circuit can be analyzed using the 

mesh theory. The simplified format can be modeled using impedance inverters. Assuming the 

load coil in the equivalent circuit of Fig. 2.8b is resonated, the closed form formulas for the 

coil-coil, source-coil and transducer power gain can be derived accordingly. The first and last 

coils are assumed to be resonated. 
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a) Full equivalent circuit. 
b) Simplified equivalent circuit. 

Fig. 2.8: The equivalent circuit of the three-coil IPT system. 

 

The first coil resonance does not affect the coil-to-coil and total system efficiencies but 

changes the transducer power gain. In the previous section the equivalent circuit method was 

introduced for an m-coil system and can be applied here for the three-coil system. The coil-

coil efficiency of the three-coil IPT system of Fig. 2.8b is calculated to be 
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The efficiency of the three-coil system is a function of 3 parameters: 2 link potentials 

between the 3 coils, and the load parameter Ŭ. The total efficiency of the system would be 
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And the transducer power gain would be 
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2.4 Two-Coil IPT System Analysis 

Two-coil IPT system is the simplest of the multi-coil IPT systems as it just contains two coils, 

the transmitter and the receiver coils, Fig. 2.9. Therefore, there is no simplification in the 

inductance matrix of the full equivalent circuit of the system.  

Vac

Rs

M12

L1

R1

RL

C2

L2

R2

C1

 

Fig. 2.9: The equivalent circuit of the two-coil IPT system. 

 

It will be shown that the coil-to-coil efficiency of the system does not depend on the 

transmitter compensation while it depends on the load coil resistance and compensation: 
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The efficiency of the two-coil system is a function of two parameters, link potential and load 

factor; Fig. 2.10 shows the coil-coil efficiency vs. these two parameters. 
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Fig. 2.10: The coil-coil efficiency for a two-coil system as a function of link potential 

between them and the load factor Ŭ. 

 

It can be observed from Fig. 2.10 that for a fixed load factor, increasing the link potential 

boosts the efficiency. It is also concluded that for a specific IPT system design, there is an 

optimum load (factor) that results in the maximum efficiency. The total source-coil 

efficiency of the system is calculated in the closed-form formula as 
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The transducer power gain depends on the transmitter coil compensation. Assuming the 

transmitter coil to be compensated, the transducer power gain would be 

( )

( )

( ) ( )

1 1,2

2

max 1 1,2

1,2

2 2 2

1,2

4

4
.

1 1
1

1 1

refDL
T s c c

in s ref

R RP
G R

P R R R

X

X

h

a b

a bb a

b a

-

-

+
= =

+ +

= ³ ³
+ +è ø

+é ù+ +ê ú

                           (2.35) 

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1 10

-1
10

0
10

1
10

2
10

3
10

4
10

5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

Link P
otentia

l (X
)

Alpha (a)

 

E
ff

ic
ie

n
c
y

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1



 

36 

2.5 Compensation Topologies 

So far in the multi-coil IPT system it was presumed that the coils are either non-resonated or 

series resonated. In this section we will show that the general equations for the system 

efficiencies and gain can be simply converted using other types of compensation. We focus 

on the two-coil IPT and analyze the compensation topologies both on primary and secondary 

coils. Not to mention that the interim coils in the multi-coil IPT systems are series RLC 

resonated. In this section we study 6 types of compensation topologies for the two-coil IPT 

system as depicted in table below. 

The primary coil can be non-resonated or series or parallel resonated. The receiver coil can 

also be either series or parallel compensated. It is also assumed that the IPT operating 

frequency is at the secondary coil resonance frequency; therefore, only the real impedance 

will be reflected towards the primary coil. The primary coil, if resonated, would be 

compensated at the same operating frequency. 

Table 2.2 shows the link efficiency ɖc-c, reflected resistance to the primary coil Rref, and 

voltage (current) gains of the six various two-coil IPT compensation topologies. The voltage 

(current) gains are calculated from the source output terminals to the load. This leads to 

understanding of the magnetic link performance for a given source output characteristics. 

The inclusion of source internal resistance and switching behavior is an essential part of 

whole system optimization. The whole system optimization will be discussed in the 

application example section. For non- and series-resonant transmitters, the voltage gain of 

interest is the ratio of load resistance voltage amplitude to that of voltage source. For parallel-

resonated primary the desired gain is the load resistance voltage amplitude to that of current 

source (trans-impedance): 

Primary: non-resonant, series-resonant, parallel-resonant
load load load

G G s G p

ac ac ac

V V V
V V VI

V V I
- -

ëî
= = =ì

îí
 (2.36) 

 



 

37 

Table 2.2: Compensation topologies of two-coil IPT System 
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2.6 Conclusions 

In this chapter the single Tx- single Rx IPT system was analyzed. Such system can contain 

multiple coils (resonators) in between to transfer the power to the receiver coil (load). The 

general multi-coil IPT system was investigated in detail and the exact and approximate 

analysis methods were discussed. The coil-coil and system efficiencies along with the power 

gain were derived for multi-coil IPT system. Such analyses were performed for four, three 

and two-coil IPT systems in particular. It was concluded that the exact and closed form 

formulas for link and system efficiencies give a general descriptive behavior of the system. 

However, for exact IPT system analysis, the more accurate mesh theory is the preferred 

method. One of the advantages of the mesh theory is that it includes the unwanted and 

parasitic effects nearby the system. This is even more critical at high-frequency (multi-MHz) 

IPT systems where, for example, the coil parasitic capacitance can be in the order of the coil 

resonating capacitance. This phenomenon is discussed in detail in chapter 7, discussing the 

effect of parasitic capacitance. 
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CHAPTER 3 - Modelling of Solid, Single-Layer and Multi -Layer Round Conductors 

Resonating coils are the core part of the Inductive Power Transfer (IPT) systems. It was 

shown that the IPT magnetic link and system efficiencies depend on the quality factor of the 

inductive coils. Regarding the type of coil conductor, it is typically limited to few common 

types. The constraints are, but not limited to, ease of manufacturing, cost, power dissipation, 

and parameters of the IPT system such as operating frequency. In KHz frequency range, the 

choice options are even wider as all the mentioned constraints are already fulfilled; an 

example would be Litz wire. At low frequencies, there are hundreds of various Litz wires 

available in the market with affordable cost and low AC resistance. Litz wire can be the first 

option at such low frequencies rather than foil, tubular, or solid conductors. However, as the 

frequency increases to the MHz range, the Litz wire can hardly be superior to even a simple 

solid conductor. The reason is the necessity for quite small and fine strand manufacturing, in 

addition to significant internal loss as such high frequencies. The author discusses about Litz 

wire in detail in chapter 5.  

To overcome the MHz frequency-range conductor type limitations, the author looks into 

various conductors that can, at least, reduce the AC resistance compared to the conductors 

typically used in the MHz frequency IPT systems. To do so, the basic elements of such 

conductors are studied step-by-step in this chapter. This chapter starts with a simple solid 

conductor, and the internal impedance and power dissipation are derived using the Magneto-

Quasi-Static (MQS) models of Maxwell equations. The study then continues for tubular and 

two-layer conductors, following the derivation of the internal impedance. The proximity 

effect of the mentioned conductors will be investigated as it is one of the major dissipation 

components at high frequencies. The chapter ends by discussing the methods for calculation 

of the determined impedances under various conductor parameters. The operating frequency 

and the conductor properties and dimensions may require approximate solutions for the 

derived impedances. The reason is that the conductor impedance, in general, includes 
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(modified) Bessel functions that may have convergence issues at high frequencies, or large 

conductor dimensions. This effect will be discussed in detail later in this chapter. 

3.1 Quasi-Static Perspective of Electromagnetic Maxwell Equations 

Electromagnetics applications can be classified into static, quasi-static and dynamic models 

of Maxwell equations. Static and dynamic models are well introduced in various textbooks 

[65]. Understanding quasi-statics helps in realizing the transition between static and dynamic 

models. Since the nature of most of power electromagnetics applications and simulations is 

quasi-static, it has been found necessary to discuss this model in this study. The quasi-static 

electromagnetics is investigated in details in [66], and main points are mentioned in this 

section along with the Maxwell partial differential equations (PDEs) modifications for this 

model. 

In quasi-static term, the system is smaller than the wavelength, and the electromagnetic fields 

propagate spontaneously; therefore, it can be assumed that the propagating speed of light 

goes to infinite through the system [67]. A quasi-static system is time dependent like a 

dynamic system that moves from one state to another (with time), yet still time independent 

at each fixed state (time). In most power electromagnetics applications such as eddy current 

problems, the quasi-static models can be used in studying both the transient (time-harmonic) 

and steady state behaviors [68]. In numerical analysis tools, quasi-static modelling forces the 

tool to use time steps in which there is a quasi-static behavior in the system and this improves 

the numerical stability and computational cost. 

Maxwell PDEs define the relationship between an electromagnetic function (such as field 

intensity) of two or more independent variables (such as space and time variables), and the 

partial derivative of this function with respect to those variables. The mathematical nature of 

PDEs can be classified into three types; namely as hyperbolic, parabolic and elliptic. 

Examples of the three types of PDE in Cartesian coordinate system are presented in Table 3.3. 

Analysis of a hyperbolic PDE requires a full set of Maxwell equations to be included, which 

is generally more difficult compared to simplified parabolic and elliptic Maxwell PDEs.  
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Table 3.3: The three classes of PDEs and their examples 

 Example Description of Example 

Hyperbolic 
2

2 2

2

( , , , )
( , , , )

H x y z t
c H x y z t

t

µ
Ð =

µ
 

Wave equation in a loss-less media 

with propagation speed of c 

Parabolic 
2 ( , , , )

( , , , )
H x y z t

D H x y z t
t

µ
Ð =

µ
 

Diffusion equation with constant 

diffusion coefficient D 

Elliptic  
2 ( , , , ) ( , , , )H x y z t f x y z tÐ =  Poisson equation 

Elliptic  
2 ( , , , ) 0H x y z tÐ = Laplace equation 

 

 

Quasi-static modelling can reduce the hyperbolic PDE to either parabolic or elliptic one and 

simplifies the PDE analysis and its solution [69]. 

The three major quasi-static types of Maxwell equations are Electro-Quasi-Static (EQS), 

Magneto-Quasi-Static (MQS), and Darwin models [70], [69]. Darwin model considers both 

the capacitive and inductive features of the energy; however, the propagation of energy is 

instantaneous and the electric energy involves only the Coulomb electric energy and not the 

Faradayôs part of it. EQS and MQS are the simplified versions of Darwin model as EQS 

involves the capacitive energy while MQS involves only the inductive energy. As will be 

discussed further on, the Biot-Savart law is valid in all three quasi-static models; continuity 

equation is valid only in EQS and Darwin, and Faradayôs law is valid only in MQS and 

Darwin models. The Ampereôs law would have different format in each of the quasi-static 

models [66]. 

For simplicity, the three quasi-static models of Maxwell equations are discussed in their 

differential forms for a polarizable and magnetizable media assuming to be linear, isotropic, 

homogenous and non-dispersive. In the analysis of Maxwell equations in this chapter, the 

Magneto-Quasi Static (MQS) model of Maxwell Partial Differential Equations (PDEs) is 

used for a linear, isotropic, homogenous and non-dispersive material. In the 2D analysis, the 

(multi-layer) round conductor under study is assumed to have an infinite length along the z-

axis with its center positioned at the origin. Therefore, the Maxwell PDEs will be analyzed in 

the cylindrical coordinate system. 
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Table 3.4: Formulation of Maxwell quasi-static PDEs. 

  EQS MQS Darwin Model 

Maxwellôs 

Equations 

Gaussôs Law CD rÐÖ =1 

0

C

F

D

D

rÐÖ =

ÐÖ =

 
0

C

F

D

D

rÐÖ =

ÐÖ =

 

Gaussôs Law 0BÐÖ = 0BÐÖ = 0BÐÖ = 

Faradayôs Law 0CEÐ³ =2 

0C

F

E

B
E

t

Ð³ =

µ
Ð³ =-

µ

 

0C

F

E

B
E

t

Ð³ =

µ
Ð³ =-

µ

 

Ampereôs Law3 CD
H J

t

µ
Ð³ = +

µ

4 
H JÐ³ =5 CD

H J
t

µ
Ð³ = +

µ

6 

 

Continuity 

Equation7 
0J

t

rµ
+ÐÖ =

µ

9 
0JÐÖ =8 0J

t

rµ
+ÐÖ =

µ

9 

Constitutive 

Relations 

C CD E

B H

e

m

=

=
 ( )C FD E E

B H

e

m

= +

=
 ( )C FD E E

B H

e

m

= +

=
 

 
1, 2 These two equations are equivalent to the Coulombôs law. 
3 Ampereôs law is not always valid in quasi-static [66]. 
4 It is called the Ampere-Maxwell equation. 
5 It is called the Ampereôs law equation. 
6 It is called the Ampere-Darwin equation 
7 The current cannot be interpreted as charge transport. 
8 Ampereôs law implies Continuity equation. 
9 Ampere-Darwin and Ampere-Maxwell equations are consistent with continuity equation. 

 

 

3.1.1 MQS Modelling, Solving for H 

The MQS model for Maxwell equations can be used to derive the so-called elliptic Poisson 

equation in frequency domain (steady state) that leads to the field distribution in the material. 

For a magnetizable and polarizable material with no net electric charge, the MQS Maxwell 

PDEs and constitutive relations are 

Maxwell PDEs:
0

0

Constitutive relations: , Continuity equation: 0

E i B

H J

B

D

B H

D E J

J E

w

m

e

s

Ð³ =-ë
î
Ð³ =î
ì
ÐÖ =î
îÐÖ =í

=ë
î
= ÐÖ =ì

î =í

              (3.1) 
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The Poisson equation for the magnetic field strength is then derived according to 

( )

( ) 2

2

,

,

.

H J

H H E

H i H

s

wsm

Ð³ Ð³ =Ð³

Ð ÐÖ -Ð = Ð³

­Ð =

                                              (3.2) 

Throughout this section, the MQS modeling of Maxwell equations are derived in steady state 

frequency domain and the corresponding magnetic and electric variables are in the phasor 

format. 

3.1.2 MQS Modeling, Solving for J 

In some problems, depending on boundary conditions and electromagnetic field symmetry in 

the conductor, it is more straight-forward to solve the Poisson equation that gives the current 

density distribution in the conductor rather than the magnetic field. Similar to the previous 

modelling that yields to the Poisson equation for field strength, Maxwell equations can be 

combined in such a way that the solution to the Poisson equation represents the steady state 

current density distribution across the conductor. The Poisson equation for current density is 

( )

( ) 2

2

,

,

.

E i B

J J i H

J i J

w

wms

wsm

Ð³ Ð³ =- Ð³

Ð ÐÖ -Ð =- Ð³

­Ð =

                                         (3.3) 

3.1.3 MQS Modeling, Solving for A 

In problems where the magnetic field intensity or the current density vectors have more than 

one direction, the vector Laplacian in the Poission equation would also be in the direction of 

field intensity or current density; this makes the PDE complicated to investigate. In such 

cases, solving the Poisson equation for a unidirectional parameter (that is related to field 

intensity or current density) simplifies the analysis. One such parameter is magnetic vector 

potential A, that is related to magnetic flux density B, and electric field intensity E, according 

to 
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0 ,
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                                              (3.4) 

In (3.4), ‰  is the electric scalar potential and its variation keeps electric field strength E, 

unchanged. A property of the magnetic vector potential is that its divergence has no physical 

significance and can simply be selected to be zero. The reason is that 

: invariant.A A B
m
f­ +Ð Ý                                              (3.5) 

Thus, the elliptic Poisson equation for the magnetic vector potential is derived according to 
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A J
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wsm
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                                                   (3.6) 

3.2 Skin Effect Analysis of Solid Round Conductor (Solving for H) 

For an infinitely long solid round conductor with radius a centered at the origin, fed with an 

external current I, the magnetic field strength has the azimuthal direction and the current 

density is along the z-axis, Fig. 3.11. Due to the symmetry, both the magnetic field and 

current density change radially and remain unchanged in the azimuthal and z-directions. The 

Poisson equation for the magnetic field strength is derived in (3.2). The vector Laplacian of 

field strength in the cylindrical coordinate system is 

( )2 2 2 2

2 2 2 2

2 2

2

2 2
ĔĔ Ĕ,

Ĕ.

r r
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H HH H
H H r H H z
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j

µå õ å õµ
Ð = Ð - - + Ð - + + Ðæ ö æ ö

µ µç ÷ ç ÷

å õ
­Ð = Ð -æ ö

ç ÷

        (3.7) 

And the scalar Laplacian of azimuthal magnetic field in the cylindrical coordinate system is 
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Fig. 3.11: The solid round conductor skin effect BCs, solving for H. 
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Therefore, the Poisson equation for the magnetic field strength would be simplified to 

2

2 2
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(1 ) 0.

H H
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j j
wms

µ µ
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µ µ
                                     (3.9) 

Equation (3.9) represents the (modified) Bessel differential equation of order one; and the 

solutions to that are functions of (modified) Bessel functions of first kind and second kind 

with order one. Representing as the Bessel differential equation, the Poisson equation ia 

2

2 2 2

2

2

1 1 2 1

( 1) 0

( ) ( ) ( ).

H H
r r r H

r r

i

H r c J r c Y r

j j

j

g

g wms

g g

ë µ µ
+ + - =î

µ µì
î =-í

­ = +

                                    (3.10) 

In (3.10), J1 and Y1 are the Bessel functions of first and second kind, respectively, with order 

one. If representing (3.10) as the modified Bessel differential equation, the Poisson equation 

would be 



 

46 

2
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µ µì
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­ = +

                                      (3.11) 

In (3.11), I1 and K1 are modified Bessel functions of first and second kind, respectively, with 

order one. Both representations of the Poisson differential equations lead to the same solution, 

and for the completeness of the analysis, they are introduced here. In some parts of this 

chapter, the modified differential equation is used as the preferred equation to avoid the 

symbol interference of current density and Bessel function of first kind. 

Since the modified Bessel equation of second kind is singular with infinitesimal argument, 

the coefficient c2 needs to be set to zero for the solution to be valid at origin. Therefore the 

field distribution in the conductor is     

1 1( ) ( ), 0 .H r c I r r aj g= ¢ ¢                                          (3.12) 

The coefficient c1 can be determined using the boundary condition at the outer surface of the 

conductor by having the value for the azimuthal magnetic field strength, Hb, Fig. 3.11: 
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Therefore, the field strength distribution in the conductor is: 
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And the current density distribution can be determined using the Ampereôs law: 
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Fig. 3.12: The solid round conductor skin effect BCs, solving for J. 

 

Having the current distribution, the average power loss in the conductor is: 

21 1
( ) [ ]

2
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V
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s

è ø
= é ù

ê ú
ñ                                          (3.16) 

3.3 Internal Impedance of Solid Round Conductor (Solving for J) 

In order to find the internal impedance of a solid round conductor, the Poisson equation will 

be solved to find the current density distribution in the conductor with known applied electric 

field strength on its boundary, Fig. 3.12. Having the current density distribution, the total 

current flowing in the conductor can be calculated; the impedance is then derived using the 

voltage along the conductor and the total current in it. The Poisson equation for the current 

density distribution is derived in (3.3). The vector Laplacian of current density is 
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And the scalar Laplacian of the current density in the z-axis direction would be 
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Therefore, the Poisson equation is simplified to modified Bessel differential equation of 

order zero: 
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2 2 2
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In (3.19), I0 and K0 are the modified Bessel functions of first and second kind, respectively, 

with order zero. Since K0 is singular at infinitesimal argument value, coefficient c2 needs to 

be set to zero for the solution to be valid at the center of the conductor. The current density 

distribution inside the solid round conductor is 

1 0( ) ( ), 0 .zJ r c I r r ag= ¢ ¢                                          (3.20) 

Having the value of the electric field strength on the outer surface of the conductor as the 

boundary condition, the coefficient c1 can be derived according to 

0
0 1

0

( ) .
( )

z

E
E r a E c

I a

s

g
= = ­ =                                        (3.21) 

Thus, the current density distribution in the conductor would be 
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The total current flowing in the conductor for a given applied voltage is determined using 

surface integration of current density: 
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And the per-meter internal impedance of the conductor is derived using the voltage across the 

conductor terminals and the current flowing through it: 
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Fig. 3.13: The two-layer round conductor skin effect BCs, solving for J. 
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The real part of the impedance is the skin effect resistance of a solid round conductor and the 

imaginary part represents its internal reactance. Not to mention that the total inductance of a 

conductor is the sum of the internal and external inductances. 

3.4 Internal Impedance of Two-Layer Round Conductor (Solving for J) 

For a two-layer round conductor with inner radius of a and outer radius of b, the Poisson 

equation is solved to find the current density in each layer with known applied electric field 

strength on the boundary of outer conductor, Fig. 3.13. Having the current density 

distribution, the total current flowing in the conductor is determined; and by having the 

electric field strength on the surface of outer layer, the internal impedance of the conductor is 

derived. The solution to the Poisson equation for the current density, as was derived in the 

previous section, for each layer is 
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Three boundary conditions are required to find the three unknown coefficients in the current 

density equation. One boundary condition is the applied electric field on the surface of the 
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outer layer, and the other conditions are based on continuity of tangential electric and 

magnetic field strengths on the boundary between the layers: 
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The BCs are all functions of the current density equation in each layer; therefore, (3.26) is 

simplified to 
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Thus, the three unknown coefficients can be calculated to be 
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The total current can be derived using the surface integration of the current density across the 

conductor surface according to 

[ ] [ ]

2

0 0

2 2

1 2
0 0 0

1 0 1 1 0 2 2 0 2
0

1 1 2
1 1 1 2 1 2 1 2 1 2

1 2 2

( )

( ) ( )

2 ( ) 2 ( ) 2 ( )

2 2 2
( ) ( ) ( ) ( ) ( ) .

b

z z

a b

z z
a

a b b

a a

I J r rdrd

J r rdrd J r rdrd

c I r rdr d I r rdr d K r rdr

c a d d
I a bI b aI a bK b aK a

p

p p

j

j j

p g p g p g

p p p
g g g g g

g g g

=

= +

= + +

= + - + - +

ñ ñ

ñ ñ ñ ñ

ñ ñ ñ
    (3.29) 



 

51 

Ĕx

Ĕy

b

a

bH
aH

 

Fig. 3.14: The tubular conductor BCs, solving for H. 

 

Having the total current flowing into the conductor for a given applied electric field strength 

across the conductor terminals E0, the per-meter internal impedance of the two-layer round 

conductor is derived to be: 
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       (3.30) 

Similar to the solid round conductor, the real part of the internal impedance corresponds to 

the skin effect resistance of the conductor and the imaginary part includes its internal 

inductance. 

3.5 Skin Effect Analysis of Tubular Conductor (Solving for H) 

For the tubular conductor with inner radius of a and outer radius of b, the Poisson equation is 

solved to derive the field distribution inside the conductor with magnetic field boundaries in 

the inner and outer surfaces of the conductor, Fig. 3.14. Having the field strength, the current 

density distribution is calculated using Ampereôs law. Thus, the power loss is determined 

using the current distribution in the conductor. The Poisson equation for the magnetic field in 

the cylindrical coordinate system has the general solution, as was previously derived for the 

solid round conductor in (3.11). The two unknown coefficients, c1 and c2, need to be 

determined using two boundary conditions. Having the magnetic azimuthal field strengths on 

the inner and outer surfaces of the tubular conductor as Ha and Hb, respectively, the two 

conditions, the coefficients are derived to be 
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Applying the Ampereôs law to the magnetic field strength, the induced eddy current will have 

only the z-axis component according to 
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          (3.32) 

Finding the current density distribution, the time average of power loss is determined by 

(3.16). 

3.6 Proximity Effect Analysis of Solid Round Conductor (Solving for A) 

In a general proximity effect analysis problem, the initial step is to define a region where the 

external magnetic field is present. Due to the nature of the problem in 2D cylindrical system, 

a circular region with radius of Rs is selected (with its center at x-y plane origin) as the source 

domain with magnetic flux density of By along its perimeter boundary in the y-direction. 

Satisfying this boundary condition leads to a uniform y-directional time- varying (fixed 

frequency) magnetic field with magnitude of By across the whole region, Fig. 3.15. This 
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Fig. 3.15: The solid round conductor proximity effect BCs, solving for A. 
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source region can have its own permeability and conductivity. The second step is to put an 

infinitely long (along the z-axis) solid round conductor with radius a inside the source region. 

The center of the conductor is located at x-y plane origin. Due to the effect of induced eddy 

currents in the conductor on the main field, the field just outside the conductor is no longer 

uniform and unidirectional. Thus, Maxwell PDEs define the behavior of the field in the two 

regions. To simplify the Maxwell PDEs, the Poisson equation for the magnetic vector 

potential is solved in the two regions and the magnetic field and current density are derived 

accordingly. The Poisson equation for magnetic vector potential was derived in (3.6). The 

vector Laplacian of the magnetic vector potential, which has only the z-axis component, 

would be 
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And the scalar Laplacian of the z-component magnetic vector potential is 
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The z-component of vector potential is both radially and azimuthally dependent. Therefore, 

the separation of variable method is used to solve for the Az: 

( , ) ( ) ( ).zA r R r Fj j=                                                  (3.35) 

Thus, the Poisson equation is simplified to 
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which can be further simplified to 
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The first equation is the Bessel equation of first kind with the general solution mentioned in 

the previous sections. The general solution for the second equation is a summation of cosine 

and sine functions. However, to set the Poisson equation solution in the form of magnetic 

vector potential at the boundary of outer layer as  

cos( ),b yA B r j=-                                                  (3.38) 

only the cosine term is used for the second equation solution and the general solution for the 

magnetic vector potential would be 

[ ]1 1 2 1( , ) ( ) ( ) cos( ).zA r c J r c Y rj g g j= +                                 (3.39) 

The magnetic flux density is then derived having the magnetic vector potential according to 
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Therefore, the forms of magnetic vector potential in the two regions would be 
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Three boundary conditions are required to solve for the three unknowns in the solution for 

the two regions. One boundary condition is the magnetic vector potential value at the source 

region boundary. The other two BCs are the continuity of the tangential (azimuthal) magnetic 

field strength and the normal (radial) magnetic flux density at the boundary of the round 

conductor. The three BCs are expressed according to 
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Using the Cramerôs rule, the three unknowns are determined. Having the magnetic vector 

potential in the two concentric regions, the magnetic flux density and the induced current 

density can be determined as well. For example, the induced eddy current density in the 

conductor would be 

1 1 1 1 1 1 1( , ) ( , ) ( )cos( ).z zJ r i A r i c J rj ws j ws g j=- =-                      (3.43) 

And the time average power dissipation per unit of length in the conductor would be 
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By using the following relationship for the Bessel functions integrals according to 
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in which the first integral equation is also valid for Bessel function of second kind and order 

one, the variable ū is then determined to be 
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The induced current density and the per-meter power dissipation in the outer layer can also 

be derived similarly. 
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3.7 Proximity Effect Analysis of Two-Layer Round Conductor (Solving for A) 

To analyze the proximity effect of a two-layer round conductor placed in a uniform time-

varying magnetic field with properties similar to the previous section, the problem domain is 

composed of three circular concentric regions. The first region for the conductor is a circle 

with radius a; the second layer is bound with a circle of radius b (b>a), and the last layer is 

the source region bound with circle of radius Rs, Fig. 3.16. Similar to the proximity effect 

analysis of single solid round conductor, the general solution for the magnetic vector 

potential is used for the three regions according to 
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Having the magnetic field strength and magnetic flux density expression for the three regions, 

the 5 boundary conditions for the five unknowns are derived according to 
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      (3.48) 

Using the Cramerôs law, the five unknowns are derived and the magnetic flux density and 

current density can be determined in order to find the losses in each layer. The induced 

current density in the inner layer has the same format as the one derived in the previous 

section; for the second layer, the induced current density would be 
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Fig. 3.16: The two-layer round conductor proximity effect BCs, solving for A. 

 

The power dissipation for the inner layer was derived in (2.44), and for the second layer it 

would be 
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Utilizing the integral properties of Bessel functions of first and second kind and order one 

presented in the previous section, the variable Ɋ is determined to be 
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(3.51) 

Therefore, using (3.44) and (3.50), the power dissipation in the two-layer conductor is 

derived due to a uniform magnetic field exposed to the conductor. 
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3.8 Principle of Independent Variables for Skin Effect Factor 

From the perspective of electromagnetic design of a conductor, in order to have a fair 

comparison view between different designs, independent variables need to be defined 

between them. For example, the common comparison factors are the so called skin and 

proximity effect resistance ratios that will be shown are functions of several variables. The 

comparison gets simpler if these variables unite and form a more general variable(s). 

However, for complex conductor designs, the closed form formulas for comparison factors 

(such as skin and proximity resistance ratios) may not exist, and the existence of the general 

independent variables might not be observed in the first glance. Therefore it is necessary to 

introduce general independent variables that are used in comparison of AC resistance ratios 

of arbitrary shaped conductors. 

The mathematical proof given here is based on the work of J. Slepian that was part of the 

discussion about Dwightôs principle in [61] that states: ñA conductor, or a combination of 

conductors, of a certain proportionate shape and a certain f/Rdc will have a definite value of 

Rac/Rdc. This is true for isolated conductors and single-phase and poly-phase circuits.ò The 

two assumptions in this principle are 1) the distance of conductor from the return one is much 

bigger than the maximum dimension of the conductor itself; therefore, this principle is valid 

for skin effect resistance ratios. Later in the same paper the principle was adopted for a 

particular case of proximity effect of two tubular conductors forming a return circuit. 2) The 

conductors are electric with relative permeability of one, and are positioned in free space. In 

this study, the mathematical proof in [61] is generalized for an arbitrary shape of conductors 

(including the return one) in 2D Cartesian infinite space with inhomogeneous conductivity 

and permeability. 

Using the Greenôs function idea for Poisson equation in 2D infinite space Cartesian 

coordinate system, the general solution of Poisson equation of 

2 ( , , ) ( , , ),u x y t f x y tÐ =                                               (3.52) 



 

59 

that satisfies its domain boundary conditions, would be 
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Now assuming a new problem domain whose dimensions are obtained by linear expansion of 

old domain dimensions by a factor k to 1, and the excitation frequency is changed by a ratio 

of 1 to l, the solution to the Poisson equation in the new domain would be 
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Assuming the first term of the solution (3.54) to be zero, and  

( , , ) ( / , / , / ),f x y t f x k y k t l¡ =                                         (3.55) 

The solution to the Poisson equation in the new domain, and its time derivative would be 

2
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This proof can be related to the Poisson equation in MQS domain of Maxwell equations by 

having 

2 2( , , ) ( , , ) ( , , ) ( , ) ( , , )
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           (3.57) 

The assumption of first term (3.54) to be zero is a must for magnetic vector potential to be 

finite. It can be concluded that in the new problem domain with linearly expanded 

dimensions with ratio k to 1, that satisfies  
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                                             (3.58) 

and linearly changed excitation frequency with ratio 1 to l, and satisfying the condition 

( , , ) ( / , / , / ),J x y t J x k y k t l¡ =                                          (3.59) 

the induced EMF would have the format 

( , , ) ( / , / , / ),E x y t E x k y k t l¡ =                                         (3.60) 

if  ρ. In other words, according to [61]: ñIn the new configuration, a similar system of 

impressed EMFs will produce a similar system of current distribution if the frequency is 

varied inversely as the square of the linear dimensions.ò As can be seen from the 

mathematical proof, this statement is true even for the magnetic conductors with 

inhomogeneous permeability.  

Table 3.5: Independent variables for skin effect analysis of common round conductors. 

Conductor Type 
Independent 

Variables 
Description 

Solid Round 

Conductor 

r

d
 r: conductor radius 

Tubular Conductor  ,
t t

bd
 

t: tube thickness 

b: outer radius 

ŭ: skin depth 

Two-layer Round 

Conductor (with fixed 

permeabilities) 
1 2

, ,
a t t

bd d
 

a: inner radius 

b: outer radius 

t: outer layer thickness 

ŭ1: inner layer skin depth 

ŭ1: outer layer skin depth 
 

 

Because skin depth changes with square root of inverse of frequency, one type of 

independent variable for linear expansion for round conductors would be conductor radius 

(or tube thickness) over the skin depth; another independent variable for non-linear 

expansion would be the ratio of conductor radii for tubular and two-layer conductors. So the 
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independent variables for solid round, tubular and two-layer round conductors for skin effect 

analysis are shown in the Table 3.5. For the two-layer conductor, there are three independent 

variables; however, this is valid for a specific permeability of layers. 

3.9 Expansions of (Modified) Bessel functions for Small and Large Arguments 

(Modified) Bessel equations are linear second-order Ordinary Differential Equations (ODEs) 

with solutions known as (modified) Bessel functions. These Bessel equations and 

combinations of them are often used to represent many physical problems with applications 

such as in electromagnetics. As an example, it was shown that the field distribution in a solid 

round conductor as well as a two layer round conductor far from its return one and fed with 

an external current or voltage is governed by (modified) Bessel ODEs. The (modified) Bessel 

functions can be generally defined for both complex order and argument values; however, in 

the analysis of this study only the functions with integral orders and complex arguments will 

be investigated.  

As was shown in the previous sections, the electromagnetic field distribution as well as 

current density inside the (two-layer) round conductor is function of (modified) Bessel 

functions. The argument values of these functions are complex and their magnitudes vary 

depending on the conductor properties such as geometrical size, conductivity, permeability, 

and the frequency of excitation.  Depending on these properties, the solution to the EM field 

problem may include (modified) Bessel functions with very small and very large arguments. 

Therefore it is necessary to determine the accurate behavior of these functions for different 

values of argument ranging from very small to very large magnitudes.  

(Modified) Bessel functions, defined by infinite power series expansions, are fast convergent 

for small arguments. However, under large arguments, the power series expansion converges 

slowly and leads to erroneous and unreliable results.  There is extensive study on (modified) 

Bessel functions behaviors for small and large argument values [71], [72], [73], and [74]. For 

small arguments, the function can be represented by power series expansion; and for large 

argument values, the functions can be approximated with asymptotic expressions. 
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Power Series Expansion: Under normal computation with small argument values, the finite 

terms of power expansion series can be used to calculate the (modified) Bessel functions 

since the series are all convergent. The (modified) Bessel functions of first kind and an 

integral order of n and complex argument z can be represented by an infinite power series 

expansion as follows [M.Abramowitz64]: 
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And the (modified) Bessel functions of second kind and integral order n are determined as 

( )cos( ) ( )
( ) ,

sin( )

( ) ( )
( ) .

2 sin( )

n n
n

n n
n

J z z J z
Y z

z

I z I z
K z

z

p

p

p

p

-

-

-
=

-
=

                                      (3.62) 

The power series expansion has numerical computational limit when the argument value (|z|) 

is large, in that case the series converges slowly [74]. Therefore, it is essential to accurately 

know the behavior of (modified) Bessel functions for large argument values which leads to 

asymptotic analysis of the functions. 

Asymptotic Expansion: For large values of argument z (|z|), the power series expansion 

converges slowly and has computational and reliability limits. Asymptotic expansion of 

(modified) Bessel functions represents the limiting behavior of the functions when argument 

value is large and has been the subject of extensive research [71], [72], [73], and [74]:  
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In which the functions P and Q are defined according to 
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The asymptotic expansion of the modified Bessel function is defined as 
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Approximation of (Modified) Bessel functions under large arguments does not necessarily 

lead to accurate reliable results when calculating for different system parameters such as 

internal impedance or skin effect resistance ratio. The reason is that these parameters inhere 

arithmetic operations of (modified) Bessel functions of quite small or large values. For 

example, a computing software fails when calculating a ratio with denominator of two 

subtracted Bessel functions which are the same up to a decimal point the software can 

compute [75]. Therefore, the system parameter, itself, needs to be approximated under large 

arguments. A well-known example is the skin effect internal impedance (ratio) of solid and 

tubular conductors developed by [61], [76] under large arguments which has been the focus 

of many researchers, [77], [78], [53], and [75]. Reference [77] adopted polynomial 

approximations of Bessel functions under large arguments for calculating internal impedance 

of tubular conductors after spotting inaccuracy in them for large arguments. Reference [78] 

developed closed-form formulas for skin effect resistance (ratio) of solid and tubular 

conductors based on [77]. Reference [53] proposed asymptotic approximate formula for 

internal impedances of solid and tubular conductors based on Henkel functions, and later on 

in [75] improved the formulas for modified Bessel functions and solved the problem of 
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overflow/underflow. Modified Bessel functions formulas were chosen in [75] instead of 

Bessel ones, because they are numerically more stable than Bessel functions under large 

arguments. 

Determining the ñlarge argument valueò for internal impedance (ratio) or proximity effect 

resistance of single or two-layer conductors depends on the type of Bessel function used, 

technical properties of numerical computation tool, and the desired level of accuracy. A 

modern digital computing tool such as MATLAB uses a double-precision number format in 

arithmetic operations, according to IEEE 754 standard for floating point [79], that occupies a 

64-bit storage in the memory. Knowing that MATLAB uses the power expansion series as a 

default method for evaluating (modified) Bessel functions, the skin effect resistance ratio of a 

solid round conductor was calculated using built-in (modified) Bessel functions in MATLAB 

and was compared to FEM results. The frequency domain FE simulation problem domain 

properties are given in the Table 3.6. 

Table 3.6: The solid round conductor used in FEM frequency domain simulation. 

Mesh elements 

per skin-depth 
10 

Relative 

permeability 
1 

Frequency 13.56 [MHz] Conductivity  5.998e7 [S/m] 
 

 

Fig. 3.17 shows the power series expansion and FEM results for the skin effect resistance 

ratio of the solid round conductor, with properties given in table above, versus conductor 

radius over its skin depth. For the better resolution of the results, the radius-over-skin depth 

axis data are zoomed in and are shown in separate graphs. As can be observed, for small 

values of r/ŭ, the series expansion method has a very small error compared to FE results. 

This error increases as the r/ŭ increases and goes up to ϷπȢπρσσ for ὶȾ‏ σππ (this 

corresponds to Bessel function argument value of  
Ѝ

τςτȢσ). It can be concluded that 

using built-in MATLAB functions for (modified) Bessel functions have negligible error at 

argument values applicable in this study and in the bounds of Fig. 3.17. It is also concluded 
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that the large values of r/ŭ in Fig. 3.17 are not included in ñlarge argumentò classification for 

the asymptotic expansion to be preferred over MATLAB built-in power series functions.  

To the best of knowledge of author, there is no approximate formula for skin effect resistance 

(ratio) of an isolated two-layer round conductor under large arguments. Using the formula for 

internal impedance of a straight two-layer round conductor, as was derived earlier in the 

chapter, the skin effect resistance ratio for a two-layer electric round conductor (both layers 

have relative permeability of one) are calculated using the built-in MATLAB  power series 

expansion (modified) Bessel functions, and are compared to FEM results shown in Fig. 3.17. 

As can be observed, the relative error compared to the FEM results is negligible. 

 
Fig. 3.17: The skin effect ratio for a solid round conductor vs. conductor radius over its skin depth using FEM 

and PSE. 
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Throughout this work, the skin and proximity effect resistances (ratios) for single and two-

layer conductors would be studied as basics of coil element to inductively transfer power. It 

was shown that for single layer and tubular conductors, approximate solutions already exist 

in the literature; however, they do not exist for two-layer conductors. It was shown in Fig. 

3.18 that using PSE for the skin effect ratio of the two-layer conductor is accurate enough for 

the specified search space. However, as it will be shown in the next chapter, the computing 

software fails when calculating for the proximity effect resistance of two-layer conductor for 

large arguments. Therefore, the exact/approximate (modified) Bessel functions would be 

implemented to determine the skin and proximity resistance ratios for the two-layer 

conductor. And in case the computing software fails, the FEM is used for that purpose. 

 
Fig. 3.18: The skin effect ratio for a two-layer electric round conductor vs. the three independent variables  

using FEM and PSE. 
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3.10 Conclusions 

In this chapter the solid, tubular, and two-layer round conductors were investigated with 

detailed analysis of the internal impedance and eddy current losses. The analysis brought in 

this chapter is the fundamental to the understanding of more complex conductors that will be 

discussed later on in this dissertation. The MQS modeling of the Maxwell equations was 

used in determination of conductor power dissipation. The power dissipation was divided 

into the most common types, namely as skin and proximity effects. In the skin effect, the 

conductor is assumed to be isolated while carrying a time-varying current. In the proximity 

effect analysis, the isolated conductor is placed in uniform field. The proximity effect was 

studied for two different external field orientations to accommodate the practical situations. 

In the first case, the conductor was placed in the uniform field perpendicular to the axis of 

symmetry of the conductor. This type of external field, to some approximations, is the 

proximity effect when the solid or two-layer conductor is the Litz wire strand. Chapter 5 goes 

through this implementation in detail. In the second proximity analysis, the external field is 

parallel to the boundary of the tubular conductor. This is the building block of the multi-layer 

tubular conductor which will be covered in chapter 6.  

In the last part of this chapter, effects of the so called ñlarge argumentsò on the internal 

impedance, and AC resistance of all three-types of conductors were discussed. It was 

concluded that at high frequencies, and large conductor dimensions, depending on the 

conductor electromagnetic properties, the internal impedance and AC resistance have 

convergence issues. The reason originates from the (modified) Bessel functions forming the 

impedance and conductor AC resistance. This was shown to be more critical for the two-

layer round conductors, as there was no approximate solutions representing the conductor 

skin effect impedance and proximity effect power dissipation. Therefore, numerical methods 

such as FEM are implemented as a stable calculation method in case of analytical 

expressions instability. 
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CHAPTER 4 - Optimization of Foil Conductor Layout in IPT System Resonators 

As the major source of loss in most inductive application coils is due to high frequency 

induced eddy currents, proper design of the coil winding can mitigate the losses and boost the 

efficiency [80], [58]. Litz wire, for example, has been widely accepted as a proper conductor 

type, that reduces the skin and proximity effect losses, for IPT systems operating up to a 

MHz frequency [81]. For MHz frequency range, complex manufacturing of very fine strands 

makes Litz wire a less popular choice than solid, tubular and foil conductors [62], [82]. Litz, 

solid, and tubular conductors have all been extensively analyzed with closed form formulas 

for coil inductance, resistance and quality factor [58], [60]. However, due to the difficulties 

associated with the prediction of high frequency electromagnetic field distribution in IPT foil 

conductors, Fig. 4.19, derivation of such closed form formulas is a complicated task and the 

analysis and optimization is feasible via numerical methods such as Finite Element (FE) 

analysis tools. FE method, stably converged, is a reliable means of analysis; however, it is 

computationally extensive for optimization purposes of foil conductors at very high 

frequencies due to fine mesh requirements for accurately modeling coil behavior. 
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a) Block diagram of a two-coil IPT system 

 

b) Schematic of two-coil IPT foil resonators 

Fig. 4.19: The block diagram (a), and schematic (b) of the two-coil IPT system using foil conductors. 
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a)   Equivalent circuit b)  Maximum link efficiency 

Fig. 4.20: Two-coil IPT series-series resonating IPT system a) equivalent circuit, and b) maximum 

link efficiency vs. link potential 

 

To overcome the complications regarding the optimization of high frequency foil conductors 

in IPT systems, a simple, adaptable analytical method is introduced that can be implemented 

on variety of coil layout optimization problems. The method is frequency independent and 

eliminates the need for prediction of high frequency field distributions. In the suggested 

method, namely filament approach, the conductor is comprised of parallel-connected unit 

cells called filaments with dimensions comparable to skin depth. Using magneto-static model 

with an externally fed current among the filaments, the more the fluxes each of the filaments 

link are closer to each other (by proper positioning of the filaments), the less the current 

redistributes between them at higher frequencies. Thus, the high frequency losses would be 

close to low frequency ones. The method was first introduced in [82] for optimizing go-

return foil conductors resistance. However, in this paper the method is expanded to circular 

coil IPT systems with the addition of optimizing for coil quality factor and link efficiency. 

Fig. 4.20a shows the equivalent circuit of a typical two-coil series-series resonated IPT 

system, excluding the inversion and rectification. The coil-coil efficiency was derived in 

chapter 2 and is  
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in which Ŭ=
R2

RL
 is the ratio of secondary coil to the load resistances (load factor), and 

X12=k12
2
Q
1
Q
2

 is the link potential between the two coils compromising the coupling 

coefficient k12 and coils quality factors Q. By finding the maximum efficiency with respect to 

link potential, Fig. 4.20b, it is concluded that increasing link potential (or Q for a fixed 

coupling coefficient) boosts the IPT efficiency. Quality factor and link potential of a circular 

foil conductor operating at ρσȢυφ ὓὌᾀ as part of the IPT system in Fig. 4.19 are optimized in 

this chapter using the filament approach. The step-by-step derivation of objective functions 

for quality factor and link potential in order to be implemented in an optimization algorithm 

are investigated.  The optimum layout of foil conductor is presented, with FE analysis 

supporting the results. The effects of foil thickness, frequency and number of filaments on 

the optimization results are discussed. And, the chapter ends with experimental results for 

normal and optimized foil quality factor analysis. 

4.1 Filament Approach, Objective Function derivation 

The problem with high frequency coil design originates from the induced eddy currents in 

conductive materials; it is assumed that eddy current loss is the only source of dissipation in 

this study. Eddy currents influence the amount of magnetic energy stored in the resonator and 

the rate of energy dissipation- the ratio of which is known as quality factor at a specific 

angular frequency- in such a way that it reduces the quality factor of the resonator. Thus, 

preventing eddy currents from being induced is the initial design step.  

Looking iteratively at the process of eddy currents being induced in a conductive material, it 

starts from magneto-static field distribution. At areas where the magnetic vector potential 

lines (flux lines) pass through the conductor, a back EMF will be induced there at high 

frequencies. This EMF will then produce eddy current which redistributes the uniform 

current flow. This process of redistribution continues across the whole conductor until the 

system reaches the minimum potential energy level. At this minimum energy level, the 

current flows mostly through the skin depth region of the conductor [83]. 
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Ideally, if the conductor coincides with the DC flux lines, there will be no flux line cutting 

and no induced eddy current across the conductor region, and the current would be 

distributed uniformly at high frequencies making the AC losses as minimum as the uniform 

current DC losses. Shaping the conductor to coincide with the DC flux line is a general 

iterative process which lacks a quantitative means of optimization. To derive an objective 

function that yields to optimum layout of the conductor, assume that the conductor is made 

up of N number of identical unit cells, called filaments, all connected in parallel to form the 

original conductor. If the flux that is linked by any of these filaments is the same at magneto-

static, then the current distribution would be uniform between the cells at higher frequencies 

(Magneto-Quasi-Static). To have a uniform current distribution inside each cell, it requires 

the cell dimensions to be small compared to skin depth. 

Since having the flux linkage of all filaments exactly the same might lead to unpractical 

conductor shapes, having them as close to each other as possible builds the main 

optimization objective function (OF). This is achieved by minimizing the standard deviation, 

ů, of the flux linkages: 
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in which ‗  is the total flux that is linked by filament i. This objective function is a general 

quantitative means for optimizing the shape of any arbitrary conductor to minimize high 

frequency eddy current losses. Depending on the application the conductor is used in, such as 

IPT system, additional terms can be added to the objective function to optimize the coil 

layout in order to achieve more comprehensive goals including high quality factor of 

resonator coil or high link potential between any two magnetically coupled coils. 

4.2 Optimizing a Go-Return Conductor Shape 

In a simple go-return conductor, the current flows in one direction in the go conductor and 

flows back in opposite direction in the return one. Representing the go-return conductor in a 
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2D x-y Cartesian plane, the electromagnetic field distribution would be independent to z-axis. 

Fig. 4.21 shows the schematic of the conductor made up of N parallel connected filaments 

symmetric around y-z plane. For such a configuration, the flux that is linked by filament a1 is 

( )1
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0.2 ln / ,a
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GMD
I uWb m

GMR
l = ³                                          (4.3) 

on which I is the total current flowing in the conductor. Since the filaments are connected in 

parallel having equal length, the current will be uniformly divided between the filaments in 

magneto-static model of the system. Geometric Mean Distance (GMD) and Geometric Mean 

Radius (GMR) of filament a1 are defined according to 
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in which Ra1 is the self-GMR of filament a1, and for a round conductor of radius r it is  
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In order to achieve an optimum layout of the filaments so that the high frequency resistance 

of the total conductor is minimum, the flux that is linked by each filament in both go and 

return conductors should be as close to each other as possible. In other words, the 

optimization objective function would be according to (4.2).  
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Fig. 4.21: The go-return N-parallel-filament conductor.  
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One ideal but impractical solution is that all the filaments are set quite far from one another 

so that their effect on each other would be neglected, and each filament links its own flux 

only. However, for practical conductor layouts of limited size, the actual optimization 

problem needs to be solved to derive the optimum position of the filaments. Assuming the 

distance between the go and return conductors is much bigger than the inner distances 

between the filaments in either of them, the GMD of all the filaments can be assumed to be 

the same and the objective function would be simplified to 

( ){ }1 2min , , , .a a aNOF GMR GMR GMRs¹                                  (4.6) 

A solution for the layout of the filaments that have equal GMRs would be a regular convex 

polygon with filaments placed on its vertices. A regular polygon is a polygon that is both 

equilateral (its sides have the same length), and equiangular (its vertices have the same 

internal and external angles). A regular polygon is both cyclic and tangential; it is cyclic as it 

has a circumscribed circle that passes through all the polygon vertices, and it is tangential as 

it has an inscribed circle that is tangential to all its sides. The optimization search space limit 

determines the radius of the regular polygon.  

This optimization solution can be used to determine the optimum layout of a foil conductor 

far from its return one. Representing the foil conductor with N equal segments (N equally 

spaced filaments with distance d between any two adjacent ones excluding the first and last 

one), the optimum layout would be a regular N-gone (N-sided polygon) with circumradius 

(circumscribed circle radius) of  

.
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=                                                         (4.7) 

Fig. 4.22 shows the foil conductor with 8 equally spaced filaments and its optimum regular 

octagon. In a regular polygon with a fixed circumradius rc, as the number of segments 

increase, in the limit, the sequence becomes a circle with radius rc. In a similar way in the 
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limit for a regular polygon with a fixed perimeter w, the sequence becomes a circle with the 

same perimeter w, Fig. 4.22. It can be concluded that the optimum shape of foil conductor far 

from its return one, is a tubular conductor with the perimeter equal to the foil width. 
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Fig. 4.22: The optimized foil shape as a regular polygon. 

 

4.3 Optimization of Circular Conductor Shape 

In order to optimize the layout of a circular coil, the magneto-static self-inductance of each 

filament loop as well as the mutual inductance between any two (coaxial) filament loops are 

required to find the total flux linked by each filament. Assuming each filament is a square 

non-magnetic conductor with side length of df, forming a circular loop with center-to-center 

diameter of Df (Df ḻ df ), the low frequency self-inductance  of the filament loop in free 

space according to Weinsteinôs formula [E.Rosa08], would be 
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                                       (4.8) 

The low frequency mutual inductance of two coaxial square cross section circular filament 

loops can be calculated using the Neumann formula [84]. According to [85], if the 

dimensions of the filaments square cross sections are much smaller than the loops radii and 

their relative distance, the low frequency mutual inductance between the concentric filament 

loops separated by distance h in free space is  
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that K and E are the complete elliptical integrals of first and second kind, respectively; R1 and 

R2 are the loops radii, and 
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For the filament loops with cross section dimensions comparable to the loops radii and their 

relative distance, the filaments can be replaced by equivalent infinitesimal strands placed 

according to the GMD of the filament loops, having the mutual inductance unchanged and 

utilizing (4.8) to find it. The total flux linkage of a filament loop is then calculated by finding 

the flux linkage due to the loop itself and all other filaments loops: 
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4.3.1 Optimization of Coil Quality Factor 

In IPT systems, the resonator coil minimization of AC resistance is inclusive in a broader, 

less-dependent objective of maximum quality factor to increase the system efficiency. By 

minimizing the standard deviation of the flux linkages of the filaments in the conductor, they 

would link nearly an equal amount of flux, resulting in a more uniform current distribution at 

higher frequencies. Although it ensures minimum redistribution of current between the 

filaments at higher frequencies, it does not guarantee the minimum AC resistance. Therefore, 

it is essential to include the effect of conductor DC resistance; as in circular coils, the 

filament length depends on its position in the conductor which can influence the DC 

resistance. Furthermore, the effect of the total inductance needs to be considered as the 

position of filaments affect the total inductance. Thus, the objective function for the 

optimization of coil layout in order to achieve a high quality factor coil would be 
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4.3.2 Optimization of Link Potential 

In a typical two-coil IPT system, the maximum coil-coil efficiency increases as the link 

potential between the two magnetically coupled resonators increases, Fig. 4.20b. The link 

potential between two identical inductive coils is X=k
2
Q
2
, in which k is the coupling 

coefficient between the coils and Q is the coil quality factor for each coil. So, optimizing the 

coil for maximum quality factor does not necessarily increase the link potential (or maximum 

link efficiency), as the mutual coupling between the two coils has an influence on the link 

potential. Therefore, both the effects of coil quality factor and mutual coupling need to be 

considered to boost the link potential. For linear inductors, the link potential can be rewritten 

at operating frequency ɤ as 
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                                           (4.13) 

that depends on the coils AC resistances R, and mutual inductance between them M. Thus, 

the mutual inductance is needed in order to optimize for the maximum link potential. Since 

the mutual inductance depends on the geometric mean distance between the coils, the relative 

distance between them is required (assuming the two coils are identical) for the optimization, 

which makes the optimum layout valid for a specific distance. It is then vital to consider the 

effect of the coils simultaneously to optimize for the maximum link efficiency. Having the 

magnetic field strength per unit of current profile of each coil across the other coupled coil is 

necessary to find the mutual inductance between them. The mutual inductance would be the 

average of the external flux each of the filaments links per unit of the external coupled coil 

current. Having the mutual inductance, the objective function for maximizing the link 

potential would be the square of the mutual quality factor according to 
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in which ɚext, fi
 is the total external flux filament i, in the resonator under optimization, links 

due to the current Iext flowing in the external coupled coil. 

4.4 Optimization Implementation of Circular Foil Resonator 

The optimum conductor layout would efficiently use the coil cross sectional area to give the 

minimum objective function value for a given dimensions. The proposed optimization 

procedure does not necessarily lead to the global optimum shape of the foil, as other layouts 

might show better performances. It is idealistic and unpractical to simulate all possible 

shapes and choose the best fitted ones. The procedure here is rather a general explanation that 

guides the qualitative optimization setup to look up the search space for optimum shapes with 

specified boundary constraints. The optimization process, in order to find the optimum layout 

of a coil conductor, is implemented in three different steps: first the problem is designed and 

the objective function is determined, then by adopting an optimization algorithm the 

optimum layout of coil is ascertained, and lastly the optimum layout is verified using the 

FEA tool. 

In the proposed problem design, the magneto-static model is used to find the optimum layout 

of conductor at high frequencies. This overcomes the difficulties associated with the 

prediction of high frequency field distribution in IPT systems. The suggested objective 

functions are straightforward, simple to use and can be implemented on variety of coil layout 

optimization problems. In this section, the method is applied to optimize the conductor layout 

of a circular resonator that has one turn of copper foil with cross sectional dimensions of 

ρχȢφυ όά ρςȢχ άά and inner diameter of Ὀ  ρπ ὧά, Fig. 4.19b; foil thickness is equal 

to copper skin depth at ρσȢυφ ὓὌᾀ. In a foil winding with a thickness equal to the skin depth  
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Fig. 4.23: The filaments positions of a one-turn circular conductor in a 2D axisymmetric x-z 

plane. 

 

ŭ, the unit cell is selected to be a square with each side of ŭ. This way it is assured that the 

current distribution is uniform across each filament at the desired frequency. A total of N unit 

cells are selected along the foil width to represent the overall layout of the foil. As the total 

number of unit cells (filaments) increases, the optimum layout would be more precise; 

however, the optimization parameters enlarge, needing the algorithm to probe a larger search 

space. Fig. 4.23 shows the filaments positions of a one-turn circular conductor in a 2D 

axisymmetric x-z plane, (ὲ  ά πȢυὔ). Having a fixed equal distance l between any two 

adjacent filaments, the relation between two subsequent filament positions in the x-z plane is 

expressed as: 

min max
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in which the polar angle (in spherical coordinate) for each foil segment  ű
i
 is the optimization 

parameter; having N number of filaments in the coil (excluding the fixed middle point at 

x0 = 5 cm ) leads to a total of N optimization parameters. Each segment angle can have 

specific minimum and maximum values to guide the foil shape in a set of boundaries; 

however, in the optimization implementation of this study all segment angles are set to 

change by same symmetric upper and lower limits, ȿūmaxȿ in Fig. 4.23.  

The optimization is performed using two different objective functions: quality factor (OFQ), 

and link potential (OFX) including the effect of secondary identically mirrored coupled coil 

(keeping the surface to surface clearance of d) in the objective function. Any multi-variable 

optimization algorithm can be used to find the optimum angle of foil segments. Using 

MATLAB ® Genetic Algorithm Toolbox with properties given in Table 4.7, the optimization 

is performed for a maximum number of 7000 generations unless the objective function 

tolerance remains below 1e-6 for 500 consecutive generations. 

 

Table 4.7: MATLAB® Genetic Algorithm toolbox setup 

Parameter VALUE 

Number of variables (N) 60 

Population size 50 (double vector) 

Fitness scaling Rank 

Selection Remainder 

Elite Count 2 

Crossover function Scattered 

Crossover fraction 0.6 

Mutation Constraint dependent 
 

 

Fig. 4.24 shows the optimum layout of the foil for the two different objective functions and 

different allowable angle boundaries. A general trend that can be observed in all cases in Fig. 

4.24 is that the foil bends more outward as the angle limit increases. Due to practical 

implementation issues of the foil, the maximum allowable angle limit of up to 60º is used for 

the optimizations. By letting the optimum layouts bend more outward, the inductance 

increases since the average flux captured by the filament loops increases. It can also be 
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observed that for the OFQ, the optimum coil layout is symmetric around the x-y plane as the 

objective function does not depend on the coupled secondary coil, Fig. 4.24a. However, the 

optimum layout of OFX optimization is not symmetric around the x-y plane, and as the 

maximum angle limit for foil segments increases, the foil is rotated more around the fixed 

point x0, Fig. 4.24b. The reason is to catch more flux from the secondary coupled coil while 

maintaining the minimum AC resistance of the resonator. Keeping the maximum angle limit 

to 60º, the OFX optimization is performed for different distances between the identically 

mirrored coils, Fig. 4.25. It shows that the optimum layout of the foil rotates inward around 

the fixed point x0 as the air gap between resonators decreases from D to 0.25D, to increase 

the mutual inductance while minimizing the AC resistance. 

The performance of the resonator foil winding is evaluated using a commercial FEA tool, 

COMSOL Multiphysics® 4.3b. The foil thickness is chosen to be the copper skin depth at 

resonating frequency of ρσȢυφ ὓὌᾀ to have a uniform current distribution across the foil 

thickness. The minimum of 4 meshing elements per skin depth is satisfied through the 

various regions in the problem domain of FE simulations. However, since to the best 

knowledge of author, there is no validated closed form analytical solution for the AC 

resistance and inductance of the circular foil winding and its optimum layout to prove the 

FEA results, it is essential to investigate the convergence of the FEA solutions. The validity 

of the FE analysis and its accuracy has been well established in published literature [86], [87] 

and the solution convergence has been thoroughly discussed in [87], for a general COMSOL 

modeling, when the analytical solution either exists or not. In the absence of analytical 

solution, [87] proposes that by selecting the finest-possible mesh solution as the best known 

solution, if by coarsening the mesh (thus reducing the degrees of freedom) the relative error 

with respect to the best known solution increases consistently, then the best known solution 

is the correct solution and the FE convergence to that solution is stable. 

Fig. 4.26 shows the AC resistance (factor), quality factor and link potential of the two 

optimization OFs for different maximum allowable angle limits, the layouts of which are 
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a) OFQ optimization b) OFX optimization 

Fig. 4.24: The normal and optimized layouts of foil conductor for different angle boundaries and objective 

functions, a) OFQ and b) OFX (d = 5cm). 
 

 

Fig. 4.25: Effect of air-gap on foil layout (OFX and ȿūmaxȿ=60Á). 

 

illustrated in figure 4-6, with the zero angle-limit representing the normal foil. In all the FEA 

simulations in this section the effect of existing secondary coupled resonator, identically 

mirrored at υὧά above the coil-under-study, is included. A common trend that can be seen in 

Fig. 4.26 is that the OFQ starts with higher values of AC resistance (factor) and lower values 

of quality factor and link potential compared to OFX as the maximum allowable angle 

reaches about 35º. Beyond this point the OFQ optimum layouts improve the system 

performance further than OFX layouts. This can be explained by referring to the 
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determination method of objective functions: none of the OFs reach their global minimum 

with the optimum layouts given in figure 4-6, and the boundary constraints set to them. 

Besides that, the OFs are derived at magneto-static model of the coils, neglecting the effect 

of high frequency eddy currents which is true only at uniform current distribution across the 

foil cross section. Therefore, the induced eddy currents at locally optimum foil layouts field 

distribution affect the optimization results. However, for all optimum layouts quality factor 

and link potential improve as the maximum angle constraint increases. With OFQ at 60º angle 

limit, the quality factor and link potential increase by σπϷ  and ωωȢφϷ , respectively, leading 

to increase of ρȢχσϷ  in maximum link efficiency compared to normal foil. At the same OF, 

the AC resistance decreases by ρςϷ. For OFX optimization at 60º angle limit, the increase in 

quality factor, link potential, and maximum link efficiency are ςφϷ, ψσȢτϷ and ρȢυτϷ , 

respectively. The AC resistance decreases by ψȢφϷ compared to normal foil. 

 
Fig. 4.26: FEM simulated AC resistance (factor), quality factor and link potential of OFQ and OFX 

optimization methods vs maximum angle limits, at 13.56 MHz frequency (d=5 cm). 
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Fig. 4.27: FEM simulated self-inductance, mutual inductance, coupling coefficient and DC resistance of 

OFQ and OFX optimization methods vs maximum angle limits, at  13.56 MHz frequency (d=5 cm). 

 

It can be observed that the optimum coil layouts tend to bend outward which increases the 

average flux that they link, leading to increase in self-inductance. Fig. 4.27 shows the self-

inductance, mutual inductance, coupling coefficient and DC resistance of the optimum 

layouts for the two OFs versus different maximum angle limits. The increase in mutual 

inductance is due to the decrease in surface-to-surface distance between the coils as the foil 

bends. The coupling coefficient rises as the foil bends more outward, meaning that the rate of 

increase in mutual inductance is higher than self-inductance. The other effect as the foils 

bend outward is that the DC resistance values increase as their lengths increase - the cross 

sectional area is fixed for all the normal and optimum layout foils - although the AC 

resistance (factor) decreases for most of the maximum angle limits. 

Fig. 4.28 shows the magnetic vector potential (flux lines) contour of the normal and optimum 

(OFQ with ȿūmaxȿ=45Á) foils. According to Fig. 4.28, the high frequency flux lines in 
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a) Low frequency (DC) 

 

b)    High frequency (13.56 MHz) 

Fig. 4.28: Magnetic vector potential contour (flux lines) of normal and optimized (OFQ and 

ȿūmaxȿ=45Á) foil layouts at a) DC and b) 13.56 MHz. 

 

optimized foil are more similar to low frequency ones, unlike the normal foil, resulting in a 

more uniform high frequency current distribution and lower losses. In spite of that, there are 

flux lines crossing the optimum foil cross section at low frequency meaning that the 

optimized foil is not the global optimum.  

4.5 Discussion of Fixed Optimization Parameters 

4.5.1 Effect of Frequency and Foil Thickness 

Keeping the foil thickness fixed at copper skin depth at ρσȢυφ ὓὌᾀ frequency (ρχȢφυ όά), 

the optimized foil layout (OFQ with ȿūmaxȿ=45Á) is simulated by FEA for a range of 

frequencies and is compared to normal foil. Fig. 4.29 shows the AC resistance and quality 
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factor of the optimum and normal foils for a frequency range of ρππ ὑὌᾀ up to ςππ ὓὌᾀ. 

FE simulations above ςππ ὓὌᾀ are neglected due to the intensive meshing requirements 

inside the foil. As can be seen in Fig. 4.29a, the AC resistance of the optimum foil is smaller 

than that of the normal foil for frequencies up to about συ ὓὌᾀ (at which the ratio of foil 

thickness to its skin depth is about 1.6); beyond this frequency the normal foil has a lower 

AC resistance. This explains the significance of the assumption behind the OF derivation: the 

minimum standard deviation between filament loops flux linkages at low frequencies ensures 

minimum current deformation between them at higher frequencies; however, the filament 

dimensions should be small compared to skin depth to have a uniform current across it. The 

point at which the normal foil AC resistance falls below that of the optimum foil is not the 

point where this happens to their quality factors. The reason is that the optimum foil has a 

higher self-inductance compared to normal foil, Fig. 4.27. The quality factors of the normal 

and optimized coils versus frequency are shown in Fig. 4.29b. It can be observed that the 

optimum foil has a higher quality factor for most of the simulated frequency range; however, 

the quality factors get close to each other as the frequency increases towards ψπ ὓὌᾀ (at 

which the ratio of foil thickness to its skin depth is about 2.45). Beyond this point the normal 

foil coil has a higher quality factor compared to the optimum one. 

  

a)     AC resistance b)    Quality factor 

Fig. 4.29: AC resistance and quality factor vs. frequency for normal and optimized (OFQ and ȿūmaxȿ=45Á) foil 

layouts (foil thickness=17.65 ʈm). 
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In order to better illustrate the effect of frequency on the coil AC resistance and quality 

factors, the ratio of foil thickness to the skin depth at ρσȢυφ ὓὌᾀ frequency is selected as the 

sweep parameter. Fig. 4.30 shows the AC resistance and quality factor of the normal and 

optimum (OFQ with ȿūmaxȿ=45Á) foil layouts for a range of foil thickness over skin depth 

ratio of 0.5 to 4. It can be observed in Fig. 4.30 that the AC resistance of the optimum foil is 

smaller than that of the normal foil for thickness-over-skin-depth ratios below 1.6 which 

equals to the point in Fig. 4.29 where the normal foil resistance falls below the optimum one 

at about συ ὓὌᾀ. Looking at the quality factors of normal and optimum foil layouts for 

different values of foil thickness-over-skin-depth ratios it can be concluded that the optimum 

foil quality factor is higher than that of the normal foil for ratios below 2.45 which represents 

the ψπ ὓὌᾀ frequency point in Fig. 4.29.   

4.5.2 Effect of Number of Filaments 

As was discussed in the objective function derivation, the conductor is made up of N number 

of identical parallel-connected filaments that form its layout. The choice of N plays a role in 

size (complication) of optimization algorithm search space, and the accuracy (resolution) of 

the optimum foil objective function value (optimum layout). Therefore, it is important to 

investigate the effect of N on the optimization results. Fig. 4.31  

  
a)     AC resistance b)    Quality factor 

Fig. 4.30: Effect of foil thickness on AC resistance and quality factor of normal and optimized (OFQ and 

ȿūmaxȿ=45Á) foils at 13.56 MHz. 
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Fig. 4.31: Effect of number of filaments (excluding the fixed point at x0=5 cm) on the optimum foil layout (OFQ 

and ȿūmaxȿ=45Á). 

 

shows the optimum layout of foil conductor using OFQ method for different number of 

filaments where the maximum angle limit of 45º is selected. According to Fig. 4.31, as the 

number of filaments increases, the resolution of the optimum foil layout increases around the 

fixed point in the center and on the foil end edges. Keeping the same optimization properties, 

Fig. 4.32 shows the quality factor values of the optimum layouts with respect to different 

number of filaments (N). According to Fig. 4.32, for small number of filaments the 

optimization accuracy is volatile; however, as N increases (in this case beyond 40), the 

accuracy improves and the optimum foil layout has a more stable quality factor objective 

function value. 
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Fig. 4.32: Effect of optimization number of filaments (N) on the quality factor objective function at 

13.56 MHz (OFQ and ȿūmaxȿ=45Á). 

 

4.6 Experimental Verification of Optimized Foil Quality Factor 

The analytical optimization objective function discussed in this paper was to determine the 

optimum layout of foil conductor that increases coil quality factor and IPT link efficiency. 

The verification of this analytical method was done through finding AC resistance, 

inductance and link potential of normal and optimum foil layouts using FE analysis. Thus to 

verify the FE method simulations accuracy, a simple circular foil with properties given in 

Table 4.8 is selected and its properties are tested using Agilent® 4294A precision frequency 

response analyzer [88], Fig. 4.33.  The equivalent series resistance and inductance, and 

subsequently the quality factor, of the one-turn foil coil are measured directly using the 

frequency analyzer for different frequencies and are compared by the AC resistance and self-

inductance of the coil simulated by FEM, Fig. 4.33. As can be seen in Fig. 4.33, there is a 

good match between the simulated and measurement results with a small error between them. 

We attribute one source of discrepancy to the coil terminal connections which are not 

included in the FEM model. The other source is the effect of foil frame (HDPE) parasitic 

capacitance and its high frequency losses. These effects are included in the measured 
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equivalent series resistance and inductance while are not considered in the AC resistance and 

inductance derived by FE analysis. 

Based on the results in this chapter, one might conclude that the increase in quality factor or 

link potential requires the exact fabrication of the optimized foil layout. And since the 

optimized layout has very fine edges and shape, fabrication would be only possible using 

special techniques such as additive manufacturing. It is of importance to point out that the 

foil layout optimization outputs are the result of a multi-variable algorithm that tries to 

minimize the objective function for any layout which might not be practical to fabricate.  

 

 
a)   Measurement Setup b)  AC resistance 

Table 4.8: Coil under test properties 

Parameter VALUE 

Number of 

turns 
1 

Foil thickness 51 um 

Foil width 12.7 mm 

Coil diameter 100 mm 
  

 

 c)    Quality factor 

Fig. 4.33: a) Agilent 4294A Frequency Analyzer measurement setup, b) AC resistance, and c) quality factor of a 

one-turn foil resonator, measurement and FE analysis results for different values of frequencies. 
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a) Measurement setup of normal foil 

 

 

b) Measurement setup of 90º optimized foil 

 

 

  

c) S21 measurement of normal Foil 

 

d )   S21 measurement of 90º optimized foil 

 

Fig. 4.34: The measurement setup and two-coil Q-factor measurement using transmission coefficient S21. 

 

However, slight changes in the optimized layout, that makes the fabrication quite easier, 

could still lead to significant increase in the quality factor or link potential. Therefore, using 

the principle of conductor filaments having similar GMR, a square loop of foil conductor is 

fabricated by bending a foil outward on a PCB board. The square loop is selected since the 

bending gets simpler. The foil properties are the same as the one presented in Table 4.8, 

except the inner loop square side is ρς ὧά. The thickness of PCB board is σ άά. Fig. 4.34 

shows the two fabricated coils: 1- square loop foil without bending (normal foil), 2- square 

loop foil with 90º bending over the PCB. The two coils have the same inner diameter, foil  
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a) Normal foil at low frequency (DC)  

 

b) 90º optimized foil at low frequency (DC) 

 

  

c) Normal foil at high frequency (4.27 MHz)  
d) 90º optimized foil at high frequency (4.08 

MHz)  

 

Fig. 4.35: The FEM simulated magnetic flux lines at low frequency (DC), and the coil resonance frequency 

for both the normal and 90º optimized foils. 

 

thickness and surface area. The two-coil magnetic coupling transmission type is used to 

measure the quality factor of the coils. The detail measurement procedure is explained in 

chapter 7. 

The equivalent-area circular loops are simulated in FEM to compare the quality factor with 

measurement results,  

Fig. 4.35. As the measurement method requires the coils to be resonant at the frequency of 

interest, high-Q ceramic capacitors are soldered to the coils to resonate them. The frequency 
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of resonance for the normal foil, and 90º optimized foil are τȢςχ ὓὌᾀ, and τȢπψ ὓὌᾀ, 

respectively. At such frequencies, the skin depth of copper is about σς ‘ά which is less than 

the foil thickness of υρ ‘ά. This is necessary as one of the conditions for the optimization in 

this chapter is that the foil thickness to be comparable to its skin depth.  

Table 4.9 shows the simulated and measured results for the quality factor for both the normal 

and 90º optimized coils. The measured quality factor of the normal foil is 220, while that of 

the optimized one is 257. It can be observed that the quality factor of the optimized foil is 

ρχϷ higher than the normal foil of the same size. This can also be observed in the FEM 

simulation results. The difference between FEM and measurement results could be from 

various reasons. One factor that is not considered in the FEM simulations is the Q-factor of 

the ceramic capacitors. The other reason is due to parasitic of the coil former and its 

associated dielectric losses.  Same ceramic capacitors are used to resonate both the normal 

and optimized coils to minimize the effect of parasitic difference between them. 

Table 4.9: Q-factor measurement results for the three fabricated coils. 

 

NORMAL FOIL  

@ 4.27 MHZ 

90º OPTIMIZED FOIL  

@ 4.08 MHZ 

Loaded QL 213 249 

Coupling factor ə 0.0308 0.0326 

Coil Q0 220 257 

FEM Simulation Q0 304 345 
 

 

4.7 Conclusions 

In this chapter an optimization procedure is introduced and implemented on foil conductor 

layout to boost the IPT resonator quality factor and magnetic link efficiency. An important 

benefit for such optimization principle is that it can be applied on conductors with complex, 

if available, expressions for impedance and/or quality factor. Foil conductor is a potential 

conductor for IPT link resonators due to ease of manufacturing for ultra-thin thicknesses, and 
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high current carrying capabilities. However, the analytical expressions in IPT link for such 

conductor is so complicated, if available. The proposed method uses a simple frequency-

independent objective function to increase the foil resonator quality factor and magnetic link 

potential. The method uses the conductor filaments and optimizes their positions in such a 

way so that they see a similar amount of magnetic flux. This leads to lower current 

redistribution at high frequencies inside the conductor. 

This chapter investigated various objective functions for the foil layout optimization. It was 

shown that the optimized foil layout tends to bend outward so that foil filaments see quite 

similar amount of flux. It was also shown that for the link potential objective function, the 

optimized foil layout tends not only to bend outward, but also rotates around fixed point to 

increase the mutual inductance to the identical receiver coil. In all the optimized layouts, the 

foil quality factor, and magnetic link potential increased, and the foil AC resistance was 

reduced. The overall effect was to boost the magnetic link efficiency. The chapter concluded 

with a prototype optimized foil with its quality factor measured to be higher than normal foil, 

verified by FEM. 
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CHAPTER 5 - Coated-Strand Litz Wire Design and Analysis  

Induced eddy current losses are one of the major sources of losses in inductive applications 

[89], [24], [56], and [57]. A known solution is to use Litz wire, in which insulated strands are 

twisted around each other to from the Litz bundle such that each strand occupies all the 

positions inside. This key feature forces a current to be uniformly distributed among the 

strands. At high frequencies Litz wire can help utilize most of wire area, which might not be 

possible through solid, tubular, or foil conductors [61], and [90]. This leads to lower AC 

resistance that is done by proper design of the Litz. A key design element is the strand radius 

relative to its skin depth. The closer this ratio is to unity, the more uniform current distributes 

in the strand. At multi-MHz frequencies, however, keeping the current uniform between 

strands causes significant losses due to internal field and Litz wire could barely be superior to 

solid, tubular or foil conductors. Therefore, it is essential to mitigate the loss inside the Litz 

wire by keeping its dimensions fixed while changing its electromagnetic properties; coated-

strand Litz wire [89]. 

In coated-strand Litz wire in this paper, the strands have the same outer radius as the strands 

in uncoated-strand Litz wire ὶ, Fig. 5.36. It means that for Litz wires with radii of ὶ, and fill 

factors of ‍, both types of Litz wires have the same number of strands ὲ. To have a fair 

analysis, the inner conductor with radius of ὶ in coated-strand has the same material as the 

strand in uncoated-strand Litz wire. We represent the Litz fill factor as the total non-insulated 

area over the whole Litz wire area. 

The initial step in analysis of a coated-strand Litz wire is to identify the origins of losses and 

to, possibly, separate them. In Litz wire, the induced eddy current loss in a strand is due to 

the current in it (skin effect) and the fields from nearby strands and turns (proximity effect). 

The orthogonality between skin and proximity losses was discussed in [59] and is applied 

here. The Magneto-Quasi-Static model (MQS) of Maxwell equations is used to analyze the 

isolated (un) coated-strand. The solutions to skin and proximity resistances are derived and  
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Fig. 5.36: Coated-strand and its identical normal-strand Litz wires. 

 

their dependence on different geometrical and electromagnetic properties of the coating layer 

is studied. For example, a magnetic coating on copper, which is less conductive than copper, 

does not necessarily reduce the proximity loss compared to identical copper strand, as will be 

shown in the chapter. It is in contrast with a general conclusion that is made in [89] about the 

proximity loss in magnetoplated Litz wire. We perform a comprehensive study on the effect 

of various industrial coatings on the skin and proximity resistances, and we will see that even 

non-magnetic coatings such as silver can have advantage in reduction of both skin and 

proximity losses. 

The solution to the skin and proximity resistances of a solid round conductor has been the 

focus of many researchers [76], and [59]. For an isolated two-layer conductor, closed form 

formulas for the skin and proximity resistances have been achieved in [91], and [46]. 

However, these solutions contain (modified) Bessel functions that show convergence 

instability under large conductor size, conductivity, permeability or frequency of excitation 

(also known as large argument parameters). Although the behavior of these functions have 

been studied under such large arguments [71], [72], and [74], a computing software yet still 

can fail to calculate the resistances as they contain arithmetic operation of these functions 

[75]. This problem was noticed by [77] for solid and tubular conductor and the approximate 
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solutions have been given for them in [78] and [53]. As there is no approximate solution, to 

the best of knowledge of the author, for skin and proximity resistances of coated-strand under 

large arguments, we use Finite Element Method (FEM) when analytical method fails [86], 

[87], and [92]. FEM, if converged stably, is a reliable means of analysis. The convergence 

stability of FEM solution has been discussed thoroughly in literature when analytical solution 

exists or not [86] and [87]. We follow the FE convergence stability principle suggested by 

[87] when the analytical solution does not exist. 

Isolated strand analysis of skin and proximity effects does not precisely represent those 

effects when the strand is located inside the Litz wire with plenty of strands nearby it. It is 

necessary to solve for Maxwell equations representing the actual Litz wire; however, it is 

possible only in Litz wires with few strands [89]. And it gets quite complicated for Litz wires 

with hundreds or even thousands of strands. Therefore, the unit cell concept in a periodic 

arrangement of strands is used to analyze the strand eddy current losses, [93], [94], [95], [96], 

and [97]. Reference [93] used elementary cell located in a square-packed periodic 

arrangement of (Litz) wire, [94] used the similar concept for a rectangular packed strands of 

Litz wire, [96] applied this concept for an arbitrary conductor cross section and packing, [97] 

chose the foil elementary cell to represent hexagonally packed wires, and later in [98], the 

elementary cell was explicitly selected for a hexagonally packed wires as in [99]. In this 

work, we study the Litz wire coated-strand in a square-packed periodic arrangement, and 

perform a comprehensive analysis of the effects of various conductor size and coating 

properties on the skin and proximity losses inside Litz wire. 

Strand unit cell concept analysis requires boundary conditions (BCs) that resemble any strand 

in actual Litz wire. For proximity effect, the BCs for magnetic field not only forms the 

derivation method of proximity resistance, it also contributes to the loss expression. In 

uncoated-strand Litz wire, internal field expression can be determined analytically, and is the 

idea behind many researchers to define the proximity resistance derivation method 

accordingly [93], [94], and [100]. In coated-strand Litz wire, such expression for internal 

field, if exists, barely has a simple general format. The strands un-uniform electromagnetic 
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properties leave a general expression for internal field out of simplicity. Therefore, we 

propose a new method of calculation for proximity effect resistance of a coated strand in Litz 

wire that accommodates simple systematic analytical calculation of proximity loss. Proximity 

resistance being determined, the internal field inside coated-strand Litz wire is studied and an 

expression for field that contributes to the proximity losses is derived.  

The proximity loss is due to the field from nearby strands (internal proximity) and field from 

nearby turns (external proximity). The orthogonality between internal and external 

proximities simplifies the analysis of eddy current losses in the Litz wire. For uncoated-

strand Litz wire, the orthogonality between these losses is discussed in [57] explaining the 

requiring conditions. In this chapter we also show that, by satisfying some conditions, the 

orthogonality between internal and external proximities holds in coated-strand Litz wire as 

well. 

We continue the discussion of skin and proximity effects for an isolated coated-strand in the 

next section. The full analysis of various coting material properties such as size, permeability 

and conductivity on the skin and proximity resistances are investigated. The coated-strand is 

then brought into Litz wire by considering the effect of nearby strands on the eddy current 

losses. A new method is proposed for the proximity resistance calculation of coated-strand 

followed by Litz internal field discussion. Several coated-strand Litz wires are compared and 

investigated for different values of frequency and Litz fill factor in an application example. 

In an additional application example, we perform three types of (un) coated-strand Litz wires 

design, analysis, fabrication and characterization. Using the experimental measurement, we 

verify the accuracy of the proposed method in this chapter.  

5.1 Skin and Proximity Analysis of Isolated Coated-Strand 

In general, a conductor carrying a time varying current or being exposed to a time varying 

magnetic field will have eddy currents induced in it, governed by Maxwell Partial 

Differential Equations (PDEs). Division of the losses due to the conductor current (skin 

effect) and the exposed magnetic field (proximity effect) can simplify the analysis of total 
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eddy current losses, especially for Litz wires with large number of strands. For a current 

carrying conductor having an axis of symmetry, exposed to a time varying external magnetic 

field perpendicular to this axis, the skin and proximity effect current densities show relative 

reciprocal even and odd symmetries, respectively, and their associated losses are orthogonal 

[59]. We use this orthogonality principle to analyze the skin and proximity effect losses of 

isolated coated strand. 

5.1.1 Isolated Strand Skin Effect Analysis 

The MQS model of Maxwell PDEs is used for a linear, isotropic, homogenous and non-

dispersive material to calculate the associated skin effect loss in an isolated conductor. The 

infinite long conductor carries a sinusoidal  
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Fig. 5.37: Skin and proximity effects problem domains for isolated two-layer conductor. 

 

time varying current with angular frequency of ɤ. The conductor is centered at the origin of 

2D cylindrical coordinate system, Fig. 5.37. The elliptic Poisson equation for current density 

J in the magnetizable and polarizable conductor with conductivity ů and permeability of ɛ 

was derived in chapter 3. Having the total current in the conductor I, and the applied electric 

field in the conductor E0, the per-meter internal impedance of the two-layer round conductor 

is derived according to  ὤ
Ὁ
Ὅ.   
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a) ὶ ϳ‏ ρȟ‘ ρ b) ὶ ϳ‏ ρπȟ‘ ρ 

  

c) ὶ ϳ‏ ρȟ‘ ρππ d) ὶ ϳ‏ ρπȟ‘ ρππ 

Fig. 5.38: Skin effect resistance of coated-strand compared to identical copper one at Ȣ  ╜╗◑. 

 

We investigate the behavior of internal resistance of isolated coated and uncoated conductors. 

The main conductor is copper and the coating geometrical and electromagnetic properties 

effects on the internal resistance are investigated. The frequency of excitation is selected to 

be at ρσȢυφ ὓὌᾀ with parameters variations to be in the state-of-the-art industrial range. Fig. 

5.38 shows the ratio of skin effect resistance for the two types of strands. It can be observed 

that a more conductive and not magnetic coating can reduce the skin effect resistance of 

coated strand compared to solid copper of same radius. The reason is that the induced eddy 

currents are slightly shifted towards the more conductive coating and leave the total loss 

lower. However, for the same coating material but with ‘ ρππ, the eddy currents inside  
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Fig. 5.39: Skin effect distribution of eddy current and power loss densities for various coating properties; the 

coated-strand is carrying the current ╘ ═ at Ȣ  ╜╗◑. 

 

  

„ ρȢυ„  Ǫ ‘ ρ „ πȢρ„  Ǫ ‘ ρππ 

Fig. 5.40: Skin effect eddy current density distribution (normalized color range) for two types of coating 

layers; the coated-strand is carrying the current ╘ ═ at Ȣ  ╜╗◑. 
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the coating layer are quite high and the total skin effect loss is couple of times bigger than the 

non-coated strand. For lower conductive and non-magnetic coating materials, the induced 

eddy currents are shifted inwards, leaving the total resistance higher compared to solid 

copper strand. Eddy currents are hugely distributed at the outer edge of coating for lower 

conductive but magnetic coatings, which makes the skin effect resistance increase. 

The goal of this paper is not to give general conclusions over the entire effects of coating size 

and properties on the conductor losses for optimization purposes as it can be done having the 

proposed method. The goal is to lay a fundamental understanding of coated-strand Litz wire 

and a proper design method. For the range of properties investigated in this chapter, it can be 

concluded that the non-magnetic coating can reduce the skin effect resistance when it is more 

conductive than the identical solid copper strand. For magnetic coating, the skin effect 

resistance is higher than the solid copper conductor; however, it is small for less conductive 

thin coatings. 

FEM simulated distribution of eddy current loss over the coated strand for different values of 

coating conductivity and permeability is visualized in Fig. 5.39. It can be observed that 

magnetic coating steeply distributes the eddy current loss towards the coating edge while for 

non-magnetic coating the distribution is more uniform. It can also be observed that the more 

conductive the coating, the less loss inside the inner conductor and the more loss inside the 

coating layer. Fig. 5.40 shows the eddy current density distribution in the conductor for two 

various coating properties: 1- the more conductive and non-magnetic coating, and 2- the less 

conductive and magnetic coating layer. For a fair visual comparison, the current density color 

legend is normalized for both figures with the same range of values. 

5.1.2 Isolated Strand Proximity Effect Analysis 

In proximity effect analysis, the problem domain is composed of three regions, Fig. 5.37. The 

two conductor layers bound with concentric surrounding layer having Dirichlet boundary 

condition Ὄώ set at its outer edge. The surrounding layer is assumed to be air although the 

analytical solution can be modified for other materials. Magnetic vector potential A is used as 
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the main PDE parameter due to its uni-directionality in cylindrical coordinate system, ὃᾀǶ . 

The Poisson equation for magnetic vector potential was derived and solved in chapter 3. 

Having ὃ in all regions, the induced current density is calculated to determine the per-unit 

of length dissipation in the two layers: 

1 2

1 2

2 2

1 2

1 1
.

2 2
prox z z

S S

P J ds J ds
s s

= +ññ ññ                                   (5.1) 

The proximity effect resistance Gprox for an isolated conductor is then defined as 

2

0

1
.

2
prox proxP G H=                                                     (5.2) 

As was discussed in chapter 3, the solution to the current density and magnetic vector 

potential in skin and proximity effects analysis contains (modified) Bessel functions. 

Depending on the conductor properties and frequency of excitation, the (complex) argument 

of these functions might vary from small to very large values. The behavior of the (modified) 

Bessel functions under these ranges of values were discussed in chapter 3, and it was 

concluded that the approximation of these functions at large values is not necessarily enough 

to stably find the solution for the skin and proximity resistances. For a two-layer round 

conductor, to the best of knowledge of author, there is no approximate solution for skin and 

proximity resistances. For the range of coating properties, frequency of excitation, and strand 

size in this work, the skin effect resistance analysis results in stable results using (modified) 

Bessel functions. However, the proximity effect resistance ratio falls into ñlarge argumentò 

portion of (modified) Bessel functions and the field solution is not convergent. Therefore, we 

use FE method, though not faster, to analyze the conductor proximity effect. FE analysis, 

converged stably, is a reliable means of analysis. The validity of the FE method and its 

accuracy has been well investigated in literature [86], [87] and the solution convergence has 

been analyzed in [87] for a general COMSOL problem when the analytical solution either 

exists or not. The minimum of five meshing elements per skin depth is satisfied through the 

various regions in the FE analysis. 
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a) ὶ ϳ‏ ρȟ‘ ρ b) ὶ ϳ‏ ρπȟ‘ ρ 

  

c) ὶ ϳ‏ ρȟ‘ ρππ d) ὶ ϳ‏ ρπȟ‘ ρππ 

Fig. 5.41: Proximity effect resistance of coated-strand compared to identical copper one at Ȣ  ╜╗◑. 

 

Fig. 5.41 shows the proximity resistance ratio of coated strand compared to solid copper one 

of same outer radius. The frequency of excitation and ranges of coating geometrical and 

electromagnetic properties are identical to those for skin effect analysis. An obvious change 

compared to skin effect resistance is that the non-magnetic but more conductive coating does 

not necessarily reduce the proximity loss compared to identical solid copper conductor; it 

does so for large conductor sizes. The opposite behavior holds for non-magnetic but less 

conductive coatings. The reason is that the more conductive coating can be helpful in 

reducing proximity losses when it can shield the EM field from penetrating in to the main 

conductor. This happens through the skin depth region of the coating when the conductor is  
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Fig. 5.42: Proximity effect distribution of eddy current and power loss densities for various coating properties 

across the horizontal (x-direction) axis of the strand; the strand is exposed to ╗ ═Ⱦ□ in the y-direction 

at Ȣ  ╜╗◑. 

 

  
„ πȢρ„  Ǫ ‘ ρ „ πȢρ„  Ǫ ‘ ρππ 

Fig. 5.43: Proximity effect eddy current density distribution (normalized color range) across the two types 

of coated-strands; the strand is exposed to ╗ ═Ⱦ□ in the y-direction at Ȣ  ╜╗◑. 
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couple of times larger than its skin depth. When the conductor size is about its skin depth, the 

loss inside the coating layers determines the dissipation in total: the more conductive coating, 

the more induced eddy current and loss in it, and vice versa for less conductive coating.  

The effect of magnetic coating layer on the strand proximity effect is also observed in Fig. 

5.41. The less conductive coating layers have the potential to reduce the proximity resistance 

of the conductor. It is also observed that for small conductor sizes, the magnetic coating 

reduces the proximity loss, even for the more conductive coating layer. The less conductive 

the coating, the more reduction in proximity loss. The reason is that the coating layer absorbs 

the field flux and blocks it from penetrating the inner conductor. But, for large conductor 

sizes, the magnetic coating no longer reduces the proximity loss unless for quite small 

coating thickness. Fig. 5.42 shows the distribution of the induced eddy current loss across the 

conductor radius over horizontal axis. Fig. 5.43 shows the current density distribution for two 

coating properties: 1- the less conductive and non-magnetic coating, and 2- the less 

conductive but magnetic coating layer. For the purpose of fair comparison, the color legend 

in the current distribution is normalized to the same range of values for the both types of 

coated strands. The effect of magnetic coating layer absorbing the field is illustrated in Fig. 

5.43. 

5.2 Skin and Proximity Analysis of Coated Strand inside Litz Wire 

In Litz wire, each strand occupies all the positions inside the wire over a full twist. This 

twisting phenomenon makes each strand carry the same amount of current and have same 

amount of eddy current loss induced in it. Having orthogonality principle valid [59], the loss 

in each strand is divided into skin and proximity effect ones. The proximity loss is due to the 

magnetic field of nearby strands (internal field) vector summed with field of nearby turns 

(external field). In this section we study the proximity loss due to a general field and discuss 

the conditions for orthogonality between internal and external proximity losses in the next 

section. We also study skin and proximity losses in the strand level and neglect the bundle 

level ones as they can be mitigated by the methods mentioned in [56].  



 

106 

The previously derived skin and proximity effect resistances of coated-strand are based on 

the isolation of the conductor. If there is another conductor nearby, even without any net 

current inside it, the Maxwell equations need to be solved considering the effect of that 

nearby object. The nearby object, depending on its size, electrical and magnetic properties 

can induce eddy currents which change the magnetic field and leads to variation in active and 

reactive energy components of the main conductor. This phenomenon exists in Litz wire as 

there are plenty of nearby strands inside it to influence the skin and proximity effect 

resistances of individual strands. Therefore, it is essential to consider the effect of nearby 

strands on both the skin and proximity effects of each individual strand. 

To accurately understand the effect of nearby strands on each specific strand, it is necessary 

to solve for the Maxwell equations representing the actual Litz wire. However, since the 

actual analysis of Litz wire with large number of strands is complicated, the repeat unit cell 

in a periodic arrangement concept is used to analyze the skin and proximity effect losses of 

each strand, [93], [94], [95], [96], and [97]. In this work, we study the Litz wire strand in a 

square-packed periodic arrangement, and the elementary cell is a square with the strand in its 

center filled the cell area by the Lit fill factor. We also study the strands in one layer 

assuming identical variations over each layer [95]. 

5.2.1 Litz Wire Strand Skin Effect Analysis 

Fig. 5.44a shows the quadrant of unit cell simulation domain of Litz wire strand along with 

its BCs for the skin effect analysis. The Neumann even symmetry is selected on top and 

bottom boundaries to represent identical variations between layers. The Dirichlet odd 

symmetry is imposed at the cell side boundary by setting ὃ  to zero. These boundary 

conditions can be implicitly achieved by infinite array of strands having identical but 

alternating current direction over each column of strands [98]. Due to symmetries of current 

density and magnetic field in the elementary cell, only a quadrant of the unit cell is simulated. 

The Litz fill factor determines the square unit cell side length for a given specific strand. 
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a)  Skin effect BC b)  Proximity effect BC 

Fig. 5.44: Coated-strand unit cell boundary conditions. 

 

The Poisson equation for ὃ is the governing equation in the unit cell. Having the boundary 

conditions, magnetic vector potential can be found via various methods such as Finite 

Volume [93], or FEM [95]. In this study, we apply FEM to solve for the magnetic vector 

potential, magnetic field and current density in the unit cell. Having the current density in 

each layer for a given external current I, the total skin effect loss and resistance are calculated 

according to: 

2 2
21 1 1

( ) .
2 2 2cu c

cu c

skin z z skin

cu cS S

P J ds J ds R Ib
s s

= + =ññ ññ                        (5.3) 

As an example, by having the strand outer radius the same as copper skin depth at 

ρσȢυφ ὓὌᾀ (ρχȢφυ ‘ά) and the coating thickness of ρȢχχ ‘ά (πȢρὶ), the skin effect 

resistance for three types of strands inside Litz wire are analyzed. Fig. 5.45 shows the skin 

effect resistance of normal copper (Cu), silver-coated copper (Ag/Cu) and iron-coated copper 

(Fe/Cu) strands versus Litz fill factor ɓ. The silver is assumed to be non-magnetic with 

conductivity of φȢσ ὓὛȾά (ρȢπυ„ ), and the permeability of iron is set to be 100 based on 

the measurements done by [46] using vibrating sample magnetometer (VSM). It can be seen 

that the resistance of Fe/Cu strand is higher than Cu one, and the Cu strand resistance is 

higher than the Ag/Cu one; this behavior can be traced back into Fig. 5.38. The Ag/Cu strand 
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resistance, unlike the Fe/Cu one, is quite close to the normal pure copper one. Effect of Litz 

fill factor on the skin effect resistances of the three strands is also shown in Fig. 5.45. It can 

be seen that the resistances all increase but with quite fixed trends versus fill factor, with the 

Fe/Cu one having the least change. 

 

Fig. 5.45: Skin effect resistance of three Cu, Ag/Cu and Fe/Cu strands vs. fill factor at Ȣ  ╜╗◑. 

 

5.2.2 Proximity Effect Analysis 

To address the effect of nearby strands on the proximity losses, [100] and [81] studied the 

effect of reduction in proximity loss for a normal Litz wire by including a fill (porosity) 

factor to the isolated strand proximity loss expression to approximately account for the 

packing of strands and non-uniformity of magnetic field in a porous material. This method 

cannot be used in coated-strand Litz wire because of two reasons: first, the effect of nearby 

strands does not necessarily reduce the proximity loss, and second, the exact effect of nearby 

strands on the proximity resistance is not explicitly known. The latter reason was the 

motivation for [93], [95], [97] and [99] to study the effect of nearby strands on the proximity 

resistance using the concept of strand unit cell instead of analyzing the actual Litz with all 

strands inside it, which is accurate but more complex.  
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Similar to skin effect analysis, the unit cell concept is applied for an infinite square-packed 

periodic arrangement of strands. To obtain proximity effect results, Dirichlet boundary 

condition for magnetic vector potential is selected over the lines in the middle of gaps 

between columns of strands [93]. This enforces even symmetry for the magnetic field 

between columns of strands and makes sure the net current in each strand is zero [98]. Fig. 

5.44b shows the quadrant of strand unit cell with its BCs accounting for proximity effect 

analysis. The Neumann boundary condition for magnetic vector potential is set for the top 

and bottom boundaries to represent identical variation between layers, and Dirichlet one for 

the side boundaries. Odd symmetry exists over a line in the middle of conductor and parallel 

to the cell Dirichlet BC.  

The solution for Poisson equation of ὃ, defines the magnetic vector potential in the unit cell. 

Having the boundary conditions, the field solution can be determined using exact analytical 

solution, approximate analytical solution [80], analytical approximation fitted by FEM 

simulation [94], or solely numerical methods such as Finite Element [96], and Finite Volume 

[93] methods. Reference [80] used equivalent foil 1D analytical solution for the round 

conductors in one column. The first approach was to replace round conductors with square 

ones of same cross sectional area to determine the foil thickness, and then matching the DC 

losses of the winding with equivalent foil using porosity factor. Reference [94] modified the 

proximity loss method in [80] by curve fitting of unit cell FEM results and determined a look 

up table for the losses followed by closed formula in [95]. In this study we use the FEA as an 

accurate reliable method to derive the induced eddy current and power loss inside the strand 

for a given Dirichlet boundary condition A0. Having the proximity loss calculated by (5.1), 

we revise the definition of proximity resistance for coated strands according to 

21
( ) ,

2
prox prox aP G Hb=                                                  (5.4) 

in which Ὄ  is the line average of Ὄᴆ over the unit cell side length at ὼ ὨȾς. It has only a 

real component provided by phase adjustment of complex-valued Az0. It can also be realized 

that for low filling factors, the revised definition of proximity resistance is quite close to its 
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definition presented for isolated strands (5.2). Fig. 5.46 shows the proximity resistances of 

the three types of strands versus Litz filling factor. An obvious trend is that the proximity 

resistance of Fe/Cu strand increases versus fill factor while those of Ag/Cu and Cu strands 

decrease. The reduction of resistance for normal strands has been shown in several papers 

such as [94] and [100] as the decrease of proximity loss due to field non-uniformity. For 

moderate filling factors, there is a high percentage of reduction in proximity resistance when 

using Fe/Cu strand; however, for tightly packed Litz, it barely has gain compared to the other 

two types of strands. 

 

Fig. 5.46: Proximity effect resistance of three Cu, Ag/Cu and Fe/Cu strands vs. fill factor at Ȣ  ╜╗◑. 

 

5.3 Determination of Coated-Strand Litz Wire RAC 

Due to twisting, each strand sees a same amount of magnetic field over a large enough length 

of Litz wire. This magnetic field is the vector summation of external and internal fields. 

Since the external magnetic field depends on the complete structure of inductive system, we 

initially focus on the internal proximity effect. Based on that, we discuss the orthogonality 

between internal and external proximity losses in (un) coated-strand Litz wires. 
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Having Gprox from the unit cell concept, the Ὄ  of a unit cell of a Litz wire under study is 

required to find the proximity loss for each strand. Accurately determining this field average 

can be complicated in some types of Litz wire. We start from a general expression for the 

internal magnetic field and step-by-step discuss the conditions and approximations required 

to determine Ὄ  in both types of Litz wires. 

For a solid round conductor with radius of ὶ, and a current with magnitude of I flowing 

through it, the radially dependent low frequency internal magnetic field strength is: 

int 2
Ĕ( )
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p
= .                                                       (5.5) 

And its squared spatial average would be 
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The required conditions for (5.6) to be valid for a Litz wire with radius of  ὶ are that, 

depending on fill factor, the size of each strand needs to be much smaller than the size of Litz 

bundle. And, the Litz bundle strands are magnetically and electrically uniform. These 

conditions enforce the contours of magnetic field strength in the Litz wire close to concentric 

circles with negligible radial notches. A normal Litz wire with quite small solid single 

electrical strands satisfies these conditions. In coated-strand Litz wire, due to non-uniformity 

of electromagnetic properties of strands over the bundle, the magnetic field contours may 

deviate from circles and the expression above for internal field would no longer be valid. By 

neglecting the effect of high frequency induced eddy currents on the main field in a normal 

Litz wire, (5.6) approximately represents the squared of field average over unit cell area. This 

was the motivation for [93], [94], and [100] to define the proximity effect resistance of 

normal Litz wire strand according to  ὖ Ὃᴂ ‍Ὄ . In which Gôprox is determined 

by the unit cell method setting the real valued Dirichlet BC as ὃ ‘ Ὄ . The idea 
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behind this method is that the spatial average of magnetic flux density in boundary valued 

problem domain of Fig. 5.44b is known as 

0

2
Ĕ Ĕ Ĕ,x y zB B x B y A y

d

-
= + =                                         (5.7) 

from which  ὃ  can be set based on Ὄ for normal Litz wire, and Ὄ can be approximated by 

(5.6). It was shown earlier that unlike in uncoated-strand Litz, (5.6) is not necessarily valid 

for coated-strand Litz wire, and to the knowledge of author there is no other existing 

expression as well. Therefore, we revised the definition for proximity resistance to 

accommodate analytical calculation of proximity loss in coated-strand Litz. 

Using Ampereôs law, the azimuthal average of internal field strength inside the Litz bundle 

carrying current I, at a specific radius ὶ between two adjacent strands, Fig. 5.47, can be 

approximated by . And its squared discrete surface average is defined as 
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For small size of strands, (5.8) would be very close to (5.6) according to 
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Having Gprox being determined, (5.9) contributes to the proximity power loss of each strand 

inside the Litz wire, ὖ Ὃ ‍Ὄ . Therefore, the total AC resistance of coated-

strand Litz wire can be determined from (5.3), (5.4), and (5.9) according to 
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Fig. 5.47: Approximation of field variation in magnetoplated Litz wire.  

 

In a normal Litz wire, assuming the internal field to be in the azimuthal direction depending 

only on radial variations  Ὄ ὶ•, and the external field to be constant (with any direction) 

over the Litz bundle  Ὄᴆ Ὄ ὼ Ὄ ώ, the internal and external proximity losses are 

orthogonal and can be calculated separately [57]. As the total field over strand is Ὄᴆ

Ὄᴆ Ὄᴆ , its squared surface average contributes to each strand loss after a full twist 

according to 
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(5.11) 

Since the azimuthal average of sine and cosine terms over a full circle is zero, (5.11) is 

simplified to 

2 2 2

int ( ) .st extH H H r= +                                 (5.12) 

If the external field is not uniform over Litz, the vector summation of total field needs to be 

determined [58]. In coated-strand Litz wire, if the external field is constant between layers of 

strands (not necessarily over the whole bundle) and the radially dependent internal field in 

the azimuthal direction, we conclude that internal and external proximity losses are 
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orthogonal. It is because in the discrete surface average of squared magnetic field (5.8), the 

azimuthal average of sine and cosine terms over a full circle is zero. 

5.4 Application Example 1: Design of Ag/Cu and Fe/Cu Coated-Strand Litz Wires  

So far, the skin and proximity effect resistances of coated and uncoated strands inside Litz 

wire are determined using the concept of unit cell. When these types of strands are brought to 

an actual Litz wire, the number of strands and packing intensity determine which loss 

category is dominant. This effect is illustrated in Fig. 5.48 as the AC resistance of Litz wire is 

determined based on the resistances of each individual strands versus Litz fill factor. The 

outer diameter of the Litz is selected to be ρȢς άά and is operating at ρσȢυφ ὓὌᾀ of 

frequency. The three types of Cu, Ag/Cu, and Fe/Cu strands used in previous sections are 

selected to form the Litz wires. For any fill factor, the number of strands for the three Litz 

types are the same as the strands have the same size. The compromising between skin and 

proximity factor is obvious for the Fe/Cu Litz wire compared to the Cu Litz. 

 

Fig. 5.48: AC resistances of the three Cu, Ag/Cu, and Fe/Cu Litz wires vs. fill factor at Ȣ  ╜╗◑. 

 

By analyzing Fig. 5.45, Fig. 5.46 and Fig. 5.48 for small, moderate and high fill factors we 

can say that for small fill factors, although proximity resistance of Fe/Cu strand is much 
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smaller than identical Cu one, the skin resistance is higher. The total resistance of Fe/Cu Litz 

is very close to the normal one as the skin and proximity effects contribute evenly by 

cancelling their gains. Going higher in fill factor, the skin resistance of Fe/Cu strand slightly 

increases, Fig. 5.45. The proximity resistance, however, increases sharply, Fig. 5.46, 

although it is still lower than the Cu strand proximity resistance. For moderate fill factors, the 

proximity effect starts to get dominance over skin effect and the total resistance of Fe/Cu Litz 

wire decreases compared to Cu Litz. This reduction is υφϷ at fill factor of ‍ πȢυ. For 

larger values of ɓ with dominant proximity effect, the proximity resistance of the Fe/Cu 

strand does not show much of improvement over Cu strand, Fig. 5.48. The Ag-coated strand 

shows little improvement for skin effect resistance, Fig. 5.45; but, it slightly increases the 

proximity one compared to Cu strand, Fig. 5.46. As can be seen in Fig. 5.48, the total AC 

resistance of Ag/Cu Litz wire is very close, and slightly higher, than Cu Litz resistance. With 

a further look back on Fig. 5.38 and Fig. 5.41, it can be observed that Ag/Cu strand can 

decrease both skin and proximity effect resistances for larger conductors compared to 

identical copper strand.  

As it is a good method of accuracy checking by having experimental measurement results, 

the designed Litz wire in this section are quite ahead of industrial manufacturing point due to 

quite small strand sizes. The AC resistance of Litz wire with 8 Fe/Cu strands was measured 

by [89] and showed improvements over normal Litz wire. The method proposed in this 

chapter shows its significance for Litz wires with large number of strands as the numerical 

simulation of the Litz wire, as a whole, gets complicated.  Therefore, to sanity check our 

method, we took the three Litz wires above and draw them, strand-by-strand, inside FE 

package. We did this for several Litz wires with various geometries and types of strands as 

well as excitation frequency. The results show excellent matching between our proposed 

method and the actual Litz wire simulation. Fig. 5.49 shows the low frequency (DC) and high 

frequency (ρσȢυφ ὓὌᾀ) FEM simulations of the actual Litz wire under study. The FEM 

simulation of the norm of magnetic field strength in the Cu and the Fe/Cu Litz wires with 

number of strands of and fill factor of are illustrated in Fig. 5.49. 
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Next, we selected the three types of Litz wires with fill factor of ‍ πȢυτυ ὲ φσπ and 

performed frequency sweep. Fig. 5.50 shows the frequency response of RAC for the three Litz 

wires. For frequencies above ρ ὓὌᾀ, the Fe/Cu Litz wire shows improvement compared to 

Cu Litz. However, for lower frequencies, the Cu Litz has lower RAC. The reason is that the 

strand lower conductive coating shows its disadvantage in DC resistance, compared to Cu 

strands. The Ag/Cu Litz wire has RAC very similar to Cu Litz wire. There is also a good 

match between the actual Litz FEM results and our proposed method of (5.10) in Fig. 5.50. 

 

  

a) Normal strand at DC 

 

b) Fe-coated strand at DC 

 

  

c) Normal strand at 13.56 MHz 

 

d) Fe-coated strand at 13.56 MHz 

 

Fig. 5.49: Norm of magnetic field strength surface plot at low frequency and Ȣ  ╜╗◑ for the Cu and Fe/Cu 

Litz wires with fill factor of ♫ Ȣ  and ▪▼ . The total of current  ═ is fed thorough the Litz wire. 
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Fig. 5.50: AC resistances of the three Cu, Ag/Cu, and Fe/Cu Litz wires vs. frequency at ♫ Ȣ  

and ▪▼ . 

 
5.5 Application Example 2: Design of Ag/Cu and Ni/Cu Coated-Strand Litz Wires  

So far in this chapter, the design methodology for designing coated-strand Litz wire has been 

investigated. There are three methods to analyze a coated-strand Litz wire such as the 

proposed unit cell method, complete Litz FEM simulation, and experimental measurement. 

The Fe/Cu Litz wire designed in the previous sections showed improvement in the AC 

resistance compared to the same size Ag/Cu and Cu Litz wires. However, since the radius of 

the Litz strand were as small as the Cu skin depth at ρσȢυφ ὓὌᾀ (ρχȢφυ ‘ά), the fabrication 

of such Litz wires were so complicated. In this section, we design, analyze, and fabricate 

three (un) coated-strand Litz wires, and verify the proposed method through AC resistance 

measurement. 

5.5.1 Coating Layer Thickness Measurement Using SEM 

To further study the coated strands behaviors, three strands of pure copper (Cu), silver-coated 

copper (Ag/Cu), and nickel-coated copper (Ni/Cu) are selected. The Ag/Cu and Ni/Cu 

strands are picked out from M22759/11 and M22759/8 stranded conductors, respectively. All 

three strands are ρφπ ‘ά in diameter (στ ὃὡὋ). To determine the Ni and Ag coating 



 

118 

thicknesses, we performed a metallographic mounting and polishing of multiple of the three 

conductor samples, and performed Scanning Electron Microscopy (SEM) of the conductorsô 

cross sections, Fig. 5.51a-c. The zoomed SEM pictures of the strands cross sections are 

presented in Fig. 5.51d-f. Since the atomic numbers of Ni and Cu are close to each other, the 

Ni coating layer in Fig. 5.51c and Fig. 5.51f is hardly visible. Therefore, using line-scan 

composite recognition, the average thickness of the Ni and Ag coatings are measured to be 

ρȢτ ‘ά ( ρπϷ) and ρȢρ ‘ά ( ρπϷ), respectively. Silver conductivity is selected to be 

φσ ὓὛȾά (ρȢπυ„ ). Nickel conductivity and permeability, at radio frequency, are the focus 

of researchers; and, their exact values depend on the coating uniformity and Ni purity. 

Besides that, Ni permeability depends on the frequency and magnetic field strength. We use 

the studied data provided by [101] and [102] to find „ ρρȢυ ὓὛȾάȟ (πȢρω„ ). We also 

curve fitted the  ‘  data provided by [91] and [103] at frequencies between ρ ςπ ὓὌᾀ to 

determine ‘ ωτὪ Ȣ σπȢυȟ in which Ὢ is in ὓὌᾀ. 

 

 

a) Pure copper strands SEM 

 

b) Ag/Cu strands SEM 

 

c) Ni/Cu strands SEM 

 

 

d) Pure copper SEM e) Ag/Cu strand SEM f) Ni/Cu strand SEM 
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g) Cu strand skin effect 

 

h) Ag/Cu strand skin effect 

 

i) Ni/Cu strand skin effect 

 

   

j) Cu strand proximity effect 

 

k) Ag/Cu strand proximity effect 

 

l) Ni/Cu strand proximity effect 

 

Fig. 5.51: The SEM image of  ═╦╖ (  Ⱨ□ diameter) multiple strands of a) pure Cu, b) Ag/Cu, and c) 

Ni/Cu strands. The zoomed SEM image of  ═╦╖ single strand of d) pure Cu, e) Ag/Cu, and f) Ni/Cu 

strands.  FE simulated skin effect current distribution (normalized) across the  ═╦╖ g) pure Cu, h) Ag/Cu, 

and i) Ni/Cu strands carrying  ═ at Ȣ  ╜╗◑. FE simulated proximity effect current distribution 

(normalized) across the  ═╦╖ j) pure Cu, k) Ag/Cu, and l) Ni/Cu strands exposed to  ═Ⱦ□ uniform field 

at Ȣ  ╜╗◑ in y-direction. 

 

Fig. 5.51g-i show 2D FEM skin effect current densities of the three conductors, each fed with 

ρ ὃ of current at ρσȢυφ ὓὌᾀ. As can be seen in Fig. 5.51h, the Ag coating forces the induced 

current to shift slightly towards the coating layer, leaving the total skin resistance (ςȢπχ ɱȾά) 

lower than pure copper strand one (ςȢρσ ɱȾά). The Ni coating layer in Fig. 5.51i, however, 

slightly shifts the current to the inner layer while having a steep increase in current density in 

the coating layer. Therefore, the Ni/Cu skin effect resistance (ςȢψσ ɱȾά) is higher than that 

of pure Cu strand. 
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Fig. 5.51j-l show the proximity effect current densities of the three strands exposed to ρ ὃȾά 

field strength in the y-axis direction at ρσȢυφ ὓὌᾀ. A noticeable trend is the reduction in 

proximity resistance of Ni/Cu strand (πȢσω ‘ɱȢά) compared to Ag/Cu (πȢψφ ‘ɱȢά) and Cu 

(πȢψυ ‘ɱȢά) ones. The reason is that the Ni layer absorbs the field from penetrating, 

reducing the eddy current density, in the Cu layer. 

5.5.2 Skin and Proximity Resistances of Coated Strand inside Litz Wire 

Fig. 5.52 shows the skin effect resistance of the pure Cu, Ag/Cu, and Ni/Cu strands vs. fill 

actor, ɓ derived from (5.3). At low fill factors, similar to isolated conductor, the Ni/Cu strand 

has the highest value of Rskin, followed by pure Cu and Ag/Cu strands; this behavior was 

discussed in the previous section. As the ɓ increases, the resistances all increase. An 

important trend in Fig. 5.52 is that the Ni/Cu Rskin changes slower than those of other two 

strands, similar to Fig. 5.45. This behavior is due to the Ni/Cu high permeable coating layer 

which shields the interactions between adjacent copper conductors at dense fill factors. This 

leads to lower Rskin for Ni/Cu strand, compared to other two, at high fill factors. Therefore, 

the fill factor is an important design parameter for the improvement of Rskin. Knowledge of 

proximity resistance behavior vs. fill factor can help further to understand the behavior of 

coated-strand inside the Litz wire.   

Fig. 5.53 shows the proximity resistances of the three types of strands versus Litz fill factor, 

derived from (5.4). An obvious trend is that all proximity resistances decrease vs ɓ; however, 

Gprox of Ni/Cu strand changes slowly. This is in contrast with the behavior in Fig. 5.46 in 

which the Fe/Cu proximity resistance increases vs ɓ, and this increase is faster compared to 

those of Ag/Cu and Cu strands. Therefore, the increase in Litz fill factor can either decrease 

or increase the strand proximity resistance. From Fig. 5.52 and Fig. 5.53, it can be observed 

that the Ni/Cu strand is beneficial at high fill factors regarding the skin effect, and at low fill 

factors regarding the proximity effect. Therefore, depending on the dominance of either skin 

or proximity effect inside a Litz wire, there would an optimum fill factor that minimizes the 

total Litz loss (skin and proximity).  
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Fig. 5.52: Skin effect resistance of three Cu, Ag/Cu and Ni/Cu strands vs. fill factor at ρσȢυφ ὓὌᾀ. 

 

 

Fig. 5.53: Proximity effect resistance of three Cu, Ag/Cu and Ni/Cu strands vs. fill factor at ρσȢυφ ὓὌᾀ. 

 

5.5.3 Coated-Strand Litz Wire Fabrication and Experimental Verification  

In this section, we measure the RAC of the three types of strands (Cu, Ag/Cu and Ni/Cu) in 

both isolated in free space, and packed inside a Litz wire. Then, we compare the measured 

results with the FEM ones in case of single strand, and with the proposed method of (5.10) 
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and complete Litz FEM simulation in case of coated-strand Litz wire. We use the modified 

RF I-V two-port shunt-through measurement technique to find the RAC of the conductor-

under-test (CUT), Fig. 5.54, [104, 105]. The scattering parameter transmission coefficient S21 

is measured between the input and output ports of Fig. 5.54 using AP Instruments® model 

300 Vector Network Analyzer (VNA). A through-line response calibration is performed with 

no CUT in place (open circuit) between the two shunt attenuators, Rsh. Then, with the CUT in 

place, the S21 is measured and the ZCUT is determined according to 

0 21

21

,
2 1

CUT

R S
Z

S
=

-
                                                  (5.13) 

in which R0 is the resistance the CUT sees from each side, Ὑ ȿȿὙ ὤ . The Rss connects 

the transmission lines, TL, (with characteristic impedance Z0) from the VNA ports to the 

measurement point. The shunt resistors Rsh, are used to reduce the parasitic impedances 

between the calibration and measurement points [104]. The value of Rsh is selected to reduce 

the sensitivity of VNA and TL impedance mismatches by dominating R0, and to reduce the 

sensitivity of measured S21. Since the two VNA ports share the same ground, a ferrite bead is 

used on both input and output TLs to reduce the errors caused by TL braid resistance and 

parasitic current [106]. 

Z0 Rss

Rsh

Z0Rss

RshZCUT

Calibration points

VNA
Input

VNA
Output

50 ʍ 50 ʍ 

49.9 ʍ 49.9 ʍ 

49.9 ʍ 49.9 ʍ 

 

Fig. 5.54: The modified two-port RF I-V circuit for ZCUT measurement. 

 

Since the RF I-V method presented in Fig. 5.54 is accurate for fraction of an Ohm impedance 

values measurement, any small CUT inductance (including strand internal and parasitic 

inductances) can cause significant reactances at multi-MHz frequencies. Therefore, we 
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resonate the CUT to accurately measure the RCUT at any desired frequency. To do so, the 

CUT wire samples are formed in a loop (with large enough diameter to neglect the loop 

curvature effects), and resonated using high quality factor (Q) ceramic capacitors with Q-

factors above 2000 for ρ ςπ ὓὌᾀ, which accounts for a small percentage in the measured 

RDUT.  

Isolated Strand RAC Measurement: Using the method presented in Fig. 5.54, the RAC of the 

three types of strands are measured for various frequencies in the range of ρ ςπ ὓὌᾀ. Fig. 

5.55 shows the measured RAC values compared with the FEM results. Although there is a 

good match between the FEM and measurement results, there exists a difference between 

them which is investigated to be due to the capacitors limited Q-factor and the strand 

connection resistance. For example, a ωπ άά diameter loop of Ag/Cu strand has a reactance 

value of σρȢσ ɱ at ρσȢυφ ὓὌᾀ. For resonance, a ceramic capacitor with Q of 2000 would add 

υφ άɱȾά to the Ag/Cu strand resistance as is observed in Fig. 5.55. Another trend in Fig. 

5.55 is that the Ni/Cu strand measured and FE analyzed RAC values vary differently vs. f. This 

can be due to Ni coating impurities, non-uniformity and effect of magnetic field on its 

relative permeability.  

 

Fig. 5.55: Measured and FE simulated RAC of isolated Cu, Ag/Cu and Ni/Cu strands versus frequency. 
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Coated-Strand Litz Wire RAC Measurement: As the strands are brought in to a Litz wire, 

the number of strands and the filling factor determine which loss category, skin or proximity 

effects, is dominant. In Fig. 5.56 this effect is illustrated for a Litz wire with ὲ σχ. Fig. 

5.56 presents the AC resistance of the Cu, Ag/Cu and Ni/Cu coated-strand Litz wires 

determined based on the proposed method in this chapter, (5.4), and compared to complete 

Litz wire FE simulation. It is observed that at very high and low fill factors, the Ni/Cu Litz 

wire behaves similar to Ag/Cu and Cu Litz wires. This behavior is traced back to Fig. 5.52 

and Fig. 5.53. At moderate fill factors, with a dominant proximity effect, the Ni/Cu Litz wire 

is beneficial in reducing the resistance; the maximum reduction in RAC compared to Cu Litz 

is ςφϷ at ‍ πȢς. The Ag/Cu Litz has similar performance compared to Cu Litz for low-

moderate ɓ; however, it reduces RAC up to σϷ at ‍ πȢχ.  

According to Fig. 5.56, the accuracy of the proposed method for determination of coated-

strand Litz wire RAC is quite high up to ‍ πȢυ, compared to complete Litz FE simulation. 

This is due to the fact that the proposed method is based on unit cell concept for infinite 

number of strands. However, a Litz wire with ὲ σχ partially satisfies this assumption. Fig. 

5.57 shows the magnetic field strength across the three Litz wire cross sections at a point 

along their length. It can be observed that not all strands represent the square-packed unit cell 

packaging. We investigated that the accuracy of the proposed method would significantly 

increase for larger number of strands as the strand packaging is more similar to the presumed 

unit cell domain. This would be a potential calculation method for large number of strands as 

the complete Litz FE simulation would be too extensive.    

To further verify the proposed method for coated-strand Litz RAC determination, we 

fabricated the three Litz wires used in the simulation of this section. The pure Cu, Ag/Cu and 

Ni/Cu strands used in this paper are selected to form the Litz wires; each Litz wire has 37 

strands. Using clear semi-gloss Polyurethane, individual Ag/Cu and Ni/Cu strands were deep 

varnished to form an insulation layer bond to them. To keep the strand insulation thickness 

uniform, the strands were passed through a constant-force polish pads. The pure Cu strand is 

already enameled by manufacturer. The insulated strands were then twisted together using 
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twisting machine to form the Litz wire; Fig. 5.58 shows the three fabricated Litz wires. The 

measurement setup for RAC measuring using the method presented in Fig. 5.54 is shown in 

Fig. 5.59. 

 

Fig. 5.56: RAC of the three (un)coated-strand Litz wires versus ɓ; comparison of proposed 

method and complete Litz FE simulation. 

 

 

 

   

a) Pure Cu Litz 

 

b) Ag/Cu Litz 

 

c) Ni/Cu Litz 

 

Fig. 5.57: Normalized magnetic field (A/m) distribution in the 37/34 a) pure Cu, b) Ag/Cu, and c) Ni/Cu Litz 

wires carrying ρ ὃ at ρσȢυφ ὓὌᾀ and ‍ πȢυȟὲ σχ. 
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a) Pure Cu Litz b) Ag/Cu Litz c) Ni/Cu Litz 

Fig. 5.58: The fabricated 37/34 a) Cu, b) Ag/Cu, and c) Ni/Cu Litz wires with ▪▼ . 

 

 

Fig. 5.59: RAC measurement setup using the two-port RF I-V shunt-through technique. 

 

Table 5.10 shows the measured RAC values for the Cu, Ag/Cu, and Ni/Cu fabricated Litz 

wires. The results are compared with the proposed RAC determination method (5.10), and the 

complete Litz FE simulation at ρσȢυφ ὓὌᾀ. The fill factors are calculated by finding the 

outer radius of Litz wire. It can be observed that the measured RLitz values are in a good 

match, although slightly higher, with the proposed method and FEM simulation results. The 

slightly higher measured resistance is due to: 1- limitation in resonating capacitor Q-factor,  
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Table 5.10: The measured and simulated RAC of the three fabricated (un) coated-strand Litz wires 

at Ȣ  ╜╗◑. 

  Cu Litz  Ag/Cu Litz  Ni/Cu Litz  

rL (Litz outer radius)  mm 0.6 0.7 0.62 

ns (number of strands) - 37 37 37 

ɓ (fill factor)  - 0.66 0.48 0.62 

RCUT (measured) mɱȾm 654 584 621 

ESRC (╠╒ ) mɱȾm 40 39 41 

RLitz (measured) mɱȾm 614 545 580 

RLitz (proposed method) mɱȾm 608 500 535 

RLitz (complete FEM) mɱȾm 577 480 524 
 

 

2- parasitic resistance between CUT measuring point and calibration point, and 3- the Litz 

fabrication errors. Thus, the proposed method in this paper can accurately determine the 

coated-strand Litz RAC value where the complete FE simulation of Litz wire is extensive. 

5.6 Conclusions 

In this chapter, we analyzed various effects of strand coating layer on eddy current losses of 

Litz wire compared to a Litz wire with same-size uncoated strands. The RAC of coted-strand 

Litz wire can increase or decrease depending on the electromagnetic properties of the coating 

layer as well as its dimensions. The isolated coated strand was brought into Litz wire using 

the concept of unit cell. A new method was proposed for calculating proximity loss inside 

coated-strand Litz wire with plenty of strand inside. The new proposed method enables 

systematic approach for calculation of total Litz resistance.  

In an application example, three ρχȢφυ ‘ά radius Cu, Ag/Cu, and Fe/Cu strand were selected 

and investigated to form the Litz wires. Effects of Litz packing factor on the skin and 

proximity resistances were analyzed. The Fe/Cu strand showed an increasing trend in 

proximity resistance versus fill factor unlike Ag/Cu and Cu strands resistances. The 

dominance of skin and proximity effects inside the three Litz wire was investigated for a 
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range of filling factors. The frequency responses of coated-strand Litz wires were determined. 

It was concluded that at ρσȢυφ ὓὌᾀ, the Fe/Cu Litz wire reduces the AC resistance by υφϷ 

compared to Cu Litz wire. Reductions of same range were observed for various multi- MHz 

frequencies and packing factors, verified by complete Litz wire FE simulation. 

In another application example, three ψπ ‘ά radius Cu, Ag/Cu, and Ni/Cu strands were 

selected, insulated and twisted together to fabricate the Litz wires. Effects of Litz packing 

factor on the skin and proximity resistances were analyzed. All three strands showed an 

increasing trend in proximity resistance versus fill factor. The accuracy of the proposed 

method was verified by determining the three coated-strand Litz wires RAC values using the 

complete Litz FE simulation and measurements. It was shown that the Ni/Cu Litz wire can 

reduce the dissipations by reducing the proximity eddy current losses. The Maximum 

reduction of ςφϷ was observed in Ni/Cu Litz RAC at ‍ πȢς, compared to Cu Litz wire.  
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CHAPTER 6 - Concentric Multi -Layer Tubular Conductor Design and Optimization 

Inductive Power Transfer (IPT) systems have shown a great potential in variety of 

applications; from tens of KHz frequency systems in Electric Vehicles (EVs) [39], [43], and 

[107] to multi-MHz applications in biomedical devices and consumer electronics [2], [1], and 

[31]. Induced eddy current losses contribute to a major portion of losses in IPT magnetic link 

resonators.  

At low frequencies, the losses can be mitigated by using Litz wire, [81], and [94]. However, 

at multi-MHz frequencies, Litz wire shows drawbacks due to: 1- the need for very small 

strands, 2- the high internal proximity due to uniform current distribution across the bundle, 

and 3- the poor thermal behavior [55]. Twisting of insulated strands in the Litz wire 

distributes the current and losses uniformly in each strand. The uniformity of current density 

across each strand happens for quite small strand dimensions, about the conductor skin depth. 

For example, in the ρ ςπ ὓὌᾀ frequency range, skin depth of copper varies from φυ ‘ά to 

about ρτ ‘ά. A Litz wire strand of similar size, if commercially available, would be cost 

prohibitive. Besides the need for small strand size, the evenly distribution of current between 

strands at such high frequencies comes with the cost of internal proximity losses as it 

increases with frequency. And, adding the poor thermal conductivity of porous conductors, 

the Litz wire barely would have a gain over conventional solid or tubular conductors at 

multi-MHz frequencies. The AC losses, manufacturability, cost, and thermal properties of the 

IPT resonator conductor build the main block of the objective for this work to explore for 

new conductors to fulfill the required conditions for multi-MHz frequency systems. 

The problems mentioned above can be solved using foil conductors, for example in (flex) 

PCB coil [108]. Electro-deposited copper foils with thicknesses as thin as several microns 

(Cu skin depth is ρχȢφυ ‘ά at ρσȢυφ ὓὌᾀ) are already commercially available with 

reasonable price. Besides that, the extended conducting surface area of the foil helps its 

thermal behavior. However, as was shown in [90], a foil conductor is not at its optimum 

layout when the current is flowing mostly in the foil edges. This is typically the case in IPT 
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Fig. 6.60: Concentric multi-layer tubular conductor schematic. 

 

systems with field contours not parallel to the foil surface. Following the method presented in 

chapter 4, [90], it can be shown that the optimum layout for foil conductor (with thickness 

about skin depth and far from its return one) is a tubular conductor. In this chapter, the 

tubular conductor resistance is further improved by adding several insulated tubular layers 

inside it, similar to [109], Fig. 6.60. As the layers are connected in parallel at terminals, each 

tube thickness and the current flowing through it need to be optimized for the multi-layer 

conductor to outperform the conductors mentioned above, [109]. The reason behind this 

optimization is that parallel connection of tubular layers force the current mostly flow in the 

outer layers, and as will be shown later in this chapter, this leads to conductor AC resistance 

even higher that the solid conductor of same size. 

A rule of thumb in diminishing the induced eddy current losses is to have the current 

distribution uniform across the conductor. For conductors with multiple parallel connected 

insulated filaments, this can be done by having each filament see the same net amount of flux 

throughout the winding. Reference [55] covers the techniques for equal current (flux) sharing: 

1- interchanging foil conductors using notches in barrel-foil coil [110], or using vias in planar 

winding [108], 2- rotating (twisting) the conductors in (rectangular) Litz [111], and 3- using 

passive elements such as balancing transformer or ballasting impedance.  

In this chapter, we use the capacitive ballast in series with each layer to perform optimum 

current sharing among the tubular layers. It will be shown that equal current sharing is not 
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the optimum one in multi-layer tubular conductor due the conductor structure. An optimum 

current sharing is essential to determine the required current in each layer. Capacitive ballast 

has an additional advantage of being integrated in the coil inductor and bring the coil to the 

resonance. This feature is beneficial in multi-MHz IPT high-Q resonators as it can eliminate 

the drawbacks associated with the external connection of compensation capacitance.  

We continue this chapter by modeling the multi-layer tubular conductor and determining its 

equivalent circuit in the next section. Then, the conductor AC resistance (RAC) is minimized 

and the tube thickness and the amount of current needed to flow in each layer are determined. 

We use the capacitive ballast method to force the desired current in each layer when all the 

layers are connected in parallel. To verify the analysis in this chapter and the proposed 

capacitive ballast, two application examples with design, fabrication and characterization of a 

multi-layer tubular conductor are investigated.  

6.1 Modeling of Concentric Multi-Layer Tubular Conductor  

The Magneto-Quasi-Static (MQS) model of Maxwell equations for linear, isotropic, 

homogeneous and non-dispersive material is used to model the concentric multi-layer tubular 

conductor. An elementary component of the coil is a tubular conductor, with tangential 

magnetic field strengths H i and Ho (time varying with steady-state angular frequency of ɤ) 

on its inner and outer boundaries, Fig. 6.61. The conductor is infinite long along the z-axis 

with its center placed at the origin of cylindrical coordinate system. Solution of magnetic 

field for such domain is fundamental to understanding the behavior of the multi-layer tubular 

conductor. The elliptic Poisson equation solution for magnetic field strength H in the 

magnetizable and polarizable conductor with conductivity ů and permeability of ɛ has been 

derived in chapter 3. Two boundary conditions (H i and Ho) are required to find the two 

unknown coefficients in the field strength equation. In a systematic way, the inner and outer 

boundary fields can be modified in such a way to orthogonally separate the problem into skin 

and proximity effects. The closed form formulas for skin and proximity effect losses for 

tubular conductor already exist in the literature [112]. However, the focus of this chapter is to  
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Fig. 6.61: The elementary tubular conductor with its boundary conditions. 

 

analyze the system with multi-layer tubes and derive the associated equivalent circuit. 

The MQS equivalent circuit model of the multi-layer tubular conductor is illustrated in Fig. 

6.62. The circuit corresponds to an impedance matrix defined by ὠ ὤὍ; we go through 

step-by-step determination of each component in the impedance matrix. Having the magnetic 

field strength in each layer Hű, electric field strength Ez, and current density Jz, can be 

determined using Maxwell differential and constitutive equations. Consider a diagonal 

component of the symmetric impedance matrix  ὤ Ὑ Ὥ‫ὒ. The per-meter resistance 

of layer k, Ὑ , is determined by finding the total eddy current loss in layer k and the entire 

layers surrounding it, per unit of current passing through it when other layers carry no current, 

( )
2

21 1
0, .

2 2i

i

N

loss z k k i

i k cu S

P J ds R I I i k
s=

= = = ¸ä ññ                             (6.1) 

We use the Finite Element (FE) commercially available COMSOL® V.4.3 software to 

analyze the conductor. The method proposed in [87] is used to assure the convergence 

stability of the FE solutions. The average electric field strength Ez across layer k is used to 

determine the per-meter self-inductance of the layer Lk, when there is no current passing 

through other layers: ὒ ộὉ ỚȾ‫Ὅ . The off-diagonal complex component of the 

impedance matrix Zkl is determined by finding the average Ez in layer k due to current in 
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layer l: ὤ ộὉ ỚȾὍ. Fig. 6.62 shows the equivalent circuit of the multi-layer tubular 

conductor, not showing the mutual couplings for better clarity. The circuit is derived in a 

general way that makes the analysis of various connecting configurations of the layers easily 

possible. The existing capacitance between layers is not shown in equivalent circuit of Fig. 

6.62. The reason is that the total effective capacitance depends on the connection type of the 

layers. For example, the capacitance between the tubes would be eliminated if the tubes are 

connected in parallel. There would be other types of parasitic capacitance depending on the 

tubular layers connection type and the configuration of the ballasting capacitance as would 

be discussed in detail later in the chapter. 

 

L1R1

+V1 -I1

L2R2

+V2 -I2

LNRN

+VN -IN

 

Fig. 6.62: Equivalent circuit model of multi-layer tubular conductor. 

 

6.2 Optimization of Multi -Layer Conductor 

In this section the multi-layer tubular conductor is optimized for minimum AC losses. 

Initially, we assume all the layers have the same thickness and current, and determine the 

optimum thickness. Then, we determine the optimum current distribution in each layer for 

the optimum layer thickness determined. The optimization objective is minimum RAC in 

comparison with a solid conductor of the same overall size, passing a current through it equal 
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to the total currents in the tubular conductor layers. The insulation thickness tins, is neglected 

in this section; but, will be considered further in this chapter.  

6.2.1 Optimum Tube Thickness 

Fig. 6.63 shows an example of the AC resistance ratio of the multi-layer tubular and solid 

conductors versus tube thickness tc, and number of layers N. The analysis is at ρσȢυφ ὓὌᾀ 

and conductor radius of ὶ πȢυ άά. It is observed in Fig. 6.63 that there is an optimum 

tube thickness which depends on the number of layers. The larger the N, the thinner the 

optimum tube thickness, and the smaller and the more sensitive the optimum RAC ratio is. 

To get a broader view of the optimum tubular conductor, we investigated the conductor for 

its various parameters in the range of study scope. Conductors with overall radius rw in the 

range of πȢυ υȢπάά, with tube thickness from υ  υπ ‘ά were simulated in frequency 

band of ρ ςπ ὓὌᾀ to determine the optimum thickness over skin-depth ratio ὸȾ‏. About 

2000 FEM simulations were performed to get the optimum ὸȾ‏. A noticeable trend was that 

the optimum ὸȾ‏ moves hundreds of times faster with respect to N, compared to f, tc, and rw; 

thus, it is assumed to be dependent only on N, Fig. 6.64. A closed-form formula for the 

 

Fig. 6.63: Effect of tube thickness on AC resistance for different number of layers N. 

 



 

135 

 

Fig. 6.64: The optimum ◄╬Ⱦ♯ with respect to N. 

 

optimum ὸȾ‏ has been derived based on the curve fitting ( with at least ωωϷ R-square) of all 

FEM simulations in the search space: 

0.84031.339 0.228.ctopt N
d

-å õ
= +æ ö

ç ÷
                                            (6.2) 

Considering Fig. 6.64, the optimum  ὸȾ‏ for a single tubular conductor is well-known to 

be “Ⱦς, [113]; and as more layers are added, this optimum ratio decreases. Fig. 6.65 shows 

the maximum AC resistance reduction compared to identical solid conductor for the same 

search space as in Fig. 6.64. Similar to optimum ὸȾ‏ , the minimum Ὑ Ⱦ Ὑ  

depends only on N, as it changes hundreds of times slower with respect to f, tc, and rw. The 

AC resistance improvement is ςωϷ for ὔ ς, τπϷ for ὔ σ, and φτϷ for ὔ ρπ. A 

closed-form formula for the minimum AC resistance ratio has been derived using the curve 

fitting of all the FEM simulations, having at least ωωϷ R-square:  

0.3028min 1.196 0.275.tubular

solid

R
N

R
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ç ÷
                                      (6.3) 
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One assumption behind the analysis of this section was to neglect the insulation between the 

layers. We investigate the validity of this assumption for multi-layer conductors of various 

over-all-radius and insulation thickness. Fig. 6.66 shows the AC resistance ratio of the multi-

layer tubular conductor at ρσȢυφ ὓὌᾀ having four tubular layers, versus the insulation 

thickness and conductor over-all-radius. It can be observed that the bigger the conductor size, 

the smaller the effect of insulation thickness would be on the AC resistance ratio represented 

 
Fig. 6.65: The optimum ╡◄◊╫◊■╪►Ⱦ ╡▼▫■░▀ with respect to N. 

 

 
Fig. 6.66: Effect of insulation thickness on resistance ratio at optimum copper thickness for N=4. 
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by (6.3). Therefore, to get a perspective of the resistance reduction using multi-layer tubular 

conductor, it is a good assumption to neglect the insulation thickness and estimate the tube 

thickness using (6.2) and the maximum AC resistance reduction using (6.3). Then, the exact 

effect of the insulation thickness on the conductor behavior needs to be accounted as it can be 

used to determine capacitance between layers. The effect of capacitance between layers and 

its role in equal current sharing and coil self -resonance will be discussed in this chapter. 

6.2.2 Optimum Current Distribution  

So far, the currents flowing in each layer were assumed to be equal; however, this may not be 

the optimum solution for multi-layer tubular conductors. The reason lies behind the structure 

of the conductor; the cross-section area of the layers are different, and each layer is exposed 

to the field of layers inside it. Thus, the optimum current flow in each layer needs to be 

derived. We performed optimization for two cases ὔ ς, Fig. 6.67, and ὔ σ, Fig. 6.68. In 

a two-layer conductor, the equal current sharing between layers reduces the RAC, compared to 

equivalent solid, by ςωϷ. The optimized current sharing asks for the inner layer current to be 

0.7 times the outer layer one. This, however, improves the AC resistance ratio only 

another ςϷ, Fig. 6.67. 

 

Fig. 6.67: RAC ratio for optimized and equal current sharing for N=2  and rw=0.5mm. 
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Fig. 6.68: RAC ratio for optimized and equal current sharing for N=3 and rw=0.5mm.  

 

The same optimization was performed for the three-layer conductor, Fig. 6.68. The optimized 

current sharing improves the AC resistance ratio from πȢφ to πȢυψ. This improvement 

requires the currents in the second, and third (inner-most) layers to be 0.8 and 0.7 times, 

respectively, the first (outer) layer current. Depending on the desired improvement in RAC and 

the difficulty of optimum current sharing, one can decide between the equal and optimum 

distributions. Further in this chapter, we assume equal current sharing in the multi-layer 

conductor.  

6.3 Current Sharing Using Capacitive Ballast 

In the previous section, it was concluded that the optimum current sharing between tubular 

layers gives a slight improvement in AC resistance compared to equal current sharing. In this 

section we study the equal current distribution with its associated applications. All the tubular 

layers are connected in parallel to form a single coil. However, connecting in parallel does 

not lead to equal or optimum current distribution between layers. There are several methods 

described in [55] to perform current distribution between parallel components of a conductor. 

One way is impedance ballasting; putting impedance in series with each layer to limit the 
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current to the desirable value. The series impedance can be resistive, inductive or capacitive. 

We explore capacitive ballast as it is less dissipative unlike resistive ballast; and can be 

integrated into the inductor for self-resonance, unlike the inductive ballast. These two reasons 

are essential for high-Q IPT resonators. 

6.3.1 Equal Current Distribution 

Consider the multi-layer tubular conductor complex impedance matrix derived earlier in the 

chapter. The layers have same the voltage across their terminals (parallel connection), and 

equal currents are flowing through them. Therefore, the real part in each row of complex 

impedance matrix can be neglected as it is negligible compared to the total reactive part of 

that row, 
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In (6.4), ὢ  is the inductive reactance of layer j,  ὢ
ȟ
 the mutual inductive reactance 

between layers j and k, and ὢ  is the series capacitive reactance added to layer j. The linear 

equation (6.4) has N equations with N unknowns (ὢ ), having infinite solutions. However, in 

practice, ὢ  (for the outer layer) is determined based on the dielectric material dissipation, 

surface area, voltage break-down and fabrication tolerance. Then, the ὢ of other layers are 

determined using a recurrence relation starting with ὢ  and derived from (6.4) to be 
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Equation (6.5) gets simpler format for parallel foil conductors as the incremental magnetic 

energy storage between layers only depends on the distance between them. However, for 

parallel tubular conductors, the incremental magnetic energy storage between two layers 
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depends on the ratio of the radii of the layers. By choosing a ballasting capacitive reactance 

for the outer layer, the other layers capacitive ballast would be determined using (6.5). Letôs 

assume the self-reactance of a circular tubular conductor loop with tube outer radius of ὶ 

and loop middle diameter of D is approximated by, [84], 
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                                             (6.6)  

Equation (6.6) approximates the reactance of a circular conductor loop with the current 

flowing on the surface of the conductor neglecting the internal energy storage. From (6.6) we 

can conclude that 
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which corresponds to the incremental energy storage between two tubular conductors with 

radii ὶ ὶ. We can simplify the summation of mutual reactance in between tubular 

conductors in (6.5) according to 
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The constant term in (6.6) is neglected as it goes away in the final form of (6.5). Similar to 

(6.8), the last term in (6.5) can be simplified to 
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By substituting (6.7) - (6.9) into (6.5), the recurrence relation for the capacitive reactance 

would be  
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                                   (6.10) 

Equation (6.10) sets a general understanding of the layer-to-layer capacitive reactance change 

that is placed in series with each layer. In multi-layer parallel foil conductors this recurrence 

relation does not depend on the radii ratio of the adjacent layers; it depends on the distance 

between each layer as is shown in [55]. That means for a fixed distance between layers, the 

change in capacitive reactance is also fixed. However, in multi-layer tubular conductor, this 

change is not constant and depends on the radii ratio.  

6.3.2 Equal Current Distribution and Operation near Self-Resonance 

In the vicinity of high quality factor RF coil self-resonance, the real part of impedance matrix 

can be neglected compared to its reactive part with a good approximation for the purpose of 

equal current sharing. Having the imaginary part of impedance matrix as in (6.4), consider 

the capacitive reactance of each layer to compensate for the self-inductance of that layer plus 

the mutual inductances of that layer with all other layers. This brings the RF coil in the 

vicinity of its self-resonance and ensures equal current sharing between layers. The first and 

other layers capacitive reactances are determined according to 
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The exact behavior of the coil at its self-resonance depends on the complete impedance 

matrix including resistive components. The impedance matrix for the parallel connected 

tubular layers, each having a ballasting capacitance in series, is 
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For the coil self-resonance, the imaginary part of the coil total impedance needs to be zero 

according to 
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6.4 Application Example 1: Four-Layer Tubular Conductor Design at 13.56 MHz 

In this section, we design four-layer tubular conductor operating near its self-resonance 

at ρσȢυφ ὓὌᾀ, with the properties given in Table 6.11. The four layer copper tubular 

conductor has an optimum thickness of ρρȢσ ‘ά, determined from (6.2), leading the 

minimum reduction of τωϷ compared to equivalent solid conductor, (6.3). It was also shown 

in Fig. 6.66 that the spacing between the insulated layers contribute to a slight increase in the 

resistance as will be discussed in detail. 

 

Table 6.11: The four-layer tubular coil properties 

Parameter Value 

Frequency (f) 13.56 MHz 

Number of layers (N) 4 

Thickness of layer (tc) 11.4 ɛm 

Dielectric thickness (tins) 25.4 ɛm 

Conductor outer radius (rw) 2.0 mm 

Coil loop middle diameter (D) 7.5 cm 
 

 

 



 

143 

6.4.1 Sensitivity of RAC to Ballasting Capacitance Variations 

Theoretically, equal current sharing between tubular layers can be done as long as equation 

(6.10) is satisfied. This can be done with the coil operating in the vicinity of its self-

resonance (6.11), or far below/above its resonance. However, operation far below/above the 

self-resonance comes with the penalty of fabrication sensitivity (tolerance) and capacitance 

dissipation. For example, if the operating frequency is above the self-resonance frequency 

derived from (6.11), it requires low values of ballasting capacitive reactance. This is 

practically so complicated to fabricate and sensitive to geometry errors. The reason is that the 

values of capacitance needed in series with each layer would be significantly large. Such 

large capacitance would require quite small dielectric spacing and large overlapping surface 

area which lies on the most sensitive regions of the capacitance behavior, Fig. 6.69. The 

independent (normalized) sensitivity of a capacitance with respect to its dielectric spacing 

and overlapping area is illustrated in Fig. 6.69. It is concluded that the larger the dielectric 

spacing and the smaller overlapping surface area, the lower the capacitance is sensitive to 

geometry errors.  

The impedance matrix of the four-layer tubular conductor is determined according to the 

method presented earlier in the chapter. We investigate the effect of ballasting capacitance 

for the purpose of equal current sharing, and compare the results with the case where there is 

no ballasting (normal parallel connection of layers). Fig. 6.70 shows the AC resistance of the 

multi-layer tubular conductor with/without ballast compared to equivalent solid conductor. 

Fig. 6.71 shows the sensitivity of the tubular conductor resistance, having capacitive ballast, 

at 13.56 MHz with respect to the capacitive reactance of the first layer. It is observed that it is 

beneficial to have the maximum possible capacitive reactance in series with each layer to 

have the conductor resistance less sensitive to capacitance reactance. This, in other words, 

has a direct relationship with capacitance sensitivity with respect to its dielectric distance and 

overlapping surface area, Fig. 6.69. 
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Fig. 6.69: Independent normalized sensitivity of a capacitance to its dielectric distance and 

overlapping surface area. 

 

The capacitive ballast is performed to nearly compensate the coil reactance at ρσȢυφ ὓὌᾀ 

using (6.11). For this case, the capacitive reactance that is needed to be added in series with 

each layer is determined from (6.10) to be ὢ τψȢςυ  ȟὢ τψȢτχ  ȟὢ

τψȢφς   ὥὲὨ ὢ τψȢχπ  . Implementing such exact capacitive reactances is barely 

 

Fig. 6.70: AC resistance of the tubular multi-layer conductor w/o ballast, compared to solid one 

of same size, vs. frequency. 
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Fig. 6.71: Normalized sensitivity of multi-layer conductor resistance with respect to the first 

layer ballasting capacitive reactance. 

 

practical and does not even fully nullify the high-Q conductor reactance. To determine the 

effect of capacitive ballasting reactance variations on the conductor RAC, we let the Xc values 

determined from (6.11) to vary in their ςπϷ margin as ὢ τψȢςυςπϷ  ȟὢ

τψȢτχςπϷ  ȟὢ τψȢφςςπϷ   ὥὲὨ ὢ τψȢχπςπϷ  . Then, the maximum 

 

Fig. 6.72: The effect of capacitive ballast reactance error on the coil resistance. 
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Fig. 6.73: The effect of capacitive ballast reactance error on the coil reactance and the resonance 

frequency. 

 

deviations in conductor AC resistance and reactance are recorded. Fig. 6.72 and Fig. 6.73 

show the effect of variations in the layers added reactances on the coil total resistance and 

reactance. The upper and lower ςπϷ variation in layers capacitive reactance changes the 

resonance frequency from ρςȢρτ ὓὌᾀ to ρτȢψχ ὓὌᾀ. This however, slightly changes the 

coil resistance from ωȢυ ά  to ρπȢσ ά .  

Table 6.12 shows the values of currents in each layer at ρσȢυφ ὓὌᾀ, and the total coil 

impedance using ὢ τψȢςυ  ȟὢ τψȢτχ  ȟὢ τψȢφς   ὥὲὨ ὢ τψȢχπ   . 

According to Table 6.12, the currents flowing in each layer of the conductor having 

capacitive ballast are quite equal in magnitude and phase, unlike the case without ballast. The 

υπȢψψЈcurrent phase for such a high-Q conductor corresponds to a point in close vicinity of 

coil self-resonance desired frequency, ρσȢυφ ὓὌᾀ. The resonance frequency of this multi-

layer parallel connected conductor having capacitive ballast, with values mentioned before, is 

calculated to be ρσȢυχ ὓὌᾀ.  



 

147 

Table 6.12. Individual layer and total coil current and impedance at 13.56 MHz excited by ἤἻ ᷁Ј Volt. 

 

 With Ballast Without Ballast 

I1 ρφȢτρχπυ᷁πȢψψЈ πȢπχυπχ᷁ςȢττЈ 

I2 ρφȢτρχπυ᷁πȢψχЈ πȢπςςχρ᷁σχȢρχЈ 

I3 ρφȢτρφωυ᷁πȢψχЈ πȢππφφρ᷁φπȢυχЈ 

I4 ρφȢτρφωυ᷁πȢψχЈ πȢππρψχ᷁υȢσπЈ 

I total φυȢφφχψυ᷁πȢψχЈ πȢπψσπψ᷁ωȢψψЈ 

Ztotal 
πȢπρυςυ᷁πȢψχЈ 

πȢππωφὭ πȢπρρψ 

ρςȢπυτφψ᷁ωȢψψЈ 

πȢπςυψὭ ρςȢπυτφ 
 

 

6.4.2 Effect of Ballasting Capacitance Dielectric Dissipation 

As was discussed so far in this chapter, the ballasting capacitance is required for two reasons: 

1- to perform equal current sharing in the conductor layers, and 2- bring the coil in the 

vicinity of desired resonance frequency. Based on sensitivity of capacitance and coil RAC on 

capacitor geometry errors, it was concluded that the lower the ballasting capacitor (the higher 

the capacitive reactance), the lower the aforementioned sensitivities. However, high values of 

capacitive reactance comes with high values of dissipation. The reason is the existence of 

non-ideal capacitance which is modeled by an ideal capacitance in series with its Equivalent 

Series Resistance (ESR), Fig. 6.74. The relationship between capacitance ESR and its 

reactive energy storage is represented by dissipation factor (DF) which is inverse of capacitor 

Q-factor. In another terminology, DF is depicted as ὸὥὲ‏, with ‏ to be the angle between 

active and reactive components of non-ideal capacitance impedance, Fig. 6.74. 
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Fig. 6.74: Non-ideal capacitor equivalent circuit. 
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The non-ideal capacitance can also be modeled using an ideal capacitance in parallel with a 

resistance. This type of representation is useful when modeling leakage current in specific 

applications such as FET parasitic capacitance. In the modeling in this chapter, the series 

equivalent circuit is used as the ballasting capacitor is in series with each layer. 

In order to analyze the non-ideal ballasting capacitors in the multi-layer tubular conductor, 

the impedance matrix of the conductor needs to include the capacitor ESR in series with each 

layer, 
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                 (6.14) 

Since the capacitors ESRs are much smaller than their reactive components, for the purpose 

of equal current sharing and operation near self-resonance the expression derived in (6.11) is 

still valid. If the coil is not self-resonant, an external capacitor needs to be connected in series 

with the conductor terminals to bring the total reactance to zero. Fig. 6.75 shows the coil 

equivalent circuit compromising three dissipation components. The coil resistance (Rcoil) is 

the multi-layer tubular conductor resistance with equal current sharing using ideal (loss-less) 

ballasting capacitors. The ballasting capacitor resistance (ESRb) is the change in the coil AC 

resistance using non-ideal ballasting capacitors. And the external capacitor, connected to 

bring the coil to resonance, has its resistance (ESRe) in series with it.   

Rcoil Lcoil ESRb ESReCb Ce

Rtotal

¹
After 

resonance:
 

Fig. 6.75: Total coil equivalent circuit including the ballasting and external non-ideal capacitors. 
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Depending on the dissipation factors of the ballasting (DFb) and external capacitors (DFe), 

the total conductor resistance Rtotal (including coil, ballasting and external resistances) varies 

versus the amount of ballasting capacitive reactance. Based on (6.11), the first layer series 

capacitive reactance for operation near self-resonance is ὢ τψȢςυ  , and the other layer 

reactances are determined according to (6.10). Fig. 6.76 shows the Rcoil, ESRb, ESRe and the 

Rtotal versus the first layer Xc1. The Rcoil was calculated to be  ωȢφ ά  at ρσȢυφ ὓὌᾀ, Fig. 6.72. 

In multi-MHz frequency range, the high-Q, low ESR ceramic capacitors (used mainly for 

external-connected resonance) have dissipation factors in the range of ρπ up to υ ρπ. 

In the analysis of this section, we select the highest value of DFe to be ρπ to account for 

the external connection residual resistance. The ballasting capacitance material DF, however, 

depends on the capacitance method of implementation. As we will discuss about overlapping 

ballasting capacitance in this section, a common dielectric material for such type of 

implementation would be the Kapton® film which has dissipation factors even higher than 

 ρπ at multi-MHz frequency range. Therefore, several values for DFb are simulated and 

depicted in Fig. 6.76 to represent various materials as the ballasting capacitor dielectric.  

A noticeable trend in Fig. 6.76 is when the ballasting and external capacitors have the same 

dielectric materials. In this case, their associated effects on the total resistance are equal. In 

this case, the dissipation factor would not be the criteria to decide the amount of Xc1 as the 

Rtotal remains quite constant. However, as the DFb increases, the Rtotal increases, as well. In 

this case, the lower the ballasting capacitor reactance XC1, the lower Rtotal. In all cases shown 

in Fig. 6.76, the Rtotal is larger than Rcoil which means that the capacitance DF is a limiting 

factor.  

The improvement in multi-layer tubular conductor resistance compared to equivalent solid 

conductor depends on the DFs and the amount of Xc1. Fig. 6.77a shows the Rtotal of the multi-

layer conductor and its equivalent (same outer diameter) solid one for different values of Xc1 

and DFb when there is no external capacitor connected. It can be observed in Fig. 6.77a, that 

the larger DFb, the smaller the ballasting capacitive reactance needs to be in order to have 

improvement in resistance. In the case of coil resonance at ρσȢυφ ὓὌᾀ, the external capacitor  
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Fig. 6.76: Effect of various resistances in the multi-layer conductor resonating at Ȣ  ╜╗◑ vs. the Xc1. 

 

ESRe increases the total resistance in both solid and multi-layer conductors, Fig. 6.77b. 

Compared to the case without resonance, improvement in RAC (compared to solid conductor) 

happens in a larger portion of Xc1. For the case ὈὊ ὈὊ πȢππρ, the Ὑ ςσ άɱ, 

and Ὑ σπ άɱ, which shows ςσȢσϷ reduction. 

  

a) No external capacitor 

 

b) With external capacitor 

 

Fig. 6.77: The total coil resistance using various dielectric materials for ballasting capacitor, compared to solid 

conductor a) without, and b) with external capacitor. 
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6.4.3 Ballasting Capacitor Implementation Using Tubular Layer Overlapping 

As has been discussed in this chapter, the ballasting capacitor not only performs equal 

current sharing in the conductor layers, but also brings the coil to a desired resonance 

frequency. A method to implement the ballasting capacitor in series with each tubular layer is 

to use overlapping structure. The overlapping method has been introduced in [55] for sheets 

of parallel connected foil. In this section, we investigate this method for multi-layer tubular 

conductors. 

Consider the single layer tubular conductor loop (unwrapped with diameter D) shown in Fig. 

6.78, overlapped to form a one-turn loop. The tubes 1 and 1ô are overlapped through a 

dielectric material with length ld and thickness td. From the equivalent circuit perspective, the 

tubes 1 and 1ô are connected in series through the capacitance of the overlapped region 

according to 
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                                                     (6.15) 

in which r is the relative permittivity of the dielectric material, and r1 is the outer radius of 

tube 1. In (6.15) the effect of loop curvature on the capacitance is ignored. So far, two factors 

have been the decisive criteria for the ballasting capacitance value determination: 1- the 

sensitivity of the RAC to capacitance tolerance; the solution was to decrease the dielectric 

surface area and increase the spacing (increasing the capacitive reactance), and 2- the 

dissipation factor of the ballasting capacitance; the solution was to decrease the capacitive 

reactance. In overlapping ballasting capacitance, there is another criteria which directly 

influences the conductor RAC, 3- the proximity effect induced eddy current losses for two 

overlapped tubular layers; the solution is to reduce the overlapping area and/or increase the 

spacing (increasing the capacitive reactance). Therefore, there is an optimum overlapping 

length that leads to minimum total coil resistance, Rtotal.  
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Fig. 6.78: An unwrapped single turn loop tubular conductor overlapped over dielectric material. 

 

Fig. 6.79 shows the AC resistance of the capacitance, coil, and total resistance of the single 

layer tubular coil versus the overlapping length. The thickness of the tubular foil is 

determined from (6.3) to be ςχȢχ ‘ά and the coil radius and diameter are selected according 

to Table 6.11. The dielectric material is selected as Kapton® with dissipation factor of ὈὊ

πȢππσ and relative permittivity of ‐ σ. 

 

Fig. 6.79: Effect of overlapping length on the various resistances of the single turn coil. 

 

In Fig. 6.79, the capacitance resistance is ESRb, the single-layer overlapped coil resistance 

(with loss-less dielectric) is Rcoil, and the total coil and capacitance resistance is called Rtotal. 

As can be seen in Fig. 6.79, the capacitance ESRb decreases versus l1, while Rcoil increases 
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due to proximity effect of overlapped tubes. This leads to optimum total resistance 

at ρπȢχ ὧά overlapping length. The tubular loop, with no overlapping, has ρφȢφ άɱ 

resistance which is ψȢσϷ lower than equivalent solid conductor resistance of ρψȢρ άɱ.  Not 

to mention that, in Fig. 6.79, the effect of RAC sensitivity to the capacitance tolerance is not 

shown for simplification purposes. A more detailed optimization would include all three 

factors of 1- RAC sensitivity, 2- capacitance dissipation, and 3- the overlapping proximity 

losses. 

According to Fig. 6.79, for a multi-layer tubular conductor with inherent ballasting capacitor 

(no resonance), there is an optimum value of capacitive reactance which leads to minimum 

total dissipation in the coil. This optimum value is determined based on capacitance 

dissipation and overlapping proximity losses. However, for a resonating coil, the existence of 

the external capacitor can shift this optimum ballasting capacitance value. According to Fig. 

6.76 in the multi -layer resonant coil, the ballasting and external capacitance dissipations are 

the same if their materials are the same. This leads to the optimum point of Rtotal in Fig. 6.79 

to shift to the left to minimize the overlapping induced eddy current losses. However, if the 

ballasting and external capacitors materials are not the same, the optimum overlapping length 

needs to be determined.  

After determining the value of Xc1 and the first (outer) layer overlapping lengths l1, the 

overlapping lengths of other inner layers can be determined from (6.10) and (6.15) as: 
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                        (6.16) 

The proposed overlapping tubular conductor with ballasting capacitor in series with each 

layer is depicted in Fig. 6.80. The dimensions in cross sectional view of Fig. 6.80 are 

exaggerated to illustrate the proposed capacitive ballast in the tubular conductor with four 

layers. The equivalent circuit representing the schematic of Fig. 6.80 is shown in Fig. 6.81a-b 

using nodal format for each layer component. 
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Fig. 6.80: Capacitive ballast implementation in multi-layer parallel tubular conductor, cross-

sectional view. 
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a)  Full equivalent circuit b)  After parallel connection of conductor 

Fig. 6.81: Equivalent circuit representing the overlapping capacitive ballast. 

 

In addition to the series capacitor in each layer, there are capacitances between column and 

cross nodes of two adjacent layers. The capacitance in parallel to each column nodes would 

be eliminated as the layers are connected in parallel, Fig. 6.81a; however, the cross-nodal 

capacitances would be summed up as the total parallel capacitance to the conductor, Fig. 

6.81b. To apply the proposed method of layer overlapping to create the series capacitance for 

each layer, the overlapping length of the outer layer and the layers inside it are determined 

from (6.16). And the optimization algorithm to find the first layer overlapping length would 

be based on three perspectives: 1- sensitivity of total conductor RAC to geometry errors, 2- 
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effect of DFs of the ballasting and external capacitors, and 3- the overlapping induced 

proximity losses on the total conductor RAC.  

6.5 Application Example 2: Two-Layer Tubular Conductor Design at 27.93 MHz 

In this section we design a multi-layer (ὔ ς) concentric tubular conductor with properties 

given in Table 6.13. The copper tube thickness is ρς ‘ά; therefore, by using (6.2), the coil is 

designed to operate near resonance at ςχȢωσ ὓὌᾀ. Although this frequency is not in the 

range of data used for determining (6.2) and (6.3), the accuracy of these equations is assured 

for this specific design using FEA. The maximum reduction in AC resistance using (6.3) is 

calculated to be σπȢυϷ compared to its equivalent solid conductor. However, other factors 

such as coil loop curvature, insulation thickness, and dielectric dissipation need to be 

considered to get the true reduction in RAC.  

Table 6.13: The two-layer tubular coil properties 
 

Parameter Value 

Frequency (f) 27.93 MHz 

Number of layers (N) 2 

Thickness of layer (tc) 12 ɛm 

Dielectric thickness (tins) 25.4 ɛm 

Conductor outer radius (rw) 1.6 mm 

Coil loop middle diameter (D) 9.6 cm 
 

 

6.5.1 Sensitivity of RAC to Ballasting Capacitance Variations 

Assuming the ballasting capacitance to be non-dissipative, the multi-layer conductor with 

properties given in Table 6.13 is simulated in FEA with equal current flowing in each layer. 

The conductor RAC is determined to be σπȢρ άɱ which shows ςχȢυϷ reduction compared to 

its equivalent solid conductor (τρȢυ άɱ), and σχȢφϷ reduction compared to the case where 

there is no ballasting capacitor, normal parallel connection of tubular conductors (τψȢς άɱ). 
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These three types of conductors have quality factors (Q) of 1251, 907, and 781, respectively, 

neglecting dielectric dissipations. 

 

 

Fig. 6.82: Normalized sensitivity of multi-layer conductor resistance with 

respect to the first layer ballasting capacitive reactance. 

 

 

Fig. 6.83: Effect of Xc1 and the ȹXc on the conductor resistance RAC. 
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Using capacitive ballast, equal current sharing can be achieved with the coil operating 

below/near/above the desired (resonance) frequency. However, the operating point is prone 

to the sensitivity of coil RAC to ballasting capacitance errors. This effect is illustrated in Fig. 

6.82 which shows that the (normalized) sensitivity of conductor RAC increases for small 

values of outer layer ballasting capacitive reactance Xc1.  

For operation near resonance at ςχȢωσ ὓὌᾀ, the required capacitive reactance in each layer 

are determined by (6.10) and (6.11) to be ὢ χυȢσς  , and ὢ χυȢυχ   that are in the 

least sensitive region of Fig. 6.82. 

The difference between adjacent layer capacitive reactances relates to the amount of 

magnetic energy stored between those layers. However, this could be quite small for tubular 

conductors with layers very close to each other; and, implementing such exact capacitive 

reactances would barely be practical. Therefore, it is essential to determine the effect of 

layer-to-layer capacitive reactance variations on the coil RAC. To do so, we swept Xc1 over a 

wide range and let the capacitive reactances in each layer deviate ςπϷ form their values 

determined by (6.10); then, we calculated the associated coil resistance change. Fig. 6.83 

shows the coil RAC variation for the upper and lower ςπϷ deviations of capacitive reactance 

versus Xc1. It is observed that the smaller the ballasting capacitive reactance Xc1 is, the higher 

the error is in coil resistance for a fixed change in Xc1. Therefore, it is beneficial to have Xc1 

large enough for the coil RAC to be less sensitive, and small enough for the coil to operate in 

the inductive or near-resonance region. The latter reason is essential for coils resonated using 

integrated ballasting and/or external capacitors. 

6.5.2 Effect of Ballasting Capacitance Dielectric Dissipation 

Depending on the dissipation factors of the ballasting (DFb) and external capacitors (DFe), 

the total conductor resistance Rtotal (the three dissipations) varies versus the amount of 

ballasting capacitive reactance. Based on the (6.11), the first layer capacitive reactance for 

operation near self-resonance is ὢ χυȢσς  , and the other layer reactances are 

determined according to (6.10). Fig. 6.84 shows the Rcoil, ESRb, ESRe and the Rtotal versus the 
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Fig. 6.84:  Effect of ballasting capacitance reactance and dielectric dissipation on 

the resonator RAC. 

 

first layer Xc1. The Rcoil was calculated to be  σπȢρ ά  at ςχȢωσ ὓὌᾀ. In the simulation of 

Fig. 6.84, we assume the ballasting and external capacitor have the same type of dielectric 

material; and, since their exact values are not known, and to include the capacitor connection 

dissipation, we simulate for the maximum dissipation factor ὈὊ ὈὊ ρπ . 

A noticeable trend in Fig. 6.84 is that the ballasting and external capacitors have same effects 

on total resistance. However, if the DFb is higher than DFe, the Rtotal increases by increasing 

Xc1. It can also be observed in Fig. 6.84 that the capacitance dissipation adds σχȢφ άɱ to Rcoil 

to about φχȢχ άɱ. This extra dissipation exists for solid (χωȢρ άɱ), and multi-layer tubular 

with no ballast (ψυȢχ άɱ), if the coils are to be resonant with the same capacitors. In this 

case, the reduction in Rtotal would drop to ρτȢτϷ for solid, and ςρϷ for multi-layer (no 

ballast) conductors.  

For inductive coils that resonance is not required, the improvement in multi-layer tubular 

conductor resistance depends on the DFb and the amount of Xc1. Fig. 6.85 shows the Rtotal of 

the multi-layer conductor for different values of Xc1 and DFb when there is no external 

capacitor. It can be observed in Fig. 6.85 that the larger the DFb, the smaller the Xc1 needs to 
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Fig. 6.85: The effect of ballasting capacitor reactance and its dielectric 

dissipation on the two-layer conductor resistance. 

 

be in order to have improvement in RAC compared to solid and no-ballast conductors. It was 

also concluded earlier that the larger Xc1, the smaller the sensitivity of coil resistance would 

be on capacitor errors. Therefore, for the case of no-resonance, a compromise needs to be 

made between resistance reduction and its sensitivity. However, for the case of resonant coil, 

we suggest to have the large possible Xc1 (inductive region of Fig. 6.82) as the only design 

consideration is resistance sensitivity if ὈὊ ὈὊ. 

6.5.3 Coil Fabrication and Experimental Results 

For the fabrication of the multi-layer tubular conductor with properties of Table 6.13, we 

used the DuPontÊ Pyralux® AP7164E flexible doubled-sided copper-clad sheet as the 

fundamental material. This sheet is an all-polyimide film, with thickness of ςυȢτ ‘ά, bonded 

to electrodeposited copper, with thickness of ρς ‘ά, on both sides, Fig. 6.86. We, then, used 

a rolling technique to form the double-sided foil into a two-layer tubular conductor by 

bending the foil around a base frame, Fig. 6.86. Similar to the analysis we did in [90], we 

assured that the open-sided tubular conductor that is formed by rolling the foil has similar 

performance compared to an ideal closed-sided tube. 
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 High-Q, low ESR ceramic NPO chip capacitors are used as the ballasting and external 

compensators. The ballasting capacitors in both layers are selected to be equal and ρςπ ὴὊ. 

This leads to ὢ τχȢυ   at  ςχȢωσ ὓὌᾀ which is in a low-sensitive region of Fig. 6.82 and 

Fig. 6.83. The coil is brought to resonance at ςχȢωσ ὓὌᾀ using an external capacitor. To 

mount the capacitors on both sides of the tubular layers, a discontinuity in copper needs to be 

implemented in each layer. We etched the copper using Ferric Chloride solution to 

implement such a pattern for surface mount capacitors. To avoid the two sides of copper foil 

contacting each other in the cutting, rolling and bending processes, an extra insulation margin 

is considered by etching the copper in the perimeter of the foil, Fig. 6.86. Due to the ultra-

thin conductor wall thickness and the small coil diameter, bending the conductor would cause 

wrinkles across the tube side surface area. Special techniques such as additive manufacturing 

or heat-bending process can help overcome this problem. However, we used a simple 

technique by taking the frame out and filling the rolled tubular conductor with fine sugar. 

This helps bending the tubular conductor although some small wrinkles are still unavoidable, 

Fig. 6.87.  

For Q-factor measurement, the transmission coefficient Ὓ  method discussed in [114] is 

implemented using Vector Network Analyzer (VNA). The Ὓ  is measured through a two 

non-resonant search loops that are equally coupled to the coil under test which forms a 

resonance RLC loop at the desired frequency of ςχȢωσ ὓὌᾀ. The two search loops are 

identical and decoupled (magnetically) by overlapping or having large distance between 

them, Fig. 6.87. As is described in [114], by finding the ȿὛ ȿ at resonance frequency f0, and 

the half power (-3dB) bandwidth ȹf, the Q-factor of the RLC loop at f0 is determined 

according to, 
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The two-port S21 measurement setup using AP Instruments® model 300 frequency response 

analyzer is shown in Fig. 6.87. The AP300 is a two-port measurement system, with an 
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internal source, capable of measuring the scattering parameters. For the purpose of 

comparison, we fabricated the same 2-layer conductor as in Table 6.13 but without ballasting 

capacitors. Fig. 6.88 shows the measured S21-dB for the two types of conductors versus 

frequency. It can be observed that the two-layer conductor with and without ballast are 

resonant at ςχȢωτ ὓὌᾀ and ςχȢως ὓὌᾀ, respectively. The measured half power bandwidth 

ȹf and  ȿὛ ȿ for the two-layer conductor with ballast are υτ ὑὌᾀ and πȢρχυτ, respectively. 

These parameters for the conductor without ballast are ɝὪ φσȢς ὑὌᾀ and ȿὛ ȿ πȢρτρφ. 

Therefore, the measured Q-factors for the two-layer conductor with and without ballast 

are φςχ, and υρτ, respectively. This shows ςςϷ increase in Q-factor by using the ballasting 

capacitor. Since the measurement method implemented in this paper gives the Q-factor of a 

resonator, we calculated the inductance of both coils to be πȢςρτ ‘Ὄ, using FEA, to 

determine their RAC values. 

 

 

Fig. 6.86:  The two-layer tubular conductor components. 
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Fig. 6.87: The fabricated two-layer tubular coil and the Q-factor measurement setup. 

 

 

Fig. 6.88:  The measured S21 and Q-factor of the two-layer tubular conductor w/o ballast. 
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The RAC of the two-layer conductor with ballast is found to be υωȢω άɱ , which 

shows ρψȢρϷ reduction compared to the same conductor but without ballast, χσȢρ άɱ. Table 

6.14 shows a summary of the simulated and measured Q-factors and the RAC for the two-

layer tubular conductor with and without ballasting capacitors. The measured results are in a 

good match with simulations of ὈὊ ὈὊ ρπ . However, this includes the non-ideal 

connection of capacitors, tube wrinkles, and possible measurement errors including 

transmission line mismatches, and parasitic loadings. The proposed sheet rolling fabrication 

method can also be implemented for conductors with ὔ ς. However, additive 

manufacturing and tube-over-lapped ballasting capacitance (instead of surface-mount) can 

reduce fabrication errors and devise its process. 

 

6.6 Conclusions  

In this chapter, concentric multi-layer tubular conductor was studied as a potential conductor 

for IPT link resonators at multi-MHz frequencies, [115]. The drawbacks in the Litz wire at 

such frequencies are satisfied using multi-layer tubular conductor. The most important of 

them is the need of Litz wire strand size to be quite small, several micro-meters in multi-

MHz frequency range. This is a bottle neck in the state of the art Litz wire industry. 

Considering other benefits of multi-layer tubular conductor such as lower AC resistance 

Table 6.14: The measured and simulated results for Q-factor and RAC of the  

two-layer conductor with/without ballast. 
 

 

Measurement Results Simulation Results @ 27.93 MHz 

Ideal capacitors DFe = DFb = 0.0005 DFe = DFb = 0.001 

f0 

 (MHz) 
Q-factor 

RAC 

(mɋ) 
Q-factor 

RAC 

(mɋ) 
Q-factor 

RAC 

(mɋ) 
Q-factor 

RAC 

(mɋ) 

Without  

Ballast 
27.92 514 73.1 781 48.2 561 67.1 439 85.7 

With  

Ballast 
27.94 

627 

(+22%) 

59.9 

(- 18.1%) 

1251 

(+60%) 

30.1 

(-37.6%) 

771 

(+37.4%) 

48.8 

(-27.2%) 

556 

(+26.7%) 

67.7 

(-21%) 

c 
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(with proper design), lower cost, and better thermal behavior, this type of conductor shows a 

great potential for high frequency IPT resonators. 

The optimum thickness of the tubular layers, assuming equal current flowing in them, was 

determined using FEM method. The corresponding maximum AC resistance reduction 

compared to equivalent size slid round conductor was also determined. For both cases, the 

FE simulations for a search space were performed to determine the empirical curve fitted 

equations for the optimum tube thickness and maximum AC resistance reduction. The 

chapter continued by studying the current sharing between layers. It was concluded that for 

two- and three-layer tubular conductors under study, optimum current sharing between layers 

slightly improves the performance. Due to the structure of multi-layer tubular conductor, the 

equal current sharing is not the optimum one, unlike Litz and multi-layer foil conductors.  

The equal current sharing was enforced using capacitive ballast in series with each layer. The 

recurrence relation between the capacitance of each layer was also determined. The outer 

layer capacitive reactance determines the values of capacitive reactances in other inner layers. 

This reactance is selected to cancel all the self and mutual inductive energy storage of outer 

layer. This leads to operation of parallel-connected-multi-layer conductor near its self-

resonance. The chapter concluded with two application examples of four-layer and two-layer 

tubular conductors. There are several conclusions made from these two applications: 

¶ The outer layer ballasting capacitance is the major design criteria; the ballasting 

capacitance of the other inner layers can be determined from the recurrence relation 

derived in this chapter. 

¶ The ballasting capacitance can be implemented using tube overlapping or as a surface 

mount chip capacitor in series with each layer. 

¶ There are three criteria that decide the value of Xc1: 1- sensitivity of RAC to 

capacitance tolerance, 2- capacitance dissipation factor, and 3- proximity losses of 

overlapping tubes (in case of implementation.) Not to mention that the last two 

criteria, only, influence the RAC minimization. 
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¶ The RAC sensitivity to capacitance tolerance increases as the Xc1 decreases. This 

happens for large ballasting capacitance values. The variations in RAC due to ȹXc also 

increases by reduction in Xc1. Therefore, the maximum possible Xc1 is essential for 

minimum RAC sensitivity. 

¶ To minimize the RAC of the multi-layer tubular conductor, the optimum tube thickness 

over skin depth ratio, and its associated maximum RAC reduction are derived. Another 

factor that influences the conductor RAC is the effect of capacitance dissipation. This 

capacitance can be the ballasting one or the external connected one for the purpose of 

resonance. 

¶ In case of both the ballasting and external capacitances,  

o if the dielectric materials of the mentioned capacitances are the same, then the 

DF is not a criteria to decide the Xc1 and RAC.  

o However, if the ballasting capacitance dissipation is larger than the external 

capacitor one, then the lower the Xc1, the lower the total conductor resistance. 

¶ In case of only the ballasting capacitance, the dielectric dissipation adds up to the 

conductor resistance. And, the multi-layer tubular conductor would have lower RAC 

compared to equivalent solid one up to certain value of Xc1, and after that, the solid 

conductor outperforms.  

¶ For tube overlapping ballasting capacitor implementation,  

o If the ballasting capacitance and the external capacitance materials 

dissipations are the same, then, the smaller the overlapping surface area and/or 

the larger the overlapped distance, the lower the total conductor loss. This 

leads to maximum possible Xc1 for the outer layer. 

o If there is only the ballasting capacitance, or if the ballasting capacitance 

dissipation is different from the external one, then, there is an optimum 

overlapping length and distance that minimizes the conductor RAC. This 

optimum point is associated with the increase in dielectric dissipation and 

reduction in overlapped tubular proximity loss due to increasing Xc1. 
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¶ The rolling technique can be used to form a multi-layer tubular conductor. In this case, 

the flexible sheet of conductor which is insulated on both sides is rolled around frame 

for the number of turns. The chip ballasting capacitors can be implemented in a 

pattern inside the conductor sheet before rolling to account for series capacitance in 

series with each layer. 
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CHAPTER 7 - Inductive Coil Q-Factor Measurement Techniques 

One of the most important parameters in the IPT systems is the magnetic link resonating 

coils quality factors (Q-factor). It was shown in chapter 2 that the link efficiency of the IPT 

system directly depends on the Q-factor of its resonators. For example, in a two-coil IPT 

system, regardless of the resonating topology, the magnetic link efficiency increases by 

boosting the coils Q-factors (assuming the coupling coefficient is fixed). Quality factor is a 

dimensionless parameter that describes how underdamped (low-less) an oscillator (resonator) 

is [114]. In other words, a resonator quality factor describes the ratio of energy stored inside 

it over the amount dissipated in it, per resonating cycle. For example, for a series RLC circuit 

resonating at ɤ0, the Q-factor is 

0
0 0

Stored energy
:  serries RLC

Dissipated power

L
Q RC

R

w
w w= = =                        (7.1) 

For parallel resonant RLC circuit, the Q-factor is inverse of the series resonance one. The 

definition of (7.1) can also be used at any angular frequency ɤ, describing a passive element; 

i.e. the quality factor of an inductor is ὗ ‫ὒ
Ὑ. In another definition, the resonator Q-

factor is the ratio of resonance frequency over the half-power bandwidth according to 

0 , : half-power BW
f

Q f
f

= D
D

                                        (7.2) 

The half power bandwidth is the range of frequencies that the power (energy) of the 

resonating coil is higher than half of its value at resonance frequency. In the decibel (dB) 

format for power (intensity) quantities, this would correspond to -3dB difference from the 

resonance peak power value, ρπὰέὫπȢυ σὨὄ. 

Measuring resonator Q-factor is as important as its effect on IPT efficiency. It is one of the 

most challenging and essential RF measurements. Depending on the operating frequency and 

the value of quality factor, accurate measurement of the Q-factor becomes critical. The 
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reason is explained by (7.2); as the quality factor increases, the bandwidth decreases and the 

frequency response of the resonator would have a very sharp peak (or notch). Such sharp 

behavior can lead to significant errors in the Q measurements.  

There are several methods for measuring Q-factor as described in various resources [114], 

and [116]. In general, these methods can be classified into measuring coil impedance, or 

direct Q-factor measurement. Using the first method, the Q-factor of the coil is measured 

using the coil active and reactive impedance components. In the second measurement class, 

the Q-factor of the coil is directly measured without the need for the coil impedance 

components determination. Development of these methods goes back to half a century ago, 

and has been updated along with measurement equipment improvement [117], and [118]. In 

this section we investigate the most common methods that are used in power electronics and 

RF labs for Q-factor measurements. Some of the methods are based on scattering parameters 

(S-parameters) that are briefly explained in this chapter. 

7.1 Q-Factor Measurement Using Coil Impedance 

According to (7.1), the coil Q-factor is the ratio of its reactive to resistive energy components 

at any angular frequency. Therefore, a straight forward method to determine the coil Q-factor 

is to measure its resistive and reactive components at any desired operating frequency. There 

are various methods to measure coil impedance as have been discussed in detail in [116]. 

Amongst these methods are the reflection coefficient measurement, (RF) I-V method, and 

auto-balancing bridge. We go through a brief description of each method.  

7.1.1 Reflection Type Impedance Measurement 

The impedance of the coil-under-test (CUT) can be measured using a single port network 

analysis. Fig. 7.89 shows the connection of the CUT to the Vector Network Analyzer (VNA) 

through a transmission line (TL) with characteristic impedance of Z0. With the full OSL 

(Open-Short-Load) calibration at the point of load connection, the ZCUT can be determined 

according to 
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                                        (7.3) 

in which S11 is the scattering parameter reflection coefficient measured by the VNA, which 

will be discussed in detail later in this chapter. As can be observed from (7.3), the accuracy 

of the measured reflection coefficient depends on the mismatch between the ZCUT and the Z0. 

Since the coaxial cable Z0 is typically υπ  , the accuracy of this method is high for ZCUT 

values in the range transmission line characteristic impedance, υ υππ   [116]. This is in 

the range of a typical coil impedance at multi-MHz frequency range. For example, the four-

layer tubular conductor (without ballast) discussed in chapter 6, has an impedance value of 

ρςȢπφ   at ρσȢυφ ὓὌᾀ frequency. However, majority of this impedance is reactive, and the 

resistance component accounts for about πȢςϷ of the total impedance for the ὗ τφχ. A 

small error in determination of the coil resistance could lead to significant errors in the Q-

factor measurement. There are two solutions for this issue: 1- to use the reflection method to 

measure the coil resistance (by resonating the coil) and measuring the inductance separately, 

and 2- determine the Q-factor directly which will be discussed later in this chapter. 

Z0

ZCUT

VNA
Input/Output

50 ʍ 

Calibration points

 

Fig. 7.89: The reflection type impedance measurement circuit. 

 

Typically, the coil inductance measurement is much simpler than its resistance measurement, 

especially for high-Q coils. A coil inductance can be measured, with a good accuracy, using 

simple LCR meters used in most power electronics labs. Therefore, the reflection coefficient 

impedance measurement can be used to determine the coil resistance when the coil is 

resonant at any desired frequency. In this case, the ESR of the resonating capacitors will be 
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included in the measured CUT resistance. Not to mention that the coil resistance should be in 

the υ υππ   range for high accuracies. Since, the resistance of most high-Q IPT resonators 

are in the mili-Ohm region, a more accurate measurement technique needs to be used, such 

as RF I-V method. 

7.1.2 RF I-V Impedance Measurement 

The RF I-V method is the high frequency version of the Kelvin DC four-wire technique. This 

two-port shunt-through RF I-V four-wire measurement circuit is illustrated in Fig. 7.90, [104, 

105]. The scattering parameter transmission coefficient S21 is measured between the input 

and output ports of Fig. 7.90 using VNA.  A through-line response calibration is performed 

with no CUT in place (open circuit) between the two shunt attenuators, Rsh. Then, with the 

CUT in place, the S21 is measured and the ZCUT is determined according to  

0 21

21

,
2 1

CUT

R S
Z

S
=

-
                                                       (7.4) 

in which R0 is the resistance the CUT sees from each side Ὑ ȿȿὙ ὤ . The Rss connects 

the transmission line (with characteristic impedance Z0) from the VNA ports to the 

measurement point. The shunt resistors Rsh, are used to reduce the parasitic impedances 

between the calibration and measurement points, [104]. The value of Rsh is selected to reduce 

the sensitivity of VNA and TL impedance mismatches by dominating R0, and to reduce the 

sensitivity of the measured S21. Since the two VNA ports share the same ground, a ferrite 

bead is used on both input and output TLs to reduce the voltage drop errors caused by the 

parasitic current over TL braid resistance, [106].  

Since the RF I-V method presented above is accurate for measuring impedances with values 

less than an Ohm, any small CUT inductance (including parasitic inductances) can cause 

significant reactances at multi-MHz frequencies. Therefore, this method is benefical in 

measuring sub-Ohm CUT resistances when the coil reactance is zero, resonance. It is  
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Fig. 7.90: The RF I-V shunt-though type impedance measurement circuit. 

 

important to note that the ESR of the resonating capacitors are included in the CUT 

resistance measurement. To determine the Q-factor, the CUT inductance needs to be 

measured additionally. 

7.1.3 Auto-Balancing Bridge Impedance Measurement 

The auto-balancing bridge is a method used in most precision LCR meters. A typical 

example of such measurement method device is Agilent 4294A® precision impedance 

analyzer, with frequency measurement range of τπ Ὄᾀ up to ρρπ ὓὌᾀ [88]. Fig. 7.91 shows 

the simple schematic of the auto-balancing bridge method. The balancing bridge converter 

balances the current through the reference resistance Rr to maintain a zero voltage at the point 

between CUT and Rr. This is done by detecting a null current, phase detection, integrating 

and modulating the second oscillator so that the current through Rr is equal to the current 

through CUT. The impedance of CUT is then determined using the voltage ratio of the 

oscillators and the Rr value according to 

1

2

.CUT r

V
Z R

V
=-                                                        (7.5) 

Throughout this chapter, we measure the quality factor of an IPT resonator with various 

methods and compare it to the simulation results. The design and fabrication of such 

resonator is explained in chapter 8. The coil is designed for operation at ρσȢυφ ὓὌᾀ 

frequency. The first two methods of reflection coefficient, and RF I-V are not the focus of  
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Fig. 7.91: The auto-balancing bridge simplified schematic [88]. 

 

 

 

 

a) Non-resonated coil input impedance b) Fabricated coil and measurement setup 
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c) The equivalent series impedance and equivalent RL parallel with coil parasitic capacitance 

Fig. 7.92: The coil input impedance and the equivalent circuit parameters. 
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this chapter as they are more useful for resistance measurements. Using the auto-balancing 

bridge technique, the impedance of the coil is measured using Agilent® 4294A precision 

impedance analyzer. Fig. 7.92 shows the measurement setup and the measured equivalent 

series resistance and inductance in the ρσὓὌᾀ ρτὓὌᾀ frequency range. As the impedance 

analyzer gives the total impedance seen from its ports, the RLC equivalent circuit of the 

resonator (CUT) was derived using the built-in functions of the analyzer, Fig. 7.92c. This 

way, the actual inductance of the coil (that corresponds to the inductive power transfer) is 

determined. Determination of parasitic capacitance, as part of the total seen impedance, 

needs to be done over a narrow frequency range. The reason is to ensure a proper 

measurement of the CUT R1 and L1 (the subscript 1 is used because the CUT is the primary 

coil of the IPT system) as the analyzer built-in function determines the three circuit 

components over the sampled frequency range. Therefore, it is essential to have a frequency 

range in which the changes in R1 and L1 are negligible, assuming the coil parasitic 

capacitance also remains constant.   

7.2 Q-Factor Measurement using Scalar Voltage Gain 

In this type of measurement, throughout the rest of the chapter, the quality factor of the coil 

is directly determined without the need for coil impedance measurement. Advantage of this 

type measurement technique is that the coil is resonated at the desired resonance frequency. 

This is beneficial for IPT systems where the resonating capacitors with their resistive 

components are part of total resonator quality factor. Consider the series RLC circuit 

depicted in Fig. 7.93 resonating at ɤ0. The circuit is fed by a sinusoidal voltage Vs and the 

voltage across the capacitor bank is measured as Vout. The grounds of the source and output 

voltage measurement are the same. If the source excitation frequency is the same as circuit 

resonance frequency, the ratio of the output voltage to the input voltage would be 

0 0 0
0

1

.

c

out

s c c total

R
V j C j L j L

Q
V R R R R R
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                                    (7. 6) 
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This voltage ratio is the same as the resonator quality factor Q0 at its resonance frequency 

(the subscript of Q0 points to the resonant frequency f0). The resistance Rc represents the ESR 

of the compensating capacitor, together with the inductor resistance R, form the total 

resonator resistance Rtotal.  
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Vs Vout
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1
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w =
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CUT

 

 

Fig. 7.93: The measurement of Q-factor using output/input voltage ratio. 

 

This method can be implemented for characterizing the Q-factor of high frequency inductors 

having magnetic materials [119]. The input voltage source can be supplied from a small-

signal generator; however, for Q-factor measurement of resonators containing magnetic 

materials, large signal excitation is required that can be supplied by an RF power amplifier 

right after the signal generator. The disadvantage of this traditional Q-factor measurement 

method is that the output voltage probe parasitic capacitance can have quite large influence 

on the coil resonance frequency. Nevertheless, the input voltage probe parasitic capacitance 

does not influence the resonance frequency and Q-factor. 

In this section the Q-factor of the resonating coil of the designed two-coil IPT system is 

measured using AP Instruments® model 300 frequency response analyzer. The AP300 is a 

two port measurement system capable of measuring both the voltage gain and scattering 

parameters, with external signal source port attached to it. For this measurement, the high 

impedance voltage probes (each has less than ρυὴὊ of parasitic capacitance at ρπὼ) are used 

to measure the output/input voltage ratio magnitude in decibel ςπὰέὫ
ὠ

ὠ . Fig. 

7.94 shows the measured voltage gain in dB for the frequency range of ρς ρσ ὓὌᾀ. It can 
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be observed that the parasitic capacitance of the Vout probe has shifted the resonance 

frequency from ρσȢυφ ὓὌᾀ down to about ρςȢτυ ὓὌᾀ. This corresponds to parasitic 

capacitance of ρρ ὴὊ, Fig. 7.95. In Fig. 7.95, the effect of output voltage probe parasitic 

capacitance is simulated and presented versus frequency. The RLC values of the coil in the 

simulation of Fig. 7.95 are based on the coil parameters measurement using Agilent® 4294A 

Precision frequency analyzer, which was discussed in the previous section. 

 

  

a)   Measured scalar voltage gain (dB) vs. f b)  Scalar voltage gain measurement setup 

Fig. 7.94: The measured Vout / Vs in dB for the resonating IPT coil (CUT), and its measurement setup. 

 

 

Fig. 7.95: The simulated Vout / Vin in dB with/without probe parasitic capacitance. 
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The measured voltage gain of the coil at ρςȢτυ ὓὌᾀ is ττȢς Ὠὄ which corresponds to Q-

factor of ρυψȢυ. Assuming the coil RLC parameters remain fixed in the range of ρςȢτυ

ρσȢυφ ὓὌᾀ; then, the measured quality factor of the primary coil at its actual resonance 

frequency of ρσȢυφ ὓὌᾀ would be ὗ ρχςȢφ. 

7.3 Q-Factor Measurement Using Vector Network Analysis 

An IPT system, in its basic element, is a linear two-port network which can be characterized 

with its network parameters, Fig. 7.96. The network parameters can be expressed in 

impedance (Z), admittance (Y), transfer (T), or scattering (S) matrices [63]. The scattering 

matrix is well studied in academic literature [64], and this section brings a brief introduction 

to it as the basics for the measurements. The author would recommend the studies performed 

by [63] for a detail discussion about S-parameters  
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Fig. 7.96: The IPT system two-port linear network. 

 

Consider a two-port network as depicted in Fig. 7.96, based on the directions of voltage and 

current, the impedance matrix is defined as 

1 111 12

21 222 2

: Impedance matrix
V IZ Z

V Z I Z
Z ZV I

è ø è øè ø
= ­ =é ù é ùé ù

-ê úê ú ê ú
             (7.7) 

Having ports voltage and current and real Z0, travelling waves b1, a1, b2, and a2 are defined: 

1 0 1 2 0 2 1 0 1 2 0 2
1 2 1 2

0 0 0 0

, , ,
2 2 2 2

V Z I V Z I V Z I V Z I
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The waves incoming to the port are referred to as a1 and a2, and the waves outgoing from 

ports are referred to as b1 and b2. The scattering matrix containing S-parameters is defined by 

1 111 12

21 222 2

:Scattering matrix
b aS S

b S a S
S Sb a

è ø è øè ø
= ­ =é ù é ùé ù
ê úê ú ê ú

                    (7.9) 

By having the scattering parameters, the impedance matrix parameters can be determined 

using parameter conversion methods [64]. Scattering parameters are well-studied parameters 

and are the choice of measurement at frequencies above MHz. The reason is that the 

measurement of voltage and current becomes increasingly difficult at such high frequencies; 

however, a Network Analyzer can measure the S-parameters quite accurately. Consider the 

two-port network is connected to load and source according to Fig. 7.96. The load impedance 

is ZL, the source impedance is Zs, the input impedance from the network port-1 is Zin, and the 

output impedance from port-2 is Zout.  Having this terminology, the four reflection 

coefficients at the two ports of Fig. 7.96 are given by 
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                                          (7.10) 

The real valued reference impedance Z0 is selected to be υπ ɱ. Defining the reflection 

coefficients in (7.10), the transduce power gain GT, and the network (magnet link) 

efficiency – , are expressed as 
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There are several methods to measure the Q-factor of resonators, [120], [121], and [122]. In 

one classification, these methods can be categorized into scalar and vector measurement 

groups. In another classification, the methods can be divided into voltage/current and 

scattering parameter measurement groups. So far in this chapter, the impedance measurement 

and scalar voltage gain techniques have been described for CUT Q-factor measurement. 

Another scalar method is based on VSWR (Voltage Standing Wave Ratio) of a resonator 

around its resonance frequency. For the rest of chapter, we focus on direct measurement of 

Q-factor based on scattering parameters that can be determined using a Vector Network 

Analyzer. Three methods based on the reflection and transmission coefficients (S11 and S21) 

are investigated to measure Q-factor. We go through these methods that are the most 

common means of measurements in most RF labs.   

7.3.1 Reflection Type Q-factor Measurement 

In this type of measurement, the input impedance of the resonant circuit, by itself or through 

an external coupling, is investigated through one-port VNA measurement. Consider the RLC 

series resonant circuit loop of the primary coil that is magnetically coupled to an external 

search loop (external coupling), Fig. 7.97. The reflected impedance to the search loop is 

referred to as Zref, and the input impedance from the external coil terminals is referred to as 

Zin. The expression for the Zref is determined in chapter 2. Around the resonance frequency of 

the RLC coil, the Zref has a closed-loop behavior in the impedance-plane (real and imaginary 

axes) for different values of frequency [117], [123]. Input impedance form external coupling, 

Zin, has a similar shape with few differences. First, the Zin behavior in the impedance plane is 

not a closed-loop; but, rather out-continues the closed loop. Second, the size and position of 

the Zref loop vary with different values of Re and Le. 

For the purpose of the RLC CUT Q-factor measurement, the search loop is fabricated on a 

PCB FR4 with copper thickness of 0.5 oz. and trace width of σ άά, forming a loop with 

inner diameter of υ ὧά. The FEM simulated values for its resistance Re, and inductance Le, at 

ρσȢυφ ὓὌᾀ are πȢπως   and πȢρςρ ‘Ὄ, respectively. For these values, the reflected  
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Fig. 7.97: The reflected and input impedances of the coupled RLC loop. 

 

impedance and the input impedance from the search loop are depicted in Fig. 7.98 over the 

impedance plane versus frequency. The RLC values for the simulation of Fig. 7.98 are from 

the coil parameter measurement using Agilent 4294A impedance analyzer discussed in 

section 7.1.3. It is observed that the circulating (resonating) is inherent in both impedance 

curves. The Zin is shifted upper in the imaginary axis as to represent the reactance of the 

external coupling circuit. It is important to note that the Zref is not accessible through 

measurement while Zin is. As the goal is to measure the quality factor of the RLC resonant 

circuit Q0, two parameters are defined as loaded quality factor QL, and coupling factor ‖ 

[120], according to 
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The coupling factor ‖ is the ratio of the external coupling circuit and the RLC loop power 

dissipations. This power dissipation, for the same amount of current, would be the ratio of the 

external and CUT Q-factors with the external coupling resistance reflected to the RLC loop. 

The coupling factor can be (‖ ρ) for under-coupled, (‖ ρ) for over-coupled, and (‖ ρ) 
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for critical-coupled systems [121]. Measuring QL and ‖ are essential to find the Q0. Consider 

the Zin behavior in the impedance plane of Fig. 7.98. Around the resonance frequency of the 

RLC loop f0, the reactance of external coupler moves thousands of times slower than the 

RLC circuit reactance. Therefore, having the frequencies at the maximum and minimum 

of Ὅάὤ  as f1 and f2, the loaded quality factor of the system can be determined as 
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Q

f f
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-

                                                      (7.13) 

 

Fig. 7.98: The reflected and input impedances vs. frequency. 

 

The next parameter to measure is the coupling factor ‖. Reference [123] discusses in detail 

the analytical formula to find this coupling factor. Another way is to determine the reflection 

coefficient at the input terminals (S11 or ɜ) of Fig. 7.98 on the smith chart, and find the so-

called Q-circle diameter d. The coupling factor is then determined by 

1
,
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d

d

k=

-

                                                          (7.14) 

in which dô is the diameter of the new smith chart overall circle that is tangential to the 

detached Q-circle [124], [122]. This can be done in modern VNA having post processing 

programs built in. In this work, the AP300 frequency response analyzer is used to measure 
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the reflection coefficient form the search loop input terminals. Due to the lack of built-in 

post-processing programs, the commercially available QZERO software is used to measure 

the loaded quality factor QL, coupling factor ‖, and subsequently the RLC quality factor Q0 

[114]. The inputs to the QZERO post-processing software are the vector information of the 

S11 (magnitude and phase) around the resonance frequency. Fig. 7.99 shows the measurement 

circuit and setup for reflection coefficient measurement at the external coupling input. The 

signal source is split using power splitter to sample the incident wave to the search loop. The 

reflected wave is coupled using directional coupler to sample the reflected wave. The ratio of 

the reflected wave to the incident wave is the reflection coefficient S11. The calibration is 

performed at the input of the search loop terminals and all the transmission lines are matched 

to each other and VNA. 

The measured magnitude of the reflection coefficient in dB (ςπὰέὫȿὛ ȿ) and its angle 

are shown in Fig. 7.100a. It can be observed that the angle of the reflection coefficient has an 

offset due to the external coupling circuit reactance. The measured quantities of the S11 are 

imported into QZERO to find the Q-circle and the Q0, Fig. 7.100b. It can be observed that the 

measured coupling factor is ‖ πȢπψτ. The loaded quality factor is measured to be ὗ

ρφφȢρ, and the RLC quality factor is measured to be ὗ ρψπȢς. Although the Q-circle can 

be determined using a three-point measurement techniques (f0, f1, and f2), the advantage of 

post processing software is that more than three points can be measured to form the Q-circle 

in order to minimize the influence of random errors. This type of measurement is a common 

method for microwave resonators and is discussed in several available literatures [125], [126], 

[127], and [114].  

The external coupling circuit can be capacitive instead of inductive [123]. In this case, the 

physical behavior of the system does not change and the equations for the coil Q-factor can 

be determined similarly. However, this is not the focus of this work. The advantage of using 

external coupling circuit for Q0 measurement is that the interference to the RLC resonator is 

minimum. Although the external coupling circuit loads the RLC coil; however, this loading 
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is quite negligible with a proper design. In Fig. 7.100b, the loaded resonance frequency is 

about Ὢ ρσȢχρ ὓὌᾀ. 
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a) Block diagram for S11 measurement. b) The search loop and the RLC test setup.  

Fig. 7.99: The measurement setup for reflection coefficient measurement. 

 

 

  

 

a) The measured S11 magnitude (dB) and its angle 

(degree) using AP 300 VNA. 

 

b) The measured Q-circle and the corresponding 

QL, ‖, and Q0 using QZERO software 

Fig. 7.100: The measured reflection coefficient for the RLC loop coupled with the external circuit. 
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7.3.2 Transmission Type Q-factor Measurement 

In the transmission type measurement, two external coupled circuits (search loops) are used 

to find the quality factor of the main RLC coil [128]. The two-port transmission coefficient 

measurement S21, is performed having two magnetically decoupled search loops. The search 

loops are, individually, magnetically coupled to the RLC loop. One way to perform this 

condition is put the search loops on both sides of the resonator; another method is to overlap 

them to have them decoupled. Fig. 7.101 shows the measurement block diagram and the test 

setup to measure the transmission coefficient. The incident power is split and sampled using 

power splitter and the transmitted wave is directly measured in the output. The ratio is the 

transmission coefficient. The calibration is performed at the end sides of the external circuits. 

Around the resonance frequency of the RLC loop, the S21 curve versus frequency shows a 

Lorentzian shape. As the reactance of the RLC coil around this frequency varies much faster 

than those of external coupled circuits, the loaded quality factor of the system is then 

determined using a three-point measurement on the S21 curve, commonly in decibel, ςπ

ὰέὫȿὛ ȿ, using 
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                                                        (7.15)  

In which f0, the resonance frequency of the RLC, is determined at the peak of S21 curve and f1, 

and f2 are the σὨὄ bandwidth of the curve. Similar to a reflection type measurement, there 

are two coupling factors defined for the two search loops, namely ‖ and ‖ . In this work, 

the search loops are assumed to be identical and the total coupling factor ‖ is determined in 

[128] to be 
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                                                  (7.16) 

The quality factor of the RLC resonant coil Q0, can then be determined using  
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a) Block diagram for S21 measurement. 

b) The overlapped decoupled identical search 

loops and the RLC test setup. 

Fig. 7.101: The measurement setup for transmission coefficient measurement. 

 

0 (1 ).LQ Q k= +                                                     (7.17) 

Two identical search loops are fabricated, with the same properties as that of the reflection 

type measurement, and are decoupled by overlapping. They are then placed under the main 

RLC loop such that each has the same magnetic coupling with the resonator for the condition 

(7.16) to be satisfied, while they are decoupled using overlapping.  

Fig. 7.102 shows the measured S21, in dB around the resonance frequency f0. 

 

 
 

Fig. 7.102: The measured transmission coefficient S21 and the -3dB bandwidth. 
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The loaded resonance frequency fL is measured to be ρσȢχρ ὓὌᾀ which is quite close to f0. 

The σὨὄ frequencies around this resonance frequency are located at Ὢ ρσȢφχ ὓὌᾀ 

and Ὢ ρσȢχυ ὓὌᾀ. Therefore, the loaded quality factor QL is measured to be 171.4. By 

finding the maximum of the S21 curve to be 0.0959, the coupling factor is determined to 

be ‖ πȢρπφ. Using (7.17), the quality factor of the RLC is measured to be ὗ ρψωȢφ. In 

another experiment, the two search coils were separated to reduce the coupling between them. 

Fig. 7.103 shows the test setup and the measured reflection coefficient. In this experiment, 

the measured quantities are ὗ ρφυ, ‖ πȢρπφ, and ὗ ρψςȢυ. It can be concluded that 

the measurement results using separated decoupled search coils are quite similar to the 

overlapped decoupled ones. 

 

 

a) The measured S21 magnitude (dB) vs. f. 

b) The separated decoupled identical 

search loops and the RLC Q0 

measurement setup. 

Fig. 7.103: The measured transmission coefficient using separated decoupled search loops. 

 

The advantage of the transmission type measurement is that the three-point measurement is 

directly performed over the S21 curve without the need for post processing programs. 

However, the external coupling circuitsô fabrication is so critical to be identical and have 

exact same magnetic coupling to the main RLC loop [128]. Table 7.15 shows the values of 






















































