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%nnAERﬁﬁﬁﬁkﬁ&kR&' Let {in, izl},j=l,...,c, be ¢(>2) independent sequences of
independent random vectors (irv), where in has a distribution function (df) Fj(x),

XERP, the p(>1)-dimensional Euclidean space, for j=l,...,c. Let g(in,i=l,...,

mj,j=l,n.,c) be a Borel-measurable kernel of degree m = (ml,...,mc), where we
assume (without any loss of generality) that g( ) is symmetric in the mj(zl)

arguments (vectors) of the jth set, for j=1,...,c. Let m0=ml+...+mc, F=(Fl,...,Fc),

and consider the regular functional of F.
m,
J

= LI c
(1.1) 8(F) = [ SRV EICIEPRRRIC SNDLINA
R [o} c

defined on F = {F: [8(F)| < «}.

drF, (x,
h| (xJi)

For a set of samples of sizes n=(nl,...,nc) with anmj, 1<j<c, the generalized

U-statistic for 6(F) is defined by

c n
- Jy-Ly* - . :
(1.2) U(n) jgl(mj) Liny 8% TR 1<i<e),

#*

where the summation 2 extends over all 1<i, .<...<i, <n,, 1<j<c. For various
(n) =31 jmy— 3"

properties of U(n), including its asymptotic normality, we may refer to Fraser

(1957) and Puri and Sen (1971), among others. For the asymptotic normality, it is

assumed that 6(F) is stationary of order zero and essentially

(1.3) limn_)Oo nj/n=xj: 0<xj<1, j=l,...,C,

where n=nl+...+nc. Weak convergence of a stochastic process derived from the tail
sequence of one-sample U-statistics to a Wiener process has been studied by Loynes
(1970), while Miller and Sen (1972) consider a Donsker-type invariance principle
for one-sample U-statistics. They show that a process derived from {U([kkl],...,
[kkc]), k<n} converges weakly to a one-dimensional Wiener process. The more

general and natural case of a c-dimensional time-parameter where we use the entire

set {U(k): m<k<n} (or the entire tail set {U(k): k>n}) is considered here, and it



is shown that weak convergence to appropriate multi-dimensional Gaussian processes

hold under no extra regularity conditions; here a<b means that a jbi for all 1<i<c.

i
It may be noted that for c¢>2, the ordering of n is not defined, and as a result,
the treatment of Loynes (1970) or of Miller and Sen (1972), resting on the reverse
martingale property of U-statistics, does not work out. Also, as is usually the
case with generalized U-statistics, U(B) in (1.2) involves a set of summands which
are not all stochastically independent. Thus, Theorem 2 (or its Corollary 1) or
Wichura (1969) does not lead us to the desired result. The task is accomplished
here by first extending Theorem 1 of Whichura (1969) to more general summands,
and then using a decomposition of U(E) which fits into this extension.

The preliminary notions and the basic theorems are considered in section 2.
The proofs of the theorems are presented in section 3. The case of generalized
von Mises' (1947) functionals is treated in section 4. In the last section, the

case of random sample sizes is also considered. The results are useful in the

developing area of sequential inference based on generalized U-statistics.

R RRRESRRRIARE IR RRARERRIARR . FoT every dg: Ocdy<m,, Igjce, let

(2.1) gdl...dc(xji, i=1,...,dj, 1<j<e) =

E{g(le,...,xjd', Xig 410Xy 2 1<j<e)},

J J
so that £00...0 = 6(F) and g, o ( ) =g( ). Let then
cen IEERL
- w2 . . _ a2

(2.2) Ca....a () = PBgy g (R 12idy, IZize) - 85D,

1 c 1 c
so that CO O(F)=0. We assume that (i)
(2.3) 0%==m%C6 s (E) > 0 for every 1l<j<c,

S

jc

(where 6ab=l or 0 according as a=b or not), and (ii)



(2.4) T .. .m (F) <= i.e., geL?.

1

max
1<j<c
neccessary modifications are trivial. We know that for njzmj, 1<j<c, under (1.3),

Later on, we shall see that (2.3) may be replaced by G§>0, and the

(2.3) and (2.4),

2 cn ml c J JJ
r’(n) = V(U (@) = I ( Htoyt. Z n e g ®
- ~ j=1'm, a d ~
j 1—0 d 0 J J J c
(2.5) = zj:l ngl 0; + o(n—z), n=n +...4n .

Let now Ec=[0,l]C be the c-dimensional unit cube in Rc, t=(t1,...,tc)
eEc, and let [nt] = ([nltll,...,[nctc]) where [s] denotes the largest integer <s.

Then, for every n(>m), we define a process W(n)={W(t;n): EEEC} by letting
(2.6) w(t,n) = Y([nt];n) [U((nt)-6(E) ], [nt]>m,
= 0, otherwise,

where for k=(k ,kc), kj>0, ) Y

12

-1.-1
N

)(Z 'l h| J J

/é
(2.7) V0k,n) = 0 (f 0 07

so that W(E,n) is ﬂéﬁtimes a harmonic mean of kl""’kc° Consider now c¢ indepen-
dent copies of a standard Brownian motion on [0,1] and denote these by

Wj = {Wj(t): 0<t<1}, j=1,...,c. Finally, the space D°[0,1] of all real functions
on Ec with no discontinuities of the second kind and the associated (extended)
Skorokhod Jl—topology are defined as in Neuhaus (1971). Then, our first theorem

of the paper is the following.

THEOREM 2.1. Under (1.3), (2.3) and (2.4), W(g) converges in law in the extended

Skorokhod J.-topology on Dc[O,l] to a Gaussian function W={W(t): teE_}, where
o’» Where

1



c 1 c c
(1 oH ] o %D ] o % (e )1, 20
(2.8) w(ey =¢ 70T 3T 3=

0, with probability 1, if tj=0 for some j: 1<j<c.

* *
We define a process W (E) = {W (t;n); tEEc} as follows. Considering the

tail set {U(k): k>n}, let
* -1
(2.9) W(tn) = © @IUla/e]) - 8(F)], teE,
where [E/E] = ([nlltl],...,[nc/tc]). Let then
(2.10) w=(w w) 3w, =0 A'%(Z 32 M7, 1<i<e;
) ~ 1% 7 ) i3 *3=17"3 3 >} ==
(2.11) ‘E(E) = (Wl(tl)""’wc(tc)) s EEEC’
where the Wj(t) are defined earlier, and let
* * * -
(2.12) W o= {Ww (t): EeEC} 3 W (t) = wH(t), teE .

Then, our second theorem of the paper is the following.

THEOREM 2.2. Under (1.3), (2.3) and (2.4), as nw,

—-topology on Dc[O,l].

* *
(2.13) W (n) 2 W , in the Skorokhod Jl

Theorems 2.1 and 2.2 provide multi-sample extensions of the weak convergence
results of Miller and Sen (1972) and Loynes (1970), respectively. Related results

on von Mises' (1947) functionals are considered in sectiom 4.

QAAARKRQ&Emﬁgnﬁkﬁn£kﬁ&£%%ﬁ‘ For simplicity of the proofs, we explicitly consider

the case of c=2; an essentially same but more laborious proof holds for general
0(22). First, we consider certain basic lemmas needed in the subsequent steps

of the proof.
g(12)
n,n

Let B(j) be the o-field generated by {X..,,...,X, } for n>1, 1<j<c;
n jl jn - —— 1%



denote the product o-field B(l) x B (2) for n.>1, n,>1. Further, let S,,. =
ny n, 1- 2— ii

S(Xll”"’Xli’ X21""’X21')’ for i,i'zl, be a sequence of random variables such
that
(3.1) E(S IB(}Z))= S... a.e. (almost everywhere)

ij' i ] ij

for every iZi'z} and j>1, and for every j>j~>1, nlzl,

<J)|B(1z>) 567

(3.2) E(S a.e.,
7pd |
where SéJ) = (Slj,...,Skj)' for k>1, j>1. Finally, assume that for every i>1, j>1,
= 2 2
(3.3) E(Sij) 0, Oij E(sij) < o,

LEMMA 3.1. Under (3.1), (3.2) and (3.3), for every n, >1, n,>1,

max max |
1<i<n, 1<i<n,

(3.4) E[( sljl>2] < 1602

n1n2 .

Since Doob's (1953, p.317) inequality holds for non-negative sub-martingales,
the proof of the lemma follows precisely on the same line as in the proof of
theorem 1 of Wichura (1969), and hence, the details are omitted. The extension

of (3.4) for a general c(>2) is immediate; we need to replace 16 by 4€ and o; n
172
ll’ * o0 ’Xlnl, . o0 ’Xcl, LI B ’chc)] L]
Consider now a two-sample U-statistic U and denote by r?(n,,n,)=Var (U
n,n, 1’72 nln2
note that by (2.5), rz(nl,nz) is non-increasing in each of n, and n,.

by E[S?(X

LEMMA 3.2. For eve;y,szijmj(zl), j=1,2,

max max

L
(n,,n,)|U,_-U - -U., +U
n <k<Nl n,<q<N, 1727 ""kq kN, "N.q NN,

(3.5) E[( )21

< 16r %(n ,nz)[r (n 5n))-t 2(ny 5Ny -r2 (Ny ,ny)+r? (N ,N) ]

< 16, uniformly in Nl(an) and Nz{an).



Proof. For every r>l, s>1, we let

(N;N,)
(3.6) h = U, _ a1 U -U +U ,
rs Nl r+lN2 s+l N1 rN2 s+l Nl r+lN2 s Nl—er-s
so that for every lfile—nl, lfijz—nz,
i
(3.7) ;.= 1 T
J =1 s=1 "rs
=01 -U . =U ., .+ .
Ny =141 N,=3+17 N ~i+IN, "N N, -j+17 NN,
Let, now Céj) be the 0-field generated by the unordered collection {le,...,Xjn}

ees j=1,2, and C(lz) be the product o-field C(l)x C(Z) for
) MM
lZml,nzzmz. It follows by some standard arguments that E(quICk,q,) = Uk'q' a.e.

for every kﬁk' and q_gq'. Consequently, it follows by some routine steps that

and by X 119X ne20

n

-n

for every LﬁiﬁNl—nl, 1§J§N2 99
(3.8) Bes, . |C.) = s,.. a.e., i’<i
ij1i%y i%3 » 125

(3) * G5 os”

(3.9) E(S;7 |C _ (2) = S5 a.e., 3>37,
Ny Ny ~Nymy
* (12) (i) -
= <k<N., - - = .o

where qu CNl—k Nz_q, l_k_Nl s Lﬁq_Nz s and §k (Slj, ’Skj) , for

*
k>1, j>1. Further, by (3.7), E(Sij) = 0 for all i>1, j>1. Finally, qu is 4
in k and q. Consequently, the same proof as in Lemma 3.1 holds, and (3.5) follows

by noting that by (3.7),

2 _ .2 2 .2 2
E(SNl_nl Nz_nz) =r (nl,nz) r (nl’NZ) T (Nl,n2+r (Nl’NZ)

2
(3.10) <r (nl,nz) for every N >n., Ny>n,,

as r2(i,j) is + in i and j. Q.E.D.

C

We further note that {UkN s gkﬁNl} has the reverse martingale pro-

s n
o KNy I

perty, so that by reversing the index set, we obtain that



max -1 2
E[(nlikiNl r (nl’NZ)lUkNZ—UNlNzl) ]
(3.11)

472 (0N, [r% (a )N, -T2 (8N < 4,

. . N S .
uniformly in Nl nys Nz_pz. Similarly,

max -1 2
[(nziﬂiNz (Nl,n2>luqu-UNlN2|> ]
(3.12)
-2 2 2
i 41' (Nl’nz)[r (Nl’nz) r (Nl’Nz)] i 4’
uniformly in N1 szpz. Finally,
- 27 = L2 2
(3.13) E[IUNlN2 8(F) %] = £ (N},N,) < r’(n,n,)),
uniformly in N1 N2>n2 Hence, by Lemma 3.2, (3.11), (3.12), (3.13), the

c.- inequality and the Chebycher inequality, we obtain that for every e>0, there

exists a positive Ke(<w), such that for every lepl’ N22p2,

' max max
(3.14) P <k, n,<q<N U 8@ [>r(apmK Y < e,
1=="1 22
and hence,
(3.15) Sup|U -6 (F) [>T (n)K_} <.

We now consider a typical decomposition for U(n), defined in (1.2), when c=2;
%
the case of c¢>2 follows trivially on the same line. Let us write UOO(B) = 06(F)
and for k>0,

k k d.+d, k k

(3.16) U, () - zdliOXdZiO SHEEG 1)( Uy g @3 ocksa,

where for Qﬁdlﬁml and 0<d<m,, we have

2

. -l *
U, , (@ = 01(HTT s K.,
djd, > j=1 dj (n)®d,d, joys

(3.17) liiidjs 1<3<2),



*
where the summation E(n) extends over all lqul<...<ujd <m,, j=1,2. Then, by
~ k|

(1.2), (3.16), (3.17) and a few routine steps, we obtain that
m m m, m
oMo M2 M Mo o
(3.18) U(n) = 5k1=02k2=o <k1><k2>vk(n>,

*
where each Uk(n) (0<k<m) is a generalized U-statistic. A little readjustments

~

lead us to

(3.19) (n) 9(F)+U (n )+U (n ) +

m

m m, m
12212*
Y S OHCHY (),
dl—l dz—l dl d2 g ~

where
M1 -1p#
(3.20) U = G) z(nl)[gmlo(xlil,...,xliml>—e(g>],
= 2y-1g*
(3.21) U,(n,) = mz) Z(nz)[gOmz(XZil,...,XZim )-8(F)]
2

*
and the summation Z extends over all 1<i <...<i <n,, j=1,2.
(n,) ~1 m,~ j
We first consider the proof of Theorem 2.2 which is relatively simpler. We

write [by(3.19)]

(3.22) U3@ = [W@-8(] - U () - Uy(m,)

m m, m, m
1 2 2 1 2, %
Vi 21lg 21 (GO (@),
dl—l d2—l dl d2 g p
*
and note that U3(n) is a generalized U-statistic for which

(3.23) [r" (12 = E[U} @]

r?(n) - E[U (a)]? - E[U,(n,)]*

i T I TS TR e AR s "1™y P22
= (7)) G4 )( )( y( 2 )C (F)
mp M dg 1 dz—l 4yt mymdy T mymdyTrdydy s
_—1 122
=y ny mmyZy, (F) + 0 5.



Thus, from (2.5) and (3.23), we note that under (1.3),

b

(3.24) r* (@) /r(a) = 0%,

*
and hence, using (3.15) for {U3(E), EZB} and (3.24), we conclude that for every

€>0 and n>0, there exists an n, [=n0(€,n)], such that for nzpo,

(3.25) P{Egglug(g)l >nr(@} < e.

~

Therefore, under (1.3), (2.3) and (2.4), as n’w,

sup -1 _ _ _ K
(3.26) on © (o) [U (k)-8 (F)-U, (k))-U, (k,) | + 0.
Let us now define
- 1
o %, ([n,/t]), 0<t<l,
% J 131 J -
(3.27 Wj(t,n.) =
3
o, t=0, for j=1,2;
(3.28) w.(n) = r Ym)o.n’%, §=1,2
. j o - j j H] J s A4

Then, from (2.9), (3.26), (3.27) and (3.28), we obtain that

2

lw*(E;E)- ) Wj(E)Wg(tj,nj)I £ 0 as n.
j=1

sup

(3.29) ek,

~

Now, by (1.3), (2.5), (2.10) and (3.28), we obtain that
(3.30) w,(n) = v, for j=1,2.

* *
Also, Wj(nj) = {Wj(tjnj), 0<t<l}, j=1,2, are stochastically independent, and by

the results of Loynes (1970), as n-x,
* D
(3.31) Wj(nj) +Wj = {Wj(t): 0<t<1}, j=1,2

in the Skorokhod Jl—topology on D[0,1], where Wl and W2 are independent copies

of a standard Brownian motion on [0,1]. Finally, (3.31) implies that



10

SuPQiQE; |W§(t;nj)|, j=1,2, are measurable and
su * .
(3.32) 0_<__t__21|Wj(t;nj)| = Op(l)’ y=1,2.

Consequently, (2.13) follows from (3.29), (3.30), (3.31) and (3.32). Q.E.D.
To prove (2.8) [i.e., Theorem 2.1], we note that by using (3.23) and some

standard inequalities among the {Cd d (F): 0<d<m},
127 -

* -1
(3.33) r (n) < C(E)(ayn,) 7, Vo m, n2m),

where C(F) < « (whenever (2.4) holds) and it does not depend on (nl,nz). We shall

show first that under (1.3), (2.3) and (2.4), as n¥»,

max
m<k<n

P e e

(3.34) s n)lu w| *o.

For this, we partition the set A(n) = {k: mfgin} into three disjoint subsets:

(3.35) A (n) = {keA(n): 13122 k< elnf}

1 .
(3.36) By = leea@: en® < 208 1 < (201},
(3.37) A (m) = {keA(n): 12;§2 ky > %313,

where €1(>0) is arbitrarily small and will be chosen later on. Let then

(3.38) 5 = [0, X%/ (0 A% + o A D)],

_J<2 j3

so that by (1.3), 0<8<l. Then, by (2.7) and (3.38),

-y min oy W oack<n.

1
]
(3.39) w(lj"n) i n 6 l_<_ji2 j ’ ————,

Consequently, by (3.35) and (3.39),
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max *
-1 max * -1 - ;sup).*
<8 81{k€A1(3>| U3(g)|} <$ El{kzmlu3(5)l}’

* *
where by (3.15) and (3.33), we obtain for {U3(k), kZm} that i:gIUB(k)l = Op(l),

AT~

so that (3.40) can be made arbitrarily small (in probability) by letting el(>0)

arbitrarily small.

Again, for keA,(n), r*([eln%], [eln%]) - 0([€ln%]_l), by (3.23) and (3.33).

[ DI -
On the other hand, by (3.39), kzzx(n)w(k,n) n 2§ l[n4/5] <36 ln3/10.
~ Ny T

| A

Thus, for

every €l>0,

max

koo ks '
(3.41) oy (V&) ¥ (L0271, 2]

| A

6_1n3/10{0( [ Eln]"i] "1) }

1/5

IA

5‘1{0(1/(€ln M)} > 0 as nreo,

On the other hand, by (3.15), (3.23) and (3.33),

max

(3.42) ESAZ(E)

* L L -k *
(" (feyn®], [e;n D) 1705 (01 0 ().
Consequently, by (3.41) and (3.42), we have for n’,

max

(3.43) 58A2<e>¢‘5’9"”3‘5" =0 (D).

Finally, for E€A3(B), w(g,n).i n_;2 max (kl,kz) f_n%, while r*([n4/5],[n4/5]) =

n4/5

o( ), so that

(3.44) WaX  yik,n) r (0?21, 1a*%]) = o310

E€A3(E)w by )'

On the other hand, by (3.15), (3.23) and (3.33), as nox,

(3.45) Ezzz(nJr*([n4/51,[n4/51>l"lU§(E)|
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sib a0, P et = 0 ().
jZPA/S, i=1,2 . ’ | 5 )] P

Thus, from (3.44) and (3.45), we have for n»w,

max -3/10

*
(3.46) I~<€AB(E)w<1~<,n>|U3<1~<>I =0 (@) = o (1),

and, as a result, (3.34) holds.
On D[0,1], we now consider independent processes Wj(nj)={Wj(t,nj): Qiqil},

j=1,2, where for 0<t<1,

1
3
([njt]/ojnj)Uj([njt]), mjilnjtliﬁj’
(3.47) Wj(t’nj) =

0, t ﬁ_(mj—l)/nj; j=1,2.

Also, let for every t>0,

(3.48) w,(6m) = V(atlsm{on?/ tn,e, 1}

2 2
n (jzlojlj)(jzldjkj/[njtj]) (0 n /[n t, D

( Z s (5o xf/[ 1)‘1(x?o./[n.t.1) [1+o(1)].
j=1 3 3737373

iJ

Then, for every njth}, 1<j<2, wj(t,n) is positive and is bounded above from

2 Y L Y
(Z._ O AN (n,/nr.,)* = ( i o A [1+0(1)], j=1,2. Also, for every t>0,
=133 3 3 j=1 3 J ~ ~

lim ] -1,-1 T N
(3.49) e W5 (E52) = (3210 A3 ( 21 J J ;)T 3eL2,

Finally, it follows from Miller and Sen (1972) that Wl(nl) and Wz(nz) are
stochastically independent, each converging in law to a standard Brownian motion.
Consequently, for every €>0 and n>0, there exist a 6>0 and an s such that for

n>n

0’
su .
(3.50) P{0<t§5|w (t;n, )| > e} < ¥y, 3=1,2,
(3.51) sup |Wj(t;nj)| = 0 (1), 3=1,2.

0<t<1
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Thus, (2.8) follows from (2.6), (2.7), (3.22), (3.34), (3.47), (3.48), (3.49),

(3.50) and (3.51). Q.E.D.

A JRRKARRRVRRB BRI IRR MR AR IRRRLS . We define the empirical distri-
butions by
(4.1) F,(x;n,) = EJ c(x=X ), xeRP, n.>1, j=1,...,c,

LD 1=1 3=

where c(u)=1 or 0 according as all the p components of u are non-negative or at
least one negative; we let F(.,n) = (Fl("nl)""Fc("nc)' Then, the von Mises
(1947) functional corresponding to (1.1) is

c

= J .
(4.2) 0(F(.,n)) = IRpmf CIC TP )J I ;07 dF Geypsmp).

Here, we define a process ﬁ(n) = {W(t;n); teEc} as in (2.6), where we replace
{U(k); kEA(n)} by {G(F(.,k)); keA(n)}. Similarly, on replacing {U(k); k>n} by
{G(F( k) k>n} in (2.9), we define w* (n) = {W (t n), tEE }. Finally, we strengthen

(2.4) to

max max 2 ‘
1<j<c 1<a,.<...<0,  <m, Elg Rpg, 200 %eg )<
jl— —-ij—-J 11 cm,

(4.3) " (F) =

~ ~%k
THEOREM 4.1. Under (1.3), (2.3) and (4.3), as n*», W(n) and W (n) converge in law

*
in the extended Skorokhod Jl—togolqu on Dc[O,l] to W and W , respectively, which

are defined in (2.8) and (2.12).

Proof. Again, we consider the case of c=2, and for 0<d<m, define
2 d,

*
U J -
(4.4) vé(g) = Ide£ gg(xll,...,xldl,x21,...,x2d2)j£ I AlF, Gy pom)-Fo(xy 01,

where do=dl+d2. Then, we may write

m
m

R )
(4.5) 6(F(.,n)) = Z (4O
=0 % %% <~

~
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~m1 mz*
= 0(F) +V,(n) +V,(n,) + ) ((D(OIV (),
d=1 "1 "2 ~
where
"1
(4.6) Vi) = féﬁﬁlfgmlo(xl,...,xm1>igl dF, (x;,0,)-0(F);
T2
4.7 Vz(nz) = jéﬁﬁzngmz(xl""’xmz)igl sz(xi,nz)-G(E).

Now, proceeding as in the proof of Lemma 2.6 of Miller and Sen (1972), we

have for every kzmj,
(4.8) ELV, (10U, ()] < CBK 3, for j=1,2,

where, under (4.3), C(F) < ®, and Uj(nj), j=1,2, are defined in (3.20) and (3.21).

L -
Since [by (3.39)1, w(g,n)fp_zﬁ 1kj’ j=1,2, by (4.8),

max
P{m<k<nw(g,n)luj(kj)-vj(kj)| > e}

| A

n,
I -1g-22 2.-2
2k=m,n §TKPELU, ()Y, (017

(4.9)

| A

J n
ey~ Y22 | L

C(E)(5€)_2- O(n_l log n), j=1,2

so that for every €>0, the right hand side of (4.9) converges to 0 as n*®.

Similarly, on noting that rz(g), defined by (2.5) is bounded below by

minl<j<c(0;/nj), we obtain that as n>°, under (1.3), for every €>0, j=1,2,
max _-1
(4.10) Pllon © @0,V (k)| > €}

~TTA~

e M@ fjr, B0, (0, (012}
3

In

3

A

e—zr—z(g)c(g) .zk:n k._
3

c(g)e‘z[O(n‘l)] > 0 as mo.
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Consequently, to prove the theorem, all we need to show is that under (1.3),

(2.3) and (4.3), for every d>1,

(4.11) P{ngﬁgw(k,n>luE(g)-vﬁ(g)l > e} < n,
(4.12) Plon T @0 Vg®| > el <,

where both €(>0) and N(>0) are arbitrarily small, and n is chosen adequately
large. Note that V (k) = U (k) for all k>m. Also, by extending the proof of
Lemma 2.6 of Miller and Sen (1972), we have for every d>1l[under (4.3)],
-d, -d
* *
(4.13) E([U; (0)-V, (1%} < Gk,

~ ~

2, =2 -2
k, {kl + k, },

for k>m. Consequently, if d122, d,>2, the proof for (4.11) and (4.12) follow

trivially by using (4.13), the Chebychev and the Bonferroni inequalities. Thus,

we need to consider the case where min, ., d,=1, but d.+d.>3. We consider
1<3<2 7] 1 72—

explicitly the case of d=(1,2); the case of (2,1) follows similarly, while for

any other d: 1=min(dl,d2) < max(dl,dz)(ZZ), a similar but more laborious proof

holds.

By direct evaluation from (3.16) and (4.4), we have

1

1,00 + o = U5,

* *
(4.14) V12(8) = Upp (k) =

for every Ezg, where for m222s

k
(4.15) (k) ——1-— 1oy
1

1 2 1l=1 '2

e 1R

fééﬁ fglz(xl,yl,yz)d[C(xl—Xlil)—Fl(xl)]-

d[c(yl—XZiz)-Fz(yl)]d[C(yz—XZiz)-Fz(yz)].

Consequently, to prove (4.11) and (4.12) for d=(1,2), it suffices to show that
as noo,

max

T~ AT A

(4.16)
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(4.17) S“"lu @ =0 (), S“PIU (pl = 0, (1);

note that w(k,n)/k = O(n_%),\fgﬁg and r_l(g)k;l->0 as n>o, for every EZB.
Since U (k) is a generalized U-statistic, the proof of (4.16) and (4.17) for
{U*z(k)} follows directly from (3.15) and the fact that as in (3.33),
E[U (k)]2 < C(F)k 22 for every 523.

Now, we define the sequence of O-fields {qu, k>ml, >m2} as in section 3

[following (3.7)]. Then it follows from (4.15) that for every k'>k and q'2>q,
T ) %%
(4.18) E[Ulz(k,q)lC 1 =U,(",q") a.e.
¥q”

Consequently, following the same method of approach as in the proof of Lemma 3.2,

we obtain from Lemma 3.1 that for every N>n°m,

max max k% 2
(4.19) El(1c52 njikjiNjIUlz(kl,kz)I) ]

< 16E{E[U] 5 () 12=E[U} 5 (n, ,N,) 1-ELU} 5 (N ) 124E [0, (D12}

l6E[U (n)]2 < 16C(F)n 22.

| A

*%
Thus, the proof of (4.16) and (4.17) for fUlz(g)} follows immediately from (4.19)

and the Chebychev inequality. Q.E.D.

R HRRKARRRNRRBRRE R ARK KARARRARAARRR:  We now consider the case where in (1.3)

we allow (Al,...,kc)'=k to be a stochastic vector with positive elements. More

precisely, let {g (N(l) ,Néc))', n>1} be a sequence of vectors with positive

integer valued random variables, such that
(5.1) n N >)A= (Kl,...,kc)', as no,

where A., j=1,...,c are positive random variables defined on the same probability

space as of the original {XJ . 1>1}, =1,
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We define W(gn) as in (2.6) when N > 1; otherwise, we let w(gn) =
Similarly, we define W*(gn) as in (2.9) when gn-z 1; otherwise, we let
W*(gn) = Q. Finally, we define ﬁ(gn) and ﬁ*(Hn) as in section 4, with n being
replaced by Nn' Our basic problem is to study the weak convergence of W(gn),

WA(N ), W(N ) and Wk(N ), when n> and (5.1) holds.

THEOREM 5.1. Under (2.3), (2.4) and (5.1), W(gn) and W*(gn) converge in law in

the extended Skorokhod Jl-topology on Dc[O,l] to W and W%, respectively, defined

in (2.8) and (2.12), while under (2.3), (4.3) and (5.1), W(gn) and ﬁ*(gn) weakly

converge to W and W* respectively.

Proof. We shall only consider the case of W(gn) as the other cases follow

similarly. For k(>1), let {t =(t§l),...,t(c))', 0 < q < k} be the set of points

G D, D " e )
where 0 = t <. <1, 1<j<c. Then, by Theorem 2.1, we have for every

J
k>1 and Eq, 0<q<k, as n»o, under (1.3), (2.3) and (2.4),

~

(5.2) (g sm):  0<q<kl D (t): 0<qekl.

~

Also, by Lemma 3.2, (3.11) and (3.12), it follows that for every positive ¢ and

n, there exists a §>0, such that under (1.3), as n»w,

(5.3) P{y, T;xnl<5n @) [V -U@) [>e} < n,

~

where lx[ denotes max In fact, (5.3) readily extends to the set of

1<j<c|xj|'
ékn)lU([Nt D-U([nt ])l |N—n|<6n, 0<q§k}. Thus, by (5.2), (5.3) and theorem 2

of Mogyorodl (1967), we conclude that under (5.1), (2.3) and (2.4), as now,

(5.4) (e 3N ) O<ackl] [4 ()t O<qekl,

~
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for every k>l and arbitrarylfgq: gfgﬁk}C:Z[O,l]c. Hence, the convergence of
finite-dimensional laws is established.

To establish the relative compactness (or tightness) of W(En), we define

the uniform topology

(5.5) p(x,y) = sup lx(£)-y() ],

tek
~ e

and the modulus of continuity (where §>0)

(5.6) wg(x) = sup{x(D)-x(e)|: t,seE, [£-g|<s}.

Now, using our Lemma 3.2, (3.11) and (3.12) in place of Theorem 1 of Wichura
(1969) and thereby extending his (2a) to our statistics, we obtain by the same
technique as in his proof of Theorem 3 (on pp. 686-687) that as n»>®, under (1.3),

(2.3) and (2.4), for every £>0,

(5.7) 1im sup_ P{ws(W(g))>€} = 0.

lim
S¥0
Consider now a sequence of generalized U-statistics

C Mgk
* <i< i<
I ( ) Z(Bs)q (XjOC L l_l_mj s 1_<_J___C) ’ tjz_n

(5.8) U'(Int]) TP, 1ggzes

=1 ™3 ji

0, if t.<k(J)/n. for some 1<j<c,
jJ n J -

where g*(x

all k(j)
n

*%k
117" 2 %em ) = g(xll,...,xcm )-6(F), the summation Z(nt) extends over
c nt

<o <o ee< <[n.t, <3<
+l_gjl ajmj_jthJ], 1<j<ec, and
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. _1 .
(5.9) lim kéj) = © but lim ,_n ° kéj) = 0, 1<j<c.

Then, on replacing U([nt])-6(F) in (2.6) by U'([nt]), Eegc, we define a parallel

process W'(n) = {W'(t;n): EeEC}.

LEMMA 5.2. Under (1.3), (2.3) and (2.4), as n>v,

(5.10) p(W(g),W'(g)) + 0, almost surely.

Proof. As before, we consider only the case of c=2. For Qf&fmikn, k—anm—Q,

~ o~ ~ o~

we define

) I <)
(5.11) U, (k) = (T (2 )¢d 2 )3t 7% ewcx 1<i<m,, 1<j<2)
2'~’~n . L. m,-%, (k) jo, P T—— 1§ ==
~ j=1 7j i ~ ji
/\* .
where the summation Z extends over all 1<o,.<...<o, <k(J)<a,, <...<
(k) -l Jﬁj—-n Jig 41 -

<kj, 1<j<2. Thus Ug(k’kn) may be interpreted as a generalizea U-statistic

aji P
based on four samples of sizes (kél),kl—kél),kéz),k2—k§2)). Consequently, as

in our Lemma 3.2, (3.11), (3.12), (3.13), (3.14) and (3.15), it can be shown
that for every €>0, there exist a positive K€(<m) and an no(e), such that for
ano(e), under (1.3) and (2.4),

p{ Max sup

0<%<m k>k
=~~~

(5.12) IU&(g,gn)l >k} <e.

Also, by (1.2), (5.8) and (5.11), we obtain that for [nt] z-kn’

2 2 om ka® @
(5.13) U(neD-0(B) = } T ALHCT 5 )Cg (DT (aelk ),
=0 3=1 "3 3 73 i3 ~

where we let kj=[njtj], j=1,2. Consequently, by (5.12) and (5.13), as n >,
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n k <k<n
VS § Vo )

(5.14) SUP X {n *fmin(k;k,)1 |00~ ()]}

< { sSup max max

-1, (1) -1, (2)
ok <k<n 0i@lugag,gn)l}{octn (k)21 (k72D Y

T A

- 5, (1) -5, (2)y2y _
= 0, (( k"D, (@ ") = 0 (1), by (5.9).

Thus, by (2.6), (2.7), (3.39), (5.5) and (5.14), as n»w,

(5.15) sup IW(E;E) - W'(E;g)l + 0, almost surely.

n "k <t<1

~ ~ T~

On the other hand, for ESEén) = ECF{E: n_lgnfsfi}, W'(E;E)=O [by (5.8)]1, so

that by (2.6), (2.7) and (3.39), as n>x,

sup . ! .
(5.16) (n)lw(;,g) W' (tsn) |

teE
~

SUP lw(tim) ]
geEén) ’

e V-0 IH 0 lnel, o}
~ C

IA

P lu-0(m | Ho( (P12, 7% P12

AT~

0(1)-0(1) = o(1), almost surely, by (5.9) and (5.12).

Hence, (5.10) follows from (5.15) and (5.16). Q.E.D.
We recall that the random vector A in (5.1) and the in, j>1, i>1, are

all defined on a common probability space, say, (Q,A,P).

LEMMA 5.3. If AeA, then for every €>0 and n>0, there exists a §(>0), sufficiently

small, such that
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lim sup

(5.17) 0

Plug (W' (n)) > e|a} < n.
Proof. By (5.7) and Lemma 5.2, for every €>0,

(5.18) Limgyo 15 SUP piy (W' () > €} < n.

Also, by definition in (5.8), W'(n) depends only on the set'{in, kéJ)

<i§pj,
4=1,...,c}. Hence, using (5.9), Rényi's (1958) idea of mixing sequence of
sets and proceeding as in Lemma 3 of Blum, Hanson and Rosenblatt (1963), it
follows that (5.18) implies (5.17). Q.E.D.

We return now to the proof of Theorem 5.1. By virtue of (5.1), for every

§'>0,

(5.19) P{ln”lxgn—gl > 8'} > 0 as n,

Also, A is a vector of positive random variables, so that for every n>0, there

exists an ao(n), such that

{ min A

1
(5.20) P 1<i<e <a (M} <3n.

Then, for every £>0,
(5.21)  P{p(W(N ),W' (N ))>e}

- . -1
< 2{|n7ty -2 [>8" HRlo () W (8 ))>e, [0 N -3 [<8')

min

. -1 ' :
<P{|n N _-A[>8"} + P{lijic Ajiao(n)} +

min

-1
PloW( ), W' (¥ ))>e, |n N -A[<s’, lej<e xj>ao(n)}-
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Thus, if we let 0<&'<k ao(n), then by (5.19), (5.20) and Lemma 5.2, we conclude
that (5.21) can be made arbitrarily small by choosing n(>0) small and letting
n>»~, Hence, to establish the relative compactness of'{W(gn)}, it suffices to

show that

lim sup
n

(5.22) Plug(W' (¥ )) > €} + 0 as §+0,

for every €>0. We note that by (1.2), (2.6), (2.7), (5.8), (5.13) and (5.18),
for every €>0 and n>0, there exists a 6>0 and an no(e,n), such that for

n > no(e,n),

max

(5.23) P, |k-n|<6n

(W' (1), W' () > €} < n.

Hence, using the inequality that
(5.24) ws (W' (N )) < 2p(W' (N ), W' ([n2D)) + wg(W([nA])),
it suffices to show that

(5.25) Him S p (0 ([mA])) > €}50 as 840,

(5.26) P{D(W'(Nn),w'([nﬁ])) > £}+0 as no.
Consider then a multiple array of events
(5.27) A(h) = {}: ao(n)+hj6' < xj_g a_(n) + (hj+1)6', 1<j<e}, 020,
and let
(5.28) a(h) = (ao(n) + (hj+%)5', 1<j<c), h>0.

Then, for every €>0, 6>0, by (5.20), (5.24) and (5.27),
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. (5.29)  Plug(W'([nA])) > €}

< P{ min

S Pligi<e Xjfao(n)} + P{wﬁ(W'([nA]))>€, KjZao(n), 1<<el}

n/3 + i P{A() IP{ug, W' ([ D)) >e[A) ]
h=0

I

| A

n/3+ ] PAMIPlo( (IAD), W' ([na( 1) > 3¢ | A}
=0

+ ] plam o (" (a1 > 3elAm ),
=

where we let P(BlA(b))=O when P{A(b)}=0. Now, in the same say as (5.17) follows
from (5.18), it follows from (5.23) that for every €>0 and n>0, there exists a

§>0 and an n s such that for AcA and n>n ,

'P { max

(5.30) k: |k-n|<én

p(W' (k) ,W' (n))>e|A} < m.

Since when A(h) holds, I&—g(h)|<6', we obtain from (5.30) that for every €>0

and n>0, there exists a 6'(0<6'<%a0(n)), and an no(e,n), such that for all

L ]
n>n (e,n),

(5.31) plo (' ([mAD) W' ([na( 1) > 3e[A®} < in, V2.
Consequently, by Lemma 5.2 and (5.31), it follows that for n z_no(e,n),
(5.32) P{wG(W'([nM)) > e} <n,

which proves (5.25). Finally,
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. (5.33) Plo@W' (N ),W'([nA])) > e}

min

. -1 ' .
< P{|nN _-2[>8"} + P{li:iic

7\3- < a ()}

+ T PlamIPlo(r (8) W' (IA1))>e, [n N _-A] < 8'|amm},
=0

< 'P{In'lljn—g\l >8'} +n/3 +

<] max
L pA@IPl, |ty |<asr POV DLW (Ina (@ D)>e |
=0 ~° ~N

<mn, by (5.19) and (5.30).

Hence the proof of the theorem is complete.
The theorem is of great value in studying the asymptotic distribution of
‘ generalized U-statistics, useful in the context of sequential procedures based
on these statistics.
As an illustration of the uses of Theorems 2.1, 2.2, 4.1 and 5.1, we con-
sider a simple case where p=l, c=2 and

o]

(5.34) 0(F,,F,) = / Fy (x)dF,(x) = P{x1i < ij}’

and we assume that both Fl and F2 are continuous everywhere. Then 6(F(-n) = U(n)
is the Wilcoxon rank statistic

(5.35) n]t-l ) C(Xi,Xj); c(uyw) = .
172 i=1 j=1 0, u>v

. Here ml=m2=1, and the summands {C(Xi’Xj)’ 1<i<n, 1§j_<_n>2} are not all independent,
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so that Wichura's (1969) results do not hold. If the two distributions F1 and

F2 are mutually overlapping, then (2.3) holds, while (2.4) holds for all Fl’ Fys
. = S S S S

as c(u,v) is bounded. If Fl_Fz, O(Fl,Fz) =5 01 =05 = 15 » S° that the

results further simplify. Theorem 5.1 for the Wilcoxon statistic is useful

for the problem of sequential testing and estimating e(Fl’FZ)'
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