
ABSTRACT

RIGGAN, BENJAMIN SCOTT. Study of Morphology and Artificial Neural Networks for
Detecting Microcalcifications. (Under the direction of Dr. Wesley Snyder.)

X-ray mammography is the most widely used screening process to find early indications
of breast cancer. Radiologists have a systematic method using low dose x-rays to analyze the
breast densities. Although this method of screening is very effective, radiologists have been
known to make mistakes: either by misdiagnosing breast cancer or by missing early indications
of it. This thesis investigates, in detail, the methods of autonomously detecting microcalcifi-
cations (one major indicator of breast cancer if located in clusters), so that mammograms can
more efficiently be analyzed. The methods used to detect microcalcifications has four com-
ponents: a pre-processor, a segmentation algorithm, a feature vector, and a classifier. The
performances of the several classifiers are studied and compared. Also, the relationships and
dependencies between the microcalcification features are studied in order to better understand
why such classification techniques work.

The pre-processor which best finds points of interest is the h-dome transform in conjunction
with morphological noise reduction techniques. The h-dome transform detects regional max-
ima while eliminating maxima with dynamics below a specified level. This method when used
with the noise removal techniques eliminates many false positives within the image, and thus
provides a good starting point for classification.

The segmentation algorithm is chosen to best extract the pixels of the microcalcifications.
The algorithm chosen is the “hill climbing” algorithm which locates the points with the maxi-
mum change in brightness radially outward from the center of the region. The “hill climbing”
algorithm provides a consistent boundary for the suspected regions, which allows for the fea-
tures to be correctly extracted.

The feature vector is constructed using statistical measures that are related to microcalci-
fications. The features studied include: area, contrast, mean brightness, brightness variance,
second central moments, and entropy. This feature vector helps to describe the size, shape, tex-
ture, and statistical brightness of the segmented microcalcification. Classifying these features
using supervised learning techniques help identify dependencies between these features.

Various classifiers are tested using the pre-processing technique, segmentation algorithm,
and feature vector described. The classifiers that are discussed include: the Mahalanobis dis-
tance, perceptron, multilayer perceptron, radial basis function networks, and support vector
machines. The performances of these classifiers are investigated in order to determine how the
classifiers compare with one another. This study finds that the radial basis function network
with 150 cluster centers provides the best classification performance with 99.9% true positive



rate and 0.8% false positive rate on average. However, the perceptron generalizes the best.
The analysis of the features includes a study of individual features and pairs of features. The

individual measures are analyzed using the sample means and variances, in order to provide an
overall expectation for each feature. Then, the pairs of feature are studied both scatter plots
and the sample covariance matrix. The feature study reveals the “very useful”, “useful”, and
“not so useful features.”
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Chapter 1

Introduction

In this study, the results of various microcalcification detection techniques are compared in
order to find which methods perform well under different conditions. The study analyzes
the results from various classifiers and determines which performs the best, given the extracted
features. The comparison of these methods provides better insight into the problem of detecting
calcifications. The detection of microcalcifications is not trivial due to the complexity of the
image and effects from noise. These complications cause feature selection, segmentation, and
classification to be difficult.

1.1 Microcalcifications

1.1.1 What is a Microcalcification?

“Microcalcifications are tiny granular deposits of calcium that appear on the mammogram as
small bright spots” [10]. Clusters of microcalcifications (or MCs) in mammograms may be an
indication of breast cancer, and the identification of these clusters currently requires the service
of an expert radiologist. An example of a cluster of MCs is shown in Figure 1.1. MCs alone are
typically very small. “According to standard literature on microcalcifications, they are up to
about 0.7mm in size having an average diameter of 0.3mm. Objects smaller than 0.1mm can
hardly been seen in the mammogram because of the tissue background texture and noise” [7].
Radiologists have been known to misdiagnose breast cancer and even miss early signs of cancer
because of their small size, the amount of noise present, and also varying type of breast tissue
densities. In some studies, signs of breast cancer were present two years prior to the diagnosis
[10]. The earlier that breast cancer can be diagnosed, generally the better the prognosis [33].
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Figure 1.1: A small cluster of MCs.

1.1.2 How are Microcalcifications Detected?

Mammography is the most widely used technique for breast cancer screening, and for non-
invasively finding and analyzing indicators of breast cancer. Mammography is more formally
defined as the “[Radiographic] examination of the breast by means of x-rays, ultrasound, nuclear
magnetic resonance, etc” [14]. Expert radiologists analyze the mammograms, looking for signs
of cancer such as clustered MCs or dense regions corresponding to tumors or lesions in the breast.
They analyze the MCs shape, type, and cluster distribution in order to estimate the malignancy
of the tissue. If any indicators (or potential indicators) of cancer are found, the radiologists
compare the current mammograms with previous annual screenings in order to better determine
the need for further testing or biopsy. The most widely used form of mammography for breast
cancer screening is x-ray mammography, opposed to infrared (thermography) or ultrasound.
An example of an x-ray mammogram is shown in Figure 1.2.

1.1.3 X-ray Mammography

X-ray mammography is performed by transmitting x-rays through the breast, and detecting
the amount of x-rays output after being absorbed by the tissue. A full mammography screening
is performed by x-raying each breast from two different perspectives, the craniocaudal (CC)
and the mediolateral oblique (MLO). The CC view is formed by transmitting x-rays through

2



Figure 1.2: A mammogram indicating cancer.
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the breast from the top through the bottom, and the MLO view is created by transmitting the
x-rays through the side of the breast at an angle.

1.2 Automated Microcalcification Detection

The complexity of mammograms makes it difficult, even for radiologists to identify MCs, but
with current image processing capabilities, it is possible to design tools that can help radiologists
with identifying MCs [19]. However, there does not exist a standard definition of what an MC
is in terms of imaging techniques, or how the performances of these techniques can be evaluated
[31]. The purposes for automated detection of MCs are to more efficiently analyze mammograms
and to possibly reduce the number of errors that are made by radiologists. Although there is a
need for a golden (or ideal) performance standard, no attempt will be made to create one.

Reproducibility is another major issue when it comes to MC detection algorithms; most
papers do not mention it. Since there is no performance standard, most software developers
use their own measure of performance and usually verify their findings with a radiologist. Due
to this lack of performance standard and the fact that many details from the detection methods
are left out, results reported are typically difficult to reproduce.

1.3 Purpose

The primary focus of this paper is on the detection of individual MCs. Although the indicators of
breast cancer are clusters of MCs, it is trivial to cluster MCs once they are detected. Therefore,
clustering is not explicitly discussed. Many papers discuss detection of individual MCs, yet
provide the true positive detection rate of the clusters. This allows a better detection rate
to be reported, since not all MCs have to be detected. Individual MCs are difficult to detect
thus providing lower detection rates, however, when clustered the overall performance is much
better. The results of the classifiers in this paper are reported in terms of the individual MCs.

Secondly, the features used to represent MCs are analyzed. These features provide better
understanding of MC detection based on the physical characteristics of the MCs. The study
helps to explain the reasons these detection methods work. This analysis discusses many aspects
of the relationships between features, including: the more discriminative features, the linearity
(or nonlinearity) of feature pairs, and the independent feature pairs.

However, this paper does not:

1. Use classifiers to detect very large regions containing clusters of MCs.

2. Use classifiers to detect large regions containing single MCs.
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These type MC detection methods rely on very large feature vectors that can only be classified
by an SVM, due to the “curse of dimensionality.” Although, these methods work well, no
physical meaning can be interpreted from the results.

1.4 Organization of Thesis

Chapter 1 provides an introduction to MC detection, the problems radiologists have with iden-
tifying the MCs, and the reasons for this study. The screening process that radiologists use for
identifying MCs is provided. In addition, automated MC detection and its related issues are
discussed.

Chapter 2 describes the typical components of MC detection and a brief literature review.
The pre-processing and segmentation methods commonly used are given. A list of features
commonly used for detecting MCs are provided, and various classifiers and their general per-
formances are discussed.

Chapter 3 discusses the methodology of this study. The details of the morphological pre-
processor are explained. Then, the “hill climbing” algorithm, used for segmenting the MCs,
is discussed. The features, and their mathematical definitions, that are specifically chosen for
this study are provided. It also reviews the classifiers studied. Chapter 4 discusses data
sets used in this study, including the databases from which the collections of mammograms
were retrieved. This chapter discusses the details of the data sets including size, resolution, and
sampling. Chapter 5 provides the results from the study are discussed. The results from the
MC detection method using the various classifiers are discussed and compared. These results
are presented and the implications of the results are discussed.

Chapter 6 discusses the analysis of the the features. First, the means and variances of the
individual features are provided. Then, the relationships between feature pairs are discussed
in terms of their ability to discriminate between MCs and non-MCs, and in terms of linearity
and nonlinearity. Also, the covariance matrices for the true positives and the true negatives are
discussed.

Chapter 7 provides the conclusions drawn from the study. Future work in the area of MC
detection techniques is discussed, as well as, proposed experiments extending to this study and
its results.
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Chapter 2

Previous Work

Most of the detection methods have similar components: a pre-processor, segmenter, feature
extractor, and classifier [4]. The pre-processor eliminates regions of the mammogram that most
likely are not associated with an MC. They are typically not very robust when solely used
for classification. The segmenter separates the pixels of the MCs from the rest of the image.
Segmenters are usually used so that features can be correctly extracted. Feature extraction
is similiar among all methods, however, there are a wide variety of features used for different
detection techniques. Lastly, the classifier is the final determining factor whether a region is
considered to be an MC or not.

2.1 Pre-processing Methods

Three types of pre-processing techniques seen in the literature include thresholding, morpholog-
ical, and filtering methods. Thresholding, in general, is a method of segmenting object pixels,
in this case pixels belonging to MCs, from background pixels. Morphological methods typically
change the image such that much of the background and noise are removed from the object
image. Last, filtering methods tend to eliminate specific bands in the frequency domain so that
information retained correspond more to MCs.

2.1.1 Thresholding

Thresholding can be local or global; global thresholding depends on the entire image and local
thresholding depends on the local regions or neighborhoods. Global thresholding is performed
in a manner such that

C = {f(x) > T} (2.1)
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for a given threshold, T , and a given image, f . Local thresholding is similar, except that the
threshold, T is dynamically determined by regional features (e.g. average pixel brightness over
3 × 3 neighborhood). In general, local thresholding tends to be better than global since there
is a high degree of variability in mammograms; a single threshold is not accurate enough to
detect the MCs. Since the optical density is the sum of all absorption through the tissue, the
MC’s density appears to be different when the MC is seen against a high density compared to
a low density background. Therefore, simple thresholding is not sufficient to accurately detect
MCs.

There are a few methods that analyze thresholding in conjunction with MC detection, which
include Kallergi et al. [16] and Davies and Dance [6]. Kallergi et al. compares local thresholding
with local region growing, and the results show that local thresholding is more consistent
comparatively, however, local thresholding “is [also] more dependent on parameter selection
than the [region growing] procedure” [16]. Davies and Dance [6] also use local thresholding with
overlapping sub-images, so that a pixel must be in a pre-determined number of sub-images in
order to be in the final segmented image. This method, in conjunction with classifier, performed
with 92% correct classification of clusters on a set of 50 mammograms. Similar thresholding
techniques which are used for MC detection are discussed in the survey by Sahoo et al. [25].

2.1.2 Morphological Operators

“Mathematical morphology is the application of lattice theory to spatial structure” [28], or
the analysis of shape, structure, and form. Then, a morphological operator, or morphological
transformation, is defined by the infinite set of operators formed by combining any form (i.e
union, product, or complement) of the hit-or-miss transformations (i.e. dilation or erosion) [28].
There are a variety of morphological operations that are used to enhance the mammograms and
to eliminate areas of the mammogram so that detection is simplified and less computationally
complex. Some of these operations include the top hat transform [26], h-dome transform,
dilation [27], and opening. Mossi and Albiol [20] implement the top-hat transform, which is
the difference between the original image and its grey-level opening (discussed in section 3.2.2).
The top hat transform uses morphology to detect regions that include regional maxima. This
transform enhances the detected maxima (or domes) that are smaller than the structuring
element.

The h-dome transform is similar to the top-hat transform except instead of opening, the
grayscale reconstruction (section 3.2.3) operation is used. This type of operation also enhances
features that are smaller than the structuring element, but in addition, it also suppresses noise
with magnitude less than the user defined constant “h” [10, 34]. Halkiotis et al. [10] also
include opening (i.e. erosion followed by dilation) for noise removal in section 3.2.2. Details of
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the morphological operations [36] used, and the h-dome transform are discussed in full detail
in section 3.2.

2.1.3 Filters

Linear filtering [23] methods are also very common pre-processing techniques. The different
types of filtering techniques include high pass filtering and wavelet analysis (or filter bank type
of analysis). Since MCs are small (relative to the breast), their presence introduces sudden
changes in brightness, which correspond to high spatial frequencies. Therefore, a high pass
filter will be the most sensitive to the presence of MCs. This simple idea is extended to filter
banks and wavelet analysis, in which processing is performed in the higher frequency sub-bands.
Srivastava [31] uses both of these types of pre-processing for comparison of methods, but noted
that they did not have the best performance. This may be due to the fact that MCs are not
the only high frequency feature in mammograms.

Wavelet analysis is shown to be “useful in enhancing the visibility of [MCs]” [32]. Both
Strickland and Hahn [32], and Nakayama et al. [21] use wavelet analysis to pre-process the
mammograms. Strickland and Hahn model the MCs by “using a circularly-symmetric Guas-
sian function” [32], which yields around 55% true positive detection rate with the wavelet
analysis. Achieving 94.3% detection of true clusters of MCs, Nakayama et al. [21] use filter
banks to enhance the mammograms such that MCs are better classified.

Laine et al. [18] use multiscale analysis, which is an extension from wavelet analysis where
various scalings for the wavelets are used. The multiscale analysis is used for adaptive contrast
enhancement specifically for mammography. Like the wavelet analysis and other filtering tech-
niques, multiscale analysis allows for better MC classification. The disadvantages to filtering
are that information is lost, and it is more difficult to understand and define MCs in terms of
their features once the features have been filtered.

2.2 Segmentation

There are many types of segmentation algorithms. However, two common methods used for
segmenting MCs are region growing and “hill climbing” [1]. Both techniques try to group pixels
into a region from a starting point, or seed pixel. This starting point is typically a pixel that is
suspected to be the center or near the center of the MC.

2.2.1 Region Growing

Region growing starts with a seed pixel and recursively finds all pixels which are “close” in
brightness to their neighboring pixels, thus producing a single connected bright region. Kallergi
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et al. [16] and Bankman et al. [1] both perform comparative studies with region growing.
Bankman et al. [1] conclude that region growing typically provides regions larger than expected
for segmenting the MCs.

2.2.2 “Hill Climbing”

The “hill climbing” algorithm on the other hand finds the largest slope between the center
pixel and pixels down a particular radial line [1]. The maximum measure of slope from each
radial line marks the boundary pixels of the MCs. This segmentation algorithm works well
because the MC pixels are bright with respect to the surrounding pixels. Note, there exists a
point where the brightness changes the most in a given distance from the center thus marking
the boundary of the MC. This method seems to work better than region growing according to
Bankman et al. [1]. The “hill climbing” algorithm is discussed more in depth in section 3.3.2.

2.3 Features

There are two approaches to classification of regions as containing an MC: 1) make some small
number of measurements of the region and make decision based on those few measurements, or
2) use all the pixels in the region, themselves, as features. There are a variety of measurements or
features used for detecting MCs some of which are listed in Table 2.1. The features that provided
better results may differ between detection methods due to differences in pre-processing and
segmentation of the MCs. Wroblewska et al. [35] provide a more complete list of features.
There are statistical features like mean, variance, and background which are grey-level type of
computations. Then, there are shape features like the moments, compactness, and perimeter.
Textural features [17] include measurements like skew and kurtosis. Last, co-occurrence matrix
features include measures like contrast, correlation, entropy and energy. These are the types of
features commonly used, in a variety of ways, for detecting calcifications.

Instead of classifying multiple measurements, a region of pixels itself can be classified.
Srivastava [31] classifies a 9×9 region of pixels, which corresponds to an 81×1 feature vector in
which the pixel brightnesses are the features. Srivastava gets this idea of classifying regions of
pixels from El-Naqa et al. [9]. Each region is centered around a single pixel, which is classified
either as belonging to an MC or not. Although the results show that classifying the region
performs well, the disadvantages include:

1. Computational complexity due to the large feature vector and having to classify every
pixel in the image.

2. Difficulty of drawing conclusions from the classification, since the classifiers act like “black
boxes.”
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Table 2.1: List of microcalcification features.

No. Feature No. Feature
1 Area 8 Entropy
2 Mean 9 Energy
3 Standard deviation 10 Correlation
4 Background 11 Variance
5 Compactness 12 Skew
6 Hu’s Invariant Moments [15] 13 Kurtosis
7 Contrast

2.4 Classification Methods

The final component of MC detection is the classifier, which is a way to determine the class
(i.e. “MC” or “not MC”) a particular sample belongs. The set of possible classifiers which may
be used for MC classification include:

• linear classifiers (perceptrons and Fisher’s linear discriminant)

• multilayer perceptrons (MLPs)

• radial basis function (RBF) networks

• support vector machines (SVMs)

where linear and nonlinear here are defined in terms of the boundary that separates the classes
(not the activation functions).

The classifiers listed above all use “supervised learning.” That is, sample inputs with
known expected outputs are used to train the classifier. This type of classifier is typically used
independent of which pre-processing or segmentation algorithms are used.

2.4.1 Fisher’s Linear Discriminant

Fisher’s linear discriminant [8] is a classifier that determines the d-dimensional vector w, where
the d-dimensional samples from each class are projected onto w, such that the projected data
from both classes are separated with minimal error using a simple scalar threshold. The samples
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from class i, xi ∈ Rd, are transformed into the projected samples from class i, yi ∈ R1, using
yi = wTxi. In order to calculate the optimum vector w, the objective function

J(w) =
wTSBw
wTSWw

(2.2)

is maximized with respect to w, where SB is the between class scatter matrix and SW is the
within class scatter matrix.

SB = (µ1 − µ2)(µ1 − µ2)T (2.3)

SW =
∑
x∈C1

(x− µ1)(x− µ1)T +
∑
x∈C2

(x− µ2)(x− µ2)T (2.4)

Equation 2.3 defines the between class scatter matrix, and Equation 2.4 defines the within
class scatter matrix, where

µi =
1
ni

∑
x∈Ci

x (2.5)

Fisher’s linear discriminant, being a linear classifier, is limited in performance since only a
linear boundary between the classes can be formed. This classifier works best when the data
of the classes are distributed in Gaussian clusters and have minimal overlap. Typically, this
is not the case with most features of MCs. However, Fisher’s linear discriminant is used for
MC detection in [24]. Rodriguez et al. [24] claim their classification performance using Fisher’s
linear discriminant is 90% correct classification of MCs.

2.4.2 Artificial Neural Networks

There are a variety of artificial neural network (ANN) classifiers, the simplest being the percep-
tron (section 3.5.2), which models the behavior of a single neuron. The multilayer perceptron
(MLP) is probably the most popular of neural networks used today, largely because a simple
algorithm (back-propagation) is available to determine a good choice of operating parameters.
The MLP (section 3.5.3) is a nonlinear classifier and tends to perform better than the percep-
tron because the perceptron, being a linear machine, can only use a linear surface (line, plane,
hyperplane) to divide the classes, whereas the MLP can develop arbitrarily complex dividing
surfaces. Thus, the MLP is more commonly used than the perceptron for MC detection.

Halkiotis et al. [10] compare two different MLP topologies, one single hidden layer with 5
hidden neurons and another with 10 hidden neurons. The network with 10 hidden neurons
achieved the best classification of MCs. Papadopoulos et al. [22] also tested various config-
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urations of MLPs for MC detection, which include an architecture of 15 hidden nodes, the
use of principal component anlaysis (PCA), and different training algorithms, like gradient de-
scent, resilient back-propagation, conjugate gradient and quasi-Newton. For the MLP with 15
neurons in the hidden layer, the quasi-Newton training algorithm provided the most accurate
classification of MC clusters.

2.4.3 Radial Basis Function Networks

Radial basis function (RBF) networks are also used for classifying MCs. This type of classifier
takes advantage of Cover’s theorem [5], which states that “a complex pattern-classification
problem, cast in high dimensional space nonlinearly, is more likely to be linearly separable than
in a low-dimensional space, provided that the space is not densely populated” [11]. The RBF
classifier operates by nonlinearly casting the m0-dimensional vector into the m1-dimensional
space, Rm1 , where m1 > m0. This is accomplished using radial basis functions, which are
real valued functions that depend only on the Euclidean distance from each of the m1 cluster
centers. This allows for a linear surface to divide the classes in R

m1 , given that the classes are
separable. When the linear surface in Rm1 is nonlinearly projected back into Rm0 , the resulting
dividing surface is nonlinear. The implementation of the RBF network for classifying MCs is
discussed further in section 3.5.4.

Halkiotis et al. compare the MLP classifiers with an RBF network classifier, and reported
that the MLP with ten hidden nodes achieved the best classification (although the best true
positive rate was the same for both the RBF network and MLP network) [10].

2.4.4 Support Vector Machines

Last, support vector machines (SVMs) are another type of classifier used for MC detection.
SVMs also take advantage of Cover’s theorem [5] and in general provide good classification,
given a representative dataset. SVMs, like RBF networks, map the m0-dimensional input vector
into Rm1 . Instead of using radial basis functions, SVMs use kernel functions which depend on
the Euclidean distance from each of the m1 support vectors. Given the support vectors and
the outputs from the kernel functions, a linear surface can be found that will divide the classes
(provided that the classes are separable) in R

m1 . Therefore, the surface separating the classes
in R

m0 is nonlinear. The implementation of the SVM for classifying MCs, including how the
support vectors are determined, is discussed in greater detail in section 3.5.5.

In classifying MCs, Papadopoulos et al. [22] reported a better performance with an SVM
with a Gaussian kernel than the MLP, and Bazzani [2] claimed to have comparable results
with other methods using SVMs. El-Naqa et al. show that SVM classification of MCs provided
excellent performance, and claims that “the SVM classifier out performed all other methods
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considered” [9].
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Chapter 3

Methodology of Study

Figure 3.1: Overview of detection method.
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First, an analysis of the film response is discussed to ensure that no correction is needed for the
pixel brightness to correctly represent density. The components of the study include the h-dome
transform (the pre-processor chosen to study), the “hill climbing” algorithm (segmentation
method), the features vector, and the classifiers. Each component is discussed in full detail.
The block diagram in Figure 3.1 provides the overall flow of the method used for autonomously
identifying the MCs.

3.1 Film Response

Figure 3.2: X-rays passing through breast tissue and structure of interest [3].

The basic concept of x-ray mammography is shown in Figure 3.2, where n0 defines the mean
number of x-rays incident on the breast. The thickness of the normal breast tissue, z, and the
thickness of the structure of interest, a, are labeled in the diagram. The formula for calculating
the mean number of x-rays, nA and nB, after passing through the breast along paths A and B
are listed in Equations 3.1 and 3.2, where the x-ray attenuation coefficients of the tissue and
structure are represented by µ and µ′.

nA = n0 exp(−µz) (3.1)

nB = n0 exp(−µ(z − a)− µ′a) (3.2)
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nA and nB indicate a measure of density for the tissue. The relationship between the mean
number of x-rays detected (after passing through the breast) and the density is inversely pro-
portional. The mammogram itself represents a density mapping of the breast. Table 3.1 [12, 13]
shows an example of the mapping from pixel value to optical density, D. This mapping is de-
fined by the model: D = (f(x) − 4096.99)/(−1009.01), where f(x) is the pixel value. This
model is the linear regression of the experimental data (measured optical density and mean
pixel brightness). This mapping applies to film since silicon detectors for digital mammograms
do not have the same type of response. The brighter regions, in terms of pixel brightness, corre-
spond to more dense areas, which may correspond to tumors or calcifications. The relationship
between optical density, which is the measure of light transmitted through the film, and the
logarithm of the relative x-ray exposure is shown in Figure 3.3, where the maximum slope of
the linear region is represented by γ. From Figure 3.3, the formula (Equation 3.3) for optical
density, D, can be derived. I0 represents the amount of light incident on the film and It is the
amount of light transmitted through the film. The relationship between optical density and
exposure reveals that the film response is nonlinear. Note, this nonlinear relationship does not
hold for digital mammography, which is discussed in section 4.1.

D = γ log
(
I0
It

)
(3.3)
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Table 3.1: Experimental brightness to density mapping for Lumisys scanner [12, 13].

Optical Density Mean Grey Level

0.04 4069

0.21 3897

0.34 3759

0.50 3601

0.69 3443

0.82 3269

0.96 3113

1.13 2948

1.28 2794

1.44 2635

1.59 2478

1.74 2324

1.89 2167

2.07 2004

2.21 1855

2.37 1690

2.52 1542

2.68 1386

2.84 1235

2.99 1099

3.13 957

3.60 495
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Figure 3.3: Relationship between optical density and exposure [3].

As mentioned before, there is a nonlinear relationship between the optical density (ap-
proximated by a linear relationship with pixel brightness) and the logarithm of the exposure
(Figure 3.3). In order to verify that brightness correction is not necessary due to this nonlin-
earity, the contrast between optical densities, in terms of exposure, is analyzed. Let dB1 be
the optical density associated with one background (one part of the breast), and let dµ1 be the
optical density of an MC in the breast tissue associated with the first background. Equation
3.4 shows the definition of the the optical density of the background alone where α1 is a factor
related to the absorption of x-rays in the first background, and Equation 3.5 shows the optical
density of the background and the MC where β is a factor related to the absorption in the MC
only.

dB1 = γ log10(α1η0) (3.4)

dµ1 = γ log10(α1βη0) (3.5)
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Looking at the difference of these two expressions, we get a measure of contrast between the
optical density of the MC and the optical density of its backgrounds (Equation 3.6). Using the
same MC with the same absorption parameter, β, and placing it in another background with
density, dB2 , and absorption parameter, α2, a measure of contrast (Equation 3.7) with respect
to the second background (a different part of the breast) can be calculated.

CB1 = dµ1 − dB1

= γ log10(α1βη0)− γ log10(α1η0)

= γ log10(β)

(3.6)

CB2 = dµ2 − dB2

= γ log10(α2βη0)− γ log10(α2η0)

= γ log10(β)

(3.7)

Note that the contrasts, despite what background is present, are independent of the back-
ground. This conclusion is verified by plotting the contrast (feature described below) with
respect to background. See Figure 3.4 for the plot. The plot shows that, for all intents and
purposes, the brightness contrast is independent of background brightness. Also, the MCs tend
to have a contrast measuring larger than the non-MCs, and the non-MCs may have a negative
contrast which means that the background brightness is greater than the brightness of the MC
(see definition in section 3.4.2).
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Figure 3.4: Contrast independent with respect to background.

3.2 Pre-processing

For the pre-processor, the morphological methods by Halkiotis et al. [10] are followed because
their method explicitly locates regional maxima while suppressing noise. Although, they do use
a series of morphological transformations and operations that extract regional maxima, they
do not use an explicit segmentation method. Their method assumes that the domes correctly
segment the MCs by using the binary image as a mask. The different morphological components
include the h-dome transform, grayscale opening [30], grayscale reconstruction [34], extended
maxima transform [30], and connected components labeling [29].
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3.2.1 H-dome transform

Figure 3.5: Output from h-dome.

The h-dome transform is used because it is a morphological operation that locates regional
maxima (essentially what an MC is in mammograms) in addition to limiting the effects from
noise. The h-dome transform starts by subtracting a constant “h” from every pixel in the image
(Figure 3.6a). The constant “h” is defined to be a small, user defined constant which may be
determined by the maximum possible brightness in the mammogram. Halkiotis et al. [10] note
that a broad spectrum of the constant “h” yield maxima due to MCs. However, “h” should
be chosen to be “small” compared to the maximum possible brightness. Experimentally, “h”
is chosen to be 100 with respect to 4095 (12 bits per pixel). By reconstructing the original
image (I) from the difference image (I − h), the newly reconstructed image will match the
original image except at regional maxima (Figure 3.6b). For details on reconstruction, refer to
grayscale reconstruction section 3.2.3. Then, the difference between the original image and the
reconstructed image yield the regional maxima or domes (Figure 3.6c). The h-dome transform
does suppress some noise, however noise is still present (Figure 3.5). Therefore, the noise
removal operation of opening is employed.
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(a) original (b) reconstructed

(c) h-dome transform

Figure 3.6: H-dome transform example.
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3.2.2 Opening

Figure 3.7: Output after opening.

Opening, which is erosion followed by dilation (see definition of erosion in Equation 3.8 and
dilation in Equation 3.9), is simply a way of reducing the amount of noise output from the
h-dome transform. The choice of constant structuring element, B, is a circle with a radius of
two pixels [10]. The method used by Halkiotis et al. [10] is followed here as well since it involves
morphological noise removal. The output after opening significantly reduces the amount of
noise (Figure 3.7). Opening accomplishes this by eliminating the pixels in Figure 3.5 that are
smaller than the structuring element B.

εB(f(x)) = min
b∈B

f(x+ b) (3.8)

δB(f(x)) = max
b∈B

f(x+ b) (3.9)

3.2.3 Grayscale Reconstruction

Grayscale reconstruction, which is shown in Figure 3.6a and Figure 3.6b, comes from a geodesic
dilation operation (Equation 3.10). Dilation itself is a maximum type operation of over the
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structuring element, which allows the pixels to increase toward the value in the original image.
The structuring element is the size and shape which is used to change the pixels in the images.
However, geodesic dilation also includes a pointwise minimum operator (∧). So, the geodesic
dilation is the dilation of image J ≤ I “under” I, which is defined as the pointwise minimum
of the dilation of image J by a structuring element B and the original image I [34].

δ
(1)
I (J) = δB(J) ∧ I (3.10)

Now, the grayscale reconstruction can formally be defined as the iterative geodesic dila-
tion of J under I until it reaches stability [34]. The definition of stability in [34] is vague,
so stability is more rigorously defined to be no changes from the reconstructed image at it-
eration n to iteration n + 1. This means that the grayscale reconstruction relies on global
convergence over the entire image, which can be very slow depending on the size of the image
and choice of “h”. The grayscale reconstruction equation is shown in Equation 3.11. The ∨
operator denotes the pointwise maximum operation. Since, J ≤ I then δ

(1)
I (J) ≤ I. Despite

how many times the geodesic dilations are performed, this property holds and thus never can
exceed I. The maximum brightness over the reconstructed image is max(J), assuming J ≤ I.
Remember, from above, that the reconstruction in the h-dome transform J is defined to be I−h.

ρI(J) =
∨
n≥1

δ
(n)
I (J) (3.11)

The combination of opening followed by grayscale reconstruction allows for the removal of
noise and domes with low dynamics [10]. This reduces the number of possible MCs that will
be segmented and classified.

3.2.4 Extended Maxima Transform

The extended maxima transform is a morphological form of thresholding. “The extended
maxima tranformation is the regional maxima computation of the corresponding h-maxima
transformation” [10], or

EMAXh(f) = RMAX(HMAXh(f)) (3.12)

The h-maxima transform is the reconstruction by dilation (same as grayscale reconstruction
definition) of image f by f − h, where “h” again is a small constant (Equation 3.13). Note,
the constant “h” here may be different from the one used for the h-dome transform. Next, the
regional maxima computation takes the difference of the input image and the reconstruction of
the input image by the input image minus one (Equation 3.14).
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Figure 3.8: Output after extended maxima transfrom.

HMAXh(f) = ρf (f − h) (3.13)

RMAX(f) = f − ρf (f − 1) (3.14)

Therefore, after all the reconstruction thresholding, much of the noise is removed and a mask
for the domes with certain dynamics are left. An example of the output from the extended
maxima stage is shown in Figure 3.8.

3.2.5 Connected Components

The connected component provides the final binary masking of the all the morphological op-
erators discussed above. Diverging slightly from Halkiotis et al. [10], the center of gravity is
computed for each connected component. The seed for segmenting the MCs is the center of
gravity.
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3.3 Segmentation

3.3.1 Region Growing

Region growing is one method used for segmenting MCs. As mentioned before region growing
depends on the neighbor and local neighborhood thresholds set. There exist dynamic methods
of setting thresholds, since MCs may somewhat differ in neighborhood contrast as well as in rate
of change between pixel brightness. Bankman et al. [1] show that the “hill climbing” algorithm
outperforms region growing and so, “hill climbing” is used in this work.

3.3.2 “Hill Climbing”

Figure 3.9: Radial lines for the “hill climbing” algorithm.

The “hill climbing” algorithm is based on finding the maximum rate of change of brightness as
one travels from the center pixel along a radial line outward (Figure 3.9). Bankman et al. [1]
use sixteen equally spaced radial lines, however, connectivity of the region is better ensured by
calculating the number of radial lines needed. The number of radial lines is given by d2πrmaxe,
where rmax is the maximum radius considered to be the boundary. In our work, rmax = 15
which corresponds to a maximum physical radius of 0.75mm. This method is indeed superior
since the region considered to be an MC is better defined.

Consider a seed pixel that is not part of an MC, then the maximum change in brightness
from the center tends to be farther away from the center (which is the maximum brightness
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of the region). Therefore, the maximum slope marking the boundary of regions corresponding
to non-MCs are closer to the center of the regions, providing smaller areas to extract features.
Conversely, MCs tend to correspond to larger areas than non-MCs.

The definition of slope or rate of change in brightness is shown in Equation 3.15, where
f(x0, y0) corresponds to the maximum brightness in the region (i.e brightness of center) and
d(x0, y0, x, y) is the Euclidean distance, in the plane, between the center pixel, (x0, y0), and the
pixel, (x, y), considered down the radial line. The maximum slope for each radial line, by this
definition of slope, marks a boundary pixel of the MC for that particular radial line.

s(x, y) =
f(x0, y0)− f(x, y)
d(x0, y0, x, y)

(3.15)

3.4 Extracted Features

In the case of MCs, the features are selected such that they provide a statistical representation
of a suspicious area in the mammogram. These suspicious areas are found by pre-processing
(discussed in section 3.2) the mammograms. The features of MCs calculated include: area,
contrast, average brightness, variance, second central moments, and entropy.

3.4.1 Area

Typically, mammogram film scanners digitize film using resolution, σr, of either σr = 100µm
or σr = 50µm. After segmentation, the area of an MC is estimated by A = σ2

rn, where n is the
number of pixels in the MC. The calcification is segmented during pre-processing, and the total
number of pixels is easily calculated. Area is used to account for any other feature that may
have a dependence on the size of the object. Secondly, the size of the calcification determines
whether there is an indication of cancer or not. Typically larger calcifications are not associated
with malignant lesions.

3.4.2 Contrast

Literally, the contrast is the difference between the MC pixels and the background, which is
the same definition used in Equations 3.6 and 3.7. In this case, it is more rigorously defined as:

Cmc =
1
9

9∑
x=1

f(x)− 1
NB

NB∑
y=1

f(y) (3.16)

where the first term is the average brightness over a 3× 3 neighborhood about the center pixel,
and the second term is the average brightness over the NB number of background pixels. A
background pixel is defined to be 2 pixels out from the boundary of the MC in the direction
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of the vector formed between the center pixel and the boundary pixel. This provides a general
relationship between the center of the suspicious region and the background. MCs are known
to have larger contrast compared to the contrast of soft tissue on average, however, due to noise
and other variability in mammograms, contrast cannot be used as the only determining feature.
For example, the crossing ducts in Figure 3.10 show up as bright relative to the background.
More features are needed to detect the MCs without increasing the number of false positives.

Figure 3.10: Crossing ducts in mammogram.

3.4.3 Average Brightness

The average brightness of all pixels in the potential calcification is used as another feature.
This feature is useful because MCs tend to more commonly be in malignant lesions, although
they can be present throughout the soft breast tissue too. Since MCs can vary across many
brightness levels, this feature is used to account for any brightness dependency. Equation 3.17
shows the formula for calculating the average brightness, where M is defined to be the set of
all pixels in a particular MC and N is the number of pixels within the MC.

µ =
1
N

∑
x∈M

f(x) (3.17)
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3.4.4 Variance

Variance of all pixels in the suspicious area is defined in Equation 3.18. The variance provides
insight into how MCs vary compared to the soft tissue. This is a widely used feature for
detection and classification of MCs. For example, Halkiotis et al. [10] use variance as one of
the features for their classifier. Since MCs correspond to higher spatial frequency, they tend to
have higher variance than soft tissue. However, noise and area also become a factor with this
feature and therefore more features are needed to better describe MCs.

σ2 =
1
N

∑
x∈M

[f(x)− µ]2 (3.18)

3.4.5 Second Central Moments

Before jumping to the central moments, the moments mpq, themselves, are calculated by in-
tegrating over the area containing the MC, represented by M , as in Equation 3.19. Values p
and q are substituted into the equation and determine which moments are calculated (i.e. first,
second, etc.). In order to calculate the central moments, the center of gravity is needed. The
center of gravity is computed by calculating mx and my (Equation 3.20), which are the centers
of gravity with respect to each axis. mx is computed using Equation 3.19 with p = 1 and q = 0
in the numerator, and p = 0 and q = 0 in the denominator. Then, my is computed using
Equation 3.19 with p = 0 and q = 1 in the numerator, and p = 0 and q = 0 in the denominator.

The central moments, µpq, are defined in Equation 3.21 [29], where mx and my are computed
as described above. The difference between the moments and the central moments is that the
central moments are invariant to both translation and rotation. The second central moments
are computed by letting p = 2 and q = 0 for one feature, and p = 0 and q = 2 for the other.
As mentioned before, calcifications vary in size and shape, and these features help to describe
the shape of the MCs.

mpq =
∫∫
M

xpyqf(x, y) dx dy (3.19)

mx =
m10

m00
my =

m01

m00
(3.20)

µpq =
∫∫
M

(x−mx)p(y −my)qf(x, y) dx dy (3.21)
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3.4.6 Entropy

Last, entropy is defined in Equation 3.22, where the summation is over the number of bright-
ness values, or bins. The probability function of brightness, v = P [f(x, y)], is estimated by a
histogram. Entropy is a measure of randomness, and is used as a characteristic of texture for
the suspicious region. The feature is chosen because the texture is different between soft tissue
and MCs.

S = −
∑

v · log2 v (3.22)

Many different features have been studied in the application for MC detection. During this
study, there exist features that were not used in this paper. Some of those feature include:

• Average brightness of the background

• Kurtosis

• Skew

The average brightness of the background, as discussed in section 3.4.2, is not directly useful for
detecting MCs. This feature does not provide any information about the calcification, rather, it
provides information about the surrounding tissue. This background is merely used as reference,
and therefore is not used directly in detecting MCs.

The features describing texture, kurtosis and skew, are also not used our method. Some
other methods choose to use these features, such as Halkiotis et. al. [10]. However, in this study
the experimental results did not show any improvement in detection by using these features.
Since features describing texture are already being used to describe MCs, it is sufficient not to
use kurtosis and skew.

All of the features listed make up the input space for the classifiers tested. These features
help describe several aspects of MCs and soft tissue in mammograms, such as size, statistical
measures of brightness (i.e. mean, variance, and etc.), shape, and texture. The combination of
these features will help classify suspicious regions into MCs and soft tissue.

3.5 Classifiers

In this section, we review the classifiers, including the Mahalanobis distance, perceptron, mul-
tilayer perceptron (MLP), radial basis function (RBF) networks, and support vector machines
(SVMs), so we can compare the results of the classifiers for the MC detection method discussed.
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3.5.1 Mahalanobis Distance

The Mahalanobis distance is a simple pattern recognition technique that is used to identify
which class an input vector belongs, where the feature vector, x, is the set of measurements or
features extracted from a segmented region in the mammogram. The Mahalanobis distance is
computed with the following formula, using vector notation

r2 = (x− E[x])TΣ−1(x− E[x]) (3.23)

where Σ−1 is the matrix inverse of the covariance matrix Σ. The covariance matrix is then
defined in Equation 3.24.

Σ = E[(x− E[x])(x− E[x])T ] (3.24)

However, since the expectation of all possible samples is not feasible. An estimation of the
covariance is required. The estimator of the covariance is given by the sample covariance
matrix, where

E[x] = µ = [µ1 µ2 · · · µN ]T (3.25)

The sample covariance matrix generally is computed as

Σ ≈


Σ11 Σ12 · · · Σ1j

Σ21 Σ22 · · · Σ2j

...
... · · ·

...
Σi1 Σi2 · · · Σij

 (3.26)

where the sample covariance of element i, j is computed as

Σij =
1
N

N∑
k=1

(Fi(k)− µi)(Fj(k)− µj) (3.27)

where N is defined to be the number of samples for the features Fi, and µi =
N∑
k=1

Fi(k).

By computing the sample covariance matrices for both the true positive training samples
and the true negative training samples, the Mahalanobis distance can be computed for both
sets too. After calculating these distance measures, the class to which the input x belongs is
determined by the class with the smallest Mahalanobis distance. Every input is then classified
using the smallest Mahalanobis distances.
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3.5.2 Perceptron with Least Mean Square weight update

Figure 3.11: Perceptron model for one neuron.

The perceptron uses a weight vector, w, and an input vector, x, both of dimension (m0 +1)×1,
where:

x = [1 x1 x2 · · · xm0 ]T (3.28)

w = [w0 w1 w2 · · · wm0 ]T (3.29)

such that the classification boundary, wTx = 0, separates the classes.
The output of the perceptron, given the input vector, can be calculated using Equation 3.30

which comes from the perceptron diagram in Figure 3.11. The activation function, ϕ(v), chosen
is the “tansig” function (Equation 3.31) because this function has both positive and negative
outputs, and it provides a simple way to determine the classification using a threshold at 0. A
negative output corresponds to a non-MC and a positive output corresponds to an MC. The
choice of activation function is not crucial for this study since training methods are essentially
the same for different activation functions.
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F (x) = ϕ(wTx) (3.30)

ϕ(v) =
exp(x)− exp(−x)
exp(x) + exp(−x)

(3.31)

The perceptron, being a supervised learning method, requires training (or in other words
the weight vector has to be determined). The weight vector is determined using the least
means square (LMS) weight update. This method is stochastic, which means the converged
weights are non-deterministic, and requires the continual presentation of training samples in
order to determine the weight vector. The LMS weight update equation is specifically chosen
for simplicity. This weight update equation is

w(n+ 1) = w(n) + ηx(n)(d(n)− y(n)) (3.32)

where d(n) is the desired or expected output, and η is the learning rate parameter. Therefore,
the weight vector is updated based on the error, or how far the current output is from the
expect output. The desired output takes on a value of “+1”, indicating a true positive; or “-1”
indicating a true negative. The learning parameter determines how fast the weights converge.
If the weights converge too quickly, then the weight vector may not be optimal.
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3.5.3 Multilayer Perceptron

Figure 3.12: MLP model with one hidden layer and one output neuron.

The MLP is an extension from the the perceptron, but the difference is that the MLP allows
for a nonlinear classification boundary. This type of ANN still provides a single output like the
perceptron, however, this architecture has more neurons. The MLP typically contains layers of
neurons between the inputs and outputs, called “hidden layers” [11]. A single hidden layer is
considered because according to the universal approximation theorem, a given training set can
be sufficiently approximated by a MLP with a single hidden layer [11].

Therefore, one hidden layer is sufficient for the purposes of this paper. The activation
functions for every neuron (in both layers) are also chosen to be the “tansig” function (Equation
3.31), even though these activation functions maybe different.

The output of the MLP is computed using a network of neurons (Figure 3.12), where m1 is
the number of neurons in the hidden layer. Like the perceptron, the MLP has an input vector,
x of dimension (m0 +1)×1. The MLP also has weights, however, now there is a weight matrix,
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W, with dimensions (m0 + 1)×m1 where

W =


w

(1)
10 w

(1)
20 · · · w

(1)
m10

w
(1)
11 w

(1)
21 · · · w

(1)
m11

...
...

...

w
(1)
1m0

w
(1)
2m0

· · · w
(1)
m1m0

 (3.33)

Each column of W represents a weight vector for a single neuron (or perceptron). The output
of the hidden layer is

xh0 = ϕ(WTx) (3.34)

where the vector notation for the activation function is ϕ(v) = [ϕ(v1) ϕ(v2) · · · ϕ(vm1)]T . The
vector output from the hidden layer, xh0 , is now used as part of the “input” to the output layer.
The “input” to the output layer is the m1 + 1 dimensional vector

xh1 = [1 xh0 ]T (3.35)

The output of the network can now be computed as

F (x) = ϕ(wT
o xh1) (3.36)

where
wo = [w(2)

10 w
(2)
11 · · · w

(2)
1m1

]T (3.37)

The updating of the weights in this type of network is not as straight forward as that of
the single neuron. In order to perform the weight update, back-propagation is used. Back-
propagation, like the LMS weight update, is also an iterative method. The back-propagation
algorithm is defined in [11].
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3.5.4 Radial Basis Function Network

Figure 3.13: RBF network model with a single hidden layer and one output.

The RBF network is a nonlinear classification technique like the MLP, however, it relies on
finding linear separability in a higher dimensional space. Based on Cover’s theorem [5], the
data is more likely to be linearly separable when cast nonlinearly into a higher dimensional
space [11]. The RBF classifier has an input vector, x, of dimensions m0 × 1. The inputs do
not have any weights associated with them (i.e. weight are all “+1”). The inputs are just fed
forward to the hidden layer. The hidden layer is composed of m1 nodes, where m1 > m0 (i.e.
the number nodes in the hidden must be larger than the dimension of the input vector). These
nodes in the hidden layer are distinguish from the neurons of the MLP because these nodes do
not function in the same way. These nodes are the collection of radial-basis functions for the
network.

In order to determine the radial-basis functions, k-means clustering is first used to find
the cluster centers. K-means simply finds “k” number of cluster centers for the data (both
classes), it does not perform any type of classification. After k-means clustering, the cluster
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centers are used to determine the radial-basis functions for the network. There are different
forms of radial-basis functions, such as multiquadradics, inverse multiquadradics, and Gaussian
functions. For the purposes of this paper, the Gaussian radial-basis function is used. The
Gaussian radial-basis function for the jth center, xj , is

ϕj(x) = exp(− 1
2σ2

j

‖x− xj‖2) (3.38)

The output of the network F (x) = wTφ(x) where

φ(x) = [1 ϕ1(x) ϕ2(x) · · · ϕm1(x)]T (3.39)

w = [w0 w1 · · · wm1 ] (3.40)

The weights for the RBF network are also non-deterministic, therefore the network has
to be trained using samples. The weights are determined very much in the same way as the
perceptron, since the only part of the network with weights is essentially a perceptron. Refer
back to section 3.5.2 for details on updating the weights.
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3.5.5 Support Vector Machine

Figure 3.14: SVM model with one hidden layer and one output neuron.

SVMs are based around a simple objective function Q(α) shown in Equation 3.41 [11].

Q(α) =
N∑
i=1

αi −
1
2

N∑
i=1

N∑
j=1

αiαjdidjk(xi,xj) (3.41)

where di is the desired output for the ith sample. Given the training samples, find the Lagrange
multipliers (αi’s) that maximize the objective function, subject to the constraints:

(1)
N∑
i=1

αidi = 0

(2) 0 ≤ αi ≤ C for i = 1, 2, ..., N
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This is the dual form for the constrained optimization of a support vector machine. All training
samples with non-zero αi’s are the support vectors. There are fewer support vectors than the
number of training samples.

The SVM uses a Gaussian kernel which takes the same form as the radial-basis function
above in Equation 3.38, however, xj represents the support vectors rather than the cluster
centers. Equation 3.42 defines the Gaussian kernel [11].

k(x,xi) = exp(− 1
2σ2
‖x− xi‖2) (3.42)

The SVM output of the network is computed by feeding an input vector, x, foraward through
the network (Figure 3.14). The input vector, which is of dimensions m0× 1, does not have any
weights applied between the input and hidden layers. Next, the input vector is applied to the
m1 kernel, which come substituting the m1 support vectors into Equation 3.42. The output
layer is a single neuron (or perceptron), which means that weight are iteratively computed in
the same manner. Thus, the output of the SVM is

F (x) =
m1∑
i=1

αidik(x,xi) (3.43)

where di is the expected output for the ith support vector.
SVMs work well because they also apply Cover’s theorem [5]. In order for the SVMs to work

well the number of support vectors must be greater than the dimension of the input vector, or

m1 > m0 (3.44)

Typically, for the training samples to be linearly separable in the m1 dimensional space

m1 ≥ N/2 (3.45)

where N is the number of samples used to train the SVM.
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Chapter 4

Training Networks

In this chapter, the extraction of the training data from collections of images is discussed. The
details for each training set is discussed, including the number of samples in the set, resolution
of the mammograms, etc. Also, the selection methods for the samples corresponding MCs and
those corresponding to non-MCs are discussed.

4.1 Training Sets

There are 2 different collections of images used to extract the training sets for MC detection:

1. DDSM (Digital Database for Screening Mammography) provided by the University of
South Florida (USF): 40 images [12, 13]

2. Baptist Hospital at Wake Forest University (WFU): 80 images

The DDSM is a collection of digitized film mammograms. This collection of mammograms,
in particular, are generated by exposing radiographic film to the x-rays (after passing through
the breast tissue). Then, the mammograms are digitized using scanners. The film response,
as noted in section 3.1, is nonlinear. Conversely, the WFU mammogram collection for are not
digitized through a scanner. These mammogram, when created during screening process, first
use a a scintillator to convert the x-rays to light. Then, the silicon detectors respond to the light
emitted from the scintillator. This process directly captures the x-rays that are not absorbed
in the tissue, and a computer generates the digital mammogram from the amount of x-rays
detected. Thus, eliminating the effects of noise from the scanners (noise from detectors is still
present). It is important to note that the response for digital mammography is very close to a
linear response, which differs from the nonlinear response for film mammography.
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4.1.1 DDSM

The training set for the DDSM database consists of 662 samples, 332 of which correspond
to MCs and 330 that correspond to non-MCs, which come from mammograms that have a
resolution of 50µm per pixel. The samples are split in half into training and test sets for each
of the experiments, such that performance (see section 5.1) can be measured for both sets.
The training set is composed of 331 randomly permuted samples, and the test set contains
the remaining 331 samples. Each sample has every feature from Section 3.2 calculated for the
corresponding region, and the expected output of the classifier when given the sample. An
output corresponding to an MC is considered to be “+1”, and one not corresponding to an MC
is “-1”.

4.1.2 WFU

The training set for the WFU database consists of 800 samples, 400 of which correspond to MCs
and 400 that correspond to non-MCs. These samples come from a collection of mammograms
which have a resolution of 100µm per pixel. These samples are also split into training and
testing sets, so that performances can be measured (section 5.1). The same features: area,
contrast, average brightness, brightness variance, second central moments, and entropy are
given as part of each sample, as well as, the expected output.

4.2 Sampling

4.2.1 True Positive Sampling

The true positive samples used (sections 4.1.1 and 4.1.2) for the data sets are chosen manually
because the classifiers must be trained to detect MCs and random sampling will train false
positives to be classified as MCs. Each feature described above is calculated for the manually
selected points in images that contain MCs from the DDSM and WFU mammogram sets.
Note that many of the MCs selected are located within clusters already identified through the
databases, such that the samples entered into the training set are less likely to be false. The
features are then computed from the regions surrounding the corresponding points.

4.2.2 False Positive Sampling

The false positive samples are obtained in different manner than the true positive samples.
Uniformly distributed random points using multiple images from the databases that are cate-
gorized as “normal” (meaning not malignant), are selected. Non-malignant mammograms may
contain MCs that do not belong to clusters, however, by sampling a much smaller number
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of points compared to the number of pixels in the mammogram, the probability of entering
features corresponding to an MC in not likely. However, it is possible and thus the true neg-
ative training set must be accurately checked. Each random point has each feature computed
so that the classifiers can determine how to classify regions not corresponding to MCs. Since
the resolutions for each mammogram set are different, note that the two training sets are kept
separate (i.e. the sampling is performed individually on the DDSM and WFU databases).
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Chapter 5

Results

In this chapter, the performances of the MC detection methods are discussed. The overall
performances of the MC detection methods depend on both the performance of the pre-processor
and the performance of the classifier. The measures of performance are the true positive rates
and false positive rates. First, the performance of the pre-processor (the hdome transform, and
thresholding) alone is analyzed. Then, the overall performances through the various classifiers
are measured.

5.1 Measuring Performance

The two measures of performance used are the true positive rate and the false positive rate.
The true positive rate is a measure used to show percentage of MCs correctly classified, and
the false positive rate is a measure used to show the percentage of non-MCs that are classified
as MCs. Ideally, the true positive rate should be 100% and the false positive rate should be
0%. Realistically, the classifiers should be as close as possible to this ideal performance.

The true positive rate (TPR) is computed as

TPR =
TP

TP + FN
(5.1)

where TP is the number of true positive samples (i.e. number MCs classified as MCs) and FN
is the number of false negative samples (i.e. number of MCs classified as non-MCs). Then,
the false positive rate (FPR) is computed as

FPR =
FP

FP + TN
(5.2)

where FP is the number of false positive samples (i.e number of non-MCs classified as MCs)
and TN is the number of true negative samples (i.e. number of non-MCs classified as MCs).

43



5.2 Pre-Processor Performance

In order to generalize the method, the performance of the pre-processor is measured on both
sets of mammograms (DDSM and WFU). The true positive rates achieved for the pre-processor
include:

• DDSM detects 95% of MCs

• WFU detects 93% of MCs

This shows only the percentage of the MCs that are correctly detected after the pre-processor.
The classifier is needed in order to improve performance by reducing the large number of false
positives remaining after the pre-processor.

5.3 Classifier Performance

5.3.1 Mahalanobis Distance

The Mahalanobis distance considers “closeness” to the means of the true positive samples and
the true negatives samples, and the covariance matrices of both classes. The Mahalanobis dis-
tance classifier performances are tabulated in Table 5.1, which shows the minimum, maximum,
and average (over 30 trials) true positive rate (TPR) and false positive rate (FPR) for both
training and testing sets. Table 5.1 shows that that Mahalanobis distance classifier is not well
suited for detecting MCs because many MCs are being missed and many maxima that are not
MCs are classified as MCs.

Table 5.1: Performances of the Mahalanobis distance.

Training Testing

TPR
min 0% 0%
max 100% 100%
avg. 82.7% 38.7%

FPR
min 0% 0%
max 33.33% 75%
avg. 1.59% 38.86%
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5.3.2 Perceptron

The perceptron classifier performance is not the best, which is expected since the classifica-
tion limited to a linear boundary. Even though the perceptron classification on the test set
shows decent performance, the results when classifying all the points output from the h-dome
transform are not sufficient enough to detect all MC clusters. The perceptron classifier outputs
too many false positive MCs. The perceptron classification performance is shown in Table 5.2,
which shows the minimum, maximum, and average (over 30 trials) TPR and FPR for both
training and testing sets.

Table 5.2: Performances of the perceptron.

Training Testing

TPR
min 97.7% 95.6%
max 100% 100%
avg. 99.6% 98.7%

FPR
min 0% 0.58%
max 3.45% 6.02%
avg. 1% 2.21%

5.3.3 Multilayer Perceptron

The MLP classifier provides varying performance, which is dependent upon the number of
neurons in the hidden layer. Given sufficient number of neurons in the hidden layer (and enough
training samples that are representative of MCs), the MLP provides a good classification. The
MLP is able to correctly classify MCs with few false positives. The performances for the MLP
classifier are shown in Table 5.3, which shows the minimum, maximum, and average (over 30
trials) TPR and FPR for training and testing sets. This table shows the performance for MLP
classifiers with 5, 10, and 20 hidden neurons (HNs).
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Table 5.3: Performances of the MLPs.

5 HNs 10 HNs 20 HNs
Training Testing Training Testing Training Testing

TPR
min 95.1% 94.6% 94.9% 88.61% 0% 0%
max 100% 100% 100% 98.7% 100% 100%
avg. 92.3% 91.1% 93.3% 91.1% 95.8% 93.3%

FPR
min 0% 0% 0% 1.15% 0% 0.61%
max 6.62% 8.86% 5.92% 11.18% 49.0% 40.0%
avg. 3.00% 4.56% 2.87% 5.74% 1.97% 5.43%

The MLP with 20 hidden neurons provides the best performance in training for the MLPs
tested. However, the MLP with 5 hidden neurons performs the best on the test set (i.e.
generalizes the best). The results in Table 5.3 show that as the number of neurons increases,
the ability to generalize degrades.

5.3.4 Radial Basis Function Network

The RBF classifier provides varying performance as well, which is dependent on the number
of cluster centers. The RBF provides really good results, given a sufficient number cluster
centers and training samples. The RBF network is able to correctly classify MCs with minimal
false positives and false negatives. The performances of the RBF networks are tabulated in
Table 5.4, which show the minimum, maximum, and average (over 30 trials) TPR and FPR for
both training and testing sets. This table shows these performance measures for RBF networks
with 50, 100, and 150 cluster centers.

Table 5.4: Performances of the RBF networks.

50 centers 100 centers 150 centers
Training Testing Training Testing Training Testing

TPR
min 94.4% 88.7% 99.4% 91.1% 99.3% 82.5%
max 99.4% 97.0% 100% 98.0% 100% 96.9%
avg. 97.7% 92.5% 99.9% 94.0% 99.9% 89.7%

FPR
min 1.14% 3.11% 0% 4.73% 0% 7.32%
max 7.19% 10.86% 2.61% 13.94% 1.30% 17.37%
avg. 3.52% 7.68% 1.26% 9.14% 0.80% 11.08%
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The RBF network with 150 cluster centers provides the best training performance for the
RBF networks tested. However, the RBF network with 50 cluster centers generalizes the best.
As the number of cluster centers increase, the ability to generalize degrades. The larger number
of cluster centers provides near perfect classification on the training set. However, if a samples
does not belong to the training set there is a higher probability that it will be misclassified.

5.3.5 Support Vector Machine

The SVM, in general, classifies well given a sufficient number of representative training samples.
The performance of the SVM is dependent on the number support vectors and which support
vectors are chosen. The performance measures are tabulate in Table 5.5, which shows the
minimum, maximum, and average (over 30 trials) TPR and FPR for both training and testing
sets. The SVM machine proves to classify very well on a set of given MCs (training set), however
performance on the test set is not the highest out of the methods tested. Therefore, the SVM
does not generalize the best.

Table 5.5: Performances of the SVM.

Training Testing

TPR
min 97.1% 90.2%
max 100% 100%
avg. 99.3% 94.0%

FPR
min 0% 3.2%
max 9.21% 12.14%
avg. 1.8% 7.90%

5.4 Detection Output

The major goal is to show that it is possible to detect MCs using the methods described in
chapter 3. Figures 5.1 and 5.2 show two different MC clusters and the individual MCs that
are detected within those clusters. The left image in each figure shows the cluster without any
markings so that the MCs are clearly seen. The images on the right in each figure show the
detected MCs with a blue circle and the MCs that are used in the training set with a small red
square. These figures show that the method (pre-processor, segmenter, feature extractor, and
classifier) is capable of detecting a majority of MCs in training set and those not in the training
set.
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(a) MC cluster. (b) Marked MC cluster.

Figure 5.1: Example detection of MCs.

(a) Another MC cluster. (b) Marked MC cluster.

Figure 5.2: Another example of detecting MCs

Figure 5.3 shows the output of a mammogram that was processed using the detection
method with the SVM. The figure shows a correctly detected cluster of MCs. Clustering is
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not explicitly discussed because it non-trivial to cluster a set of detected MC locations using
k-means clustering or some other simple clustering algorithm. The detected MCs are better
shown by using clustering, since a cluster is easier to spot than individual MCs. Therefore,
the detection method can be shown to correctly identify a cluster of MCs correctly, although
it may have missed some individual MCs.

Figure 5.3: Detection using SVM (with clustering).

5.5 Missed Microcalcifications

The reality is that detecting MCs is very complex, and achieving a 100% detection rate with zero
false positives is unrealistic. Understanding the reasons why the method does not detect certain
MCs is key for understanding MC detection. There are at least two different explanations for
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why some MCs were not detected:

1. The MCs are too subtle.

2. The training set is too small (or not representative of MCs)

The MCs are considered too subtle if the pre-process does not identify a peak at the location.
If the pre-processor does not identify the peak, then the classifier never considers that point. In
this case, this is a fault with the pre-processing technique not the classifier. Figure 5.4 shows an
example cluster of subtle MCs, and Figure 5.5 shows the corresponding pre-processing output.

Figure 5.4: A cluster of subtle MCs.
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Figure 5.5: Pre-processing output.

Notice how the majority of MCs in the cluster are not found by the preprocessor; this cluster
shows a few example of subtle MCs. One way to prevent this type of occurrence is to make
the pre-processor more sensitive to maxima. However, the trade off is that more false positives
may be detected with the classifier.

For the classifiers to generalize well, a sufficiently large training set is needed. More specifi-
cally, a training set that is representative of MCs and normal tissue. In either case, the classifier
may not generalize well (i.e. samples that are not in the training set may be misclassified.
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Chapter 6

Features

The MC features (area, contrast, average brightness, brightness variance, second central mo-
ments, and entropy) are analyzed in two ways, individually and pairwise, to better understand
the intricacies of MC detection. The individual analysis includes measuring the mean and vari-
ance of each feature, and the pairwise analysis includes determining the separability between
the classes (MCs and non-MCs) in the 2-dimensional spaces given by the projections of the
7-dimensional samples. The individual analysis provides the expected values of the features
and insight into how each feature varies. Then, the pairwise analysis shows features that are
approximately linearly separable and those that are not separable. This shows the more dis-
criminatory features and feature pairs. Lastly, the covariance matrix is analyzed so that the
feature dependencies can be seen more clearly.

6.1 Feature Statistics

6.1.1 True Positives

The statistics of the features (i.e., sample mean and sample standard deviation) provide the
overall expectation of each MC feature. The sample mean

µt(i) =
1
Nt

Nt∑
k=1

Fi(k) (6.1)

where Nt is the number of MCs and Fi is the value for the ith feature. Then, the sample
standard deviation

σt(i) =

√√√√ 1
Nt

Nt∑
k=1

(Fi(k)− µt(i))2 (6.2)
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is computed for each feature. Table 6.1 shows the sample mean and standard deviation of each
feature from the set of MCs.

Table 6.1: Feature means and standard deviation for true positives.

Feature µt σt

Area 79.0 37.3

Contrast 142.5 73.3

Avg. Brightness 3313.7 274.2

Brightness Variance 4345.1 3971.3

µ20 10.5 4.7

µ02 5.0 2.7

Entropy -31.3 29.3

Table 6.1 provides an overall sense of what an MC is in terms of the features defined in
3.4. The values in this table can be compared with the same statistics, mean and standard
deviation, of the the non-MCs (Table 6.2). By comparing the two tables, we see the general
differences between MCs and non-MCs. Notice the large overlap for many of the features, which
means any one feature, alone, may not distinguish between MCs and non-MCs very well.

6.1.2 True Negatives

In this section, the same feature statistics, mean and standard deviation, are measured for the
true negatives (non-MCs) so that the non-MCs can be contrasted with the MCs. The sample
mean and standard deviation equations for the true negatives are very similar to those for the
true positives. The equation for computing the sample mean is given by

µf (i) =
1
Nf

Nf∑
k=1

Fi(k) (6.3)

where, conversely, Nf is the number of non-MCs. Then, the sample standard deviation of the
true negatives is

σf (i) =

√√√√ 1
Nf

Nf∑
k=1

(Fi(k)− µf (i))2 (6.4)

The only difference between these equations and those in the previous section is the set of
samples used for the computation. Table 6.2 shows the sample mean and standard deviation
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of each feature from the set of true negatives.
Next, the MCs and non-MCs are contrasted, and conclusions are drawn from the features

themselves. Some generalities about the features are seen when comparing Table 6.1 and
Table 6.2, including: real MCs tend to have a larger size, contrast, and average brightness; also
a different shape and texture. However, due to the large sample variances and small differences
between the sample means for each feature, it is seen that simple feature thresholding does not
yield the best classification. There exists a significant overlap between the MC samples and the
non-MC samples for most features, thus making MC detection more difficult.

Table 6.2: Feature means and standard deviation for true negatives.

Feature µf σf

Area 37.7 25.3

Contrast -29.6 155.2

Avg. Brightness 2556.0 643.4

Brightness Variance 4782.2 25596.6

µ20 7.7 4.7

µ02 2.5 2.0

Entropy -20.3 57.8

6.1.3 Normalized Statistics

Tables 6.1 and 6.2 show that the average brightness and brightness variance features are dom-
inating the other features, since the values of average brightness and brightness variance are
significantly larger than the values of the other features. A dominating feature in a feature
vector causes difficulty in determining the relationships between features. Therefore, standard
practice using feature vectors that have one or more dominating features is to normalize the
features by their standard deviation (or variance).

In this case, the samples are normalized by the sample standard deviation of the entire
data set (i.e both MCs and non-MCs). Table 6.3 shows the feature means and variances of the
normalized MC samples, and Table 6.4 shows the same statistics for the normalized non-MC
samples.
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Table 6.3: Normalized feature means and standard deviation for true positives.

Feature µt σt

Area 2.081 0.984

Contrast 0.956 0.492

Avg. Brightness 5.309 0.439

Brightness Variance 0.236 0.216

µ20 2.130 0.954

µ02 1.848 1.004

Entropy -0.676 0.632

Table 6.4: Normalized feature means and standard deviation for true negatives.

Feature µf σf

Area 0.993 0.666

Contrast -0.199 1.041

Avg. Brightness 4.095 1.031

Brightness Variance 0.260 1.391

µ20 1.557 0.962

µ02 0.914 0.749

Entropy -0.438 1.250

These tables still provide the same general information between MCs and non-MCs. MCs
typically have larger area, contrast, and average brightness, which are the same relationships
observed from Tables 6.1 and 6.2. However, notice that the features are now roughly on the
same scale.

6.2 Feature Pair Analysis

Next, the features are analyzed pairwise, meaning each sample is projected from 6-dimensions
to the 2-dimensional feature space formed by two different features. A scatter plot is generated
for every pair of features, thus there are 21 plots generated. When the samples are plotted
(both MCs and non-MCs), the separability, or non-separability, of the true positives and true
negatives is observed. Thus, the plots show whether the classes are approximately linearly
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separable or non-separable.
The definition of linear and nonlinear used here is empirical; if the two classes are clearly

discriminated by a single straight line in the 2-dimensional projection, we say that they are lin-
early separable. If more than 92% of samples are classified correctly (equivalent to less than 8%
misclassified) by a single straight line, then we say they are approximately linearly. separable.
Approximately linearly separable implies that the data does not have to be completely linearly
separable (i.e 100% correct classification), therefore the classification rate constraint is relaxed
slightly.

6.2.1 Approximately Linearly Separable

First, the approximately linearly separable MC feature pairs are discussed. The following
feature pairs display approximate linear separation:

• Contrast vs. area (Figure 6.1).

• Entropy vs. contrast (Figure 6.2).

• Mean brightness vs. contrast (Figure 6.3).

• µ02 vs. contrast (Figure 6.4).

• µ20 vs. contrast (Figure 6.5).

• Brightness variance vs. contrast (Figure 6.6).

• Brightness variance vs. mean brightness (Figure 6.7).

Analysis of these plots reveals much about the usefulness of specific feature pairs. For example,
consider contrast and any other feature. Any plot showing contrast (Figures 6.1–6.6), reveals
that the true positive and true negative samples are “close” to being linearly separable. More
importantly, these plots show that contrast is an important feature for classifying MCs.

The contrast, alone, is a very discriminating feature, since a simple scalar contrast thresh-
old almost classifies all the MCs correctly. However, contrast is not the only example of an
approximately linearly separable feature, but most are not as discriminating as contrast.

Although most feature pairs are not as discriminatory as contrast, there is only one other
feature pair the displays an approximate linear separation between the classes; that is bright-
ness variance and average brightness.

All of the MC feature pairs listed above, when plotted, reveal an approximate linear bound-
ary between the classes. These relationships help explain the fundamental defining features of
MCs (e.g. contrast), thus providing simple models to help detect MCs. The analysis shows
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that average brightness, brightness variance, and contrast all are useful features due to their
ability to discriminate between MCs and non-MCs well. It is seen that these plots discriminate
better than many other feature pairs. For example, comparing Figure 6.7 and Figure 6.18, we
observe that the classes overlap much worse for µ02 vs. area than for brightness variance vs.
average brightness.

Figure 6.1: Contrast vs. area: 5.7% misclassification rate.
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Figure 6.2: Entropy vs. contrast: 5.4% misclassification rate.

Figure 6.3: Mean Brightness vs. contrast: 3% misclassification rate.
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Figure 6.4: µ02 vs. contrast: 6% misclassification rate.

Figure 6.5: µ20 vs. contrast: 5.7% misclassification rate.
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Figure 6.6: Brightness variance vs. contrast: 3.6% misclassification rate.

Figure 6.7: Brightness variance vs. mean brightness: 6% misclassification rate.
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6.2.2 Non-separable

Next, the nonlinearly separable features pairs are discussed. The following feature pairs display
no separation between the classes:

• Brightness variance vs. area (Figure 6.8).

• Entropy vs. brightness variance (Figure 6.9).

• µ02 vs. brightness variance (Figure 6.10).

• µ20 vs. brightness variance (Figure 6.11).

• Mean brightness vs. area (Figure 6.12).

• Entropy vs. mean brightness (Figure 6.13).

• µ02 vs. mean brightness (Figure 6.14).

• µ20 vs. mean brightness (Figure 6.15).

• µ02 vs. µ20 (Figure 6.16).

• Entropy vs. area (Figure 6.17).

• µ02 vs. area (Figure 6.18).

• µ20 vs. area (Figure 6.19).

• Entropy vs. µ02 (Figure 6.20).

• Entropy vs. µ20 (Figure 6.21).

This analysis identifies the pairs of features that do have any separation between the classes,
and it identifies the feature pairs that are more discriminating than others. The scatter plots in
Figures 6.8–6.21 all show the feature pairs with no separation or boundary between MCs and
non-MCs. Consider the remaining plots comparing features with brightness variance (Figures
6.8–Figure 6.11). These plots reveal that brightness variance is a useful feature because the MCs
and non-MCs are, to some degree, distinct. There is still a significant overlap between MCs
and non-MCs, implying that the classes cannot be separated by a line, but the distributions of
MCs and non-MCs are farther apart comparatively.

Again, compare Figures 6.8–Figure 6.11 with the rest of the nonlinear plots. Notice, most
of the plots are not as discriminating as the plots with brightness variance. However, this does
not mean that the other features, or feature pairs, are not important. Remember, these plots
show the projections from a 6-dimensional space. In the 6-dimensional space, the classes may
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be separable (nonlinearly or linearly). In order to better understand the interrelations among
these feature, the covariance matrices may be analyzed for both the MCs and non-MCs.

Figure 6.8: Brightness variance vs. area: 24.8% misclassification rate.
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Figure 6.9: Entropy vs. brightness variance: 16.3% misclassification rate.

Figure 6.10: µ02 vs. brightness variance: 30.2% misclassification rate.
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Figure 6.11: µ20 vs. brightness variance: 16.3% misclassification rate.

Figure 6.12: Mean brightness vs. area: 16% misclassification rate.
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Figure 6.13: Entropy vs. mean brightness: 21.7% misclassification rate.

Figure 6.14: µ02 vs. mean brightness: 18.3% misclassification rate.
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Figure 6.15: µ20 vs. mean brightness: 21% misclassification rate.

Figure 6.16: µ02 vs. µ20: 30.2% misclassification rate.
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Figure 6.17: Entropy vs. area: 23.1% misclassification rate.

Figure 6.18: µ02 vs. area: 24.8% misclassification rate.
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Figure 6.19: µ20 vs. area: 20.1% misclassification rate.

Figure 6.20: Entropy vs. µ02: 26.3% misclassification rate.
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Figure 6.21: Entropy vs. µ20: 36.4% misclassification rate.

6.2.3 Normalized Feature Plots

Since the features were normalized in section 6.1.3, it seems necessary to also analyze the
normalized feature pairs. This analysis simply reveals the feature pairs that approximately
have a linear boundary, and the features (or feature pairs) that are more discriminating than
others.

The plots that display approximately linear separation include the following feature pairs:

• Contrast vs. area (Figure 6.22).

• Entropy vs. contrast (Figure 6.23).

• Mean brightness vs. contrast (Figure 6.24).

• µ02 vs. contrast (Figure 6.25).

• µ20 vs. contrast (Figure 6.26).

• Brightness variance vs. contrast (Figure 6.27).

• Brightness variance vs. mean brightness (Figure 6.28).

Note, these feature pairs have not changed from section 6.2.1, which means that no additional
information is gained. The only difference between the normalized plots and the unnormalized
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plots is the scaling of the axes. The plots reiterate the fact that these feature pairs almost have
a linear boundary separating the MCs and non-MCs, and that contrast, average brightness,
and brightness variance are descriptive features for MC detection.

Figure 6.22: Contrast vs. area: 5.7% misclassification rate.
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Figure 6.23: Entropy vs. contrast: 5.6% misclassification rate.

Figure 6.24: Mean Brightness vs. contrast: 2.7% misclassification rate.
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Figure 6.25: µ02 vs. contrast: 5.4% misclassification rate.

Figure 6.26: µ20 vs. contrast: 5.7% misclassification rate.
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Figure 6.27: Brightness variance vs. contrast: 3.5% misclassification rate.

Figure 6.28: Brightness variance vs. mean brightness: 6.2% misclassification rate.
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The feature pairs that are non-separable also have not changed from section 6.2.2. The
non-separable feature pairs include:

• Brightness variance vs. area (Figure 6.29).

• Entropy vs. brightness variance (Figure 6.30).

• µ02 vs. brightness variance (Figure 6.31).

• µ20 vs. brightness variance (Figure 6.32).

• Mean brightness vs. area (Figure 6.33).

• Entropy vs. mean brightness (Figure 6.34).

• µ02 vs. mean brightness (Figure 6.35).

• µ20 vs. mean brightness (Figure 6.36).

• µ02 vs. µ20 (Figure 6.37).

• Entropy vs. area (Figure 6.38).

• µ02 vs. area (Figure 6.39).

• µ20 vs. area (Figure 6.40).

• Entropy vs. µ02 (Figure 6.41).

• Entropy vs. µ20 (Figure 6.42).

Again, no additional information is gained from these plots. The plots reiterate that variance
is a more discriminating feature comparatively, and that very little can be determined from
the remaining feature pairs. Although many of the features are not separable, this does not
exclude them from being useful for MC detection because we are projecting the 6-dimensional
data into a 2-dimensional space.
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Figure 6.29: Brightness variance vs. area: 24.5% misclassification rate.

Figure 6.30: Entropy vs. brightness variance: 38.2% misclassification rate.
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Figure 6.31: µ02 vs. brightness variance: 29.5% misclassification rate.

Figure 6.32: µ20 vs. brightness variance: 38.1% misclassification rate.
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Figure 6.33: Mean brightness vs. area: 15.7% misclassification rate.

Figure 6.34: Entropy vs. mean brightness: 20.4% misclassification rate.
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Figure 6.35: µ02 vs. mean brightness: 18.3% misclassification rate.

Figure 6.36: µ20 vs. mean brightness: 20.5% misclassification rate.
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Figure 6.37: µ02 vs. µ20: 30.8% misclassification rate.

Figure 6.38: Entropy vs. area: 17.7% misclassification rate.
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Figure 6.39: µ02 vs. area: 24% misclassification rate.

Figure 6.40: µ20 vs. area: 21.1% misclassification rate.
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Figure 6.41: Entropy vs. µ02: 28.1% misclassification rate.

Figure 6.42: Entropy vs. µ20: 36.9% misclassifications.
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6.3 Covariance Matrix

The covariance matrices show how features generally vary with one another. The independent
features are shown by covariances of zero. Features vary in the same direction (e.g. the second
central moments tend to increase as area increases) if the covariances are positive, and they
vary in opposing directions if negative. The covariance matrix is computed for both the MCs
and non-MC so that the relationships between the features can be compared. The covariance
matrices provide insight and understanding of MC detection based on how features affect one
another.

The covariance matrix, more specifically the sample covariance matrix, is defined previously
in section 3.5.1. Note, the matrix is symmetric and the diagonals of the covariance matrix are
equal to the variances of the features, by definition. From here forth, the sample covariance
matrix is just referred to as the covariance matrix, since the sample covariance matrix is the
estimation of the covariances over all samples.

6.3.1 True Positives

First, the covariance matrix for the true positive samples is computed:

0.969 0.195 0.090 0.074 0.797 0.905 −0.521
0.195 0.242 −0.102 0.099 0.137 0.150 −0.002
0.090 −0.102 0.193 −0.048 0.071 0.096 −0.108
0.074 0.099 −0.048 0.047 0.055 0.059 0.007
0.797 0.137 0.071 0.055 0.910 0.609 −0.416
0.905 0.150 0.096 0.059 0.609 1.008 −0.510
−0.521 −0.002 −0.108 0.007 −0.416 −0.510 0.400


(6.5)

where the ordering of the feature across columns (left to right), or down the rows (top to
bottom), is area, contrast, average brightness, brightness variance, µ20, µ02, and entropy.

The covariance matrix for the MCs reveals a few facts about the MC features:

1. Contrast varies nearly independent of entropy.

2. Most features, except variance, vary inversely with entropy.

3. Contrast and average brightness vary inversely.

4. Average brightness and brightness variance vary inversely.

The covariance of contrast and entropy is relatively small compared to the variances of con-
trast and entropy. Therefore, the features, for all intents and purposes are independent of one
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another. This suggests that these two features are good features for classification.
The covariance matrix shows that most features vary inversely with entropy, except bright-

ness variance. Also, average brightness varies inversely the brightness variance. The rest of
the off diagonal covariance elements simply show that the features vary in the same direction.
This provides nothing more than a general relationship between those features, however, under-
standing the fundamental relationship between features is key in determining the best features
used to model MCs. However, comparing the covariance matrix of the MCs with the covariance
matrix of the non-MCs provides the necessary information in order to better understand MC
detection.

6.3.2 True Negatives

The covariance matrix for the true negative samples is computed:

0.444 0.377 0.216 0.379 0.481 0.428 −0.471
0.377 1.084 0.447 0.523 0.458 0.344 −0.471
0.216 0.447 1.062 0.125 0.288 0.209 −0.302
0.379 0.523 0.125 1.936 0351 0.249 −0.496
0.481 0.458 0.288 0.351 0.926 0.384 −0.424
0.428 0.344 0.209 0.249 0.384 0.560 −0.407
−0.471 −0.471 −0.302 −0.496 −0.424 −0.407 1.561


(6.6)

where the ordering of the features is the same as the covariance matrix for the MCs (Equa-
tion 6.5).

This covariance matrix reveals a few differences from the matrix for the MCs. The first
being that entropy varies inversely with every other feature (no exclusions). All off diagonal
elements of the matrix, except those varying with entropy, are positive which indicates that
the features vary in the same direction. Also, entropy and contrast are not independent of
one another for the non-MCs. Notice, the three elements which have opposite relations (i.e.
changes sign) between the MCs and the non-MCs:

1. Entropy and variance.

2. Contrast and average brightness.

3. Average Brightness and brightness variance.

This shows that entropy and variance vary in the same direction for MCs, and then that they
are inversely related for the non-MCs. The opposite is true for both contrast vs. average bright-
ness and average brightness vs. brightness variance. For the MCs, these features are inversely
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related, and then they vary in the same direction with the non-MCs.

6.4 Performance Using Two Features

In section 6.2, contrast is shown to be a very discriminating feature between MCs and non-MCs.
Therefore, we show that it is plausible to use only two features, contrast being one, to detect
MCs. This is shown by using preprocessing and segmentation methods discussed in chapter 3,
classifying using a perceptron, and computing the performance (chapter 5). The features and
their corresponding performances are shown in Tables 6.5 and 6.6. These tables reveal that
contrast and variance appear to be the best feature pair of the ones tested, using the perceptron
for classification. Although it is possible to use only two features, the performance decreases
slightly when reducing the number of features used to classify MCs.

Table 6.5: TPR and FPR using contrast and one other feature.

Area & Contrast Contrast & Avg. Brightness Contrast & Variance
Training Testing Training Testing Training Testing

TPR
min 79.2% 76.8% 98.9% 97.0% 95.8% 92.8%
max 99.4% 100% 100% 100% 99.4% 100%
avg. 96.9% 96.7% 99.6% 99.1% 97.8% 97.2%

FPR
min 5.23% 6.29% 3.01% 2.87% 1.26% 1.92%
max 10.00% 13.69% 7.14% 7.69% 6.33% 11.54%
avg. 8.00% 9.01% 4.77% 5.28% 3.72% 4.54%
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Table 6.6: TPR and FPR using contrast and another feature.

Contrast & µ20 Contrast & µ02 Contrast & Entropy
Training Testing Training Testing Training Testing

TPR
min 96.0% 94.7% 95.7% 92.2% 93.1% 89.3%
max 100% 100% 100% 100% 99.4% 100%
avg. 97.8% 97.6% 98.0% 97.6% 97.0% 96.3%

FPR
min 4.82% 6.54% 5.10% 5.59% 4.38% 3.87%
max 11.18% 15.48% 10.13% 12.43% 13.38% 13.29%
avg. 8.21% 9.03% 8.20% 8.83% 8.38% 8.39%

Overall, this analysis provides insight into feature based MC detection. The feature means
and standard deviations highlight the differences and the spreads between the MCs and non-
MCs. The 2-dimensional feature plots help identify the usefulness of feature pairs by deter-
mining separability of the classes. The covariance matrices reveal important relations, such as
features that are independent and features that have opposite relations depending on whether
analyzing MCs or non-MCs. Lastly, it shows that MCs can be detected using only two features.
This analysis proves useful to the physical understanding behind the autonomous identification
of MCs.
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Chapter 7

Conclusion

MC detection is performed with several key components: pre-processor, segmenter, feature
vector, and a classifier. The performance of the detection technique highly depends on the fea-
tures and classifier selected. The performances of the classifiers, which include the Mahalanobis
distance, perceptron, MLP, RBF, and SVM, were tested using the h-dome transform, “hill
climbing” algorithm, and the descriptive features, including: area, contrast, average brightness,
brightness variance, second central moments, and entropy.

First, the h-dome transform finds regional maxima, which correspond to MCs as well as
peaks due to noise. Since the transform itself is not accurate enough to detect MCs, the po-
tential MCs are segmented using the “hill climbing” algorithm and the feature vectors are
extracted. Then, feature vectors are then classified using one of the methods described. The
classifier further eliminates points not corresponding to MCs and provides the final list of MC
locations in the image.

The experiments tested on both the DDSM and WFU databases show that the RBF network
with 150 cluster centers provides the best classification performance, with 99.9% TPR and 0.8
FPR. However, the perceptron shows the best ability to generalize, with 98.7% TPR and 2.21%
FPR. These classifiers show the best performances overall, however, optimal performance may
be achieved using a different feature vector, network architecture (i.e. number of neurons in
the hidden layer), classifier, or number of training samples. The performances using different
combinations of these elements may provide the best classification and detection of MCs. More
research is needed in order to explore the many variations of MC detection methods.

The feature study reveals the most descriptive and useful features (of those studied in this
work) for classifying MCs by analyzing individual features, feature pairs, and the covariance
matrices for both MCs and non-MCs. The individual feature analysis shows that most features
have an area of overlapping MC samples and non-MC samples. The pairwise analysis shows
that the most discriminative features or feature pairs include: contrast, average brightness vs.
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brightness variance, and brightness variance. Then, the covariance matrices reveal the general
dependencies between the features for both MCs and non-MCs. The covariance analysis shows
that entropy and contrast are independent for MCs, which implies that contrast and entropy
are useful features for modeling MCs. Lastly, the feature study shows that it is possible to use
only two features to classify MCs.

7.1 Future Work

The golden standard of performance has yet to be determined. A key in defining this type of
ideal standard is understanding what MCs are in terms of their defining features. The defining
features may still need to be determined. More research is needed to be able to truly understand
MCs and how to detect them. More experiments need to be performed with a larger training
and testing sets in order to show better resolution of both features and classifiers. By testing
with a larger data set, the classifiers should more conclusively show which classifier performs
the best for MC detection.

A more extensive feature study should be performed in order to fully understand the defining
features of MCs. This work only studied a small number of features; there are infinitely many
measures that could possibly help describe MCs. However, there are only a small number that
will best describe MCs.
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