Abstract

CICCO, TRACEY MARTINE WESTBROOK. Algorithms for Computing Restricted Root Sys-

tems and Weyl Groups. (Under the direction of Dr. Aloysius Helminck.)

While the computational packages LiE, Gap4, Chevie, and Magma are su [cieht for work
with Lie Groups and their corresponding Lie Algebras, no such packages exist for comput-
ing the k-structure of a group or the structure of symmetric spaces. My goal is to examine
the k-structure of groups and the structure of symmetric spaces and arrive at various algo-

rithms for computing in these spaces.



ALGORITHMS FOR COMPUTING RESTRICTED ROOT SYSTEMS AND
WEYL GROUPS

by

Tracey Martine Westbrook Cicco

a dissertation submitted to the graduate faculty of
north carolina state university
in partial fulfillment of the
requirements for the degree of

doctor of philosophy

mathematics

raleigh

March 30, 2006

approved by:

chair of advisory committee



For Phil

and the rest of my family



Biography

Tracey Cicco was born on October 1, 1976 in Raleigh, North Carolina, where she received
her elementary and secondary education. She received both her Bachelor of Science and her

Master of Science degrees in Mathematics at North Carolina State University.



Acknowledgments

I thank my family for so much: my best friend and husband Phil for his love, friendship,
patience, and belief in me; my parents Oliver and Deborah for their unconditional support
in letting me do it my way and for teaching me so much over the past twenty nine years; my

sister Tanya and the Thorson family for showing me what else life has to o [er]

I also wish to thank the entire Mathematics Department at North Carolina State Univer-
sity, present and past. | thank the late Dr. Charles Lewis for the undergraduate scholarship
in his name that | received. | thank my committee, Dr. Ernest Stitzinger, Dr. Tom Lada,
and Dr. Amassa Fauntleroy, for the knowledge they have shared and for the time they have
given me to ensure my success. | thank Dr. Stephen Campbell for being a great professor
and advisor for my Master’s Degree. My math career would have been long over without his
tutelage. | thank Brenda Currin and Denise Seabrooks for doing more than | even realize
in order to keep everything running behind the scenes and for thier moral support. And of
course, | thank my advisor, Dr. Loek Helminck, for his guidance, patience, and commitment

to Mathematics and teaching.



Table of Contents

List of Tables
1 Introduction

2 Background
2.1 RootData . .. .. . . . . . e
2.2 Actionsonrootdata ... .. ... ... .. ...
2.3 Restricted ROOtS . . . . . . . . . . e
2.4 Restricted fundamental system . . . . . . . .. .. ... ...
2.5 Restricted Weyl group . . . . . . . .
2.6 Actionof G oNA . . . . .
2.7 G-iNdiCeS . . . . e e
2.8 Theindex of G . . . . . . . . . e
2.9 T-index . . . .. e
2. 10Notation . . . . . e
2.110-INdeX . . . . e
2.12 Root Space Decomposition . . . . . . . . . . . ..

3 The Algorithm
3.1 Step ONe: . . . e e
3.2 Step TWO: . . . . e e
3.3 Step Three: . . . . .
3.4 Step FOUr: . . . . e
3.5 Step Five: . . . . .
3.6 SEEP SiX: . . . e

4 Techniques used for Computing the Bases and Weyl Groups
41 ACASES . . . . e
411 Type AS
412 Type 2AS Y

2Nn,Nn

403 Type A
2
404 Type A L



4.2

4.3

4.4

4.5

4.6

.......... 30
415 Type AS)

....... 30
416 Type 2AS L 2
417 Type2AR) L o
418 Type 2A) G
Bcase32
Qo P Bn L -
y o2 IPEEINTL o
L23 TYPEBnp o
CCaSES . . . e e o
4.3.1 Type Cr(ﬁ] ........................................ >
432 TYPE Co o 34
4.3.3 Type Céa)ﬂ,n ...................................... 9
434 TypeCE e 3
D cases . . . . . . e e e .
441 TYPeDGD o 3
442 Type DSD o "
483 TYPe DS an « 35
444 Type DS 36
445 Type DED o 0
446 TyPe 2D 1 36
447 Type2DE) -
448 TYPE DS o r « o 7
449 TYPE DS iy o 7
4.410TYPE3DSD .« ot 7
4411TyPeODSD .« . i
4.412Type 3D L o
4.4.13 Type 6D} e 38
O S oI o
451 TYypelEQg . o v ot %
452 TypelBS .. %
453 TypelEZS . .. %
454 Type2ES .. 4
455 TYPeZELS . “©
456 Type 2ERS T 0
457 TYyPe 2B . "
4538 TypeZEgS141
AR "
AOL TYPEES7 ot =
46.2 Type E$’4 .......................................

Vi



4.7

4.8

4.9

463 TypeEZ} . ... ......
464 TypeE3, .. ........
Egcases ... ............
471 TypeEJg .. ........
472 TypeEZS .. ........
Facases . ..............
481 TypeFQ,. .. ........
482 TypeFZi...........
Gpcase . .. .............
491 TypeG, .. ........

Computing Weyl Group Elements

51

52

53

54

Acases .. ... ... .......
51.1 Type A$,1}11 ..........
51.2 Type2ASH, . .. .. .. ..

5.1.3 Type 2ASY

2n—1,n v oc o

514 Type A in oo
515 Type ASp ... ... ..
51.6 Type2ASin -+« ...
517 Type2AS)H ... ... ...
518 Type2A{) ... ... ...

521 TypeBnn .. ... ... ..

522 Type Bn‘n—l .........
523 TypeBnp .. ........

532 TypeC® . ... ... ..

2n,n

2
533 TypeCin « oo

5.3.4 Type Cr('nz,r)J ..........
Dcases . ... ............
541 TypeDSh .. ... ... ..
542 TypeDSGp - oo oo . ..

543 TypeDyiign -+ - o o - -
54.4 TypeDSD, ... ... ..
545 TypeDGph o oo vt
54.6 Type2DS2 0 .o,
547 Type?DSh ... ...
54.8 Type 2D pn - oo o
549 Type2D?,, . ... ...

2n+1,n

vii



5AL0TYPE 3DSD o 59

5.ALLTYPE ODSD o ot 60
5412 TYPe 3DS] o o 60
5.4.13Type 5D . . 60

55 Eg CASES . . . i i e e e 60
551 TYPelEQg o v vt e 60
552 TypelES . ... 61
553 TypelE3S . . 61
554 Type2EgS . . .. 61
555 Type2ERS . . . . 62
556 Type 2ERS . . 62
557 Type2EEY . . ... 62
5.5.8 TYPe2ESS « o oot 62

5.6 E7 CaSeS . . . . e 63
5.6.1 TYPEED, ottt 63
5.6.2 TYPEED, oottt 63
563 TypeES% ... 63
5.6.4 TYPe ESL . . 64

57 EgCaSES . . . . . e 64
571 TYPEEQG vttt et 64
5.7.2 Type EZS . 64

5.8 F4 CaSES . . . o e e e 64
5.8.1 TYPE FQ s ottt 65
5.8.2 TyPe FZl. . 65

5.9 G2 CaASE . . . o e e e 65
5.9.1 TYPE GOy v vttt e 65

6 The Structure of ®(a)™ 70
6.1 ACASES . . . . e e 70
6.1.1 Type AQ) . 70
6.1.2 TYPE 2AS o o 71
6.1.3 TYPE 2 A 1 72
8.4 TYPE A e 74
6.15 Type A 74
6.1.6 TYPE 2AS 1 o 76
6.17 Type2AS) 77
6.1.8 Type2ASD 80

6.2 B CASES . . . . . e e 85
6.2.1 TYPEBnn - - - 85
6.2.2 TypeBnn—1 .. . . e 85

viii



6.3

6.4

6.5

6.6

6.7

6.8

6.2.3 TYPE Brip « v v v oo e 87

C CaSES . . v v e 88
6.3.1 Type CSA o oo 88
6.3.2 Type Cian oo 88
6.3.3 TYPE Colltn « o v ot et 90
634 Type CE . o 92
D Ccases . . . . . e 96
6.41 Type DEL o o 96
642 Type DY . o 96
6.4.3 TYPE DS o v o 98
644 Type DS o 103
6.45 Type DZ . o 105
6.4.6 TYPE 2D i f o 108
6.4.7 Type2DS) . 110
6.4.8 TYPE DS pry + o 111
6.4.9 TYPE 2D iy« e 114
6410 TYPE3DSD o o 116
6.4LLTYPE DD o . o 117
6.4.12Type 3DSY o o 117
6.4.13TyPe D] o . o 117
Eg CaSES . . . . . e e 118
B.5.1 TYPE IEQG « o 118
652 TypelEZS . . ... 118
653 TypelESS . . .. 119
6.54 Type2ESS . . ... 120
655 Type2ERS . . 122
6.5.6 Type2ESS . . . ... 122
6.5.7 Type2EZY . . ... 123
B.5.8 TYPE2EQS « 124
Ez cases . . . . . . e 124
B.6.1 TYPEED7 124
6.6.2 TYPEED ) o ottt 124
6.6.3 Type EZ% . . .. ... 127
6.6.4 TYPEESh . 128
Eg cases . . . . . . . e e 128
B.7.1 TYPEEQG « v v v 129
6.7.2 Type EZS . . 129
Fa CaSES . . . . e e e 132
B.8.1 TYPE FQ 4. oottt 132



6.8.2 TYPEFZT. . 132

6.9 G2 CASE . . v . i e 133
B.91 TYPE Gy © ottt 133

7 An Example 134
7.0 EXample 2D$D . 134
7.1.1 Step L: . . e 134

T.1.2 SEEP 2 . . o 134

7.1.3 Step 3: . . o e e 135

T.1.4 Step 4: . . o e e 135

T7.1.5 Step 5: . . o e 135

7.1.6 Step 6B . . . . e 136

7.1.7 Root Space Decomposition: . . . ... ... ... ... 137

List of References 139



List of Tables

21 T-iNdiCeS . . . . o 18
4.1 Wo (M) . 45
4.2 Basisof ®(a) intermsofbasisof®(t). .. ... ... ... ... .. ... ... . ... 48
51 W) . . o 66

Xi



Chapter 1

Introduction

In the last two decades computer algebra has had a major impact on many areas of math-
ematics. Best known are its accomplishments in number theory, algebraic geometry and
group theory. Several people have also started to devise and implement algorithms related
to Lie theory. The most noteworthy examples of this are the package LiE written by CAN (see
[MLL92]) and the packages Coxeter and Weyl by J. Stembridge, which are written in Maple
(see [Ste92]). In the LiE package most of the basic combinatorial aspects of Lie theory have
been implemented, following the excellent description and tables in [Bou81]. These mainly
describe the fine structure of a root system with its Weyl group for a maximal torus of a
reductive group defined over an algebraically closed field. (Or similarly of the k-split form
of a group defined over a field k). There remain many, more complex aspects of Lie theory
for which it would be useful to have a computer implementation of the structure. In this
thesis we lay the foundation for a computer algebra package for computations related to all
k-forms of reductive groups defined over non algebraically closed fields. In the following we
will call k-forms of these reductive groups: reductive k-groups.

For reductive k-groups there is an additional root system and Weyl group which char-
acterizes the k-structure of the group. This additional fine structure comes from the root
system of a maximal k-split torus A of G together with its Weyl group and the multiplicities
of the roots. The maximal k-split torus A is contained in a maximal k-torus T and the root
system and Weyl group of the maximal k-split torus A can be identified with the projection
of the root system of T to A and similarly the Weyl groups can be identified with the quo-

tient of two subgroups of the Weyl group of T. This fine structure of the two root systems



with their Weyl groups and multiplicities of the roots plays a fundamental role in all studies
of reductive k-groups and their applications.

In the case of reductive groups over algebraically closed fields the integrate fine structure
related to the root systems with their Weyl groups has been implemented in several symbolic
computation packages, like LiE, Maple, GAP4, Chevie, and Magma. These packages have
become an indispensable tool for scientists in many areas of mathematics and physics. For
reductive k-groups none of this fine structure has been implemented yet in a computer
algebra package, although such a package would be extremely useful for many scientists as
well. There are several reasons for this. The main reason is that the fine structure of these
reductive k-groups a lot more complicated than that of the Lie groups, because instead of
just 1 root system, there are 2 root systems which are closely entangled.

In this thesis we make the first step towards building a computer algebra package with
which one can compute the fine structure of reductive k-groups.

All this fine structure of these reductive k-groups can also be computed in the Lie algebra
setting, which simplifies some of the computations. To compute the fine structure of these
reductive k-groups it does not su [ce ko compute the two root systems involved together
with their Weyl groups. In many problems about these reductive k-groups one needs to
know which roots project down to a root in a restricted root system and also one often
needs representatives for elements of the Weyl group of the restricted root system in terms
of representatives of the Weyl group of the related maximal torus. For example to compute
nice bases for the root space decomposition of a reductive Lie algebra with respect to a
maximal k-split torus one needs to decompose all root subspaces for roots of a maximal k-
split toral subalgebra a as a sum of root subspaces of a maximal toral subalgebra containing
a. From the I'-diagram corresponding to a reductive k-group (see section 2.9) one can easily
determine this for the roots in a basis, but for all other roots we need the Weyl group and its
action on the root subspaces of the maximal toral subalgebra to compute the decomposition
of the root subspace of an arbitrary root of a. So computing the fine structure of these
reductive k-groups will include computing representatives for the restricted Weyl groups in
terms of Weyl group elements of the maximal toral subalgebra and also computing all the
roots that project down to a root in a restricted root system.

A classification of the of the -indices corresponding to reductive k-groups was given



by Tits in [Tit66]. For g simple defined over a field k which is algebraically closed, the real
numbers, the p-adic numbers, a finite field or a number field there are 45 di Lerknt types of
-indices which are absolutely irreducible. For each of these 45 types of I-indices we give
an algorithm to compute their fine structure, which is roughly as follows. Let ® denote the
root system of the maximal toral subalgebra and A = {1, ...,an} a basis of ® compatible

with the I-index.

(1) Using the I-index, determine the elements of .

(2) Find a basis A = {A1, ..., Ar} of the restricted root system in terms of A by finding the

projection of each aj in A, and determine each A; in terms of q;.

(3) Note the type of restricted root system, and determine a representative w; in the
Weyl group of the maximal toral subalgebra for each s,;, with A; [N, This gives
representatives of the Weyl group of ®(a) in the Weyl group of the maximal toral

subalgebra.
(4) Determine ®(A;) ;= {a @]t (a) = A;j} for each A;j in Step (1).
(5) Find the roots in ®(a)* using the Weyl group as determined in step (3).

(6) Compute ®(A) for each A [C®@{a)™ by using the fact that A = w(A;) for some w [W(a),
Ai CAland using the fact that ®(A) = d(w(Aj)) = WP(A;), where W is a representative
of w [WI(a) in the Weyl group of the maximal toral subalgebra and w is a product of

the w; as above.

Note that ®(—A) = —®(A), so to determine the structure of ®(a), it su [ced to determine
®(A) for A CO(a)™.

The computation of this fine structure can be used to compute nice bases for the root
space decomposition with respect to a maximal k-split toral subalgebra.

This algorithm can be implemented in any of the computer algebra packages in which the
structure of Lie algebras and Lie groups has already been incorporated. We included tables
for the data needed in the various steps of the algorithm and we worked out an example

illustrating the algorithm (see chapter 7).



A brief summary of the contents follows. In chapter 2 we will lay the theoretical foun-
dation for developing algorithms for a computer algebra package for the fine structure of
reductive k-groups by proving a number of results about group actions on root data. We
also show how these results can be used to compute the root space decomposition of a
reductive Lie algebra with respect to a maximal k-split torus.

Chapter 3 outlines the six steps of the algorithm to be followed for each type of I'-index.
In chapter 4, we determine the action of ' and compute the projection of each a; for each
type of I-index. This completes steps 1 and 2 of the algorithm. The results of these first
two steps are included in tables at the end of chapter 4.

In chapter 5, we determine the Weyl group representative w; for each s,,. The findings
are summarized in a table at the end of the chapter. This completes step 3 of the algorithm.

In chapter 6, we give ®(A;) for each Aj; [CAlto complete step 4 of the algorithm. Then we
determine what the admissible root strings are to complete step 5. The final component of
chapter 6 is the structure of ®(a)™*, which is the last step of the algorithm.

An example demonstrating each step of the algorithm and the root space decomposition

is given in chapter 7.



Chapter 2

Background

2.1 Root Data

To deal with the notion of root system in reductive groups it is quite useful to work with
the notion of root datum. First we review a few facts about root data. These results can be

found in [Spr79, 81].

A root datum is a quadruple ¥ = (X, ¢, X 5-dDlwhere X and X “dre free abelian groups of
finite rank, in duality by a pairing X x X ™= Z, denoted by [, - [ and ¢ “ake finite subsets
of X and X &With a bijection a — a™~df ® onto ® “Af a [@lwe define endomorphisms sq
and sqrof X and X 5-tespectively, by

sa(X) = X — B4, a i, sqr\) = A — @, Ad™ (2.1)

The following two axioms are imposed:
(1) If a @) then @, a5 2;

(2) if a CD) then sq(®) D) sqr(P 'l

It follows from (2.1), that sZ = 1, sq(a) = —a and similarly for sl-Put E = X [zZR. For a
subset Q of X we denote the subgroup of X generated by Q by Qz and write Qg := Qz [Z®
and Qr := Qz [zR. We consider Qg and Qg as linear subspaces of E. Let Q := ®z be the
subgroup of X generated by ® and putV = &g = Q [zZR. We consider V as a linear subspace
of E. Define similarly the subgroup Q =df X dnd the vector space V =f ® # [dhen ® is

a not necessarily reduced root system in V in the sense of Bourbaki [Bou81, Ch.VI, no. 1].



The rank of @ is by definition the dimension of V. The root datum ¥ is called semisimple if
X [V1 We observe that sq= 'sq and sq(B) =2 sq (B Hs follows by an easy computation
(c.f. Springer [Spr79, 1.4]). Let (-, -) be a positive definite symmetric bilinear form on E,

which is Aut(®) invariant. Now the sq(a @) are Euclidean reflections, so we have

o, a "B 2(a, ) L(x, ) (X CEJa CD).

Consequently, we can identify ® Swith the set {2(a, o) ta | a @} and a=With 2(a, a)a.
If @ [CAUt(X,®), then its transpose ¢ induces an automorphism of ®~-%0 @ induces a
unique automorphism in Aut(¥), the set of automorphisms of the root datum ¥. We shall
frequently identify Aut(X, ®) and Aut(¥).

For any closed subsystem @1 of ® let W (®,) denote the finite group generated by the sq
for a [C@].
Example 2.1. If T is a torus in a reductive group G such that ®(T) is a root system with
Weyl group W (T), then the root datum associated with the pair (G,T) is (X T), o(T),
X 1), ©5F)), where X 5(F) is the set of characters of T and X ) is the set of 1-parameter
subgroups of T. So in each of the cases that T is either a maximal torus of G, a maximal
k-split torus of G, a maximal 0-split torus of G or a maximal (8, k)-split torus of G, the

above root datum exists.

Remark 1. If T1 and T2 are tori and ¢ is a homomorphism of T; into T, then the mapping
tp of X H(t,) into X 5(F4), defined by

'p(X2) =X2° @, X2 CXI(T2) (2.2)

is a module homomorphism. If ¢ is an isomorphism, then t¢@™! is a module isomorphism

from (X (¥1), ®(T1)) onto (X "(T2), ®(T2)).

2.2 Actions on root data

In the study of algebraic k-groups, symmetric spaces, and symmetric k-varieties, we en-
counter several root systems and Weyl groups. The root datum representing the k-structure
(or the symmetric space) can be obtained from a group action on the root datum of a maxi-

mal torus. In the case of the k-structure, this is the Galois group of the splitting extension.



In the case of a symmetric space, this is a group of order 2 coming from an involution and
for the case of symmetric k-varieties, it is a combination of these. In this section we give
some general results of a group acting on a root datum, and this can be applied to each of
these cases. We will mainly focus on the action of the Galois group on this root datum. In

this case the group action is obtained as follows:

Let G be a reductive k-group, T a maximal k-torus of G, X = X&), & = o(T), K a fi-
nite Galois extension of k which splits T and ' = Gal(K/k) the Galois group of K/k. If
@ CAUL(G, T) is defined over k, then ¢ =& Y(¢p|T) ! satisfies @ ™= He.

cp =2 pla'forallo [Tl (2.3)

I acts on (X, ®), leading to a natural restricted root system. It turns out these are precisely
the restricted root systems related to a maximal k-split torus. In the next sections we will

analyze this fine structure of the restricted root systems and Weyl groups.

2.3 Restricted Roots

Let ¥ be a root datum with ® # [ dsin 2.1 and let G be a finite group actingon ¥. For o [GI
and x Xlwe will also write o () for the element o.x Xl Write W = W (®) for the Weyl

group of ®. Now define the following:

1 1
L1 1 L1
Xo=Xo(G) = % LXI| o) =0 (2.9
o [G]

Then Xg is a co-torsion free submodule of X, invariant under the action of G. Let ¢®g =
®o(G) = ® n Xg. This is a closed subsystem of ® invariant under the action of G. Denote
the Weyl group of ®g by Wp and identify it with the subgroup of W (®) generated by the
reflections sq, 0 C@. Put W& = {w W | w(Xo) = Xo}, Xg = X/Xo(G) and let 11 be
the natural projection from X to Xg. If we take A = {t 1| x(t) = e forall x Xb} to
be the annihilator of Xo and Y = X 5(A), then Y may be identified with Xe = X/Xo. Let
g = TT(® — Do(G)) denote the set of restricted roots of ® relative to G.

Remark 2. Xg is the annihilator of a maximal k-split torus A of T. ®¢ is the root system of

®(A) with Weyl group Wg.



We define now an order on (X, ®) related to the action of G as follows.

Definition 1. A linear order on X which satisfies
if x [Odland x IZX§, then x° [COlforall o CGI (2.5)

is called a G-linear order. A fundamental system of ® with respect to a G-linear order is

called a G-fundamental system of ® or a G-basis of O.

A G-linear order on X induces linear orders on Y = X/Xg and Xg, and conversely, given
linear orders on Xgp and on Y, these uniquely determine a G-linear order on X, which induces
the given linear orders (i.e., if x X}, then define x [Qlif and only if Tt(x) Q). Instead of
the above G-linear order one can give a more general definition of a linear order on X, using
only the fact that Xg is a co-torsion free submodule of X (see [Sat71, §2.1]).

In the following we give a number of properties of an G-linear order on X.

2.4 Restricted fundamental system

Fix a G-linear order [Cah X, let A be a G-fundamental system of ® and let A be a funda-
mental system of ®g with respect to the induced order on Xp. Let A = {t [T | x(t) =
e for all xX [Xp} be the annihilator of Xgo and define ZG = (A — Ap). This is called a
restricted fundamental system of ® relative to A or also a restricted fundamental system of

®g. The following proposition lists some properties of these fundamental systems.

Proposition 1. Let X, Xg, ®, &g, ®g, etc. be defined as above and let A, Afbe G-fundamental

systems of ®. Then we have the following
(1) Ao =A N Dg.
(2) A= ANf and only if Ag = ASland Ag = AL
(3) If A = A5 then there exists a unique wo [Wh such that A™= woA.

Proof. (1). Assume rank® = n, A ={A1,...,0n} and Ag = {A1,...,0m}, M < nN. It su [ced
to show that each a [C@} is a linear combination of the aj’s in Ag. Write a = ;iz; 1 FiQ,

1
ri 21 We may assume a [ Q] ie. rj = 0. Since a [ @ we have 5 ro® = 0. Since



di,...,0m [CAb we get: IC,:IE@G (a) = IG:I,IIQ (rm+19m+1 + ... rn0p). By the definition of
G-linear order o (aj) [(OForm+1l<j<=nando [GlSoifanyofther; Z0,m+1=<=j=n,
then I(,:I,I;p (a) CO)what contradicts the fact that a C®p.

(2). It su [ced to show [T let the G-linear order defining A and [Zfhe G-linear
order defining A™ Let * = {a [®@l| a [0} and ¢7=+ {a @] o =0} We will show that
ot = CDFEIWhat implies the result. Let a CAl If a CAb = Ag' then a CHQ. If a LA, then
n(a) CA= A5 hence also a [E0. Since A determines ®*, it follows that ®* [®lf=, The
same argument shows ® = @I, hence ®* = ®

(3). Since Ag and AODare fundamental systems of ®g, there exists a unique wg [\
such that woAg = AS{G). But then woA n ®o = AN{G) and T(Wod) = Ag = A5 So by (2)
A= woA. O

2.5 Restricted Weyl group

There is a natural (Weyl) group associated with the set of restricted roots, which is related
to WE/Wyp. Since Wo is a normal subgroup of W€, every w [CWI® induces an automorphism
of Xg = X/Xo =Y. Denote the induced automorphism by 1t(w). Then 1t (wX) = Tt (W)TT(X)
(X CXD. Define Wg = {rt(w) | w [CM®}. We call this the restricted Weyl group, with respect
to the action of G on X. It is not necessarily a Weyl group in the sense of Bourbaki [Bou81,

Ch.VI,no.1]. However we can show the following.

Proposition 2. Let X, Xg, ®, ®g, D, A, Ao, A, Wo, WE, Wg be defined as above and let A

be the annihilator of Xo. Then we have the following:
(1) If w [CWC, then w(A) is an G-fundamental system.
(2) Letw [CWI®. Then w [Wh i Cm(w) = 1 i CH(w)Ag = Ac.
(3) Wg [CWIC/Wp.

(4) WC/Wy [CNg(A)/Zs(A), where Ng(A) and Zg(A) are, respectively, the normalizer

and centralizer of A in G.

Proof. (1). For w [WWIC define an order L bn X as follows:

if x X1 and x ICX}, then X LaD if and only if w(x) Q1



Since w(Xg) = Xp the order [uis a G-linear order on X and w(A) is a G-fundamental
system of ® with respect to this order.

(2). If w [, then from the definition of 1t (w) it follows that Tt(w) = 1, which implies
that TT(W)Ag = Ag. So it su [ced to show that the latter condition implies that w [Wlo.
Since w(A) and A are both G-fundamental systems it follows from Proposition 1(3) that
there exists wg [Wh such that wow (A) = A, what implies that w = wgl W

(3) is immediate from (1) and (2).

(4). Let n [NE(T) and w [WM(T) the corresponding Weyl group element. Then w(Xp) =
Xo if and only if n [CNg(A). It follows that w W if and only if n [CNg(A). By (2)
w [Wp if and only if t(w) = 1. This is true if and only if n [Zk(A). Since Ng(A) =
(NG (A) n Ng(T)) - Zcg(A) the result follows. O

Remarks 1. (1) In the case that A is a maximal k-split torus, then ®¢ is actually a root
system with Weyl group Wg. The general question when ®g is a root system in Y = X/Xg
was studied in [Sch69].

(2) In the remainder of this section we will also write ®, A, W instead of ®g, Ag, Wg

whenever it causes no confusion.

2.6 ActionofGon A

From Proposition 2 it follows that W€ acts on the set of G-fundamental systems of ®. There
is also a natural action of G on this set. If A is a G-fundamental system of ®, and o [G] then
the G-fundamental system o (A) = {o (a) | a Ak gives the same restricted basis as A, i.e.
o (A) = A. This follows from the fact that aj = o (a); mod Xo) for all aj CA] ¢ [CGI From
Proposition 1 it follows that there is a unique element wg [y such that o (A) = wgA.

This means we can define a new operation of G on X as follows:
[c1(X) =wg'o(X), X [XI o [Gl (2.6)

It is easily verified that X - [c](X) is an automorphism of the triple (X, ®,A) and that
[0]1[GI(X) =[0G](X) forall o, G [G] x CX1
In the following we prove some properties of the action of G on A which will be needed

later. We will assume Xy is as defined in (2.4) and [isla G order on X.
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Lemma 1. Let Aj CAland a; [Alsuch that t(ai) = Aj. If o [CG] then we have the following:
1 1
(1) o(ai) =dp + q, ng Ci,r (@) for some ap LT ~(Aj), ¢ir (o) CZI
1 1
(2) [o1(ai) =ap + 4, g bi,r (0)ar for some ap Il “(A;j), bir(c) CZI

Proof. Let rank(®) = n. Write o(q;) = IEllci,r(cr)orr, where c¢; r(0) [CZ Since a; A
and A is a G-fundamental system of ® we may assume that c¢; (o) = 0 if a; Iy, and
Cir(o) = 0if aj Ay and o, IANp. Reorder the fundamental roots, if necessary, so
that A — Ap = {a1,...,0m} arlgle Hamﬂ, ...,0n}. Then the matrices (Cij(0))1<ij<n
are integral, and of the form A(‘)" g‘(’y , where all entries of Ag and By are = 0. Since the
product of the matrices (cij(0)) and (cjj (o™1)) is the identity matrix, it follows that Ay is
necessarily a permutation matrix, hence if a; ICAb, o (o) = ap + Ia:rllm cir(o)ar. Since
m(a;) = (o (aj)) = A; it follows that ap Ij'l()\j).

(2). For o [CQ let wg [Wp such that [c](aj) = wglo(aj). Let ci (o) [Aand

1
Op Ijl’l()\j) such that o(aj) =ap + ¢, xgCir(0)ar. Then

1 1
[o1(ai) = wgt(op + Cir (0)0r) = wgt(ap) +wg'( cir (O)ar).
oy [Ad o [Ad

. . 1 1
Since wg' [ it follows that wgl( o, ag Cir (0)Or) = ¢, g dir ()0 for some d; r (0)
Z. Similarly wgl(op) = ap + 4, (g€ir(0)ar for some ejr(c) A Let b (0) =

dir(0) +ejr(0). Then [c](ai) =ap + g, ragbir(0)ar. O

Lemma 2. Let Q = Ag(G) b ](a)—a | a CAFA(G) and [o](a) # a}. Then Xo(G)g = Qo
and the cardinality of Q = rank Xo(G).

Proof. Q is alinearly independent set and rank Xo(G) = card Q. So it su [ced to show that Q
generates Xo(G). From the definition of Xo(G) and X®(G) itis clear that Xo(G)q is generated
over Qbytheset{o(a)—a| o [CGla CA}. If a CAH(G), then o (a) [CD@In Xg(G) = Po(G).
Since Ag(G) is a fundamental system of ®g(G) it follows that o () — a CAL(G)z QL. If
a [ — Ng(G), then for all o A we have Tt(a) = (o (a)) = A for some A . By
Lemma 1 we get [c](a) CGI'1(A) and o (a) = [o](a) + G for some G [CAAh(G)z. But then
c(@—a=[c](a)—a+ G [Qp. O

11



Corollary 1. Let X, Xo(G), ®, ®o(G), &g, A, Ag be defined as above and let N = {A1,...,Ar}
be a restricted fundamental system of g, with the Ai mutually distinct. Then Aq,..., A, are

linearly independent.

Proof. Since A spans X it follows that Ag spans Xg, so rank Xg < r. But since rank X =
rankXo(G)+rank)ZG it follows from Lemma 2 that rank )?G =r, hence A1,...,Ar are linearly

independent. O

The diagram automorphism [o] relates the simple roots in A, which are lying above a

restricted root in Ag:

Lemma 3. Let A be a G-basis of ® and a,3 Al o # 3 such that t(a) = t(B) # 0. Then
there is a o [Glsuch that B = [c](Q).

Proof. For each o [Gllet wg [Wh such that [c] = wg'o. Since t(a) = 1t(B) # 0 we have
1 1 1
a =B mod Xg(G). Butthen 4P (@) = 5P (B). On the other hand 45 gp () =
scWo[0](a) = 5 clo](a) + &1 with 81 [Span(Ao(G)). Similarly 5P (B) =
—1 1
o 1o 1(B) + &2 with &2 [CSpan(Ao(G)). But then we have 4 ([o](a) —[c1(B)) =
01 — O3. It follows that &1 = &> and B = [c](a) for some o [GI O

2.7 G -indices

The actions of a finite group G on the root datum can be described by an index. These indices
not only determine the fine structure of restricted root systems with multiplicities etc. of
the corresponding k-group and symmetric variety, but also play an important role in the
classifications of k-groups and symmetric varieties (or equivalently involutions of reductive
groups). In this section we extend these indices to get an index which describes the action of
a k-involution. Similar as for k-groups and symmetric varieties this index describes the fine
structure of restricted root systems with multiplicities etc. of the corresponding symmetric

k-variety, but also plays again an important role in the classification of k-involutions.
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2.8 The index of G

Throughout this section let ¥ be a semisimple root datum with ® = [ ds in (2.1), G a (finite)
group acting on ¥, A a G-basis of ® and Ag = Ag(G) = A n Xo(G). Define an action of G on
A, which we denote by [c]. The action of G on V¥ is essentially determined by A, Ag and [o].
Following Tits [Tit66] we will call the quadruple (X, A, Ag, [0]) an index of G or a G-index.
We will also use the name G-diagram, following the notation in Satake [Sat71, 2.4].

As in [Tit66] we make a diagrammatic representation of the index of G by coloring black
those vertices of the ordinary Dynkin diagram of ®, which represent roots in Ag(G) and

indicating the action of [0] on A by arrows. An example in type Dy is:

o—O—@ - ’)[0]

To use these G-indices in the characterization of isomorphy classes of reductive k-groups

or involutions, we need a notion of isomorphism between these indices.

Definition 2. Let ¥ and ¥"be semisimple root data and G a group acting on them. A
congruence ¢ of the G-index (X, A, Ag, [0]) of ¥ onto the G-index (X5 AS'A [0]Y of W&
is an isomorphism which maps (X, A, Ag) —~ (XFAFAS), and satisfies [c]1™= ¢p[c]d .

For k-involutions it su [ced to consider two actions of G on the same root datum. In that
case we will also use the term isomorphic G-indices instead of congruent G-indices. In this

case one can di Lerkntiate between inner and outer automorphisms.

Definition 3. Let ¥ be a root datum and G;, G, [CAUt(Y) the subgroups of Aut(¥) corre-
sponding to actions of G on ¥. Two indices (X, A, Ao(G1), [0]1) and (X, AE,'ARGZ), [0]2)
are said to be W (®)- (resp. Aut(®))-isomorphic if there is a w W (®) (resp. w [CALt(D)),
which maps (A, Ao (G1)) onto (A5AG(G2)) and satisfies w[o]aw ™! = [0]2. Instead of W (®)-

isomorphic we will also use the term isomorphic.

Remark 3. An index of G may depend on the choice of the G-basis of @, i.e. for two G-bases
A, AP the corresponding indices (X, A, Ao(G), [0]) and (X, AT ANG), [0]1Y need not be

isomorphic. However this cannot happen if ®g is a root system with Weyl group Wg:
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Proposition 3. Let ¥ be a semisimple root datum and G [CALt(¥) a group acting on ¥ such
that ®g is a root system with Weyl group Wg. If A, AFare G-bases of ®, then (X, A, Ao(G),
[c]) and (X, AT AG), [0]Y are isomorphic.

Proof. Let Ag and A5’ be restricted fundamental systems of ®g induced by A and A™and
let w [Wg such that w(A5) = Ag. Since by Proposition 2(3) W = W&/W, there exists
w1 [WI® such that 1t(w1) = w. By Proposition 2(1) w; (AD n @ is a basis of ®g, hence there
exists wo W such that wow1(AY n @9 = Ag(G). Let w = wow;. Then from Proposition
2(2) it follows that w(AY = A and W(ARG)) = No(G).

It remains to show that w satisfies [0] = w[o]"W™L. Let 0 [Gland wg, wj' [y such

that o (&) = ws (Q) and o (AN =wi{AD. Then [c] =wsto and [o]"= (W) to. Now

Wg (D) = wew (@AY = o (A) = ow(AD (2.7)

=owo lo(aY =owotwiaY.

It follows that wew (AY = owo ~twiH{AY, hence ow 1o " twew(AY = wi{ADY. Since both

ow lowsw and wj’ it follows from (2.7) that
ow o twew = wt! (2.8)
Now if x [X] then
wlolW ) =wwH tow () =wwtwilowo tow 1(x) (2.9)
=wg'o (X) = [6100).
what proves the result. O

Remark 4. In the case that ®¢ is a root system with Weyl group Wg, then the restricted
root system together with the multiplicities of the roots can be easily determined from the

G-index. See for example [Hel88].

For the general congruence of the G-indices we will use the following result:

Theorem 2.1. Let G1, G2 be connected semisimple groups defined over k. Fori = 1,2 let T; be

a maximal k-torus of G;j, ¥; = (X &), ©(Ti), X i), ® 5(T;)) the root datum corresponding
1

to (Gi, Ti), G a (finite) group acting on Wi, Xo(G,Ti) = {X [XI"(F) | &P (X) =0} Ai =
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{t [T | x(t) = e for all x Xb(G, T;)} the annihilator of Xo(G, T;), A(T;) a G-basis of ®(T;),
DNo(Ti) = A(Ti) n Xo(G) and [o]; the action of G on A(T;). If d : (G1,T1,A1) - (G2,T2,A2)
is a k-isomorphism and ¢ =2 Y(¢p|T1) "L is as in (2.2), then there exists a unique w [M°®(T>)
such that w(d “A(T1))) = A(T,) and $pLH'= we Sid a congruence from (X 5(F1), A(T1),
Do(T1), [0]11) to (X F2), A(T2), Bo(T2), [0]2).

Proof. Since @ : (G1,T1,A1) - (G2,T2,A2) is a k-isomorphism it follows that the induced
map ¢ I (X EF 1), ©(T1), Xo(T1)) - (XE2), ©(T2), Xo(T2)) is an isomorphism as well.
Since ¢ (% (T1)) is a set of positive roots with respect to a G-linear order on ®(T>) it
follows that ¢ “(A(T1)) is a G-basis of ®(T»). Since ®(A,) is a root system with Weyl
group W (A,) it follows from Proposition 2 that there exists a unique w [W®(T») such
that w (¢ (A(T1))) = A(T>). From Proposition 3 it follows now that the G-indices (X =(¥>),
A(T2), Do(T2), @ T 11(@ D) and (X "(F2), A(T2), Ao(T2), [0]2) are congruent. Let ¢l H=
w S-With a similar argument as in (2.7) and (2.9) it follows now that ¢L3-s a congruence
of the G-indices (X 5%1), A(T1), £0(T1), [0]1) and (X 5T2), A(T2), Ao(T2), [012). O

Definition 4. If @ : (G1,T1,A1) > (G2,T2,A2) is a k-isomorphism as in Theorem 2.1, then
we will call the congruence ¢l = we “of the G-indices (X “(F1), A(T1), Ao(T1), [0]1) and
(X E,), A(T2), Ao(T2), [o]2) the congruence associated with ¢.

In the cases of G = Gg and G = G we get the well known 8-index and G-index, which are
essential in the respective classifications. Since the classification of k-involutions depends
on a classification of these, we will briefly review these in the next sections. First we need

still a notion of irreducibility for G-indices.

Definition 5. Let G [CAuUt(X, ®) be a subgroup and A a G-basis of ®. An index D = (X,
A, Ao, [0]) is G-irreducible if A is not the union of two mutually orthogonal [o]-invariant
(non-empty) subsystems A5 A™ The system D is absolutely irreducible if A is connected.
In the case G = Gg (resp. Gg) we will also call an G-irreducible index an k-irreducible index

(resp. B-irreducible index).
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2.9 T-index

In this section we apply the above results to the case that G = I, the Galois group of a
finite splitting extension K of k for a maximal k-torus T as in 2.2. This will give us the
index related to the isomorphy classes of semisimple k-groups. For the remainder of this
section let G be a reductive k-group, A a k-split torus of G, T [CA a maximal k-torus, K
the smallest Galois extension of k which splits T, ' = Gal(K/k) the Galois group of K/Kk,
X =XEF), = o(T), Xo = Xo(l), o = do(N), etc. Let Gg = G(Pg) denote the connected
semisimple subgroup of G generated by {Uy | a [C®bh}. The group Gg is the semisimple
part of Zg(A). If A is a maximal k-split torus, then Gg is anisotropic over k and is uniquely
determined (up to k-isomorphy) by the k-isomorphism class of G. In that case Gg is also
called the k-anisotropic kernel of G.

Let A be a -basis of ©, and let Ag = A n Xp. As in (2.6) we have an action of ' on A,
which we denote by [c]. The 4-tuple (X, A, Ao, [c]) is called the I'-index of (G, T,A). If A
is a maximal k-split torus of G, then we will also call this the I'-index of G. It was shown by
Tits [Tit66] that the k-isomorphism class of G uniquely determines, up to congruence, the
-index of G. Using Proposition 3 this can also be seen easily as follows.

Let G;, G2 be connected semisimple groups defined over k and ¢@ : G; - G2 a k-
isomorphism. For i = 1,2 let A; [Q; be a maximal k-split torus, T; [CA; a maximal
k-torus of Gj and A(T;) a -basis of ®(T;). Now @(A;) is a maximal k-split torus of G,
hence there exists a g [Qk such that Int(g)@ (A1) = A2. Then Int(g)@(T1) Az is a
maximal k-torus. Let K be the smallest Galois extension of k which splits T1 and T2. Then
there exists X [CQk such that Int(x) Int(g)@(T1) = T2. Let 1 = Int(X)Int(g)®. Then
@1 :(G1,T1,A1) - (G2, T2,A2) is a K-isomorphism and by Theorem 2.1 ¢1':L_ YPp1|T1) T
as in (2.2) (modulo a Weyl group element of W(T3)) is a congruence from the I-index of

(G1,T1,A1) onto the I-index of (G2, T2, A2). Summarized we have now the following result:

Proposition 4 ([Tit66]). The k-isomorphism class of G uniquely determines (up to congruence)

the M-index (X, A, Ao(M), [0]) of G.

Remark 5. In the special case that G is k-anisotropic (G = Gg), one has A = Aq(l'), so the
r-index of G may be abbreviated by (X, Ao(l), [0]). Applying this to the k-anisotropic
kernels Go, G{'of G, Gt is easily seen that a congruence @ : (X, A, Ao(T), [0]) -~ (X5 AT
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AN, [01Y induces a congruence o : (Xo, Ao(M), [0]1X0) - (X5 AT AN, [01FXS) of
the -index of Ggp onto the -index of GE The map o is called the restriction of ¢ to (Xo,
Do (M), [0]11X0).

2.10 Notation

The T-indices for k algebraically closed, the real numbers, the p-adic numbers, finite fields,
and numbers fields have been classified by Tits [Tit66]. In this thesis we will derive algo-
rithms to compute the fine structure associated with these I'-indices. In Table 1 below we
list the absolutely irreducible T -indices together with the associated restricted root system.
In the table we use the following notation:

Let D = (X, A Ao(M), [o]) be aTl-index. For the I'-indices we use the notation 9x,¥,,r. Here
X denotes the type of ®(T), i.e. one of A, B,..., G, n the rank of @, r the rank of Ar and g
the order of the action of ' on the Dynkin diagram. In the case that g = 1 (i.e. the Dynkin
diagram has no nontrivial automorphism) we will omit it in the notation. Finally t denotes
either the degree of the division algebra, which occurs in the definition of the considered
form or the dimension of the anisotropic kernel. To di Cerkntiate between these two cases
we put t between parentheses when it stands for the degree of the division algebra. In fact
the degree of the division algebra is only used if X is of classical type.

Table 2.1 lists the absolutely irreducible I-indices and the type of restricted root system
for k algebraically closed, the real numbers, the p-adic numbers, finite fields, and numbers
fields. For each of these 45 cases we will examine their fine structure and give algorithms
which enable one to compute it using a computer algebra package. We note that not all of
these l-indices occurs for each of the fields we consider. For example the case ZA% only

occurs if k is the p-adic numbers.
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Table 2.1: T-indices

Type I-index

o—-0--
r n 2 n-1 n
2A(1) oO—o0 - - -O==0
2n—1,n B
A§2n)+1 n 1 n 2 n-1 n

1 2 n
r 2 n—1 n
2o O—0 - -0==0
2n+1,n
1 2 p

rc— , 2 p—1 P
: O—=0 - -0==0

®

2A(1)
np /

continued on next page
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Table 2.1: continued

Type I-index A(a)
d-1 d-1
— 1 — P
] p-1 p
2pl r= . O—O---0==0
®
d|(n+1) /
o 6 —O0—0 O O—@
Bn.n 1 2 n-1 n n-1 n
Bn,n—l 2 n—1 n—-2 n-1
Bn,p 2 p p-1 p
C|§1121 1 2 n-1 n n-1 n
Céﬁ),n 1 n—1 n n—1 n
@O —=—0 o—C0 - -0=<=0
Céa)+l,n 1 n—-1 n n—1 n
C,(f,)) 1 p p-1 p
n—1 n—1
N 1 2 n-3 n-— n—-3 n-—
D&Y, o—o0 -

continued on next page
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Table 2.1: continued

Type I-index A(a)
1 p
1 2 p-1 p
pIA oo O—0 - -0==0
n
@ 1 n—2 n- 1 2 n-1 n
D2nn O —o - O0—0O---0=<=0
@ ° Cl o n-1 n 1 2 n-1 n
D3r+an O—O0---O0==0
1 p
1 2 p-1 p
*—O0—e O—e
DR, O—0 - -0==0
n—1
1 1 2 n—1 n
2p@® O——O0—0 - re O—0---0==0
n+1,n n
1 o]
1 2 p-1 p
2D, oo’ O—0 - -0==0
2 (2) P Cl P n-1 n r 1 2 n—1 n
Dsn+2.n O—0---0==0
n
1 n—1 1 2 n—1 n
2p@ *—O0—e - rt O—0---0==0
2n+1,n

continued on next page
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Table 2.1: continued

[-index

A(2)

\:' Oo===0
/:>" @]
N

/_'r O

2 2
o
1 3 4 5 6 1 3 4 5 6
®; O O O O O O O O
1
? 2
2 O==0
@ L O—@ @
® 1 2
1 5 oO——-oO
O L L 4 @ O
o
1 3
O O O O O O—O==0—20
N
r —t

continued on next page
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Table 2.1: continued

Type I-index A(a)
1
I ) 1 2
) 160 o—e O O===0
Es> T | S T
rl:l
1
2 1 2
- ® ® [—‘ ® O===0
2E16
6,2 T L 4 T
r 1
1 I
220 O { 2 @ O @)
E61 I
r 1
1
bea oo T oo ©
Ee1 S
r -
2 2
EY, 103 T4 5 6 7 13 T4 5 6 7
’ O—O0 O—O0—o0 O—O0 Oo—O0—0
9 2 3 4
= 1 2 3 4 O—O==0—0
o8 3 2 1
EZ3 1 2 3 O—0O0=—==0
’ oO—e —0O0—O
a1 1 2
E7,2 1 2 Oo——0
@ O @ L O

continued on next page

22



Table 2.1: continued

Type I-index A(a)
2 2
Eg,8 1 3 j)4 5 6 7 8 1 3 T4 5 6 7 8
@ O O O O @ O O O @ O O O
1 2 3 4
Egi 4 I 3 2 1 O—O0==0—o0
o—e O O
FO
4.4 1 2 3 4 1 2 3 4
O——0C——0—"=20 O—O0——0—"20
F21 .
a1 o
Gg,Z 1 2 1 2
C==0 C==0
2.11 6-index

In this section we apply the results to the case of symmetric spaces. In particular, we discuss
the index associated with an involutorial automorphism of a reductive algebraic group. Let
G be a reductive algebraic group, 8 [CAUt(G) an involution and T a ©-stable maximal torus
of G. Write X = X 5(F), & = o(T) and let Eg = {1, —0} CAUt(X, ®) be the subgroup spanned
by —6|T. In this case we will also write Xo(8), Xg, ®o(0), ®g, W1(8), Wg, Ao(B), Ag instead
of, respectively, Xo(Eg), Xy, Po(Es), Py, Wo(Es), W1(Eg), We,, Ao(Eg), Ag,. A Eg-order
on X will also be called a 6-order on X, a Eg-basis of ® a 6-basis of ® and a Eg-index a
6-index.

Let A be a O-basis of ®. To find the 8-index we need to find the action of [—6] on
(X,®,A). Since 6(—A) is also a 8-basis of ® with the same restricted basis, it follows from

Proposition 1 that there is wo(8) [CWo(8) such that wo(8)0(A) = —A. Put 62 8 5A) =

23



—Wp(8)6. Then 8 =2 [—B]. Note that 8 “(A) CAUt(X,d,A) = {@ CAUL(X, D) | @A) = A},
8 '«A)? = id and 6 (Ao (8)) = Lo(8).
The indices of involutions of (X, ®) can be easily determined using the following result

from [Hel88]:

Lemma 4 ([Hel88, Lemma 2.14]). Let A be a basis of ®, Ag [Ala subset and 6 - AuLt(X, ®,A)
such that 8 5(Ag) = Ag, (6 D2 = id. Let Xg be the Z-span of Ag in X and ®(Ag) = ® n Xg. Then
there is an involution 8 CALt(X, ®) with index (X, A, Ag, 8 5f and only if 8 HAq = id “(Ao)
(the opposition involution of Ag with respect to ®(Ap)).

Remark 6. The above 6-index may depend on the choice of the 6-basis. However if T, is
a maximal B6-split torus, then by [Ric82, 4.7] Py = ®(Tg) is a root system and by Propo-
sition 3 the 6-index does not depend on the 6-basis. Combined with the conjugacy of the
maximal 6-split tori under Gg it follows now that the 6-index is uniquely determined by the

G-isomorphism class of 9:

Proposition 5 ([Hel88]). Let A be a maximal 0-split torus of G, T [CAla maximal torus and A
a ©-basis of ®(T). The 6-index (X, A, Ao, 8 Dlis uniquely determined (up to congruence) by

the isomorphy class of 6.

Remark 7. The B6-indices were classified in [Hel88]. Algorithms for the corresponding fine
structures were given in [Fowler03]. Some of the cases discussed there overlap with cases
discussed in this thesis. Those would be cases such that || = 2. However, not all cases such

that |I'| = 2 occur as 6-indices.

Remark 8. For symmetric k-varieties, there exists a similar index, which is a combination
of the above I-index and 6-index. This is called a lNg-index and is again determined up to

congruence by the isomorphy class of the symmetric k-variety.

2.12 Root Space Decomposition

All the fine structure of a reductive k-group, a symmetric space, or a symmetric k-variety
can also be computed in the Lie algebra setting, which sometimes simplifies some of the

computations. This also enables us to compute some additional structure such as the root
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space decomposition corresponding to a maximal k-split torus, and for a 6-split or a(6, k)-
split torus as well.

Let A be a maximal k-split torus of G, a the Lie algebra of A, and g the Lie algebra of g. Then:

1
g=go L1 Ox-
ALOQA)

Here ®(a) is the root system of ain g. Let T [CAlbe a maximal k-torus with t its Lie algebra

and @ (t) its root system. Let ®(A) = {a [C@{t)|a|a = A}. Then we have the following result:

Theorem 2.2. Let g, a, t, (1), and ®(a) be as above. Then:

1
(1) go=2Zyg(@) =t 1 Ja-
a [@d(r)

1 1
(2) g=2Zg(@ O gx, withgx = g rop) Ja-
A [@(a)

Our algorithm will also compute this root space decomposition.
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Chapter 3

The Algorithm

The computation depends on the original choice of basis for the Lie algebra g and the choice
of the I'-basis for ® ;= ®(t). I is the Galois group of a finite splitting extension K of k for a
maximal k-torus T, A ={as,...,0n} is a-basis of ®, Ag is the set of a [CAlthat project to
0,and A = TT(A—Ag) = {A1,...,Ar} is the restricted basis.

3.1 Step One:

Using the l-index, determine the elements of T'.

3.2 Step Two:

Find a basis of the restricted root system in terms of the basis of the original root system

by finding the projection of each a; [CA] and determine each A; in terms of aj.

3.3 Step Three:

Note the type of restricted root system, and determine a representative w; W' for each
Sx;» With A A This gives representatives of the Weyl group of ®(a) in the Weyl group of

the maximal toral subalgebra.
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3.4 Step Four:

Determine ®(A;) := {a @]t (o) = Aj} for each A; in Step One.

3.5 Step Five:

Find the roots in ®(a)* using the Weyl group as determined in step 3.

3.6 Step Six:

We are interested in the structure of ®(a). Note that ®(—A) = —®(A), so it su [ced to
determine ®(A) for A [®@(a)*. Do this using the fact that A = w(};) for some w [W(a),
Ai [CAand the fact that ®(w(A)) = W®(A;), where W is a representative of w [W(a) in

the Weyl group of the maximal toral subalgebra and W is a product of the w; as above.
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Chapter 4

Techniques used for Computing the Bases and Weyl

Groups

The first steps in the algorithm involve determining the Weyl group element wg as in 1.6 in
order to recover the action of . We also refer to wg as wg (I'). In most cases, this element
is determined by considering that for a not in Ao, w!, (a) = a for some j, and that for a in
A, wg, (a) = 0 for that same j. Recall that 6 = wg[c]. We then find the projection of each
a using t(a) = ﬁzg @ (a), which will be our A;. By obtaining A; in terms of q;, we find
a basis of the restricted root system in terms of the basis of the original root system. For

aj A, the projection is always 0.
In the following | list the type of I'-index, the elements of the Galois group I, and give

the nontrivial projections 11(aj), which give us the basis A of ®(a). In doing this, the first

two steps of the algorithm are completed.

4.1 A cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type A.
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41.1 Type AS)

r = {id}
Ai =1 (i) = ai

Here, nothing is fixed by I'. Therefore, every root projects down to itself and A(t) = A(a).

412 Type2AS)

1 2 ,,,n_l n
41 1]
r ={id, o}
oc=0c™

Ai = TU(0i) = TU(O2n—i+1) = 3 (Qi + Ol2n—iv1)

413 Type2AS_,

r={id,o}

c=c™!

Ai = T0(ati) = T0(Can-i) = 5(Cti + Aan—i)

For Aj in A(a) withi=1,---,n—1, notice that there are two base roots that project down

to Aj.

414 Type A1n
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O = $1S3...S2n+1
1
Ai = 1(0j) = 5(02i-1 + 203j + O2j+1)
ayj—1 is fixed fori =1, --- ,n+ 1. The roots ayj—1 project down to zero and the roots ay;

project down to Aj = 2 (0izi—1 + 202; + Olgi+1)-

415 Type A

r={id,o..,.c971}
O = Sag-2Sdg-3---SazSa1SazSaz - --Sag—zSag—1 50292 5020-3 -+ SAg+2S0g+1 50 +2SAg+3 ---Stag-2 S0zg-1
"'Sapd—Z Sapd—B . 'SO((p—l)d+2 SO((p—l)d+l SO((p—l)o|+2 SOl(p—1)<j+3 "'std—z Sapd—l std+1 Sapd+2 Sapd+1

Sapd+3 SO(pd+2 SO(pd+:L -:SanSan-1 - 'Sapd+2 SO(pd+:l.

Ai =T (0gi) = %(ad(i—1)+l + Og(i-1)+2 + ... + 204dj + Ogj+1..- + Od(i+1)—2 + Od(i+1)—1)

Example 4.1. Let us consider the I'-diagram:

([ @ O @ L L [ ]

In this case, T ={id,o}, and 62 = id.
O = S1S2S51S4S5S4S6S7S6.
A1 =Ti(az) = 3(011 + O + 203 + Ol + Ois)

A2 =T1(06) = %(OM + a5 + 206 + 07 + Ag).

416 Type2AS..,

1 2 n
o—=O0 -
7] ]
o—=o0 -

r ={id, o}

O =sp+10
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Ai = TU(0) = T{(O2n—i+2) = 3 (i + Ozn—i+2)

1
An =T(0n) = T(A2n-j+2) = 5(An + An+1 + An+2)

4.1.7 Type2AS)

1 2 P
rt ,
r ={id, o}
o = SC(p+:LsC(p+2sap+1sap+3sap+250p+1 T SC(p+ms(1p+m—1 T S(Xp+1o-

(A\p) = Tt(0lp) = 5(Clp + Clp+1 + ... + Olprm-+1)
) =Tt (ai) = Tt(a(n — i + 1) = (i + On—i+1)
The root a4 is fixed fori =1,---,m. For Aj in A(a) withi=1,---,p — 1, notice that

there are two base roots that project down to A;.

Remark 9. n=p+m

4.1.8 Type2A%

d-1 d-1
— 1 — P

!
o

r={id,o,02,..09 1 y,v2 .. y9 1 yvo,yo? .. yocd1 yd-1lg yd1lg2 . yd-lgd-1}

rl:l

O = Sag_»Sag_z--SazSay SazSasz - Sag_pSag—1Sazg—Sazg—3 -+ StgsrSag1 SAg+2Sagez -+

Salzg-25029-1 - "SO(pd—z Sﬂpd—s ' "SO((p—l)d+2 Sa(p—l)dﬂ SO((p—l)d+2 SO((p—l)d+3

S S S S S S S S S S S S o L
Opd—2 Apd-1 Apd+1 2Apd+2 2Apd+1 2Apd+3 2Apd+2 2 Apd+1 ** 2 Apd+m 2Apd+m-1 "2 Apd+2 2Apd+1

Y= Scxn—d+3 Sun—d+4 -+:Satn-1SanSan-1San-2 - 'San—d+3 S0‘n—d+2 Scxn—2d+3 Scxn—2d+4 o

Sanfdfl Sanfd SC(nfdfl S‘:xnfd72 - 'San72d+3 San72d+2 . s‘:xnfpd+3 SC‘nfpd+4 e
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O-I:

San—pd—lsan—pd+d San—pd+d—lsan—pd+d—2"'San—pd+38an—pd+2
Ai = 1(Agi) = T(An—di+1) = %(Gdi—(d—n + 20di—(d—2) + 30di—(d-3) + ... + (d — D)agij-1 +
dagi + (d —1)agj+1 + (d +2)Agj+2 + ... + 20dij+(d—2) + Adi+(d—1) ¥ On—di—d+2 + 20n—di—d+3 +
30an—di-d+4+...+(d=1)An—gi+dAn—di+1+(d—1)An—gi+2+(d+2)An—gi+3+... +20n—di+(d-1) +
On—di+d)

Ap = Tt(Opg) = M (Opd+m+1) = %(de—(d—l) +20gp—(d—2) +3Adp—(d—3) +... + (d—1)0gp-1+
dadp + dddp+1 + dadp+2 +..+ dddp+m + dadp+m+1 +(d-— 1)adp+m+2 +(d-— Z)de+m+3... +

20dp+m+(d—2) + Adp+m-+d—1

Remark 10. n=2p +m

4.2 B case

There are 3 congruence classes of I'-indices corresponding to a simple group of type B.

421 TypeBnn

n—1 n

1 2

r = {id}

Aj = 1(aj) = q;

422 TypeBnn-1

1 2 n—1

r ={id, o}
O = Sn
Ai=m(o) =q;,i=1,2---,n—2

An—1 = Tt(0p—1) = Op-1 + An
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423 TypeBnp

r={id, o}
o= Sap+lsap+zsap+3 T SUp+mflsC(p+mSC(p+m71 Tt sap+3SGp+zsdp+1Sap+25ap+3 e Sap+m
Tt SCXp+SSGp+2 T S0(p+m—2SO(p+m—1S(1p+mSO(p+m—1SC1p+m—2So(p+m—150(p+mSO(p+m—lSUp+m

Ai :T[(ai):ai!i:lvzv' o ,p

Ap =TI(Ap) =CAp +...+0An

Remark 11. n=p+m

4.3 C cases

There are 4 congruence classes of I'-indices corresponding to a simple group of type C.

431 TypecS

1 2 n—1 n

r = {id}

Ai = 1 (aj) = q;

432 TypeC,

r = {id,c}
O = Soy Sas--Sozn_t

1 -
Ai = 1(azi) = 5(02i-1 + 202i + O2i+1), i =1,---,Nn—1

An =T(02n) = O2n-1 + d2n
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433 Type cggﬂn

r ={id,o}
O =S1S53S5 - - - S2n—-1S2n+1

Ai = 5(0gi1 + 200 + Ogj1), i =1, -+, N

434 Type Cr(fz,

1 p

r ={id,o}
O =So;8as * - S0(2p—1S(3(2p+1s‘:12p+250(2p+3 T SC(2p+m—1s(12p+msC‘Zp+m—1 T sc(2p+3502p+2
5a2p+15a2p+23a2p+3 tT '502p+m o '502p+330(2p+2 Ut SO(2p+m—2SO(2p+m—1SO(2p+mS<J(2p+m—1

Sozp+m-2Sizp+m S0zp+m-1Sazp+m
_1 o
Ai = 5(02i-1 + 200j + Oj+1), 1 = 1,2,...,p

_1
Ap = z(azp—l +20pp + ... + 20p-1 + Op)

Remark 12. n=2p+m

44 D cases

There are 13 congruence classes of I-indices corresponding to a simple group of type D.

4.4.1 TypeD$A

n—1
1 2 n—-3 n-—
n
r ={id}

Ai = (a;) = q;j
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442 Type DS

oo
r={id,o}
O = Sap+150p+2Sap+15ap+3Sap+25ap+1Sap-aSap+3Sap+2Sap+1 * * " Sop+m-150p+m-2 * * * Sap+1
Sop+mSap+m—2 * " Sop+1S0p+m-1 * * " SAp+250p+mSAp+rm-2 * * " SAp+3S0p+m-1 * * ~ Sop+4Sap+m
SO(p+m—2 e Sap+5 ...
Ai=n(o) =aq;,i=1,2,--- ,p—1

Ap =T (Ap-1) = %(Zapﬂ +20p+2 + ...+ 20p-3 + 20— +aNn —1+ap)

Remark 13. n=p+m

4.43 Type D

2n+3,n

r={id,o}
O = Sazn-1S02n+2Sazn+3S02n+1Saon+2S0zn+3Sazn+1
1 R
Ai = T(02i) = 5(02i+1 + 2002 + O2j+1),1=1,2,--- ,n—1

_ _1
An =T (02n) = 5(02n-1 + 202n + 202n+1 + O2n+2 + O2n+3)

4.4.4 Type D

2n,n
n
1 n—2 n—
e O @ - - O @
r ={id,o}
O = S$1S3...52n—-3S2n
1 -

Ai =1 (0zi) = 5(02i-1 + 202 + O2i+1), 1 =1,2,--- ,Nn—2

1
An-1 = Tt (02n—2) = 5(02n—3 + 202n—2 + O2n)

An = T11(02n-1) = O2n-1

35



445 Type D@

1 P
—O—e  -O—e -

r={id,o}

O = 818355 - - - S2p—-152p+1S2p+2 * * * Sap+1Sap+2Sap+1Sap3Sap+2Sap+1Sap+a Sapas
Sap+2Sap+1 7 7 7 Stp+m-150p+m-2 * 7~ SOp+1SAp+m SOprm-2 * 7~ Sop+1Sap+m-1 7 " Sap+2
SCpmSCpsm-z * * * SOp+3STprmot * * * Sp+aSCTpsmSprm_z * * * Stpss * * °

Ai = 5(0gi1 + 200 + Apj+1),i=1,2,- -+ ,p—1

1
Ap = 5(C2p—1 + 202p + 202p+1 + - - - + 20n—2 + An—1 + An)

Remark 14. n=p+m

4.46 Type2D{)_,

n—1
1
O—O0—0--0O rt
n
r ={id}
Ai=1(aj)=qj,i=1,2,--- ,n—-1

An = T1(0n—1) = TT(An) = 3(On—1 + Oin)

447 Type DS

r={id,o}

O = Scip+1S0p+2S0p+1 50 +350p+2S0p+1 SCip+4S0p+3SCp+250ps1 * * * Soprm-1SUpsm—2 * * * Spi1
Sap+mSap+m-2 * * " Sap+1Sap+m-1 * * " SAp+2Sap+mSap+m-2 * * " Sap+3Sap+m-1 7 7 * Sap+a
SGp+mSGp+m72 e SC(p+5 Yo L1

Ai=1(o) =0q,i=1,2,---,p—1

Ap =T(ap) = %(Zorp +20p+1 + - - - +20n—2 + Op-1 + Ap)
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Remark 15. n=p+m

4.4.8 Type 2D,

r={id,o}
O =5153S5* - - Sgn-152n+10
Ai = T0(02i) = 5(O2i—1 + 200 + O2i+1), i =1,2,- - -n—1

1
An = T(02n) = 7(202n-1 + 4020 + 202n+1 + 202n+2)

4.49 Type 2D,

n
n—1
L. rl:]

O = 51535...5o1-10 —

)
or
’
o

r ={id, o}

Ai =T(0) = %(GZi—l +20pj + 0j+1),1=1,2,--- ,n—1

1
An = T(02n) = T(O2n+1) = 5(02n—-1 + O2n + O2n+1)

4.410 Type3D{)

e

r ={id,o,o0?}

c=c™!
olrhaps1to3,3to4,4to1.
Az =T(02) = a2

A1 =Tt(0n) = T(03) = (o) = (01 + O3 + Olg)
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4411 Type °D{Y

r={id,o,y,o?,0y,0%y}
o maps1lto3,3to4, 4tol.
Yy maps 3to 1,1 to 3.

Az =T(02) = a2

A1 =Ti(ay) = TT(a3) = T(04) = 3(ay + Oz + Olg)

4.412 Type 3D§)
L

r ={id,c,c?}
O = S1S3S540 .
olrhaps1t03,3to4,4to1.

A1 =Ti(az) = 230z + oy + Oz + Olg)

4.413 Type °DS)}

r={id,o,y,o?,0y,0%y}

o =s353840

y = si1s3say !
olrhaps1to3,3to4,4to1.
y Frhaps 3 to 1.

AL =Ti(a2) = (202 + oy + 0z + Olg)
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45 Eg cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type Eg.

451 Type 'Egg

2
T4 5
O

1 3 6
(@ O O O
r = {id}

Ai = 1 (aj) = q;

452 Type *EZS

r={id,o}
O = S1S3S1S5S6S5
AL =T1(02) = a2

A =T(0g) = %(C(l + 03 + 204 + A5 + Og)

453 Type EES

1 I 2
O L ® O

r ={id,o}

O = Sa,SasSasSasSazSas Sas Sas Sas Saz Sa, Sas
A= %(20(1 + a2 + 203 + 204 + As)

Ap = %(02 + a3 + 204 + 205 + 20(6)
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454 Type 2EgS,

|

r = {id, o}

c=0c™!

A1 =Ti(ay) = TT(de) = 3 (011 + Olg)
Az =T(02) = a2

As = T(03) = 11 (ais) = 3(03 + O5)

Aq =Tt(04) =g

455 Type2ELS
1

eaat

t t— 1

rt

r ={id, o}
O = SosSauSasSasSasSas O
A =T1(0y) = %(202 + 03 + 204 + As)

A2 =Ti(0g) = %(0(1+0(3+O(4+0(5+0(6)

45.6 Type2ELS”

@ @ { L ]

3 1
=

r ={id,o}

O = SosSogSasSoy SagSa, O
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A1 =T1(02) = a2

A2 = Tt(als) = 3(011 + O3 + 204 + Ol5 + Olg)

457 Type 2EZS

r ={id, o}
g = SO(ZSa3Sa450(250(3SQ4SQ5$G4SGZSG3SG4SQSO'

A =T1(a) =11(06) = %(20(1 + 202 + 303 + 404 + 305 + 206)
458 Type 2EZ3
1
® T ® ®

®
t t— 1

rl:l

r ={id,o}
(o) =065G55G1503504

A =T1(0) = %(0(1 + 20, + 243 + 304 + 245 + Og)

4.6 E; cases

There are 4 congruence classes of I'-indices corresponding to a simple group of type E7.

4.6.1 TypeE3;

2
3 T4
O O

r = {id}

1 5 6 7
O O O O
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Ai = 1 (aj) = q;

Here nothing is fixed by I'; every root projects down to itself.

4.6.2 TypeE?,

.

1 4
O O ® O ®

r={id,o}

O = Sa,SasSay

A1 =T1(01) =0

Az =T (03) = O3

A4 = Tt(a4) = 5(0z + 204 + As)

Ae = T1(06) = (05 + 206 + O7)

4.6.3 Type EZ%

bl

r ={id, o}

on
Ow

O = Sa,SasSas SasSasSas Sas Sas Sas Sas Sau Sas
A =T(0y) = %(20(1 + oo + 203 + 204 + Os)
A =T1(0) = %(0(2 + 03 + 204 + 205 + 20)

Az =T1(07) = Oy

4.6.4 TypeE3

1 I 2
® O @ ® O

r={id,o,02,063%}

O = SCX]_ Scx4 SCXZ SUS Sa4 SGS SGG
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M = 15(501 + 60 + 1003 + 1204 + 80l + 40(6)

Ao = 1—10(0(2 + 204 + 305 + 406 + 507)

4.7 Eg cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type Eg.

4.7.1 Type Egg

2
T4 5

1 3 6 7 8
o—o0 O—O0—0—00
r ={id}

Ai =T(01) = Qi

4.7.2 Type EZ5,

4 I
O L ® O O

r ={id,o}

w
N
Or

O = Sa,SasSasSasSazSas Sas Sas Sas Saz Sa, Sas
A1 =T1(0g) = g
A2 =Tm(07) =07
A3 =T1(06) = %(0(2 + a3 + 204 + 205 + 20)

Az = Tt(a1) = 3(201 + O + 203 + 2014 + Ois)

4.8 F,4 cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type F4.
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481 TypeF],

1 2 3 4
O—C—0—">20
r = {id}

Ai = T11(a) = q

4.82 TypeFZ]

1
o—0——0 O

r ={id, o}
O = Say Sa,Sa; Sas Sas Say Sas Sas Sas

A =T(0y) = %(0(1 + 20 + 303 + 2014)

49 G, case

There is 1 congruence class of I-indices corresponding to a simple group of type G».

4.9.1 Type G,

1 2
Oo==0
r ={id}

Ai = T (aj) = q;
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Table 4.1: wg ()

Type Do (M) wo (M)
1 .
A, 1 id
2,1 ;
ASin (. id
2(1) ;
A2n_1‘n 1] id
2
Asn+in {a1,a3,- -+, 02n—2,02n} Sa; Sag-++Sazn+1
(d)
Anp {d1,dz,...,0g-1 Saty Sorz Sou Saz Saz Say -+ Sag—1 Sag,
Od+2, ..., An} -:Sag Sageg Sagr2Sag+1 SagezSags
Sag+1 * 7 " SanSan-1 * 7 " Son_g+2
So(n—d+1
20
AZn+1,n {an+1} San+1
241
An,p {ap+ly cxp+21 e ,Gp+m} Sap+1Sgp+2Sgp+15ap+35ap+25qp+l
e SCi(p+msap+m—l e Scxp+1
d
2A,(q,,)3 {ay, 0o, ...,0g-1} Sotg_pSag_s +-Sats Sas Saip Saiz --Sag_p

Sag-150z4-2Sazg-3--SAg+2SAg+1
Sag+25ag+3 -+ -Sazg-2 50291+

SO(pd—z SO(pd—s - 'SG(p—l)d+2 s0((|o—1)d+1
Sa(p—l)d+2 SO'(p—l)d+3 "'Sapd—Z So(pd—l
SC(pd+1 sC‘pd+2 Sapd+l SC‘pd+3 SGpd+2
Sapd+1 . 'Sapd+m SO‘pd+m—l . SO(pc|+2
Sc(pd+1 ’

So(n—d+3 S0n—d+4 -+ Sap—1SanSan-1

Son-2 - SO(n—d+3 SO(n—d+2 Sun—2d+3
San—2d+4 e SO(n—d—l Sc(n—d SC(n—d—l
SOn—d—2*"Stn_2d+3 SAn_zd+2""* San—pd+3
San—pd+4 - 'Sun—pd—l SO(n—pd+d S'~7(n—pd+d—1

SC‘n—pd+d—2 "'San—pd+3 S('Xn—pd+2

continued on next page
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Table 4.1: continued

Type Do (M) wg ()
Bn.n 1 id
Bn,n-1 {an} Sn
Bn,p {dp+1,0p+2, - - - ,Ap+m} Sap+1Sap+2Sap+s * 7 " Sopim—1Sap+m
Sop+m-1 * " SAp+3Sap+2Sap+1
SO(p+QSO(p+3 P SGp+m e
Sap+3Sap+2 T SO(p+m—2313'p+m—1
Sotp+m SOp+m-1S0p+m-250p+m-1
SC(p+mSC(p+mflsO(p+m
cS - id
Céf,),n {ai1,03, -+, 0213, 02n-1} Saty Sotz +++Saizn—3S0zn-1
Céi)+1,n {a1,as,...,02n-1, 02n, } Sa;SazSas * * * Sagn-1S02n+1
c {ou,q3, - - -, Oap_1, SouSots * * * Sctzp—1 Stzps1 Sotzps2 Stz
O2p+1,-** ,02p+m} " Sazp+m-1502p+mSazp+m-1 * * 7 Sazp+3
sO(2|o+2 sO(2|o+150(2p+2SC>(2,D+3 T '302p+m T
SO(2p+3 S0(2p+2 t '502p+m—250(2p+m—1
scx2p+m S'312p+m71SCXZermfst(Zerm
sCX2p+m—1 S0(2p+m
DS - id
DS {QGp+1,0p+2, - - -, Op+m} Saip+1S0p+2Sap+1Sap+3Sap+2Sap+1Sapa
SC‘p+3 qu+25ap+l U S0(p+m—1SC‘p+m—2
. SC(p+1 SC(p+mSC(p+m—2 . SGp+l
Sop+m-1 * " " Sap+2 Sop+mSopim—2 "
Sop+3Sap+m-1 * * * Soip+s Sop+emSop+m—2
s . st+5 )
Dgan {a1,as,...,02n-3,02n} Sa; Saz -+ -Sazn—3S0on

continued on next page
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Table 4.1: continued

Type Do(M) wo (1)
Déa)+3,n {01, a3, ..., 02n+1, O2n+2, 02n+3}  Saizn—1S0zn+2SAzn+3Son+1S0zn+2
Sozn+3Sozn+1
Dr(12,|)o {a1,03, ..., Op+1, Op+2, ..., An}  SaySoSas * * * Sozp—1Saip+1S0p+2Sops1
Sap+3Sap+2Sap+1Sap+aSap+a
Sap+2Sap+1 * * " Sap+m-1S0p+m—2 T 7 *
Sap+1 Sap+mSap+rm—2 * * " Satp+1S0prm-1
""" Sop+2 Satp+mSAprm-2 * * * SAp+3Sop+m-1
* Sap+4 Sap+mSOp+m-2 * * * Sdpss T
o, = :
2D {0p+1,0p+2, - -+, Op+m} S0p+150p+25ap+150p+3Saap+2Sapr1Sapa
Sap+3 Sap+2Sap+1 * " Sap+m-1Sap+m-2 *
Sop+1 Satp+mSap+m-2 * * " Sap+1S0p+m-1 "
Sop+2 Sop+mSop+m—2 * * * Sap+3Sapim-1 7 "
Sop+a Sop+mSop+m—2 * " " Sop+s " 7

2p@
D2n+2 n {GL as, ..., d2n—1, d2n+1, a2n+2} Sa;SazSas * * * Sazn-1Sazn+1Sazn+2

2pn®@
D2n+l,n {ay,a3,---,02n-1} Sai Sag-+-Sazn-1
3p®® i
D;> 1 id
6p(2) i
D> 1 id
9
3p§? {02, a3, 04} Saz Sais Saug
(9
°D;1 {02, az, 04} SapSais Saus
1E0 -
Es.e 1 id
1gle {a4, 03,04, as} Sat; Sas Say Sas Sag S
6,2 1, U3, U4, U5 1 903201 205 >0 205
1g28 {az,a3,04,05} Sz Saiz Say San Sais Sas Sas Saiy San Saz Sas S
6,2 2,U3, Uy, Us A2 203201 202 203204 205204 202 203 204 205

continued on next page
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Table 4.1: continued

Type Bo(7) Wo (1)
%E5 - id

2gle” {os, a4, 05} Scts Sct Sots Soug SctaScrg

ZEégm {ai, a3, 05,06} S Sais Sas Say Saz Say

2Eé,91 {oz, a3, 04,05} S, Saz Soy San Saz Say Sas Sas Sas Saz Sas Sas
2Eéh {a1, 03,04, 05, 0} g Sous Sag Soug Saig
E?7 - id
E?,4 {az, a5, a7} Sot, Sag Saty

EZ% {02, a3, 04, 05} Scts Sots Scta ot Soxa Scis Sats Soxa Scip ot Scra Scts
= {a1, a3, a4, a5, 06} Soty Sous Sorp Sais Sats Sas Sarg
Egs - id

E&5 {oz, a3, 04, a5} Sorz Sct Sctg Scxz Sar Sas Saxs Saug Scr Sexs Scua Sas
Fo4 (- id

F21 {ay, az, a3} Soty Sotr Soty Saus St Sy S Satp St

Gg,z 1 id

Table 4.2: Basis of ®(a) in terms of basis of ®(t)
Type A
ASwlu)n Ai=a; O
2AS) A= 3(ati + i) fori=1,---,n—1
An = Qp
ZAS-.)—l,n Ai = %(O(i + O2n—i+1)

continued on next page



Table 4.2: continued

Type A
A§2n)+1,n Ai =1(aj) = %(GZi—l + 20j + A2j+1)
Agf,’;); Ai = %(Gd(i—1)+1 + Od(i-1)+2
+ -+ -+ 20 + Ogj+1 - - - + Og(i+1)—2 + Od(i+1)—1)
ZA%% Ap = %(ap + Olp+1 + - - - + Oprm+1)
Ai = 2(0ti + On—is1)
2A%1)+1,n Ai = 3(0 + Oon—i+2)
An =T(On) = %(Gn + On+1 + On+2)
2AGY A =T(adi) = TT(On—di+1) = 55 (Odi—(d—1) + 20di—(d—2) + 30di—(d-3)+
. #(d = 1)agi-1 + dagi + (d — 1)Agi+1 + (d + 2)Agi+2 + ... + 20di+(d—2)
+0di+(d—1) + On—di—d+2 + 20n—di—d+3 + 30n—di—d+4 + ... + (d — 1)An_gi
+don—gi+1 + (d — 1)0n—gi+2 + (d + 2)An—gi+3 + ... + 20n—di+@-1)+
On—di+d)
Ap = T (Opd) = M (Apd+m+1) = %(de—(d—l) + 20dp—(d-2) + 30dp—(d-3)
+...+(d—1)agp-1 + dagp + dagp+1 + dOgp+2 + ... + dAgp+m + dAgp+m+1
+(d — D)agp+m+2 +(d — 2)Agp+m+3-.. + 20dp+m+(d—2) + Adp-+m-+d—1
Bn.n Ai=a; 1
Bnn-1 Ai=a,i=12--- , N—2
An—1 = Onp-1 + p
Bn,p Ai=aqj fori=1,--- ,p—1
Ap =0p + Op+1 + - - - + Op+m—-1 + Op+m
& Ai=a; L]
Cézn)’n Ai = %(GZi_l + 200 + Opj+p) fori=1,---,n—-1
An = O2n—1 + O2n
Céi)+1,n Ai = 2(0gi—1 + 200i + Ogi+1),i =1, -+ ,n

continued on next page
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Table 4.2: continued

Type A
c? Ai = 3(02i—1 + 200i + Ogi+1) fori=1,---,p—1

1
Ap = E(O(Zp—l +20pp + - - - + 202p+m-1 + O2p+m)

Dr(11?1 Ai=a; O

D,(ql,,)3 Ai=agjfori=1---p—1

1
Ap = E(Zap +20p+1 + - - - + 20p+m-2 + Op+m-1 + Op+m)

2 -
Dén),n Ai = %(O(zi—1 + 200 + Ogj+1) fori=1,---,Nn—-2

An—1 = O2n-2

1
An = Q(C(Zn—l + 2020 + O2n+1)

Dgw)+3,n Ai = %(02i+1 +20pj + Oj+1),1=1,2,--- ,n—1
An = 2(02n—1 + 202n + 202n+1 + O2ns2 + O2n+3
DS Ai = 2(Ol2i—1 + 200 + Cgjs1, 1 = 1,2,---p—1
Ap = 3(O2p—1 + 2002p + 20p+1 + * = + + An—z + Op—1 + 0l
D, ANi=ai=12---,n-1
An = 3(0n + On+1)
2p#, A=0i=1,2,---,p—1
Ap = %(Zap +20p+1 + - - - +20p—2 + Ap-1 + Op)
D@, N = 2(Cicg + 2001 + Ois1),i =1,2,---n—1
An = 3(O2n-1 + 202n + O2n+1 + O2n+2)
2D§$1)+1,n Ai = %(GZi—l + 203; + Azj+1) fori=1,--- , n—1

_1
Al = 5(02n-1 + O2n + O2n+1)

3D‘(1’22) A1 =d;

1
A2 = 3(0z2 + 03 +0ay)

continued on next page
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Table 4.2: continued

Type A
DY A=y
A2 = (02 + O3 + O1)
9
3D A= 3By + o0z + 05+ ag)
GDL(Lgl) AL = %(6(11 + 302 + 3as + 304)
B Ai=a; Ll
ES M=o
Ao = %((}(l + 03 + 204 + A5 + Og)
g2 AL = %(20(1 + 0y + 203 + 204 + Os)
Ao = %(az + O3 + 204 + 205 + 2G6)
2E8%, A1 =02
A2 =0y
_1
A3 = 5(0(3 + as)
_1
Ay = E(Gl + Og)
ZEégD A= %(2(}2 + 03 + 204 + As)
A2 = 3(01 + Og + Oy + 05 + Ol)
mm
2EgS M=
A2 = 3(01 + O3 + 204 + s + )
2g29 AL = %(20(1 + 205 + 303 + 404 + 305 + 206)
235 A =Ti(0) = 3(au + 20 + 203 + 304 + 205 + Ol)
E9,7 Ai=a; O
E?, A =o0g
A2 = a3

continued on next page
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Table 4.2: continued

Type A

A3 = %(0(2 + 204 + 05)

Ay = %(0(5 + 20 + A7)

E$83 A= %(2(11 + a2 + 203 + 204 + As)
Ao = %(0(2 + 03 + 204 + 205 + 20)

)\3207

E3% A1 = 55(501 + 60 + 1003 + 12014 + 805 + 40i6)

A2 = 55(02 + 2014 + 305 + 406 + 507)

Egyg Ai=a; O

28 —
E8,4 A1 =0g
Ao =07
A3 = %(0(2 + O3 + 204 + 205 + 2G6)

Ay = %(20(1 + 02 + 203 + 204 + As)

Fé(l),4 }\i = dj |

Fi A1 = 3(01 + 20 + 303 + 20)

Gg,z Ai=a; O
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Chapter 5

Computing Weyl Group Elements

In this chapter we compute the Weyl group representative w; in W' for each reflection Sh;

in the restricted root system A(a). This is found by considering the A; in terms of a; and

determining wij LW such that w;(A;) = —Aj and w;(Ao) = Ao.

In the following | list the I-index, the type of restricted root system, and the Weyl group

representative wj for each s,,;.

5.1 A cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type A.

51.1 Type A§L

Wi = Sa;Sazn-i+1

53

Type @ (a):

Type ©(a):

1 2 n—1 n



5.1.3 Type 2AS)

Wi = S Sagizn_is 1 <N

Wn = SCXn

2
5.1.4 Type A%, .,

1 n

Wi = Sat; Saii—g Sois1 Sap;

515 Type A

d—-1 d—1 d—1
— 1 — p —

Type @ (a):

Type ©(a):

Type ®©(a):

=
N

1 2

Wi = SdiSdi+1Sdi—1SdiSdi+2Sdi—2Sdi+15di—15diSdi+3Sdi—sSdi+25di—2Sdi+1Sdi—1

Sdi * - - Sdi+(d—1)Sdi—(d—1)Sdi+(d—2)Sdi—(d—2)Sdi+(d—3)Sdi—(d—3) * - - Sdi+1Sdi—15di

5.1.6 Type2ASD,. .

1 2 n

o—=O0--
s

o—o0 -
Wi:Si,i:l,Z,--- n—1

Wn = S(1n+2 S‘:Xn San+1 SUn S‘:1n+2

54

Type ®(a):

1 2



5.1.7 Type 2A$)
1 2

P

" ! Type ®(a): 1 2 p1op
)
Wi = S¢;Soy,q—; fori=1,---,p—1

Wp = So‘p+m+1SUp+m T SO(p+1SC'pSO(p+1 T SO(p+mSCXp+m+1

5.1.8 Type 2A5D

‘—.\
. Type ®(a): 1 2 p1 P
¢

Wi = sadiSadi+lsadi—lsadi+zsadiSadi—z"'Sadi+d—33adi+d—5"'Sadi—(d—s)Sadi—(d—S)Sadi+d—ZSadi+d—4

"'dei—(d—4)sddi—(d—Z)dei+d—150(di+d—3"'SGdi—(d—s) SO(di—(d—l) Sagi+d—2S0gi+d—4 "'sGdi—(d—at)

Sagi—(d—2) S0di+d—3 SOdi+d—5 ***Udi—(d—5) SOdi—(d—3) " SAdi-+2 Sadi SAgi—2 Sagi+1 SAgi—1 Sagi

Wp = SCxpd+1 SCxpd+2 - 'sapd—d+1 Scxpd+2 SCxpd+3 - 'Sapd—d+2 - 'Sapd+m—l SCxpd+m—2 . 'Sc‘pd—d+m

Sapd+m SC(pd+m—1 - 'sapd—d+m+1 Sapd+m Sapd+m—1 - 'sapd—d+m+1 sapd+m+1 S‘:xpd+m—1 SGpd+rn+2 Sapd+m

SCxpd+m—2 - 'Sapd+m+d—2 Sapv:i+m+d—4 - 'Sapd—d+m+4 Scxpd+m+d—1 Scxpd+m+d—3 - 'Sapd—d+m+3 SUpd+m+d

SC‘pd+m+d—2 - 'Sapd—d+m+2 Sapd+m—d+1 SC‘pd+m—d+2 - 'Sapd—d+1 S‘-"pd+m+d—1 Sc(pd+m+d—3 - 'Sapd+m—d+3

sapd+m—d+2 SC‘pd+m—d+1 : "Sapd—d+2 . 'Sapd+m+3 S0‘pd+m+1 SGpd+m—1 sapd+m—2 SGpd+m—1 . ‘Sapd—z

Scxpd+m+2 SO(pv:1+m SO(pd+m—l Supd+m—2 - 'Sapd—l SO(pd+m+1 SO(pd+m SO(pv:1+m—1 - 'SO(pd

5.2 B case

There are 3 congruence classes of I'-indices corresponding to a simple group of type B.
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521 TypeBnn

1 2 n—1 n

Wi = Sj

522 TypeBnn-

1 2

Wi=Si,i=l,2,---,n—2

Wn-1 = Sn—-1SnSn-1

523 TypeBnp

Wj =Sq;, I <p

Wp = SanSan-1 " * SO(p+1SCXpSGp+1

5.3 C cases

o Scxr'|—:LSan

Type ®©(a):

Type ©(a):

Type ®(a):

n—2 n-1

There are 4 congruence classes of I'-indices corresponding to a simple group of type C.

53.1 Type C§

1 2 n—1 n

Wi = Sai.

532 Type C3,

Wi = Say; Satgi—y Stigisg Sagis | < N

Type ®©(a):

Type @ (a):

1

1

2

2



Wn = SaznSazn-1Sazn

5.3.3 Type C{1n

Wi = Soty;Saigi—1 Sagisy Sagir 1 = 1,2, - -, n—1
Wn = SaznSazn—1Sazn+1Saon Sazn+1Sazn-1Sazn

2
5.3.4 Type C$¥)

1 P

Wi = Say; Stz Scigi—1 Sagir | < P

Wp = SazpSazp+1 * 7 " San-150nSan-1 * * " SazpSazp-1Saz, -

5.4 D cases

Type ©(a):

Type ®(a):

* " Sap-1SanSon-1 -

1 2 n—1 n

1 2 p—1 P

t SO(2p+1SO(2p

There are 13 congruence classes of I -indices corresponding to a simple group of type D.

54.1 Type Dih

n—1
1 2 n—-3 n-—
n
Wi = sCXi

5.4.2 Type DS

1 p
o----O—e -

Wizscxi-i<p

Wp = SopSap+1 * * * San—25an-15anSan—2 * * * Sap+1Sap

57

Type ®©(a):

Type ®(a):

1 2 n—-3 n-—



5.4.3 Type D?

2n+3,n

Wi = Say; Sagirs Sapiog S 1 = 1,2, - - - ,n—1

Type ®©(a):

Wn = Sapn Sozn—1Sa2n+1S02n Sazn+2 Sazn+3S02n+1 Saon Sazn+2Sazn—1 Sazn+3Sazn+1 Sazn

54.4 Type DS

2n,n
n

1 n—2 n—
O o O —e
Wi = Sotp;Sagi—y Sagiry Sagi 1 =1,2,- -+ ,p—1
Wn = Saun

2

5.4.5 Type D&

1 p
0o O—@
Wi = Say; Sagi—y Saagisg Sapis 1 = 1,2, - - - ,p—1
Wp = S0(2p50(2p+130(2|g+2 T 'San—ssan—zSGZp—lsuszazp+1 t

San-1San-25an-3 " " * S‘112p+lsc(2p

54.6 Type 2D

n+1,n

58

Type ®(a):

Type ©(a):

Type ¢©(a):

: SO(n—4 SO(n—s San San—lsan—z SO(n

1 2 n—1 n



5.4.7 Type 2D$,

Wj =5q;,i=1,2,---,p—1

Wp = SO(pSO(p+1SO(p+2 "+ Sap-3San-250n-1SanSan-25an-3 * -

5.4.8 Type 2D$2,,

1 n—1 n
@ @ - - O @ r
Wi = Sai Sapi—1 Sai+r Sai s i=12,---,n-1

Whn = SapnSazn—1Sazn+1Sozn+2Sazn Sazn—1 Sazn+1 Sazn+2Sazn

5.4.9 Type 2D, ,,

n—1

Wi = Sa; Sati—g Sais1 Sogi s i<n

Wn = Sozn+1Sazn Sazn-1502n Sazn+1

5.4.10 Type 3D$3

/2

X

W31 = Sq,

Wo = SGZ SC(3 SG4

59

Type ®©(a):

* Sap+1Sap

Type ¢©(a):

Type ©(a):

Type ©(a):

p-1 P
---0==0
n—1 n
- -0==0
n—1 n
- -0==0



5.4.11 Type D3

1/;> r %ﬂ Type ®(a): (1)%
AN

Wl = Sal

W2 = SGZ SC(3 Sa4

5.4.12 Type 3D

S

\a Type @ (a): @)
W]_ = 5028(135(]4

5.4.13 Type °DS}

\»F%} Type ®©(a): O

Wl = Saz Sa3 Scx4

5.5 Eg cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type Eg.

551 Type Edg

) 2
3 T4 5 6 Type ®(a): 3 3 T4

Ou

60
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552 Type EgS

1

i

W]_ = SGZ

W2 = Sq4 Sa3 SC(S Sa4 Sql SC(G Sc(3 SGS Sa4

5.5.3 Type E§S

1,

W]_ = SG]_ SCX3 Scx4 Saz 505 Sa4 SGS SC(]_

W2 = SGG SGS Sa4 SC(2 SG3 50(4 SC(S SGG

5.5.4 Type 2Eg5

+ 4
rl:l
W]_ = 50(2
W2 = Su4

W3 = SGSSGS

W4 = 50(1 SO(B

61

Type ®©(a):

Type ®©(a):

Type ©(a):

1 2
O==0
1 2
o——0



5.5.5 Type ZEégD

1
o0 @ i o é Type ®(a):
| —

rl:l

Wl = Sa23a45a55a33u43u2

W2 = SG]_ Sas Scx4 SCXS Sae SGS SQ4 Sc(3 SG]_

556 Type 2ELS”

1

2 Type ©(a):
b t—

rl:l

W]_ = SG]_

W2 = S(x4 Sa3 SC(5 SC(4 Sql SC(G Sq3 S(xs Sa4

5.5.7 Type 2E5

[N

Type ®©(a):
b t—+ ¢

rl:l

1 2
O—=—=0

W1 = Sa;SagSasSasSasSazSas Say SagSar Sas Saz Sas Sai SagSau Saz Sas Sas Sas SazSas Say Sag

55.8 Type ?Egy

1

Type ©(a):

W1 = Sa,SaSasSazSou Sas SagSasSas SazSai SazSas Sas Sag Sar Sas Sas Saz Sas Sas

62



5.6 E7 cases

There are 4 congruence classes of I'-indices corresponding to a simple group of type E7.

5.6.1 TypeE?,

2
T4 5
O

1 3 6 7
O N\ N\ J O
Wi = SCXi
5.6.2 TypeE?,
1 2 T?: 4
O O O ® O @
W]_ = 50(1
W2 = SCX3
W3 = Sa4Sa25assq4
W4 = SGGSG5SC(7SG5
5.6.3 Type EZ5
1 I 2 3
©; ® ® O O

W]_ = SO(]_ S(x3 SC(4 Saz SGS 50(4 50(3 Sql

W2 = SGG Sas Scx4 SCXZ SGS Su4 Sas SGG

W3 = Sa7

Type ©(a):

3 5 6
O O O O
1 2 3 4

Type ®(a): O—0O==0—0

Type ®(a):

63

3
oO——

2 1
O===0

O~



5.6.4 TypeEJ},

1 2
2 Type ®©(a): Oo——o0O
e—O ® —O

W1 = Sa,SazSasSasSazSas Sas Sau Saz Sag Sas Sas Sas Saz Sau Sas Sag Sar Sag Sas
Sa,SasSazSas Sas SagSar

W2 = Sa3SausSasSasSaszSagSas Sas Sas Saz SagSas Sas Saz Sas Sas SasSagSar

5.7 Eg cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type Eg.

57.1 TypeEJg

L

4('b )N

Qo

o—o &0 Type®(a: & 3 &0
Wi:Sai
5.7.2 Type E35,
1 2 3
4 3 2 1 Type ®(a): O—O0==0—0
o—e &—0O0—0—0
W1:SO(8
W2:Sa7

W3 = SGG Sas Sc(4 Sa2 Sq3 304 SGS SGG

W4 = SCX]_ Sa3 Sa4 Saz SCX5 Sa4 Sa3 SCX]_

5.8 F4 cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type F4.
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5.8.1 TypeFg,

OO0 Type ®(a): O—O==0—20
Wi = Sqi
5.82 TypeF§}
1
Type ®©(a): O

o———e O

W1 = Sa,SazSasSai SazSarSas SazSasSas Saz Sag Sas Saz Say

59 Gy case

There is 1 congruence class of I-indices corresponding to a simple group of type G».

59.1 Type G3,

1 2
O==0 Type ®(a): O==0

Wi = SGi

65



Table 5.1: W(a)

Type l'-index sy, -representative

AS‘H’] Wi = Sq; [
ZAgln),n Wi = Sq;Sapayr 1 <N
Wn = Sap
2A§1n)—1,n Wi = Sq;Sapn_js | < N
Wn = Sap
Agl)ﬂ,n Wi = SiSi-1Si+1Si
Agc,% Wi = Sy Sdi+1Sdi—15diSdi+2Sdi—25di+1Sdi—1SdiSdi+3Sdi—sSdi+2Sdi—2
Sdi+1 Sdi—1Sdi - - - Sdi+(d—1)Sdi—(d—1)Sdi+(d—2)Sdi—(d—2) Sdi+(d—3)
Sdi—(d—3) - * - Sdi+1Sdi—1Sdi
2A$]cyi[)) Wi = SO(diSO(di+150(di—1SGdi+2SO(diSO(di—z"'dei+d—350(di+d—5"'Sadi—(d—s)

Sadi—(d—S) Sadi+d—2 SUdi+d—4 - 'SO(di—(d—4) Sadi—(d—Z) Sadi+d—1 S0‘di+d—3 o
So(di—(d—s) Sadi—(d—l) Sagi+d—2S0di+d—a' sadi—(d—4)Sadi—(d—Z)Sadi+d—3
Sadi+d—5"'sadi—(d—5) SO(di—(d—s)"'SO(di+2SO(di50(di—z Sagi+1 Sagi-1 Sagi

Wp = Sapd+1sapd+2 ' "Sapd—d+lsupd+zsupd+3 ' "Supd—d+2 "'Supd+m—1sapd+m—2
"'Sapd—d+m SC‘pd+msO‘pd+m—1'''Sc‘pd—d+m+1SC‘pd+mSO‘pd+m—1"'Sc‘pd—d+m+1
SO(pd+m+1 Sapd+m—l SO(pc|+m+2 SC(pd+mSC(pd+r'n—2 "‘So(pd+m+d—2 Sc‘pd+m+d—4

- 'Sapd—d+m+4 SO‘pd+m+d—l SO(pd+m+d—3 . 'Supd—d+m+3 SC‘pd+m+d SO‘pd+m+d—2

- 'Sapd—d+m+2 SC‘pd+m—d+1 So‘pd+m—d+2 - 'Sapd—d+1 So‘pd+m+d—1 SO‘pd+m+d—3

. 'So‘pd+m—d+3 Sapd+m—d+2 sapd+m—d+l "'Sapd—d+2 - 'Sapd+m+3sapd+m+1
Scxpd+m—l Sapd+m—2 SO(pd+m—l - 'Sapd—Z Sapd+m+2 Scxpd+m SC‘pd+m—1sapd+m—2 o

Sc(pdfl Sc(pd+m+1 SC‘pd+m SC‘dermfl - 'Sapd

1 -
TNA Wi = Sq;Sap,,; fori=1,---,p—1
Wp = SC(p+m+1SO(p+m T Sap+1sapsap+l T Sap+msap+m+1
2 — e i — _
A2n+1’n W| - S|, 1= 1, 2, =t ,n 1

Wn = Sap+2SanSan+1San San+2

continued on next page
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Table 5.1: continued

Type l'-index sy, -representative
Bn.n Wi = Sj
Bn,n-1 wi =sj, i =1,2, ,n—2
Wn—-1 = Sn—-1SnSn-1
Bn,p Wj=8q; fori=1,--- ,p—1
Wp = Sop+mSap+m-1 * * * Sap+15apSap+1 * * " Sop+m-150p+m
r(11|21 Wi =sq; O
Cé?l),n Wi = SO(2i50(2i+150(2i—150(2i fori = 1,--- P~ 1
Wn = SaznSazn-1Sazn
ng)ﬂ,n Wi = $2iS2i-152i+152i
Wn = SaznSazn-1Sazn+1S02n Sazn+1 Sazn-1Sazn
Cﬁ,z,,)) Wi = Squy; Satpieg Sogi_1 Sap; FOri=1,--- , p—1
Wp = SagpSazp+1 * * * Sazp+m-1S0zp+mSazpsm-1 * * * SazpSazp-1Sazp * 7
Sazp+m-1Sa2p+mSOzp+m-1 * * * Sozp+1Sazp
Dﬁlz, Wj = Sq; L]
Dﬁ,l,z, wij=aqjfori=1---p—1
Wp = SopSapr1 * ° * Sap+m—2S0p+m-1S0p+m SApsm—2 ° * * Sap+1Sap
Dgﬁ)'n Wi = Soip; Sanjaq Sapi_g Sap; fOri=1,--- , n—1
Wn = Sagn
Dgl)+3,n Wi = $2iS2i—152i+152i
Wn = SaznSazn—1Sa2n+1502nSazn+2Sd2n+3
Saizn+1S0zn Sazn+2Sazn—1Sazn+3Sazn+1Sazn
Dlg’lzz) Wp = SO(Zp S0(2p+15012p+2 e Sdn—ssan—ZSGzp—lsdzp
Sazp+1 * * * San-4San-3SanSan-1San-2SanSan-1
San-—2San-3 " * 'Sdzp+1sa2p
2D§:|L’1)+1,2n Wi =Sq,i=1,2,---,n—1

continued on next page
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Table 5.1: continued

Type l'-index sy, -representative
Wn = San+:LsC(n
2 (@) — -
Dn.p Wj =5, 1=1,2,---,p—1
Wp = SapSap+1Sap+2 * * * San-zSan-25an-15anSan-25an-3 * * " Sap+1Sap
2@ L — P = —
D2n+2,n Wi = SaiSagi—1 Sair Sopi I = 1,2,---,n—-1
Wn = Sagn Sazn-1Sazn+1S0zn+2Sazn Sazn—1 Sazn+1Sazn+2Sazn
21 () = P = _
I:)2n+1,n Wi = Sa; Saitg Sagi—1 Sapi fori=1,---,n—-1
Wn = SC(2n+1s(12n513(2n—1s(:12n50(2n+1
(@) _
3D4,2 W1 = Say
W2 = Sa25035q4
) —
6D4,2 W1 = Say
WZ = 502303804
9
3D4(1,:% S0!150l250(35014301130(250(3SO!4SO(1
9
6Dé(l.il). 50(150(250(350(450(150(250(350(450(1
16 —
1E6,2 Wl —_ Saz
WZ == SU4SG3SG5SG4SG1 SCXGSCX3SU5SU4
128 —
E6,2 W1 = Sa;SasSaySazSasSasSazSa;
W2 = SGGSG5SG4SGZ SG3 SG4SG5SG6
216 —
E6a W1 = Sap
W2 = Sa4
W3 = SUSSUS
W4 = Sa;Sag
16™ —
2E6,2 W1 = Sa,SasSasSaszSasSas
W2 = Salsa35a45a5 SO(6 Sq55a45a35a1
216 —
E6,2 Wl —_ Sql

WZ == Sa43u33a53a43a1 SCXGSCX3SGSSU4

continued on next page
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Table 5.1: continued

Type l'-index sy, -representative

2EEY W1 = Sa; Sots Saus Saig Sous Saus Sats Sot Sarg Satp Sous Saus Sats Sory S
S Sas Sas Say Sa, Sas Sas Say Sag
2B W1 = Sai,Sos Sas Sais Sou Saip Saig Sots Saus Sats Sory Sars Sats Sors S
Sop Sa Sas Sas Sas San
E9’7 Wi =sq; O]
E$,4 W1 = Sqy
W2 = Sqaj
W3 = Sa,SasSasSay
W4 = SqgSasSar Sag
EZS, W1 = So; Sas Sais Saip Satg Sos Sots Sory
W2 = SagSasSasSarSaszSas SasSag
W3 = Sqay
EZ, W1 = Sai,Sors Saus Satp Sors Saua Sots Sous S Sots Sous Scta Sorp Saus Sata Sots Saig Saty Soug Sars
S, Sop Sas Sas Sas Sa Say
W2 = SazSaySasSasSazSag Sas Sas Sas Saz Sag Sas Sas Saz Sar Sas Sas Sag Saz
ESg Wi = Sq; i1
EEZ,E1 W1 = Sqg
W2 = Sqay
W3 = Sa5 SC(5 SCX4 50(2 SCXg SCX4 sCX5 50(5
W4 = S, Sos Sas S, Sais Sai Sais Saiy
FE’ 2 Wj = Sq; [
Ffll W1 = SaySazSasSa; SazSazSasSazSasSazSazSar SazSazSay
GS’Z Wi =sq; O
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Chapter 6

The Structure of ®(a)™

Now that we have explicitly computed each A; in A(a) and each Weyl group representative in
W', we can examine the structure of ®(a). Note that ®(—A) = —®(A), so it su [ced to deter-
mine ®(A\) for A [@{a)™*. As stated in step five of the algorithm, we compute the projection
space ®(A) for each A in ®(a)* by applying each w; as needed.

In the following | give the I'-index for each case. Then I list ®(A;) for each A;, as in Bourbaki
[Bou81]. 1 also give my, = |®(A;)|, the multiplicity of each A;. Then | state the type of
restricted root system. Using the fact that ®(A) = d(w(Aj)) = WP (A;), where W is a repre-
sentative of w [WWI(a) in the Weyl group of the maximal toral subalgebra and w is a product
of the wj found in chapter 5. | then apply the Weyl group representatives as suggested by
the type of restricted root system. This results in a general algorithm for finding roots of

any admissible length for each case.

6.1 A cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type A.

6.1.1 Type AL

We have fori=1,---,nthat ®(A;) = {qa;}.
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The multiplicity of each root is m;, = 1.

Since wj = sq; for all i, we have that ®(a) = ®(t).

6.1.2 Type 2AS)

1 2 n-1 n
U
Here the multiplicity of each Ajism), =2fori=1,---,n
We have that ®(A;) = {aj, 0zn—j+1} fori=1,---,n

®(a)* is of type BC, and is compued as follows:

Roots of length 2:

DA + Ai+1) = Wi+1P(A) = {Aj + Aj+1,02n—j+1 + Con—j} fori=1,--- ,n—1
O(An-1+An) =Wn-1P(An) = {0n-1 + An, On+1 + An+2}

D(An-1+2An) = WnP(An-1) ={0n-1 +An + On+1}

Roots of length 3:

O(Ai + Aj+1 + Ajv2) = Wi2Wir1P(Aj) =
{di + dj+1 + Ajs2, Oon—j—2 + O2n—j—1 + Oon—j} fori=1,--- . Nn—-2
P(An—2 + An-1 + 2An) = WnWn—2®(An-1) =
{0nh-2 + 01 + O + On+1, On + An+1 + On+2 + On+3}
O(An—2 +An-1+An) = Wn2Wn-1P(An) =

{anh-2 + On-1 + An, On+1 + An+2 + An+3}
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Roots of length n:

CD()\]_ +Ao+ -+ Apoy + )\n) = W1W2...Wn_1¢()\n) =

{ap+ax+---+0dn,dn +0p+1 + - - -+ A2n-1}

OPAL+ A2+ - - -+ An—1 + 2An) = WnWiW2.. W1 P(An-1) =

{ar+0az2+---+0n+0n+1,0n-1 + On + Op+1 + - - - + O2n-1}
DAL +2N2 + - - - + 2An—1 + 2Ap) = WoW3...Wr—1WRW1W2..Wn_2®P(An-1) =
{az+---+an+-.-+02n-1,A1+ 02+ +0n+---+02n-1}

CD(Z)\]_ + 2)\2 + -+ ZAn—l + 2)\n) = WlWZ...Wn—ZWn—lCD(Z}\n) =

{ay+dy+---+0p+---+02n}

6.1.3 Type2AS) .

1 2 n—1

o—0 -

n

1]

o—O -

my, =2fori=1,---,n—1and my,6 =1.
We have that ®(A;) = {aj,azn—j} fori=1,--- ,n.

®(a)* is of type C,, and is computed as follows:

Roots of length 2:

P(Aj + Ajr1) = Wit

®(Ai) = {d; + Aj+1, Oon+i—1 + Oon—j}fori=1,---

®(2An-1 +An) =Wn-1

®(An) ={0An-1+An + An+1}
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Roots of length 3:

O(Ai + Aj+1 + Aj+2) = Wi2Wi+1P(Aj) =
{ai + Aj+1 + Aj+2, O2n+i—2 + Oon+i—1 + Oon+ip fori=1,--- ,N—=2
O(An—2 +2An-1 + An) = Wn-1WnWn-1P(An-2) =
{dnh-—2 + ap-1 + ap + An+1,0n-1 + An + On+1 + An+2}

®(2An—2 + 2An-1 + An) = Wn-2Wn-1P(An) = {An—2 + Apn—1 + O + An+1 + An+2}

Roots of length n:

PAL+ A2+ - +An) =WRWn—1 - - -W20(A1) =
{as+o02+---+0n,0n +0n+1 + - - - +02n-1}
OAL+ A2+ - - +2An—1 + An) = Wno1WnWn-1 - - - W2® (A1) =

{ai+o02+---+0n +0n+1,0n—1 + O +On+1 + - - - +02n-1}

PAL+2A2 + -+ - +2An-1 + An) = WoW3 - - - Wn—1WnWn-1 - - - W2® (A1) =
{oz+---+an+---+0zn—1,00+02+---+0pn+---+02n-2}
O(2A1 + 2Nz + - - - + 2An—1 + An) = W1W2W3 * * - Wn—1WnWn-1 - - - Wa®(A1) =

{ar+oo+---+an+---+02n-1}
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6.1.4 Type A%, .,

1 n

my, =4fori=1,---,n
We have that ®(A;j) = {az;, Oj + Opj+1, Azj—1 + Oloj + Olpj+1, Ozj—1 + O }. P(a)™ is of type An

and is computed as follows:
Roots of length 2:

P(Ai + Aj+1) = Wi+1P(Aj) =

{a2i + Agj+1 + C2j+2, O2j + Ol2j+1 + O2j+2 + A2j+3, Ol2j—1 + O2i + O2j+1 + A2j+2 + O2j+3, Ol2j—1 +

Oj + O2j+1 + Oloj+2}
Roots of length 3:

DA + Ajr1 + Aj+2) = WioWi+1P(A) =

{a2i + A2it+1 + 0242 + O2j43 + O2j+4, 02 + 0241 + 0242 + O2j+3 + O2ji+a + O2j45, Ol2j—1 + 2 +

O2j+1 + O2j+2 + O2j+3 + O2j+ag + A2j+5, O2j—1 + O2j + O2j+1 + O2j+2 + O2j+3 + O2j+4}

Roots of length n:

PAL+ -+ An—1+An) =WpWnp—1 - - - W2P(A1) =

{ao+---+02n, 02+ -+ -+ 02n+1,0n + - - -+ 02n+1,01 + - - - +A2n}

6.1.5 Type A

my, =d?fori=1,---,n
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Remark 16. pd+d—1=n

We have that ®(Aj) = {Qgi, Odi—1 + Adi, Odi + Odi+1 + Odi—2 + Ogij—1 + Agj, Odi—1 + Ogj +
Adi+1, " - =, Adi—d+1 t ... ¥ Adi, Adi—d+2 + ... ¥ Adj+1, ..., Adi + ... + Adi+d—1, " - - , Adi—d+1 + ... +
Odi+d—1}- ()" is of type Ap and is computed as follows:

Roots of length 2:

DA + Aj+1) = Wir1®(Aj) =

{adi—d+1+...+0d(i+1), Odi—d+1+-.. ¥ Ad(i+1)+1, * - - , Odi—d+1+...+Od(i+1)+(d—1), Adi—d+2+...+
Ad(i+1), Adi—d+2F... T Od(i+1)+1, - = -, Odi—d+2 F... T Ad(i+1)+(d—-1), " - = » Adi T ... T Ad(i+1), Adi T
o Og(i+1)+1, - - -, Odi + ... + Od(i+1)+(d-1)}

Roots of length 3:

O(Aj + Ajr1 + Aj+2) = WiWi+1P(Aj+2) =

{Adi—d+1+... + Ad(i+2), Adi—d+1 + ... + Od(i+2)+1, -, Odi—d+1 + ... + Old(i+2)+(d—1), Odi—d+2+ ... +
Od(i+2): Odi—d+2 F ... ¥ Od(i+2)+1, - Adi—d+2 + ... + Og(i+2)+(d-1), - - - » Adi + ... + Ag(i+2), Ogi +

oo F Od(i+2)+15 -+ Odi F+ oo + Olg(i+2)+(d—1) }

Roots of length p:

DAL+ - - -+ Ap—1 + Ap) = WiW2..Wp—1P(Ap) =

{Gl+02+...+dpd,G1+02+...+Gpd+1, s, 002+ .+ Opd+(d-1), O2 T+ A3+ ... +Upg, A2 +
Oz + ...+ Opd+1,- - -, 02 + O3 + ... ¥+ Opd+(d-1); - - -, Od + Og+1 + ... + Opg,Og + Og+1 + ... +
Opd+1, " -+ ,0g ¥ Og+1 +... + apd+(d—1)}
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6.1.6 Type 2AS),. .,

1 2 n

o—O0--
] ]

oO—O -

my, =2fori=1,---,n—1and my,6 =5.
o(Ai) =A{ai, aone1—ipfori=1,--- ,n—1.

®(An) ={An,0n+2,0n + Op+1, On + On-1}
@(2)\,—1) = {an—l =+ an =+ an+1}

®(a)* is of type BC, and is computed as follows.

Roots of length 2:

PAi + Ai+1) = Wi®(Aiv1) = {Ai+1 + A4, O2n+1-i + Ogp+z—iy fori=2,-- - ,n—1
P(An-1+An) = Wn®(An+1) =
{0n-1+0n, An-1 + On + An+1, On+1 + On+2 + On+3}
P(An-1+2An) = WR®P(An-1) =
{0n-1+ an + Ap+1 + Ap+2, An + On+1 + On+2 + On+3}

P(2An-1 + 2An) = Wn-1®(2An) = {Onh-1 + An + An+1 + Op+2 + An+3}

Roots of length 3:

P(Ai + Aj+1 + Aj+2) = Wi—2Wi—1P(Aj) =
{di + Aj+1 + Aj+2,0ps1—i + Op—j + Ap_j—1}fori=1,--- , N—3
P(An—2 + An—1 + An) = WnoWn-1P(An) =

{an—2+An-1+0n, -2+ 0n—1+0n +0n+1, An+1+An+2 +On+3+0n+4, On+2 +On+3+0n+a}

P(An—2 + An-1 + 2An) = Wn2Wn®(An-1) =
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{an—2 + Op-1 + Apn + An+1 + Op+2, O + AOn+1 + O+ + 043 + Onta}
O(An—2 + 2An-1 + 2An) = Wn-1WnWn-2®(An-1)
{0h—2 + dp-1 + An + On+1 + On+2 + An+3, On—1 + Op + On+1 + Op+2 + On+3 + On+a}
P(2An-2 + 2An-1 + 2An) = Wn—2Wn-1®(2An) =

{an—2 + an-1 + An + An+1 + On+2 + On+3 + On+s}

Roots of length n:

O(AL+A2+ - -+ An) =WiW2..Wn-1P(An) =
{ai+az+...+0n, a1 +02+...+0n+0n+1, On+1 +On+2+...+02n+1, On+2 +On+3+ ...+ 0on+1}
O(AL +A2 + - - - + Ap—1 + 2AR) = WRWiW2..Wh—2P(An—1) =

{a1 + 02 + ...+ Qn+2,0n + On+1 + ... + O2n+1}

O(AL +2A2 + - - - + 2An—1 + 2AR) = WoW3..Wr—1WRW1W2..Wh—2®P(An-1) =
{a1+o0x+---+0apn+---+02n, 02+ - +0n+0On+1+ - - +0O2n+1}

OPR2AL+ - - - +2A\n—2 + 2An—1 + 2An) = W1 - - - WR2W/h—1P(2AR) =

{a1+:--+0Apn—2 +0n-1 +0An + - - +02n+1}

6.1.7 Type 2A$),
1 2 p
o O,,,o—ym&—o\
o ’

®
S . S g
m)\izzforizl,...’n—landm)\nzzm

Remark 17. n=2p +m
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d(A;) ={aj,apn+1—jrfori=1,--- ,p—1.
®(Ap) = {dp, Ap+m+1, Ap +Ap+1, Ap+m + Ap+m+1, - - - , Ap+O0p+1+- - - +O0p+m, Op+1+- - -+

Op+m+1}
q:)(z}\p) = {ap + ap+l +---+ C(p+m+l}

®(a)* is of type BCp and is computed as follows.

Roots of length 2:

O(Ai—1 + Ai) = Wi—1®(Aj) = {di—1 + A, Ap1—i + Apip—j} fori=2,--- ,p-1
P(Ap-1+Ap) =Wp_1P(Ap) =
{dp-1 + Ap, Ap+m+1 + Op+m+2, Op—1 + Op + Op+1, Op+m + Op+m+1 + Olp+m+2, -+, Op—1 +
Op +Op+1+ -+ -+ Op+m, Op+1 + - - - + Ap+m+1 + Olp+m+2}
P(Ap-1+ 2Ap) = WpP(Ap-1) =
{0p-1 +0p + -+ -+ Op+m + Op+m=+1, Ap + Op+1 + * - - + Op+m+1 + Op+m+2}

q3(2)\p—1 + 2)\p) = Wp—1¢‘(2)\p) = {Gp—l +0p+ -+ 0Op+m+1+ Gp+m+2}

Roots of length 3:

P(Ai—2 + Ai—1 + Aj) = Wi2Wi—1P(Aj) =
{di—2 + Aj—1 + A, Aj1—i + Ape2—j + Ape3—ip fori =3,--- ,p—1
P(Ap—2 + Ap—1 + Ap) = Wp_oWp_1P(Ap) =

{ap-2+ dp-1 + Op, Op+m+1 + Ap+m+2 + Op+m+3, OAp—2 + Op—1 + Op + Op+1, Op+m + Ap+m+1
+0p+m+2 ¥ Op+m+3, - - - ,0p—2 + Op—-1 + Op + Ap+1 + - - - + Op+m, Op+1 + - - - + Op+m+1 +

Op+m+2 + Op+m+3}

P(Ap—2 + Ap—1 +2Ap) = WpoWpP(Ap-1)
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{0p—2+0p-1+0Ap+---+0p+m + Op+m+1,Op + Ap+1 + - - - + Ap+m+1 + Op+m+2 + Ap+m+3}

{ap—2+0ap—1+0Ap + - - -+ Ap+m + Op+m+1 + Op+m=+2, Ap—1 + Op + Olp+1 + * - - + Op+m+1 +
Op+m+2 + Op+m+3}

{ap—2+0p-1+0p + - -+ Ap+m+1 + Op+m+2 + Op+m+3}

Roots of length p:

PAL+ A2+ - -+ Ap) =WIW2 - - - Wp1P(Ap) =

{ar+op+---+0p,01+02+- - -+0Ap+0p+1,- - - ,01+02+- - -+0p~+- - -+0Ap+m, Op+m+1+

Op+m+2+ - - - +O2p+m, Op+m + Op+m+1 + Op+m+2 + - - - + Oop+m, - - - ,Op+1+ - - - + Ol2p+m}

CD()\]_ + )\2 + -+ )\p—l + 2)\p) = WpW1W2 =t Wp—ch()\p) =

{oapr+ax+---+0dp+---+0p+m+1,0p + - - - + Op+m+1 + Op+rm+2 + - - - + Olop+rm}

PAL+2A2 + - - - +2Ap-1 + 2Ap) = WoW3 - - - Wp—_1WpW1W2..Wp—2®P(Ap-1) =
{ar+ax+---+0dp+---+0op+rm-1,02+ - - - + Op+m+1 + Op+m+2 + - - - + O2p+m}
PRAL+ - - -+ 2Ap—2 +2Ap-1 + 2Ap) = W1 - - - WpoWp—1P(2Ap) =

{ap+---+0p-2+0p-1+0p+---+Ap+m+1 + Op+m+2 + Op+rm+3 + - - - + O2p+m}
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6.1.8 Type 2A5Y

my, =2d?fori=1,---,n=1and my, = 4md? ®(Aj) = {Qgi, Ogi—1+0qi, Ogi+0di+1, Agi—2+

Odi—1 + Odi, Odi—1 + Ogi + Ogj+1, " - -,

Odi—d+1tOdi—d+2t - - - +Agj, Odi—d+2 + Odi—d+3+ - - - +Odj+1, - - - ,Odi++ - - +Odj+d—1," " * ,

Adi—d+1 * Adi—d+2 *+ - - - + Adi+d-1, An—di+1, An—di T An—di+1, An—di+1 + An—di, An—di-1 +
On—ditAn—di+1, An—di +*An—di+1+0On—di+2, - * = , An—(di—d) T An—(di-d)+1+" - *+An—di+1, An—(di—d)+1+
Apn—(di-d)+2 * - - - ¥ On—di, " - - , Opn—di+1 + - - - + An—(di+d); " * * » An—(di—d) + On—(di—-d)-1 +
©rr+Op—(di+d)-1},1=1,2,--- ,p—1

®(Ap) = {0pd-d+1+ Opd—d+2 + * - - + Opd, Opd—d+1 + Opd—d+2 + - - - + Opd+1, " * * , Apd—d+1 +

Opd—d+2+- - - +Opd+m, Opd—d+2 T+ Apd—d+3+ - - -+ Apd, Opd—d+2+Apd—-d+3+- - -+ 0pd+1," - -,

Opd-d+2+0pd—d+3+- - ~+0pd+m, - - * , Opd, Apd+Apd+1, " - - , Apd T Apd+1+- - - +An—pdApd+1+
COpd+2 + - - - + Opd+m+d, Apd+2 + Apd+3 + - - - ¥ Apd+m+d, * - * , Apd+m+1 + Apd+m+2 + - - - +
Apd+m+d: Apd+1+Apd+2+- - - +Opd+m+d—1: Apd+2+Apd+3+- - - +Opd+m+d—1, - * = , Apd+m+1T
Opd+m+2 + - - - ¥ Opd+m+d—1, " * = , Opd+1 + Opd+2 + - - - + Opd+m+1, Apd+2 + Opd+3 + - - - +
Opd+m+1, " " * » Opd+m+1}

®(2Ap) = {dpd—d+1+0pd—d+2+- * - +0An—pd+1, Apd—d+1+0pd—d+2+- * *+An—pd+2, * * * , Apd—d+1+
Opd—d+2 * - - - +¥ On—pd+d, Apd—d+2 + Opd—d+3 + - - - +¥ An—pd+1, Apd—d+2 ¥ OApd—d+3 + - - - +
On—pd+2, - = * ; Apd—d+2 + Opd—d+3+ - - -+ Apn—pd+d, " - * , Apd + Apd+1+ - - - + An—pd+1, Apd +
Opd+1 + - - + On—pd+2, " = = ,Opd + Opd+1 + * + - + On—pd+d}

®(a)* is of type BCp and is computed as follows.

Roots of length 2:

P(Ai—1 + Aj) = Wi—1®(Aj) =

{0di—d+1+... ¥ Od(i+1), Odi—d+1F-.. ¥ Od(i+1)+1, * * * » Odi—d+1+... ¥ Od(i+1)+(d—1), Adi—d+2F...+
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Ad(i+1), Adi—d+2 F... +Ad(i+1)+1, - - = , Adi—d+2+ ... +OAd(i+1)+(d-1), - - - » Adi F+... +Ad(i+1), Agi +

o F OG-+, 0 S Odi Fe FOd(i+1)+(d-1) s An+1—di—d+1 F ... T On+1-d(i+1), An+1-di-d+1 ... +
An+1—-d(i+1)+1s - * * s An+1-di—d+1 T ... ¥ On+1—d(i+1)+(d—-1) An+1—di—d+2 F ... ¥ An+1-d(i+1),
An+1—di—d+2 ... * On+1-d(i+1)+1, " " * » An+1-di-d+2 + ... T An+1-d(i+1)+(d-1); "~ " » On+1—di T
o F On+1—d(i+1)s On+1—di + -« + On+1—d(i+1)+1, " * * » An+1—di + ..« + On+1—d(i+1)+(d-1)} For i =
2,---,p—1

P(Ap-1 +Ap) =Wp-10(Ap) =

{q(p-1)d—d+1+A(p-1)d—d+2+...+0pd, A(p—1)d—d+1+A(p—1)d—d+2+...+Qpd+1, - - * , A(p—-1)d—d+1+

A(p-1)d—d+2 F ... ¥ OApd+m: A(p-1)d—d+2 T A(p—-1)d—d+3 + ... + Opd, A(p-1)d—d+2 T A(p—1)d—d+3 +

.. ¥ Opd+1, " ", A(p-1)d—d+2 + A(p-1)d—d+3 + ... ¥ Apd+m, " -, A(p-1)d + A(p-1)d+1 + ... +

Opd: A(p-1)d * A(p-1)d+1 + ... + Apd+1, - - -, A(p-1)d + A(p-1)d+1 + ... + Upd+m, - - -, Opd+1 +
Gpd+2+---+apd+m+2d- apd+1+apd+2+---+C(pd+m+2d—1- ---apd+1+apd+2+---+C(pd+m+d+1a o .Upd+2+
Opd+2 t+ ... ¥ Opd+2k+i+2d, Opd+2 + Opd+2 + ... + Opd+m+2d-1, " * - s OApd+2 + Opd+2 + ... +
Opd+m+d+1, - * * , Opd+m+1 + Opd+m+3 + ... + Apd+m+2d;

Apd+m+1 + Apd+m+3 +..+ Opd+m+2d—1, " - -, Apd+m+1 + Apd+m+3 +.+ apd+m+d+l}

{(p-1)d—d+1 + A(p-1)d—d+2 + ... + Opd+m+1, A(p—1)d—d+1 + O(p-1)d—d+2 + ... + Opd+m+2, - - * ,
A(p—-1)d—d+1 + A(p-1)d—d+2 T ... + Opd+m+d: A(p-1)d—d+2 + A(p—1)d—d+3 + ... ¥ OApd+m+1,

A(p-1)d—d+2F+A(p-1)d—d+3+..-FApd+m+2, - - = , A(p-1)d—d+2F+A(p—-1)d—d+3+F... ¥ Opd+m+d, " * * ,
A(p-1)d + Ap-1)d+1 + ... + Opd+m+1, A(p-1)d + A(p-1)d+1 + ... ¥ Opd+m+2,- -, A(p-1)d +
a(p—l)d+1+---+apd+m+d, apd+apd+1+---+apd+m+2d, apd+apd+1+---+apd+m+2d—l, ---apd"'
Opd+1+...¥Apd+m+d+1, Apd—-1+0pd+... +Apd+m+2d: Apd-1+0Opd+... +Opd+m+2d—1, ---Opd—-1+
Opd + ... ¥+ Opd+m+d+1; ---Opd—d+1 + Opd—d+2 + ... + Opd+m+2d; Apd—d+1 + Apd—d+2 + ... +

Opd+m+2d—1, ---Opd—d+1 + Opd—d+2 + ... ¥ Apd+m-+d+1, }

{A(p-1)d—d+1F+ A (p-1)d—d+2F...¥Apd-+m+d+1, A(p—1)d—d+1F+A(p-1)d—d+2+... ¥ Apd+m+d+2, * * * ,
A(p-1)d—d+1 T A(p-1)d—d+2 F ... + Apd+m+d+2d, A(p-1)d—d+2 + A(p-1)d—d+3 ... ¥ Apd+m+d+1:

A(p-1)d—d+2+A(p-1)d—d+3+... FApd+m+d+2, - * = , A(p-1)d—d+2F+A(p-1)d—d+3+... T Apd+m+d+2d;

81



«O(p-1)d T A(p-1)d+1F... T Apd+m+d+1; X(p-1)d T A(p-1)d+1 T ... * Opd+m+d+2, " - = s A(p-1)d +

O(p-1)d+1 + ... ¥ Opd+m-+d+2d}

Roots of length 3:

P(Ai—2 + Aj—1 + Aj) = WjoWi—1O(Aj) =

{Adi-d+1+ ... ¥ Ad(i+2), Adi—d+1 + .- + Od(i+2)+1, ---» Adi—d+1 + ... + Od(i+2)+(d—1), Adi—d+2 + ... +
Ad(i+2), Adi—d+2 t ... T Od(i+2)+1, ---s Adi—d+2 T ... T Ad(i+2)+(d—1), " * = , Adi T ... T Ad(i+2), Adi +
o FAd(i+2)+15 - Odi F . FAd(i4+2) +(d—1) ) An+1—(di—d+1) T ... ¥ An+1—(d(i+2)) An+1—(di—d+1) T... F
An+1—(d(i+2)+1)1 -1 An+1—(di—d+1) ... FAn+1—(d(i+2)+(d-1)) An+1—(di—d+2) *..- T An+1-(d(i+2)):
On+1—(di—d+2) ... ¥ An+1—(d(i+2)+1)1 -+ An+1—(di—d+2) ... FAn+1—(d(i+2)+(d-1)), " * * + An+1-di Tt
o F Ont1-d(i+2)s On+1-di + o F Onal—(d(i+2)+1)s -+ On+1—di + - F Onri—(d(i+2)+(d—1))}

fori=3,--- ,p—1

P(Ap—2 + Ap—1 + Ap) = WpoWp_1P(Ap) =

{A(p-1)d—2d+1 + A(p-1)d—2d+2 + ... ¥ Apd, A(p-1)d—2d+1 + A(p—1)d—2d+2 + ... + Olpd+1," - * ,

A(p-1)d—2d+1F+A(p-1)d—2d+2+... +Apd+m, A(p—1)d—2d+2 T A(p—-1)d—2d+3F... ¥ Opd, A(p—-1)d—2d+2F

A(p-1)d—2d+3 + ... + Opd+1, - - - , A(p-1)d—2d+2 ¥ A(p-1)d—2d+3 + ... + Opd+m, - - - , A(p—-1)d—d +
A(p—-1)d+1—d t ... T Opd, A(p—-1)d—d ¥ A(p-1)d+1-d T ... T Opd+1, - - - , A(p-1)d—d T A(p—-1)d+1-d T+
... T Opd+m, = -+, Apd+1 T+ Apd+2 +... + Apd+m+3d: Apd+1 + Apd+2 + ... +* Apd+m+3d—1, ---Apd+1 +

Opd+2 F ... ¥ Apd+m+2d+1;

* , Opd+2 T Opd+2 +... T+ Opd+m+3d; Apd+2 + Apd+2 + ... T Apd+m+3d—1, - * = , Opd+2 + Apd+2 +
... ¥ Opd+m+2d+1; * * * , Opd+m+1 + Opd+m+3 + ... ¥ Opd+m+3d: Apd+m+1 + Apd+m+3 + ... +
Opd+m+3d—1, * * * 1 Opd+m+1 + Opd+m+3 + ... + Opd+m+2d+1}

{dp-1)d—2d+1+A(p-1)d—2d+27+...FOpd+m+1, A(p—1)d—2d+1+ A (p—1)d—2d+2F-.-FxApd+m+2, * * *
A(p—1)d—2d+1 + A(p-1)d—2d+2 T ... + Opd+m+d: A(p-1)d—2d+2 + A(p—1)d—2d+3 F ... ¥ Opd+m+1,
A(p-1)d—2d+2 +A(p—1)d—2d+3+... FOpd+m+2, - - = , A(p—1)d—2d+2 F+A(p—1)d—2d+3+..- +Apd+m+d>

*, O(p-1)d—d T A(p-1)d+1—-d + ... ¥ Opd+m+1, A(p-1)d—d + A(p-1)d+1-d + ... + Opd+m+2, - - -,

A(p-1)d—d T A(p-1)d+1-d T ... ¥ Opd+m+d; Apd + Apd+1 + ... ¥ Apd+m+3d, Apd + Apd+1 + ... +

82



Opd+m+3d—1; ---Opd T Apd+1+... ¥ Apd+m+2d+1, Apd—1+ Apd +... +*Opd+m+3d; Apd—1+0pd +... +
Opd+m+3d—1; --Opd—1+0pd+...+¥Apd+m+2d+1, ---Opd—d+1F+Apd—d+2+... ¥ Apd+m+3d, Apd—d+1+

Opd—d+2 + ... ¥ Opd+m+3d—1; ---Opd—d+1 + Apd—d+2 + ... ¥ Opd+m+2d+1}

P(Ap—2 + 2Ap—1 + 2Ap) = Wp_1WpWp_2P(Ap-1) =

{dp-2)d-d+1 + Ap-2)d-d+2 + ... + Opd+m+1 + ... + Opd+m+d + Opd+m+d+1, A(p—2)d—d+2 +
A(p-2)d—d+3 + ... ¥ Opd+m+1 + ... + Opd+m+d + Apd+m+d+1, " - * , A(p-2)d + A(p—2)d+1 + ... +
Opd+m+1 F ... ¥ Opd+m+d + Opd+m+d+1, X(p-2)d—d+1 + A(p-2)d—d+2 + ... ¥ Opd+m+1 + ... +
Opd+m+d+1 T Opd+m+d+2; A(p—-2)d—d+2 + A(p—2)d—d+3 + ... ¥ Opd+m+1 + ... ¥ Apd+m+d+1 +
Opd+m+d+2; A(p-2)d ¥ A(p-2)d+1 T ... * Opd+m+1 T ... ¥ Opd+m+d+1 T Apd+m+d+2, "~ * ,
A(p-2)d—d+1 T+ A(p-2)d—d+2 + ... + Opd+m+1 + ... ¥ Apd+m+2d-1 + Opd+m+2d: A(p—-2)d—d+2 +
A(p-2)d—-d+3 * ... ¥ Opd+m+1 + ... ¥ Opd+m+2d—-1 + Apd+m+2d, " -, A(p-2)d + A(p-2)d+1 +
. ¥ Opd+m+1 + ... ¥ Opd+m+2d-1 + Opd+m+2d; A(p-1)d—d+1 + A(p-2)d—d+2 + ... ¥ Apd+m+1 +
.. ¥ Opd+m+d + Apd+m+2d+1; A(p-1)d—d+2 + A(p-2)d—d+3 + ... ¥ Apd+m+1 + ... ¥ Opd+m+d +
Apd+m+2d+1;
L O(p-1)dTA(p-2)d+1t... ¥ Opd+m+1+... ¥Apd+m+d +Apd+m-+2d+1, A(p—-1)d—d+1+A(p—2)d—d+2+

. ¥ Opd+m+1 F ... ¥ Opd+m+d+1 T Opd+m+2d+2; A(p-1)d—d+2 + A(p—2)d—d+3 F ... + Apd+m+1 +

. ¥ Opd+m+d+1 T Opd+m+2d+2, A(p-1)d ¥ A(p-2)d+1 + ... ¥ Opd+m+1 + ... ¥ Opd+m+d+1 +
Opd+m+2d+2, * * * s A(p-1)d—d+1 T A(p-2)d—d+2 T ... * Opd+m+1 + ... * Apd+m+2d—1 + Apd+m+3d:
A(p-1)d—d+2 + A(p-2)d—d+3 * ... ¥ Opd+m+1 + ... ¥ Opd+m+2d—1 + Opd+m+3d: - - - : O(p—)d +

O(p-2)d+1 + ... + Opd+m+1 + ... + Opd+m+2d—1 + Opd+m+3d}

{q(p-2)d—d+1 + A(p-2)d—d+2 * ... + Apd+m+1 + ... ¥ Opd+m+d + ... + Opd+m-+2d+1, A(p—2)d—d+2 +
A(p-2)d—d+3 ... ¥ Opd+m+1 + ... ¥ Opd+m+d t ... ¥ Apd+m+2d+1, " - * , A(p-2)d T A(p—2)d+1 +
. ¥ Opd+m+1 + ... ¥ Opd+m+d T Opd+m-+2d+1, A(p—2)d—d+1 + A(p—2)d—d+2 * ... ¥ Opd+m+1+ ... +
Apd+m+d+1+... ¥ Apd+m+2d+2; A(p-2)d—d+2 T A(p-2)d—d+3F... + Apd+m+1+... +Apd+m+d+1+... +
Opd+m+2d+2; * * * s O(p-2)d T A(p-2)d+1+F... T Apd+m+1+... T Apd+m+d+1+... FOApd+m+2d+2, - - * ,
A(p—2)d—d+1 + A(p-2)d—d+2 + ... ¥ Opd+m+1 + ... ¥ Opd+m+3d—1 + Apd+m+3d; A(p—2)d—d+2 +

A(p-2)d—d+3 T ... ¥ Apd+m+1 + ... + Opd+m+3d—-1 + Apd+m+3d, " * - s A(p-2)d + A(p-2)d+1 + ... +
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Opd+m+1 + ... ¥+ Opd+m+3d—1 + Opd+m-+3d}

Roots of length p:

PAL+ A2+ - - -+ Ap) = WiWo..Wp_1P(Ap) =

{ai+ax+0z+....+0pg, A1 +02+03+....+0pg+1, - - - , A1 +02+03+....+Opg+m, O2+03+0+
w. T Opg, 02+ A3+ 04 +....+0pd+1, - - - , 02+ A3+ A4 +.... + Apd+m, - - = , Og + Og+1 + Og+2 +
. T Opd, Og + Ag+1 +Og+2 +... + Opd+1, - - -, Og ¥ Ag+1 + Og+2 +... + Apd+m, Opd+1 + Apd+2 +
... T Op—d T An—d+1, apd+1 +apd+2 + ...+ O0pn—d+1 T An—d+2, " - - vapd+1+apd+2+---+an—1+
On, Opd+2 + Opd+3 +... + On—d + An—d+1, Apd+2 T Apd+3 ... * An—d+1 + An—d+2, * - - , Apd+2 +
Opd+3+...+0n-1+0n, - - - ,0pd+m+1 +Opd+m+2+... + An—d + An—d+1, Apd+m+1 + Apd+m+2 +

. ¥ On—g+1 + An—g+2, * * * , Opd+m+1 + Opd+m+2 + ... + Apn—1 + AR}

DAL+ A2+ - - -+ Ap—1 + 2Ap) = WpW1W2..Wp—2P(Ap—1) =

{on +az+az + ...+ Opd+m+1,01 + 02 + A3 + ... + Opd+m+2,- - -, 01 + 02 + O3z + ... +
Opd+m+d, 02 + O3+ 04 +.... ¥ Opd+m+1, 02 + A3 +O0g +.... + Opg+m+2, - - - , 02 F+O3+0g+.... +
Opd+m+d: - = * ;1 Od ¥ Og+1 + Ad+2 +... ¥ Opd+m+1, Od + Ag+1 + Og+2 +... + Opd+m+2, - - -, Og +

Od+1+0Og+2+... +Opd+m+d: Opd—d+1 +Opd—d+2 +... +On—d +An—d+1, Apd—d+1 +Apd—d+2+... +

On—d+1+0n—d+2, " - - , Opd—d+1+Apd—d+2+... ¥ OApn—1+An-2, Apd—d+2 + Apd—d+3+... +*Apn—g +
On—d+1, Apd—d+2 + Opd—d+3 + ... + On—g+1 + On—g+2, - - - , Apd—d+2 + Apd—d+3 + ... + Apn-1 +
On-2,- -+ ,0pd+0pd+1+... +An—g +On—g+1, Apd + Apd+1+... ¥+ An—d+1 + An—d+2, - - - , Apd +

Gpd+1 + ...+ Adn-1 + C(n_z}

DAL+ 2A2 + - - - + 2Np—1 + 2Ap) = WoW3.. WpW1Wo..Wp—2P(Ap-1) =

{a1 + oz + az + ... + Opd+m+d+1, 01 + Oz + O3 + ... + Opd+m+d+2, - -, 01 + 02 + O3 +
... ¥ Opd+m+2d, 02 + A3 + 04 + ... + Opd+m+d+1, 02 + O3 + 04 + .... + Opd+m+d+2, - - - , 02 +
a3 + a4 + ... + Opd+m+2d, " " - ,Od + Ad+1 + Ad+2 + ... ¥ Apd+m+d+1, Ad + Od+1 + Ag+2 +

.. ¥ Opd+m+d+2, * = -, 0d + Ag+1 + Og+2 + ... ¥ Opd+m+2d; Apd—2d+1 + Opd—2d+2 + ... + An—d +
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An—-d+1; Apd—2d+1 + Apd—2d+2 ... + An—d+1 + An—d+2, * - , Apd—2d+1 + Apd—2d+2+... ¥+ An—1 +
On-2, Opd-2d+2 + Opd-2d+3 + ... ¥ Apn—d + An—d+1, Apd—2d+2 + Apd—2d+3 + ... +¥ Apn—g+1 +
An—d+2; - = - , Opd—2d+2 T+ Opd—2d+3 * ... ¥ An—1 + An-2,- - - ,0pd—d + Opd—d+1 + ... T Apn—g +

On—d+1, Opd—d + Opd—d+1 + ... ¥ OAn—g+1 + Opn—d+2, * * * , Opd—d + Opd—d+1 + ... + OAn—1 + An—2}

{ar+oo+...+An—g+1, 01+ 02+ ...+ An—g+2, - - - , 01+ 02+...+0p, A2 +03+...+Opn—g+1, 02 +
Oz + ...+ 0Opn—g+2,- -, 02+ A3 +...+0n, - ,0g +Og+1 + ... + Apn—g+1,0g + Ag+1 + ... +
On—d+2, " * ,0d + Od+1 + ... + On}

Remark 18. pd+m=n

6.2 B cases

There are 3 congruence classes of I'-indices corresponding to a simple group of type B.

6.2.1 TypeBnn

1 2 n—1 n

my, =2 and ®(\j) ={a;} fori=1,--- n.

Since wj = sq; for all i, we have that ®(a) = ®(t).

6.2.2 TypeBnn-1

1 2 n—1

my, =1fori=1,--- ., n—2andm, _, =2
We have that ®(Aj) = {aj}fori=1,--- ,n—1

®(An) ={An-1,0n-1 + An}

®(a)* is of type Bp and is computed as follows.
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Roots of length 2:

O(Ai + Aj+1) = Wi+1P(Aj) = {aj + Ajsq}fori=1,--- ,n—-2
P(An—2 + An-1) = Wn—2P(An-1) ={0n-2 + An-1 + On,Op—2 + An-1}

P(An—2 + 2An-1) = Wn-1P(An-2) = {0n-2 + 20n-1 + 20n}

Roots of length 3:

P(Ai + Ai+1 + Ai) = WiWir1®(Ai) ={ai + Aj+1 + i} fori=1,--- ,n—3
P(An-3+An—2 + An-1) = Wn—3Wn—2®(An-1) =
{0nh-3 + On—2 + An-1,0n-3 + An—2 + On-1 + O, Op—3 + On—2 + On-1 + O2n}
P(An-3 + An-2 + 2An-1) = Wn-1Wn-3P(An-2) = {On-3 + On—2 + 20n-1 + 20n}

P(An—3 +2An—2 + 2An-1) = Wn—2Wn-1Wn-3®(An-2) = {an-3 + 2a0n—2 + 20n-1 + 20n}

Roots of length n —1

CD(}\l + )\2 + ...+ )\n—2 =+ )\n—l) = W1W2...Wn_2¢()\n_1) =
{oa1+o2+...+0p—2+Ap_1,01+02+...+An_2+0p—1+ A, 01 +O2+... + 02 +An—1 +20n }
q)()\l + Az + + )\I"I—Z + 2)\n—1) = Wn—lWlWZ...Wn—3q)()\n—2) =

{a1+az +...+Ap—2 + 20n-1 + 20n}

DAL +2A2 + - - - + 2An—2 + 2An—1) = WoW3...Wn—2Wnh—_1W1W2..Wn_3D(An—2) =

={ay1+20; + - - - +20p-—2 + 20n-1 + 20n}
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6.2.3 Type Bnp

m;\izlforizl,---,p—landm;\p:m+1
Remark 19. n=p+m

PA) ={aj}fori=1,--- ,p—1P®Ap) ={ap,ap + Ap+1,--- ,0p + - - - + Ap+m, Ap +
R ap+m—1 + 2Gp+m, =t ,C(p + Zap+l R 2(]p+m—_‘]_ + 2ap+m}

®(a)* is of type Bp and is computed as follows.

Roots of length 2:

PAi-1 + Ai) = Wi—1®(Aj) = {aj—r +aj}fori=2,--- ,p—1
P(Ap-1+Ap) =Wp_10(Ap) =

{0p-1 + Op,0p-1 + Op + Ap+1,- - - ,0p—1 +Ap + - - - + Op+m,Op—1 +Op + - - - + Op+m—-1 +

2ap+m, et ,ap—l + ap + 2ap+l + -+ 2ap+m—1 + 2ap+m}

®(Ap—1 + 2Ap) = Wp®(Ap—1) = {Op—1 + 20p + - - - + 20p+m + 20p+m+1}

Roots of length 3:

P(Ai—2 + Ai—1 + Aj) = Wi2Wi—1®(Aj) = {dj—2 +aj—1 + i} fori=3,--- ,p—1
P(Ap—2 +Ap—1 +Ap) = Wp—2Wp_1P(Ap) =

{ap-2 +ap—1 +Ap,0p—2 + Ap—1 + Op + Ap+1,* -+ ,0p—2 + Op—1 +Ap + - - - + Op+m, Ap—2 +

Op-1+0p+- - -+0p+rm-1+20p+m, - - - ,Op—2+0p-1+0Ap+20p+1+- - - +20p+m-1+20p+m}

DP(Ap—2+Ap-1+2Ap) = WpWp_2P(Ap-1) = {0p-2+0p—1+20p + - - - + 20p+m—-1 + 20p+m}

q)()\p—2+2)\p—l+2)\p) = Wp—leWp—zq)()\p—l) = {ap—2+20p—1+2ap+ " '+2ap+m—1+2ap+m}
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Roots of length p

OAL+Ap+ - - -+ )\p) = W1W2...Wp_1q3()\p) =

{ar1+ax+---+0ap,adr+0x+---+0p+0p+1,01 +02+ -+ -+0p+ -+ Ap+m, 0y + 002 +

---+0p+- - +0p+m-1+20p+m, -+, 01+ 02+ - -+0p+20p+1+- - - +20p+m—-1+20p+m}

DAL+ A2+ - - -+ Ap—1 + 2Ap) = WpW1W2..Wp—2P(Ap-1) =

{O(1+O(2+---+20(p+---+20(p+m}

DAL+ 2A2 + - - - + 2Ap—1 + 2Ap) = WoW3..Wp—1WpW1W2..Wp2P(Ap-1) =

{a; +20+---+20p + - - -+ 20p+m}

6.3 C cases

There are 4 congruence classes of I'-indices corresponding to a simple group of type C.

6.3.1 Type C§

1 2 n—1 n

my, =1fori=1,.---,nandw;=sqy forall i, sowe have that ®(a) = ®(t).

6.3.2 Type C,

my, =4fori=1,--- ,n—landm,, =2
We have that ®(A;) = {azj, Ozj—1 + Aoj, O2j + O2j+1, Oj—1 + Opj + Opj} fori=1,--- Nn—1

®(An) = {a2n, A2n-1 + O2n, 202n-1 + O2n}
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®(a)* is of type C, and is computed as follows:

Roots of length 2:
DA + Aj+1) = Wi1P(A)) =
{0aoi + Agj+1 + Ajap, Opj—1 + Oloj + Oloj+1 + O2j+2, Ol2j + Oloj+1 + O2j+2 + O2j+3, Ol2j—1 + Ooj +
Oj+1 + Oj+2 + Opj+3} fori=1,--- ,n—-1
P(2An-1+An) = Wn-1P(An) =
{202n-2 + 202n-1 + O2n, O2n+3 + 202n-2 + 202n—1 + O2n, 202n+3 + 202n—2 + 202n—1 + O2n}
Roots of length 3:
OAi + Ajr1 + Aj+2) = WioWi+1P(A) =

{0 + A2j+1 + A2j+2 + A2j+3 + O2j+4, O2j—1 + A2j + A2j+1 + O2j+2 + 02j+3 + A2j+4, A2j + O2j+1 +
O2j+2 + O2j+3 + O2j+4 + O2j+5, O2j—1 + Oj + O2j+1 + O2j+2 + O2j+3 + O2j+q + Ooj4s} fOr i =

1,---,n—=2

P(An—2 + 2An-1 + Ap) = Wn-1WnWn-1P(An-2) =

{d2n+4 + Oon+3 + 202n—2 + 200n-1 + O2n, O2n+5 + O2n+s + O2n+3 + 202n—2 + 202n—1 +

Ol2n, O2n+4+2002n0+3+202n—2+202n-1+02n, O2n+5+02n+4+202n0+3+200n—2+202n-1+02n}
(D(Z)\n—z + 2An—1 + An) = Wn—2Wn—1¢()\n) =

{202n+4 + 202n+3 + 202n—2 + 20201 + O2n, O2n+5 + 202n+4 + 202n+3 + 202n—2 + 202n—-1 +

O2n, 202n+5 + 202n+4 + 202n+3 + 202n—2 + 202n-1 + Ol2n}

Roots of length n:

OAL+A2+ -+ - +Ap) = WuWp—1..W2D (A1) =

89



{ax+az3+---+02n, 01+ 02+ ---+0on, 02 +0A3+ ---+202n-1 + Oop, 01 + 02 + - - - +

20n-1 + d2n}

O(AL+ A2+ - - -+ 2 -1 + Ap) = Wp—1WRWp—1Wnp—2..W2® (A1) =

{ox+az+ - +202n-2 +202n-1 + O2n, 01 + 02 + - - - + 20202 + 20201 + Olon, 02 + O3 +

- -+ 202n+3 + 202n-2 + 202n-1 + O2n, 01 + 02 + - - - + 202n+3 + 202n—2 + 202n—1 + A2n}

(D(}\l +2N + - - - + 21 + )\n) = W2W3...Wn_1Wan_1Wn_2...W2(D()\1) =

{ax +az+ 204+ - - -+ 202n-1 + 02,01 + 02 + A3 + 204 + - - - + 20202 + 20201 +

Oon, 02 + 203 + 204 + - - - + 202n-1 + O2n, 01 + 02 + 203 + 2014 + - - - + 202n-1 + O2n}

DR2AL +2A2 + - - - +2A[—1 + Ap) = WIW2W3...Wh—1WRWnh-1Wnh—2..W2® (A1) =

{205 + 203 + 204 + - - - + 202n-1 + A2n, A1 + 202 + 203 + 204 + - - - + 202n-2 +

20on-1 + O2n, 201 + 2002 + 203 + 204 + - - - + 20201 + O2n}

6.3.3 Type C{21

1 n—1 n

my, =4fori=1,---,n

O (Aj) = {0z, Oi—1 + Oj, O2j + Oj+1, O2j—1 + Oj + Oj+1}, i =1,---, N
®(2An) = {202n + O2n+1, O2n—1 + 202n + O2n+1, 202n—1 + 202n + O2n+1}
®(a)* is of type BC, and is computed as follows:

Roots of length 2:

O(Ai + Aj+1) = Wi®(Aj+1) =

{0i—1+02j+02j+1+02j+2+02j+3, Oloj—1 + 02 +A2j+1+0j+2, O2j+02j+1 +O02j+2 +02j+3, Oloj+

Oj+1 + Opjyp}fori=1,--- N—2
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O(An-1+An) =Wn-1®P(An) =

{d2n—3 + A2n—2 + O2n—1 + O2n + A2n+1, O2n—3 + Oon—2 + O2n—1 + O2n, O2n—2 + O2n—1 + Olon +

Oon+1, O2n—2 + O2n—1 + Oon + O2n}

O(An-1+2An) = WnRP(An-1) =

{a2n-3 + Oon—2 + A2n—1 + 2000 + Oon+1, A2n—3 + Oon—2 + 202n—1 + 2020 + A2n+1, O2n—2 +

O2n-1 + 202n + O2n+1, Oon—2 + 202n-1 + 20020 + O2n+1}

{2aon-3+202n-2+202n-1+202n+02n+1, 202n-3+202n—2+202n-1+2020+02n+1, 202n—2+
202n-1 + 202 + O2n+1, 202n—2 + 202n-1 + 20020 + O2n+1}

Roots of length 3:

OAj + Ajr1 + Aj+2) = WiWi+1P(Aj+2) =

{aj—1 + apj + ... + A2j+5, O2j—1 + A2j + ... + O2j+a, O2j + O2j+1 + ... + A2j45, O2j + O2j+1 + ...+

Ogj+gyrfori=1,--- , N—3

O(An—2 + An-1+ An) = Wn2Wn-1P(An) =

{0on-5 + A2n—g + ... + A2n, O2n—4 + O2n-3 + ... + O2n, O2n—5 + Oon—g + ... + A2n+1, O2n—4 +
Oon—3 + ...+ Oon+1}

P(An-2 + An—1 + 2An) = Wn—oWnP(An-1)

{0on-5 + Oon—4 + O2n—3 + A2n—2 + A2n-1 + 202 + Ol2n+1, O2n—5 + Olon—4 + Olon—3 + Olop—2 +
203n—1 + 2030 + O2n+1, 0on—4 + Oon—3 + Oon—2 + Oon—1 + 2020 + O2n+1, O2n—4 + O2n—3 +

O2n—2 + 20201 + 2020 + O2n+1}

O(An-2 + 2An-1 + 2An) = Wn-1WnWn—2®(An-1) =

{aon-5+0a2n—4+A2n-3+202n—2+202n-1+202n +02n+1, O2n—5 +A2n—4+2020n-3+ 20202+

20on—1 + 20n + O2n+1, O2n—4 + Ol2n—3 + 202n—2 + 202n—1 + 2020 + Ol2n+1, O2n—4 + 202n—3 +
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202n—2 + 202n-1 + 2020 + O2n+1}

{d2n-5 + 202n—4 + O2n—3 + 202n—2 + 202n-1 + 2020 + A2n+1, 202n—5 + 202n—4 + 202n—3 +

202n—2 + 202n-1 + 202n + O2n+1, 202n-4 + 2020-3 + 202n-2 + 202n-1 + 2020 + Ol2n+1}

Roots of length n:

DAL+ A2+ - - - +Ap) = WiWo..Wn1O(Ap) =

{a1 + a2 + ...+ dzn+1,02 + O3 + ... + Oon+1, 01 + 02 + ... + A2n, A2 + A2 + ... + A2n}

OAL+ A2+ - - - +Apq—1 + 2An) = WRWiW2.. Wh—2O(An—-1) =

{a1 + Az + ... + 2021 + O2n+1, 02 + A3 + ... + 2027 + O2n+1, A1 + 02 + ... + 202n-1 + 202 +

Oon+1,02 + O3 + ... + Oon—1 + 2020 + O2n+1}

(D()\l + 2N + - - - +2An-1 + 2)\n) = W2W3...Wn_1WnW1W2...Wn_z(D(}\n_l) =

{a1 + az + az + 204 + 205 + ... + 2027 + O2n+1, 01 + A2 + 203 + 204 + 205 + ... + 20 +

O2n+1, 02 + 03 + 204 + 205 + ... + 2020 + O2n+1, O2 + 203 + 204 + 205 + ... + 2027 + O2n+1}
PR2AL+ - - - +2An—2 + 2An—1 + 2Apn) = W1 - - - Wp2Wn1P(2An) =

{201 + 202 +203+ 204 + 205 +... + 2020 + O2n+1, 202 + 03 + 204 + 205 + ... + 2027 + A2n+1}

6.3.4 Type CSZ,%

1 )

my, =4fori=1,---,p—1and my, =2(m+1)

Remark 20. 2p+m =n
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P(Ai) = {ai, O2j—1 + O2j, Aj + Agj+1, Oj—1 + Ooj + Qi+ fori=1,--- ,p—1

®(Ap) ={azp,02p + Ozp+1, -+ ,02p + - - - + O2p+m, Olzp—1 + O2p, O2p—1 + Opp + Ol2p+1, - - -,
Oop—1 + Olop + + - + O2p+m, O2p + - - - + 202p+m—-1 + O2p+m,
Ozp + - - - +202p+m—2 + 202p+m-1 + O2p+m, - - - ,
Oop +202p+1 + - - - + 200p+m—1 + O2p+m, Olop—1 + Olop + - - - +202p+m—1 + O2p+m,
Oop—1 + Oop + - - - +200p+m—2 + 202p+m—-1 + O2p+m, - * * ,

Opp-1 + Oop + 202p+1 + - - - + 202p+m—-1 + O2p+m}

D(2Ap) = {202p+200p+1+- - - +202p+m—1+02p+m, Ol2p—1+202p+2000p+1+- - - +202p+m-1+
O2p+m, 202p—1 + 2002p + 202p+1 + - - - + 202p+m—1 + O2p+m}
®(a)* is of type BCpand is computed as follows:

Roots of length 2:

P(Ai—1 + Aj)) = Wi—1®(Aj) =

{a2j—2 + Qj—1 + O2j, O2j—3 + O2j—2 + O2j—1 + A2j, O2j—2 + A2j—1 + Ol2j + O2j+1, O2j—3 + Oloj—2 +

Opj—1 + O + Qi1 }fori=2,--- ,p—1

P(Ap-1+Ap) =Wp-1P(Ap) =

{aop—2+azp-1+ Q2p, A2p—2 + Oop—1 +Ap +02p+1, - - -, Olop—2 +0pp—1+ Cop+ - - - +02p+m,
O2p—3 + O2p—2 + O2p—1 + A2p, O2p—3 + O2p—2 + O2p—1 + O2p + A2p+1, * - - ,02p—3 + O2p—2 +
O2p—1+02p+ - - - +A2p+m, O2p—2 + Olgp—1 +02p + - - - +202p+m—1 + O2p+m, Olzp—2 +O2p-1 +
Oop + - - - + 200p+m-2 + 202p+m—1 + O2p+m, - * * ,O2p—2 + Opp—1 + Opp + 202p+1 + - - - +
202p+m—1+ O2p+m, O2p—3 + Ol2p—2 + Olop—1 + Ol2p + - - - + 202p+m—1 + O2p+m, O2p—3 + Olop—2 +
O2p—1 +O2p + - - - + 202p+m—2 + 202p+m—-1 + O2p+m, - - - , O2p—3 + Olgp—2 + Olzp—1 + O2p +

200p+1 + - - - + 202p+m—1 + O2p+m}

®(Ap—1 + 2Ap) = Wp®(Ap—1) =

{aop—2 + Ozp-1 + 202p + - - - + 202p+m—1 + O2p+m, O2p—3 + Ap—2 + Olop—1 + 20p + - - - +

202p+m-1 + O2p+m, O2p-2 + 202p—1 + 202p + - - - + 202p+m-1 + O2p+m, A2p—3 + Ol2p—2 +
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20pp—1 + 20p + - - - + 202p+m-1 + Ol2p+m}

{200p—2 + 200p—1 + 202p + 202p+1 + - - - + 202p+m—1 + O2p+m, O2p—3 + 202p—2 + 2002p—1 +
200p + 202p+1 + - - - + 202p+m—1 + O2p+m, 202p—3 + 202p—2 + 202p—1 + 202p + 202p+1 +
- -+ 202p+m-1 + O2p+m}

Roots of length 3:

DAj—2 + Aj—1 + Aj) = WioWj—1O(A) =

{02j—4 + O2j—3 + Qj—2 + Oj—1 + Ooj, Ooj—5 + Oloj—4 + Olzj—3 + Oj—p + Oj—1 + O2j, O2j—g +
Oj—3+ Ol2j—2 + Oloj—1 + Oj + Oj+1, O2j—5 + O2j—4 + Oj—3 + Oloj—2 + Azj—1 + Opj + Coj+1} fOr i =

3,---,p—1

P(Ap—2 + Ap—1 + Ap) = WpoWp—1P(Ap) =

{A2p—4 + Ap—3 + Ap—2 + A2p—1 + A2p, Aop—4 + Olzp—3 + Olop—2 + Olzp—1 + Olop + Olop+1, - - -,
O2p-4 + O2p—3 + O2p—2 + O2p-1 + O2p + - - - + O2p+m, A2p-5 + O2p—g4 + A2p—3 + O2p-—2 +
O2p—1 + O2p, O2p—5 + O2p—g + O2p—3 + A2p—2 + A2p-1 + O2p + A2p+1, * -+ ,02p—5 + O2p—g +
O2p-3 + O2p—2 + O2p—1 + Oop + - - - + O2p+m, O2p—4 + O2p—3 + O2p—2 + O2p—1 + Opp + - - - +
202p+m-1 + O2p+m, O2p—4 + Ol2p—3 + Olgp—2 + Olop—1 + Qlop + - - - + 202p+m—2 + 202p+m-1 +
O2p+m, - = ,Ozp—4 + O2p—3 + O2p—2 + O2p—1 + O2p + 202p+1 + - - - + 202p+m-1 + A2p+m,
Ol2p—5 + O2p—4 + O2p—3 + O2p—2 + O2p—1 + O2p + - - - + 202p+m-1 + A2p+m, O2p—5 + Olop—4 +
Olop—3 + Op—2 + Opp—1 + Ol2p + - - - + 202p+m—2 + 202p+m—-1 + A2p+m, * - * , Olop—5 + A2p—4 +

Oop—3 + Olop—2 + Opp—1 + O2p + 202p+1 + - - - + 202p+m-1 + Ol2p+m}

{0op—4 + Oop—3+ Oop—2 + Q2p—1 +202p + - - - +202p+m—1 + O2p+m, O2p—5 + O2p—4 + Ol2p—3 +
Olop—2+02p—1+202p+- - - +202p+m-1+02p+m, O2p—4+02p—3+0A2p—2+202p—1+202p+- - -+

202p+m-1+02p+m, O2p-5+02p—4+02p—3+02p—2+202p-1+202p+- - - +202p+m-1+02p+m}

O(Ap—2 +2Ap-1 + 2Ap) = Wp_1WpWp 2P (Ap-1) =
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{0op—4+02p—3+202p-2+20p—1+202p + - - - +202p+m—1+ O2p+m, Olop—5 +02p—4 +Azp—3+
200p—2 + 203p—1 + 2002p + - - - + 200p+m—-1 + O2p+m, O2p—4 + 20p—3 + 20p—2 + 2002p—1 +
203p + - - - + 202p+m—1 + O2p+m, Olop—5 + Olop—g + 2000p—3 + 2000p—2 + 2005p—1 + 2005p + - - - +

202p+m-1 + O2p+m}

{20a0p-4 + 2000p—3 + 2002p—2 + 202p—1 + 202p + 202p+1 + - - - + 202p+m—1 + O2p+m, Ol2p—5 +
202p—4 + 202p—3 + 202p—2 + 2002p—1 + 2002p + 202p+1 + - - - + 202p+m—1 + O2p+m, 202p—5 +

2002p—4 + 202p—3 + 202p—2 + 202p—1 + 202p + 202p+1 + - - - + 202p+m-1 + O2p+m}

Roots of length p:

OAL+ Ao+ - -+ +)\p) = W1W2...Wp—1¢()\p) =

{a2+a3+...+a2p'... 102+a3+...+a2p+...+02p+m,a2+a3+...+a2p+...+
200p+m—-1 + Ol2p+m, - -+ ,02 + O3 + - - - + Op + 202p+1 - - + + 202p+m—1 + O2p+m, A1 + A2 +
O3+---+0p,---,01+0p+03+---+0p+-+-+02p+m, 01 +02+C0z+---+C0pp+-- -+
202p+m-1 + O2p+m, - - ,01 + 02 + O3 + - - - + Olzp + 202p+1 + - - - + 202p+m-1 + O2p+m}

DAL+ A2+ - - -+ Ap—1 + 2Ap) = WpW1W2..Wp—2P(Ap—1) =

{oz +---+0dp-1+20p +---+202p+m-1 + O2p+m, 01 + 02 + - - - + Op—1 +20p + - - - +
202p+m—-1 + Ogp+m, 02 + - - - + 20p—1 + 20p + - - - + 200p+m-1 + O2p+m, 01 + Az + - - - +
20p-1 +20p + - - - + 202p+m-1 + Ol2p+m}

DAL+ 2A2 + - - - + 2Ap—1 + 2Ap) = WoW3..Wp—1WpW1W2..Wp2P(Ap-1) =

{oo+az3+204+ - - - +20p-1 +20p + - - - + 202p+m—-1 + Olop+m, 01 + 02 + O3 + 204 + - - - +
20p-1+20p+- - - +202p+m-1+02p+m, O2+203+204+ - - - +20p—1+20p+- - - +202p+m-1+

Oop+m, 01 + 02 + 203 + 204 + - - - + 20p-1 + 20p + - - - + 202p+m—1 + O2p+m}

cD(ZAl + -+ 2)\p—2 + 2)\p—1 + 2)\p) = W]_ =t Wp—ZWp—lq)(z)\p) =
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{200 + 203 + 204 + - - - +20p—1 + 20p + - - - + 202p+m-1 + O2p+m, A1 + 20 + 203 + 2014 +
-+ -+ 20p-1 +20p + - - - + 202p+m—1 + O2p+m, 201 + 2002 + 203 + 2004 + - - - + 20p—1 + 20 +

- -+ 202p+m-1 + O2p+m}

6.4 D cases

There are 11 congruence classes of I-indices corresponding to a simple group of type D.

6.4.1 Type D

m,, = 1 and ®(A;) = {a;} for all i. Since w; = sq; for all i, we have that ®(a) = ®(t).

6.4.2 Type DS

1 P
O O—@ -

my, =1fori=1,---,p—landmy,=n—-p+1

Remark 21. n=p+m

oA) ={aj}fori=1,--- ,p—1
O(Ap) ={dp,0p+Ap+1,- - - ,0p+0p+1+- - - +0p+m—1, Odp+0p+1+- - -+Ap+rm—2+0p+m, Op+
Op+1+ -+ -+ 0Op+m—2 + Op+m—1 + Op+m, Op + Ap+1 + - - - + Op+rm—3 + 20p+m—2 + Op+m-1 +
Op+m, - - - ,0p +20p+1 + - - - + 20p+m-3 + 20p+m—2 + Op+m-1 + Op+m}

®(a)* is of type Bp and is computed as follows:

Roots of length 2:

®Ai-1 +Ai) =Wi—1®(A) ={aj1 +aj}fori=2,--- ,p—-1
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O(Ap-1+Ap) =Wp-1P(Ap) =

{ap—l + C(p, ap—l + Gp + ap+1, =t ,ap—]_ + C(p + ap+1 +-- -+ ap+m—1, ap—l + Gp + Gp+1 +
s+ -+ Op+m-2 ¥ Op+m, Op-1 + Op + Op+1 + - - - + Op+m-2 ¥ Op+m—-1 + Op+m, Op-1 + Ap +
Op+1+- - - +0p+m-3+20p+m—2+Op+m—-1+0p+m, " - - ,0p—1+0p +20p+1+- - - + 20p+m-3

+20p+m-2 + Op+m—1 + Op+m}

{dp-1+20p + - - - + 20p+m—2 + Ap+m-1 + Op+m}

Roots of length 3:

P(Ai—2 + Aj—1 + Aj) = WjoWi—1®(Aj) = {dj—2 +aj—1 +aj}fori=3,--- ,p—1
O(Ap—2 +Ap-1 +Ap) = Wp_2oWp_1P(Ap) =

{ap-2+0ap-1+0p,0p-2+0Ap—1+0p +0p+1,- - - ,0p—2 +0p-1+0p+0p+1+ - - -+ Op+m-1,
Op-2+0p-1+0p+0p+1+---+0p+m-2+Ap+m,Ap—2+0p-1 +0p +Ap+1+ - - -+ 0Ap+m-2+
Op+m—1+0p+m,Op—2+0Ap—1 +O0p +0p+1+ - - - +Op+rm-3 + 20p+m—2 + Op+m—-1+Op+m, " - -,

Op-2 + Op—1 + Op + 20p+1 + - - - + 20p+m-3 + 20p+m-2 + Op+m-1 + Op+m}
{dp—2+0p-1+20p + - - - + 20p+m—2 + Op+m—1 + Op+m}

{0p-2 +20p-1 +20p + - - - + 20p+m-2 + Op+m-1 + Op+m}

Roots of length p:

OAL+Ap+ - - -+ )\p) = W1W2...Wp_1¢(}\p) =

{0(1+0(2+---+0(p,0(1+0(2+---+ap+ap+1,--- ,O1 +0p +---+0p+---+ dp+m-2,

ap+oax+---+0p+---+0p+m-2 + Ap+m-1,01 +02+ - --+Adp + - - -+ Adp+rm-2 + Op+m,
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Op+0z+---+0p+---+0p+m-2+Op+m—1+0p+m, 01 +02+---+dp+---+20p+m-2+

Op+m-1+ Op+m, - - -, 01+ 02+ - - - +0p +20p+1 + - - - + 20p+m-2 + Op+rm—-1 + Op+m}
PAL+ A2+ - -+ Ap—1 +2Ap) = WpW1Wo.. . Wp—2P(Ap—1) =
{ar+az+---+20p + -+ -+ 20p+rm-2 + Op+m—-1 + Op+m}

DAL+ 2A2 + - - - + 2Ap-1 + 2Ap) = WoW3.. . WpW1Wo.. . Wp—2P(Ap—1) =
{cxl + 2000 + - - -+ 2C1p + -+ 2CXp+m—2 + dp+m-1 + Gp+m}

6.4.3 Type Dan

1 n—1 n
[ O @ ----O { O
my, =4fori=1,.---,n—1and m,, =10.
®(A;) = {ai, Oi—1 + Oj, Opj + Opj+1, Oloj—1 + Oj + oj+1},1=1,2,--- ,n—1

®(An) = {dzn, A2n—1 + Ozn, O2n + O2n+1, O2n—1 + O2n + O2n+1, O2n + O2n+1 + O2n+2, O2n +
O2n+1 + O2n+3, 02n—1 + O2n + O2n+1 + A2n+2, O2n—1 + O2n + O2n+1 + O2n+3, O2n + O2n+1 +
O2n+2 + O2n+3,02n—1 + O2n + O2n+1 + O2n+2 + O2n+3}-

®(a)* is of type B, and is computed as follows:

Roots of length 2:

PN + Aiv1) = WiO(A; + 1) =
{oj + Ogj+1 + A2j+2, O2j + A2j+1 + O2j+2 + O2j+3, O2j—1 + O2j + O2j+1 + O2j+2 + O2j+3, O2j—1 +
Oj + Olj+1 + Opjyp}fOori=1,--- N—2

O(An-1+An) =Wn-1P(An) =

{don—3 + Oo2n—2 + O2n-1 + O2n + Oon+1 + O2n+2 + Oon+3, O2n—3 + O2n—2 + Oopn—1 + O2n +
O2n+1 + O2n+2,02n-3 + O2n-2 + O2n-1 + O2n + A2n+1 + A2n+3,02n—-3 + O2n—2 + O2n-1 +

O2n + O2n+1, O2n—2 + O2n—1 + O2n + O2n+1 + O2n+2 + O2n+3, O2n—2 + O2n—1 + O2n + O2n+1 +
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A2n+2, 02n—-2 + O2n-1 + O2n + A2n+1 + A2n+3, O2n—2 + O2n—1 + 020 + A2n+1, O2n-3 + O2n—2 +
O2n—1+02n+202n+1 +02n+2 +02n+3, O2n—3+02n—2 +02n—1 +2n +202n+1 + Ol2n+2, O2n—3 +
Oon—2+02n-1+02n+202n+1+02n+3, A2n—3+02n—2+02n—1+02n +202n+1, O2n—2+02n-1+
Oon +202n+1 + O2n+2 + O2n+3, O2n—2 + Olon—1 + O2n + 202n+1 + O2n+2, O2n—2 + O2n—1 + Olon +

202n+1 + O2n+3, O2n—2 + Oopn—1 + O2n + 202n+1}

cD()\n—l =+ 2)\n) = qu)(An—l) =

{a2n-3 + 02n-2 + A2n—1 + 2020 + 202n+1 + O2n+2 + O2n+3, O2n-3 + Ol2n—2 + O2n—1 + 20020 +
202n+1+02n+2, O2n—3+02n—2+02n-1+202n+2020+1+02n+3, O2n—3+02n—2+02n—1+2002n +
202n+1, O2n—2 + O2n—1 + 20020 + 202n+1 + Ol2n+2 + O2n+3, A2n—2 + Oon—1 + 2002 + 20020+1 +
O2n+2, O2n—2 + O2n-1 + 202n + 202n+1 + O2n+3, O2n—2 + O2n-1 + 202n + 202n+1, O2n—3 +
O2n—2 + O2n—1 + 202n + 202n+1 + O2n+2 + O2n+3, O2n—3 + Ol2n—2 + O2n—1 + 2020 + 202n+1 +
Oon+2,02n—3 + O2n—2 + O2n—1 + 20020 + 202n+1 + O2n+3, O2n—3 + O2n—2 + O2n—1 + 2002n +
202n+1,02n-2 + O2n—1 + 2020 + 202n+1 + O2n+2 + O2n+3, Olon—2 + O2n—1 + 20020 + 2002n+1 +
O2n+2,02n—2 + O2n-1 + 2020 + 202n+1 + O2n+3, O2n—2 + O2n—1 + 2020 + 202n+1, O2n—3 +
O2n—2 +202n-1+ 2020 + 202n+1 + A2n+2 + O2n+3, A2n—3 + O2n—2 + 202n-1 + 2020 + 202n+1 +
O2n+2, O2n—3 + O2n—2 + 202n—1 + 2020 + 202n+1 + O2n+3, Ol2n—3 + A2n—2 + 202n—1 + 2002 +
202n+1, O2n—2 + 20201 + 2020 + 202n+1 + O2n+2 + O2n+3, O2n—2 +202n—1 + 2020 + 2020 +1 +
O2n+2, O2n—2 + 202n—1 + 2020 + 202n+1 + O2n+3, O2n—2 + 202n-1 + 2020 + 202n+1, O2n—3 +
O2n—2 +202n-1+ 2020 + 202n+1 + O2n+2 + O2n+3, A2n—3 + O2n—2 + 202n-1 + 2020 + 20020 +1 +
O2n+2, O2n—3 + O2n—2 + 20201 + 2020 + 202n+1 + O2n+3, A2n—3 + Olon—2 + 202n-1 + 2020 +
202n+1,02n-2 +202n-1 + 2020 +202n+1 + O2n+2 + O2n+3, O2n—2 + 202n-1 + 2020 +2002n+1 +
O2n+2, O2n—2 + 202n-1 + 2020 + 202n+1 + O2n+3, O2n—2 + 202n—1 + 2020 + 202n+1}

Roots of length 3:

P(Ai—2 + Aj—1 + Aj) = Wj—oWi—1O(Aj) =

{a2i + A2it1 + 0242 + O2j+3 + Ojtq, O2i + 0241 + 0242 + O2j+3 + O2jta + O2j45, Ol2j—1 + O +
02j+1 + O2j+2 + O2j+3 + O2j+ag + A2j+5, O2j—1 + O2j + O2j+1 + Oj+2 + O2j+3 + O2j+4}

fori=1,---,n—3

P(An-2 + An-1 + An) = Wn2Wn—1P(An) =
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{02n-5+02n—4+2n—3+02n—2+02n—1+02n+02n+1+02n+2+02n+3, O2n—5+02n—4+02n-3+
O2n—2 +02n-1 +02n +0O2n+1 +02n+2, O2n—5 +02n—4 + O2n—-3 + 02n—2 + O2n-1 +02n +A2n+1 +
A2n+3, O2n—-5+02n—4 +A2n-3 + O2n-2 +O2n—1 +02n +O2n+1, OA2n-5 +O2n—4 +O2n-3 +C02n—2 +
Olon—1+02n+202n+1+02n+2 +02n+3, O2n—5+02n—4+02n—3+02n—2+02n—1 +0on +202n+1+
O2n+2,02n—5 + O2n—4 + O2n—3 + O2n—2 + O2n—1 + O2n + 202n+1 + O2n+3, O2n-5 + Ol2n—4 +
O2n-3+02n—2+02n-1+02n+202n+1, O2n—4 +02n—3+02n—2+02n-1+02n +02n+1+02n+2+
A2n+3, O2n—4 +02n—3 +02n—2 +02n-1 +02n +02n+1 +A2n+2, O2n—4 +Aon-3+02n—2+02n-1+
O2n +02n+1 + 02n+3, O2n—4 + A2n—3 + O2n—2 + O2n-1 + O2n + A2n+1, O2n—4 + O2n-3 + O2n-2 +
Oon-1 + O2n + 202n+1 + O2n+2 + O2n+3, O2n—4 + O2n—3 + A2n—2 + O2n—1 + O2n + 202n+1 +
Oon+2,02n—4 + O2n—3 + O2n—2 + O2n—1 + O2n + 202n+1 + O2n+3, O2n—4 + O2n—3 + A2n—2 +

Oon-1 + O2n + 2002n+1}

P(An—2 + An-1 + 2An) = Wn2WnR®(An-1) =

{a2n-5 + O2n-4 + O2n—3 + A2n—2 + A2n—1 + 20020 + 202n+1 + O2n+2 + O2n+3, O2n—5 + Olon—4 +
O2n—3+02n-2+02n-1+202n+202n+1+02n+2, O2n—5+02n—4+02n—3+02n—2+02n—1+2002n+
202n+1 + O2n+3, O2n—5 + O2n—4 + O2n—3 + Ol2n—2 + O2n—1 + 202n + 202n+1, O2n-5 + Ol2n—g +
O2n—3 + O2n—2 + O2n—1 + 202n + 202n+1 + Ol2n+2 + Ol2n+3, O2n—5 + O2n—4 + O2n—3 + O2n—2 +
O2n—1 + 202n + 202n+1 + O2n+2, O2n—5 + O2n—4 + O2n—3 + Ol2n—2 + O2n—1 + 2020 + 2002n+1 +
O2n+3, O2n—5+02n—4+02n—3+02n—2+02n-1+202n+202n+1, O2n-5+02n—4+02n—3+02n—2+
202n-1 +202n + 202n+1 + O2n+2 + O2n+3, O2n—5 + O2n—4 + O2n—-3 + Olon—2 + 202n-1 + 2020 +
202n+1 + O2n+2, O2n—5 + O2n—4 + O2n—3 + Olon—2 + 202n—1 + 2020 + 202n+1 + O2n+3, O2n—5 +
O2n—4 +02n-3 +02n—2 +202n-1 + 202 + 202n+1, O2n—5 + Ol2n—4 + Ol2n—3 + O2n—2 + 202n-1 +
202n + 202n+1 + O2n+2 + O2n+3, O2n-5 + Olgn—gq + O2n—3 + Ol2n—2 + 202n—1 + 2020 + 202n+1 +
O2n+2, O2n—5 + O2n—4 + O2n—3 + Ol2n—2 + 202n—1 + 20020 + 202n+1 + O2n+3, O2n—5 + O2n—4 +
O2n-3 + O2n—2 +202n-1 + 202n + 202n+1, O2n—4 + O2n—3 + O2n—2 + Ol2n—1 + 2020 + 202n+1 +
O2n+2+02n+3, O2n—4+02n—3+02n—2+02n-1+202n+202n+1+02n+2, O2n—4+02n—3+02n—2+
O2n—1 + 202n + 202n+1 + O2n+3, O2n—4 + O2n—3 + O2n—2 + O2n—1 + 2020 + 202n+1, O2n—4 +
O2n—3+02n—2+02n-1+202n+202n+1+02n+2+02n+3, O2n—4+02n-3+02n—2+02n-1+202n+
202n+1 + O2n+2, 02n—4 + O2n—3 + O2n—2 + Ol2n—1 + 2020 + 202n+1 + O2n+3, O2n—4 + O2n—3 +
O2n—2 + O2n—1 + 2020 + 202n+1, O2n—4 + O2n—3 + Ol2n—2 + 202n—1 + 2020 + 2002n+1 + Olon+2 +

Olon+3, O2n—4 + O2n—3 + O2n—2 + 20201 + 202n + 202n+1 + O2n+2, O2n—4 + Olon—3 + Olon—2 +
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203n—1 + 2020 + 202n+1 + O2n+3, O2n—4 + O2n—3 + Oon—2 + 203n—1 + 2021 + 202n+1, O2n—4 +
O2n—3+ 02n—2 +200n-1 + 2020 + 202n+1 + O2n+2 + O2n+3, Oon—4 + O2n—3 + O2n—2 +202n—1 +
2030 + 202n+1 + Oon+2, Oon—4 + O2n—3 + Oon—2 + 200n—1 + 2020 + 202n+1 + O2n+3, O2n—4 +

Oon-3 + Oon—2 + 202n-1 + 2002 + 202n+1}

O(An—2 + 2An-1 + 2An) = Wn-1WnWn—2®(An-1) =

{a2n-5+A2n—4+02n-3+202n—2 +202n-1+202n +202n+1 + O2n+2 + A2n+3, O2n—5+ Ol2n—4 +
Oon—3+202n—2+202n-1+202n +202n+1+02n+2, O2n—5 +02n—4+02n-3+202n—2+202n-1+
202n + 202n+1 + O2n+3, O2n—5 + O2n—4 + O2n—3 + 202n—2 + 202n-1 + 20020 + 2020 +1, O2n-5 +
O2n—4 +02n—3 +202n—2 +202n-1 +2002n +202n+1 + O2n+2 + O2n+3, O2n—5 + O2n—4 + O2n-3 +
202n—2+202n-1+202n +202n+1 +02n+2, O2n—5 + 02n—4 + O2n—3 +202n-2 +202n-1 + 2020 +
202n+1+02n+3, 02n-5 + 0O2n—4 + O2n-3 + 20202 + 202n—1 + 2020 + 202n+1, O2n-4 + O2n-3 +
202n—2+202n-1+202n +202n+1 + O2n+2 + O2n+3, O2n—4 + O2n—3 +202n-2 +202n-1 + 2000 +
202n+1 +02n+2, O2n—4 + O2n—3 + 202n—2 + 202n-1 + 2020 + 202n+1 + O2n+3, O2n—4 + O2n-3 +
202n-2+202n-1+202n +202n+1, O2n-4+02n-3+202n-2+202n-1+202n +202n+1+02n+2+
O2n+3, O2n—4 + O2n—3 +202n—2 + 202n—1 + 2021 +202n+1 + A2n+2, O2n—4 + O2n—3 + 20202 +
202n-1+202n +202n+1 + O2n+3, O2n—4 + O2n—3 + 202n—2 + 202n-1 + 2020 + 202n+1, O2n-5 +
O2n—4+202n-3+202n-2+202n-1+202n+202n+1+02n+2 +02n+3, O2n—5+02n—4+202n—3+
20n—2 + 202n-1 + 2020 + 202n+1 + O2n+2,02n—5 + O2n—4 + 202n—3 + 202n—2 + 202n—1 +
202n +202n+1 + 02n+3, O2n—5 + O2n—4 + 20203 + 202n—2 + 202n—1 + 2020 + 202n+1, O2n-5 +
O2n—4+202n-3+202n-2+202n-1+202n+202n+1+02n+2 +02n+3, O2n—5+02n—4+202n—3+
202n—2+200-1+202n +202n+1+02n+2, O2n-5+02n—4+202n-3+202n—2 +202n-1+202n +
202n+1+02n+3, O2n—5+02n—4+202n-3+202n-2+202n-1+202n +202n+1, O2n—4+202n-3+
202n-2+202n-1+202n +202n+1+02n+2 +02n+3, O2n—4+202n-3+202n—2+202n—1 +202n +
202n+1+02n+2, O2n—4+202n-3+202n-2+202n-1+202n +202n+1+02n+3, O2n—4+202n-3+
202n-2 + 202n-1 + 202n + 202n+1, O2n-4 + 202n-3 + 202n—2 + 202n-1 + 2020 + 202n+1 +
O2n+2 +02n+3, Oon—4 +202n-3 +202n-2 + 20201 + 20020 + 2020 +1 + O2n+2, O2n—4 + 20020 -3 +

200n—2+2002n-1+2020+202n+1+02n+3, O2n—4+202n-3+202n—2+202n-1+202n +202n+1}

Roots of length n:
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OAL+A2+ - - - +Ap) = W1Wa..Wr—1O(AR) =

{01 + 0o + ...+ 02n, 01 + 02+ ...+ 0on +U2n+1, 01 + A2 + ... + A2n + 2021+1,01 + 02 + ... +
O2n +02n+1 +02n+2+02n+3, 01 + 02 + ... +02n +202n+1 +O2n+2 + 02n+3, 01 + 02 +...+02n +
O2n+1+ O2n+2, 01 + 02 + ...+ Oon + 202n+1 + Olon+2, 01 + 02 + ... + O2n + Olon+1 + O2n+3, O +
O + ...+ 0on +202n+1 + O2n+3, 02 + A3 + ... + A2, 02 + A3 +... + 02 + Olon+1, O + O3 + ... +
O2n + 202n+1, 02 + A3 + ... + O2n + O2n+1 + O2n+2 + O2n+3, 02 + O3 + ... + O2n + 202n+1 +
O2n+2 + O2n+3,02 + O3 + ...+ Oon + Olon+1 + Ol2n+2, 02 + O3 + ... + O2n + 20(2n+1 + O2n+2, Ol2 +

O3 + ...+ 0O2n + Oon+1 + O2n+3, 02 + O3 + ... + O2n + 202n+1 + O2n+3}

OAL +A2 + - - - + Ap—1 + 2An) = WRWiW2..Wh—2P(An-1) =

{a1 +az+ ...+ dzn—g + A2n—3 + A2n—2 + O2n—1 + 2020 + 202n+1 + Ol2n+2 + Ol2n+3, A1 + 02 +
...+ 02n—4 + 02n—3 + O2n—2 + O2n-1 + 2020 + 202n+1 + O2n+2, 01 + 02 + ... + O2n—g + O2n—3 +
O2n—2 +02n-1+202n +202n0+1 +02n+3, 01 + 02 +...+02n—4+02n—3 +Ol2n—2 + Olon—1 + 2000 +
202n+1,01 + 02 + ...+ 0O2n—4 + 0O2n—3 + Oon—2 + Oon—1 + 2002 +202n+1 + O2n+2 + O2n+3, A1 +
Oz +...+02n-4+02n-3+02n—2+02n-1+202n +202n+1+02n+2, 01 +0O2+...+02n—4 +02n—3+
O2n—2 +02n-1+202n +202n0+1 +02n+3, 01 + 02 +...+02n—4+02n—3 +Ol2n—2 +Olon—1 + 2000 +
202n+1, 01 + 0 +...+ 02n—4 + O2n-3 + O2n—2 +202n—1 + 202 + 2020 +1 + A2n+2 + O2n+3, O +
O + ...+ Ozn—g + O2n—3 + Olon—2 + 20201 + 20020 + 202n+1 + O2n+2, 01 + 02 + ... + Olon—4 +
O2n—3 + O2n—2 + 202n—1 + 202n + 202n+1 + O2n+3, 01 + 02 + ... + O2n—4 + Ol2n—3 + O2n—2 +
202n-1 + 2020 +202n+1, 01 + 02 + ... + O2n—g4 + O2n—3 + Ol2n—2 + 202n—1 + 2020 + 2002n+1 +
O2n+2 + 02n+3, 01 + 02 + ... + O2n—4 + O2n—3 + Ol2n—2 + 202n—1 + 20020 + 202n+1 + Ol2n+2, 01 +
Oz + ...+ Ozn—g4 + O2n—3 + O2n—2 + 202n-1 + 2020 + 202n+1 + O2n+3, 01 + 02 + ... + O2n—g +
O2n—3 + O2n-2 +202n-1 + 2020 + 202n+1, 02 + ... + O2n—4 + O2n—3 + O2n—2 + Ol2n—1 + 202K +
202n+1+02n+2+02n+3, 02 +...+02n—4+02n—3+02n—2+02n-1+202n +202n+1 +02n+2, 02 +
.. +02n—4+02n-—3+02n-2+02n-1+202n +202n+1+02n+3, 02+ ... +02n—4 +02n—3+02n—2+
O2n—1 + 202n + 202n+1, 02 + ... + Ol2n—4 + O2n—-3 + O2n—2 + O2n—1 + 2020 + 202n+1 + Olon+2 +
O2n+3, 02 + ... + O2n—g + Ol2n—3 + Ol2n—2 + Ol2n—1 + 20020 + 202n+1 + Ol2n+2, 02 + ... + Olon—g +
Oon—3 + On—2 + O2n—1 + 20000 + 202n+1 + O2n+3, 02 + ... + Olon—4 + Oon—3 + Opn—2 + A2n-1 +
2020 +202n0+1, O2+...+02n—4+02n-3+02n—2+202n-1+202n +202n0+1+02n+2 +02n+3, 02 +

... ¥ O2n—4 + O2n—3 + A2n—2 + 200201 + 20020 + 20(2n+1 + Ol2n+2, 02 + ... + Ol2n—g4 + Olon—3 +
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Ozn—2 +202n-1 + 2020 + 202n+1 + O2n+3, 02 +... + O2n—4 + Olon—3 + O2n—2 + 202n—1 + 2020 +
20on+1, 02 + ...+ Oon—4 + O2n—3 + Oon—2 + 202n—1 + 20020 + 2020 +1 + O2n+2 + A2n+3, 02 + ... +
Oon—4 + O2n—3 + O2n—2 +20n—1 + 20000 +200n+1 + A2n+2, 02 +... + A2n—4 + O2n—3 + Olon—2 +

20on-1+202n +202n0+1 + O2n+3, A2 +... + O2n—4 + O2n—3 + O2n—2 + 20201 + 2020 +202n+1}

(D()\l + 2)\2 + -+ 2)\n—1 =+ 2)\n) = W2W3...Wn_1WnW1W2...Wn_zq)()\n_l) =
{a1 + a2 + Az + 204 + 205 + ... + 202n+1 + A2n+2 + A2n+3, 01 + 02 + A3 + 204 + 205 + ... +
20n+1 + Oon+2,01 + 02 + 03+ 204 + 205 +... + 202n+1 + O2n+3, A1 + A + 203 + 204 + 205 +
... ¥ 202n+1 + O2n+2 + O2n+3, 01 + A2 + 203 + 204 + 205 + ... + 202n+1 + A2n+2, 01 + 02 +

203 + 204 + 205 + ... + 202n+1 + O2n+3}

6.4.4 Type D3,

1 n—2 n—
{ O @ - --O {
my, =4fori=1,--- ,n—landm,, =1
D(Ai) = {0z, Azi—1 + Oj, Oj + Oj+1, Opj—1 + Opj + Opj+1} fori=1,--- , n—1

®(An) = {azn}

®(a)* is of type C, and is computed as follows:

Roots of length 2:

DA + Aj+1) = Wi+1P(A)) =

{a2i + A2j+1 + A2j+2, Ol2j—1 + Oj + Ol2j+1 + O2j+2, O2j + Ooj+1 + O2j+2 + A2j+3, O2j—1 + Ol +

Oj+1 + Oj+p + Opj3} fori=1,--- ,Nn—-2

q)(An—l + An) = qu:)()\n—]_) =

{0on—2 + A2n, O2n+3 + O2n—2 + Ol2n, O2n—2 + Oon—1 + O2p, O2n+3 + O2n—2 + O2n—1 + O2n}

P(2An-1 + An) = Wn-1P(An) = {02n+3 + 202n-2 + A2n-1 + O2n}
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Roots of length 3:

DA; + Ajr1 + Aj+2) = WioWi+1P(A)) =

{0 + Agj+1 + O2j+2 + A2j+3 + O2j+4, O2j—1 + Oloj + O2j+1 + O2j+2 + O2j+3 + O2j+g, O2j + Oloj+1 +
Qj+2 + A2j+3 + O2j+4 + O2j+5, Opj—1 + Oj + O2j+1 + Opj+2 + O2j+3 + A2j+g + Ooj+s} fOr i =

1,...’n—3

P(An-2 +An—1+ An) = WaWn-1P(An-2) =

{0on+4+A2n+3+02n—2 + Oon, O2n+5 + Oon+4 + Oon+3 + O2n—2 + O2n, O2n+4 + O2n+3 + Olon—2 +

Oon-1 + O2n, O2n+5 + O2n+4 + O2n+3 + Oon—2 + O2n—1 + O2n}

P(An—2 +2An-1 + Ap) = Wn-1WnWn-1P(An-2) =

{0on+4+02n+3+202n-2+02n-1+A2n, O2n+5+02n+4+02n+3+2020—2+02n—1+0on, O2n+a+

202n+3 + 20on—2 + O2n-1 + O2n, O2n+5 + Oon+a + 202n+3 + 200n—2 + O2n—1 + Ol2n}

®(2An—2 +2An-1 + An) = Wn—2Wn-1P(An) =

{Ad2n+5 + 202n+4 + 202n+3 + 202n—2 + A2n—1 + O2n}

Roots of length n:

OAL+ A2+ -+ Aq—1+An) = WnpWnp—1 - - - WaP(A1) =

{a1+---+0on—2+0d2n, 02+ - --+02n—2+02n, A1+ - - - +02n—2 +02n—1 +002n, 002+ -- -+

O2n-2 + O2n-1 + Oon}

O(AL+ -+ -+ Apn—2 +2An—1 + Ap) = W aWRWh_1Wnp—2.. W2 ® (A1) =
{ag + - - -+ 200n-2 + O2n—1 + O2n, 02 + - - - + 20202 + Oon—1 + O2n, 01 + - - - + 202n0+3 +
20pn—2 + Opn—1 + O2n, 02 + - - - + 202n+3 + 202n—2 + O2n—1 + O2n}
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CD(Z}\]_ + -+ 2An-1 + )\n) =Wjq--- Wn_zwn_lq)()\n) =

{ag +2az + - - - + 20p+m-2 + Op+m—-1 + Ap+m}

6.45 Type D&,

[y

p
o—O—e  -O—e -

my, =4fori=1,---,p—1and my, =2(m+1)

Remark 22. n=p+m

P(Aj) = {0, 0j—1 + O2j, O2j + O2j+1, O2j—1 + O2j + Oj+1},i=1,--- ,p—1

D(Ap) ={azp, O2p +02p+1, - - - ,O2p+0op+1+- - - +02p+m—1, O2p +0lop+1+- - - +0op+m—2+
O2p+m; O2p + O2p+1 + - - - + A2p+m—-2 + O2p+m—-1 + O2p+m, O2p + O2p+1 + - - - + O2p+m-3 +
202p+m-2+02p+m—1+02p+m, - - * , O2p +202p+1+ - - - +202p+m—3 +202p+m—2 + Ol2p+m-1+
A2p+m; A2p—1+ A2p, O2p—1 +02p + A2p+1, - -+ ,02p—1 +02p +A2p+1+ - - - +U2p+m—1, O2p—1+
Cop + O2p+1 + - - - + O2p+m—2 + O2p+m, O2p—1 + O2p + O2p+1 + - - - + A2p+m—-2 + A2p+m-1 +
Ol2p+m, Ol2p—1 + O2p + Olop+1 + - - - + O2p+m—3 + 202p+m—2 + A2p+m—-1 + A2p+m, - - - ,Ozp—1 +
Opp + 202p+1 + - - - + 202p+m—-3 + 202p+m—2 + O2p+m—-1 + O2p+m}

®(a)* is of type Bp and is computed as follows:

Roots of length 2:

P(Ai—1 + Aj) = Wi—1®(Aj) =

{02j—1 + A2 +A2j+1 +02j+2 +U2j+3, O2j—1 +02j +02j+1 +02j+2, O2j+02j+1 +02j+2 +02j+3, O2j+

Opj+1 + Qpj4p}fori=1,--- ,p—2

O(Ap-1+Ap) =Wp_1P(Ap) =

{aop—2+Azp-1+A2p, Oop—2 + Cop—1+0lop + Cop+1, -+ - ,O2p—2+0pp—1+0op+0op+1+---+
An-1,02p—2 + O2p—-1 + O2p + Oop+1 + - - -+ An—2 + Up, O2p—2 + A2p—1 + O2p + O2p+1 + - - - +
Onp—2+0n—1+0n, O2p—2+02p—1+0op +02p+1+- - - +Un—3+20n—2+0n-—1+0n, - - - ,0zp—2+

O2p—1+02p+202p+1+- - - + 20n—3 +20n—2 +An—1 + AR O2p—3 +A2p—2 +02p—1+02p, Olop—3+
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Q2p—2 +02p—1+02p +U2p+1, - -+, 02p—3F+A2p—2+0A2p—1+02p +0A2p+1+ - - -+ 0AUn-1,02p-3+
O2p—2 + O2p—1 + A2p + Oop+1 + - - - + Ap—2 + An, A2p-3 + A2p—2 + A2p—1 + O2p + O2p+1 +
- -+ 0p-—2+0np-1+0n,O2p—3 +02p—2+02p—1+02p+02p+1+ - - - +0An-3+20n—2+An-1 +

On, -+ ,02p-3+ O2p—2 + Qzp—1 + Olop + 202p+1 + - - - + 20n-3 +20n-2 + Op—1 + An}

{aop—3+ Oop—2 + Opp—1 +202p + 202p+1 + - - - +20n—2 + An—1 + Op, A2p—2 + Oop—1 + 200p +
20p+1+ - - - +20n—2 + Ap—1 + An, O2p—3 + O2p—2 + 202p—1 + 2002 + 202p+1 + - - - + 20— +
Op-1+ Op, O2p—2 + 202p—1 + 202p + 202p+1 + - - - + 20p—2 + Op—1 + An}

Roots of length 3:

P(Ai—2 + Ai—1 + Ai) = Wi2Wi—1P(Aj) =

{a2i + A2it1 + 0242 + O2js3 + O2jtg, 02 + O2j41 + Ol2j42 + O2j+3 + A2jta + O2j45, Ol2j—1 + Ooj +
O2j+1 + O2j+2 + O2j+3 + O2j+q + O2j+5, O2j—1 + Oj + O2j+1 + Oj+2 + O2j+3 + Ooj+g} TOr i =

1,...,p—3

P(Ap—2 + Ap—1 + Ap) = WpoWp_1P(Ap) =

{02p—4+0op—3+0op—2+02p—1+02p, Oop—4+0op—3+0op—2+0op—1+02p+02p+1, - -+, Olop—a+
Q2p—3+02p—2+02p—1+02p+02p+1+- - - +An-1, A2p—4+0A2p-3+A2p—2+02p—1+02p+0A2p+1+
s+ +0An-2+0np, O2p—4+02p-—3+02p—2+02p—1+02p+0A2p+1+:- - - +An—2+0An—-1+0An, O2p—g+
Ol2p—3+Op—2+0op—1+0p+02p+1+- - -+ 0n—3+20n—2+0Un-1+0pn, - - - ,02p—4+0op-3+
Olop—2 + Olop—1 + Olgp + 202p+1 + - -+ + 20n—3 +20p—2 + On—1 + Op, O2p—5 + A2p—4 + O2p—3 +
Oop—2 + O2p-1 + O2p, O2p—5 + O2p—g4 + A2p-3 + O2p—2 + O2p-1 + A2p + O2p+1, -+ * ,02p-—5 +
O2p—4 + O2p-3 + O2p—2 +02p—1 +O2p +O2p+1 + - - - + An—1, O2p—5 + O2p—4 + O2p-3 +U2p-—2 +
O2p-1+02p +02p+1+- - - +AOn—2+An, A2p—5+0A2p—4 +02p—3+02p—2+A2p-1+0A2p + A2p+1 +
s+ Apn-2+Ap-1+0An,d2p-5+02p—4+02p—3 +02p—2+0A2p-1 +02p +02p+1+ -+ - +0AAn-3+
20n-2 + Op—1 + Op, - - - ,02p—5 + Ogp—gq + Oop—3 + O2p—2 + O2p—1 + Olgp + 2002p+1 + - - - +

20n-3 +20p—2 + Ap-1 + An}

O(Ap—2 + Ap-1 + 2Ap) = WpWp—2P(Ap-1) =
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{0op—5+Azp—4 + Oop—3 +A2p—2 + Olop—1 +202p + 202p+1 + - - - +20—2 + An—1 + Op, Op—5 +
Olop—4 + Olop—3 + Oop—2 +202p—1 +202p +202p+1+ - - - +20n—2 +Un—1 + Ap, Op—4 + Olop—3 +
Olop—2 + Olop—1 +20p +202p+1 + - - - +20np—2 +On—1 + Ap, Ozp—g + Olzp—3 + Olop—2 + 20p—1 +

200p +20p+1 + - - - + 20n—2 + Op—1 + An}

{aop—5+azp—4+02p—3+202p-—2+202p-1+202p +202p+1+- - - +20n—2+An—1+0An, O2p—4+
Olop—3+20p—2 +20p—1 +200p +202p+1+- - - +20n—2 +0n—1+0p, Ozp—5+0op—4+200p-3+
200p—2 + 202p—1 + 2002p + 202p+1 + * - - + 20p—2 + Ap—1 + Ap, O2p—4 + 202p—3 + 2002p—2 +

200p-1 + 2000p + 2002p+1 + - - - + 20n—2 + On—-1 + An}

Roots of length p

OAL+Ap+ - - -+ )\p) = W1W2...Wp_1¢(}\p) =

{ai+az+az+...+0pp—2+0op—1+002p, A1 +A2+A3+...02p—2 +02p—1+02p +0lop+1, - - - , A1+
a2 +a3+...02p—2+0pp—1 +02p +02p+1+: - -+ 0An-1,01 +02 + A3 +...02p—2 + 02p—1 +02p +
Cop+1+ - -+ 0Apn—2+0Anp, A +A2 + A3 +...02p—2+02zp—1 +0op +A2p+1+---+Apn—2+An-1+
Op, 01+ 02 +03+...00p—2 +0op—1 +0zp +Oop+1+- - - +An—3+20n—2+0n-1+0n, - - - , 01+
O+ 03+ ..0p—2 + Ogp—1 +Op +202p+1 + - - - + 2An—3 +2An—2 + An—1 + An 01 + A2 + A3 +
...02p-3+02p—2+02p—1+02p, A1 +A2+A3+...02p—3+02p—2+U2p—1 +02p +02p+1, - - - , A1+
a2 + a3z + ...02p—3 + O2p—2 + O2p-1 + A2p + A2p+1 + - - - + An—1,01 + 02 + A3 + ...02p-3 +
Oop—2+02p—1+02p +02p+1+- - -+ An—2+0Anp, A1 +02 +A3+...02p—-3 +O2p—2 +02p—1 +02p +
Cop+1+---+0Un—2+0An-1+0n, A1 +O2 +A3+...02p—3 +02p—2+0U2p—1 +0p +02p+1 + - - -+
On—3+20p—2+0p—1+0pn, - - -, 01 +02+03+...00p—3+2p—2 +0pp—1+0p+20p+1+- - - +
20n—3 +20n—2 + Op—1 + Ox02 + O3 + ... + O2p—2 + O2p—1 +O2p, 02 + O3 +...0pp—2 + O2p—1 +
Q2p +O2p+1,- -+, 02+ A3 +...02p—2 +A2p—1 +A2p + A2p+1+ - - - +Un—1,02 + A3 +...02p—2 +
O2p-1 + O2p + O2p+1 + - - - + An—2 + Ap, A2 + A3 + ...02p—2 + A2p—1 + O2p + O2p+1 + - - - +
Op—2 + 0p—1 + 0n, 02 + A3 +...0pp—2 + Opp—1 + Olpp + Opp+1 + - - - + Op—3 + 20n—2 + Op—1 +
Op, -+ ,02+03+..02p—2+0Oop—1 +A2p +202p+1 + - - - + 20n—3 +20n—2 + Ap—1 + A 02 +

a3z +...02p—3+02p—2+02p—1+02p, A2+ A3 +...02p-3+02p—2+A2p—1+02p +02p+1, - - - , 02+
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az+...02p-3+02p—2+02p—1+02p +O2p+1+- - -+ Un-1, 02+ A3 +...02p-3 +02p—2+02p—1+
Oop +02p+1+ - - - +0n—2+0An, 02+ O3 +...02p—3+02p—2+A2p-1 +02p +02p+1+- - - +An-—2+
Op—1 +0Ap, 02 + 03+ ...0pp—3 + Opp—2 + Opp—1 + Opp + Opp+1 + - - - + 0p—3 +20n—2 + Op—1 +

Qp, - -+ ,02+03+...0pp—3+0pp—2+0op—1+0op+20p+1+- - - + 20n-3 +20n—2+0An—1+An}

DAL+ A2+ - -+ Ap—1 +2Ap) = WpW1Wa.. . Wp—2P(Ap-1) =

{a1+az+az+...+0zp—3+ Ozp—2 + Ozp—1 +202p +202p+1 + - - - +20p—2 + Ap—1 +Ap, O +
O + a3z + ...+ Ozp—3 + Opp—2 + 202p—1 + 2000p + 202p+1 + - - - + 20n—2 + Opn—1 + Ap, 02 +
a3 + ...+ 02p-3+U2p—2 +02p-1+ 202,3 + 202p+1 +---+20p-—2 +0pn-1+0An, 02 +03 + ... +

Opp-3 + Oop—2 + 202p—1 + 202p + 202p+1 + - - - + 20n—2 + Opn—1 + An}

O(AL +2N2 + - - - + 2}\p_1 + 2)\p) = W2W3...Wp_1WpW1W2...Wp_2¢‘(7\p_1) =

{a1+azx+az+204 + 205 + ... + 200p—3 + 2002p—2 + 202p-1 + 202p + 202p+1 + - - - +20n—2 +
Onp-—1 + Op, 01 + 0z + 203 + 204 + ... + 202p—3 + 2002p—2 + 200p—1 + 202p + 200p+1 + - - - +
20n—2 + Op—1 + Op, A1 + 202 + O3 + 204 + 205 + ... + 202p-3 + 202p—2 + 202p—1 + 202p +
20p+1+ - - - +20n—2 + Op—1 + n, 201 + 202 + 203 + 204 + ... + 20p—3 + 202p—2 + 2002p—1 +

200p +202p+1 + - - - +20n—2 + Op—1 + On, }

6.4.6 Type 2DS),

n—1
1
O—O0—0 -0 r—
n
my, =1fori=1,--- ,n—landm,, =2
®(A) ={aj},i=1,2,--- ,n—-1

®(An) ={an, An+1}
®(a)* is of type B, and is computed as follows:

Roots of length 2:

(D()\i—l +)\i) = Wi—lq)()\i) = {Gi + Gi+1} fori=1,--- ., n—1
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P(An-1+An) =Wn-1P(An) ={0n-1 +An,0n-1 + An+1}

®(An-1 +2An) = Wn®(An-1) = {An-1 + An + An+1}

Roots of length 3:

O(Ai—2 + Aji—1 + Aj) = Wi—2Wi—1P(Aj) = {dj + Aj+1 + Ajp} fori=1,--- ,n—3
DP(An—2 +An—1+ An) = Wn—2Wn-1P(An) = {0n-2 + On—1 + An, On—2 + On—1 + An+1}
P(An—2 + An-1 + 2An) = Wn2W|P(An-1) = {An-2 + On-1 + On + An+1}

P(An—2 + 2An-1 + 2An) = Wn-1WWn—2®P(An-1) = {0n-2 + 20n-1 + On + On+1}

Roots of length n:

PAL+ A2+ - - +An) = W1W2..Wn-1®(An) =
{a;+02+...+Apn-1 +An, 01 + 02 + ... + Op—1 + Op+1}
O(AL+ A2+ - - - +2An) = WRWiW2o..Wh—2O(An — 1) =
{a1+02 +...+Ap-1 +0p + An+1}
O(AL + 22 + - - - + 2A\n) = WoW3..WH—1WRW1W2..Wr—1P(An-1) =
{a; +2a, + 203 + ... + 20n-1 + Op + Ap+1}
O2A1L + 2N + - - - + 2Apn) = WIWoW3...Wr_1WRW1W2..Wnh_1P(An-1) =

{201 + 203 + 203 + ... + 20n—1 + O + Ap+1}
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6.4.7 Type 2D$,

m;\i:1fori=1,---,p—landm)\p:m+1

Remark 23. n=p+m

o) ={qa;},i=1,2,--- ,p—1
®(Ap) ={dp,Ap + Ap+1,0p + Op+1 + - - - + Ap—2 + On—1,xp + Op+1 + - - - + Op—2 + AR +
Op+1+ -+ +0n—2 +0n-1 +0n}

®(a)* is of type Bp and is computed as follows:

Roots of length 2:

OAi—1 + Aj) =Wi—1P(Aj) ={aj_1 +aj}fori=2,--- ,p—1
P(Ap-1+Ap) =Wp-1P(Ap) =

{0p-1 +ap,dp—1 +0p +Ap+1,- -+ ,0p—1 +Op + Ap+1 + - - - + Op+m—1,xp—1 + Ap + Ap+1 +
s+ Op+m-2 ¥ Op+m, Op-1 + Op + Ap+1 + - - - + Op+m-2 + Op+m—-1 + Ap+m, Ap-1 + Ap +
Op+1+ - -+ 0p+m-3+20p+m-2 +Op+m—-1+Op+m,- - - ,0p—1+0p+20p+1+- - - + 20p+m-3

+20p+m-2 + Op+m—-1 + Op+m}

O(Ap-1 +2Ap) = WpP(Ap-1) ={0p-1 +20p + - - - + 20p+m—2 + Op+m—-1 + Op+m}

Roots of length 3:

q)(}\i_z +Aj—1 + )\i) = Wi_2Wi_1CD()\i) = {Gi_g + dj—1 + Gi} fori=3,---, p—1
P(Ap—2 + Ap—1 + Ap) = Wp_oWp—1P(Ap) =

{dp—2+dp-1+0p,0p—2+0p—1+Ap+0p+1,- -+ ,0p—2+Ap—1+0Ap +0p+1+ - - -+ 0p+m-—1,
Op—2+0p—1+0p +0p+1+ - -+ 0p+rm-2+Op+m, OAp—2+0p—1 +Op +Ap+1+ - - -+ Ap+m-2+

Op+m—1+0p+m,Op—2 +0p—1 +0p +Op+1+ - - - +Op+rm-3 + 20p+m—2 + Op+m—1+Op+m, - - -,
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Op—2 + Op—1 + Op + 20p+1 + - - - + 20p+m—-3 + 20p+m-2 + Op+m—-1 + Ap+m}

{ap—2 + 0p-1 +20p + - - - + 2Ap+m—2 + Op+m-1 + Op+m}
P(Ap—2 + 2Ap—1 + 2Ap) = Wp_1WpWp_2P(Ap—_1) =

{dp-2 +20p-1 +20p + - - - + 20p+m-2 + Op+m-1 + Op+m}

Roots of length p:

PAL+ A2+ - - - +7\p) = W1W2...Wp—1¢()\p) =

{CX1+CX2+---+CXp,CX;|_+C12+---+Gp+dp+1,--- ,O(1+O(2+---+O(p+---+0(p+m—2,
O1+0p+-+++0p+-+++0p+m-2 + Op+m—1,01 + 02+ - - - +0p + - - - + Ap+m—2 + Op+m,
1 +0z+---+0p+---+0p+m-2+Op+m—1+p+m, 01 +02+---+Adp+---+20p+m-2+
Op+m-1+ Op+m, - - -, 01+ 02+ - - - +0p +20p+1 + - - - + 20p+m-2 + Op+rm—-1 + Op+m}

OAL+ A2+ -+ -+ Ap—1 + 2Ap) = WpW1Wo..Wp2®(Ap — 1) =

{ag+az+---+20p +---+20p+m-2 + Op+m-1 + Op+m}

DAL+ 2A2 + - - - +2Ap—1 + 2Ap) = W1W2..Wp—1WpWI1W2..Wp2®(Ap — 1) =

{cxl + 2000 + - - -+ 2C1p + -+ 2CXp+m—2 + dp+m-1 + Gp+m}

6.4.8 Type 2D$2,,

1 n—1 n
o O o O —e r
my, =4fori=1,---,n—1land m,, =8
®(A;) = {aj, Oi—1 + Oj, Ooj + Opj+1, Oloj—1 + Oj + Oj+1},1=1,2,--- ,n—1
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®(An) = {a2n, O2n—1 + O2n, O2n + O2n+1, O2n + O2n+2, O2n—1 + O2n + O2n+1, O2n—1 + O2n +
O2n+2, Oon + O2n+1 + O2n+2, O2n—1 + Oon + O2n+1 + O2n+2}
®(a)* is of type B, and is computed as follows:

Roots of length 2:

P(Aj—1 + Aj)) =Wj—10(A)) =

{02j—1+a2i +A2j+1 + 0242+ U2j+3, O2j—1 +02j +02j+1 +U2j+2, O2j+02j+1 +02j+2 +U2j+3, O+

Ogj+1 + Ojsp} fori=2,--- , n—-1

(D(An—l + An) = Wn—lq)()\n) =

{aon—3+0a2n-2+02n-1+0on + A2n+1, O2n—3+ 02n—2 + O2n—1 + O2n + O2n+2, O2n—3 + Olon—2 +

Olon—1+02n, O2n—2+02n—1+0on+02n+1, O2n—2 +0on—1+0on +02n+2, Oon—2 +0on—1+02n}

®(An-1 +2An) = WnP(An-1) =

{a2n-3 + O2n—2 + O2n—1 + 202n + O2n+1, O2n—3 + O2n—2 + O2n—1 + 2020 + Ol2n+2, O2n-3 +
Oon—2 +02n—1+202n, Oon—2 + O2n—1 + 202 + O2n+1, A2n—2 + O2n—1 + 2020 + Ol2n+2, O2n—2 +
O2n-1 + 2002n, O2n—3 + O2n—2 + 202n-1 + 2020 + O2n+1, O2n—3 + O2n—2 + 20201 + 202 +
O2n+2,02n—3 + O2n—2 + 202n-1 + 2020, O2n—2 + 20201 + 202 + O2n+1, O2n—2 + 20201 +
202n + O2n+2, O2n—2 + 202n-1 + 202n}

Roots of length 3:

P(Ai—2 + Aj—1 + Aj) = WjoWi—1O(Aj) =

{aj + O2j+1 + O2j42 + O2i43 + O2j+4, O2i + O2j+1 + O2j+2 + O2j+3 + O2j+4 + O2j+5, O2j—1 + O2j +
Qj+1 + Q2j+2 + O2j+3 + Ol2j+g + O2j+5, Opj—1 + O2j + Opj+1 + Oj+p + A2j+3 + Opjg) fOri =

3,---,n—1

O(An—2 +An-1+An) = Wn2Wn-1P(An) =

{aon-5+02n—4+02n—3+02n—2+0A2n-1+02n+02n+1, A2n—5+A2n—4+02n-3+02n—2+02n-1+

O2n + O2n+2, O2n—5 + O2n—4 + 02n-3 + O2n—2 + A2n—-1 + 02N, O2n—4 + O2n-3 + O2n—2 + O2n-1 +
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Oon+02n+1, O2n—4+02n—3+02n—2+02n—1+02n+02n+2, O2n—4+02n—3+02n—2+0on-1+02n}

P(An—2 + An-1 + 2An) = WnWn2®P(An-1) =

{a2n—5 + d2n—4 + A2n—3 + O2n—2 + O2n—1 + 202n + Ol2n+1, A2n—5 + O2n—4 + O2n—3 + Ol2n—2 +
O2n—1 + 2020 + O2n+2, A2n-5 + O2n—4 + O2n-3 + O2n—2 + O2n-1 + 2020, O2n—5 + O2n—g +
O2n-3 + O2n—2 + 202n-1 + 202n + A2n+1, O2n-5 + O2n—4 + O2n-3 + O2n—2 + 202n—1 + 2002n +
O2n+2,02n—5 + O2n—4 + O2n—3 + O2n—2 + 202n—1 + 202n, Ol2n—4 + O2n—3 + O2n—2 + Oon—1 +
2020 +02n+1, O2n-4+02n-3+02n—2+02n-1+202n +02n+2, O2n-4+02n-3+02n—2+02n-1+
202n,02n-4 + O2n-3 + O2n—2 + 202n—1 + 2020 + O2n+1, O2n—4 + O2n—3 + Olon—2 + 200201 +

20on + O2n+2, O2n—4 + O2n—3 + O2n—2 + 202n—1 + 2020}

O(An-—2 + 2An-1 + 2An) = Wn-1WnWn—2®(An-1) =

{a2n-5+0a2n—4 +02n-3+202n—2 +202n-1 + 2021 + O2n+1, O2n-5 + A2n—g4 + O2n—3 + 202n—2 +
202n-1 + 202n + O2n+2, O2n—5 + O2n—4 + O2n—3 + 202n—2 + 202n-1 + 202n, O2n—4 + O2n—3 +
202n-2 +202n-1 + 2020 + O2n+1, O2n—4 + O2n—3 + 202n—2 + 202n—1 + 20020 + O2n+2, O2n—4 +
O2n—3 + 202n—2 + 202n-1 + 202n, O2n—5 + O2n—g + 202n—3 + 202n—2 + 202n—1 + 20020 +
O2n+1, O2n—5 + 0O2n—4 +202n-3 + 202n—2 + 202n-1 + 2020 + A2n+2, O2n—5 + O2n—4 + 20203 +
202n-2+202n-1+202n, O2n-4+202n-3+202n—2 +202n-1 + 2020 +02n+1, O2n—4 + 20203 +

20on—2 + 203n-1 + 2020 + O2n+2, 02n—4 + 202n-3 + 202n—2 + 202n—1 + 20020}

Roots of length n:

OAL+A2+ - - - +Ap) = W1Wa2..Wr—1O(AR) =

{a1+az+...+0a2n-5 +02n—4 + O2n—3 + O2n—2 + O2n—1 + O2n + O2n+1, 01 + 02 + ... + O2n—5 +
O2n—4 +O2n-3 +02n—2 + 0O2n-1 +02n +02n+2, A1 + 02 +... +02n-5 +0O2n—4 + O2n—3 + O2n-—2 +
O2n-1+02n, 02 + O3 +... + Aon—5 + A2n—4 + O2n-3 + A2n—2 + A2n—1 + O2n + A2n+1, 02 + A3 +
... ¥ O2n—5 + O2n—4 + O2n-3 + O2n—2 + O2n-1 + O2n + O2n+2, 02 + O3 + ... + O2n—5 + A2n—4 +

Oon—3 + Ozn—2 + O2n—1 + Ol2n}

OAL +A2 + - - - + Ap—1 + 2AR) = WRWiW2..Wh—2P(An—1) =
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{a1+0p+...+A2n—5+ Oon—4 + O2n—3 + O2n—2 + A2n—1 + 2020 + A2n+1, A1 + 02 + ... + O2n—5 +
O2n—4+02n—3+02n—2+02n—1+202n +02n+2, A1 + 02 +... +02n—5 +02n—4 +O2n—3 +02n—2 +
O2n—1+202n, 01 +02 +...+02n—5 +02n—4 +02n-3+02n—2+202n-1+202n +02n+1, 01 +0O2 +
... +02n—5 + O2n—4 + O2n—3 + O2n—2 +202n-1 + 2020 + O2n+2, 01 + 02 + ... + O2n—5 + O2n—4 +
O2n-3 + O2n—2 + 202n—1 + 2020, 02 + O3 + ... + O2n—5 + O2n—4 + O2n—3 + O2n—2 + O2n-1 +
2020 + O2n+1,02 + A3 + ... + Oon—5 + O2n—g4 + O2n—3 + O2n—2 + O2n—1 + 2020 + O2n+2, 02 +
O3 + ...+ Oon—5 + O2n—4 + O2n—3 + O2n—2 + O2n—1 + 2002, 02 + O3 + ... + O2n—5 + Olon—4 +
O2n-3 + O2n—2 + 202n—1 + 2020 + O2n+1,02 + O3 + ... + O2n—5 + O2n—g + Oon—3 + O2n—2 +

20on-1 + 202n + O2n+2,02 + A3 + ... + Opn—5 + O2n—4 + Oon—3 + O2n—2 + 202n—1 + 2002n}

O(AL+2A2 + - - - + 21 + 2An) = WoW3..WnH—1WRW1W2..Wr—2®(Apn—1 =

{a1 +az + Az + 204 + 205 + ... + 202n-5 + 202n—4 + 202n-3 + 202n—2 + 202n-1 + 202 +
Oon+1, 01 + O + A3 + 204 + 205 + ... + 20on-5 + 20204 + 202n—3 + 202n—2 + 200n-1 +
20on +O2n+2, 01 + 02 + A3+ 204 + 205 + ... + 2027n-5 + 2027n—-4 + 2027n-3 + 2027n—2 + 2021—-1 +
202001 + 02 + 203 + 204 + 205 + ... + 205n—5 + 202n—4 + 205n—3 + 202n—2 + 20on—1 + 2001 +
O2n+1, 01 +02 +203+ 204 +205+...+202n-5 +202n—4 + 20273 + 202n-2 + 20211 + 202 +

Oon+2, 01 + 02 +203+ 204 + 205 +...+ 202n-5 + 202n—4 + 20203 + 202n—2 + 202n—1 + 2021 }

6.49 Type 2D, ,,

1 n—1
e—O—@ O r—

my, =4fori=1,--- ,n—land my, =5

®(Ai) = {0, Ozj—1 + O2j, Agj + Oj+1, Olpj—1 + Olpj + Ogj+1} fori=1,--- , n—1

®(An) ={02n, O2n+1, O2n—1 + O2n, O2n-1 + O2n+1} P(2An) = {02n-1 + O2n + O2n+1}
®(a)* is of type B, and is computed as follows:
Roots of length 2:

PAji—1 + Aj) = Wji—10(A) =
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{a2i—2 + Ozj—1 + Aj, O2j—3 + A2j—2 + Olj—1 + O2j, Ol2j—2 + O2j—1 + A2j + A2j+1, O2j—3 + Oloj—2 +

Ozj—1 + Ogj + Ogj+1} fori=2,--- , n—-1

(D(An—l + An) = Wn—lq:)()\n) =

{aon—2 + O2n-1 + O2n, O2n—2 + A2n-1 + A2n+1, A2n+3 + A2n—2 + Oon—1 + Olon, O2n+3 + O2n—2 +

Oon-1 + Oon+1}

P(An-1 +2An) = WnP(An-1) =

{aon—2 +02n—1 +02n + O2n+1, Oon—2 + 202n-1 + O2n + O2n+1, O2n+3 + O2n—2 + Olon—1 + Olon +
Oon+1, 02n+3 + Olon—2 + 202n—1 + Olon + Ol2n+1}

Roots of length 3:

DAj—2 + Aj—1 + Aj) = WioWj—1O(A)) =

{a2i—4 + Oj—3 + Ozj—2 + O2j—1 + O2j, O2j—5 + O2j—g4 + O2j—3 + O2j—2 + O2j—1 + Olpj, Ozj—4 +
O2j—3 + Olgj—2 + O2j—1 + O2j + O2j+1, O2j—5 + Ol2j—4 + Ol2j—3 + Olpj—2 + Ol2j—1 + Ol2j + Ozj+1 } fOr i =
3,---,n—-1

O(An—2 +An-1+An) = Wn2Wn-1P(An) =

{d2n+4 + Oon+3 + O2n—2 + O2n—1 + O2n, O2n+4 + O2n+3 + O2n—2 + O2n—1 + O2n+1, O2n+5 +

Oon+4 + O2n+3 + O2n—2 + O2n—1 + O2n, O2n+5 + O2n+4 + Oon+3 + O2n—2 + Oon—1 + O2n+1}

P(An—2 + An-1 + 2An) = Wn2Wnh®(An-1) =

{0on+4+02n+3+02n—2+A2n—1+02n+02n+1, O2n+4 +A2n+3+0on—2 +2020—1 +02n +0on+1,
O2n+5 + O2n+4 + O2n+3 + O2n—2 + O2n—1 + O2n + A2n+1, O2n+5 + O2n+4 + O2n+3 + O2n—2 +

20on-1 + O2n + Oon+1}

O(An—2 + 2An-1 + 2An) = Wn-1WnWn—2®(An-1) =

{0on+4 +02n+3+202n-2 + 202n—1 + O2n + O2n+1, O2n+4 + 202n+3 + 202n—2 + 202n-1 + Olon +
Oon+1, O2n+5 + Oon+4 + Oon+3 + 202n—2 + 202n-1 + O2n + O2n+1, O2n+5 + O2n+4 + 2020+3 +

20on—2 + 202n-1 + O2n + O2n+1}
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Roots of length n:

PAL+ A2+ - - -+ An) =W1W2..Wn-1P(Ap) =
{ai+- - -+azn-1+02n, A1 +- - -+02n—1+02n+1, 02+ - -+02n—1+02n, O+ - -+02n—1+02n+1}
OAL +A2 + - - - + Ap—1 + 2AR) = WRWiW2..Wh—2P(An-1) =

{ay1+---+0don-1+0A2n+0on+1,02+ - - - +0n—1+02n +0on+1, 01 + - - - +02n—2+200n—1 +

Oon + O2n+1, 002 + - - - + Oon—2 + 202n—1 + O2n + O2n+1}

DAL +2N2 + - - - + 2An—1 + 2Ap) = WoaW3...Wr—1WRW1W2..Wn_2®P(An-1) =
{a1+ o2+ a3+ 204 + - - - +202n-1 + O2n + O2n+1, 02 + O3 + 204 + - - - + 20201 + O2n +
Oon+1, 01 + Oz + 203 + 204 + - - - + 20202 + 203n—1 + Oon + O2n+1, 02 + 203 + 204 + - - - +

20on—2 + 202n-1 + O2n + O2n+1}

6.4.10 Type °D{3

/2

X

mj, =3 and m,, = 1.
®(A1) = {az}
®(A2) ={ay,a3,04}

®(a)* is of type G, and is computed as follows:

O(A1L +A2) =wW10(A2) = {a1 + 02,02 + O3,02 + 0g}
(AL + 2A2) = wow1®(A2) = {a1 + 02 + 03,02 + A3 + A4, 01 + O + 04}
P(A1 +3A2) = W2®(A1) = {oy + Oz + ag + 0a}

D(2A1 + 3A2) = Wiw2®(A1)) = {ay + 202 + a3 + g}
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6.4.11 Type D3

my, =3 and m,, = 1.
®(A1) = {a2}
P(A2) ={a1, 03,04}

®(a)* is of type G, and is computed as follows:

DAL+ A2) =w1P(A2) = {01 + Az, 02 + O3, 02 + 04}
DAL+ 2A2) = Waw1®(A2) = {a1 + a2 + O3, 02 + O3 + 04, A1 + 02 + 04}
O(A1 +3A2) = W20 (A1) = {on + az + a3 + ag}

D(2A1 + 3A2) = wiwor®(A1)) = {ag + 202 + a3 + 04}

6.4.12 Type °DS)
L

my, = 8.

®(a)* is of type BC;.

The roots are of length 1:

®(A1) =

{a2, 01 + 0z, a2 + O3, 02 + A4, 01 + 02 + 03,01 + 02 + Olg, A2 + O3 + Og, 01 + O + O3 + A4}

®(2A1) = {ag + 20 + az + 0a}

6.4.13 Type DS}
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®(a)™" is of type BCj.

The roots are of length 1:

P(A1) =

{oz,01 + a2, 02 + 3,02 + 04,01 + A2 + 03,01 + 02 + 0y, Oz + O3 + 04,01 + 02 + O3 + 04}

®(2A1) = {a1 + 202 + a3z + a4}

6.5 Eg cases

There are 8 congruence classes of I'-indices corresponding to a simple group of type Eg.

6.5.1 Type EQ¢

2
1 3 T4 5 6
O O @ O
Fori=1,---,6, my =1and ®(A;j) ={a;}, and w; = sqg;. We have that ®(a) = d(t).

6.5.2 Type EgS

1

I

my, =1land my, =9

P(A1) ={az}

®(A2) = {ay, a3+ 0y, a4+ s, 03 + 04 + A5, A1 + 03 + A5, 04 + A5 + O, A + 03 + 04 + s, O3 +
O4 + 05 + Og, 01 + A3 + 04 + A5 + O}

®(a)* is of type G, and is computed as follows:

P(AL+A2) =w10(A2) =
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{az + 04,02 + 03 + 04,02 + 04 + A5,01 + 02 + O3 + 04,02 + 04 + A5 + A, 01 + 02 + O3 +

04 + 05,02 + 03 + 04 + 05 + 06, 01 + 02 + 03 + 04 + 05 + O}
P(A1 +2A2) = WawWi1P(A2) =

{az + 204, 0o + Az + 204, Az + 204 + 05, A1 + 02 + O3 + 204, 02 + 204 + A5 + O, A1 + O +

O3 + 204 + 05,02 + O3 + 204 + O5 + O, O + 02 + O3 + 204 + 05 + Ae}
(A1 + 3A2) = Wa®(A1) = {ag + oo + 203 + 304 + 205 + g}

(D(Z)\l + 3)\2) = W1W2(D()\1) = {Gl + 2a2 + 203 + 304 + 205 + 06}

6.5.3 Type EZS

1 2

O L L O

my, =8fori=1,2

®(A1) ={a;, a1+ a3, 01 + 03+ 04, 01 + 02 + 03 + 04, 01 + O3 + 04 + 05, 01 + A2 + 03 + 04 +
(3(5,(}1+d2+G3+2(14+G5,C(1+C(2+2(}3+20(4+C(5,}

®(A2) = {a6, a5 + Ap, A4 + A5 + O, A3 + A4 + A5 + O, A2 + 04 + 05 + O, 02 + O3 + 0y + 05 +
06,02+03+204+G5+06,02+G3+204+205+06,}

®(a)* is of type A, and is computed as follows:

Root of length 2:

P(A1L +A2) =W10(A2) =

{a1+az+as+ 05+ ap, 01 + A2 + A3 + 04 + A5 + A, 01 + A2 + O3 + 204 + A5 + A, 01 + A2 +
203 + 204 + 05 + 0,01 + A2 + A3 + 204 + 205 + Og, 01 + O + 203 + 204 + 205 + Ag, A1 +

a2 + 203 + 304 + 205 + g, A1 + 202 + 203 + 304 + 205 + 0(6}
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6.5.4 Type 2Eg5,

|

my, =1fori=1,2and m,, =2 fori=3,4.
®(A1) = {az}

®(A2) = {as}

®(A3) ={as, 05}

®(A4) ={a, 06}

®(a)* is of type F4 and is computed as follows:

Roots of length 2:

DAL+ A2) = w1 ®(A2) = {02 + a4}
P(A2 +A3) = W2 (A3) = {03 + 04,04 + 05}
DP(A3 + Ag) = w3®P(A4) = {01 + a3, 05 + A}

P(A2 +2A3) = w3®P(A2) = {asz + a4 + as}

Roots of length 3:

P(AL + A2 +A3) = WiwW2®(A3) = {02 + a3 + 04,02 + 04 + Os}

O(A2 + Az + Ag) =wWowz®(Ag) = {01 + a3+ a4,04 + s + Ag}

(A1 + A2 + 2A3) = waiwz®(A2) = {aoz + a3 + 04 + as}

P(A2 +2A3 + Ag) = Wawowsz®(Ag) =

{a1 + a3z + 04 + a5,03 + 04 + O + Og}

DAL + 22 + 2A3) = wowiw3®(A2) = {0y + a3 + 204 + as}

D(A2 + 2A3 + 2A4) = Waw3zP(A2) = {a1 + a3 + a4 + Os + A}
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Roots of length 4:

(AL + A2 + A3z + Ag) = WiwWoWz®(Ag) = {01 + 02 + O3 + 04, 02 + 04 + 05 + O}
O(AL + A2 + 223 + Ag) = WaWiWoW3P(Ag) =
{a; +02+ a3+ 04 + 05,00 + 03 + 04 + 05 + 06}
DAL + 2A2 + 2A3 + Ag) = WowswiWowzd(A\g) =
{a1 +az + a3z + 204 + as, a0z + 03 + 204 + Os + O}
P(AL + A2 + 2A3 + 2A4) = WawWiW3®(A2) = {01 + 02 + O3 + 04 + 05 + O}
DAL + 22 + 3A3 + Ag) = W3aWorwawWiWowsD(Ag) =
{a1 + az + 203 + 204 + A5, A2 + O3 + 204 + 205 + O}
DAL + 22 + 2A3 + 2A4) = WaWoWiW3P(A2) =
{a1 +az + a3 + 2a4 + as + a6}
DAL + 2A2 + 3A3 + 2A1) = WaW3WoW3W1WoW3D(A4) =
{a; + az + 203 + 204 + A5 + Og, A1 + A2 + A3 + 204 + 205 + Og}
DAL + 22 +4A3 + 2Ag) = WaWaWoWi W3 D(A2) =
{a; + a2 + 203 + 204 + 205 + A}
DAL + 32 +4A3 + 2A1) = WowWaWawWowW1 W3O (A2) =
{a; + oz + 203 + 304 + 205 + O}
O (2A1 + 3A2 + 43 + 2N4) = W1WoW3W4aWoW1W3P(A2) =

{C(l + 2a2 + 203 + 304 + 205 + 0(6}
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6.55 Type ZEéf;D

ooioé
t

+ 4 i

r

The multiplicity of each Ajismy, =2fori=1,---,n

®(A1) = {ap, a2 + 04,02 + O3 + 04,02 + 04 + A5, 02 + O3 + 04 + A5, A2 + O3 + 204 + A5}
d(A2) = {0y, a, 01 +03, A1 +03+04, 01 +03+04 +05, O5+06, 04 +05+06, O3 +04+05+06}
®(2A2) = {a1 + a3z + a4 + as + A}

®(a)* is of type BC, and is computed as follows:

Roots of length 2:

O(A1L +A2) =W10(A2) =

{a1+ o0z +az+ 0y, 00+ 04 + A5 + O, 01 + 02 + A3 + 04 + 05,01 + A2 + O3 + 204 + A5, O +

02+203+204+05,02+03+G4+05+06,02+G3+204+G5+06,Gz+03+204+205+06}

DAL+ 2A2) = W2 P(A1) =

{a; + 0z + 03 + 0z + 05 + A, 01 + Oz + A3 + 204 + O + Og, 01 + A2 + 203 + 204 + Os5 +

Qg, 01 + 02 + 203 + 204 + 205 + O, A1 + 02 + 243 + 304 + 205 +06}
D(2A1 +2A2) = w1 P(2A2) = {a1 + 20y + 203 + 304 + 205 + Ag}
6.5.6 Type 2Ego

® L TZ ® ®
t

+ 4 I

rl:l

my, =1land my, =9
®(A1) = {az}

d(A2) = {a4, az+ayg, ag+As, A1 + 03 + 0y, 04 + 05 +Ag, A3 + A4 + A5, A1 + A3+ 0g + A5, O3 +
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04 + 05 + Og, 01 + A3 + 04 + A5 + O}

®(a)* is of type G, and is computed as follows:

OAL+A2) =wWi1®(A2) =

{az + 04,02 + a3 + 04,02 + 04 + A5, 01 + A2 + O3 + 04,02 + 04 + 05 + O, A1 + O + O3 +

04 + 5,02 + 03 + 04 + A5 + O, 01 + A2 + O3 + 04 + A5 + A}
DAL+ 2A2) = wawi1®(A2) =

{az + 204,02 + a3 + 2004, 02 + 204 + A5, 01 + 02 + O3 + 204, O + 204 + O5 + Og, 01 + 02 +

az + 204 + As, Az + O3 + 204 + 05 + A, 01 + A2 + O3 + 204 + 05 + g}
O(A1L +3A2) =wWo®(A1) = {a1 + az + 203 + 304 + 205 + O}

O(2A1 + 3A2) = wiw2a® (A1) = {ag + 202 + 203 + 304 + 205 + O}

6.5.7 Type 2E5

=]
my, = 18.

®(a)* is of type BCy.

®(A) =

{01, a1 + 03,01 + A3+ 04, A1 + 02 + 03 + 04, Ay + O3 + 04 + 05, 01 + 02 + O3 + 04 + s, 01 +
O+ a3+ 204+ ds, 01 + 0 + 203 + 204 + s, Og, O + Og, 04 + 05 + g, O3 + 04 + 05 + Og, O +

04 + Os + O, 02 + O3 + 04 + A5 + Ag, A2 + O3 + 204 + A5 + O, O2 + A3 + 204 + 205 + g}

B(2A1) =

{a1 +az+ a3+ 04+ 05+ g, Ay + A3 + 04 + Os5 + O, 01 + A2 + A3 + 204 + 05 + A, O +
202 + 203 + 304 + 205 + Ag, 01 + A2 + 203 + 304 + 205 + Ag, 01 + A2 + 203 + 204 + 205 +

Og, a1 + Q2 + a3 + 204 + 205 + g, A1 + A2 + 203 + 204 + 05 + A}

123



6.5.8 Type 2Egy

.OTOO
t t— 1

r

my, = 9.

®(a)* is of type BC; and is computed as follows:

®(A1) =

{0z, ay+ax+az+0y, dx+03+04+05+0e, 01 +02+03+04+0s, 02 + 04+ 05+ 0g, 02 +04+
O, O +03+04+0As, 02 +03+04, 02 +04, 01 + 02 + A3+ 04+ 05 +0g, A1 + 02 +03+204+0s5 +

Og, 01 +02+203+204+05+0g, 01 +O2 +03+204+ 205+ g, 01+C(2+203+204+205+06}

(D(Z)\l) = {Gl + 2a2 + 203 + 304 + 205 + 06}

6.6 E; cases

There are 4 congruence classes of I'-indices corresponding to a simple group of type E7.

6.6.1 Type E?,

2

T

1 3 5 6 7
O ) ) ) O

my, =1, ?(Aj) = {ai}, and wj =sq; for fori =1,---,7. We have that ®(a) = ®(1).
6.6.2 TypeE?,

1 2 Ts 4

O O O ® O L ]

my, =My, =1and my, =my, =4.
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®(A1) = {1}

®(A2) = {as}

®(A3) = {04,002 + 04,04 + A5, 02 + 04 + 05}
®(A4) = {06, 05 + O, O + A7, 05 + O + A7}
®(a)* is of type F4 and is computed as follows:

Roots of length 2:

(A1 +A2) =wW1®P(A2) = {01 + az}
P(A2 +A3) = W2®(A3) = {a3 + 04,02 + O3 + 04, 03 + A4 + A5, 0z + O3 + 04 + A5}
(A3 +Az) = W3P(Ag) =
{o4 + a5 + 0, 02 + 04 + 05 + O, 04 + 05 + O + 07,02 + Og + O5 + O + A7}

(A2 + 2A3) = w3®P(A2) = {az + a3 + 204 + Os}

Roots of length 3:

P(AL+ A2 +A3) = WiWoP(A3) =
{a1+az+ 04,01 +02 +03 + 04,01 + 03 + 04 + 05,01 + A2 + O3 + 04 + A5}
P(A2 + A3z + Ag) = Wowz®(Ag) =
{az+ a4+ as+0ag, A2 + 03+ 04 + A5 + O, 03 + 04 + 05 + Og + A7, A2 + 0z + 04 + 05+ 0 + A7}
O(AL + A2 +2A3) = Wwiw3®(A2) ={a1 + 0z + 03 + 204 + a5}
P(A2 + 2A3 + Ag) = WawWoWzP(Ag) =

{0(2+03+204+C(5+Ge,(3(2+(]3+2G4+205+C(6,02+03+204+G5+06+G7,02+C(3+

204 + 205 + O + A7}
O(A1 + 2A2 + 2A3) = Wawiw3®(Az) = {01 + a2 + 203 + 204 + 05}

D(A2 + 2A3 + 2A1) = wWaw3®(A2) = {0z + a3 + 204 + 205 + 20 + A7}
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Roots of length 4:
DAL+ A2 + Az + Ag) = WiWowW3DP(Ag) =

{a1+az+as+as+0ag, Ay + 02+ 03+ 04 + 05+ 0p, A1 + 03 + 04 + A5 + O + 07, A1 + 02 +

O3 + 04 + 05 + O + A7}
P(A1L + A2 + 223 + Agq) = WaWi1WowW3®(N\g) =

{01+G2+03+2(}4+05+G6,01+02+G3+204+205+G6,01+C(2+G3+204+G5+

Og + 07,01 + 02 + O3 + 204 + 205 + O + O7}
DAL+ 2A2 + 2A3 + Ag) = WowawWiWoW3DP(Ag) =

{ay1 + a2 + 203 + 204 + s + Og, A1 + 02 + 203 + 204 + 205 + A, A1 + A2 + 203 + 204 + A5 +

Qg + A7,01 + A2 +203+204+205+06+G7}
O(A1L + A2 + 2A3 + 2A4) = wawiw3z®(A2) = {a1 + Az + a3 + 204 + 205 + 20 + A7}

D(AL + 2A2 + 3A3 + Ag) = W3WoW3WiWowz®P(Ag) =

{a; +az + 203 + 3a4 + 205 + Ag, A1 + 202 + 203 + 304 + 205 + Og, A1 + 02 + 203 + 3014 +

205 + Og + a7,01 + 202 + 203 + 304 + 205 + O + 0(7}
DAL + 2A2 + 2A3 + 2A1) = WawowiwW3d(A2) = {a1 + a2 + 203 + 204 + 205 + 20 + A7}

(D()\l + 2A2 + 3A3 + 2)\4) = W4W3W2W3W1W2W3¢()\4) =

{0(1+02+203+3G4+205+206+G7,01+202+203+3C(4+205+206+C(7,Gl+02+

203 + 304 + 305 + 206 + 07,01 + 202 + 203 + 304 + 305 + 206 + A7}
DAL + 2N + 4A3 + 2A4) = WaWaWowW1W3P(A2) =
{a1 + 202 + 203 + 404 + 305 + 20 + A7}
®(A1L + 32 +4A3 + 2A1) = WoW3WaWowW1W3D(AL) =
{ay + 20 + 303 + 404 + 305 + 20 + A7}
O(2A1 + 3A2 + 43 + 2A4) = W1WoW3W4aWoW1W3P(A2) =

{201 + 20> + 3a3 + 404 + 305 + 20 + 07}
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6.6.3 Type EZ5

1 3
O @ L O O

my, = m,y, =8 and m), = 1.

®(A1) ={a1,01+ 03,01 + 03+ 04,01 + 03+ 04+ s, 01 + 02 + 03 + 04,01 + 02 +0O3 + 0g +
Os,01 + A2 + a3 + 204 + A5, A1 + A2 + 203 + 204 + A5}

®(A2) = {ae, a5 + O, A4 + A5 + O, O3 + O + O5 + g, Oz + O3 + 04 + O5 + O, O + 04 + 05 +
C(e,dz+03+20(4+05+06,C(2+C(3+2(14+20(5+C(6}

®(A3) = {az}

®(a)* is of type C3 and is computed as follows:

Roots of length 2:

DAL+ A2) =W20(A1) =

{a1 +az+ o4+ a5+ ag, 01 + 02 + O3 + 04 + 05 + O, A1 + O + O3 + 204 + A5 + A, A1 + 02 +
a3 + 204 + 205 + Ag, 01 + A2 + 203 + 204 + A5 + Og, A1 + Oy + 203 + 204 + 205 + Ag, 01 +

az + 203 + 304 + 205 + O, A1 + 202 + 203 + 304 + 205 + Og}
P(A2 + A3) = W3P(A2) =

{ag + a7, 05 + O + A7, 04 + 05 + A + 07, A3 + 04 + A5 + O + A7, 02 + A3 + 04 + 05 + Ag +

Q7,02 + 04 + s + O + A7,02 + O3 + 204 + A5 + O + A7, A2 + O3 + 204 + 205 + O + A7}

D(2A2 + A3) =W ®(A3) = {ay + a3z + 204 + 245 + 20 + A7}

Roots of length 3:

DAL + A2 +A3) = wawo®(A) =

{a;+az+as+as+0g+ a7, 01+ a2 +03+ 04+ A5+ 06 + 07, A1 + 02 + 03+ 204 + 05 + O +
a7,01 + 02 + 03+ 204 + 205 + Og + A7, 01 + A2 + 203 + 204 + A5 + Og + A7, A1 + 02 + 203 +

204 +205+0g+ 07,01 +02+203+ 304 +205+0g+ a7, 01+202+203+3G4+205+06+G7}

®(AL +2A2 + A3) = W2® (A1 + A2+ A3) =
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{0(1+Gz+C(3+2G4+2G5+206+C(7,01+02+203+20(4+20(5+20(6+G7,C(1+d2+
203 + 304 + 205 + 206 + A7, 01 + O + 203 + 304 + 3055 + 206 + A7, 01 + 202 + 203 + 304 +
205+ 206 + 07,01 + 205 + 203 + 304 + 305 + 20 + 07, 01 + 202 + 203 + 404 + 305 + 205 +

a7,01 + 242 + 303 + 404 + 305 + 206 + 0(7}

D(2A1 + 2A2 + A3) = wiwo®(A3) = {201 + 202 + 303 + 404 + 305 + 206 + A7}

6.6.4 Type EJ,

2
® ® O

Or

mj, =5and my, =14

®(A\1) ={az,06 + 7,05 + O + 07,04 + O5 + O + 07,02 + 04 + 05 + g + A7}

®(A2) = {a3, 01+ 03,01 + 03 + 04, 01 + A2 + 03 + 04, 01 + A2 + O3 + 04 + A5, A1 + 02 + O3 +
Ay + 05+ 0,01 +0O3 +04 +0O5 + g, A3 + 04, A1 + 02 + 03 + Ay, A2 + 03 + 04 +As, A2 + A3 +
Oy + 05 + O, 03 + 04 + 05 + g}

®(a)* is of type A, and is computed as follows:

Roots of length 2:

OAL+A2) =wWi1®(A2) =

{a;+az+az+0s+0as+0g+a7, 02 +03+ 04+ 05+ 0+ 07,03 +04+ 05+ 0+ 07,02 +03+
204+ 05+ 0g+ a7, 01 + A2 + 03+ 204 + A5 + Ag + A7, A2 + A3 + 204 + 205 + g + A7, 01 + Ol +

C(3+2(]4+205+C(6+G7,02+G3+2G4+205+206+G7,Gl+02+d3+204+205+206+d7}

6.7 Eg cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type Es.
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6.7.1 Type EQg

2

1 3 4 5 6 7 8
Oo—o0 O—O0—0—=0
my, =1fori=1,---,8, and ®(A;) = {a;}. Since w; = sq; for all i, we have that ®(a) = ®(t).

6.7.2 Type EZ,

N
Or

4 3
O L ® O

my, =m,, =8and my, =m,, =1.
(A1) ={as}

®(A2) ={ar}
®(A3) = {ae, 05 + O, A4 + A5 + O, O3 + 04 + A5 + g, O + O3 + 04 + 05 + g, O + 04 + A5 +

Op, Oz + O3 + 2014 + 05 + O, Oz + O3 + 204 + 205 + O}

d(Ag) ={a1,a; +az,01 + A3+ A4, 01 + 03 + 04+ As, A1 + 0 + O3 + A4, 01 + A2 + 03 + 0y +

Os,01 + 02 + 03 + 204 + A5, A1 + 02 + 203 + 204 + Os}

®(a)* is of type F4 and is computed as follows:

Roots of length 2:

DAL +A2) = w1 P(A2) = {a7 + ag}
P(A2 + A3) = WP (A3) =

{ae + a7, 05 + O + A7, 04 + A5 + Ag + A7, A3 + A4 + A5 + A + 07, 02 + O3 + 04 + O5 + O +

07,02 + 04 + 05 + O + 07,02 + O3 + 204 + A5 + Og + A7, 02 + A3 + 204 + 205 + A + A7}

P(A3 +Ag) =wW3z®(Ayg) =

{a1 +az+ o4+ a5+ ag, 01 + 02 + O3 + 04 + 05 + O, A1 + O + O3 + 204 + A5 + A, A1 + A2 +

a3 + 204 + 205 + Qg, 01 + A2 + 203 + 204 + A5 + O, A1 + Oy + 203 + 204 + 205 + Ag, 01 +
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a2 + 203 + 304 + 245 + g, A1 + 202 + 203 + 304 + 205 + O(s}

(A2 + 2A3) = w3zP(A2) = {a2 + a3 + 204 + 205 + 206 + A7}

Roots of length 3:

O(AL + A2 +A3) = Wiwo®(A3) =

{ae + a7 + ag, a5 + g + A7 + Ag, A4 + A5 + A + A7 + Og, A3 + 04 + O5 + O + A7 + Og, Ol +
O3 + 04 + a5 + Og + 07 + Ag, 0 + 04 + A5 + Og + 07 + g, 0> + A3 + 204 + A5 + O + A7 +

Og, 02 + O3 + 204 + 205 + O + O7 + Og}

P(A2 + A3z + Ag) = Wowz®(Ag) =

{a;+az+04+0s5+0g+0A7, A + 02 + 03+ 04 + 05 + 0 + 07,1 + 02 + 03 + 204 + 05 + Qg +
a7,01 + 02 + 03+ 204 + 205 + Og + A7, 01 + A2 + 203 + 204 + A5 + Og + A7, A1 + 02 + 203 +

204 +205+0g+ 07,01 +02+203+304+205+0g+ 07, Gl+202+20(3+3G4+20(5+06+G7}

P(A1 + A2 + 2A3) = wiw3®(A2) = {oz + a3z + 204 + 205 + 206 + 07 + g}
P(A2 + 2A3 + Ag) = WaWoWzP(Ag) =

{0(1+02+O(3+2G4+205+206+C(7,01+02+203+20(4+20(5+20(6+G7,C(1+G2+
3a3 + 304 + 2055 + 206 + A7, 01 + O + 203 + 304 + 305 + 206 + A7, 01 + 202 + 203 + 304 +
2055+ 206 + 07,01 + 205 + 203 + 304 + 3055 + 20 + 07, 01 + 202 + 203 + 404 + 305 + 20 +

a7,01 + 242 + 303 + 404 + 305 + 206 + 0(7}

(D()\l + 2o + 2)\3) = W2W1W3(D()\2) = {0(2 + a3 + 204 + 205 + 206 + 207 + Gg}

D(A2 + 2A3 + 2Ag) = waw3®(A2) = {201 + 202 + 303 + 404 + 305 + 206 + A7}

Roots of length 4:

DO(AL + A2 + A3z + Ag) = Wiwowz®P(Ag) =
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{a; +az+ 04+ 05+ 0 + a7 +0g,01 + 02 + A3 + A4 + 05 + O + 07 + g, Ay + 02 + A3 +
204 + A5 + Og + 07 + Ag, 01 + O + A3 + 204 + 205 + Ag + A7 + Ag, A1 + A2 + 203 + 204 +
Os5 + 0g + a7 +ag, 01 + 0z + 203 + 204 + 205 + g + A7 + Ag, A1 + A2 + 2a3 + 304 + 245 +

C(6+C(7+C(8,dl+202+2(}3+3C(4+2(}5+(16+d7+08}

O(A1L + A2 + 2A3 + Ag) = WaWiwWowz®(Ag) =

{C(l+(}2+03+2(}4+205+20(6+d7+03,(11+C(2+203+204+205+206+G7+08,C(1+
a2 + 203 + 304 + 205 + 206 + A7 + Ag, 01 + 02 + 203 + 304 + 305 + 206 + A7 + Ag, 01 + 202 +
203 + 304 + 205 + 20 + 07 + g, 01 + 202 + 203 + 304 + 305 + 20 + A7 + Ag, A1 + 202 +

203 + 404 + 305 + 206 + 07 + Ag, 01 +20(2+303+40(4+3G5+20(6+O(7+C(8}

DAL+ 2A2 + 2A3 + Ag) = WowawWiWowW3®P(Ag) =

{0(1+O(2+C13+20(4+2(X5+2C16+20(7+C(8,C11+C12+20(3+2(14+2C15+20(6+207+
Qg, 01 + a2 + 203 + 304 + 205 + 20 + 207 + Og, A1 + Oz + 203 + 304 + 305 + 206 + 207 +
Og, 01 + 205+ 203 + 304 + 205 + 20 + 207 + Og, 01 + 202 + 203 + 304 + 305 + 205 + 207 +

Qg, 01 +2005+ 203 +404+ 305+ 206 + 2007 +Ag, 0(1+20(2+303+4G4+3(}5+2C16+20(7+G8}

DAL+ A2 +2A3 + 2A1) = wawiwW3®(A2) =
{2(11 + 20, + 303 + 404 + 305 + 20 + A7 + Gg}
O(A1 + 2A2 + 3A3 + Ag) = WaWoW3WiWeW3P(Ag) =

{a1 + a2 + 203 + 304 + 3as + 30 + 207 + Ag, A1 + 202 + 203 + 304 + 305 + 30 + 207 +
Qg, 01 + 202 + 203 + 404 + 305 + 30 + 207 + Ag, A1 + 202 + 203 + 404 + 405 + 30 + 207 +
Qg, 01 + 2a2 + 303 + 404 + 305 + 30 + 207 + Og, A1 + 202 + 303 + 404 + 405 + 30 + 207 +

Og, a1 +202+303+504 +4as5+ 306 +207 +ag, 01 +30 + 303 +504 + 405 + 306 + 207 +Og}

DAL + 22 + 2A3 + 2A1) = WawowiwW3D(A2) =
{201 +2ay + 3a3 +4a4 + 3as + 206 + 207 + Og}

DAL + 2A2 + 3A3 + 2A4) = WaW3WoW3W1WoW3D(A4) =
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{201 + 207 +3a3 + 404 + 305 + 30 + 2A7 + Ag, 201 + 202 + 3a3 + 404 + 405 + 30 + 207 +
Qg, 201 + 202 + 303 +504 + 405 + 30 + 207 +Ag, 201 + 302 + 303 + 504 + 405 + 30 + 2007 +
Og, 2001 + 202 +403+504 +405+ 306 +207 +ag, 201 + 302 +403 + 504 + 405 + 30 + 207 +

Qg, 201 +302+403+604+405+30g+2007+0g, 201+3C(2+403+604+505+3d6+207+(}8}

DAL+ 2A2 + 4A3 + 2A4) = WawWaWow1W3P(A2) =
{2a1 + 3az +4a3 + 6a4 + 505 + 406 + 207 + g}
DAL + 32 +4A3 + 2A1) = WoWsWaWowW1 W3O (A2) =
{2a1 + 3ay +4a3 + 6a4 + 505 + 406 + 307 + Og}
O(2A1 + 3A2 + 43 + 24) = W1WoW3W4aWoW1W3P(A2) =

{201 + 30z + 4a3 + 604 + 505 + 406 + 307 + 208}

6.8 F4 cases

There are 2 congruence classes of I'-indices corresponding to a simple group of type F4.

6.8.1 TypeFJ,

1 2 3 4
O—C—=—0—">20

m,, = 1, P(Aj) = {a;}, and w; = sq; for i =1, 2,3, 4. Since w; = sq; for all i, we have that

®(a) = B(Y).

6.8.2 Type Fi}

1
o—0——0 O

my, =2fori=1,---,n
®(a)* is of type BCq, and the roots are all of length 1:
®(A1) ={ay, a3+ 0y, 02 + 03+ 04, 02 + 203 + 04, 01 + 02 + O3 + 0y, O + 02 + 203 + Oy, Ol +

202 + 203 + 04,01 + 202 + 303 + 04}
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®(2A\1) = {az + 203 + 2014, 01 + 02 + 203 + 204,01 + 202 + 203 + 204,01 + 202 + 303 +

204,01 + 202 + 403 + 204, 01 + 302 + 403 + 204, 201 + 3d2 + 403 + 204}

6.9 G, case

There is 1 congruence class of I'-indices corresponding to a simple group of type G».

6.9.1 Type G3,

1 2
C==0

my, =1fori=1,---,2 and ®(A;) = {a;} for i = 1,2. Since w; = sq; for all i, we have that

®(a) = O(D).
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Chapter 7

An Example

To demonstrate the algorithm, | include an complete example. | end with the root space
decomposition, which is obtained with ease after finding the projection spaces for each root

of any admissible length.

7.1 Example 2D§3

Here we start o [Cwiith a Lie algebra of type 2D§‘23).

1 2 3
—C L O—@ r

To begin implementing the algorithm, we need to recover the action of I on ®(t). We notice

7.1.1 Step 1:

that
No(M) = {ag, a3, a5, a7, Ag}.

We calculate Wg (') = So; SasSasSor Sag- 1N this case, 0=Sq; SasSasSa,Sas0 and I = {id, o }.

7.1.2 Step 2:
The projections are found using using Tt (a) = I%IZG g (0):

1
(o) = 5(0(1 + 202 + 03) = A,
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1
m(oy) = 5(0(3 + 204 + as) = A2, and

1
T(0e) = E(Ols + 206 + 07 + Og) = Asz.

my, =4, my, =4, and my, = 8.

7.1.3 Step 3:

The restricted root system is of type Bs.

The representatives in W' for s,_, s),, and s, are
Wi = SGZSG1503SO(21

W2 = Sa,SaszSasSay»
and

W3 = SC(G So(s Sa7 SGS SC‘G SGS 50(7 SC(S 50(6 .

7.1.4 Step 4:

For ®(A;) we have:

®(A1) ={az, 0y + oz, az + Az, 01 + Az + Az},
d(A2) = {04, a3 + a4, 04 + A5, 03 + A4 + s},
and

®(A3) = {ae, a5+0ae, Os+0A7, Ag+0g, O5+0g+07, 05 +06+0g, Olg+07+0g, O5+0g+07+0g}.

7.1.5 Step5:

Next we find the list of positive roots, ®(a)™, by applying sy,, sx,, and sy, to each A in the

restricted root system. Here we have
Sna(A2) = A1+ A
Sx, (A3) = A2 + Az and
Sas(A2) = A2 + 273
Therefore, ®(a)* =

{7\1,)\2,)\3,)\1 + A2, A2 + A3, A2 + 2A3, +A1 + A2 + A3, A1 + A2 +2A3, A1 + 22 + 2)\3}.
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7.1.6 Step 6:

Now we need to compute ®(A;) for all A; in ®(a)*. This is easily accomplished by looking at

the previous step. We must compute
P(AL +A2) = B(sp; (A2)) = Wi (P(A2)),
P(A2 + A3) = B(sp, (A3)) = W2(P(A3)),
P(A2 + 2A3) = P(sp3(A2)) = wz(®(A2))
B(A1L + A2+ A3) = B(sp, (A2 + Az)) = wiwz(P(A3)),
DAL + A2 +2A3) = D(Spn; (A1 + A2)) = waw (P(A2)), and
DAL + 222 + 2A3) = D(sSp, (AL + A2 + 2A3)) = wawazwi (P(A2)).

We arise with

¢()\1+)\2):
{az +az + as,a1 + Az + A3z + 04,01 + A2 + A3 + 04 + A5, 02 + O3 + 04 + As},
D(A2 +A3) =
{04 + as + ag, a3 + a4 + A5 + Ap,
04+ a5 + 0 + 07,04 + 05 + g + Og, A3 + 04 + A5 + A + A7,
a3 + 04 + 05 + O + Og, 04 + 05 + O + 07 + Og, O3 + 04 + A5 + O + A7 + Ag},
D(A2 + 2A3) =
{a4 + as + 206 + a7 + Og, 03 + A4 + 05 + 206 + A7 + Ag,
a4 + 205 + 206 + 207 + 2Ag, A3 + g + 205 + 206 + 207 + 208},
¢(}\1+)\2+)\3):
{a1 + az + az + as + as + A, A203 + 04 + A5 + g,
Oz + 03 + 0y + 05 + g + 7,02 + O3 + 04 + Os + O + Ag,
a; +02 +A3 + 04 +05 + 0 + A7, + A2 + A3 + A4 + A5 + A + Ag,

Oz + a3+ 04 + a5 + 0 + 07 + Ag, Ay + Oz + A3 + 04 + A5 + O + A7 + Og},
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CD()\1+)\2+2)\3) =
{a2 + a3z + g + as + 20 + A7 + Ag, A2 + O3 + A4 + 205 + 206 + A7 + Ag,
a1 + 02 + 03 + 04 + As + 206 + 07 + Qg1 + A2 + A3 + A4 + 245 + 206 + A7 + Ag}, and
CD(}\1+2)\2+2)\3) =
{a2 + az + 204 + 205 + 206 + A7 + Ag, 02 + 203 + 204 + 205 + 20 + A7 + Ag,

a1 + a2 + a3z + 204 + 245 + 20 + A7 + AgdA1 + A2 + 203 + 204 + 205 + 206 + A7 + Ag}.

7.1.7 Root Space Decomposition:

As in Theorem 2.2, we use the above ®(A;) to obtain the following root space decomposition.

A = Jar [0di+ar [Odo+az [Odi+az+as,

97\2 = gC(4 @34—(}4 Im4+05 Im3+CX4+CX5:

g)\3 = gC(e I@5+(}6 I@5+(}(7 Im5+0(3 @5*’0(6""]7 I@5+05+C(3 |@5+C(6+(]g @5+G6+G7+Gg!

Ori+A2 = Jop+as+ays [Odi+os+as+as [Ods+as+as+as [Odi+as+az+as+as:

g}\2+>\3 = 90(4+0(5+cxe @+a4+a5+ae I@!;+cx5+0(6+0(7 I@!;+cx5+0(6+0(8 @+a4+a5+ae+u7 @+G4+05+06+G8 1

Jay+os+as+or+ag LOds+os+as+ag+az+ag:

Ono+2A3 = Yoy +as+2as+a7+og @3+0(4+0(5+20(6+0(7+0(8 l4#&!#20(5+20(6+20(7+20(3 1

Joz+as+205+206+207+208
g)\1+}\2+)\3 = gcx1+0(2+0(3+0(4+015+0(6 I@20(3+0(4+0(5+0(6 Im2+013+0(4+0(5+0(6+O(7 1
ga2+a3+0(4+0(5+0(6+a8 @1+02+03+C‘4+GS+06+07 |—gﬁel-l+0(2+O(3+0(4+C(5+O(6+(18 L1

gC12+G3+CX4+G5+CXG+G7 +0g @1+a2+a3+a4+a5+u6+a7 +ag:

OA1+A2+2A3 = Qo +az+oy+as+20s+a7+0g @2+03+04+205+206+G7+08 1
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gc(1+o(2+o(3+cx4+o(5+20(6+cx7+o(8 @1"’02"‘(}3"’04"‘2(15"‘206"‘(}7+08! and

g)\1+2)\2+2)\3 = gCXz+CX3+2CX4+2CX5+2CXe+O(7+Us @2+2a3+2a4+2a5+2a6+u7+a8 1

Jay +op+a3+204+20a5+206+07+03 @1"’(‘2 +203+204+205+206+07+0g -
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