FRACTIONAL MOMENTS OF A QUADRATIC FORM
IN NONCENTRAL NORMAL RANDOM VARIABLES

by
James R. Harvey

Institute of Statistics
Mimeograph Series No. 433
April, 1965



TABLE OF CONTENTS

LIST OF TABLES. . . . . . ,
1. INTRODUCTION. . . . .

Statement of the Problem .
Literature Search. . . .
Distance Problems, in General
Organization of the Paper.

e
WD

2. NONCENTRAL CHI-SQUARE .

Introduction . . .

N
N

Function, and Cumulants. .
Moments and Moment Recursion .
Remarks. . + « « « .« .

=W

2
2.
3. TWO SPECIAL CASES OF THE GENERAL PROBLEM.

3.1 Introduction . . .
3.2 Special Case 1 [k and 5 General D =

3.3 Special Case 2 [k =
3.4 Remarks. . . . « . « « « . .

4. THE GENERAL PROBLEM, APPROXIMATE SOLUTIONS.

k.1 Introductlon R
4.2 Patnaik's Approximation [Y

I
2
) _§_ = 9,, D = dlag(cl)ce)]

a

Probability Density Function, Moment Generating

2]1 o

-w‘f" ).

4.3 Pearson's Approximation [Y = g, Xg(v )*b 1.

4.4 Patnaik-extension Approximation [Y

4.5 Pearson-extension Approximation [Y4=ahX?(vh,§2)+b2].

4.6 Summary. . . . . . .
5. THE GENERAL PROBLEM, EXACT SOLUTIONS.

Introduction . . .
F(q) as Given by Shah and Khatrl .
F(q) as Given by Imhof .

The Choice .

Reduction to a Single Integral (I)
Reduction to a Single Integral (II).

T\ U\t \n
NI WO =

a3X?(v3,Cl)]

Page

. vii

'—J

N O \JI\WWOH

12
1k

1k
14

17
20

e2

22
24

25
27

33
33
3L
3l
36
37

37
39

<33



TABLE OF CONTENTS (continued)

6. NUMERICAL COMPARISONS + + & « « ¢ v v o o o o o v w o W
6.1 Introduction . . . e e e e e e e e e e e e
6.2 Distribution Function of Q e e e e e e e e e e e
6.3 Fractional Moments of Q. e . .
6.4 Conclusions. . . « v v v v v v v v e e e ..
Ti SUMMARY © v v v v v e et e e e e e e e e e e e e
8. LIST OF REFERENCES. . « + + « « . . .
9. APPENDICES. « v v v v 4 4 4 o o s o o o v s o o o o o o s
9.1 The Confluent Hypergeometric Function (Kummer's
Function). . . . c e e e e e
9.1.1 Properties and Relatlonships. o e
9.1.2 Representation of F(~ 5,%,-x) in Terms of
Bessel or Error Functions, General.
9.1.3 Representation of F(-E oL -\) in Terms of
Bessel or Error Functions, Specific Cases . .
9.2 A Convenient Approximation . . . . . . e e e e e
9.3 Proof of Equation (5.6.19) . e e e e e e
9.3.1 Introduection. . « + « « ¢« v v v ¢ v . . .
9.3.2 Proof, Part I . . . , « ¢« v v ¢« o« & 4 &
9.3.3 Proof, Part II. . . . .
9.3.3.1 Proof of (9 3. 2. 1) ce .
9.3.3.2 Proof of (9 3.2.2) . e e e
9.3.4 Properties of Functions . . . . e .

9.3.4.1 The Functions A(t) and p(t)
9.3.4.2 The Functions f (t) and f, (t)

9.3.4.3 The Functions h(t a,r) and H(t a,r)

9.3.4.4 The Function I, (v, ) .

9.3.4.5 The Functions f(P)(t), P2 l,
J=12. .. . .

vi

Page
k7
L7

51
55
60

62

62

6l

67
69
72
72
Th
7
78
19
8L
8L
85

85
86

87



vii

LIST OF TABLES

Page
6.1. Values (epproximate and exact) of F(q) =P(Q<q) . . ... . k9
6.2. Values (approximate and exact) of E(Q%) =EZ). . ... ... 52
APPENDIX TABLES
9.2.1. Values of x, A, and B such that JA;-\EL < €, where
rfr-l)
A= [ixtr and B = ¥ e ex e 4

I'(x



1. INTRODUCTION

1.1 Statement of the Problem

Let the kx1 vector random variable (r.v.) X be normally distributed
with vector mean ¢ and variance matrix D, where D is a nonsingular diag-
onal matrix with diagonal elements o?, i=1,...,k. Let Q be the

quadratic form E'z. In compact notation, we write
Q = X'X, where X is N[g,D].

The problem is to determine the fractional moments of Q, i.e., E(QY),
r > 0.

More generally, suppose X, is N[g,v], and Q = giAzl, where A is a
symmetric nonnegative-definite matrix. If V is nonsingular, it is well
known that we may, by means of a nonsingular linear transformation,

express Ql in the form
Q =Ieau (ai > 0),
where the u; are independent noncentral chi-square r.v.'s; and the a;

are the nonzero characteristic roots of AV. When so expressed, Ql is

said to be in canonical form.

In our problem,

ko, (%|°
e=x%x==z o | =] ,
i=1 i
Xi 2
where the |— are independent noncentral chi-square r.v.'s, each
i
with one degree of freedom, and the 02 are, of course, the nonzero

i

characteristic roots of ID. Thus Q is seen to be in canonical form,
and hence any result that we might obtain pertaining to Q would pertain

to Ql as well.
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1
Let Z = Q2. Clearly, Z may be interpreted as the distance from an
appropriate origin to a k-dimensional normal random point. We should
like, in particular, to determine the integer moments of Z. The even
moments of Z are, of course, the integer moments of Q, while the odd
moments of Z are the "half-fractional" moments of Q, i.e., E(Q"), where
r is an odd multiple of 5. Now the characteristic function for Q is
known [see, e.g., Patnaik (1949)] and hence the integer moments of Q
are essentially known. In effect, then, we are primarily interested in

the half-fractional moments of Q, although the treatment will usually

be more general.

1.2 Literature Search

A search of the literature suggests an apparent lack of interest
in fractional moments of Q; yet, in the past year, the author was twice
asked to consider special cases of the problem. In only one paper, an
internal report of Space Technology Laboratories by Scheuer (1961), was
related work found. Scheuer treats the case £ = O and k = 2; for com-
Pleteness, a brief look at his work is included in Section 3. An
almost trivial case, £ =0 and D = 102, has undoubtedly been solved
many times. But aside from these two special cases, the problem
appears not to have been treated.

Perhaps the apparent lack of interest in fractional moments stems,
in reality, from the complicated nature of the distribution of Q.
Helpful to this study, however, is the fact that explicit expressions
for the distribution function of Q have been recently given by Shah and

Khatri (1961) and Imhof (1961).



1.3 Distance Problems, in General

The problem stated in the first paragraph of Section 1.1 is quite
general in that practically all distance problems in normal r.v.'s can

be reduced to that form. To see this, suppose that we are interested

in the distance between two points, Zl and Zé, in k~dimensional space,
where
X n v, C
Y oas w|[ R}, | L : (1.3.1)
1
I Ep ¢ Va

Clearly, Q = (Xl- Xé)'(zl- Zé), end we have the most general distance
problem in normal r.v.'s that can be formulated.
To reduce this problem to the desired form, we first make the

linear transformation Y = gi-zé. Then
Q=YY and Y is N[u,V], (1.3.2)

vhere p = p, - p, and V=V, +V, - C - C'. We require only that V be
nonsingular, and, hence, positive definite. This requirement is cer-
tainly met if the variance matrix in (1.3.1) is nonsingular (hence,

positive definite). For suppose there exists a vector u # O such that

u'Vu = 0. Then

which is not possible.
Next we make an orthogonal transformation. It is well known that
for every real symmetric matrix A there exists an orthogonal matrix P

such that P'AP = D, where D is a diagonal matrix whose diagonal elements



are the characteristic roots of A. Therefore, let P be such a matrix

for V, and let us make the orthogonal transformation X = P'Ze Then

Q =X'X, and X is N[g,D],

where ¢ = P'u, D = P'VP, and the reduction is complete.

In theory, at least, finding such an orthogonal matrix P is simple
enough. One determines the characteristic roots of V, and a correspond-
ing set of orthonormal characteristic vectors. The characteristic
vectors constitute the columns of P. In practice, the computation of P
may be tedious if k is large; various computing techniques exist, but
we shall not consider the matter further here.

In (1.3.2), we required that V be nonsingular. The reason for
this requirement becomes clear if we suppose that V is singular (hence,
positive semidefinite). In this case, there exists an orthogonal matrix

Pl such that

)
el

10

Q

where Dl is a diagonal matrix whose diagonal elements are the nonzero

characteristic roots of V. If we make the transformation X = Piz, we

see that
X X & D, 90
X = 1 5, Where 1 is N 1 s 1 B
22 2 £ e 9
and

[ U ) ' = ! '
QEXE =X Y% =K ¢

Now, because of the presence of the constant term.ﬁéﬁe, investigation



of the fractional moments of this r.v. is an altogether different
problem from that proposed. Furthermore, it appears to be of less

practical interest, and, accordingly, we shall not consider it further.

1.4 Organization of the Paper

Because of recently given explicit expressions for the distribu-
tion function of Q, mentioned in Section 1.2, it is not difficult to
write explicit expressions for fractional moments of Q. Rather, it is
in the numerical evaluation of such expressions that one encounters
difficulty. After developing, in Section 2, some properties of non-
central chi-square required in later parts of the work, we turn in
Section 3 to consider two special cases of the more general problem for
which exact solutions are not particuwlarly difficult to evaluate
numerically. In Section 4, we develop several approximate solutions to
the general problem, while, in Section 5, exact solutions to the general
problem are considered. In Section 6, comparisons of exact and approxi-
mate solutions for a set of numerical examples are given. Section 7
contains a concluding sw mary of the paper. The work also contains
three appendices: Appendix 9.1 contains material relating to the con-
fluent hypergeometric function; Appendix 9.2 gives a convenient approx-
imation for the ratio of two gamma functions; Appendix 9.3 contains a

proof of an important result obtained formally in Section 5.



2. NONCENTRAL CHI-SQUARE

2.1 Introduction

In general, we shall be dealing with a quadratic form which is a
linear combination of independent noncentral chi-square random varia-
bles. Because of this fact, we shall pause briefly to establish a few
properties of the noncentral chi-square distribution.

Let the kxl vector X be N[¢,I]. It is well known that X'X is a
noncentral chi-square r.v. having k degrees of freedom and noncentrality
parameter A\, where, consistent with recent practice, we define
N=3E'E.

More generally, let U be a noncentral chi-square r.v. having v
degrees of freedom (v not necessarily an integer) and noncentrality

parameter A. In compact notation, we write
U is ¥ (v,N).
If A=0, then U is the well-known central chi-square r.v. [designated

here by X?(v,o) or simply X?(v)].

2.2 Probability Density Function, Moment
Generating Function, and Cumulants

The probability density function (pdf) of U is variously derived
and presented in the literature. Fisher (1928), p. 663, equation (B),
obtained it as a particular case of the distribution of the multiple

correlation coefficient. He gives (in the present notation)

L
oz 3, » (1~/2w) (v > 03x,u > 0),

2

Ll Ly
=
L g
o

f(u) = 3 (.

(2.2.1)



where Jn(x) is the Bessel function of the first kind of order n. (In
Fisher's expression, there is a slight but obvious sign error in the
exponent of the exponential.) Equation (2.2.1) is now more popularly
given in terms of In(x), the modified Bessel function of the first kind
of order n,
V-2
T -(A2)
r) =3[ e %1,  Ew) (v>onuzo).
2 (2.2.2)

The pdt of U has long been viewed as being somewhat other than

attractive. One recent author, Lindgren (1960), derives
V-2 u
= _(}\_4...) .
2 2 @ 1a/.1
e
f(u) = 8 e e (22u) T(i+s)

NS i=0 (2i)ir(12’+i)

(v > 03 ,u 2 0),

(2.2.3)
and then states,
The expression finally obtained for the noncentral
chi-square density is still not especially pleasant to
behold or to work with. However, various tables are
available;

Had Lindgren made use of the duplication formula for the gamma function,

2x-1

r(%) r(ex) = 27 T (x)r(x+),

his expression for f(u) could have been reduced to a more appealing one,

viz.
vici , _u
oo e-XXi 2 e 2
f(u) = = T — 51 (v > 03;N,u 2 0)
i=o
2 v+2i
2 1"( > ) (2.2.4)
o0
= I Ph(l)gv+21(u) (v > 0;xn,u > 0).

1=0



In this form, f(u) is not particularly unpleasant to behold. The
function gv+21(u) is the pdf of a central chi-square r.v. with v+2i
degrees of freedom, while its coefficient Px(i) is the i-th probability
term of a Poisson r.v. with parameter A. Thus the pdf for a noncentral
chi-square r.v. is the sum of an infinite number of central chi-square
pdf's, each weighted by a term from the Poisson distribution. It
appears that Robbins and Pitman (1949) were the first to view the non-
central chi-square in this light.

Equation (2.2.4) may be quickly obtained from (2.2.2), and vice
versa, with the aid of the following relationship [see Sneddon (1961),
p. 127, equation (33.4)]:

x| (2 /)t

0
Iy(x) = 2) 2 T T(n#e)

Moreover, for some purposes, (2.2.4) is not at all unpleasant to
work with. Consider, for example, the ease with which we derive the

moment generating function (mgf) for U. Formally,



e o]
My(t) =M/\ et .ga

@)

z Px(i)gv+ei(u)du
i=o

i

oo ® ut
.§ Pk(l) “/\ e gv+2i(u)du
i=o o

z P (1)
= » P (i
im0 M ; Mx?(v+21)(t)
A
2

o0
z Pk(i)(l-Zt)
i=o

(t <3)

I

s i.
i=o0

-\ [e's} i
e 5 [A/(1-2%)]
(1—2%;)";2

eEht/(l—Et)

= ____7_.(1 . (t <3). (2.2.5)
-2t

The change in order of integration and summation is Justified, of

course, because the integrand is nonnegative. An elegant derivation of

(2.2.4) is afforded by direct derivation of MU(t) from knowledge of the

distribution of X (i.e., My(t) = Elexp(X'Xt)]), followed by straight-

forward application of the customary inversion formula to QU(t) = MU(it)a
Readily derived, using the mgf, is the reproductive property of

noncentral chi-square, i.e., a sum of independent noncentral chi-square

r.v.'s is itself a noncentral chi-square r.v.: specifically,

T e (vi,xi) = x?(ZVi,zxi).
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We shall have need of the cumulants of U. By definition, the

cumilant generating function is the natural logarithm of MU(t). Thus

At v

CU(t) =357 - 5 log(1-2t)

o0 . 00 i
oat 5 (2t)t + X g LQ—E—L (]t] <%)
=0 =l

I
1
w ,J-1.] oo i-1.1i
= 5 '2*"“-'-.3“ 2Nnj) + = ?-it (v)
g=1 Y i=1
o, . i
= £ 2t (veein) = (] <3).
i=1

Hence, the r-th cumulant of U is seen to be

6, =27 N (x-1)(vierh)  (x = L,2,...).

2.3 Moments and Moment Recursion

(2.2.6)

It is clear that we may obtain integer moments of U from (2.2.5)

or (2.2.6). We shall, however, also require fractional moments of U.

In general,

I

o0
E(UF) f uw Z P (1)g, 54 (w)dn
1=0

foe)

© r

iio Ph(l)J/‘ ) gv+21(u)du
)

5 B (1) B2(vei )

i=o
© r (v+ei + 7
- iio P, (1) 2" T (viei) )
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(At this point, it is interesting to note that for r = 0,1,2,..., the
part in braces is a polynomial in i of degree r. Accordingly, the r-th
integer moment of a noncentral chi-square r.v. is expressible as a

linear conbination of the moments of orders 0,l1,...,r of a Poisson r.v.)

v v v v
- F(g +r) (5 +r) N (5 +7r) (§ + r+l) G
—26‘ -—'v_—'— l+"—_—';“‘"—Tr+ V v —2ﬂ'+ouo
F(g) (5) (5) (5 +1)
r(z +r)
=N At P (L L),
v 2 2
r (5)

where F(a;c;x) is the confluent hypergeometric function (Kummer's
function), some of whose properties are given in Section 9.1.1 of

Appendix 9.1. Using now equation (9.1.1.3) of that section, we have,

finally,
r(%+r)
B(UF) = 2F —2 F(-r; 25 -A)  (r>-%). (2.3.1)
P(g)

We shall now derive a useful second-order recursion for the
moments of U. In equation (9.1.1.9), let a = -(r+l), c = %, and replace

X by -N to obtain

v

Iv ] .
Y :'2-)

.
533" -A)=(r+1)F(-r;55-7).

(FHr+1)F(-r-2;53-) = (Fner+2)F(-r-1

In this recursion equation, substitute for F(-;%;-k) from (2.3.1) to

obtain



r(%) B(v™) r($)E (™) r(Z)E(v")
(g*rﬂ) 7 = (-;—+h+2r42) ) - (r+1) ————— |
2 r(lg’-l-r-re) 2 1"(-;-+r+l) o 1“(-;_’;+ r)

which upon simplification reduces to

E(Ur+2) = [v+2k+h(r+l)]E(Ur+l)_2(r+3(v+2r)E(Ur) (r > - %),

(2.3.2)
the desired recursive relationship. The results (2.3.1) and (2.3.2) are

believed toc be new.

2.k Remarks
Of course, for A=0, all numbered relations in this chapter
specialize to the corresponding expressions for central chi-square.
However, although (2.3.2) specializes to a valid central chi-square
moment recursion of order two, there does exist an obvious first-order

recursion, viz.
EDE(W)IF = (vior) EDCW)TE . (2.4.1)

Possibly the most troublesome aspect of the noncentral chi-square
distribution has been the numerical evaluation of F(u) = P(U < u) (as,
for instance, when one wishes to investigate the power function for
some statistical test based upon chi-square theory). Various more
tractable r.v.'s, approximating U in some sense, have been offered with
the hope that their dis£ribution functions would serve as acceptably
good approximations, for practical purposes, to that of U. Without
doubt, Patnaik's (1949) approximation has become the most popular of

these (it is also one of the earliest and very likely the simplest).
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More recently, an approximation by Pearson (1959) has been gaining
favor. In fact, the proposal, Jjustification, and comparison of such
approximations have occupied a fair amount of space in statistical
Journals in the past decade. At last, however, in November 1962,
extensive tables of the cumulative noncentral chi-square distribution
were published by Haynam, Govindarajulu, and Leone (1962). The tables
referenced by Lindgren [cf. the quotation following (2.2.3) of this
chapter] are those by Fix (1954), a short and limited set.

Fortified by this brief consideration of the properties of non-
central chi-square, let us now consider two special cases of the

problem at hand.



1k

3. TWO SPECIAL CASES OF THE GENERAL PROBLEM

3.1 Introduction

For certain choices of the values of the parameters k, &, and D,
the general problem may be reduced to one for which the exact solution
may be expressed in terms of well-tabled special functions. Therefore,
before proceeding to an attack on the general problem, we shall, in
this section, consider two special cases; the first is believed to be
new, while the second is the work of Scheuer (1961), and its inclusion

here is for the purpose of completeness.

3.2 Special Case 1 [k and ¢ General, D = Icre]

We have that X is N[ﬁ,IUE], and

2 k Xi ¢
Q=X'X=0 £ |=
XX 2T
2 k 2
=o° 3 x2(1,xi) = 09 (k,\),
i=!
2
&4 k £t
where A, =—~== , and AN = £ A, = =3 . By equation (2.3.1),
i 2 i 2
20 i= 20
k
r'(z +r)
k k
BQ7) = (20°)° —Ep— F(-r;55-0)  (r>- 5), (3.2.1)
1" -—
2

and by (2.3.2), we have the following moment recursion:

B(QT'F) = 02[k+2>»+1+(r+1)]E(Qr+l)-2ol*(r+1)(k+er)E(Qr) (r > - -215),

(3.2.2)
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vwhich together with the zero-th and first moments of Q, will generate
ail integer moments of Q [note that (3.2.1) and (3.2.2) are not confined
to integer moments]. Although it is clear that the integer moments of
Q may be obtained from (2.2.5) or (2.2.6), it is worth noting that
(3.2.2) generates them more conveniently.

1
For moments of Z (=Q2), we have

r(£2)
B(z%) = (o V2) (;) F(- B30 (n>-k),  (5.2.3)
2

and

ks +i n+2, L
)-o

(n+2)(k*m)E(Z®) (o> - k).
(3.2.4)

Thus (3.2.4), together with the zero-th and first three integer moments

E(z"7) = 2[k+2>x+2(n+2)]E(Z

of Z, will generate all integer moments of Z. It is worthwhile, per-
haps, to remark that, although the variance of Q tends to infinity with
k, the variance of Z remains finite; in fact, it is not difficult to
show that

Var(z) — & o as k-—o0.

Tables of the confluent hypergeometric function are available [see
Rushton and Lang (1954) and Slater (1960)]. Alternatively, one may,
for k a positive integer and n a positive odd integer, express
F(- —*—--x) in terms of more extensively tabled special functions
(recall, again, that the case of n even is not of interest because the
even moments of Z are the integer moments of Q and these are essentially

known). In particular, when k and n are each positive odd integers,
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F(- %;5;-M\) may be expressed in terms of the error function, erf(yfx)g
defined by (9.1.1.6), or in terms of the incomplete gamma function,
y(3,7\), defined by (9.1.1.7). When k and n are positive even and ocdd
integers, respectively, F(- g;g;-x) may be expressed in terms of modi-
fied Bessel functions of the first kind of orders zero and one, alone.
Proofs of the claims of the last two sentences constitute Section 9.1.2
of Appendix 9.1.

The first three integer moments of Z are readily seen to be

(et
BzY) = oy 2 —-—-1-2{—- F(-%;-g-;-k),
r(z)
E(Ze) = cg(k+2x),
k+3
B(2) = (¢42 —%— F(- 3i35-0)

In Section 9.1.3 of Appendix 9.1, the two confluent hypergeometric
functions appearing in the expressions for E(Zl) and E(Z3) are given
Bessel or error function representations for k = 1,2,3 (i.g, for X
univariate, circular, or spherical normal). These choices for k will
serve for distance problems that one is most apt to encounter of the
present type. For k =1, see (9.1.3.1) and (9.1.3.2); for k=2,
(9.1.3.3) and (9.1.3.4); for k=3, (9.1.3.5) and (9.1.3.6).

Finally, if ¢ = O, then Q = chg(k,o), and special case 1 is
reduced to an almost trivial problem. In particular, (3.2.3) special-

izes to



L7
k+n
r(<2)
k
2

B(z") = (¢ V2)* (n> - k),

—

r(

snd, rather than (3.2.2), we have, by (2.4.1),

, n+2)

E(Z = o°(k+n) E(Z%) (a> - k).

In fact, specializing further to the physically meaningful dimeusions,

we have that

E(z) Var(2)

2 _ 2y 2 o owrag 2
1 ”‘\/E o = 0.7979 (L - }E) o° = 0.3634o
2 ‘\/g o = 1.2533¢ (2 - -g;) o° = 0.42920°
3 2\/% o = 1.5958¢ (3 - =) o = 0016;350’2

3.3 Special Case 2 [k =2, £ =0, D = diag(o?"’g)]

We have that

Xl 0 oy 0
is N 3 5 B
X2 0 0 Oy
. , . . 2 2
and without loss of generality, suppose oy 2 o We have
2 2
X %5
2 1 2
= + = B — + e
Q Xi Xg 117 %2 |5 ?
1 2
x| X\ '
where {— and |— are independent X?(l) r.v.'s. Under a trans-
9 %2
X1 XE
formation to polar coordinates, say 54 = R cos O, EA = R sin @, it 1s
1 2
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2 )(2 . R
well known that R™ is (2) and ® is uniform on (0,2x), and that R and

® are independent r.v.'s. Thus

EQ") = E[cichos%S + chesinge]r
2.2
= cﬁrE(Rar)E[l-hgsin%E]r, vhere O < ne = = 22 <1l.
a
1
Clearly,
E(R°T) = oF r(r4l) (x> -1).
Now
or
E[1+h°sin°8]% = —%; f (1-n°sin°6 )Tdo
) o
n/2
-£ f (1-n°sin®0 )¥a0
(o]
(t = sin°6)
1
1 -1 -+ 2.1\T
== t 2 (1-t)2 (1-1°t) dt
(e}

2
F(-r,%;1;0°),

]

where F(a,b;c;x) is the well-known hypergeometric function [see Erdelyi,
(1953), p. 59, equation (10), for this integral representation].

We have, then

B(Q7) = (200)7 r(r41) F(-r;hs150°) (x> -1),
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and for moments of Z,

B(z%) = (o, /2" 0§ + 1) F(- ,510°)  (n>-2).
(3.3.1)

In the recursion [see Erdelyi (1953), p. 103, equation (31)]

(c-a)F(a-1,b;c;x) = [c-2a-(b-a)x]F(a,b;c;x) + a(l-x)F(a+l,bsc;x),

(3.3.2)
let a = - (g +1), b = %, ¢ = 1, replace x by h?, and substitute for
F(o,%;l;hg) from (3.3.1) to obtain the moment recursion

+
E(z™ I‘L) (n+3)(2 e )E(2Z™ ) - ci(rﬁe)g(l-he)E(Zn) (n> -2).
(3.3.3)

The recursion (3.3.3), together with the zero-th and first three
-integer moments of Z, will yield all integer moments of Z. Now the
hypergeometric function is not extensively tabled. Happily, however,
it turns out that the odd moments of Z may be expressed in terms of the
well-tabled complete elliptic integrals of the first and second kinds,

K(h) and E(h), respectively, since
2 1 .
F(%,3;1;07), E(h) = 3 F(-3,3;1;07) (3.3.4)

[see e.g., Sneddon (1961), p. 42, examples (viii) and (ix)]. Thus the

first three integer moments of Z are
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E(Z

i

b1¢ 2
oy /3 Fl-3,%;1;07)
/2 .

2
+ N
1 %o

‘-J

v}

E(ZE)

il
q

it
1
N~

E(z5)

if
q
b\

Voen [g— F(- g,%;l;h‘?)], and by (3.3.2), a

2 2 2 2
Vo [(2-b%)F(-3,3;1;05) - % (1-h°)F(3,4;1;0%)]

]
i—'q\)l

i

22 teer®)p(n) - WK, by (5.5.4),

I

c»l‘\/—% [2(&?° + Ug)E(h) - 02 K(h)].

This last expression, for E(ZB), is developed in detail here because it
does not asgree with that given by Scheuer, the error apparently being

his.

3.4 Remarks
These two special cages should serve to answer moment questions for
a fair share of the distance problems that one will encounter. Attempts
were made to generalize Scheuer's work to higher dimensions (iqga,
k = 3,4,...), but with little real success. Scheuer's work does not
generalize in the two-dimensional case for noncentral r.v.'s because
then, of course, the polar transformation variates R‘and ® are not

independent.
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Finally, in this section and elsewhere in the present work, we

often encounter expressions of the type

L{x+r z L
-éq;)l . (3.5.1)

When r is not an integer, the numerical evaluation of (3.4.1) can be a
nuisance. Presented as Appendix9.2is an exceptionally good approxima-
tion for (3.4.1).

We next turn to consider several approximate solutions for the

more difficult general problemn.
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L. THE GENERAL PROBLEM, APPROXIMATE SOLUTIONS

4.1 Introduction
In general, the quadratic form Q is a linear combination of
independent noncentral chi-square r.v.'s, in contrast to the simpler
special cases dealt with in the previous section. In this section we

hall consider several approximate solutions for the positive fractional

i

momsnts of Q, while in the following section exact solutions will be
investigated. In Section 6, the quality of the approximate solutions
will be judged on the basis of comparisons of the approximate and exact
solutions for a set of numerical examples.

As in Section 1, we have that X is N[¢,D], where D is diag(ci),

i# ls...,k, and

2
k X, k
Q=X'X= 5 o° —i) = 5 (LN, ),
- = . i a, . i i
is= i i=1
e 2
where xi = % Ei) . Again, the integer moments of Q are readily

i
obtained. In particular, by relation (2.2.6), the r-th cumulant of Q

1s given by

k
e, =27 r-1)! 2 o) (r=1,2,3,...). (k1)
‘ i=1

Specificaily,
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e =By = 5 o (1eh,), |
k. =p. =2 % oh(1+hx )
o 2 i i’
> (4.1.2)
6
kg = Hz = 8 = Gi(l+6ki),
Kl{- = “)4» - 3}.12 = )48 2 0’?(14‘8}":1) ¢ J

However, there seems to be no easy way to obtain fractional moments of
Q.

Following Patnaik (1949) and Pearson (1959), we might try approxi-
mating Q by more tractable central chi-square related r.v.'s, using the
method of matching moments. On the other hand, because of the new
"machinery” developed in Section 2 [specifically, (2.3.1) and (2.3.2)],
we might try to extend the Patnalk and Pearson approximations by fitting
more general, noncentral chi-square related, r.v.'s. The approximating

r.v. s would be of the following forms:

Y, = alX?(vl) --------- 2-moment approx. (Patnaik)
Y, = agxg(v2?+bl —————— 3-moment approx. (Pearson)
Y3 = aBX?(va,gl) —————— 3-moment approx. (Patnaik extension)

Y) = auX?(vh,§2)+b2---h-moment approx. (Pearson extension)

We should like to determine the parameters of each of the above approxi-

mating r.v.'s, and an explicit expression for a general moment of each.
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4.2 Patnaik's Approximation [Yl = alX?(vl)]

To determine the parameters a. and v,, Patnaik equates the first

1 1’
two cumulants of Q, given by (4.1.2), to the first two cumulants of Y.,
and solves to obtain
K Qni
a, ==— agnd v, = — .
1 2Kl 1 K.2
Then, for the moments of Y,, we have by (2.3.1),
K2
rr Z + r) 2
r *2 *2 *1
E(YY) = Bla E(v,)1F = |2 r>- 2,
1 1 1l 2 K
1 Ky 2
I"(K—
2
(k.2.1)
and by (2.4.1),
V
r+l, _ 1
By, ) = al(vl+2r)E(Yll”) r>- ) . (4.2.2)

Patnaik (1949) offered his two-moment central chi-square approxi-
mation primarily for the purpose of evaluating the distribution
function of a single noncentral chi-square r.v. At the same time, how-
ever, he pointed out that Yl might also be used ta approximaste a linear
combination of independent noncentral chi-square r.v.'s, His approxi-
mation is well known and widely used due to its simplie¢ity; however,
the recent publication of extensive tables of the cumulative noncentral
chi-square distribution by Haynam, et al. (1962) makes the primary in-
tended use of Y, passe. More recently, Pearson (1959) offered his

three-moment central chi-square approximation Yé, again for the same

primary purpose as Patnaik's approximation, and again, for this purpose,
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it too is passé. Imhof (1961) used Pearson's epproximation to evaluate

F(u) P{ZaiX?(vi,ki) < u} and found, as did Johnson (1959) for

F(u) P{ X?(v,k) < u}', that in general Pearson's approximation is

superior to Patnaik's.

4.3 Pearson's Approximation [YQ = a2X2(v2)+bl]

Pearson considers the r.v.

X?(v ) - v
2 2
Y2= -————-——-—-@ VKE +xl.

Clearly, the first two cumulants of Y, agree with the first two cumu-

2
lants of Q. Equating the third cumulants of Yé and Q, he obtains
3
3
2
8v -——) = Kk
2 2v2 3
yielding
%
Vo = 8 :5 (k.3.1)
3

It follows that

K.\ & K
- 21° _
8 = ('e'r) =52 (k.3.2)
2 2
2&2
bl =Ky - 85V, =Ky - -;; (k.3.3)

Now this approximation is fully applicable for the approximate

evaluation of F(q) = P(Q < q@); however, we shall soon see that b, must
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be restricted to nonnegative values for the purpose of approximating
fractional moments of Q. Moreover, because of the presence of bl’ it
is clear that our prior knowledge of the moments of central chi-square

will be of little value in determining E(Y;) when r is not an integer.

We have Y, = aEX?(v2)+bl' The pdf for Y, is readily shown to be
v 1
2.1 7 3a; )
2
(.’Y'bl) e
gly) = y 7B (y 21;) .
r(2) (ea,)®
2 2
Hence,
foe)
r
() = Falra,
by

and now it is clear that bl must be restricted to nonnegative values in

order to assure that E(Y;) be real when r is fractional. When b, =0,
v
Yr r r (2§ + r) Vo
= > - — .
E(Yy) = (2a,) v, (r 2 )
o Z]
2
Less trivially, suppose bl > 0. Making the transformation
y-b
t = 5 s Ve obtain
1
2 &Y iy ! t
by b, |2 - -1 ; 28,
EY.) = ) f t (+41)F e at
2 v 28,
r(2) 2l

2

v v

2 2

— tr - = v v b

2 2 2 2 1

= ——— ——
b, (2a2) Ul 55 v 5+ 1 5, ) (lr] <o),
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where the function U(ajc;x) is also known as a confluent hypergeometrie
function [see Slater (1960), p. 38, equation (3.1.19), for its integral
representation]. This function is expressible in terms of the simpler
Kummer's function [see (9.1.1.15)]. Although (4.3.4) exists for all real
r, this fact does not, of course, mean that (4.3.4) may be regarded as

a suitable approximation for all moments of Q.

% v
In the recursion (9.1.1.15),let & = 7§ sy Cc=r +'7§ + 2, replace x
v b
by b, /2a,, and substitute for U -2 ;3 + 3 = | from (4.3.4) to obtain,
172 2 2a,2

after simplification, the moment recursion

Vv
2, 2 +1
B, ") = [2a, (r+5+1) + b 1B(Y; )-2a,0 (r)E(Y;) (7] < ).
(%.3.5)
Consider now the implication of the imposed restriction that

b, 2 0, which by (4.3.3) is equivalent to
2
- 2k, 20 . (4.3.6)

Thus, only when (4.3.6) holds will the Pearson approximation be
applicable for approximating fractional moments of Q.

We next consider a logical extension of Patnaik's approximation.

4.4 Patnaik-extension Approximation [Y3 = a5X?(v5,§l)]

Rather than solving for the parameter a3, we shall solve for

K= _l;-. Equating the first three cumulants of K@ and X?(v3,§l) we

obtain the system
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KKl = V3 + 2@1) (a) )

Kk, = 2vs + 8Ly, (b) . (b.4.1)
5. .

K kg = 8v3 + h8§l. () J

Observe that, with respect to the right-hand sides of (k4.4.1),
8[(v)-(a)] = (c), yielding a quadratic equation in K with respect to

the left-hand SideS, viz.
K~ - 8,{ K + 8 = Q.
K ) 2 K::l.

Solving this system of equations, we get

K = éi [2n2 X hng-inKB] 9 (4k.4.2)

e = X [, K] (4.4.3)

33 1" T
K

¢, =1 [an-znl] . (4.4 k)

Clearly, we must require that v3 > 0, Cl.z 0, and that the radicand in
(4.4.2) be nonnegative. Note, with some anticipation, that this last
requirement is a happy complementation to (4.3.6), i.e., here we re-

quire that
2k, - K.k, 2 0. (k.b.5)

With the inequalities just imposed on v end t,, we obtain from (4.4.3)

and (4.4.4) the following inequalities on K:

26, S Kiy < bey (4.4.6)

1 e
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Substituting for K, from (4.4.2), in (4.4.6) we obtain

< 2K§ e 4

K Kz < hKS-QK < 2K K- (.4.7)

2 1%3 1%3

We shall now show that the smaller solution for K is inadmissible,

being always below the lower bound.

2 /) 2
K1K3 < 2K2 - Ky 4&2-2n1n3

Multiplying through by ~2 and adding hng to each side we obtain

Suppose

hne - 2k, Ky > 2K

2
5 13 hn2-2n K

2 173°

or

2
-/ MKE-QKlKB 2 25,

which is not possible because, by (4.1.1), the k. are all strictly
pogitive.

For the larger solution for K, it is easily shown that the left-
hand inequality of (4.%.7) is always satisfied. We shall now show that

the right-hand inequality of (4.4.7) is also satisfied. We have to show

EKS + K21/ hng-innj < 2K1K3 . (4.4.8)

To establish (4.4.8), suppose (as will be proved shortly) that

that

2% ks - 3&2 > 0. (4.4.9)

Then

2 2 2 2
hn2 - 2&1n3 =Ky * (3K2—2K1K3) < kg
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Hence

2
hne-lenj <Ky

Then

2 2 2 2 / 2
= -
2an5 > 3n2 2K2 + K2 > 2&2 + K2 4&2 2K1K5 .

Thus (4.4.8) is established, given (4.4.9).

To prove (4.%4.9), we substitute for kysKy, and ks from (4.1.2),

obtaining
k
Lz £(i,j) >0, (4.%.10)
i,J=o
where

2 6 Lk
i,J) = - + .
£(i,d) hcricj(l+2>\.i)(l+67xj) 5cricj(1 hxi)(1+lmj)
The truth of (4.4.10) is readily established. First, for i=j, we have

£(i,i) = c§(1+8}\.i) > 0,

and hence
k

£ f£(i,i) > o.
i=1
To sweep through the remaining k(k-1) terms, consider jointly the

index pairs (i,J) and (j,i), i#j. We have

o . 22{ L
+ = + +
£(i,3) + £(j,1) 030 h(l+2ki+6kj lzkikj)cj
i

N 22
h(1+2>\3+6>\i+12>\i>\j )O'i - 6(1+u>\i+l+>\j+16>\i>\j )cr.ch. } .

Now it is not difficult to show that the part in braces is a positive-

definite quadratic form in G? and cﬁ. Hence,
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k
= f(i,3) > o.
i,J=1
1#

Thus the truth of inequality (4.4.10) is established, and with it the

admissibility of the larger solution for K.

By way of a summary for approximation Y3 , We have

Y3 = % Xe(vixcl): A

where
2 2
P + -
K n3 [ 2K’.2 -\/lma 2n1n5 ],

[lml-Kng] ,

r (4.4.11)

V3=

PR

¢y =% [Kep-2xy 1. /

We recall that approximation Y3 is applicable for approximating

moments of Q only when (4.4.5) is satisfied. Then, by (2.3.1),

B(%;) = Elg ¥ (v5,0))17

3
%
r T +r v v
= (%) _(_EE_—)- F(-r; —%-cl) r>-—2§—),
r(2]
(k.%.12)
and by (2.3.2),
v

5(5%) = § Lot (eI ™)- £ @a)(nens(s) (x> - 2)

(k.4.13)
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Looking sgain at the complementary nature of the inequalities
(k.3.6) and (4.4.5), it is easily verified that, under equality in each,
Y, and Y3 specialize to the same r.v. (in fact, to Yl). Thus, combining
Yé and Yf’ with their respective regions of applicability, we obtain a

single three-moment approximation of full applicaebility for approximat-

ing moments of Q. Letting Y be the resulting r.v., we have

Yé, if A<O,
Y = (ll-.)-l--l)-l-)
Y3’ it A2 0,
where
A= 2n§ - K1Ks (4.4.15)

the discriminant of applicability.
At this point, the following conjecture regarding the distribution
function of Q is suggested.
Conjecture: For the purpose of approximating F(q) = P(Q<y), the r.v.
Y is, in general, superior to Y, [recall that Y, is fully
applicable for the approximate evéluation of F(q)]. 1In

particular,

-b
P{XQ(VE) g%—l-}, A <O,
F(q) = P(Y<q) = 2 (4.%.16)

P[Xz(vs,gl) < E%} ,4 >0.

This conjecture will be tested by numerical examples in Section 6.
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4.5 Pearson-extension Approximation [Yu=anX?(vh,§2)+b2]

An spproximation of this nature, as it turns out, is much too
involved to warrant serious consideration. Moreover, it would neces-
sarily have restricted regions of gpplicability for approximating
either fractional moments or the distribution function of Q. Further-
more, we could hardly expect to find a counterpart of Y, to serve in

3

complementary fashion to Yh as Y3 does to Yé. Accordingly, approxima-

tion Yh will nct be considered further.

4.6 Summary

In summary, then, for purposes of approximating fractional moments
of Q, we have two approximations of full applicability. The first, a

two-moment approximation based upon Patnaik's r.v., ¥

1 viz.

B(Q") = B(Y), (4.6.1)

where E(Yi) is given by (4.2.1). The second, a three-moment approxima-

tion based in part upon Pearson's r.v., Yé, and in part upon the newly

proposed r.v. Y., i.e.

3

E(Y,), 4<0,

E(QT) = E(Y') = (4.6.2)

(%), 8320

where E(Yg), E(Y;), and A are given by (4.3.4), (4.4.12), and (4.%4.15),
respectively.

In order to judge the quality of the approximations (4.6.1) and
(4.6.2), we now turn to consider exact solutions for E(Q"), even‘though

their numerical evaluation may be difficult.
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5. THE GENERAL PROBLEM, EXACT SOLUTIONS

5.1 Introduction

In the search for exact solutions to the general problem, we are
aided considerably by the work presented in two recent papers. Shah
and Khatri (1961) and Imhof (1961) give the distribution function for a
nonnegative-definite quadratic form in noncentral normal r.v.'s. Thus,
by definition,

o0

0e) = [ dfar(a) (5.1.1)

(o)

where F(q) = P{Q < q} . Alternatively,

Q0
B(Q¥) = f [1-F(c/%)lag (x> 0) (5.1.2)

o}

where (5.1.2) is a straightforward generalization of a corresponding
relation for r = 1 given by Parzen (1960), p. 211, equation (2.39).
The choice between (5.1.1) and (5.1.2) would be based upon efficiency

of numerical evaluation.

5.2 F(q) as Given by Shah and Khatri

In the notation used here, Shah and Khatri (1961) give F(q) as an

infinite double series:

o @ (_1)12J-1q1+JE[Q*1L*23]

koo
Fla) =(0 o | & = o (5.2.1)
i=1 i,J=o i'.(2j)'.I‘(i+j+§+l)
2 2
k(¢ ko (x-84) 1 B (x-8,)8
where A = % % (—l-) Q¥ =5 X -Eﬁrih—— and L¥ = z >z - =
© 11917 © 1 o ’ 2 1 of
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They show that the series in (5.2.1) is absolutely convergent, and
state that, in practice, one would compute a finite number of terms and
theﬁ give upper and lower bounds on F(q). We require an "exact" evalua-
tion of F(q), i.e., for any preassigned small quantity & > O, we must
be able to evaluate enough terms so that the absolute value of the
error committed is not greater than . Success in this regard would
depend sharply upon our being able to supply the joint moments of Q¥
and L%,

Shah and Khatri state, "The joint moments of Q% and L* are easy to
obtain from the joint cumulants of Q% and L*." Now the Jjoint cumulants
of Q¥ and L¥ are readily obtained, and, hence, theoretically at least,
the joint moments may be obtained. However, bivariate moments expressed
in terms of bivariate cumulants have been tabled only for uij, itj < 6
[see Cook (1951)]. Such a limited tabulation would hardly suffice for
our purposes. Moreover, in view of the present techniques discussed in
the literature [see, e.g., Kendall and Stuart (1958)], we would have to
regard the prospect of generating further moment-cumulant relationships
as quite unattractive. Hence, it would seem that we must either abandon
further consideration of (5.2.1) in conjunction with either (5.1.1) or
(5.1.2), or we must find a simpler device for generating moments in
terms of cumulants. A simpler device was discovered, and it was to
have been presented here as an appendix, but, as it turns out, the

discovery is essentially a "rediscovery" of a device published by David

(1952).
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5.3 F(q) as Given by Imhof

Again, in the notation used here, Imhof (1961) gives F(q) as an

integral,
v % sinlage) - 4
F(Q) = % " f T p(t) dt, (5-3-1)
(o]
where
2
k £t
A(t) =% [v.tan'l(a?t) + ““EH“‘]’ (5.3.2)
EFER A * l+0it2
and
V.
= 2
(t) =| @ (rwﬂ?{r .- -Ei%il (5.3.3)
P = . expls Z 5.3.
i=1 * ® 40 l+cit2

(note that p(0) = 1, and p(t) is a monotonic increasing function), where
the v, are the degrees of freedom associated with chi-square r.v.'s in

the quadratic form

k
Q* = % c?x?(v.,h.) (v, >0, i =1,...,k).
. i i’7i i
i=1
Clearly, Q¥ = Q when the v, are set equal to unity, and for greater
generality in work to follow, the v, are retained. Actually, Imhof's
expression for the distribution function, serves for a wider class of

quadratic forms than we consider here [see Imhof's paper].

Imhof further gives

P cos[A(t) - % tq]
ﬂ®=%¥=§f phf dt, (5.3.4)

o
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although, possibly due to a printing error, the factor % before the
integral sign was not given. Primarily because of the convergence
factor % present in the integrand of (5.3.1), but absent in (5.3.k4),
the moment expression (5.1.2) would be preferable to (5.1.1), should we
choose to use Imhof's expression for F(q) rather than that given by

Shah and Khatri.

5.% The Choice

Thus, to evaluate E(Q" ), at least at the present stage of develop-
ment, we have a choice of the following nature: (1) we may write a
program for the numerical evaluation of the integral of an infinite
double series, with a side program for evaluating the joint moments of
Q¥ and L¥, or (ii) we may write a program for evaluating what is essen-
tially a double integral. Before choosing between (i) and (ii), we
note that the absolutely convergent double series (5.2.1) may, of
course, be expressed as a single series. Even so, it seems clear that
the advantage rests with (ii) rather than (i).

As it turns out, the choice is well made because, as we shall now

see, the double integral may be reduced to a single integral.

5.5 Reduction to a Single Integral (I)

Upon substituting (5.3.1) into (5.1.2), we obtain

@ @ sinlas)- £ )
ﬂE(Qr) =f [" "'f = T p(t)g dt] dqg. (5.5.1)
O

(o)

A

o

Now, because g appears in the integrand of (5.5.1) in a particularly

simple way, we might hope that by changing the order of integration, we
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would be able to perform the q integration analytically and thus reduce

(5.5.1) to a single integral.

With this idea in mind, we should like to replace the g in (5.5.1)

by an integral with respect to t of some function of q and t. It turns
out that

l/r)

o .t
51n(§ q
Jf —— dt, (5.5.2)

o

X
2

substitution and employing the rule for the sine of a difference be-

which is equal to z for all q > O, is a good choice. Making the

tween two angles, we obtain
[0 0) oo
nE(Q") = f f £, (t)eos(E a7 )4z (t)sin(} a7 )lataa,  (5.5.3)
o o

where
sinA(t _1 _ CcosA(t
£,(t) = —7172% 250 and £ (t) = ¢ (1 ﬁlylp S (5.5.4)

Proceeding now in a formal way, we have that
W oo 0
.t 1
7B(QY) =b/\ [fl(t)d/\ cos(% ql/r)dq+f2(t)u/\ 51n(§ q /r)dq:]dt
o o o

(x=a") oo

o0
= Jf 1~{fl(t)JF Nl cos(g x )dx
° 0

(0 0]
+ £,(¢) f et sin(g x)d.x}dt. (5.5.5)
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However, the two integrals inside the braces exist only for 0 < r <1
[see e.g., Grdbner and Hofreiter (1961), p. 118, (10a) and (10b)]. OF
particular interest in this study, though, is the case r = %.

For r = 3, we obtain the result

1 *° F(%)
(@) = [ (yoa (5.5.6)
(o]
Vi [ p(t)tsina(t)-cosA(t)
= Jn p(t )+sinAlt )-cosA(t dat. (5.5.7)
g { /% o(t)

It can be proved that (5.5.1), with r = 4, is in fact equal to (5.5.6),
however, we shall not pause now to do so. Rather, we shall proceed to

a more general result and prove that result rigorously.

5.6 Reduction to a Single Integral (II)

The results presented in this section follow in elegant fashion as
a direct consequence of two key suggestions offered by Mr. A. A. Fojt.

Again, we shall proceed in a formal way, without regard for the
validity of steps taken, deferring a rigorous proof of the end result

until later.

We have seen that the integrals inside the braces in (5.5.5) do
not exist, in particular, for r > 1. Mr. Fojt suggested that the diffi-
culty might be circumvented by temporarily introducing some convergence

factor, say e-ax, with ¢ > 0. Then
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U/\ xr_le-axsin(g x)ix = P(r) sin(re ),
o] (Of"'—n')g
> (5.6.1)
u/‘ xr-le_axcos(% x)dx = F(r) cos(re),
o (a + _E)2 J

where ¢ = tan_l(ég . [see, e.g., Grobner and Hofreiter (1961), p. 139,

(5a) and (5b).] Now, with these results, we might hope that

AEB(QF) = linl\/p -—-Elﬁfﬁkl- [, (t)eos(xo }+£,(t)sin(rs )dt.

o —=0 (a . TI) 2 (5.6.2)

If passage to the limit under the integral sign were made at this point,

we would get
COI'
J/‘ 2 0(rt) (¢ (4)cos(r &) + £.(t)sin(r X)]at, (5.6.3)
tr 1 2 2 2

and it is readily seen that, for r = %, this result agrees with (5.5.6).
However, for r > 1, we still have problems near the origin (t=0). It

is not difficult to see that, for t small enough,

sin A(t) = ct + O(ts), ¢ a constant, 3
cos A(t) = 1 + o(t?), } (5.6.4)
o(t) = 1 +0(t%). )

It follows that

fl(t) = 0(1), and fe(t) = 0(t) (t small). (5.6.5)
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. Clearly, the integral in (5.6.3) would be well behaved, in the neighbor-
hood of t = 0, if the integrand acts like —%:5, € > 0. For example,
t
suppose r = é. Then the integrand behaves like t-3/2, the trouble

2
stemming from the first term alone; for t = g, we have trouble stemming
from the second term as weil.

Mr. Fojt now suggested that the difficulty might be avoided by
subtracting from fl(t) and fg(t) the leading terms in their power
series expansions for t small, these terms to be treated separately.

To establish the nature of the fl(t) and fe(t) power series

expansions for t small, we shall find it helpful to obtain first the

characteristic function for Q*/2.

o..(t) =M (3%) = r}; M (2 10°t)
- - 2
o % TEL m 8y

k iN.oot
exp ( z -—i—%—)
3L 1-15t

V.

Kk
i (l—icgt) 2
j=1 ’

K itot
exp (% D )
j=L 1-105t
= -~ J (5.6.6)
K o
I (1-i0t) 2
j=1 J

where M , (t) is given by (2.2.5), and g? = 20§hj. It turns out

X" (v,\)
‘ that



and

arg[égt(t)

0g(t)
2

2

1
ok

]=A&L

Lo

- (5.6.7)

Although Imhof did not point out explicitly the relatioms (5.6.7), it

is clear that he was aware of them.

He does, in fact, give other

relations that enasble us to verify readily (5.6.7). It follows from

(5.6.7) that

By definition,

where u3 = E(Q*J).

and

eiA(t)

_ cosA(t)HsinA(t) (5.6.8)

o '
o..(t) = = (1 E)J
A

x(t) = =51
2

1
o) K 2y
cosAftZ - 1Y 2% t

The corresponding expansions

and, for t small, these expansions exlst.

p(t)

2y+l A

(5.6.9)

It follows then, from (5.6.8) and (5.6.9), that

o0 Ty
- y T2yl ot
B 720 (-1)" gy B

& (5.6.10)

for fl(t) and fe(t) follow immediately from (5.6.10), viz.,
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1 @ Mavy 4,274 )
fl(t) =3 72;40 (-1)7 '('é;-.,:f)'r ('é') ’
and > (5.6.11)
fe(t)=%z (1)71-(%)1-() -
Let us define
(23] oy41 )
ky (,7) =%— z (-1)7 —(-é—%%r (&)
and > (5.6.12)
[r]
k,(t,7) =% z: (-1)7"* -(—-%r (X ) ’ )

where the symbol [a], as used for the upper limits of summation in
(5.6.12), means "the largest integer < 8" (the sums belng zero if the

lower limit exceeds the upper limit). It further follows that, for t
small,

—% 12 (8)-k; (¢,7)]

t 1
=o(-;-1-:9-), e > 0, (5.6.13)

—-i:; [£,(t)-ky(t,7)]

Let us now designate the integrend of (5.6.2) by h(t,a,r), and

rewrite it as

h(tqa,r) = H(t,a,r) + K(t,a,r), (5.6.14)

where



Ly

H(t,a,r) = —i{EL) - { 12, (4)-1c, (6, 7)1 cos(xe)
212
of+ 1“,;—)
+ Lgy(6)ky(t,7)]stn(ze)}, (5.6.15)
K(t,0,r) = —EEL) [ (5,7)cos(xo M (5,7)stn(x0)], (5.6.16)
o 212
iy )

and we recall that ¢ = tan™ (éé . Then (5,6.2) may be rewritten

(e 0)
2E(Q7) = lim f (H(t,q,r) + K(t,0,r)]dt
a—»0
(¢]
Qo 00
= lim f H(t,a,r)dt + lim f K(t,0,r)dt. (5.6.17)
d—0 o ’ L ~»=0

We know, by (5.6.13), that if passage to the limit under the integral
sign were now to be made, for the first term of (5.6.17) alone, the
resulting integral would be well behaved for t small. But what is the
nature of the second term? Happily, it turns out that

o0
f K(t,,r)dt =0 (fora>0; r>0, r #1,2,...). (5.6.18)

o

To see the truth of this claim, we note that

oo
2y+1
cos(re) at

t(aa:c;)

t

i

n/2
= Cl(a)f cosr-2¢cos(r¢ )tan27¢ ae
2 o

0, fora117<-I-%]5,



providing @ > 0, r > 0, and r # 1,2,... . [See,e.g., Grdbner and

Hofreiter (1961), p. 110, (15a).] Similarly, we note that

® /2
JF EL—EEELEEJ; at = Cz(a)\/ﬁ cos™ 27 Losin(re )sin=” "o do
o 't 2, %2)2 o
= 0, for all y < % ,
providing @ >0, r > 0, r # 1,2,... . [See, e.g., Grébner and

L5

Hofreiter (1961), p. 109, (10b).] The vanishing of these two integrals

clearly implies the truth of (5.6.18).
Hence, (5.6.17) reduces to

(0 0]

7E(QT) = lim u/\ H(t,q,r)dt
a—+0 o

@

=f H(t,0,7)dt, (5.6.19)

o

and we have now obtained a fairly simple single integral expression for

the fractional moments of Q%. A formal proof that this single integral

does, in fact, represent the fractional moments of Q¥ is given as

Appendix 9.3.

We conclude this section by giving a more deteiled expression for

(5.6.19):
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% [E4) :
2 K 27+l
E(QF) =Jf 2ri§111)‘{.[812?£§) - 720 (-1)7 T§%%%%T (%) ]cos(r %)

(@)

[%] M, 2y
A(t) 2y .t
- [coz i 750 (-1)7 zg%r (3) ]sin(r g)} at,
(5.6.20)

where A(t) and p(t) are given by (5.3.2) and (5.3.3) respectively.
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6. NUMERICAL COMPARISONS

6.1 Introduction

With this section, we come, at last, to the consideration of
numerical comparisons of approximate with exact solutions for the
fractional moments of Q, and, somewhat incidentally, for the distribu-
tion function, F(q), of Q. Moment comparisons are confined to the case
E(Q%) = E(Z), and these, with three exceptions, for two-dimensional
(k=2) examples. More elaborate comparisons were planned; however,
funds available for numerical purposes were exhausted before such
comparisons could be made. Nevertheless, those comparisons judged to
be most stringent (in some sense) were accomplished first, and it is
believed that the conclusions drawn from these comparisons would have

been supported by the other comparisons.

6.2 Distribution Function of Q

With regard to the conjecture of Section 4.4, consider the approxi-
mation (4.4.16) for F(q). When A < 0, the approximating r.v. Y,
(4.4.14), is given by Pearson's r.v. Y,, the quality of Y, for approxi-
mating F(q) having been considered by Imhof (1961). In particular, we
should like to consider some examples where A > O (then Y = Y3) so that
comparisons between Y2 and 13 might be made.

Of the examples considered by Imhof, three (his Q5, Qs §Q5+%Q6)
were found to have A > 0. Moreover, for these three examples, Pearson's
approximation is seen (see Imhof) to give particularly close agreement

with the exact values determined by (5.3.1). Thus these examples were

judged to be a fairly stiff test for the r.v. Y3, in that Y2 leaves
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little latitude for improvement. Exact values for F(q) were obtained
using (5.3.1), while the various approximate values, based upon the
three r.v.'s Y, (Patnaik's), Y,, and Y5, were determined by suitable
specializations (of the parameters) of (5.3.1). The results obtained
are presented as Table 6.1.

We note that, without exception, the approximate values based upon
Y3 are closest to the exact values. While these results do support the
conjecture, we do not, of course, conclude that determinations of F(q)
based upon Y3 would always be closer to exact values than those based
upon Y2 (or even those based upon Yl). In fact, it may well be, for
practical applications, that Y5 1s not enough better than Yé to warrant
serious consideration of the 'combined” r.v. Y over Yé alone, if one
is merely interested in approximate values of F(q). In any case, we
shall not pursue the matter further here, it being quite incidental to

this study.

6.3 Fractional Moments of Q

For moment approximations, as noted in Section 4, the situation
is a bit different from that just considered in the previous section,

in that Y2 applies only when A <O (and Y3’ as before, applies only
when A z 0). The comparison here, then, is essentially Y versus Yl,
i.e., the three-moment approximation versus the two-moment approxima-
tion.

In an attempt to avoid comparisons that ﬁight be particularly
favorable toward Y, rather than Y,, we deliberately attempted to bias

matters in favor of Y., trusting that the superiority of Y would show

l’
through in spite of such bias (we were not disappointed).
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Of the odd moments of Z [i.e., E(Qr), r = %,%,g,...], it seems
clear from considerations of interpolation vs. extrapolatior that a
choice to consider the first (r = ), or possibly the next (r = =
would be a choice favorable to Yi. We chose the first (r = %). Having
selected the moment to be calculated, we then faced the more difficult
problem of choosing the actual examples (specific quadratic forms).

To aid in this choice, we determined the A values for all two-

dimensional quadratic forms formed by taking all possible combinations

(86k4) of the following values for the parameters:

ci =1;
2 = 4 6
0"2 =1, 2, 4, 9, 16, 25;

1
’ "2": l, 2) )4-, 8: 16: 32

=t

o~ L1 1 1
Mory =05 32’ 16° 8°
(vl =v, = 1)

This unwieldy set of examples was then cut in half by an arbitrary
decision to consider only every other value for Ay (starting with ;5).

Also, the value 02 = 1 was Judged to be relatively uninteresting

2
(special case 1 of Section 3 applying to such examples). Thus the
number of combinations was reduced to 360. Now the advantage, if any,
of Y over Yl tends to vanish as A tends to zero (recall that Y3 =Y, = %_
for A = 0). Thus, for each (cﬁ,&l) combination, it was decided to
select, from among the 12 possible values for kg, that value of ke such

that IA] is smallest, or next to smallest, depending upon which choice

gave the "nicer to work with" values for the £y (recall E, =0y V EKi)
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--this rule for selection was followed, but with the added provision
that, when possible, alternating selections should correspond to A
values alternating in sign. In this manner, then, the nunber of two~
dimensional examples to be treated was fixed at 30, approximately half
with A > 0 (implying that Y = YB) and half with A < 0 (implying that
Y = Yé). In one instance, the rule yielded an example for which A = 0.
The example was retained, serving as a check. In addition, the three
quadratic forms shown in Table 6.1 were included as examples.

Exact values of E(Q%) were determined by (5.5.7), while the approx-
imate values, values of E(Y%) and E(Y%), were determined in accordance
with Section 4.6. The results obtained are presented as Table 6.2.

On inspecting Table 6.2, one is immediately struck by the apparent
excellence of the values based upon the Patnaik (Yi) approximation, so
much so that it would seem foolish to strive for a more sophisticated
approximation. In this respect the results presented are misleading,
the examples having been selected so as to insure reasonably close
agreement of approximate and exact values. What is important, though,
is that, in spite of our attempts to bias matters in favor of Yl’ in
only six cases are the approximate values based upon Yl closer to the

exact values than those based upon Y.

6.4 Conclusions
In view of the results obtained, it does seem quite safe to
conclude (as one feels intuitively) that the moments of Y will, in most
cases, serve as better approximations to the corresponding moments of Q

(or Z) than those of Y,. We hasten, however, to add a rather obvious
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Table 6.2. Values (approximate and exact) of E(Q2) = E(Z)
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Quadratic Form

b v —

———

o

Q,=(-TIE(6,3)+(.3)¢(2,1)
Q=TI (1,3)+(.3)8(1,1)

1 1
== + =
%2 Tz

Q= (L,35)4E(1,3)

Q2=x?(1,é)+2x?(1,1)
0,5 (1,3)%x(1,3)
QLI_=X2(1,2 )*Qxe(l)']%)
Q5=x?(1,8)+2x?(1,o)

Q= (1,32 )42 (1, 1)

0,2 (L,35)40C (1,3)
ag=(1,5)+0E(1,3)
ag= (1,5)4¢ (1,5)
Qlo=x?(1,2)+ux?(1,2)
Q= (1,8)+1C (1,2)

Q=4 (1,32)¢ (1,3)

Approximate Exact
1 1 L
B(Y3) E(Y?) E(Q?)
W:’::#
3,021 3,020 (+)% 3,020
2.290 2.282 (+) 2.281
2.728 2.727 (+) 2.727
1.765 1.778 (-) 1.772
2.&37 2.423  (+) 2.423
1.90k 1.90% (o) 1.901
2.521 2.512 (+) 2.508
L.2kg Lokl (+) L.2L3
9.046 9.04k5 (+) 9.045
2.095 2.1 (-) 2.123
2.648° 2.643 (+) 2.652
2.318° 2.360 (-) 2.337
4. 706 L.69k (+) 4.693
5.8898 5.8922 (-) 5.8914
8.302 8.301 (+) 8.301




Table 6.2. (continued)
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Approximate Exact

Quadratic Form N - -
E(Y2) E(Y?) E(Q?)

=L T e

Q5= (L35 497 (L) 2.908 2.963 (-) 2.953
Q2 (1,549 (1,3) 3. 752" 3.729 (+) 3.751
Q59 (1,198 (1,5) 3.081 3.157 (-) 3.133
Q16=>69(1,2)+9x2(1,2) 6,57k 6.5450 (+) 6.5k
Q=1 (1,8)149%°(1,2) 7.496 7.599 (-) 7.50k
Q18=X2(l,52)+9)<2(l,8) 14.5489° 14.5488 (+) | 1k.5493
Q,l9=)<2(l,3]:2—)+16>(2(1,%) 3.758 3.780 (-) 3.808
Q20=x2(1,§§)+16>?(1,%) 4. 894° 4.846  (+) 4.876
Q= (1,3)416¢(1,5) 3.895 3.976 (-) 3.963
Q,22=x2(1,2)+16>f‘(1,2) 8.521 8.454 (4) 8.467
Q5= (1,8)116x7(1,3) 6.1ko 6.535 (-) 6.530
Q.21+=x2(1,32)+16x2(1,8) 18.015 18.011 (+) 18.011
05 (1,55 1425 (1,5) 4626 4639 (-) 467k
Q26=x2(1,%)-125x2(1,~3z) 6.052 5.980 (+) 6.01L
Q27=X2(l,-%)425><2(1,%) 4.739 4.808 (-) 4.812
Q=X (1,2)45% (1,3) 6.395" 6.377 (+) 6.437
Q=X (L,8)425%° (1,3 7.380 7483 () 7.4ok
Q30=x2(1,32)+25x2(1,8) 21.663 21.653 (+) 21.654

%The symbols (+),7-)(0)

mean that Y=Y3,Yé,Yl

bPatnaik value closer to exact value.

, respectively.
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comment: Even as extrapolation is usually risky, while interpolation
is generally sound, so it must also be in applications of the moment
approximations proposed in this study. In particular, the early
fractional moments of Y [E(Y'), 0 < r < k&, say] should serve well for
approximating those same moments of Q, but we would place little reli-
ance on the approximation for moments of higher order (r > 4, say).

However, interest usually centers on lower moments, the first four
integer moments (beyond the zero-th) being those most often investi-
gated.

If one must evaluate many moments, or moments of orders much
beyond those upon which the approximating r.v. Y is based, then he
would do well to enlist the ald of a modern electronic computer so as

to obtain exact evaluations based on (5.6.20).
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7. SUMMARY

Fully stated, the problem treated in this thesis is that of

determining positive fractional moments of a nonnegative-definite

guadratic form in nonsingular noncentral normal random variables. By

way of summary, let us review the contents of the several sections and
appendices.

Section 1: The stage is quickly set by an immediate statement of
the problem in its simplest symbolic format; interest in fractional
moments of a quadratic form Q is motivated by an interest in integer
moments of random distance, a topic that has apparently received little
attention in the past, perhaps because of the complicated nature of the
distributions involved. All distance problems in nonsingular normal
random variables are shown to be reducible, by well-known linear trans-
formations, to the same format as that given to the statement of the
problem of the thesis.

Section 2: The noncentral chi-square distribution may be regarded
as being the basic statistical distribution underlying quadratic forms
in normal r.v.'s. The section is a brief resume of the nature and
properties of the noncentral chi-square r.v.; two properties are newly
established, viz., a general expression for its moments, and a second-
order moment recursion.

Section 3: Each of Sections 3, h, and 5 contains a different
approach to the problem. The approach of Section 3 might be labeled
"approach by specialization."‘ By suitable specializations of the

parameters k, £, and D (see first paragraph of Section 1), we hoped to
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obtain cases admitting fairly simple exa¢t solutions Ior fractional
moments. The two special cases that are treated in the section yield
exact solutions that are shown to be expressible in terms of well-
tabled special mathematical functions, viz., the error and modified
Bessel functions, and the complete elliptic integrals. The first of
these cases is believed to be new, while the second is the work of
Scheuer (1961), being included for purposes of completeness.

§§Stigg_&: This section .aight be labeled "approach‘by approxinea-
tion," in the sense that we try to approximate Q by various more
tractable r.v.'s whose fractional moments are relatively easy to obtain.
This rather popular approach to dealing with noncentral chi-square
r.v.'s has its foundation in the work of Patnaik (1949), who proposed a
central chi-square r.v. for the purpose of evaluating (approximately)
the distribution function of & noncentral chi-square r.v. We have
considered three such approximating r.v.'s, Y, (Patnaik's two-moment
approximation), Y, (Pearson's three-moment approximation), and Y3 (a
newly proposed three-moment approximation). The most interesting re-
sult obtained in the section is that, although neither Yé nor YB,
individually, provides a fully applicable gpproximation for fractional
moments of Q, Yé and Y5 together yield a r.v. Y of full applicability.
Tt is this fact that gave rise to the conjecture that Y is, in general,
superior to Y, (alone) for the purpose of evaluating (approximately)
the distribution function of Q. |

Section 5: At the very outset (before much of the research re-
ported in this thesis had been accomplished), it seemed quite unlikely

that a significant contribution toward a tractable exact solution of
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the general problem would be possible. It was clear that an exact
expression for the fractional moments of Q could be written explicitly,
because explicit expressions for the distribution function of Q, F(q),

had been recently published. Thus
0o
r r
@) =) dar(a),
o

but the expressions did present a formidable sight. However, with the
decision to use F(q) as given by Imhof (1961), and with the observation

that E(QF) could be expressed alternatively as
oo
E(Q") =f [l-F(ql/r)]dq,
0

matters did look better. We had what was essentially a double integral,
and, for a modern high-speed electronic computer, that shouldn't
present too much of a problem. But it did!

After many long weeks of programming and ' debugging," it became
clear that the doﬁble—integral evaluations would consume too much
machine time., The thought of possibly reducing the double integral to
a single integral by changing the order of integration returned to mind;
the idea had occurred earlier, but, at that time, it didn't look
promising and was quickly dismissed. But now there was stronger motiva-
tion for taking a more critical look. Some success followed, in that
the reduction Was apparently possible for O < r < 1, but not for r > 1.
This didn't seem right. The author's understanding of the nature of

Fubini's theorem led him to believe that the reduction should be
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possible for all r » O, The author put the matter tq a numerical
analyst (and friend), As noted in the text of' the chapter, this friend
made two key suggestions; the first seemed to accomplish little by it-
self, but, when it was considered together with the second suggestion,
the redugtion ultimately followed in fine fashion. Thils reduction of
the exact expression for the fractional moments of Q to a single inte-
gral (along with the rigorous proof that the single integral is
correct--Appendix93) 1s considered to be an important contributien of
this thesls. This single integral is no worse than a great many
others that are routinely evaluated by electronic computers.

Section 6; In this section, a few numerical comparisons are
given which support the conJecture that the r.v, Y 1s, in general,
superior to Y, for evaluating (epproximately) F(q). Other comparisons
made in the section support the hypothesis that the r.v, Y is, in
generel, superior to Y, for evaluating (approximately) E(Q"), provided
r is not too large, of course, In fact, for either purpose, it is
belleved that approximations based upon Y will be quite pellable.

Appendix 9.1; This appendix gives varlous properties of the confluent
hypergeometric function. The function arises in Sectlons 2, 3, and 4,
The two theorems stated and proved in the appendix appear to be of a
fairly general and useful nature, and we would hgpe that they may find
important applications in areas other than that treated here.

Appendix 9,2;This appendix contains a very useful approximation for
the ratio of two gamma functions, It would be presumptuous to imegine
that it has not been previously discovered. Nevertheless, it is in-

cluded because it has obvious application here, and partly because
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of the refinements given that enable one to obtain eny required
accuracy.

Appendix 9.3: With this appendix, we conclude the thesis. It
contains the rigorous proof that the single integral obtained in

Section 5 does, in fact, represent fractional moments of Q.
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9. APPENDICES

9.1 The Confluent Hypergeometric Function
(Kummer' s Function)

9.1.1 Properties and Relationships

The few properties and relationships of the confluent hyper-
geometric function presented in this first section are well known and
may be found, for the most part, in standard works on the subject. In

particular, see Erdelyi (1953), Slater (1960), Tricomi (195k).

Definition:
o (a)n <0 ( )
Flaje;x) = = =, 9.1.1.1
n=o lcin n.

where (a)n is Pochhammer's symbol:

P
o

N”
n

1,
° (9.1.1.2)

n a(a+l)(a+2)...(a+n-1) = E%%g%l .

The defining series is absolutely and uniformly convergent

—
ju]

~
i

for all values of a, ¢, and x, real or complex, excluding
c = O,"'l)-e’ ¢ s 0

Kummer's transformation (Kummer's first theorem):

Flajc;x) = € F(c-a;c;-x). (9.1.1.3)

Special cases:
F(aazx) = e . (9.1.1.4)
F(3325-°) = & ert(x), (9.1.1.5)
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2
where erf(x) Ed/\ e au (9.1.1.6)
o
2
o
=3 7(%,x2) = %u/\ t72e Yat (x>0), (9.1.1.7)

o

where 7(+,-) is the incomplete gamma function.
2.V x
F(z+v;l+eviex) = (3) T(va)I (%), (9.1,1.8)

where Iv(x) is the modified Bessel function of the
first kind of order v.

Recursions:
(c-a)F(a-1;c;x)+H(2a-c+x)F(a;c;x)-aF(a+l;c;x) = Q. (9.1.1.9)

c(c-1)F(aje-1;x)-c(erlx)F(a;c;x)+(c~a)xF(azc+l;x) =0. (9,1.1.10)

(a-c+l)F(a;c;x)-aF(a+l;c;x)+(c-1)F(a;e-1;x) = O. (9.1.1.11)

cF(a;c;x)-cF(a-1;c;x)-xF(a;c+l;x) = O. (9.1.1.12)

c(a+x)F(a;c;x)-(c-a)xF(a;c+1;x)-acF(a+1;c;x) = 0. (9.1.1.13)

(a-1+x)F(a;c;x)+(c-a)F(a-1;¢;x)-(c-1)F(a;c-1;x) = O, (9.1,1.14)
U-function:

The U-function is also known as a confluent hyper-
geometric function. It is related to F(a;c;x) as

follows [see Slater (1960), p. 5]:

19

sinnc [(1+a-c)r(e) - r(a)r(2-c)

.y 1-c oD
U(aze;x) = { Fa;cx) £ Flta-c; c,x)'}. (9.1.1.158)
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The U-function satisfies the following recursion:
(c-a-1)U(ajc-1;x)+(1l-c-x)U(a;c;x )+xU(a;c+l;x) = O. (9.1.1.16)

9.1.2 Representation of F(-=

-x) in Terms of Bessel or Error
Functions, General ‘

3337

Note: To facilitate the proofs in this section, the
symbol € 1s used to mean may be expressed in
terms of.

Theorem 9.1.2.1: F(- ,23 -x) € Io(e) and Il(2)’ whenever n and k
are positive odd and even integers, respectively, and x # O.

Proof: We first establish three preliminary results:

By (9.1.1.12), with a = g and c = 1,

F(g;l;X) = F(3;1;x) + xF(g;2;X)-
Also, by (9.1.1.10), with a = g and ¢ = 2,
P(3515%) = (x41)F(Z525%) - FF(Z;35%).
Eliminating F(%;Q;x) from these two equations, we obtain
3 2
F(%515%) = (x+1)F($;1;%) + - ( 335%). (9.1.2.1)
Eliminating F(%;l;x) from the same equations, we obtain
F(3:23x) = Fds15x) + $F(3335%). (9-1.2.2)

And, by (9.1.1.13), with a = 3 and ¢ = 1, followed by substitution from

(9.1.2.1), we obtain

F(%52;x) = P(d315%) - 39(2;35%). (9.1.2.3)



We ncw proceed with the proof:

F( 2353'3() xF(ka];:x)) by (9 1l.1. 3)

Let n and k take the values stated in the theorem. Then

k+n k. x) € (k

+n k+n
F(553:%) € F(5-52;x) and F(S55—515x%), x # 0,

either immediately (if k = 2 or 4) or by repeated application of

(9.1.1.10). Similarly, by repeated application of (9.1.1.9),

( s1;x) € F( ;1;x) and F(3;1;x)

€ F($;1;x) and F(—g-;3;x), by (9.1.2.1).
Also, by repeated application of (9.1.1.9), |
( 52;%) € F( ;2;x) and F(3;2;x)
€ F(};1;x) and F(2;3;x),

by (9.1.2.2) and (9.1.2.3).

Hence, for n, k, and x as stated in the theorem,

n k
F(- 555 ;-x) € F(3;1;x) and F(2,3 x)
x pd ‘
€ 10(5) and 11(5), by (9.1.1.8).
Theorem 9.1.2.2: F(- ;5;-x) e erf(4/x), whenever n and k are

each positive odd integers and x > O.
Proof: Let n, k, and x take the values stated in the theorem.

Then
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n
F(- 5;55;5-x) € F(- 2'5;-X) and F(- 2,2,-X),

either immediately (if k = 1 or 3) or by repeated application of

(9.1.1.10). Similarly, by repeated application of (9.1.1.9),
F(- S345-x) € F(dsk;-x) and F(25h;-x),

and by (9.1.1.13), witha =c = 3,
F(Q;E;-x) e F(3;3;-x) and F(2;§;—x).

Therefore

F(- eggg-x) € F(3;5;-x) and F(g;E;—x).

F(- 5,-2—,-;:) € F(%--—--x) and F(g- 2,-x).

Thus for n, k, and x as specified in the theorem,
n k 1
F(- 5555-%) € F(2,2, -x) and F(3;3;-x) and F(2,2, x)

¢ erf(1/x) and e, by (9.1.1.5) and (9.1.1.4),

€ erf(\/_E).

Also, by (9.1.1.7), it is further clesr that

F(- 2‘~°-X) e 7(3,x).
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9.1.3 Representation of F(- =;=;-A) in Terms of Bessel or Error

Functions, Specific Cases

In this section, six specific cases (n = 1,3; k = 1,2,3) of
F(- %;=;-\) are expressed in terms of Bessel or error functions,
consistent with Theorems 9.1.2.1 and 9.1.2.2, for use in conjunction
with special case 1 of Section 3.

(i) n=1, k = 1:
F(-3;5;-2) = e+ 2/ rert(\/ ). (9.1.3.1)

Proof: In (9.1.1.12), let a = ¢ = 3 and replace x by -\ ta

obtain

F(-5545-N) = F(3535-0) + 2KF(a;§;-%)-

The result follows from (9.1.1.%) and (9.1.1.5).
(ii) n =3, k = 1:

F(- g;%;-x) = (A1)e™ + VT A(er3)ere (). (9.1.3.2)

Proof: In (9.1.1.9), let a = -3, ¢ =4, and replace x by -\ to

obtain
F(- 2545-0) = (v 2)F(-hk5-0) - $9(35h5-0).

The result follows from (9.1.3.1) above and (9.1.1.4).

(ii1) n=1, k = 2:

o>

P(-3515-1) = e 2 [ow)T 3o, ()] (9.1.3.3)

Proof: The result follows from application of (9.1.1.8) to

(9.1.2.1), followed by (9.1.1.3).
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(iv) n=3, k = 2:
_A
i 2

2 A A
5 [ (oA +6x+3)10(§)+x(x+2)11(5)]. (9.1.3.4)

F(- -3;1;-x> =

POAN

Proof: In (9.1.1.9), let a =%, ¢ = 1, and replace x by A to

obtain
F(g_;l;}\) = %—[(x+e)F(2;1;x)-—§—F(—2L;1;x)].

The result follows from (9.1.2.1) and (9.1.1.8), and subsequently, from

(9.1.1.3).
(v) n=1, k = 3;

F(-452;-0) = L™ + 2\1/1_ (2341 )ere(VR). (9.1,3.5)

PN

Proof: 1In (9.1.1.9), let a =3, ¢ =2, and replace x by -A to

obtain
P(-33350) = 8(2:250) + (bIF(E25-0).
The result follows from (9.1.1.4) and (9.1.1.5).

(Vi) n=3,k=3:

F(- 2;2;-0) = §ans)e™ + 8—%[—-1 (0F412093 Jers (1),

(9.1.3.6)

Proof: In (9.1.1.9), let a =3, c =%, and replace x by -\ to

MO

obtain



M) = 30u IF(-B:35-0) - JF(Eid50).

J2) 2)

F(- -Z-;g;-

The result follows from (9.1.3.5) above and (9.1.1.5).

9.2 A Convenient Approximation

Theorem 9.2.1: For r > O, and x large, x > O,

rir-1

(x4r) . . 2x
= x"e
I'(x

69

Proof: Employing Stirling's asymptotic series for log I'(x) [see

National Bureau of Standards (1964)], we have that

log I'(x+r

- [(x-%)log(x-1) - (x-1) + TEY%:E7 +0 (ig)]

= (x+r-4)log(x+r-1) - (x-%)log(x-1)-r

- BEEDeD * O ;13)

= (xt-3)Logx(1+ T - (x-3)logx(1- 3) - x + 0| -35)

2
(x+r-3)[1logx + Eil - %(Eii) + o( i?) 1

1

-(X-%)[logx--}]é-——-é-+o(i;3_)] _r+o(f§)

2x

2x

rlogx-.-ﬁk}_zq-O(-}é.) s
X

and the result follows.

Pyt = LGom-3)log(am-1) - (x47-1) + grgryy * o(%)]
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Table 9.2.1 gives some indication of the quality of the approxi-
mation, as measured by the smallest integer value of x such that the
relative error of approximation is less than €. We observe, in partic-
ular, surprisingly good agreement for r = %; this is also the case for
any value of r in the closed interval (0,1). The quality of the
approximation drops off rapidly as r increases beyond unity. However,
there are two convenient devices that will enable one to improve the
approximation when r is 'too' large or x "too" small.

When r is "too" large: We may separate r into its integer part,

[r], and its nonnegative fractional part, fr =1 - [r]. Then

Flsr) P (x#x] )42, )
T~ ] TG

This device has the desirable feature of yielding a larger "effective"

value of x while giving a smaller "effective" value for r.
Example: r = %.
r(x+ £) P[(x+3)+]

(%) ‘(X)B T(x43)

L . P(x+3)+5]
and the approximation is applied to T(x+3)

When x is "too" small: Then

I(x+r) _ (x), P (x+n)+r]
r'(x) (x+r) ['(x+n)




Table 9.2.1. Values of x, A, and B such that

T1

-IAL—B-L < €, where

rf r-l}
A= PFX-‘T and B = xr e 2%
X
e = .01 € = .001
r
X A B b'e A B
0.5 | 1 | 8.862x1071 | 8.805x10F | 2 | 1.3293x10° | 1.3285x10°
1.5 | & 8.724x10° | 8.786x10° 11 3. 7710x10" 3, T748x10~
2.5 | 11 b.714x10° | L4.759x10° 35 7.6384x10° 7.6460x10°
3.5 | 21 5.179x104 5.227x10u 66 2.&932x106 2.&957x106
e = .0001 € = .00001
Ir
X A B X A B
0.5 L 1.93862x10° 1.93847x100 9 2.9586h3x100 2.958621x100
1.5 36 2.182h1x102 2.18262x102 112 1.189260x103 1.189272x103
2.5 | 112 | 1.34981x10° | 1.34994x10° || 354 | 2.37030ux10° | 2.370328x10°
3.5 | 208 1.32530x108 1.525u3x108 661 7.47&381x109 7.&7&&56x109
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Example: x = %; r =3; n =2, say (n chosen to suit one's needs).

M) G, TER) 5 TR
g @, @ T @

and the approximation is applied to

And, of course, these two devices may both be used to give an
approximation of desired quality. In such a case,

I'(x+r (x) (X+[r])n F[(x+[r]+n)+fr]
I'(x [r] (x¥r), T(x+lr]+m)

it

() gy FLGeH )42 ]
T x), T TGHrlm)

9.3 Proof of Equation (5.6.19)

Note: Throughout this appendix, unless otherwise indicated,
the limits on all integrals are zero to infinity and
may not be shown explicitly.

9.3.1 Introduction

Let

1/

r N
F(t,amp,r) = X P Le (s)con(Fa/ T )e (0)san(Fa ),

(9.3.1.1)
where r > 0, r # 1,2,..., & 20, B20, Nis some positive even integer

larger than r, and recall that

_ SinA(t = 1/, _ cosAlt
fl(t) ——R{-Tz and fa(t) = t(1 e ),

with A(t) and p(t) being given by (5.3.2) and (5.3.3).



We shall prove that

ﬂF(t,q,o,o,r)dtdq =fH(t,o,r)dt

[ef. (5.5.3) and (5.6.19)]. In particular, we shall prove the follow-

ing sequence of steps (where L means lim ).

Y Y—>=0
)
xE(QT) = L[[F(t,q,o,o,r)dtdq (true by hypothesis)

1 .

= ﬁm F(t,q,a,B,r)dtdq (obviously true)
ob

g f L f L F(t,q,q,B8,r)dtdq (obviously true)
aY B

2

LL J:[ F(t,q,a,B,r)dtdq
075

LL jf F(t,q,a,B,r)dqdt
ap

W=

1N

1L fFl(t,a,B,r)dt
of

6 LfL Fl(t,a,B,r)dt
av B

z th(t,a,r)dt

a

8
=L [H(t:a, )+K(t: ] )]dt
o[ s

2 Lf H(t,q,r)dt + LfK(t,a,r)dt
(04

o



4

0
== fL H(t,q,r)dt

a

11
= fH(t,o,r)dt.

gt

The B convergence factor, e , has been introduced in order to
establish the absolute convergence of the iterated integral (dtdq),
required for application of Fubini's theorem [change of order of inte-
gration (step 4)].

In the proof that follows, we shall call upon many properties of
various functions. Some of these properties are obvious, others are
not. If, for example, a bracketed expression such as [9.3.4.3] should
follow some claimed property of some function, it means that that
property is established in Subsection 3 of Section 9.3.4tof this appendix.
If some function is said to be Ll(o,oo), say, we mean that that func-
tion is Legesgue integrable over (in this case) the positive real line.
Also, for convenience, we shall simply write L.D.C.T. when appealing to
the Lebesgue dominated convergence theorem [see e.g., Kolmogorov and
Fomin (1960), p. 56, Theorem 1].

Finally, before proceeding with the proof itself, the author
wishes to point out that the proof was established under the direction

of Dr. W. R. Haseltine, many of the essential ideas being his.

9.3.2 Proof, Part I

Let
g(q,a,ﬁ,r) =fF(t)Q:a:ﬁ:r)dt°

It will be shown in Section 10.3.3 that



S

; g(Q)a:B:r) = g((l;a:oar): (9-3°2°l)

and that there exists an A > O and a B > 0 such that

A
le(a,a,8,7)] <-};:-i:;5 (8 >0, a 20, o<5<51<oo),

(9.3.2.2)
Further, (9.3.2.2) holds for B = 0 by (9.3.2.1). (continuity)

Clearly

is Ll(o,oo) in q.

We have that

i

LL J]F(t:Q3a)B:r)dtdq LL g(QJCZ:B;r)dq
af op “

= L /L g(q,a,B,r)dq (by L.D.C.T.)
a Y B
-1 [ 6(a,0,0,7)aa (by (9.3.2.1))
(01
= fL g{q,0,0,r)dg (by L.D.C.T.)
04

li

fL fF(t’(La:O,r)dtdq
o
ﬂf‘(t,q,oge'>,r)dtdq.

Thus, conditional upon (9.3.2.1) and (9.3.2.2), the propriety of passing

the limits outside the integral signs (steps 1 through 4) is established.
Now the bracketed expression in F (9.3.1.1) is clearly bounded

since fl(t) and fe(t) are bounded, and



o .
1/r -BtN

e %4 is Ll(o,oo) in g, e is Ll(o,oo) in t.

Thus, with @ > 0 and B > 0, it is clear that the iterated integral

f IF(t,q,a:B,r)l dtdq

exists. Hence, by Fubini's theorem [see, e.g., Munrce (1953), p. 207],

LL[[ F(t,q,0, B,r)dtdq = LL ff F(t,q,a,8,r)dqdt (step &)
op op
-BtN
= LL fe [fF(t,q,a,o,r)dq]dt
op
-ﬁtN
= IL fe h(t,c,r)dt, (step 5)
oB

where h(t,q,r) is, as previously designated in Section 5, the integrand

of (5.6.2). Clearly,
-BtN
le n(t,a,r)| < |b(t,a,r)],

and, for o > 0, h(t,x,r) is Ll(o,oo) in t. [9.3.4.3] Hence by L.D.C.T.,

N N

IL fe'Bt h(t,a,r)dt = L fL e Pt n(t,,r)at (step 6)
of a B

=1 fh(t,a,r)dt. (step 7)

(07
We have seen (Section 5.6) that we may write
n(t,q,r) = H(t,a,r) + K(t,q,r), (step 8)

. where H and K are given by (5.6.15) and (5.6.16). It turns out that



7
H(t,x,r) is Ll(o,oo) for all @ > 0. [9.3.4.3]. Because h is L, for

@ >0 and H is Ll for @ > 0, it follows that X is Ll for ¢ > 0. Thus

step 9 is valid. But we have also seen (Section 5.6) that
d/\K(t,a,r)dt =0 (fora>0; r>0, r # 1,2,...).

Hence L U/NK(t,a,r)dt = 0.
a

Now clearly |H(t,a,r)| < |H(t,0,r)]. Hence, by L.D.C.T.,

Lu/\H(t,a,r)dt =d[\L H(t,a,r)dt (step 10)
o (0
=b/\H(t,o,r)dt. (step 11)

Thus, conditional upon (9.3.2.1) and (9.3.2.2), the proof is complete.

9.3.3 Proof, Part II

We now turn to establish the truth of (9.3.2.1) and (9.3.2.2).

Let us define

1,(v,8) = [ g, cos(v)a,
and

I,(v,B) =u/\ng2 sin(vt)dt,

where &, = g (6,8) = P8, £ =2 (1), £, = £,(¢), and v = & ¢/
€y = Byt s Ty =480, 1 = 1,08, z 4.

Note that, apart from the (v,q) change of variable,
Il(V:B) + IE.(V:B) = g(q,o,B,r),

subject to the separate existence of Il and IQ’
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Before proceeding further, it is perhaps well to remark that,
whereas fl(t) is L, (and thus well behaved), fa(t) is not L, and,
because of this fact, the proofs to follow are not as neat as they

otherwise could have been.

9.3.3.1 Proof of (9.3.2.1). Clearly, IIl(v,B)I gb/‘lflldt, for

all v>0, B>0. But fl(t) is Ll(o,oo). [9.3.4.2] Hence by L.D.C.T.,

Il(v,B) exists and

L Il(v,B) = Il(v,o)u (9.3.3.1.1)
B

For v > 0, Ie(v,o) exists as an improper Riemann integral.

[9.3.4.4] For B > 0 and fixed v > 0, we see that

C/v ©
|I2(V)B>‘IE(V,O)I = f fQSin(V‘t)(gN—l)dt + f gN sintgvt) at
°© C/v
0 00
_Jf EEE%XEI at +U/\ cosiﬁ?gjin(vt) (l-gN)dt
c/v C/v
c/v . |
s b/‘ [l-gN(%,a)]Ifesin(vt)ldt + u/‘ &y E&E%XEI dat
° C/v

(o0} Q
sinfvt} dt
* f v O *'f ()
C/v c/v

We may choose C so large that each of the last three integrals is less
than ﬁ, € > 0. Now |f2sin(vt)| <2v. [9.3.4.2] Therefore the first

of these four integrals is less than



9

N
8%
v ]'

QC[l-gN(%,B)] = 20[1-e (9.3.3.1.2)

It is clear that there exists a Bl so small that (9.3.3.1.2) is also

less than E for all B such that 0 < B < Bl' Hence, for v > 0,

L I,(v,8) = I,(v,0). (9.3.5.1.3)
B

It is readily seen that IE(O,B) = 0 for all B > 0. Thus (9.3.3.1.3)
holds for all V‘Z 0,

It follows from (9.3%.3.1.1) and (9.3.3.1.3) that

L g(q,o,B,r) = g(q:o:OJr):
B
and since

1/r
0/
4 8(%0,3:1”),

g(q,a,ﬁ:r) =e
the result (9.3.2.1) also follows.

9.3.3.2 Proof of (9.3.2.2). We shall establish bounds of two

types for g(q,0,B,r), from which the result (9.3.2.2) will be seen to
follow.
Clearly IIl(v,s)l is bounded for all v > 0, B 2 O (cf. first

paragraph of previous subsection).

For v > O,
C/v 00
|1,(v,8) = f gyfosin(vt)dt + f &y ——(—lsmt"t dt
o c/v
~ (t)sin(vt)
cosA(t )sin(vt
f T €)) at
C/v
C/v 0 0
< R i QVtz dt
= b/\ [f251n(vt)|dt + d[‘ ey At T4t |+ ENED)
o C/v C/v
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C/v
The first integral < u/‘ 2vdt = 2C. Given C > O, the third integral
o]

is bounded uniformly in v for 0 < v <Zvi < oo (vl arbitrarily large,

1 _ 1
but finite), because o) - O(.t1+ﬂ ), for t large. [9.3.4.2] 1In
the second integral, let C = 2nm, where n is some positive integer, and

make the transformation x = vt to obtain

© gy BER
h/w e s sinx ax <2 € 1
X 20 =T

2nn

Hence, recalling that IE(O,B) = 0 for all B > 0, it follows that

|12(v,5)|< M (for all v, 0 < v < v, <03 B20).  (9.3.3.2.1)

From (9.3.3.2.1), and the fact that EIl(v,B)l is bounded for all v >0

and B 2 0, it follows that

le(a,0,8,7)] <B (0ga<gq <o,B20). (9.3.3.2.2)

Thus a simple bound on g(q,0,B8,r) has been obtained. Now we seek a
bound of a different character.
In what follows, we shall be concerned with derivatives of the

products ngj’ j = 1,2. By Leibniz' rule,

(ngj)(m) -z (™) g fgm—s). (9.3.3.2.3)

S5=0

It may be shown (by mathematical induction) that

D Nk-p

P
g =gy = Akpm) 8" (gth) V. (9:3.5.2.1)
k=1
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Clearly, for B > 0, each term in gép) is Li(-oo,oo) in t if we require
that Nk-p > 0, thus if p < N (recall that N is an even positive integer).
Also, it may be shown that, for p 2 1, the fgp), J =1,2, are Ll(o,oo).
[9.3.4.5]

Because the integrands in Il(v,B) and IE(V,B) are seen to be even

functions of t, we may write

[N

0 ¢)
ivt
Il(v, t ) = @ f € gl\ ldt’
=00

and

i

[V

o0
ivt
g f eV og t,dt.

-00

I(v,t)

Let v and B be strictly positive. Then, by integration by parts

(u = ngj)’ we obtain

@ ivt @ @
ivt _le g.f. i ivt '
f e gNi‘J.dt = [ - Nf,;] +3 f e (ngj) at .
-0 -00 -0

Now the term in brackets vanishes. Similarly, integrating by parts N

times, we have that
feo) N ~®
ivt _ /i ivt (N)
f e ngjdt—(;) f e (ngj) dt.
-00 -0

Because N is an even positive integer, it follows that

N 3
I,(v,8) =R () f M(gyr, ) Mat,
and ° - r (93.3.2.5)
I(v,B) = g (%)N u/‘ ein(ngg)(N)dt .

o}
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Now, were we to substitute for (ngj)(N), from (9.3.3.2.3), in
(9.3.3.2.5), and then consider termwise integration, it is clear that
all integrals, with one possible exception, are bounded independently

is Ll and the f(P),

of B, for 0 <B <P, < [this follows because f j

1

P21, are Ll]. The sole possible exception is
~ ()
ivt N
U/ﬁ e ngN dt .
o

We now show that even this integral is bounded independently of B, for

0<B<B <.

Let
X
-1 2
Dk=max[kl ]’
N
x=pt
and let
: | |
D = 5 |A(k,N,N)|D, .
(0~ g .
Then
g N
2t

Ig&N)I <B D(N) e_

We have seen that fz(t) is bounded, |f2<t)| <b,, say. Then
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o8y

0 o0 -
’ f elVte o(M)gy < 5Dy f e
o] (o]

- BN
(y_ t)b _l\l_:_:.l; w’-l
- 2 N, N i -y
5 27 B D(N)u/‘ Yy e Ydy
O
1 ©N-1
% § O

and this function of B is certainly bounded for O < B < Bl < .

It follows then that we have established that

!

|Il(v,B)+12(v,B)| < ;-ﬁ (for all v>0, 0<B < B, <@ ),

from which it further follows that

B
|8(a,0,8,7)] < ;1‘%; (a>0,0<B<B, <m)  (9.3.5.2.6)

(recall that N> r and v = & q;/r), where & > 0. Thus we have a second

bound for g(q,0,B,r).
We have left only to see that (9.3.3.2.2), together with (9.3.3.2.6),

yields (9.3.2.2). Let g, be the solution of

o
1+5

B B
Eg’ (implicit, here, is that 9 S a [cf.
i = ] ==

2 _p 4 _
1w Cr 28 G T

(9.3.3.2.2)]; recall that q, may be arbitrarily large).
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For 0 < g < 9y

2B 2B

2 2
Ig(Q:O:Bsr)l < Bl = 5B < B
2 2, 410
3. B, ¢
1 1
For q 2> qo,
B 2B 2B
2 2 2
Ig(Q,’O:a:r)l < 0w + s
ql B Eq; (o] fg . ql+8
By
B
Thus, letting A = 2B, and B = —, we have
2 Bl
A
le(g,0,8,r)] < ——z5 (0<B<B; <),
- B+q

and the desired result (9.3.2.2) follows since

Ig(Q:a)B,r)l < Ig(q,o,B,r)I .

9.3.4 Properties of Functions

We shall now establish the several properties of the various func-
tions of t, 0 <t < w, cited in Sections 9.3.2 and 9.3.5. Clearly,
all of the functions with which we deal are continuous in the open
interval (0,00 ). It follows that all such functions are Ll(o,oo)
provided that they are o( 21%51) , 8, >0, for t small, and O (—1%55 ),

82 > 0, for t large.

9.3.4.1 The Functions A(t) and p(t).

A(0) = 0.

]

A(t) = 0(t), t small.

p(t) is a monotonic increasing function of t.
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1.

p(0)

p(t)

0(1), t small.

3%37 = O( 3; ), n >0, t large. This property may be seen as
t

follows: The exponential part of p(t) behaves like a constant (in fact,

N,
like e 1) for t large. The product part,

vV,
1

[P0 2, \"1/2 .
it (l+oit )" , is larger than (clt) , from which the result follows.

9.3.4.2 The Functions fl(t) and fg(t),

fl(t) is a bounded function of t.
fl(t) = 0(1), t small [see (5.6.5)].

1 1
OIS~ i o( ;iiﬁ) , 1> 0, t large.

fl(t) is Ll(o,oo)n
fe(t) is a bounded function of t.

fz(t) = 0(t), t small [see (5.6.5)].

2

0< fz(t) <%, 0<t <o,

|f2(t)sin(vt)| <2v, 0<t,v<oo.

9,343 The Functions h{t,a,r) and H(t,a,r). Because fl(t) and

fe(t) are bounded, it is clear that there exists a constant C, > 0 such

that

€ 1
In(t,a,r)| < - = o( = ), t small.

5 2

oc+-11—

v
v]|




1 1

2 e s
Also, because ]fl(t)| Storpy) St lfe(t)l <3, it is clear

that there exists a constant 02 > 0 such that

%

1
|n(t,a,r)| < o 0 (;I;;) , t large.
o t2 2

o+ T

t

Thus it follows that h(t,x,r) is Ll(o,oo) for all a > O (recall

that r > 0).

Now, with respect to H(t,x,r), it follows from (5.6.13) that

|a(t,a,r)| =0 ‘“1%5 ), & >0, t small.
t

Also, from (5.6.12), it is clear that

r-1
2= r-1-5
kl(t,r) = 0(t = 0(t 1), 8, >0, t large,
and
2[31-1 r-1-5,
ke(t,r) = 0(t = 0(t )s 8, > 0, t large

(recall that r # 1,2,3,...). Therefore,

—t
1+
t

|H(t,a,r)| =0

), 63 > 0, t large.

Hence it follows that H(t,o,r) is Ll(o,oo) for all a > O.

9.3.4.4 The Function I2(v,o). We have that

@

Iz(v,o) - u/‘ [sinﬁvt) ) sin(zzgggsA(t)]

foy

t.

o)

86
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Clearly,
”IEEE%KE)I = 0(v), t small,
sin(vt)cosA(t)
< <
tp(t) =
1 1 o
oM e DR
Therefore
sin(vt)cosA(t) . )
T E) is L, (0,00) in t, for all v > 0.

For v > 0, U/\ §52%222 dt exists (= %) as an improper Riemann
o

integral, but sin(vt)/t is not L, -
Hence, for v > O, it follows that Ig(v,o) exists as an improper

Riemann integral.

9.3.4.5 The Functions fgp)(t), p>1, J =1,2. Consider the first

derivatives of fl(t) and fe(t):

' _ 1 A'(t)cosA(t)  sinA(t)  sinA(t) p'(t)
78 = 575 [ T T2 t (pp(t))] ’
' 1 cosA(t A'(t)sinA(t At t 1
£2(%) ‘p(t)[ Ot2 o flelpiant s =% : <ppgt§ ] o
Tt is readily seen that A'(t) and & EE% dlogi(t)] are rational

functions of t, being O ( 2) and O ( ), respectively, for t large.
Because they are rational functions, it follows that A"(t) and (E_%_%)

are O(“?‘) and O( —g-) , respectively, for t large, and so on.
t
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Thus it is clear that the terms of fi(t) and fé(t) are, apart from
the factor ~%€7, rational functions or products of sines and cosines by
rational functions, all rational functions being O ( 5 ) t large.
Clearly, the factor -T-j and its derivatives can only aid convergence

because

1

PG (tn)
1y 1 {E)y 2oL
G =5t Gy =l aw )

etc., n > 0, t large.

Hence, f{(t) and f;(t) are O (3%) , t large. Similarly, we conclude,
t

for p 2 1, that

(P)ey = 1 .-
fj (t) =0 (tp+l , t large, j = 1,2.

Because fl(t) and fg(t) are analytic at t = O [in particular,
their power series expansions (5.6.11) are valid in some neighborhood
of the origin], it follows that fgp)(t) is 0(1), t small, § = 1,2.

Hence, for p 2 1,

fgp)(t) is L (0,0), § = 1,2.



