
ABSTRACT

PROTOGYROU, DEMETRA JOANNE. Approximation Techniques for Facility Location and
Routing Decisions in Post-Disaster Humanitarian Logistics . (Under the direction of Dr.
Leila Hajibabai).

Humanitarian disasters occur globally, bringing immense devastation to millions. In

2023 alone, events such as a massive earthquake in Turkey, a wildfire in Hawaii, and a

hurricane in Florida resulted in humanitarian crises. These disasters led to significant

loss of life and the pressing need to rebuild cities and towns. This research examines

two distinct scenarios in the context of humanitarian needs. The first chapter introduces

humanitarian logistics. The second chapter delves into the establishment of distribution

centers following a hurricane in Norfolk, VA. The study models a capacitated facility location

problem, integrating a distance constraint based on the zoning of individual neighborhoods.

A Lagrangian relaxation method is implemented to solve the problem. The third chapter

focuses on the use of micromobility as a mode of transportation after a disaster in densely

populated areas where residents often depend on public transportation. Post-disaster,

these public transport systems may become unavailable, making micromobility vehicles

like electric scooters a valuable alternative. This chapter examines the routing problem

and develops a heuristic to help computational time. The problem is then expanded to

include facility location. The same heuristic is used and expanded to minimize facility

costs and scooter routing expenses. The numerical experiments have shown the proposed

methodologies can solve the problems effectively.
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CHAPTER

1

INTRODUCTION

1.1 Introduction

Humanitarian logistics is a vital area of research that examines the response to disasters that

threaten where people live. This includes natural disasters (e.g., hurricanes, earthquakes,

tsunamis, and �oods), terrorist attacks, food insecurity, and disease (Celik, 2012). Within

humanitarian logistics research, emergency response research focuses on two particular

aspects. The �rst focus is emergency facilities are essential to response efforts. Secondly,

formulating a transportation network to connect people and goods or services (Liu et al.,

2021). In 2023 alone, natural disasters in Turkey, Hawaii, and Florida caused an enormous

response from humanitarian organizations to assist refugees with required supplies and

begin to rebuild their communities (Edwards and Said-Moorhouse, 2023; Hassan and

Arango, 2023; Yoon, 2023). Coronavirus led to a signi�cant humanitarian effort locally and

globally beginning in 2020. Food insecurity became a considerable problem during the

shutdown, leading to long lines at food banks across the United States. These events lead

to similar and different needs during the recovery process (Khodaee et al., 2022).

The World Health Organization estimated that 23 million people were impacted by
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the 7.8 magnitude earthquake in Turkey and northern Syria. The affected region was the

size of France, according to Caroline Holt, director of disasters, climate, and crises at the

International Federation of the Red Cross (IFRC) (Edwards and Said-Moorhouse, 2023).

The Turkish Prime Minister stated that 6,000 buildings were destroyed (Edwards and Said-

Moorhouse, 2023). These buildings must be searched in an attempt to �nd survivors,

all against the race of the clock (Edwards and Said-Moorhouse, 2023). This leads to a

large need for various supplies and shelters. Amazon sent supplies such as blankets, tents,

food, medicine, and baby food (Cooban, 2023). Some humanitarian logistics focus on

the distribution of these supplies. Research only focuses on distribution centers for these

supplies or facilities needed to house displaced residents. Emergency response was also

required to transport survivors to hospitals needing treatment. Research is necessary before

ensuring that emergency response locations are accessible in a timely fashion (Celik, 2012).

Similar resources and response strategies were implemented for those on the island

of Maui, Hawaii. Roughly 6,600 people were displaced and stayed in hotels and Airbnbs

due to the wild�re. This natural disaster also calls for humanitarian logistics to distribute

supplies and establish shelters for those displaced (Hassan and Arango, 2023).

Hurricane Idalia hit western Florida as a category three hurricane in 2023. Many counties

issued mandatory evacuations for residents, while others issued recommended evacuations.

Due to the possibility of predicting a natural disaster such as a hurricane, humanitarian

logistics focus on the potentially affected area before the disaster (Yoon, 2023). In this case,

research and action is needed to evacuate in the mandatory and recommended evacuation

zones. This may include routing residents to shelters or using public transportation to help

those who cannot evacuate independently. Recovery of roads is also a topic to reach all

areas of the affected area to ensure the safety of all residents (Celik, 2012).

In 2020, coronavirus shut down the world, forcing people to stay home. With business

closed, unemployment skyrocketed to 14.7 %. With much of the world shut down for an

extended period, money ran out for some, forcing families to turn to the food bank to

eat. In March 2020, the largest anti-hunger organization in the country, Feeding America,

stated that 20 % of their food banks feared running out of food. There was a 60% average

increase in food bank users, with 4 out of 10 families being �rst-time users. In the �rst eight

months of the pandemic, Feed America distributed 4.2 billion meals to families (Cohen,

2020). Humanitarian logistics is needed to help supply these food banks and distribute

them to needy families.

This dissertation examines two scenarios and emergency responses, all focusing on

establishing facility locations to complete the task. Chapter 2 reviews the literature on relief
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distribution, mass evacuation, and facility location problems in humanitarian logistics.

The formulation is a facility location problem needed for supplies after a hurricane, includ-

ing a distance constraint regarding the zoning of each neighborhood and two modes of

transportation, such as ground and drone. It also includes a capacity constraint for ground

and drone transportation. Lagrangian relaxation is used to solve the problem. Chapter 3

examines the use of micromobility vehicles and establishes facility locations. The literature

review focuses on research done in the scope of micromobility, including work done for

dockless and docked vehicles. Electric scooters and bikes are often used in dense, populous

locations. Currently, a third party must collect and redistribute the dockless devices. Docked

vehicles require the user to pick up and drop off the vehicles at a docked location. This

model formulates the movement of future devices and allows them to reposition and move

themselves without needing a third party. This chapter shows the potential for residents to

move after a disaster when they do not own their own vehicles and / or public transportation

is not available. Residents in cities such as Washington, DC, New York City, and Chicago

often do not own vehicles and rely on public transportation. Electric micromobility vehicles

are valuable resources for residents in these areas following a disaster. The formulation

determines charging facility locations for these vehicles based on the movement needed to

complete the required rides. A heuristic is developed to estimate the costs based on the

facility locations chosen and the routing requirements.

3



CHAPTER

2

A LAGRANGIAN RELAXATION APPROACH

FOR RESOURCE ALLOCATION PROBLEM

WITH CAPACITY CONSTRAINTS

2.1 Introduction

Hurricanes affect millions every year along the Atlantic Coast and Gulf of Mexico. It brings

high winds and rain that cause massive destruction with large amounts of �ooding and

power outages. Such devastation brings the need to help victims and distribute goods

and supplies by setting up distribution centers or shelters and helping evacuate residents.

Hurricane season for this region begins June 1s t and ends November 30t h . On average,

there are roughly eight hurricanes a year and three major ones with a hurricane strength of

category three or higher (NOAA, 2023).

On September 18, 2005, Hurricane Isabel hit Southeast Virginia in the Hampton Roads

Area, including the City of Norfolk. Hurricane Isabel is considered one of the worst hur-

ricanes that hit the region. The power caused 98% of residents to be out of power in the
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City of Norfolk, with some out of power for two weeks. Fallen trees caused much of the

power outages. In one local city, an estimated 5,000 trees were downed during the storm.

State troopers responding to emergency calls carried their own chainsaws to cut up trees

blocking the roads (US Government, 2003). The power utility company used nearly a year's

worth of supplies during repairs. There were 62 downed transmission lines, 1,150 disrupted

primary distribution circuits, 2,311 broken utility poles, 3,899 snapped cross arms, and

7,373 downed power lines (Department of Energy, 2023).

Residents needed supplies such as generators, water, and ice. Down power lines and

storm surge �ooding in the area made it challenging to distribute supplies. Road networks

were dif�cult to navigate due to the �ooding and the down power lines. The local gov-

ernments struggled to meet the demands of residents (Martin, 2003). Instead, they relied

on the Federal Emergency Management Agency (FEMA) to help get the supplies needed.

FEMA only provided potential local vendors that could help supply the demand. It took

four days until FEMA released supplies. Once released, the distribution of the goods also

brought signi�cant problems. The region established one regional distribution center in

Hampton, VA, but delivery was unsuccessful. According to Mr. Curt Shaffer, Director of

Plans, Analysis, and Emergency Operations in Hampton, VA, “ [d]elivery schedules were not

reliable... informal contracts and political demands in�uenced distribution” (US Govern-

ment, 2003). Trucks also conducted distribution; however, with much of the region out of

power, refueling trucks was very dif�cult (US Government, 2003).

These challenges motivated this study to evaluate the use of drones and ground vehicles

to distribute supplies (e.g., generators, water, and ice) to the affected residents. The "Know

Your Zone" Evacuation plan, implemented by the Virginia Department of Emergency Man-

agement, splits residents into four categories labeled from A to D. Each home is placed in

a speci�c category based on various factors such as proximity to water and the potential

impact from storm surge. Those in Zone A have a higher risk of storm surge and �ooding,

making it more challenging to get needed supplies after the storm ends (City of Virginia

Beach, 2017). The "Know Your Zone" Evacuation plan is implemented in several states

along the East Coast, including Florida, North Carolina, and New York. This paper evaluates

a capacitated facility location problem (CFLP) with distance constraints dependent on the

"Know Your Zone" Evacuation Plan. Those in Zone A must have a facility within a particular

distance that is smaller than those in Zone D. This is done due to the higher probability of

Zone A residents not being able to leave their neighborhoods compared to those in Zone D.

Figure 2.1 presents a map of Norfolk, VA, with neighborhood lines color-coded into zones.

Red represents those at the highest risk, with yellow with the lowest risk. Most red areas are

5



surrounded by water.

Figure 2.1: (color online) A map of Norfolk, VA, with neighborhood lines color-coded into
zones. Zone A is represented by red and has the highest risk of �ooding. Zone B is in orange,
and zone C is in yellow (City of Norfolk, 2024).

The proposed model establishes facility locations within city limits and determines the

amount of supplies needed to be transported from those facilities to residential neighbor-

hoods. As such, the potential issues of distributing supplies similar to those in Norfolk, VA,

during Hurricane Isabel will be mitigated or eliminated. The mixed-integer CFLP is solved

using a Lagrangian relaxation (LR) technique that relaxes capacity and distance constraints

to avoid complexities in solving the problem.
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2.2 Literature Review

After a disaster, affected areas often require major supplies, shelter, and medical attention

(Paciarotti, 2021). In the last three years, 56 weather-reported disasters have accumulated

to 1,030 deaths and cost 315.2 Billion dollars in the United States alone. Severe storms

constitute 8 of those weather reports with 272 fatalities and 12.6% of the total cost during

the last three years (NOAA, 2022). These numbers highlight the role of humanitarian logistics

in alleviating the signi�cant impacts on human lives and the economy (Hezam, 2021). The

majority of the research in this �eld focuses on facility location, relief distribution, and

mass evacuation problems (Hezam, 2021). The majority of the research in this �eld focuses

on facility location, relief distribution, and mass evacuation problems (Hezam, 2021).

2.2.1 Relief Distribution

Relief distribution evaluates the transportation needed for services or supplies to various

locations. The focused models are vehicle routing, network �ow, and last-mile relief. Most

of the research done has been in response rather than preparation. The Table ??highlights

some of the research done in this area.

Rabta (2018) focuses on modeling the use of drones in the last mile deliveries. Battery

consumption of the drone is considered based on payload and �ight mode. It also allows

the drone to stop to recharge during �ight. The objective is to minimize the costs, which

is measured in the total distance traveled. The model includes constraints that prioritize

certain deliveries over others. GAMS was used to solve the formulation (Rabta, 2018).

The literature has presented many instances of problems that combine routing with

location. For example, Wang (2014) formulates a response model with a multi-objective

location and route scheduling problem for a post-earthquake response. They use data

from the Great Sichuan Earthquake, an 8.0 magnitude earthquake in China. The multi-

objectives are (1) minimize the maximum travel time for the vehicles, (2) minimize the

cost of distribution, and (3) maximize the minimum route reliability. A non-dominating

sorting genetic algorithm-II (NSGA-II) and a Non-dominated sorting differential algorithm

are used to solve the problem (Wang, 2014). Similarly, Yan (2023) uses a multi-objective

location-routing model to solve a disaster response problem. Once the disaster occurs,

each demand point is evaluated using an urgency evaluation method to determine the

urgency. Accordingly, priority is given to demand points. Due to the complexity and NP-

hardness, they use a hybrid meta-heuristic using discrete particle swarm optimization and
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Harris Hawks optimization. The addition of an improvement strategy occurred after the

completion of the hybrid algorithm (Yan, 2023).

Aghaie (2022) solves a location-allocation-routing problem that aims to maximize cov-

erage and minimize the time it takes to distribute supplies. The routing problem focuses

on picking up residents in need of help and transporting them. Multiple criteria are used

for opening a shelter. For example, the candidate locations should minimize the distance

to major roads, gas stations, and medical centers, among other points of interest. A meta-

heuristic based on NSGA-II solved the problem. Researchers use data from Tehran's densest

areas to develop the routing in an event such as an earthquake (Aghaie, 2022). Wei et al.

(2020) also solve a location-routing problem. A bi-objective is formulated with time win-

dows. The objectives are to minimize penalty costs for violating the time windows and to

minimize the total operational costs. A hybrid ant colony optimization (ACO) algorithm

solves the formulation (Wei et al., 2020). Ahmadi et al. (2015) formulate a multi-depot

location-routing problem. The objective function minimizes the distribution time, penalty

costs from unsatis�ed demand, and �xed costs to open facilities. A metaheuristic called

variable neighborhood search (VNS) algorithm help solve the formulation. The researchers

apply the methodology to San Francisco, California (Ahmadi et al., 2015).

Lu (2016) formulates a rolling horizon with three layers. The �rst layer is the suppliers,

which are both public and private organizations. The second layer relates to the distribution

centers involving supplies in and outbound. The third layer represents the relief stations

where the supplies will be distributed. Gurobi is used to minimize the distribution time. They

use data from Taiwan to examine the results of the formulation and methodology (Lu, 2016).

Zhan et al. (2021) develop a dynamic formulation rather than a static one. The decision

relates to when to provide aid to those in need: now or later. The objective minimizes the

unmet demand. They implement a variation of particle swarm optimization (PSO) called

Voting-Strategy-Coded PSO (VSC-PSO) and apply it to a case study that includes southeast

China due to the frequency of typhoons (Zhan et al., 2021). Li and Yaping (2022) formulate

an emergency material scheduling problem and solve it PSO. Each distribution center and

various supplies must be sent to the relief points. There are two objectives: the �rst is to

minimize the cost of loading time and minimize the transportation costs (Li and Yaping,

2022).

Sabouhi et al. (2019) develop a formulation that conducts routing and scheduling of

vehicles for both relief distribution and mass evacuation. The vehicles transport evacuees to

shelters. Other vehicles distribute supplies from distribution centers to the shelters where

the evacuees stay. This combines the relief distribution problems with mass evacuation.
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They implemented a case study for a region of Tehran, Iran. The objective minimizes

vehicle arrival times at the affected areas, shelters, and distribution centers. A metaheuristic

approach called memetic algorithm combines genetic algorithm and local search to solve

the formulation (Sabouhi et al., 2019).

2.2.2 Mass Evacuation

Mass evacuation models evaluate how affected areas are evacuated and how their residents

are transported to safe areas. Such models depend on the affected area (i.e., rural or urban)

and method of transportation (i.e., public or private). Public evacuation models use public

modes of transportation, such as buses to pick up evacuees and drop them off at shelters. In

contrast, models for private vehicles often focus on traf�c management (Paciarotti, 2021).

For instance, Bretschneider (2011) develops a model to minimize evacuation time

considering traf�c impacts given the number of lanes and vehicles. A relaxed formulation

was introduced with a heuristic to solve the problem. The output of this research found

the decision of whether residents should evacuate or remain home based on the model's

estimate of evacuation time (Bretschneider, 2011). Furthermore, Kimms (2018) develops a

bi-objective model. It focuses on routing and traf�c assignment. The two objectives are

con�icting. The �rst objective minimize the hazard for the evacuees and ensure the safety

of their travels. The second objective balance the traf�c �ow of the roadways. A " -constraint

method solved the problem (Kimms, 2018). Moreover, Wang (2020) develops a stochastic

evacuation model that includes a routing component before and after a disaster. The two

stages are relaxed using a Lagrangian relaxation technique and decomposed into two sub-

problems. Both sub-problems are min-cost �ow problems and are solved using the shortest

path algorithms. A subgradient method found the optimal solution (Wang, 2020).

On the other hand, Swamy (2017) focuses on instances where residents cannot evacuate.

This could be due to not owning a car, fuel shortage, or disability, among others. They

propose a formulation that includes public transportation services and their ability to

help such residents evacuate. The pickup locations in�uence whether residents choose to

evacuate or not. Hence, optimal pickup locations are �rst determined using a set-covering

model accounting for the corresponding impacts on the routing component in terms

of complexity or problem size. Then, the assignment of pickup locations to shelters is

investigated given the capacity of shelters. Sweep heuristic solves the routing problem to

route residents from the pickup locations to the assigned shelter considering the dispatch

time of buses. The entire procedure is implemented in a simulation package that allows
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users to make decisions during the evacuation (Swamy, 2017).

Zhu et al. (2019) examine the transportation of people with the trade-off of physical and

economic indicators. These indicators include distance, transport cost, equity, and priority.

The model includes the severity of the injury. The model is a multi-objective function that

consists of the minimization of transportation costs and deprivation costs. Time windows

are also considered in the formulation. Researchers implement ACO to help the model and

apply it to data from the Houston Flood in 2017 (Zhu et al., 2019).

Zhao et al. (2020) model a round-trip bus evacuation model, both scheduling and

routing. This formulation allows the bus to have more passengers than capacity allows.

Though this is a round trip, the bus could support different shelters and pickup points.

This develops various routes for each bus with the inclusion of waiting times. This forces

residents to use the bus rather than walk. The objective minimizes travel and wait time. An

algorithm solves this problem in two parts. A greedy algorithm that �nds routes for each

bus helps the �rst part and an edge-exchange algorithm solves the second part. Researchers

apply the model and methodology to a network from Sioux Falls and Beilun District, Ningbo,

Zhejiang, PRC (Zhao et al., 2020).

Shahparvari and Abbasi (2017) formulate a multi-destination capacitated dynamic

vehicle routing problem with time windows. Each vehicle and shelter has capacities. The

objective function maximizes the total number of evacuees. They implement a greedy algo-

rithm to help solve the formulation and to a case study from the Black Saturday Murrindindi

Mill �re that occurred in Melbourne, Australia in 2009 (Shahparvari and Abbasi, 2017).

Goerigk et al. (2013) use public transportation such as buses to help evacuate resi-

dents. The model is a mixed-integer model to help those who did not have the means to

evacuate themselves. The objective minimizes the maximum travel time overall for buses.

Researchers apply four greedy algorithms in branch and bound methodology (Goerigk

et al., 2013).

Dulebenets et al. (2019) formulate a multi-objective model to evacuate residents to

various types of shelters. This formulation has two types of shelters: a general purpose

and a special needs. Special needs shelters need medical attention for individuals with

disabilities, or aging. In total, there are six minimization objective functions: (1) evacuation

time, (2) mental demand, (3) physical demand, (4) temporal demand, (5) total effort, and (6)

total frustration endured by individuals attempting to evacuate. They apply two algorithms

to compare. The �rst was a modi�ed most urgent evacuee �rst (MMUEGF), and the second

was a modi�ed most urgent evacuee last (MMUEGL) (Dulebenets et al., 2019).

Research in mass evacuation is not just limited to cities and neighborhoods. Kearby
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and McConnell (2020) construct a model to plan Noncombatant Evacuation Operations—

evacuations of US citizens, US Department of Defense civilians and pre-designated host

nation or third-country nationals—from hostile foreign locations. The formulation is di-

vided into two parts. The �rst part is to minimize the time needed to evacuate while satis-

fying asset limitations. The second part is a post-processing module to return a routing

schedule. The study includes a demonstration using a scenario in South Korea (Kearby and

McConnell, 2020).

Table 2.1 presents a summary of research on humanitarian logistics.

2.2.3 Facility Location

The existing literature on facility location problems is very extensive. For instance, various

location models such as set covering, p-median, and location-allocation are used to examine

different types of facilities. These types of facilities include warehouses, distribution centers,

emergency facilities, healthcare, and shelter (Hezam, 2021). Here, the relevant literature is

categorized based on objective functions, types of facilities, and solution methods.

The objective functions primarily center around minimizing transportation costs for

single objectives. Additionally, literature has shown research efforts (1) using multi-objective

functions to solve facility location problems or (2) adding variables that de�ne deprivation

costs into the objective function. Deprivation costs are quantitative values that take a toll

on people without needed supplies (Hezam, 2021). Table 2.2 summarizes the review of the

literature in the facility location domain.

Cotes (2019) models the pre-positioning of supplies and evaluates the demand in the

�rst 24 hours after the disaster hits the area. The objective minimizes the operational costs,

including transportation, �xed, and inventory expenses, as well as deprivation costs (Cotes,

2019). Zhang (2021) focuses on the amount of supplies at each facility in a pre-disaster

phase and the allocation of supplies in the post-disaster phase. The allocation problem

models a stochastic model. The objective function included the deprivation cost that aims

to minimize the total cost. Variations of the model with different de�nitions of deprivation

cost are implemented for further evaluations (Zhang, 2021).

Chen (2016) focuses on locating temporary emergency facilities equipped to serve resi-

dents who need medical attention. Their model accounts for the status of the transportation

network in the post-disaster setting and the demand for emergency facility locations. The

researchers develop a linear formulation and use LR to solve the problem with node- and

matrix-based algorithms (Chen, 2016).
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Table 2.1: Summary of research on relief distribution and mass evacuation

Reference Objective Interference Methodology
Bretschneider (2011) time traf�c heuristic
Goerigk et al. (2013) travel time greedy algorithm, BB
Wang (2014) minimize the maximum travel time, split delivery NSGA-II and NSDE

minimize the cost, maximize the
minimum route reliability

Ahmadi et al. (2015) time, penalty / �xed costs unsatis�ed demand VNS
Lu (2016) time �ow of supplies GUROBI
Shahparvari and Abbasi (2017) total evacuees dynamic greedy algorithm
Swamy (2017) total distance pickup locations GUROBI
Kimms (2018) hazard for evacuees and balance separate assignment e constraint
Rabta (2018) cost priority GAMS
Sabouhi et al. (2019) arrival time relief distribution and meta, GA, LS

mass evacuation
Zhu et al. (2019) transportation and deprivation costs equality and priority ACO
Dulebenets et al. (2019) time, mental demand, multi-objective MMUEGF, MMUEGL

physical demand, temporal demand
total effort, total frustration

Kearby and McConnell (2020) time mass evacuation MILP
Wang (2020) time stochastic LR-based
Wei et al. (2020) penalty cost time window ACO
Zhao et al. (2020) travel and wait time exceed capacity greedy, edge-exchange
Zhan et al. (2021) unmet demand dynamic VSC-PSO
Aghaie (2022) coverage and time location criteria NSGA-II
Li and Yaping (2022) cost, loading time, transportation PSO
Yan (2023) time and cost priority DPSO and HHO
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Similarly, Yahyaei (2018) models a facility location problem focused on shelter facilities

but also integrated the need to supply these facilities. They also contribute to the need

for various supportive distribution centers, backups, and indirect distribution centers all

playing an important role in the event the supply chain from one is disrupted. One objective

function de�nes all of this as total costs and is used to develop a robust reliable model

(Yahyaei, 2018).

Das (2018) uses multi-objectives to model their warehouse facility problem. The ob-

jectives maximize the coverage and minimize the cost. A function to calculate the relief

demand included these factors: sociodemographics, emergency sheltering, the ratio of

fragile people, perceptions of hazards, social bonds, and income (Das, 2018). Additionally,

Perez-Galarce (2017) formulates four different variations of their optimization models. The

optimization models located and assigned displaced refugees. They are linear models that

include demographics and social impact. The basic model has the objective function of

minimizing the distance from refugee homes. Each model builds on this adding other

criteria such as limiting the distance the refugees can travel (Perez-Galarce, 2017).

Moreover, Xu (2016) focuses on locating shelter facilities for those displaced by an

earthquake. The focus of their paper is to account for multiple criteria that are required

before opening a facility. In total, seven principles were applied: safety, control of land use,

nearest evacuation, economic, travel time / distance, maximum coverage, and population

capacity. To be able to include all of these principles, the formulation is a mix between a

p-medium and set-covering model. Three of the principles are written into three objectives:

minimize distance, maximize coverage of all the people, and coverage of all the shelters.

GIS is used to solve the formulation (Xu, 2016).

Ma (2022) also uses multiple criteria in their research. Each facility in the prepossessing

phase is scored based on criteria such as safety and distance. They use two objective func-

tions. The �rst minimizes total shelter area and the second minimizes distance. Capacity

and service distance are established as constraints. The researchers compare the formula-

tion for various scenarios. They apply particle swarm optimization- simulated annealing-

genetic algorithm (PSO-SA-GA) to the formulation (Ma, 2022).

The severity of medical attention can vary and Liu (2019) evaluates the severity of

injuries but classi�es refugees into either Immediate or Delayed categories based on their

injuries. The bi-objective aims to maximize the expected survivors and minimize costs, The

" -method is applied to solve the model (Liu, 2019). Sun (2021) also model the severity of

injuries in their facility location model. They develop a robust bi-objective formulation that

�nds the location of these medical centers, allocation, and transportation. The objective
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functions are to minimize the cost and the injury severity score. The " -method solves the

proposed problem (Sun, 2021).

Jin et al. (2021) focus on the use of underground facility locations. Underground facilities

are metro stations, underground urban complexes, and car parks. This is due to the dense

population of large cities and the limited capacity traditional or open-space shelters have.

They develop a bi-objective with the �rst objective maximizing total satis�ed evacuation

and the second minimizing total evacuation distance. The �rst objective had a higher

priority in the solution method. In the constraints, only a prede�ned number of shelters

are allowed to be open. A network �ow algorithm �nds the optimal evacuation �ows. This

is then applied to a case study from Shanghai, China, in order to evaluate the performance

(Jin et al., 2021).

Geng et al. (2020) focus on emergency facilities and the distribution of supplies such as

tents, quilts, medical equipment, and other non-perishable materials. There are two types

of facilities: medical assistance shelters and basic living. There are three objective functions:

(1) minimize the distance between victims and shelters, (2) maximize evaluation of shelters,

and (3) minimize the number of open shelters. The formulation includes a budget constraint.

In order to solve the formulation, there are steps that must occur prior: fuzzy analytic

hierarchy process (AHP) and fuzzy technique for order performance by similarity to the

ideal solution (TOPSIS). The methodology uses data from the 2008 earthquake in Wenchuan,

China, to examine results (Geng et al., 2020).

COVID shut down the world, forcing people to remain home. Khodaee et al. (2022) focus

on vaccination in Europe. The formulation includes the transportation from suppliers

to the distribution center and then to the affected regions. The model has one objective

function that includes various costs such as cold transportation from suppliers to distribu-

tion centers, transportation costs, penalty costs for unmet demand, inventory costs, and

deprivation costs. The model uses GAMS to solve and apply to European data. (Khodaee

et al., 2022)

Khanchehzarrin et al. (2022) formulate a bi-level multi-objective location-routing prob-

lem. The formulation also considers public donations which is not normally considered

and is a variable in the model. The network includes the suppliers, distribution centers,

and affected areas. The upper level has two objectives: (1) minimize time for distribution

of goods and (2) minimize costs. The lower level also has two objectives: (1) minimize

supply risks and (2) maximize the ef�cacy of public donations. Karush–Kuhn–Tucker (KKT)

conditions are implemented to reformulate the model to a single level and then convert

the multi-objectives to a single objective. The methodology uses data from the region of
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Mazandaran, Iran (Khanchehzarrin et al., 2022).

Ibarra-Rojas et al. (2020) formulate a maximum covering location problem with ac-

cessibility. The model determines the number of facilities and the objective function is to

maximize the measure of accessibility for a Mexican case study (Ibarra-Rojas et al., 2020).

2.3 Lagrangian Relaxation (LR)

LR became popular in the 1970s due to Held and Karp (Fisher, 2004). They were able to

minimize a spanning tree for the traveling salesman problem. From there, researchers

have been applying it to all types of combinatorial optimization problems. This is done

by dualizing constraints and adding them to the objective function to form a Lagrangian

problem. The result is a lower bound to the optimization problem because of the penalty

that is added to the objective function, resulting in a better solution (Fisher, 2004).

Lagrangian Relaxation (LR) has been used for various capacitated facility location prob-

lems. Barcelo (1984) has developed a basic capacitated plant location problem that mini-

mized cost. The constraints that required the demand to be met have been relaxed, and a

heuristic has been developed to solve the new LR problem (Barcelo, 1984). Mazzola (1999)

expanded the problem by formulating a multi-product capacitated facility location prob-

lem that also minimized cost. The capacity constraints have also been relaxed to solve this

problem (Mazzola, 1999).

Rostami (2020) has constructed a decentralized multiproject facility location problem

(DMPFLP) and used four different solution methods, one being LR. Two constraints have

been relaxed. The �rst is the requirement that if the facility is not open, you can not distribute

from there, and the second is the requirement to move no more than the required demand

(Rostami, 2020). Additionally, a mixed-integer program solved using a Lagrangian-based

heuristic is proposed by (Xie et al., 2014) that aims to optimize the location and capacity of

locomotive maintenance shops for a large-scale real-world case.

2.4 Discussion

This paper contributes to the body of research on the CFLP by incorporating variable

distance constraints that are tailored to the unique requirements of each geographical

location, a signi�cant deviation from the uniform distance constraints typically seen in

other covering models. Recognizing the diversity of neighborhood needs, our model inno-
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Table 2.2: Summary of relevant facility location problems.

Reference Objective Facility Methodology
Chen (2016) min transportation cost emergency facility LR and greedy

algorithm, K- medoids
Xu (2016) min distance, max coverage shelter GIS
Perez-Galarce (2017) min distance shelter CPLEX
Das (2018) max coverage and min cost warehouse python, open solver
Yahyaei (2018) Min evacuation, transportation, Shelter, distribution soft constraint
Cotes (2019) min private costs (transportation, distribution center GAMS / CPLEX

�xed and inventory expenses, deprivation
Liu (2019) max survivors, min cost emergency facility " - method
Geng et al. (2020) min distance and open shelters emergency facility AHP, TOPSIS

max evaluation
Ibarra-Rojas et al. (2020) min accessibility shelter solver
Jin et al. (2021) max total satisfaction, min distance shelter �ow algorithm
Sun (2021) min ISS,cost emergency facility " - method
Zhang (2021) min deprivation costs warehouse CPLEX
Khanchehzarrin et al. (2022) min time, costs, supply risks distribution KKT

max public donations
Khodaee et al. (2022) min transportation cost, penalty distribution GAMS

inventory, deprivation
Ma (2022) min shelter area, distance shelter PSO-SA-GA
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vatively assigns distance parameters that ensure every neighborhood is within acceptable

proximity to at least one facility, with these parameters being determined by the distinct

zone in which a neighborhood lies. Furthermore, this study expands the CFLP framework by

integrating a multimodal transportation approach, considering both ground vehicles and

drones, each with their distinct capacity constraints. This allows for a more nuanced and

realistic planning of logistics and emergency services in varied environments. A pioneering

aspect of our methodology is the relaxation of the distance constraints, a critical factor that

has not been previously addressed to the best of our knowledge. This relaxation is pivotal

for accommodating real-world logistical challenges, where rigid distance constraints can

impede practical and ef�cient facility location and supply distribution solutions. Collec-

tively, these methodological advancements provide a more adaptable and context-sensitive

tool for strategists and planners in optimizing facility locations and resource allocations,

particularly in scenarios requiring responsive and �exible emergency services distribution.

2.5 Mathematical Model

In this section, a mixed integer linear program (MILP) formulation is de�ned for a location-

allocation to determine the location of distribution centers and the transportation of sup-

plies from the distribution centers to neighborhoods. First, assumptions are established,

and then the notation and mathematical model are de�ned.

2.5.1 Assumptions

The modeling assumptions are presented below.

• There is one drop-off point for each neighborhood and multiple neighborhoods can

share the same point.

• The drop-off facility is accessible by all residents.

• The distance constraints are based on the 'Know Your Zone' map. Individuals residing

in Zone A, with a higher probability of �ooding, must be closer to the distribution

centers than those in Zone D.

• The overall neighborhood takes the lowest zone when neighborhoods have multiple

zones.
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2.5.2 Formulation

We �rst de�ne the notation, decision variables, and parameters needed. Let I denote the set

of drop-off centers for each neighborhood. We then de�ne set J to be the facility location

and set K as different types of demand. Lastly, set L is de�ned as the mode of transportation.

The two modes of transportation are ground and drone. There are two decision variables.

The location variable was denoted as x j and is binary. If x j is equal to one then a facility is

open at that location and is not if it is equal to zero. The allocation variable was denoted as

yi j k l . It is de�ned as the amount of demand k that is taken to neighborhood j from facility

i via a mode of transportation l .

The following parameters are de�ned: f j is the �xed cost for each facility; a l the coef�-

cient for the cost of traveling for each mode of transportation l ; u i the required distance

each neighborhood drop off i must be from the facility; v j the capacity at the facility j ;cl

capacity of the mode of transportation l ; h i k the demand at each neighborhood i for each

resource k ; and d i j l is the distance from facility j to neighborhood i for each mode of trans-

portation l . The distance parameter is calculated by the Dijkstra algorithm. Dijkstra was

used because the data had the distance between each street segment. Table 2.5.2 presents

the sets, parameters, and decision variables used in the formulation.

Sets

I Neighborhood drop off location i 2 I

J Facility Location j 2 J

K Types of resources k 2 K

L Modes of transportation l 2 L

Parameters

f j Fixed cost of each facility j

� l coef�cient for cost of travel for each mode of transportation l

u i maximum distance the supply can travel to neighborhood i

v j capacity at facility j

cl capacity of the mode of transportation l

h i k demand at neighborhood i for resources k

d i j l distance traveled from facility j to neighborhood i for each mode

of transportation l

Variables

x j location of candidate facility J (binary)

yi j k l amount of demand k that is taken to neighborhood i from facility j
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The proposed capacitated facility problem follows.

min
JX

j

f j x j +
IX

i

JX

j

KX

k

LX

l

� l d i j l h i k yi j k l (2.1a)

s.t.
JX

j

LX

l

yi j k l = 1, 8i 2 I ,k 2 K , (2.1b)

yi j k l � x j , 8i 2 I , j 2 J,k 2 K , l 2 L, (2.1c)
IX

i

KX

k

LX

l

h i k yi j k l � v j x j , 8 j 2 J, (2.1d)

d i j l yi j k l � u i , 8i 2 I , j 2 J,k 2 K , l 2 L, (2.1e)
JX

j

h i k yi j k l � cl , 8i 2 I ,k 2 K , l 2 L. (2.1f)

The objective function (2.1a) includes two terms: the �rst term is to minimize the �xed

cost of opening the facility and the second term is to minimize the cost to transport the

demanded resources from the facilities to the neighborhoods. Constraints (2.1b) force the

demand to be met for each type of resource in each neighborhood. In order for goods to be

transported from a facility the facility must be open which is de�ned in constraints (2.1c).

Constraints (2.1d) de�ne capacity restrictions that require the number of resources coming

from a facility not to exceed the number of resources from that facility. The facility has

limited space and more goods cannot be transported than the facility can �t. Constraints

(2.1e) require the travel distance between the facility and neighborhood to be less than a

particular distance. The distance is based on the zoning of the neighborhood. Those that

are Zone A had a smaller travel distance than those that are in Zone D. Constraints (2.1f)

de�ne capacity restriction for the modes of transportation. The capacity is measured in

weight (lbs).

2.6 Solution Technique

In this section, the dual and LR dual are stated before discussing the validation of the

proposed model. The algorithm is then described.
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2.6.1 Model Formulation Dual

To evaluate the effectiveness of the solution for the MILP, the dual is found. With the

relationship between primal and dual solutions, the goal is to evaluate if there is strong

duality. This would verify the effectiveness of the model and its solution.

The following is the de�nition for the variables used: A is the variable referring to

constraints (2.1b), B refers to constraints (2.1c), C refers to constraints (2.1d), D refers

to constraints (2.1e), and E refers to constraints (2.1f). The parameters are the same as

listed before but are restated here: u i the required distance each neighborhood drop-off i

must be from the facility; v j the capacity at the facility j , cl is the capacity of the mode of

transportation, f j is the �xed cost for each facility, h i k the demand at each neighborhood

i for each resource k ; and d i j l is the distance from facility j to neighborhood i for each

mode of transportation l . The dual is modeled as

max
IX

i

KX

k

Ai k +
IX

i

JX

j

KX

k

LX

l

u i Di j k l +
IX

i

KX

k

LX

l

cl Ei k l (2.2a)

s.t. Ai k + Bi j k l + h i k C j + d i j l Di j k l + h i k Ei k l � � l d i j l h i k ,

8i 2 I , j 2 J,k 2 K , l 2 L (2.2b)

�
IX

i

KX

k

LX

l

Bi j k l � v j C j � f j , 8 j 2 J. (2.2c)

The �rst term comes from constraints (2.1b) multiplied by the right-hand side of one.

The second term in the objective function comes from constraints (2.1e) and is multiplied

by u . Constraints (2.2b) refer to all y variables in the primal. The right-hand side comes

from the Y term in objective function (2.1a). The second constraint (2.2c) are the dual for

all of the x variables in the primal. Its right-hand side also refers to the primal objective

function and the �xed cost f .

2.6.2 Lagrangian Relaxation

Two constraints were relaxed, the facility capacity and distance constraints, to formulate

a Lagrangian dual. The reason the facility capacity constraint is relaxed is because of its

binding nature. The distance constraint was also relaxed because of its heavy involvement

in the dual solution. The Lagrangian formulation is as follows:
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zD (� , � ) = max
� ,�

min
x ,Y

JX

j

f j x j +
IX

i

JX

j

KX

k

LX

l

a l d i j l h i k Yi j k l +

JX

j

� j

‚
IX

i

KX

k

LX

l

h i k Yi j k l � v j x j

Œ

+

IX

i

JX

j

KX

k

LX

l

� i j k l (d i j l Yi j k l � u i ), (2.3a)

s.t. (2.1b) � (2.1f)

The Lagrangian multipliers � denote the capacity constraints in (2.1d). The other multipliers

� represent the distance constraints (2.1e). Jörnsten (2016) proves properties for LR and

facility location problems. The following formulation and properties hold due to their work.

L(� , � ) = min (
JX

j

f j x j +
IX

i

JX

j

KX

k

LX

l

a l d i j l h i k yi j k l +

JX

j

� j

‚
IX

i

KX

k

LX

l

h i k yi j k l � v j x j

Œ

+

IX

i

JX

j

KX

k

LX

l

� i j k l (d i j l yi j k l � u i ) : x j , yi j k l 2 X ), (2.4a)

where X = (x j , yi j k l 2 R :
JX

j

LX

l

yi j k l = 1, yi j k l � x j ) (2.4b)

Let's de�ne X (� , � ) as the set of all optimal solutions to the LR and at � , � � 0.

X (� , � ) = argmin (
JX

j

f j x j +
IX

i

JX

j

KX

k

LX

l

a l d i j l h i k yi j k l + +

JX

j

� j

‚
IX

i

KX

k

LX

l

h i k yi j k l � v j x j

Œ

+

IX

i

JX

j

KX

k

LX

l

� i j k l (d i j l yi j k l � u i ) : x , y 2 X ) (2.5a)
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Then let M = argmax
� ,� � 0

L(� , � ) be the set of optimal values of the multipliers � , � .

Properties

1. L(� , � ) is a concave piecewise linear function.
P I

i

P K
k

P L
l h i k yi j k l � v j x j is a subgra-

dient at � and d i j l yi j k l � u i is a subgradient at � for any x,Y2 X (� , � ). Knowing it is

concave means that the solution will indeed be a maximum.

2. L(� , � ) is monotonically increasing. This holds because this is a lower bound and in

each iteration, the objective function should increase until there is either a duality

gap or is equal to the upper bound.

3. If x� ,y� 2 X (� , � ) and yi j k l = 1 and yi j k l � x j , then x� and y� are optimal for the MILP.

4. If max� ,� � 0 L(� , � ) = z � , that is, the Lagrangian relaxation shows no duality gap. It is

important to know that if the Lagrangian is equal to the upper bounds, then there is

no duality gap, and it is indeed optimal.

Darby-Dowman (1988) prove the relationship between feasibility and the number of

facilities open. This is important to ensure the solution to the relaxation is indeed feasible.

If not, then the solution quality would be poor.

2.6.3 Lagrangian Dual Algorithm

Step 1: Initialize – Let LB be the lower bound and UB be the upper bound. Initialize LB = 0

and U B = + 1 before starting. The Lagrangian values � and � must be set.

Step 2: Lagrangian Lower Bound, z LB – This objective function (2.3a) will �nd the lower

bound. The solver Gurobi was used to �nd the values of x j and yi j k l with the known

Lagrangian values.

Step 3: Upper Bound, zU B – GUROBI was used, treating the known decision variable x j as

a parameter. This approach, with x j as a parameter, aids in evaluating the feasibility of the

LR solution by determining the UB. Feasibility is assessed by solving for yi j k l using the

objective function2.1a.

Step 4: Time Step – Two time steps are found for each relaxed constraint using
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t m +1
1 =

� (zU B � z LB )
P I

i

P J
j

P K
k

P L
l (u i � d i j l x j )2

, and (2.6a)

t m +1
2 =

� (zU B � z LB )
P I

i

P J
j

P K
k

P L
l (h i k yi j k l � v j x j )2

. (2.6b)

Step 5: Resolve� and � – With the time step now found then � and � are

� m +1
j =

€
� k

i j k l + t m +1
1 (d i j l x j � u i )

Š+
, and (2.7a)

� m +1
i j k l =

€
� k

i j k l + t m +1
2 (h i k yi j k l � v j x j )

Š+
, (2.7b)

where (z)+ = max(z,0).

Step 6: Stopping Criteria – The algorithm terminates when zU B � z LB � � .

Figure 2.2 presents the overall algorithm framework.

Figure 2.2: Methodology �owchart.
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2.7 Numerical Analysis

This section discusses minimizing the duality gap while highlighting computational time.

Both the MILP and LR were written in Python using Gurobi optimization.

To begin, the formulation is applied to a small data set to check the solution ef�ciency

and time. The solution technique is then applied to the network for Norfolk, VA. Dijkstra's

algorithm �nds the shortest path from each facility to the neighborhood drop-off location

using Python as well. Results and sensitivity analysis examine the objective functions and

computational time for various distance values, facilities' capacity, facilities costs, and

transportation cost, � . All results are used on a computer with a RAM of 512 GB and 8268

CPU.

2.7.1 Small Data Results

The small data set was random and designed in Euclidean space. There were three facilities,

�ve neighborhoods, two demands, and two modes of transportation. This would only have

a total of 63 variables. The MILP found an optimal solution quickly. The dual was found after

to ensure the solution was optimal. The MILP solution was $141,496 while the objective of

the objective function for the dual was $1,371,077. This is a signi�cant difference.

The LR found an objective of $141,417.31, which is signi�cantly closer. There was only a

difference of $78.69. Both of the formulations were solved quickly and within one second.

2.7.2 Norfolk Data Results

This larger dataset encompassed �ve facilities, 127 neighborhoods, two demand levels, and

two transportation modes. Norfolk's network and the speci�c zones are predetermined for

each neighborhood based on current zoning. Population data are sourced from Neighbor-

hood Scout (Neighborhood Scout, 2023), with demands calculated as a percentage of the

population. The MILP's objective value was found at $70,089.90, compared to the LR's which

was $69,990.77, marking a slight difference of $99.13. In both scenarios, all facilities are

open. The MILP found Lake Taylor High School was used the least, in contrast to Norview

High School, which was the most utilized, as illustrated in Figure 2.3.

The decision between the modes of transportation was examined. Ground transporta-

tion signi�cantly in�uenced the overall objective function. Figure 2.4 displays the distribu-

tion among the modes of transportation for each facility location. Ground transportation

expenses constituted 74% of the total costs, compared to 16% of drone transportation. In
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Figure 2.3: The individual assignment for each facility location.

this case, the costs for ground transportation are cheaper than the drone. This is the reason

why ground transportation is used more. Further examination of this and other parameters

is forthcoming in the Sensitivity Analysis section.

Road conditions also have a signi�cant impact on the choice of ground or drone trans-

portation even when drone transportation remains more expensive. Currently, the model

does not account for additional road network obstructions, resulting in drones being uti-

lized for 28% of distributions. If the travel time increases by 1.5 times, the drone usage

increases to 58% of the distribution. Should it double, drone usage further increases to 80%

of distributions, highlighting the effect of road network conditions on the preference for

drone usage.

2.7.3 Initialization of LR multipliers

The LR method can be very sensitive to the value of the initial multiplier. Due to Karush-

Kuhn-Tucker, neither multiplier can be negative. To begin, � was initialized as one, and �

was initialized at zero. All of the sensitivity analysis was done with these values. Table 2.3

below shows various values that were used to initialize the values and whether a solution

was found.
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Figure 2.4: Use of different transportation modes at each facility.

Table 2.3: Initialization of LR multipliers for the Norfolk, VA, data.

� � Solution Found Time(s)
0.5 0
0 0.5

0.1 0
0.1 0
0 0 Ø 1.09
1 0 Ø 2.71
0 1
1 2
2 1
10 0
0 10

Only two combinations of � and � were successfully executed, each resulting in identical

�nal values. The computation time was halved when initial values were nearer to these

�nal outcomes. For both successful executions, � values were zero, while the � values

were [0,0.0004,0,0,0]. In unsuccessful attempts, � values signi�cantly exceeded the optimal

values, such as when � initiated at 0 and � at 0.5, leading to � values of [0, 6.17e93, 0,
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0, 3.9e93]. Despite these discrepancies, � values returned to the optimal zeros after the

formulation failed, highlighting that the initialization of the multipliers can largely affect

the results

2.7.4 Sensitivity Analysis

This section discusses the sensitivity of the LR by examining the in�uence of the distance

constraint, the capacity of the facility and transportation, and the costs of facilities. The goal

is to examine the possibility of minimizing the difference between the objective functions

as well as investigate the computational time.

We have �rst evaluated the impact of distance constraints on the LR process. This

constraint is relaxed in the LR objective. The distance constant is sensitive and can not

be set too low, otherwise the solution is infeasible. With various values for each zone, the

costs do not affect the objective function. The difference in objective functions remains

consistent with various values, and the time required for LR solution is unaffected. It also

does not change the allocation of neighborhoods to facilities or the preference for ground

versus drone transportation. All facilities remain open. Table 2.4 presents detailed distance

values, differences in objective functions, and runtimes for solving the problem with LR.

Table 2.4: Distance for each zone and the solution.

Run Distance (A,B,C) Difference($) Time of LR(s)
1 8,12,17 91.13 2.73
2 10,15,20 91.13 2.73
3 10,10,10 91.13 2.73
4 15,15,15 91.13 2.73

The facility capacity also is examined and is depicted in Figure 2.5. The capacity ranges

from 10,000 lbs to 50,000 lbs. At the capacity minimum, the difference between the objective

functions is the closest. The difference expands when the capacity increases. At 15,000

lbs and above the objective function remains consistent for both the MILP and LR. The

decrease in the objective function for the MILP is due to the change in the distribution of

ground and drone transportation. At a capacity of 10,000 lbs, drones are utilized 70 times

compared to 180 instances of ground transportation. Increasing the capacity to 15,000 lbs
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alters the usage between drones and ground transportation, with drones being used 80

times and ground transportation 170 times. However, for the LR model, the usage pattern

across different capacities remains unchanged, consistently showing 80 instances of drone

use and 170 of ground transportation.

Figure 2.5: Sensitivity Analysis for the objective functions with various capacities.

Table 2.5 shows each capacity, number of iterations, and exact time to solve for the MILP

and LR. The time to complete and the number of iterations for the LR are best at 10,000 lbs.

The objective functions were also closest at that capacity. There was an increase in both

time and iterations at 15,000 units which is consistent with the increase in the difference of

the objective functions. The number of iterations remains consistent, going from 20,000

lbs to 50,000 lbs. The time to solve between 15,000 lbs and 50,000 lbs varies slightly due

to the different cuts done. These cuts include clique cuts, Gomory cuts, and Relaxation

Linearization Technique (RLT) cuts. At each iteration, these cuts vary for each capacity,

leading to variations in the time to solve for the LR.

A sensitivity analysis was conducted on facility costs, which are parameters in the

objective function. Regardless of facility costs, the difference in the objective function

remains consistent and is re�ected in Figure 2.6. The average difference is $91.42 between

the objective functions. Again, this difference is due to the choice of mode of transportation.
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Table 2.5: The number of iterations the LR must go through to get the objective functions
and the time it takes for various capacities.

Capacity Iterations to Time of LR Time of MILP
(lbs) solve LR (seconds) (seconds)

10,000 3 2.82 <1
15,000 19 19.26 <1
20,000 21 19.23 <1
25,000 21 19.44 <1
30,000 21 19.32 <1
35,000 21 19.05 <1
40,000 21 18.78 <1
45,000 21 19.03 <1
50,000 21 19.10 <1

The largest difference is when the facility costs are $1,000, and the largest difference is in

the transportation choice. The MILP uses the drone 70 times versus the LR using it 80 times.

The difference in objective functions is minimal when the cost is $10, and the choice in

transportation is the same.

Figure 2.6: Sensitivity to facility costs.
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Unlike the facility capacity, the number of iterations remains consistent regardless of

facility costs. The time to solve for the LR also is solved within two seconds. The difference in

the time is due to the different cuts done, similar to what was discussed previously in regard

to facility capacity. For the facility costs, the time to solve and the number of iterations are

in Table 2.6.

Table 2.6: The number of iterations the LR must go through to get the objective functions
as well as the time it takes for various facility costs.

Facility Costs Iterations to Time of LR Time of MILP
($) solve LR (seconds) (seconds)
10 3 2.79 <1
500 3 2.74 <1
1000 3 2.82 <1
1500 3 2.86 <1
2000 3 2.86 <1
2500 3 2.86 <1
3000 3 2.79 <1

Figure 2.7 explores the impact of varying drone and ground transport capacities along-

side different facility capacities. When the facility capacity is 10,000 lbs, the difference

between objective functions remains consistent regardless of ground the drone capacities.

This also matches what was shown in Figure 2.5 at that capacity, the objective functions are

closest. However, this is different when the facility capacity increases to 20,000 lbs. In both

ground capacities, the difference between the MILP and LR increases in most cases for

the drone capacity. Regardless of ground capacity, the gap between the objective function

exceeds $450 in all cases but one. That one case can be found when the drone capacity is

at 100 lbs and the ground capacity is at 2,500 lbs. The objective functions narrow to just

$0.02. The largest difference is observed when drone capacity is at 800 lbs and ground

capacity is either 2,500 or 5,000 lbs. The objective functions decrease as the drone capacity

increases for all cases. This is because drones become more heavily used. Although it is

more expensive, the direct route decreases overall costs.

When examining the parameters, transportation costs, � values, were adjusted to deter-

mine their impact on transportation mode selection within both the MILP and LR models.

Initial results set drone costs at $2 and ground transportation at $1. This analysis was ex-
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Figure 2.7: Sensitivity to facility capacity values.

tended to evaluate scenarios where both modes cost are $1, and where drone transportation

cost is $1 compared to $2 for ground transportation. When the drone costs are lowered or

equal to that of the ground, the drone utilization signi�cantly increases. The increase is

further when comparing the cheaper case for the drone to the equal case. Comparing the

MILP and LR, the drone is used more in the LR for all cases. The inverse is true about ground

transportation. The largest discrepancy is found when the costs are equal. The LR uses

the drone 22 more times than the MILP. Other cost comparisons showed less signi�cant

differences, as illustrated in Figure 2.8.

In conclusion, various facility costs and distances maintain the two objectives very close.

This means that the difference between the objective functions remains the same regardless

of the values. Both of these parameters are in the objective for the LR. The capacities of

the mode of transportation and facility capacity do show a difference among the objective

functions. When the facility capacity is 10,000 lbs, the difference between the LP and LR

objective functions remains consistent regardless of the drone capacity and ground capacity.

When the facility costs increase, the difference in objective function increases in nearly all

cases of the various ground and drone capacities. This remains consistent when examining

the sensitivity of the facility's capacity alone.

The choice between the mode of transportation has a signi�cant impact on the objective

function. This is shown both with various capacities and costs. Drone capacity can have
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Figure 2.8: Comparison of drone and ground transportation usage for various � values.

a signi�cant impact on costs. As the capacity increases, the objective function for both

MILP and LR decreases. This is because drone utilization increases allowing the supplies to

be delivered in a more direct route. When the costs decrease for the drone, the objective

function also decreases. This is again because of the direct route the drone can take in

comparison to ground transportation. This shows the impact the choice of transportation

can have on decision-making.

2.8 Conclusion

This chapter focuses on a location-allocation for the distribution of supplies and goods

for hurricane relief efforts. Neighborhoods are categorized into zones, where each zone

identi�es the risk of �ooding and establishes groups for potential evacuation. For example,

of�cials may advise those in zone A to evacuate in desperate times due to the very high risk

of �ooding. A capacitated facility location problem is developed to minimize the location

of facilities around the city and the transportation needed to get the goods to the various

neighborhoods. Distance constraints are added, requiring those in zone A to be closer to the

facility and the distances increase as the zones become less at risk. There are two potential

modes of transportation: ground and drone.

The problem is solved using LR. Two constraints are relaxed, including the capacity
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and distance constraints imposed by the zoning. The problem is then solved using Norfolk,

Virginia's zoning, and multiple supplies' distribution.

This chapter applied LR in order to evaluate the minimization of the duality gap. The

duality gap decreased with the application of the LR in comparison to the dual for the

smaller data set. With the Norfolk data set, sensitivity analysis examined the effects of LR

on the duality gap. The distance constraint, capacity, and facility cost parameter values

varied. The duality gap for the distance constraint remained constant. The change in the

facility costs showed the duality gap decreased. This did not occur for the capacity. Instead,

the duality gap increased with various capacity values.
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CHAPTER

3

A HEURISTIC FOR CHARGING AND

REBALANCING MICROMOBILITY

DEVICES WITH BATTERY CONSTRAINTS

FOLLOWING A NATURAL DISASTER

3.1 Introduction

Micromobility devices such as Lime and Spin scooters have been popping up everywhere.

In 2019, there were 136 million trips taken around the country in 109 cities. This includes

shared scooters and bikes and personally owned electric scooters. People are beginning

to use these devices to travel short distances. Shared bike users average a travel distance

of 3.3 miles and 26 minutes. Scooter users tend to travel less, with a distance of 1 mile

and 12 minutes. The low cost has been driving people to use these various micromobility

devices. The bike users average $ 3 per trip while the scooter average $ 2.80–$ 4.50 (National

Association of City Transportation Of�cals, 2019). These devices can either be station-based

34



or dockless sharing. Those that are station-based are picked up and dropped off at docks

that are located around the served area. They do not have to return to the exact same dock

but rather any dock location found in the area. In contrast, those that are dockless can

be found anywhere within the service area. Often an app must be used on one's phone to

locate an available device. The scooter or bike must be left in a public area for others to be

able to use after (Shi et al., 2022).

The cost of charging comprises 30% of the companies' total costs. Some companies

pick up the devices and return them to a warehouse for charging before being relocated for

use (INVERS, 2021). There are various issues with doing this such as locating the scooters

and the danger of picking them up (Hawkins, 2019). Others have been completing battery

swapping which lowers the costs; however, there are fears of safety issues and potential

stealing of the batteries (INVERS, 2021).

There are companies that have similar devices that have a robot feature. These features

include a “follow me” feature with the device following someone around (Segway, 2023).

The hope is that these devices can relocate themselves if programmed to. If so, these devices

could be used for micromobility rides rather than the current scooters and bikes. This would

ultimately eliminate the need to have people collect, charge, and redistribute the scooters

and the swapping battery method. The devices could complete a needed ride and then

relocate to pick up someone else or go charge at a facility. The goal of this prototype is to

eliminate the “middle man” as the devices can instead move themselves between rides and

charging facilities.

On October 29, 2007, Hurricane Sandy brought great damage to New York and New Jersey.

Following the storm, much of New York City was shut down including public transportation

that many rely on. The day after the storm made landfall, the subway shut down completely

due to �ooding of tunnels. Buses were able to resume but were limited. Buses were fully

operating 48 hours after the hurricane hit. This caused a transportation crisis as millions

�ocked to the buses without the other forms of public transportation available. Residents

dealt with overcrowding of buses, long wait times due to traf�c, and skipped bus stops.

On November 1st, limited service was available for 14 out of 23 metro lines. On this day,

300,000 commuters chose to bike to work to avoid overcrowding. This accounted for triple

the typical amount of residents choosing to bike. By November 3rd, 80 % of the subways

were operating again and commuter rail was operating again by the 5th. The last subway

line to become operable again was from Newark, NJ, to the World Trade Center (Kaufman

et al., 2012). The use of bikes in the time after the hurricane proved to be vital for residents

to commute. Now, the addition of scooters may further help residents' mobility following a
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disaster that largely affects public transportation.

This chapter aims to develop a heuristic to estimate the total distance and costs. Much

of the research in the micromobility scope is in regards to the redistribution of the devices

or picking up the devices to charge. There is no research that has the demand on the arc and

focuses on the movement of the scooters themselves including repositioning. Therefore,

there have been no methodology techniques that have completed this problem. We propose

a heuristic due to the complexity of the problem and the unprecedented formulation.

Scooter data from Chicago, IL, is used to evaluate the methodology. The results indicate

that the proposed heuristic estimates the objective function quickly compared to the Gurobi

solver. The main contributions are listed below.

1. The demand is de�ned on the arcs rather than the traditional de�nition on the nodes.

In contrast to existing efforts, the demand is de�ned as the number of rides conducted

between the origins and destinations.

2. The proposed linear program is augmented by battery constraints, which add another

layer of complexity.

3. Movements are de�ned more comprehensively compared to the existing literature.

Throughout the time horizon, the scooters can be repositioned to conduct another

ride or to go to a charger.

4. A heuristic is developed to solve the vehicle routing problem and expanded to incor-

porate the charging facility deployments into the solution framework.

3.2 Literature Review

This section reviews the literature on balancing, vehicle routing, charging of dockless

vehicles, and �nancial incentives, speci�cally in the micromobility domain.

3.2.1 Balancing

Rebalancing involves distributing shared transportation vehicles that are too concentrated

in speci�c regions or relocating them to desired or predetermined areas (Herrman, 2019).

Vehicles can either be dockless or station-based, regardless of how they recharge. Station-

based vehicles require operators to pick them up and drop them off at stations. This practice

can be time-consuming, impose dif�culties often due to the low accuracy of the locations
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in the app, and involve charging attempts by operators before returning to the service zones

(Masoud et al., 2019). Charging stations could be different from the original locations. In

a dockless system, the vehicles can be picked up and dropped off anywhere within the

service zone (Shi et al., 2022).

Dockless Vehicles. Shi et al. (2022) assign a region to the operators rather than assigning

individual vehicles to a charger. Their study also focuses on the company's budget used to

pay the rebalancing operators. A set covering problem is developed. In order to solve the

problem, an algorithm was also developed that was named GDY-MAX. The proposed study

only focuses on one time period rather than multiple time periods required to observe the

dynamics of the entire system. Additionally, the study does not include the potential use of

incentives for riders (Shi et al., 2022).

Pei et al. (2022) examine the free-�oating bicycle sharing problem considering system

dynamics. The free-�oating method establishes regions such as a couple of blocks over

neighborhoods. Because the vehicles are dockless the vehicles can be left anywhere in the

region or move to another region. Customers looking to use the vehicles may �nd that

there are no vehicles in their region; therefore, this model formulates a waiting time. This

waiting time is the time a customer must wait for another customer to drop off a vehicle.

This process is similar to a taxi-hailing platform or call center. Those waiting customers

have a patience limit on how long they are willing to wait. The researchers use a queuing

model and a continuous approximation technique to solve the problem (Pei et al., 2022).

Although the demand for vehicles is considered, network traf�c is ignored. Instead, Liazos

et al. (2022) use simulation to account for the traf�c along the road network. The goal is to

limit the interaction between the micro-mobility devices and the background traf�c. The

study implements a generic algorithm for computational ef�ciency. Although it takes into

account the traf�c �ow, the study does not include if or when an accident occurs on the

roadways. This would be important to include in order to determine areas to avoid if an

accident occurs. Another limitation is that no charging locations were included (Liazos

et al., 2022).

Station-based Vehicles. Station-based or docked micromobility devices are de�ned dif-

ferently. Docked vehicles require customers to pick up and drop off the vehicles at a station.

The stations do not have to be the same one. The battery concerns are not relevant in

contrast to our previous discussion on scooters and bikes. Pricing and location problems

are just some of the newly de�ned problems that arise through docked models (Banerjee
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et al., 2021; Saharidis et al., 2014).

Unlike Shi et al. (2022), Haider et al. (2018) did include the use of incentives. Incentives

are used to change the destination to areas with fewer micromobility vehicles than others.

This is to minimize the number of imbalanced stations, which is the upper level of their

proposed bi-level formulation. The lower level is the customer's decision to minimize their

cost. To solve the problem, the bi-level model is reformulated into an equivalent single-level

formulation. They implement an iterative price adjustment scheme heuristic to facilitate

the computational efforts (Haider et al., 2018). Yi et al. (2019) also use incentives, but the

incentives are calculated differently. First, an optimal number of bikes is determined for

each station. A “random walk” process with two absorbing states is used to determine the

optimal number of bikes needed at each station. If the available number of bikes is less

than optimal, the incentives are implemented to nudge customers to go to other stations

to pick up bikes. The “largest the �rst” algorithm is then used to determine which stations

the customer should go to based on their location and the walking distance to the next

station. The effectiveness is then tested using real data and a simulation. The limitation of

this model is that it does not predict when the stations will have less number of bikes than

optimal (Yi et al., 2019).

Ma et al. (2021) examine the rebalancing problem as a stochastic problem rather than

deterministic. By doing so, the rebalancing of the vehicles occurs throughout the day rather

than just at night. It also relies on the locations of the vehicles at any given time. First, they

develop an integer program to evaluate the imbalance among different regions. They then

introduce chance constraints into their program in order to apply the model to a real-world

problem in Beijing, China. Genetic Algorithm (GA) is then applied to solve it. The objective

function aims to minimize the costs (Ma et al., 2021).

Saharidis et al. (2014) formulate a location problem to determine the location of the

stations and how many spots each station should have based on the available data. Bud-

get limits and walking time between stations are incorporated into the formulation as

constraints. The objective function aims to minimize three different terms. The �rst term

identi�es the time imposed on the unmet demand to walk to another station. The second

and third terms �nd the unmet demand at particular stations. The study is solved using

one data set, but the researchers state more runs can be done with other data. Different

data that differentiate weekdays and weekends as well as time of year in order to evaluate

how various usage can affect facility locations (Saharidis et al., 2014).

Chen et al. (2020) have also integrated the charging visits and dock locations with

the bike rebalancing problem. The study formulates a bi-level programming model to
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determine how many charger stations are needed and the optimal deployment of the

bikes among the stations. The bi-level model is formulated into a single-level model and

a hybrid particle swarm optimization (HPSO) is used as a solution methodology. The

upper-level objective function aims to minimize the total cost for the user. The upper-

level constraints involve budget constraints and inventory levels. The lower level models a

network equilibrium model (Chen et al., 2020).

Jin et al. (2022) use a mix of optimization and simulation to solve the rebalancing prob-

lem. Rather than rebalancing the problem once a day, the model rebalances dynamically.

During the high peak times, the simulation may also personally drop off the vehicle to

someone waiting, like a valet service. The K-means clustering method and an ant colony

meta-heuristic are applied to solve the problem. The K-means approach aims to minimize

the total distance between facilities within a cluster. The larger objective function is to

minimize total travel time and time to load and unload the redistributed vehicles (Jin et al.,

2022).

Warrington and Ruchti (2019) model a stochastic program accounting for the stochastic-

ity in customer demand. A stochastic gradient scheme algorithm is used to solve a two-stage

problem. The �rst stage conducts the rebalancing without realizing the customer demand.

The second stage approximates the value function across the data (Warrington and Ruchti,

2019).

3.2.2 Routing

Recent literature shows the application of vehicle routing problems (VRP) in rebalancing

bikes and scooters. The objective is to use a larger vehicle to pick up and drop off bikes and

ensure demand is met.

For instance, Dell'Amico et al. (2014) have formulated four mixed integer linear pro-

grams (MILP) using the traveling salesman problem (TSP). A truck is to leave a depot and

visit each station to either drop off or pick up bikes. They formulate the �rst model as an

m -TSP formulation with m uncapacitated vehicles. The objective function aims to mini-

mize travel costs. Each formulation then builds on the m -TSP. The second formulation is

an m -TSP with two additional constraints: �ow constraints and lower and upper bounds.

The third formulation becomes a capacitated problem. The fourth formulation builds upon

the two-commodity �ow model but uses constraints from the previous formulations. To

solve all the models, a branch and cut algorithm is used (Dell'Amico et al., 2014).

Wang et al. (2022) focus on the clustering of bike stations. The researchers developed a
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mix integer program (MIP) to minimize the difference in the in�ow and out�ow of each

cluster. A modi�ed fast-unfolding algorithm is used to solve the problem. The study does

not include unobserved demand. Additionally, the formulation is developed for station-

based bikes. The study is limited, and future research may focus on dockless bikes in the

future (Wang et al., 2022).

Additionally, Aifadopoulou et al. (2022) aim to optimize vehicles' routes to redistribute

bikes to stations. The study also tries to predict future demand for each station. The pro-

posed model makes decisions on when the truck should reposition the bikes. While the

majority of the existing research focuses on end-of-day repositioning, this research focuses

on repositioning throughout the day.

Osorio et al. (2021) focus on rebalancing operations and charging time. They examine

the trade-offs between routing and the time it takes the vehicle to charge. The objective

function aims to maximize the expected revenue and minimize the total cost for the MIP.

The region is clustered into zones and the routing cost is then calculated within each

zone. Then, zoning occurs between the zones. The decision is to determine the number of

suf�ciently charged vehicles to be dropped off and the number of vehicles to be picked up.

Two heuristics were developed and compared with both using continuous approximation

(CA). Within each zone, TSP was used to calculate the routing cost in both heuristics.

The �rst heuristic has the routing cost plugged into the discrete model. It only makes the

decision for pickup and drop-off of the vehicles. The second heuristic has a pre-determined

pickup and drop-off policy that is used to decide whether a pickup or drop-off is allowed at

a node. The capacity of the vehicle plays a signi�cant role in the results as a limiting factor.

Removing it can facilitate more examination of the vehicle's battery capacity (Osorio et al.,

2021).

Rather than a linear model, Ren et al. (2020) initially de�ne �ve different nonlinear

models with various objectives and constraints. The sixth formulation is a relaxed MILP.

The overall goal of the research is to minimize the routing costs and the inventory costs of

the bikes and scooters that conduct the rebalancing. The researchers convert the nonlinear

model into a MILP. An iterative process as well as a branch-and-cut algorithm are used

to help solve the various formulations. Results show the sixth formulation, which was a

relaxed MILP solved quicker and more accurately than all other formulations (Ren et al.,

2020).

Ren et al. (2020) also formulate nonlinear models that consider the routing with the

inventory at the depot. Six formulations are developed with various objectives and con-

straints. The �rst �ve formulations are nonlinear, while the sixth formulation is a relaxed
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Table 3.1: Summary of research regarding micromobility.

Vehicle Scope Interference Reference Method
D allocate workers budget constraint Shi et al. (2022) GDY-MAX
D geoforce service network travel time Liazos et al. (2022) GA
D queueing service level Pei et al. (2022) CA
D battery swapping population distribution Lin et al. (2021) TS, GA
D charging inventory routing Osorio et al. (2021) CA
D charging station capacity Masoud et al. (2019) MIP, ACA
D, S factors in�uencing bike-sharing - Li et al. (2019); Su et al. (2020) big data analysis
S simulation framework service level Jin et al. (2022) hybrid heuristic
S VRP capacitated �eet Wang et al. (2022) unfolding algm.
S pricing travel times Banerjee et al. (2021) heuristic
S rebalancing operation cost Ma et al. (2021) GA
S capacitated TSP demand prediction Aifadopoulou et al. (2022) IP
S inventory control traveling costs Ren et al. (2020) B&C
S VRP service level Ren et al. (2020) metaheuristic
S VRP, location station capacity Chen et al. (2020) HPSO
S traf�c pattern station capacity Yi et al. (2019) greedy heuristic
S stochastic demand capacitated �eet Warrington and Ruchti (2019) SA
S customer incentives service level Haider et al. (2018) heuristic
S location allocation coverage distance Saharidis et al. (2014) IP
S TSP capacitated �eet Dell'Amico et al. (2014) B&C

Notes: D: Dockless, S: Station-based
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MILP. A branch and bound technique was utilized to solve each problem.

3.2.3 Charging

The latest trends in shared micromobility systems suggest that e-bikes and e-scooters are

the future of the �eld. Hence, charging methodologies adopted by companies for these

vehicles become predominantly important.

Masoud et al. (2019) focus on dockless charging, where gig workers pick up and drop off

the vehicles. A poor work environment is considered where multiple workers can show up at

the same time to pick up a vehicle. This may lead to physical violence. The proposed model

assigns the vehicles to the charger to eliminate the potential violence among workers. To do

so, they formulate a MILP to solve the e-vehicle charger allocation problem. Due to the time

complexity of the program, two different algorithms that have polynomial complexity are

used. The proposed model does not include the inaccuracy of the location of the vehicles.

Additionally, the focus is mostly on the time complexity rather than the solution quality

(Masoud et al., 2019).

Instead of considering the need for the vehicles to charge their batteries like Masoud

et al. (2019), Lin et al. (2021) exploit the idea of battery swapping. Battery swapping is when

the depleted battery is exchanged with a new battery and the batteries are individually

charged. This is to eliminate the time needed to charge the vehicles. Lin et al. (2021) develop

a location-allocation problem with the consideration of uncertain demand. A grid-based

model is developed that is solved by a tabu search (TS) and GA. TS was used due to its short

and long-term memory capabilities. GA de�nes the chromosomes as a binary variable,

depending on whether the facility is open or not. GA continues to go through different

iterations to �nd the optimal objective function with the addition of mutation to prevent

�nding a local optimum (Lin et al., 2021).

These publications draw attention to station overhead costs and �nancial problems,

indicating that increasing the number of micromobility systems such as scooters / bikes will

increase maintenance costs and decrease utilization. Therefore, station location allocation

should be given more consideration. Table 3.1 summarizes the literature on charging.

3.2.4 Financial Incentives

Though the pricing rate for shared transportation systems is a function of various inputs

such as demand (which itself is dependent on a multitude of factors, e.g., time and location),
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competitor rates, and economic conditions, the most signi�cant contributor to the rental

rate is the operational costs imposed to the company. The operational costs include station

production costs, maintenance costs (e.g., charging for e-bikes, repair), acquiring cost

of assets and their value (e.g., scooters and bikes), and any other kinds of administrative

and overhead costs. Our review focuses on the costs associated with the deployment of

bikes/ scooters to better understand pricing strategies.

Li et al. (2019) and Mehzabin Tuli et al. (2021) study the factors that in�uence the

behavior and usage of bikes and e-scooters in Beijing and Chicago, respectively. The for-

mer study observes that the pricing of bikes signi�cantly impacts demand during the day,

thus suggesting pricing strategies to capture a larger market share while maintaining the

pro�tability of peak-hour demands. The study uses the random-effects negative binomial

regression model to examine different factors affecting the market share. The latter study

uses Chicago-based data to draw insights about the usage of the vehicles. It indicates that

the usage of shared transportation is dependent on a multitude of time-variant factors,

such as weather conditions and gasoline prices, as well as time-independent factors, such

as socio–demographic and neighborhood characteristics. This shows that pricing should

also be modeled along with weather- and gasoline price-related factors. Similarly, Banerjee

et al. (2021) develop a framework for shared vehicle rebalancing using pricing regulations.

The study aims to maximize throughput, revenue, and welfare under posted-price con-

straints, travel times, and welfare benchmarks. Welfare is de�ned as social welfare and is

measured by the total number of passengers served. To capture these externalities, the

model utilizes closed-queuing networks to enforce conservation laws such as Little's Law

and �ow conservation to solve a multi-objective, control, and constraint problem.

As observed in the reviewed literature, factors in�uencing pricing vary from time-

dependent to time-independent like worker utilization and location. However, an important

factor brought to the attention by Su et al. (2020) is the maintenance cost of bikes / e-scooters.

The study focuses on the parking behaviors of riders and attempts to incentivize an orderly

fashion. They de�ne orderly fashion if the bike is parked in the designated area and parked

upright, otherwise, it is disorderly. A randomized �eld experiment on student subjects in-

cluded three interventions to promote orderly parking behavior: notifying the users about

social norms, sending out a warning message, and monetary incentives. The study noted

a 25.3% likelihood that users who received a monetary reward would park in an orderly

manner, compared to 18% for users who only received a warning message. If this study is to

be extrapolated, such incentives become an important factor in the pricing of any shared

transportation system.
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3.3 Discussion

Much of the research discussed in the literature review focuses on rebalancing vehicles

to ensure people have a means of transportation. The rebalancing requires workers or

users to conduct the distribution. This chapter focuses on eliminating this by allowing the

vehicles to move themselves automatically. A VRP formulation is developed with automatic

vehicle repositioning to another ride or charge. The formulation also establishes chargers

for the vehicles to go to and charge. Neither are found in the literature review process. The

literature on shared transportation charging focuses on workers picking the vehicles up to

charge or conduct battery swapping. This chapter does not involve �nancial incentives.

This is due to the elimination of users needing to position the vehicles themselves or the

need to hire workers.

3.4 Model Formulation

This section �rst focuses on a routing problem to ensure the micromobility vehicles are

moving correctly to meet the demand and battery constraints. Then, a facility location

problem will be built upon the proposed routing problem to optimize the number and

location of the facilities with charging docks.

3.4.1 Routing Problem

Assumptions

Table 3.2 presents the modeling assumptions made for the routing problem along with

their implication.

Routing Formulation

We de�ne the network G(N ,A), where N de�nes the set of nodes and A represents the

set of arcs. We also de�ne the sets of origins O and destinations D . We let S denote the

set of vehicles. We de�ne the temporal aspect of the problem by time horizon T from

f 0,1,2, ...,Tmaxg. Let Q t
s be the battery level of each vehicle s 2 S at each time step t 2 T , �

be the maximum battery level allowed, 
 denote the minimum battery level allowed, �

de�ne the recharging rate over a time step. The following parameters are de�ned in regards

to the chargers: � t
o is the occupancy of a charger at origin o 2 O at time t 2 T ; � o is the

available capacity at the facility at origin o; ho,d is the distance from each origin o to each
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Table 3.2: Assumptions in the routing problem and their implications.

Assumption Implication

Facility locations and the number
of chargers available at each facility
are known.

Simplifying assumption to facilitate the routing solution.

The vehicle can only conduct one
ride at a time.

Realistic to the usage of shared micromobility vehicles.

All rides are completed. Data used in this study contains a list of completed rides.
All rides are known by the vehicle
company.

Creates a deterministic model.

The user completes the shortest
path from the origin to the desti-
nation.

This is done to keep distance measurements consistent in
the model.

Each node in the network is an ori-
gin and destination.

This assumption helps with the development of the network
�ow constraints used in the model.

Vehicles start at the chargers at the
beginning of the time horizon.

This is listed as a constraint.

The battery is at full capacity at
the beginning of the time horizon.
There is also a minimum capacity
for the battery.

Optimistic view for the vehicles' routes for the time horizon.

Each charger can only charge one
vehicle at a time.

Realistic to current technologies.

destination d ; and �nally, ro,d is the matrix of all routes needed to be completed from origin

o to destination d . Parameter g(o,d ) is a binary indicator that denotes the presence of a

facility at a particular node within the network. We de�ne g(o,d ) = 1 if a facility is located

at node o, which also serves as its destination, denoted by d , therefore necessitating that

o = d .

We let x t
s,o,d be binary variables equal to one if vehicle s is completing a ride from origin

o to destination d at time t or zero otherwise. We also de�ne binary decision variables z t
s,o,d

to determine if vehicle s must relocate from o to d at time step t . Variable w t
s,o,d is binary

that equals 1 if vehicle s is charging at time t at a facility located at node o, which also

serves as the destination (o = d ), and equals 0 otherwise. The constraints force this variable

to have the same origin and destination, i.e., o = d . Table 3.3 de�nes all sets, parameters,

and decision variables.The following formulation presents the proposed network �ow model.
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Table 3.3: De�nition of sets, parameters, and variables.

Sets
G(N ,A) Network de�nition as a graph, where N is the set of nodes and A the set of arcs.
S Set of vehicles.
T Time Horizon {0,1,2,...,Tmax}.
O Set of origins.
D Set of destinations.
Parameters
Q t

s Battery level of vehicle s 2 S at time t 2 T .
� t

o Occupancy of facility at origin o 2 O at t 2 T .
� o Available capacity at facility at origin o 2 O.
ho,d Total distance traveled from o 2 O to d 2 D .
ro,d Routes to be completed from o 2 O to d 2 D .
go,d binary indicator that denotes the presence of a facility with 1 if facility location

is at o 2 O and destination d 2 D where o = d .
� Maximum battery charge level.

 Minimum battery amount.
� Recharging rate. There is an increase in the battery after one-time step in

the chargers.
Variables
x t

s,o,d 1 if vehicle s is completing a ride from o to d at t or 0 o.w.
z t

s,o,d 1 if vehicle s must be repositioned from o to d at t or 0 o.w.
w t

s,o,d 1 if vehicle s is charging at facility at origin o and destination d at t where
o = d or 0 o.w.

min
OX

o

DX

d

SX

s

TX

t

ho,d (x t
s,o,d + z t

s,o,d ) (3.1a)

s.t. w t
o,d ,s � go,d , 8o 2 O,d 2 D ,s 2 S, t 2 T, (3.1b)

TX

t

DX

d

x t � 1
s,o,d + z t � 1

s,o,d + w t � 1
s,o,d �

TX

t

DX

d

x t
s,o,d + z t

s,o,d + w t
s,o,d = 0, 8o 2 O,s 2 S, (3.1c)

TX

t

DX

d

w t � 1
s,o,d �

TX

t

DX

d

w t
s,o,d = 0, 8o 2 O,s 2 S, (3.1d)

DX

d

x t � 1
s,o,d + z t � 1

s,o,d + w t � 1
s,o,d =

DX

d

x t
s,o,d + z t

s,o,d + w t
s,o,d , 8o 2 O,s 2 S, t 2 T, (3.1e)

go,d w � 1
o,d ,s = 1, 8s 2 S,o 2 O,d 2 D , (3.1f)

x t ,o,d
s + z t ,o,d

s + w t
o,d ,s � 1, 8s 2 S, t 2 T,o 2 O,d 2 D , (3.1g)

SX

s

DX

d

w t
o,d ,s � � o , 8o 2 O, t 2 T, (3.1h)

� t
o = � o �

SX

s

DX

d

w t
o,d ,s, 8o 2 O, t 2 T, (3.1i)

SX

s

TX

t

x t
o,d ,s = ro,d , 8o 2 O, t 2 T, (3.1j)

Q t
s � � , 8s 2 S, t 2 T, (3.1k)

Q t
s � 
 , 8s 2 S, t 2 T, (3.1l)

Q t � 1
s �

OX

o

DX

d

ho,d (x t ,o,d
s + z t ,o,d

s ) + � w t
o,d ,s = Q t

s , 8s 2 S, t 2 T, (3.1m)

Q � 1
s = � , 8s 2 S. (3.1n)
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Objection function (3.1a) minimizes the total distance each vehicle must travel over

the time horizon. It includes the distance each vehicle must travel to complete a ride

and the distance the vehicle may need to reposition to either another ride or a charger.

Constraints (3.1c)– (3.1e) refer to the �ow constraints. Constraints (3.1c) de�ne the �ow

of each node. A vehicle can reach a node by completing a route, by repositioning (to a

ride or a charger), or from a charger. A vehicle can also leave each node through the same

mechanisms. Constraints (3.1d) govern the �ow in and out of chargers. Figure 3.1 depicts

the network �ow visually. Constraints (3.1e) ensure that the destination at time t � 1 must

be the origin at time t . Constraints (3.1f) start each vehicle trip at a charger at the beginning

of the time horizon. Each vehicle must complete a ride, reposition, or charge at each time

step, de�ned in Constraints (3.1g).

Figure 3.1: The network �ow hypothetical example for one node.

The next set of constraints de�nes the occupancy and availability of each charger:

Constraints (3.1b) de�ne the location of the chargers. The constraints do not allow w t
o,d ,s

to be equal to one at a node if there is no facility at that node. Such constraints establish

that facilities are located at the nodes and not over arcs. Constraints (3.1h) de�ne the

availability at each charger, while (3.1i) control how many chargers are being occupied at

time t . Constraints (3.1j) ensure that all the routes in the data are completed over the time

horizon.

Battery-related constraints are de�ned in constraints (3.1k)–(3.1n). The battery level

of each vehicle at each time cannot exceed its capacity (3.1k). The battery cannot deplete

more than its minimum (3.1l). Constraints (3.1m) calculate the battery level at each time

step t for each vehicle s. Note that the unit of battery level is distance here. The battery

level decreases at each time step based on the distance traveled. It only increases when

the scooter returns to a facility and increases based on the charging rate, � , each time step.
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These constraints do not require the battery level to reach the minimum before charging.

They do not require the battery level to reach the maximum before resuming either. The

scooters can charge at any point during the time horizon. For example, if the minimum

battery level is zero and the maximum is 100 miles, a scooter at 50 miles can charge until it

reaches 80 miles. Constraints (3.1n) de�ne the battery level to be maxed at the beginning

of the time horizon.

Routing Methodology

There are challenges to solving this problem. First, the model includes three sets of decision

variables, each with four indices. This quickly increases the number of decision variables in

the problem and makes the problem dif�cult to solve in large-scale settings. A continuous

approximation technique is used to tackle the complexities. The methodology estimates the

total distance the scooters travel. The proposed methodology captures origin-destination

pairs and the number of times a ride is completed. In general, the number of rides among

the origins-destinations is not consistent, meaning that some pairs are used more than

others. Due to various rides among the origin-destination pairs, we must estimate the need

to reposition along the known rides.

Note that this methodology solves a relaxed version of the original problem by excluding

constraints (3.1h-3.1i). The formulation allows for �exibility in battery charging: the battery

can begin charging at any point above the minimum threshold without the necessity to

charge to its maximum capacity. Instead, charging can stop at any point before reaching the

maximum limit. Given the complexity of accurately estimating these values, our proposed

heuristic speci�cally evaluates the battery level as follows: Charging initiates only when

the battery level reaches the minimum threshold and continues until it is restored to the

maximum level.

Building Homogeneous Regions The proposed methodology starts with de�ning ho-

mogeneous regions through a clustering technique. The number of clusters equals the

number of facilities used in the linear program (3.1b). The potential number of routes must

be consistent among clusters to ensure equal-density regions.

Given charging facility locations, the number of routes needed in each cluster is de-

termined: The total number of rides is divided by the number of facilities (or clusters)

that represents the number of rides in each cluster. First, a network node with a facility is

chosen. All outbound routes from the facility node are added up to keep track of the routes.
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If the required number of routes is achieved, the algorithm progresses through the same

approach from another facility node. Otherwise, the distances from the facility location

to all connected nodes are found, and the shortest arc is chosen. Note that we need to

ensure the node has not been added to another cluster or assigned to a facility location.

If it is either, we need to �nd the next shortest distance; otherwise, the node is added to

the current cluster. The outbound number of routes as a result of the new node is added to

the previous value. This procedure continues until the number of routes is greater than

or equal to a predetermined value. If so, the cluster is completed, and the process repeats

with another facility node. Algorithm 1 presents the clustering technique in a pseudocode.

Algorithm 1 Find homogeneous clusters.

1: Collect origins and destinations of all rides and battery parameters.
2: Determine the required number of routes for each cluster based on the number of

facilities.
3: for each node do
4: Initialize the number of routes in the cluster (0).
5: if The node is a facility node then
6: Add all outbound routes and begin a cluster.
7: while Total number of routes in the cluster less than the required value do
8: Choose the node with the shortest distance from the current node.
9: while The new node is a facility node or in another cluster do

10: Choose the node with the next shortest distance.
11: if Not all nodes are assigned to a cluster then
12: Add the new node to the cluster and add the outbound number of

routes to the total value for the cluster.
13: end if
14: end while
15: end while
16: end if
17: end for
18: output : Nodes assigned to clusters.

Continuous approximation Figure 3.2 shows an example of the clustering procedure.

Step one shows �ve nodes. The two in blue are facility locations, denoted by f . The numbers

close to each node are the number of routes that exit the nodes. The total of routes, e.g.,

29, is divided by 2 because there are two facilities. The outcome is the number of routes in
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each cluster, i.e., 14.5. Step 2 begins at one of the facilities, �nds the number of outbound

routes, and compares the value with 14.5 and because it is less than that value, the shortest

distance is computed. Step 3 shows the shortest distance, where a node is added to the

cluster because it is not a facility or is not assigned to any cluster yet. The route is then

added and the shortest path is found from the new node that is shown in step 4. Now, the

cluster includes 15 routes, greater than the required value of 14.5, and this closes the cluster.

Step 5 begins the second cluster at the second facility location. The shortest distance is

found because 10 is less than 14.5. The next node is added. Although the total number

of routes is less than the required, there are no more unassigned nodes. Therefore, the

clustering process stops.

Figure 3.2: (color online) An example of the clustering process. The blue nodes are the
facility nodes. The numbers close to each node are the number of outbound routes from
the nodes.

Once the clusters are established, the average distance between the nodes is estimated

using the continuous approximation technique (Francis and Smilowitz, 2006). With the

assumption of homogeneous clusters, it is reasonable to assume that the average distance
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Table 3.4: Notations used in the continuous approximation.

Variables
� Cost of repositioning within a cluster.
P Cost of all known routes.
� Cost of known routes within a cluster.
v Cost of repositioning within a cluster due to battery level.
� Cost of repositioning between clusters.
V Cost of repositioning between clusters due to battery level.
jI j Number of clusters.

is the same in all clusters. We �rst calculate the average distance for one cluster and then

use it to calculate the objective function.

We de�ne I as the set of clusters. Let a i n represent a binary parameter that connects

node n and cluster i : if a node n is in cluster i , it equals one; and zero otherwise. We de�ne

� i (x ) as the spatial density of nodes in cluster i about point x , measured in nodes per unit

area, and f i (x ) as demand at the fraction of nodes in cluster i about point x . We let � i (x )

denote the effective density of nodes visited per unit area in cluster i , calculated by

� i (x ) = � i (x )f i (x )
X

n 2N

a i n . (3.2)

To approximate the repositioning of vehicles, two estimations must be made. First,

the difference between inbound and outbound routes into each node is found. Second, a

possible need to reposition due to the battery level is identi�ed. These estimations shall be

done for each cluster, and the cluster interaction must be identi�ed. Table 3.4 lists all the

variables used to model the problem.

The methodology �rst �nds the total distance of all the known routes within a cluster,

denoted by � . Note that this value is only for known routes within a cluster. Now, let's

calculate the repositioning cost within a cluster: Equation (3.3) �nds the difference between

the outbound and inbound routes for all nodes in a cluster. Figure 3.3 demonstrates an

example. For the blue node, the total distance out is �ve and the total distance in is four.

Therefore, the �nal number is �ve minus four, which is one. This is done for each node in

this example and summed. The total for all the nodes is four. This is then multiplied by the

average distance.
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Parameter (� )� 0.5 is the average distance between nodes, which is found by taking the

inverse square root of (� i ).

Figure 3.3: (color online) The network �ow for one node in the model.

After this step, the distance needed to reposition due to battery level is calculated as

presented in equation (3.4). The total distance is the addition of the known rides needed to

be conducted and the potential of repositioning. The ceiling is taken of the total distance

the scooter must potentially travel and divided by the battery level. This ceiling gives an

integer representing the total number of times the battery would recharge if no charging

occurs during the route. It is then multiplied by the average distance to �nd the additional

distance needed to reposition due to battery level. It is also doubled because the scooter

may need to reposition to the charger and back out to a needed route. Therefore, the cost

of repositioning within a cluster, i.e., v , is calculated as

v = 2(� )� 0.5
¡
� + �

�

¤
, (3.4)

where dx e= min f n 2 Zjn � x g.

The same two calculations must be done to �nd the interaction among the clusters. For

example, to �nd the cost of repositioning between clusters, i.e., � , instead of only calculating

the difference between the out and in routes for nodes in a cluster, the difference is found

for all nodes. This is rede�ned as

� = (� )� .5
X

n

�
�
�
�
�

X

d

rn ,d �
X

o

ro,n

�
�
�
�
�
, 8n 2 N . (3.5)
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To calculate the cost of repositioning between clusters due to battery level, i.e., V ,

the variables in the numerator are replaced with the total distances rather than just the

distances found in the clusters using

V = 2(� )� 0.5
¡
� + P

�

¤
. (3.6)

Finally, the total distance � is calculated using (i) the known demand, (ii) the reposition-

ing within each cluster, and (iii) the repositioning between the clusters. The repositioning

found within a cluster is multiplied by the number of clusters to account for the distance

traveled in each one with

� = P + (v + � )jI j + (V + � ). (3.7)

Routing Results

To begin, the LP and the heuristic ran for a sample data set and data collected from Chicago

scooters. Vehicles will now be considered scooters. This section will discuss both data and

show the results.

Small Data This data is made up of six nodes and has a list of 13 routes. The charging

node is chosen to be at node two. Figure 3.4 shows the network with the distance between

each node on it. This network was chosen due to the small size that can be quickly solved.

Figure 3.4: The network used to evaluate the results

The number of scooters must be determined prior to running the LP. For this example,

three scooters were established in the network. The time horizon was set from zero to twenty.

In total there were 720 x t
s,o,d , w t

s,o,d , and z t
s,o,d variables each. This totals 2160 variables for all

53



three. The maximum battery value is thirty miles. The battery is calculated by the distance

traveled. The � value used was three. The LP ran within seconds and the objective function

was 40.

Figure 3.5 shows an example of scooter 2's path over the time horizon. For the �gure,

if the node is red, then the scooter is being charged at that node. If it is green then it is

completing a route between the two nodes and if it is blue then it is repositioning. The time

steps shown are when the scooter is completing that task. If a time step is not there then

the scooter is idle at that node. The route is not shown because of our assumption that the

user is using the shortest path. Instead, the two nodes the scooter is traveling between are

highlighted. Figure 3.5 shows how scooter 2 moves through the time horizon. At time step

zero, scooter 2 is charging at node 2. At time step 3, the scooter is repositioning from 2 to 6.

It then completes a series of routes from node 6 to 4, node 4 to 1, and then node 1 to 2. The

scooter then must charge again at node 2 at time step 7. The scooter then completes a ride

at time 10 from node 2 to 3.

Figure 3.5: (color online) Scooter 2 �ow during the time horizon. The task is shown on the
node because of the assumption the user is taking the shortest path. Red represents the
scooter charging at the node. Blue nodes represent the repositioning of the scooter between
the two nodes. Green represents the completion of the ride between the two nodes.
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The heuristic solution was close to the LP and was 41.19 miles. The optimality gap is

2.98%. The optimality gap is calculated by subtracting the heuristic solution minus the LP

objective function and is then divided by the LP objective function

Chicago Data The data collected comes from Chicago from December 8 to 12, 2020, and

includes all scooter vendors, including Spin, Bird, and Lime. Due to privacy, the exact

points of each rider are not given; instead, the neighborhood was listed for both the origin

and destination. For each ride, a total distance and time duration was also included. For

simplicity, the exact data for each ride is not used. This means that instead of using the

given distance and time for the individual ride the minimum distance is found between

each origin-destination. Some rides remain in the same neighborhoods. These data points

are eliminated due to the inability to calculate the origin-destinations through Google. The

data is made up of 77 origins and destinations. There were a total of 188,732 rides between

the origins and destinations.

The full data set had 1,245,090,000 total decision variables. This includes the time

horizon and number of scooters. The LP is not able to run with this large data set on a

laptop with 2.30 GHz CPU and 532 GB of memory.

To handle the number of decision variables, two instances were used to compare the

heuristic's solution for different numbers of variables. The �rst instance is the Far Southwest

Side. It is composed of six origins-destinations with a total of 1,608 total routes. There is one

facility located in the Beverly neighborhood. The second instance is the West Side, which

includes only nine origins-destinations and 1,824 total rides. There are about 364,500 x t
s,o,d ,

w t
s,o,d , and z t

s,o,d each. This would total 1,093,500 total decision variables. Table B.1 shows

the data used for Chicago's West Side District. There were two facilities, one in Humboldt

Park and one in Near West Side. For both instances, the battery had a maximum of 200

miles, a minimum of 0 miles, and a recharge rate � = 20 miles. In the �rst instance, all

scooters are at one facility, and in instance two, the scooters were evenly split between

the two facilities. Figure 3.6 shows the map of Chicago with the regions and the individual

neighborhoods. Table 3.5 shows the difference in objective values from the LP and the

heuristic solution. The size of the �rst instance is nearly half that of the second instance.

With the difference in the number of decision variables, fewer origin-destination nodes,

and routes, the optimality gap in the �rst instance is smaller than that of the second.
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