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Summary
General case of buckling of a complete thin spherical shell is presented. 

The shell is loaded uniformly by a pressure impulse and subjected to a given 
temperature. The problem is formulated according to the Kirchhoff-Love’s the­
ory of small deformations. The influence of strain rate and temperature on ma­
terial response is described by the Perzyna's equations P.Perzyna ”The con­
stitutive equations for rate sensitive plastic materials”. Quart .A ppi .Math., 

x _ s J/2 _ - f P(F) for F>°6<F*h* <oF1o torFCO M)
where is the strain rate tensor, Sij denotes the stress deviator, J=3sisij , 

K= 60/3*2, 60 is the static yield stress in simple tension and 7 stands for the 
viscocity coefficient of the material. The power function P(F)=F8 is assumed, 
where J denotes the material constant. Experimental results confirmed a good 
description of the behaviour of metals with only two quantities T and F de­
pendent on the temperature and 0 itself independent of it.

Analytically, the problem is formulated as a superposition of small pertur­
bations Wplq,0,t), up(9,0,t) and Vp(,0,t) on the basic unperturbed motion
w0(t), uo=vo = 0 . The amplitudes of perturbed motion are restricted to be so small 

that the homogeneous compressive deformation is predominant over the local 
bending. This condition permits the constitutive equations to be linearized by 
the expension of the Eqs.(1)into Taylor’s series of three variables in the vi­
cinity of unperturbed motion and by retaining only two terms. As a result, a 
set of three linear partial differential equations of the fifth order is ob­
tained for describing the perturbed motion of the shell. The time - dependent 
coefficients of this governing set of equations are determined by the solution 
for the unperturbed. The governing set of equations is solved using the series 
of spherical functions. As a result, for the time - dependent amplitudes umn(t), 
vn(t), w (t) in the series, the set of the three ordinary equations with var­

iable coefficients is arrived at. This set of equations is solved numerically. 
It turns out certain harmonics grow very rapidly and cause the shell to buckle. 
This property of the amplitudes is used to determine the threshold impulse.

Unlike in the existing solutions ( W.Wojewdzki, P.Lewi ski, ’’Viscoplastic 
axisymmetrical buckling of spherical shell subjected to radial pressure impul­
se”, 5th Int.Conf.SMiRT, L 8/4, Berlin, (1979)), the present paper takes into 
account the asymmetrical mode of buckling and the non - linear function0(F),d#1.

The solution of the problem in the displacements, the influence of viscosity 
effects, the temperature and the initial imperfections of the geometry and 
loading are shown. Also, the influence of the tangential displacements on the 
magnitude of the radial displacements, buckling mode and critical impulse 
is investigated.



I• Introduction

Dynamic buckling of cylindrical and spherical shells made of an elastic- 

-plastic and a rigid-plastic material with linear hardening has recently been 

investigated in many papers: Abrahamson, Goodier[1], Lindberg[2], Vaughan, 

Florence[31, Jones, Ahn[4,5land others. The viscosity effects of the material 

are taken into account in the papers: Perrone [6], Florence[7] , Florence, Ab­

rahamson[81. Wo jewddzki (9,10], Wojewddzki, Lewihski [ 11 ] . In most of the above 

mentioned papers only the radial displacement was considered. The buckling 

mode and the threshold impulse were determined.

In the paper a general case of buckling of a complete thin spherical shell 

is presented. The shell is loaded uniformly by a pressure impulse and subje­

cted to a given temperature.

2. Basic equations

The problem is formulated according to the Kirchhoff-Love’s theory of small 

deformations. The strain rate relations and the equilibrium equations can be 

written in the following form,[12], Fig.1:

4,-4(35-)-3(3;.. 39),
Eo=z(sthy38-dct99-m)—&-(sMq38»—sq3%-ct993%.ct99) , 123)

; 41(0, J— 20_sc00)_z. 1 aw -cos^^w sinq0_) , 1 Ju) 
9 2a 0q sing 00 9* I a2 sing 2900 sin29 00 200sing) 2sing 03 1

a cosy Ng + a sing-84*— a-80”- 7No ’ *Nqo * 5409 + 7,06 + a'sing P=01 
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a cosy Qy + asiny 89%+ a 38—- q,Ny- P,Nog * F,Nga +,No + dsingB =0 ,

(2.2)
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where

5638780 — ct9y 33 ’
s--shy(o:37(8;—)) ’
F;:sln9-3;e -33 svslng ’

~ 0 ( ow \ (Dw _ .vPa=-0(oy*U/*(80* vsing)ct9g-sng59 ‘

sroshy. 35(shy85—.)- cosy (3;—))

5 acosy • 330 - shg(3%—u) ’
R=q,-gh > Pz=qy-ghv ’ P=Qz-chw » h denotes the thickness of the shell , 9 is the density.

The constitutive equations. The influence of work hardening, strain rate 

and temperature on material response can be described by the Perzyna's equa­

tions, [15]:

t,*G>* - - ' <ifi>-8!”7 : 1 w» 

where yjis the strain rate tensor, sij denotes the stress deviator, +3 scjsij 

K=6/3402, 6is the static yield stress in simple tension and 3 stands for the 

viscocity coefficient of the material, i,j = 1,2,5. The non-linear function 

(F)=F‘is assumed, where 6 denotes the material constant. Experimental re­

sults confirmed a good description of the behaviour of metals with only two 

quantities 7 and F dependent on the temperature and 0 itself independent of 

it, see Perzyna, Wierzbicki [141. For the mild steel we have 6 = 5 ,

K(9) - 146,980,45/288- 1 ] , 7(8)-34,781. 2,6 (22939) ] 124)

where 9 denotes the temperature in K.

According to the Kirchhoff-Love theory will be assumed 62 = 633=0. 643= 823=0.

In the state of compressive plastic flow the shell buckles due to imperfe­

ctions. A characteristic feature of dynamic buckling is the significance of 

inertial effect in restraining the growth of buckling mode amplitudes at an 

early stage of the motion. This effect results in the yielding of the shell 

before the instabilities can become dominant. Analytically, the problem is 

formulated as a superposition of small perturbations uplg,0,t) , Vpl9,0,t ) and 

wp(^t) on the basic unperturbed motion w0(t) , uo=v.=0 . The amplitudes of 

perturbed motion are restricted to be so small that the homogeneous compre­
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ssive deformation is predominant over the local bending. This condition per­

mits the constitutive equations to be linearized by the expension into Tay­

lor* s series of three variables in the vicinity of unperturbed motion and by 

retaining two terms only. We get:

6ij=Alij+ij) ♦ B‘llE?,+ it. <$«)(£„ +R80j > (2.5)

where
. / p 0-A/2 v 1 f X

A=A+, B=21zA+sA p A = KI2 ‘ A=K3) 12 ‘ 12=z‘ej+6hdij)6j ‘

&? denotes the strain rate tensor of the unperturbed motion and all the in­

dices can take on 1,2 only*

3. Equations of viscoplastic flow buckling

Integrating the components(2.5)over the thickness of the shell and using 

the relation(2.1) the resultant forces and moments can be expressed in terms 

of displacement velocity field. Eliminating shear forces from the equilibrium 

equations and accouting for the resultant forces and moments in.eqs.(2.2) we 

obtain the following equations of the viscoplastic flow buckling;

aqu - achus 0 )

CAL/+c*(LLW, - 2Lwp )] + C2(2 + Lwp -2wP) - 3Co^7 + Lwp- 2Wp ) + aqq - aghi =0 , (3.1)

-C4 c"(L2 + LLwp- 2 Lwp) - C2( 2 - 2wp + c*Lwp) - 3 cde( + L wP- 2 we) + aqz - aghwp= 0 ,

.4/ )
Wo + C Wo = K (3.2)

where

c,chA", c,=sh(AP.3-8A), c,=-3hs, c=ch2,, /8-23K, -/,
a 2a 6 J 60a 12 a ‘ \a) ?a ch

L = a + etg , a— + —1, 2, + 20g2 09 sin 004

9-3; V” sh, 33 ■ A*sh,3*- 7 vct9y •

The general solution of eqs.(5.1) for the buckling mode may be obtained by

using the infinite series of spherical functions, 
c n

Wp=) E w„(t) P,(cosg) cos mu ’ 
n=0 m=0
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up-2 Aumntt) dPR(cos() . mmn(t) PM(cosqicosme , (33)
=0 m=0- C9 sin 9 J

vp=-2 y[mumnitlpicose). vmnitjdPRcosq)] sin mJ 
n=0msotsing 7 d9 J

where Pr are associated Legendre polynomials of degree n and order m.

The initial imperfections of the displacements and the perturbations of the 

loading are assumed to be distributed in the same form as equations (3.3) •

Substituting (3.3) in eqs. (5.1) we find the following equations for the 

amplitudes Vmn(t), umn(t), wmn(t) :

Vmn +1Co(Animn +6Wovmn) _ _Gmn=0 , 
2agh a ch

mn + ~ C1 An( Limn + c’wmn ) - Calmn+ Wmn ) +3Wo Column + Wmn) - aq” =0 , (3.4)
agh L a m J

Wmn--------— (An+2)(C2- An C CA ) Unin + (An + 2) C (C2- An CA ) Wmn + 2C2w mn + 3 (An + 2) CoWo(umn + Wmn) + ac?n = 0 , 
agh a j

where Anen ( n +1) - 2 .

The easiest way to solve eq. (5.2)for the unperturbed motion and eqs.(5.4) 

for the amplitudes, complying with the given initial conditions, is by nume­

rical integration. Buckling stems from the growth of small imperfections in 

the initial displacement and loading fields. It turns out that certain har­

monics grow rapidly and cause the shell exhibit a characteristic wrinkled 

shape which is characterized by the critical mode numbers. This property of 

the amplitudes is used to determine the threshold impulse that the shell can 

tolerate without excessive deformation.

4. Numerical results

The equations (5.2) and(3.4) have been solved numerically for several valu­

es of material and geometrical parameters. Some of the results for the shell 

made of mild steel and for the data: a=10cm, h=0,3cm, 9=7,8 kg/m3, 0=1;3;5;7, 60 

and 7 according to eqs. (2.4-) are presented here diagrammatically. Loading is 

assumed as an ideal radial impulse Vo (q,=qy=qz=0) together with the follo­

wing initial conditions: w(0) = 0, wo(0) = Vo, Umn(O)=Vmn(0)=0, u™(0)=v™(0)=0, Wmn(O)=Gmn,Wmn(O)=bmn; 

in particular, amn = 0,1 h ; 0,001 h and bmn =0,1 Vo;0,01 Vo .
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In Figs. 2 and 3 the results (eq. (3.2)) for the unperturbed displacement 

Wolt,) are shown, t, denoting the instant t=t, when w0(tf)= 0 . Substantial 

influence of the material constant <5 and the temperature 0 can be seen.

In Figs. 4,5,6 and 7 the amplitudes of perturbed displacement Wmn (eqs.(3.4) 

are presented for different values of 6, and 0 • Again, the pronounced in­

fluence of these parameters is readily observed.

In Fig.8 the shape of buckled shell is given at t=t=63,1 us. It is seen 

that the up is many times smaller than Wp ; it is the growth of normal dis­

placement that mainly causes the instability of the shell. In this type of 

buckling the loss of stability is not quite instantaneous, the process need 

the increment of loading and some time to develop. The functions Wmn(t() reach 

large values in a certain narrow interval of the impulse variation Fig.6; 

hence it is natural to determine the critical value of the impulse graphically 

as the abcissa of such a point on the curve at which a small increment of the 

pulse begins to produce considerable increments of the deflection amplitude.

It can be concluded that accounting for the non-linearity of function 0(F), 

6*1 , particularly for smaller values of 7 (see Figs.4 and 5 ) as well as 

elevated temperature causes a decrease of the buckling resistance of the shell. 
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Fig.1 Shell element - notation Fig>2 Unperturbed final displacement 
Wo vs. impulse Vo for a few values 
of material coefficient 8 and 6= 288 K
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Fig.3 Unperturbed final displacement 
w0 vs. temperature for <4=1;5 and 
Vo= 50 ; 100 m/s

Fig.4 Amplitudes of perturbed displacement 
Wmn vs. the mode numbers n and time for 
0=1:5 and small value of ^ = 40,4 1/s 
( 0 = 288 K )
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Fig.5 Amplitudes of perturbed displacement 
Wmn vs .the mode numbers n and time for 
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