ABSTRACT

MENDEZ, ALEXANDER ROBERT. Rare Extreme Events in Firebrand Transport and Energy
Balance Climate Models. (Under the direction of Mohammad Farazmand).

Rare events are events that have an extremely low probability of occurring, but often
have immense consequences. We focus on the quantification of rare events in natural
phenomena, particularly in climate change and wildfires.

In the context of climate change, we study the mitigation of climate tipping point transi-
tions using an energy balance model coupled stochastic delay differential equation (SDDE)
which governs CO, dynamics, accounting for various carbon emission and capture sce-
narios. If CO, concentration exceeds a critical threshold in this system, the temperature
experiences an abrupt increase. We show that the CO, concentration exhibits a transient
growth which may cause a climate tipping point, even if the concentration decays asymp-
totically. We derive a rigorous upper bound for the CO, evolution, providing sufficient
conditions for evading the climate tipping point. Finally, we investigate the emission re-
duction and carbon capture scenarios that would avert the tipping point.

In the context of wildfires, spotting refers to the transport of burning pieces of firebrand
by wind which, at the time of landing, may ignite new fires beyond the direct ignition
zone of the main fire. Spot fires that occur far from the original burn unit are rare but
have consequential ramifications since their prediction and control remains challenging.
We compare Monte Carlo-based methods to the use of large deviation theory (LDT). In
particular, we propose an LDT method that accurately and parsimoniously quantifies the
low probability events at the tail of the landing distribution. In contrast, Monte Carlo-based
methods become computationally intractable for quantifying the tail of the distribution
due to the large sample size required.

We shift our focus from the tail end of the distribution to the mode, as at this part of
the distribution the generation of spot fires is generally most probable. Before doing so,
we expand our firebrand transport model defined earlier to include stochasticity in the
starting height of the firebrand before it is carried by the wind. Additionally, we expand the
wind fields we look at by including those that contain time dependent vortices. We find that
by increasing the strength of these vortices, the number modes of the firebrand landing

distributions increase.
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CHAPTER

1

INTRODUCTION

Extreme events, also known as rare events, are events that are associated with abrupt
changes in the state of a system. Knowing about these rare events is invaluable across elds.
In the context of lending, rare events may include massive loan defaults that drain the
reserves of the lending institution [48]. As another example, an insurance company may
want to quantify the rare event of a large amount of claims exceeding the company's ability
to pay them [11-13]. Also, in the engineering of physical systems that are required to be
highly reliable, their failure can be considered a rare event [50].

The study of extreme events can be split into four broad components:

* Mechanisms: The study of the mechanisms that cause extreme events.

» Real-time prediction: The prediction of extreme events before they occur.

» Mitigation: The avoidance of extreme events.

 Statistics: The study of the frequency and probability of occurrence of extreme events.

Novel mathematical advances have been made towards the understanding of extreme



events, such as prediction using deep neural networks [9], mitigation of rare transitions
systems driven by colored noise [73], and the prediction of rare eventsinturbulent ows  [22].
In this work, | focus on climate change and wild res, and for each | consider a different
component of extreme events. For climate change, | focus on the mitigation of climate
tipping points. For wild res, we focus on the statistics of a phenomenon known as spotting.

1.1 Climate Change

The Earth's climate has experienced signi cant warming over the past fty years. The
international scienti c consensus is that human activities are the principal cause of this
phenomenon. In fact, itis highly likely that anthropogenic greenhouse gases are responsible
for more than half of the increase in the global mean surface temperature between 1951 to
2010[85]. Across the globe, many communities are already impacted by this increase in
temperature. Desserti cation, permafrost melt, wild res, and ooding have increased in
intensity and scale. This has threatened human access to food, water, and habitable land; as
well as threatening or causing other species extinction. It is then paramount to mitigate or
reduce these harms through the reduction of atmospheric greenhouse gases. Reduction of
atmospheric greenhouse gases can involve a variety of strategies that can be organized into
two categories. The rstis by reducing CO , emissions by using alternative energy sources,
increased fuel ef ciency, and reduced consumption  [99]. The second category involves the
expansion or development of carbon sinks. Such examples include reforestation or carbon
capture and storage (CCS) technologies that can capture CO , from emitting sources or
directly from the atmosphere before storing it over the long-term  [47; 54].

The coordinated implementation of these strategies is a tremendous task that is compli-
cated by the possible existence of climate tipping points. These are climate regimes where
small changes signi cantly alter the future state of the system [39; 67; 93]. Such tipping
points include sudden disruption of climatological features such as melting of the Arctic ice
sheets, or ecological features like the death of rainforests [66]. There are a variety of aspects
in the study of climate tipping points. However, the study of tipping points can generally
fall into three broad categories: their modeling, prediction, and mitigation.

To in order to create a climate model that has realistic tipping behavior, relevant aspects
such as green house gases, atmospheric water vapor, clouds, and surface ice cover need to
be accurately represented. [36; 84; 92; 113]. In the model described in section 2.2, all these



aspects are simpli ed. However, the parameters are chosen so that measurements such as
climate sensitivity agree with more complex models.

The category of prediction involves the study of early warning signs that are found
in observational data. These warning signs may indicate the approach of a climate tip-
ping point [91]. Proposed warning signs include critical slowing down [31] and increased
variability [68]. A notable warning sign is that the stochastic component of the system
changes its characteristics close to a tipping point. Both Held and Kleinen  [55] and Livina
and Lenton [71] nd that the stochastic component of the data they obtain from their
models for North Atlantic thermohaline circulation changes from white noise to red noise.
This transition is also observed by Prettyman etal. [87] who studied tropical cyclones.

If viewed from the perspective of climate change mitigation, it is widely accepted that
this would require a signi cant reduction in CO  , emissions [6; 28; 93]. Bahn etal. [17] nd
that a drastic and fast CO , reduction is required to avoid disrupting the tlantic thermo-
haline circulation. However, Ritchie et al. [88] argued that crossing a threshold will not
necessarily result in a simultaneous extreme change in the climate system. They nd that
the determining factor is how far the tipping point threshold is exceeded and for how long.

While previous studies mostly focus on the asymptotic climate state as a result of
increasing CO, concentration, our focus is on transient climate dynamics of a system
subject to different emission reduction and carbon capture scenarios. We show that, under
particular scenarios, the atmospheric concentration of CO , exhibits a transient growth
large enough to trigger a climate tipping point, even though the concentration decays
asymptotically.

1.2 Wildres

The combination of increased human habitation near re danger zones and climate change
has resulted in an environment more vulnerable to the creation of res. This has given
greater urgency to the prediction of wild re behavior, in particular spot res [27; 80; 103;
104]. Spot res occur when forest res generate burning pieces of plant material, called
rebrands, and launch them into the air via columns of gases produced by the re. When
these rebrands are lofted into the air, they are then taken away by the ambient wind,
potentially traveling large distances. If the rebrands land, they can start separate res
away from the original re. These secondary res are referred to as spot res and the entire



Figure 1.1: Schematic of rebrand transport from a crown re. The wind eld has asymp-
totic wind velocity U , which is roughly reached at boundary layer height H . The rebrand
is carried up by the re's plume to initial height Zy, Where it then travels due to the wind
with position x(t) and velocity v(t). The rebrand eventually lands at landing location

process is called spotting [2; 63; 107.

This process can be broken down into three broad phases [63]. The rst phase is the
generation of rebrands by the main re. The second is the transport of rebrands by the
ambient wind. The third phase happens if the rebrands land on the ground and can ignite
fuels, such as shrubs, dead leaves, and branches, at landing sites (see gure 1.1).

Much of wild re research has focused on the physics of coupling between the atmo-
sphere and the re which involves uid dynamics, heat transfer and combustion [5; 20; 75;
89; 100Q]. The resulting CFD models have culminated in comprehensive software packages
such as HIGRAD/ FIRETEC[62], QUIC-FIRE [69], and WRF-SFIRE[74].

The study of rebrand trajectories can be traced back to the work of Tarifa et al. [101;102]
on the maximum spotting distance of a single rebrand. The maximum spotting distance is
the measurement of how far a rebrand can travel between its initial lofting to when it fully
burns out. Using a force balance argument, Tarifaetal. [101; 102] used two-dimensional
equations of rebrand transport for disk-shaped and cylindrical rebrands.

In particular, Tarifaetal. [101] observed that, in a steady and laminar wind eld, re-
brands reach their terminal velocity after a very short period of time. Consequently, the
authors derived an approximation of maximum spotting distance by assuming that a re-
brand always moves with its terminal velocity. This assumption subsequently became a



common approximation in rebrand research.

Ever since the pioneering work of Tarifa et al. [101; 102], many similar studies have
been conducted which improve or build uponit  [3;65; 108; 112; 114]. In particular, Koo et
al. [62] cast doubt on the terminal velocity assumption. They point out that, although this
simplifying assumption is reasonably valid for laminar and steady wind elds, it fails to hold
true for more realistic unsteady and inhomogeneous turbulent ows. More speci cally, Koo
etal. [62] nd that, in turbulent ows, rebrands without the terminal velocity assumption
travel signi cantly farther than those with this simplifying approximation.

Furthermore, we note that the maximum spotting distance only quanti es the farthest
distance from the original burn unit where a secondary re can potentially start. In con-
trast, here we study the distributions of landing distance and relative landed mass which
guantify the probability of spot res at any distance from the original burn unit. As such,
our approach is more comprehensive than the maximum spotting distance.

To avoid the computationally expensive rebrand evolution, alternative modeling meth-
ods have been proposed [3]. For instance, cellular automaton (CA) models [4; 23; 30; 59]
seek to estimate the re propagation on a specially discrete grid. CA models specify local
rules for evolving the re in discrete time. A similar but continuum approach was pro-
posed by Hillen et al. [56] who developed a non-local transport equation for spotting. Their
model expresses the likelihood of re at a particular time and location in terms of a partial
integrodifferential equation (also see Ref. [77]).

Both CA and non-local transport models make several simplifying assumptions, most
notably about the wind eld and the rebrand trajectories. Here instead, we estimate
the landing distribution of rebrands by directly solving for their trajectories in a given
wind eld. We seek to investigate ef cient statistical quanti cation methods for spotting
distribution which can ultimately be integrated into existing high- delity software packages,
such as HIGRAD/ FIRETEC, QUIC-FIRE, and WRF-SFIRE. Our main focus is on the tail of
the distribution whose statistical quanti cation presents a major challenge. We expect that
our ndings, specially the accurate quanti cation of the tail, will also inform and improve
existing cellular automaton and non-local transport models.



1.3 Outline

This dissertation will be structured so that rare events in climate change and wild re
spotting each have a dedicated chapter. Chapter 2 is based on a previously published
paper [80] and focuses on the study of mitigation of climate tipping point transitions
using an energy balance model. We rst develop the modelling framework for both the
evolution of the CO , concentration and global mean surface temperature of the Earth.
These models have a one way coupling that will dictate the tipping point of the system.
Next, the parameters used for the model are chosen in order for the model to resemble the
Earth's current state and to make the tipping mechanism more realistic. Next we derive a
guantitative upper bound for the CO , concentration which determines whether the climate
tipping point transitions can be averted. Finally, we present the numerical results obtained
from the model.

Chapter 3 focuses on the quanti cation of the probability of rebrand landing distances
and is also based on a previously published paper [81]. We rstdevelop a rebrand transport
model by providing the equations of motion of a spherical rebrand as well as providing
two distinct wind elds and rebrand combustion model. Next, we examine three different
methods for quantifying the rebrand landing distribution. They are crude Monte Carlo,
importance sampling, and a method from large deviation theory. We then de ne what we
call the relative landed mass distribution in order to quantify the proportion of rebrand
mass landing at each location. Finally, we present the numerical results obtained from the
model for both wind elds.

In Chapter 4, we examine the mode of the rebrand landing distribution. We rst modify
the rebrand transport model de ned in the previous chapter to have the rebrand starting
height be a random variable along with the rebrand size. We also look at an additional
wind eld that includes time dependent vortices. We nd that the modes of the rebrand
landing distribution bifurcate as the strength of these vortices increase.

Chapter 5 will present conclusions based on the ndings found in the rest of the paper,
as well as offer ideas for future work.



CHAPTER

2

CLIMATE TIPPING POINTS UNDER
VARIOUS EMISSION REDUCTION AND
CARBON CAPTURE SCENARIOS

This chapter is based on work with Mohammad Farazamand and is publishedin  [80]. {Sec-
tion 2.2 provides the modelling framework for both the evolution of the CO  , concentration
and global mean surface temperature of the Earth. In Section 2.3, the parameters used for
the model are chosen in order for the model to resemble the Earth's current state and to
make the tipping mechanism more realistic. Section 2.4 discusses a quantitative upper
bound for the CO , concentration which determines whether the climate tipping point
transitions can be averted. The numerical results obtained from the full climate model are
given in Section 2.5.



2.1 Original contributions

« Construction of a climate model where CO , concentration exhibits a transient growth
which may cause a climate tipping point, even if the concentration decays asymptoti-
cally.

« Tight upper bound for the CO , model that quanti es the suf cient condition for
avoiding the tipping point.

* Monte Carlo simulations to model different scenarios of climate change mitigation.

2.2 Stochastic climate model

We use a climate system whose governing equations consist of two stochastic differential
equations. The rst governs the global mean surface temperature. The other describes the
average concentration of CO ,, C, in the atmosphere.

Let us rst de ne the governing equation of the global mean surface temperature,
denoted by the variable T . We will allow this to be a Budyko-Sellers-type model. Budyko-
Sellers-type models state that the change in the temperature of the Earth is a result of the
diffence between incoming and outgoing radiations  [26; 95]. The resulting temperature
model reads,

dT C 4
cr—=F(T,C)=Qy(1l (T)+S+AIn — T (2.1)
dt G,
The temperature T is in units of Kelvin, C isthe concentration of CO , in parts per million
(ppm), and ¢y is the thermal inertia in units of  Jm 2K 1. Theterm Qu(1  (T))represents
short-wave radiation from the Sun, where  Q, is the solarinputinunitsof Wm 2. The function
(T) represents temperature dependent albedo, which accounts for the light re ecting
off the Earth surface. The term S+ Aln(C=C,) represents the effect of greenhouse gases,
where A (in units of Wm ?) is the direct forcing of CO , and determines the sensitivity of the
climate equilibrium [37]. The parameter S represents the trapping of outgoing radiations by
greenhouse gases[57]. The constant C, denotes the preindustrial concentration of CO , in
units of ppm. Finally, the last term T % represents long-wave radiation from the Sun,
where T 4 represents the outgoing long wave radiation that is modi ed by the emissivity



The prescribed temperature dependent albedo function (T) shown in Figure 2.1 is
similar to the one given by Ashwin and von der Heydt [10]. However, they chose parameter
values representative of a general transition between glacial and interglacial states. We use
a different set of parameters that are more representative of the Earth's current climate, as
reported in Table 2.1. In particular, we de ne

M= .a @ON+ o M), (2.2)

which transitions smoothly between albedo parameters ,and ,,where ;representsthe
current global albedo, while  , represents the global albedo of the Earth.
Since the melting of surface ice depends on the temperature levels, the function (T)is
made to be temperature dependent, sothat (T ) transitions smoothly between the albedo
, attemperature T,, to the threshold of , attemperature T,. To accomplish this behavior,

we de ne
(T)= LYY T TOH@T T)+HT Ty, (2.3)
T, T
where
H(T)= 1+ tanh(T=T) (2.4

> ,
is a smooth approximation of the unit Heaviside function. The parameter T is usedto
control the transition rate between the two temperature levels T, and To.
Following [10], we model the unresolved subgrid processes by a stochasticterm  +dW;,
where ;> 0is aconstantamplitude and W5 (t) denotes the standard Wiener process.
Since Wy (t) is a Wiener process, it has the following four properties by de nition:

1. W (0)=0

2. W (t) W4y (s)is normally distributed withmean Oandvariancet sforany 0 s<t.
3. Increments for nonoverlapping time intervals are independent.

4. W (t)is continuous in t.

The subscript T is used to distinguish the stochastic processes affecting the temper-
ature from those affecting CO ,, to be described shortly. Adding this stochastic term, the
temperature model reads

crdT = F(T,C)dt + dW;, (2.5)



Figure 2.1: Temperature dependent albedo function (T) with parameters T, =289, T, =
295, ;,=0.31, ,=0.2,andT =3.
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where F(T,C)is de ned in Equation (2.1). Note that, although the driving stochastic force
is a Gaussian white noise, the response T itself is non-Gaussian and non-white owing to
the nonlinear nature of F(T,C).

In order to have a fully de ned climate model, we also need to model the evolution of
CO,. We take an approach similar to Dijkstra and Viebahn [37], who prescribe C(t)as an
explicit function of time, and Ashwin and von der Heydt  [10], who model the CO , evolution
as arandom walk con ned to aninterval  [C,,C,]. In order to represent current trends and
to allow for possible emission reduction and carbon capture, we model the CO , evolution
as a stochastic delay differential equation,

dC= | (CM) Ot ) dt+ cdWe, (2.6)

source sink

where (t)is a time-dependent emission rate, G is a time independent carbon capture
rate, and is atime delay. The uncertainties in CO , concentration are modeled with the
stochastic term -dW,, where  is a constant noise intensity and W, (t) is a standard
Wiener process.

The CO, emission into the atmosphere is modeled by the source term in Equation  (2.6).

To model the reduction or enhancement of CO , emissions, we use the time-dependent rate
(t). The CO, captured from the atmosphere via natural processes (e.g., photosynthesis  [94])
or arti cial methods (e.g., chemical looping  [97]) is modeled using the sink term. This sink
term allows for atime delay  to model the time between carbon capture and its effect being
feltin the atmospheric concentration. This type of delay is common in control theory, since
in many systems there is a lag between a modifying action and its actualization  [38; 40].
In the case of a non-existent or negligible delay, one can let = 0. For our study, we set
= 1year. This is to represent the time it takes for CO , data to be collected and for carbon
capture strategies to be modi ed by policy makers. For the sake of completeness we have
varied the time delay intheinterval 1 20years, and only found variations of approximately
10 ppm in the CO , evolution, which do not signi cantly alter the results.

With Equations (2.5) and (2.6), we have a fully-de ned model for global mean tempera-
ture T and CO, concentration C. With this model, our goal is to investigate whether any
combination of emission reduction and carbon capture can avoid a climate tipping point.
This will be discussed in Section 2.5.
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Table 2.1: Model parameters and their physical dimensions. See Appendix B for more
detail on the choice of parameter values.

Parameter | Value Units Parameter | Value Units
Cr 5.0 10° Jm 2K 1 Q, 342 wWm 2
1 5.67 10 8 s 2
A 20.5 Wm 2 Go 2.37 10 1° st
Co 410 ppm 1 0.31
2 0.2 T, 289 K
T, 295 K T 3 K
a 4.30 10 st T 5106 s 1?2
60 60 24 365 s S 150 Wm ?
To 288 K Co 280 ppm
c 6.5 10 ’ s *

2.3 Tipping points and model parameters

Table 2.1 lists all the parameters used in the following model. The justi cation of these
(2.5) exhibits three
distinct regimes as shown in Figure 2.2. The Regime 1 occurs when C < C;=378ppm and
F(T,C)=0.

Regime 2 occurs when C 2 (C,,C,). Here, a bifurcation takes place, where two additional

values is given in Appendix B. We nd that the temperature model

is characterized by having a single stable equilibrium satisfying

equilibria are created. While one of these equilibria is stable, the other is unstable and is
therefore denoted by the dashed line in Figure 2.2. Therefore, the temperature model in this
regime is bistable. Regime 3 happens when C > C, = 478.6. The model in this regime reverts
back to a single stable equilibrium. However, the global mean temperature is signi cantly
higher than the equilibrium temperature in regime 1. As for models themselves, we choose
the initial conditions to be T (0) = 15°C and C (0) = 410ppm which re ect the current global
mean temperature and CO , concentration, respectively [1;52; 83.

The other model parameters, as listed in Table 2.1, are chosen such that the current
climate lies in bistable regime 2 near the lower branch of equilibria. If CO  , concentration
keeps increasing, whichis the currenttrend, the temperature T isincrease along with it. This
C = C,. At this threshold,

a small increase in CO , concentration leads to a large increase in the temperature by about

continues until the CO , concentration reaches the tipping point

six degrees in Celsius. As stated previously, the goal is to nd the emission reduction and
carbon capture scenarios that avoid reaching this climate tipping point.
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Figure 2.2: Bifurcation diagram of the temperature T versus the CO, concentration C. The
curve marks the equilibrium states of Equation (2.1), obtained by setting F(T,C) = 0, with
parameters in Table 2.1. Solid parts of the curve denote stable equilibria and the dashed
part denotes unstable equilibria.

In order to create these scenarios, we de ne a time-dependent emission rate (t)as
shown in Figure 2.3. This function has three stages whose parameters can be adjusted.
The rstis the inaction stage, which lasts until time  t = t;. In this stage, the emission rate
remains constant at level a. Next is the reduction stage, which occurs when t; <t < t,.
Here, the emission rate decreases linearly for a period of t =t, t,; years before reaching
aterminal value b = a=n attime t = t,. Finally, the terminal stage occurs when t >t,. At
this point, the emission rate is at a constant level b.

13



Figure 2.3: The carbon emissionrate (t). We assume the rate is initially equalto a and
remains so until time t;. Itis then followed with a linear reduction over the time window
t =t, t;.Eventuallythe emission rate reaches the plateau b =a=n for t > t,.
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The rate function can be described mathematically with the following equation

8
3a, 0 t<ty,

(t)=3a+t2 Lt t), ottt (2.7)
" b, t,<t ty,

where b = a=n foraninteger n 2. The emission rate a that represents the current value is
derived from the data in Ref. [46]. The authors estimate that there are 11.8 0.9 gigatons of
carbon emissions each year from industrial processes and land usage. If we convert this
value to CO, concentration this yields 5.556 0.4237 ppm added to the atmosphere each
year. The value of the current emission rate is estimated from aC (0) = 5.556=365 24 60 60)
ppm/s, where C(0)' 410ppm isthe current CO , concentration. Solving for a yields a =
4.2971 10 °s . We will choose the values of the remaining free parameters, t,,t,, and n
when we examine the evolution of the global mean temperature  T.

In addition, we need to give the parameters G and inthe CO, model (2.6). The pa-
rameter G represents the ability of carbon sinks to remove CO , from the atmosphere. If we
assume that carbon capture takes place only due to natural phenomena, we can estimate
the value of G from the data in Ref. [46]. The authors made an estimate of approximately 6.5
gigatonnes of carbon as being taken from the atmosphere each year from natural processes
such as photosynthesis or absorption by the oceans. Like what was done to give the value of
the current emission rate emission rate a, we can convert this value to 3.0603 ppm removed
from the atmosphere each year. Basic algebra can then give an estimate for the parameter
G, since G C(0) = 3.0603=(365 24 60 60) ppm/s, which yields G = 2.3669 10 °s 1.

Finally, consider the delay  inthe CO, sinks. This can be set to zero if no such delay
exists, however this parameter is unable to be determined from the available literature.
Therefore, we use a delay time  equal to one year in the results in Section 2.5. Yet, we
examined the delay up to 20 years, and did not observe a signi cant effect on the results.

2.4 Transient and asymptotic growth of CO

The climate model we provide consists of a one-way coupling between the temperature T
and the CO, concentration C that is described by the system of equations (2.5) and (2.6).
The one-way coupling is such that the CO , concentration evolves independently of the
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temperature. As discussed in detail in Section 2.5, the climate system undergoes a large
increase of global mean surface temperature if the CO , concentration increases beyond
C,=478.6ppm (see Figure 2.2).

The goal of this chapter is to quantify emission reduction and carbon capture sce-
narios that ensure this tipping point is avoided. Extreme events like tipping point transi-
tions have been the focus of many papers, particularly those studying their causal mech-
anisms [8; 43; 45], probabilistic quanti cation  [32; 82; 110; 111], and data-driven predic-
tion [21; 31; 42; 90]. The study of control strategies for extreme event mitigation is a recent
development [21; 40; 44]. Particularly, Farazmand [40] proposes a time-delay feedback
control for mitigating noise-induced transitions in multistable systems. This control strat-
egy relies on the stationary equilibrium density of the system. Given the time-dependent
emission rate (t) and the linearity of the CO , model (2.6), it does not possess such an
equilibrium density. Consequently, the framework of Ref.  [40] is not applicable here.

We use a different method in this chapter and nd an upper bound for the CO » concen-
tration which acts as a suf cient condition to avert a climate tipping point transition. To do
so, we consider the CO, model (2.6) without the stochastic term,

%: t)C(t) GC(t ), C(s)=C, 8s2[ .0 (2.8)

Equation (2.8) is a delay differential equation that requires the initial condition C(s)tobea
function over the interval [ ,0]. We assume a constant initial condition C(s) = C, for all
s2[ ,0]. Thisisjusti ed because we use a shortdelay  of one year, making it unlikely
for the CO, concentration to change much during this time period. Furthermore, we let
where Cy= 410 ppm, which is the current CO , concentration.

We provide an upper bound for the solutions in the next theorem. The results are not
greatly altered by the stochasticterm  -dW,, as it only leads to small uctuations around
this upper bound.

Theorem1l. LetO<T 1 ,andC, O0.Assumethat :[0,T)! R islocallyintegrable
andthat C:[ ,T)! R" is ameasurable, locally integrable function solving the delay
differential Equation (2.8). Then
Z
C(t) Cyexp (s)+ (s)ds , (2.9)
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where Z,

t)= Gexp (s)ds . (2.10)

Proof. See Appendix A.

Recall that if the CO , concentration exceeds C, = 478.6 ppm, then a climate tipping point
occurs. Thus, having the upper bound (2.9) remain below C, is a suf cient condition for
avoiding the tipping point. We can see that the upper bound shows a competition between
CO, emissionrate (t)and the carbon capture rate G. Additionally, the negative-valued
function (t)is proportional to the carbon capture rate  G. Yet, (t)also depends on the
emissionrate (t)duetothe delay . This relationship leads to a on-trivial dependence of
the upper bound on the carbon emission and capture rates. In Section 2.5, we investigate
the shape of this upper bound in detail for multiple parameter values.

The upper bound (2.9) also provides a suf cient condition for the asymptotic decay of
CO, concentration.

Corollary 1. Assume the conditions of Theorem 1. If the carbon capture rate satis es
G >be® ,thenwehavelim,; C(t)=0

Proof. Notethatfor t >t,,wehave (t)= b (see Equation (2.7)). Therefore,forall t >t,+
upper bound (2.9) implies
VA to+
C(t) Cyexp ( (5)+ (s))ds exp b Ge® (t t, ).

0

As aresult, if G > be® ,the CO, concentration C(t)tendstozeroast !1

We emphasize that, to avert the climate tipping point, it is not suf cient for the CO , Con-
centration to decay asymptotically. As we show in Section 2.5, even a transient growth of
CO, that exceeds the critical threshold C, will lead to a tipping point transition.

2.5 Results and discussion

We present the climate model consisting of Equations (2.5)-(2.6). We rst focus on the
CO, sub-model (2.6), particularly its upper bound (2.9). Keeping this upper bound below
the critical level C, is a suf cient condition for avoiding the climate tipping point.
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Figure 2.4 shows the upperbound (2.9)withthedelaytime = 1year, emissionreduction
time span t = 50years, and the carbon capture rate G = G, = 2.37 10 °s !. For the sake
of realism, the initial CO , level is set to be at the estimated concentration in the year
2019[1], meaning C(0) = C, = 410ppm. The rst case in our model, the scenario where
the reduction of CO , emission begin immediately ( t; = 0), is represented in Figure 2.4(a).
Emissions decrease linearly for t = 50 years until they reach the three terminal emission
rate b = a=n with n = 2,5,10. For our choices of n, there is atransient increase of CO , levels.
Fortunately, none of the choices of n resultin crossing the tipping point  C,, sothe CO, levels
decay asymptotically. The case where the tipping point C = C, is crossed by the transient
growth is represented by Figure 2.4(b). In this case, the terminal CO , emission rate is xed
at b = a=3 and the emission reduction time span at t = 50years. We use as a variable the
number of years before emission reduction begins, denoted by t;. We nd that if reductions
begin in t; = 5 years, the tipping point is avoided. Yet, if we set t; 10 years, then the
tipping point threshold is exceeded and the global mean surface temperature increases by
approximately six degrees Celsius.

We next consider the entire coupled system of equations composed of Equations  (2.5)-
(2.6). In order to solve this system of stochastic delay differential equations, we use the
predictor-corrector integration scheme developed by Cao et al.  [29]. But before this is
done, we rst nondimensionalize the equations by de ning the nondimensional variables
C= C:Cp,'f = T=T,, and t = t =t,, where C, = 280ppm denotes the preindustrial CO , level,
T, = 288K denotes the emissivity threshold given by Ashwin and von der Heydt  [10], and
t, = 10" s is an arbitrary time scale (approximately one-third of a year). In non-dimensional
time, the time step of the integrator is givento be  { is 0.0086, which is a day in dimensional
units.

With the preliminaries set up, we can move on to model the climate system over a
200 year time span with the full model, looking at various emission reduction scenarios.
These scenarios are characterized using the parameters n and t, with n determining
the terminal emission rate b = a=n and t determining the emission reduction time
span (refer to Figure 2.3). With each selection of parameters that we denote by (n, t),
we compute an ensemble average of the global mean surface temperature T and the
CO, concentration C using 10° realizations of the climate model. For each simulation,
we use the initial conditions T (0) = 15 Celsius and C (0) = 410ppm, corresponding to the
estimated value in the year 2019 [52; 83].

The ensemble averages of the global mean surface temperature T and the CO, concen-
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(b)

Figure 2.4: The CO, upper bound (2.9) for parameters = lyear, t = 50years,G =
2.3669 10 °s !, The horizontal dashed line marks the tipping point C = C, = 478.6. Time
t = 0 corresponds to the year 2019. (a) b =a=n and t; =0. (b) b=a=3and t; > 0.
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Figure 2.5: Ensemble averages of the CO, concentration C inthe rstcolumn and the tem-

perature T inthe second column, given the terminal emission parameter  n and reduction
time t.Thetime t = 0corresponds tothe year 2019.(a)t;=0and G = G,. (b) t; = 0and
G = Gy=2. (c) t; = 25 years and G = G,. Note the transient decrease in CO , concentration

after 20 years for appropriate choices of parameters n and t.
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tration C are plotted as a function of time and the parameters (n, t)in Figure 2.5. This
gure has three panels with the following scenarios:

1. Figure 2.5(a):t;=0and G = G, = 2.37 10 s 1,
2. Figure 2.5(b):t;=0and G = G,=2=1.18 10 1°s 1,
3. Figure 2.5(c):t; = 25yearsand G = G, = 2.37 10 s 1,

The scenario where emission reductions begin immediately ( t, = 0) is presented in
Figures 2.5(a)-(b). Panel (a) in particular corresponds to the case where the carbon capture
rate is equivalent to the empirical value G, = 2.37 10 *°s . The CO, concentration increases
transiently, but does not surpass the tipping point threshold  C,. Therefore, a sharp increase
in temperature is avoided, and instead there is an asymptotic decay of temperature from a
peak of 16 degrees Celsius.

The scenario represented by panel (b) uses the same values in (a), but makes the carbon
capture rate lower by value a value of G = G,=2= 1.18 10 °s . This is justi ed by the
fact that capture capture may be hampered by factors such as deforestation [16; 72]. Asin
panel (a), the CO, concentration experiences a transient growth before it decreases. Yet in
this case the critical threshold of C, is surpassed and there is a drastic increase in global
mean surface temperature. However, this does not occur for every choice of (n, t).Ifthe
emission reduction time span is chosen to be short enough and the terminal emission rate
is made to be small enough, the tipping point can still be avoided.

Based on this observation, we can ask investigate the relationship between the parame-
terspace (n, t)andwhetheror notthetipping pointis surpassed. As shown in Figure 2.6(a),

a nonlinear boundary separates the scenarios that result in a tipping point from those that

do not. If the terminal emission rate is large enough, suchaswhen n = 2, the tipping pointis
unavoidable despite any choice of transition time t. In order have any choice of avoiding
the tipping point in this model, the terminal carbon emission rate b = a=n has to be at
least one-third of its current value (i.e. n  3)in order for the tipping point to be avoided.
Increasing n allows for more generous choices of transition period lengths t. Figure 2.6(b)
compares the ensemble averages of temperature T between three different parameter
values (n, t).

The areas that are shaded represent values that are one standard deviation from the
mean of all realizations for the given set of parameter values. If we examine the time series
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Figure 2.6: (a) The critical boundary in the parameter space (n, t) demarcating the
climate tipping point regime. (b) Ensemble average of the temperature for three parameter
values marked by circles in panel (a). The shaded regions mark one standard deviation
around the mean.

of a set of parameter values that lies on the transition boundary, inthiscase (n =4, t =29),
we see a large standard deviation. This is because the stochastic process .dW, that s part
of Equation (2.6) can cause the CO, trajectory to tip towards the tipping regime or away
from it. The choice of parameters (n = 3, t = 29)results in a high probability of tipping
behavior, where there is a sharp increase in global mean surface temperature. This can be
contrasted with the choice of (n =6, t = 29), which avoids the tipping point.

Figure 2.5(c) shows the case where emission reduction is delayed by 25 years ( t; = 25),
and the carbon capture rate stays at its current level ( G = G,). Here, CO, concentration has
transient growth that crosses the tipping pointthreshold  C,. Eventhough CO, concentration
decays asymptotically to lower levels, crossing this threshold is what results in a large
increase in global mean surface temperature. This, in turn, can result in a catastrophic rise
in sea levels and drought. This highlights the need for immediate emission reduction if
tipping points, such as the one found in our model, are to be avoided.
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CHAPTER

3

QUANTIFICATION OF FIREBRAND
TRANSPORT

This chapter is based on work with Mohammad Farazamand and is publishedin ~ [81]. In
Section 3.2 we de ne the equations of motion of a spherical rebrand and describe two
distinct wind elds. The rebrand combustion model is provided in Section 3.3. After
discussing model assumptions in Section 3.4, three different methods for quantifying
the rebrand landing distribution are discussed in Section 3.5. Section 3.6 focuses on
guantifying the proportion of rebrand mass landing at each location. Finally, numerical
results are presented in Section 3.7.

3.1 Original contributions

» Development of a method based on large deviation theory to quantify rebrand
landing distributions.

e Comparison of Monte Carlo based methods with large deviation theory when approx-
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imating rebrand landing distributions.

 Derivation of relationship between landing distribution and relative landed mass
distribution.

» Mode of landing distribution found to grow linearly with the characteristic velocity
of wind elds.

3.2 Firebrand transport equations

The motion of a rebrand is governed by the interaction of gravitational and aerodynamic
forces acting on it. To describe this motion, we denote the position of a rebrand at time

t by x(t)=(x(t),z(t))and its velocity by v(t)= x(t). We denote the wind velocity eld by
u(x,t). For simplicity, here we assume that the rebrand moves in a two-dimensional plane,
but the transport model is also valid in three dimensions. Then the equations of motion for

a spherical rebrand are given by [15; 41; 60; 64; 70; 78,

1
m()v mt)ve :5 tACqju  vj(u V) (Quadratic drag)
(m@) V) (Gravity & Buoyancy)
vV Du (Pressure gradi-
"7 Dt ent)

Love 24 (Added mass) 3.1)

2 ! Dt '
We denote the uid density by ¢, the drag coef cientby C,, cross sectional area of the

rebrand by A., rebrand mass by m(t), and rebrand volume by V =4 r3=3 where r
denotes the rebrand radius. Table 3.1 contains all parameters, their units, and numerical
values used here. The right-hand side represents various forces exerted on the rebrand. The

rst term represents the empirical law of quadratic drag force. The second term represents
gravitational and buoyancy forces. The third term accounts for the pressure gradient exerted
by the undisturbed uid. Finally, the fourth term is the added mass effect as a result of the
acceleration of the rebrand with respect to the uid.

The left-hand side of equation (3.1) represents the rate of change of momentum for a
combusting rebrand [86; 96]. The vector v, (t) represents the velocity of matter leaving
the rebrand relative to its center of mass. Following  [75], we assume that, as the rebrand
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combusts, burnt matter leaves it isotropically in all directions. Therefore, it is reasonable to
assume that v, (t)=0foralltime t.The uiddensity ; istypically much smaller than
the rebrand density ~ ,, which implies that the buoyancy, pressure gradient, and added
mass terms are negligible.

The simpli ed equations of motion are then given by

X=V, m(t)v=% fACqjulx,t) vjux,t) v) m(t)g, (3.2)

supplied with the initial conditions  x(0) = X, and v(0) = v,. Here, g=(0,g)” where g = 9.8
m=s? is the constant gravitational acceleration. As the rebrands are lofted into the air, the
create a non-localized distribution of initial positions X, and velocities v,. This distribution
depends on the height of the canopy, the convective plume, and the size of the rebrand.
However, following Bhutia et al. [20], we make the simplifying assumption that rebrand
transport begins from a point source located 50 meters above the origin, and the rebrand
is initially motionless. This corresponds to initial position Xo = (0,50) and initial velocity
Vo =(0,0).
Of course, the wind velocity eld u(x,t) in equation (3.2) also needs to be supplied.

In CFD packages such as HIGRAD/ FIRETEC, the wind is obtained by solving the rele-
vant Navier—Stokes equation. This constitutes the most computationally expensive part of
rebrand trajectory computation, and by extension, the most expensive part of spotting
distance estimation. To avoid this computational cost and focus our attention on quantify-

ing the spotting distribution, we use analytically prescribed wind elds. A common choice

in rebrand research is a logarithmic wind pro le [20; 77; 100; 108, given by

Y In (A)GE
u(x) = hoo (3.3)
0
where v denotes the friction velocity, is the von Karman's constant, and h denotes

surface roughness length scale, describing the surface vegetation height. In addition to this
logarithmic velocity, we also use the bounded wind eld,

€ J&E
U1l tanh 5 1

ux):= 0

(3.4)

The horizontal component of this velocity eld approaches the free stream velocity U as
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Table 3.1: Model parameters and their physical dimensions.

Variable Physical meaning Value Units
; Fluid density 1.204 kg=m?3
0 Firebrand density 513 kg=m?3
A. Cross sectional area m?
Cq Drag coef cient 0.45
\% Firebrand volume m?3
U Boundary layer velocity 5 m=s
H Boundary layer height 25 m
v Friction velocity 0.7 m=s
von Karman's constant 0.4
h Surface vegetation height 0.05 m
Combustion constant 286 104 s?2
m(t) Firebrand mass kg
p(r) Nominal size distribution
q(r) Proposal size distribution
fL() Landing distribution
fn () Landed mass distribution
fu () Relative landed mass distribution

the height z approaches the boundary layer thickness H . For z > H, the horizontal wind
speed remains approximately constantat U . We report all our results for both logarithmic
and hyperbolic tangent pro les described above. The numerical value of all parameters are
reported in Table 3.1.

3.3 Combustion model

While rebrands are in ight, they simultaneously burn, resulting in a time-varying mass
m (t ). Martin [76] gives a detailed overview of combustion models of rebrandsin ight.
The simplest combustion model assumes that the loss of mass is linear in time,

m(t)=m, ct, (3.5)

where mg is the initial mass of the rebrand and ¢ is the combustion rate. This model has a
major aw in that the mass of the rebrand becomes negative for a large enough value of
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time t. Tarifa et al. [101] proposed the empirical model,

p(0)
p(t)—1+ 2 (3.6)
where the rebrand density attime t isgivenby ,(t)and =286 10 *isa constant

determined by analyzing rebrand experiments. Assuming that the shape of the rebrand
remains the same during combustion [76], Equation (3.6) can be written in the equivalent

form,
m (0)

m®)=

(3.7)

using the factthat m(t)=V ,(t)where V denotesthe rebrand volume.

There exist more complex models for combustion. For instance, Tse and Fernandez-
Pello [108] developed a model that used Nusselt's shrinking drop theory to compute the
change in particle diameter of a burning rebrand. Their model is in agreement with the
experimental results of Tarifaetal [101].

Albini [2] used a model that assumed that the mass loss rate due to combustion is
proportional to the rate of the supply of air to the surface of the rebrand. Inthis dissertation,
we use the empirical model (3.7), although more complex combustion models can be used
with no signi cant change to the methods introduced in Section 3.5.

3.4 Assumptions

In the previous Sections 3.2 and 3.3, we made a number of simplifying assumptions for
our model. The majority of these assumptions are physically justi ed and do not have a
large effect on the nal results. In the case of rebrand equations of motion, we found the
terms of buoyancy, added mass, and pressure effects in Equation (3.1) to have negligible
importance because of the fact that rebrand density is much larger than the uid density.
Since these forces do not have any signi cant effect on trajectory of rebrands and merely
make the model unnecessarily complex, we did not include them in the nal model that
we used.

However, there are some crucial assumptions made to reduce the computational cost.
Although, these assumptions are made for this rst study of rare events in spotting, they
should ultimately be relaxed in future studies. We list these crucial assumptions below.
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1. Point sources: We assume that the rebrands are released from a point source at X,
and with the deterministic velocity  vg. In truth, the initial position and velocity of the
rebrands themselves are random variables.

2. Spherical rebrands: We assume that all rebrands are spherical with variable ra-
dius size. In reality, rebrands come in various complex shapes. Earlier studies have
focused primarily on spherical, cylindrical, and disk-shaped rebrands [70].

3. Prescribed steady two-dimensional wind: We assumed that the rebrands move in a
two-dimensional plane aligned with the predominant direction of the wind. Further-
more, we consider two prescribed steady and laminar velocity elds. In reality, the
wind velocity is turbulent and three-dimensional, occurring in areas with obstacles
and complex topography.

Although we make the above simplifying assumptions, the methodology and our main
ndings are applicable to more complex ows with turbulent uctuations and random
shape and initial conditions of the rebrands.

3.5 Rare event quanti cation

In this section, we review three methods for quantifying the spotting distribution with a
special focus on the tail of the distribution where the rebrands land farthest from the
original re. One of the main factors that determines the landing distance is the size of
the rebrand, i.e., the radius r of a spherical rebrand. We treat this radius as a random
variable R which is distributed according to a known probability density p(r).

Given rebrands whose radii are a random variable, our goal is to determine the proba-
bility distribution of the landing locations and to nd the distribution of the relative landed
mass as a function of space.

3.5.1 Monte Carlo method

The most straightforward method for estimating the spotting distribution is the crude
Monte Carlo (MC) method. To describe this method, we rst de ne the map L:R! Rthat
maps the rebrand radius R to alanding distance L (R) obtained by using Equation (3.2)to
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advect rebrands. Notethat L(R)= x(t )fora rebrand withinitialmass m (0)=(4 R3®=3) ,,
where t is the time it takes for the rebrand to land, sothat z(t )=0.

Given the probability distribution of the radii R, we want to estimate the probability
that a rebrand lands at a distance ° from the source. More precisely, consider the interval
D(C, )= '=2,°+ '=2)centeredat " withasmalllength " .We would like to estimate
the probability P(L(R)2 D (", 7)), which is the probability that a rebrand lands in the
interval D (", 7). Inthe following, we use the shorthand D (" )inplaceof D(, °).If f_is
the probability density function (PDF) associated with the random variable L(R), we have

P(L(R)2D ()

fL()’ (3.8)
We express the probability in terms of the integral,
Z
P(L(R)2D())= p(r)dr
ZLll(D )
= 1. (L(r)p(r)dr, (3.9)

0

where 1.() is shorthand for the indicator function ofthe set D (),

8

< < ~

R 1, 2D (),

1.0)=, .
- 0, otherwise.

The MC method is a straightforward method for estimating integral ~ (3.9). Consider N
independent, identically distributed (i.i.d.) realizations of the rebrand radii, denoted by
R; fori =1, ,N.The corresponding landing distances are givenby L; := L(R;). We can
approximate (3.9) with the MC estimator,

R .
Puc ()= 1L)" PLR)2DC)). (3.10)
i=1
where radius realizations R; are drawn from the distribution p and the rebrands are
advected using Equation (3.2) to obtain their corresponding landing distances L;. The MC
estimator Py, computes the ratio of the rebrands that land in the interval D (") to the total
number of rebrands.
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Algorithm 1: MC approximation

Inputs : Sample size Ny ¢ and number of intervals K.
fori =1, ,Nyc do
Generate rebrand sizes R; from distribution p.
Advect each particle using Equation (3.2) to obtain the corresponding landing
distances L;.
end

Divide the landing interval [0,max; L;] into K equisized intervals D (" ;) with centers
f*;d’., and widths
for j=1, ,Kdo

8 For landing distance of interest

P(L(R)2D ().

9 Estimate the landing PDF fL(‘j) using approximation (3.8).
10 end
11 Output : Landing distribution

A ow N P

o G

~

~

i » use Equation (3.10) to approximate

As seen in its implementation in Algorithm 1, direct MC simulation is straightforward. A
sample of Ny ¢ rebrands withradii R; are drawn from the distribution p(r). Each rebrand
is evolved separately under Equation (3.2) to obtain its corresponding landing location L, =
L(R;). Thenthe landingintervalis dividedinto K binswithwidth . Finally, Equations (3.8)
and (3.10) are used to estimate the landing distribution  f, .

The MC estimator is unbiased in the sense that E,[Pyc] = P(L(R)2 D (')), where E,
denotes the expected value taken with respect to the probability density  p. Itis also straight-
forward to show that the variance of 2 of the estimator Py isgivenby P.(1 P-)=Nyc [18],
where we denoted P(L(R)2 D (*)) by P.. The relative error, de ned as the ratio of the stan-

dard deviation to the mean, isgivenby = P.=" (1 P.)=N,cP . Forrare events where the
probability P is very small, the relative error is approximately = P.' 1= N,,cP.. In order
to obtain a small relative error, one needs to use an exceedingly large sample size N, . For
instance, if the probability is 10 ® one needs a sample size of 100 millions to obtaina 10%
relative error.

As aresult, MC method is not practical for quantifying rare spotting events, i.e., spot res
forming far away from the primary re. Importance sampling, as reviewed in Section 3.5.2,
seeks to alleviate this computational cost.
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3.5.2 Importance sampling

Importance sampling (IS) is a variance reduction method [61]. The basic idea behind IS
is to modify the sampling distribution so that more samples are obtained from the low
probability tail of the landing distribution f_. More precisely, we draw samples from a
proposal distribution q instead of the nominal distribution  p of rebrand radii. We seek
the proposal distribution which minimizes the variance in estimating P(L(R)2D()).
Before specifying the optimal distribution g, note that
Z,
PL{R)2D())= 1-(L(r))p (r)dr

0
1

1(L(r)e(r)

gy
0

for any proposal distribution . Of course, for the integrals to be well-de ned, we must
have 1-(L(r))p (r)=0when g(r)= 0. Then the importance sampling estimator is

1M 1LLpPR)
N . qR)

i=1

Ps():= (3.12)
where radius random variables R; are now drawn from the proposal distribution . Asin
the MC case, the new quantity P,g is an unbiased estimator since E4[Ps]=P(L(R)2D (")),
where E, is the expected value with respect to the proposal distribution.

The question remains on how to choose the optimal proposal distribution g which
minimizes the variance of the estimator Var[P,s]. In general, determining this optimal dis-
tribution is laborious. However, if we restrict the admissible class of proposal distributions
g to the same type of distribution as the nominal distribution p, the optimal distribution
can be identi ed more easily [18; 79.

More precisely, let g be a lognormal distribution with mean q and variance g which
are potentially different from the mean p and variance S of the rebrand radius distribu-
tion p. We would like to determine  :=f , ,gsuch thatthe variance of the estimator
Var[P,s] is minimized. The problemisthat Var[P,s] is a priori unknown. To rectify this issue,
we estimate this variance by running a relatively small MC simulation to compute

o X p(R)
7 )=— 1
Ve Nis ., (L)Q(Ri; )

' Var[Ps], (3.12)
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Algorithm 2: IS approximation

Inputs : Sample sizesN,s and N;s, and number of intervals K.
fori =1, ,N;gdo
Generate rebrand sizes R; from distribution p.
Advect each particle using Equation (3.2) to obtain corresponding landing
distances L;.

A W N P

end

Divide the landing interval [0, max; L;]into K equisized intervals D (" ;) with centers
f*;d., and widths

for j=1, ,Kdo

8 For landing distances of interest

k=1, ,N,sdo

o G

~

~

j solve problem (3.14) to obtain q. for

9 Generate rebrand sizes R, from distribution (q.

10 Advect each particle using Equation (3.2) to obtain corresponding landing
distances L, .

11 end

12 Calculate (3.11) to approximate P("; =2 LR) ";+ =2

13 Estimate the landing distribution  f, (" ;) using the approximation (3.8).
14 end
15 Output : Landing distribution f

where R, p and N, g isthe MC sample size. Note that unlike the mean estimator  (3.11),V ( )
is computed by sampling the radii R; from the distribution p not the proposal distribution
g. Also note that the likelihood ratio is given by

i 1&(n(r) p)23+1€(|n(r) q)2S©

PO ey, , (3.13)

ar; ) p 2 2 2 2

where , and , are the known mean and variance of the rebrand size distribution  p,
respectively.
Then, we solve the optimization problem,

():=argmin V( ;"), (3.14)

for each ° to obtain the corresponding optimal proposal distribution q(r; ). Finally, we
draw N, samples from this optimal distribution in order to compute the importance
sampling estimate (3.11). Algorithm 2 summarizes the entire IS method.
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Note that since the optimal depends on ", the optimization problem (3.14) must
be solved for each spatial interval D (). If there are K intervals, the IS algorithm requires
N,s + K N,s samples. Since the variance of the estimator Var[P,s] is reduced compared to
the crude MC method, accurate approximations can be obtained with even small sample
sizesN,s and N,s. We show this with numerical examples in Section 3.7.

3.5.3 Large deviation theory

Recall that estimating the landing distribution  f_ () is most demanding for rare events
where " is large, or theoretically when " !1 . Large deviation theory refers to a collection
of methods that focus on this asymptotic limit of probability distributions [25; 34; 35; 109].
An LDT method that is best suited for application to spotting was only recently developed

by Dematteis et al. [33] (also see[32; 107]). The theory is quite technical and therefore here
we only review its essential aspects and formulate it for its application to spotting.

Unlike crude MC and importance sampling, LDT does not rely on sampling. Instead,
LDT provides an asymptotic expression for evaluating the probability P(L(R) ) forlarge
values of " . Evaluating the LDT estimate requires solving an optimization problem, but not
sampling.

The LDT theory is best described for Gaussian random variables. Therefore, we de ne
log radius Z := In R which is a Gaussian random variable since the rebrand radius R is
lognormal. The landing distance for a rebrand with log radius Z is given by L(exp(2Z))
which, for notational simplicity, we denote by  L(Z). LDT predicts that, for large enough °,
the probability P(L(Z) °)is approximately given by

Y e— 1=2 1 ~ ' ~
Pip():=(2 ) ﬁﬁexp( 1z O PLE) ). (3.15)

where | :R! R isthe so-called rate function,

1(z):= mzakx[ z InT()], (3.16)

and T( )=E exp( Z) isthe moment generating function for the Gaussian random vari-
able Z. The log radius Z in Equation (3.15) is the solution to the optimization problem,

Z ()= argzrr21ir(1)l 2), (3.17)
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where ():=fZ2R:L(Z) gisthe setofalllogradiisuch thatthe corresponding landing
distance L(z) exceeds .

A few remarks are in order here. First, since Z has a Gaussian distribution, the rate
function | (Z) can be computed explicitly. Note that the moment generating function for
2 222 where ,
and g are the mean and variance of Z, respectively. As a result, the rate function becomes

a Gaussian random variableisgivenby T( )=E exp Z =exp ot

1 2
1(z)=-—(@z o). (3.18)
2 0
Therefore, the only optimization required is when nding Z (), which involves solving
the constrained optimization problem  (3.17). But, as shown by Tong et al. [107], the op-
timizer lies on the boundary of (). Therefore, Equation (3.17) can be rewritten as the
unconstrained optimization problem,

Z ()= argryzig [1Zz) L@, (3.19)

with the Lagrange multiplier > 0.

In practice, we choose a sequence of N Lagrange multipliers 0< ;< ,< < , and,
foreach ;, solve optimization (3.19). This then determines a corresponding sequence of
log radii Z ( ;)andlanding distances *; = L(Z ( ;)). Since the optimizer Z (') of (3.17)lies
on the boundary of  (*;), it coincides with the optimizer Z ( ;) of (3.19)with *; = L(Z ( ;)).
Larger values of ; correspond to more extreme landing locations.

With the optimizers Z (*;) at hand, the LDT approximation P, (" ;)can be computed
from (3.15). Note that P 5 (";) P.p( ;1) estimates the probability that a rebrand lands in
theinterval [ ;, i.1). Therefore, the probability density f, (";) can be approximated by

Po(i) Pio(is)

fLCi)’ (3.20)
i+1 i
aslongas';,; ;,orequivalently ;,; ;,issufcientlysmall.Notethat P (i) P.p(i+1)
since ";,; ;. The entire LDT approximation is summarized in Algorithm 3.

We recall that the LDT method does not require sampling and thus it is computationally
less expensive that Monte Carlo and importance sampling methods. However, this speed
up comes at a cost. First, the LDT approximation (3.15)is only valid asymptotically, i.e., for
large enough " . As aresult, LDT can only be applied to quantifying spotting probabilities at
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Algorithm 3: LDT approximation

1 Inputs : Positive increasing sequence ;< ,< < .
2 fori=1, ,N do
3 Solve optimization problem (3.19) with = .
4 Advect a rebrand of size Z ( ;)to obtain the landing distance “;=L(Z ( ;)).
5 Calculate P, p (") using Equation (3.15)with Z (;{)=Z ( ;).
6 end
7 fori=1, ,N 1ldo
8 Estimate the landing PDF at landing distance °; using
fL(\i)l PLD(\‘i) PL‘D(‘i+1).
i+1 i
9 end

10 Output : Landing distribution f_

large distances. Furthermore, we are unaware of any estimates on the accuracy of the LDT
approximation, e.g., the variance of the LDT approximation.

Nonetheless, as we show in Section 3.7, in our numerical experiments LDT approxi-
mation agrees very well with the more costly MC and IS estimates. Furthermore, in our
experiments, the range of validity of LDT is not excessively small. In fact, it is accurate for
landing locations within one standard deviation from the mode of the distribution.

3.6 Relative landed mass distribution

The landing distribution  f, , that was estimated in Section 3.5, quanti es the proportion of
the rebrands landing at a distance °, regardless of their size or mass. However, burning
rebrands with larger mass are more likely to start a re at their landing location. As a result,
itis perhaps more relevant to quantify the proportion of rebrand mass landed in a small
interval at distance ° from the main re. We refer to this quantity as the  relative landed
mass distribution and derive an equation that enables us to compute this quantity from
the landing distribution  f, .

We denote the probability density associated with the relative landed mass distribution
by fy, :R! R*sothat fy,(") ~ estimates the ratio of the mass landed in the interval D (")
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(a) (b)

Figure 3.1: Comparison of nal mass functions for each wind eld. (a) Final mass func-
tion corresponding towind eld (3.3). (b) Final mass function  corresponding to wind
eld (3.4).

to the total mass landed anywhere. More precisely, the density  fy, is given by

1 Py (L)M

N\ — H I H i;.q_ ) i i
fw(C):= I‘|!mO+ N Nllllin —
i=1Mi

, (3.21)

where L; = L(R;) and the rebrand radii R, are drawn from the probability density p.The
random variable M, is the mass of the rebrand withradius R; at the time of landing, which
is computed using the combustion model (3.7).

Wedene :R! R asthe mapbetweenthelandingdistance and its associated landing
mass so that M; = (L;). As shown in Figure 3.1, this is a one-to-one decreasing function.
This function is monotonically decreasing because the rebrands that land farther are
airborne for a longer time and therefore have more time to burn and lose mass.

We note that relative landed mass density f,, (") should not be confused with the landed
mass density f.,(m)of M;. The quantity f,,(m) m measures the probability that the landed
rebrand mass falls in the mass interval [m m=2,m+ m=2]. As such, f,, contains no
information about the landing location. In contrast, fu () estimates the proportion of mass
landed in the spatial interval [ =2, + =2].

In principle, the relative landed mass density (3.21) can be approximated using the MC
method by sampling a large number of rebrands, computing their landing locations L;
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and the corresponding mass M; at the landing time. However, as in the case of the landing
distribution f|, this estimate will be inaccurate for large ~ unless we use a prohibitively
large sample size. To avoid this problem, here we show that

«_ Of(O)
= ——, 3.22
90)= E ] (322)
where (7)is the landing mass of rebrands that land at the distance  ~ (see Figure 3.1), f is
the landing distribution computed in Section 3.5, and  E[M ] is the expected value of the
landed mass. The remainder of this section is devoted to proving the estimate (3.22).
We rstrewrite Equation (3.21) by multiplying Ni in the numerator and the denominator

which yields

1PN
fu ()= lim i lim N iT;ll‘(Li) (Li)

1o+ I N
10 N1 %_ A (LQ

R p. (3.23)

The denominator of this expression is the expected value of the landed mass, so that

1 X Z1
lim N (L)=E[M]:= mf,(m)dm. (3.24)

N1 )
i=1 0
The numerator is the expected value of the mass that lands in the interval D (),

5 z
1
NIllrln v 1.(L) (L)= mf.,(m)dm. (3.25)
' i=1 (CI®))
Recall that by de nition m = (*). Therefore, by the change of variable formula, we have
Z Z
mfy,(m)dm = Ofm( ) T, (3.26)
(CI@)] D()
where the minus sign is due to the fact that is monotonically decreasing.
On the other hand, the probability that a rebrand lands in D (') is equal to the proba-
bility that the rebrand mass at the time of landing is in (D (°)). More precisely, we have
z z z

fL()d = fm (M)dm = fm ( () °C)d, (3.27)
D() ©C) D()

where we again used change of variables for the last identity. Since (3.27) must hold for any
arbitrary interval D (*), weobtain f_ ()= f, ( () °(C). Substituting this in Equation (3.26)
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Figure 3.2: Probability density function of a lognormally distributed rebrand radius R
with mean 0.75 millimeters and variance 0.125 millimeters.

and using Equation (3.25), we obtain

" z
1
im & T®) o= OfCd " OFfRO) (3.28)

N1 i=1 D()

Finally, combining equations (3.23), (3.24) and (3.28) gives the desired result (3.22).

3.7 Numerical results

In this section, we report our numerical results, comparing MC, IS, and LDT methods
as described in Section 3.5. We particularly focus on the trade-off between accuracy and
computational cost. We assume that the rebrand radius R is a lognormally distributed
random variable, with a mean radius of 0.75 millimeters and a variance of 0.125millimeters.
The corresponding probability density function  p is shown in Figure 3.2.

For each method, we present our results corresponding to the logarithmic wind pro-
le (3.3) and the hyperbolic wind prole  (3.4). Figure 3.3 shows the wind pro les along
with a set of corresponding rebrand trajectories. Smaller rebrands travel farther before
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Figure 3.3: Wind pro le and the corresponding rebrand trajectories. (a,b,c) The logarith-

mic velocity eld (3.3). (d,e,f) The hyperbolic tangent velocity eld (3.4). Panels (b) and
(e) show trajectories corresponding to different rebrand radii drawn randomly from the
lognormal distribution p.

landing.

We begin by comparing the MC, IS, and LDT methods for quantifying the landing
distance PDF f, . Figure 3.4(a) shows the estimated PDF for the logarithmic wind pro le.
For landing distances with relatively high probability, roughly between 100 180 meters,
crude MC provides slightly more accurate approximations as compared to IS. The inset
of Figure 3.4(a) shows a closeup view of this high-probability region showing the smaller
variance associated with the MC method. This is due to the large number of MC realizations
that land in this interval. However, when approximating low probability events at the tails
of the distribution, the IS method is more accurate as it exhibits lower variance compared
to MC. Both MC and IS methods fail beyond landing distance ~ = 230 meters, since no
samples reach beyond that landing distance. Since LDT is not based on sampling, it avoids
this issue and gives approximations past the point where MC and IS fail. However, as noted
in Section 3.5.3, LDT is an asymptotic estimate and therefore it is only valid for large enough
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Figure 3.4: Landing PDF approximated with MC, IS and LDT methods. Bars represent 95
percent con dence intervals. (a) Logarithmic wind. (b) Hyperbolic tangent wind.

landing distance . As aresult, it fails near the mode (i.e., high probability region) of the
PDF but accurately estimates the tail for ~> 170 meters.

Similar observations are made for landing PDF f, corresponding to the hyperbolic
tangent wind pro le as shown in Figure 3.4(b). Again, we see that MC produces an approxi-
mation with a smaller variance than IS at landing locations with high probability, but IS
approximations have smaller variance towards the tail end of the landing distribution. For
> 90 meters, there are no samples and therefore both MC and IS methods fail to produce
an approximation for the PDF. In contrast, the LDT approximation can easily be extended
beyond * = 90 meters. The asymptotic range over which LDT is valid is over "> 70 meters.

In order to compare the computational cost of the methods, we count the number of

rebrand advections and record the total computational time. The number of advections
accounts for the number of samples as well as the advections needed for the optimization
steps inside IS and LDT algorithms. All methods were implemented in MATLAB, version
2018a, and executed on 12 cores of Intel Xeon CPU E5-2690 8-core CPUs with 2.90GHz
DDR3 RAM. Firebrand trajectories are found by numerically integrating the equations of
motion (3.2) using the Runge—Kutta scheme of ODE45. The optimization problems in the
IS and LDT methods are solved using MATLAB's built-in package fmincon.

MC approximation requires solving Equation  (3.2) for Ny, realizations of the rebrand
size, which are then used in approximation (3.10). For IS, the rst step is to integrate Ng
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realizations of the rebrand size in order to set up the optimization problem (3.14). Recall
that N, is much smaller than the MC sample size Ny . Thenwe choose K landing distances
i, =1,2, ,K.Foreachlandinginterval D (';), we solve the optimization problem (3.14)
to obtain a proposal distribution q(r; ). The average number of optimization iterations
are denoted by O,s. Then N5 realizations are taken from each proposal distribution g,
which are then used to compute the IS approximation  (3.11). For LDT, we need N values
of the Lagrange multiplier . For each value of , we solve the optimization problem (3.19)
which takes an average of O,  iterations to converge. Thisyields N O, advections on
average.

Table 3.2 compares the computational cost of MC, IS and LDT for the hyperbolic tangent
wind eld (3.4). The results are similar for the logarithmic wind. For the MC method, we
use nyc = 10° samples with K = 15 spatial intervals to estimate the landing PDF. In this
sample, rebrands do not travel much fartherthan ' 90 meters. For IS method, we use
N;s =2 10° samples from the nominal distribution p.Asin MC, we use K = 15 spatial
intervals. The corresponding optimization problem takes an average of O,g = 35iterations
to converge. Once the proposal distribution q is found, we take N,5 = 10% samples for
each spatial interval. For the LDT approximation, the number of values used in the
sequenceisN = 296 and it takes an average of O,g = 45 iterations to solve the optimization
problem (3.19) for each value of

The last column of Table 3.2 shows the total computational time for each method. The
MC simulations are most expensive and take about 18 minutes. We note that this computa-
tional time will increase signi cantly in the realistic situation where the wind eld is not
available analytically, and a CFD simulation is needed to obtain it. The computational time
of IS is an order of magnitude smaller around 3.7 minutes. Note that the main computa-
tional cost of IS is associated with advecting the sample from the nominal distribution p
which takes about 204 seconds. LDT takes only 23 seconds and therefore is computationally
most ef cient. However, we reiterate that LDT is only valid for rare events at the tail of the
distribution and fails to quantify the most probable events.

As mentioned in Section 3.6, the relative landed mass distribution  f,, can also be com-
puted from the landing distribution  f, ; see Equation (3.22). Figure 3.5 shows the results
for both wind elds. As expected, the relative landed mass distribution fy is slightly dif-
ferent from the landing distribution  f, . In particular, the tail of the relative landed mass
distribution f,, decays more rapidly and its mode occurs at a slightly smaller distance
as compared to the landing distribution  f, . Both these features are associated with the
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Table 3.2: Computational cost of the methods for the hyperbolic tangent wind eld. The
number of samples are denoted by Ny ¢, N;s and N,s. The number of intervals is denoted
by K, and the number of optimization iterations by  O,5 and O, . For LDT, the number of
Lagrange multipliersis givenby N .

Method Formula for : Numbgr of Compute time
number of advections  advections

MC Nuc 1,000,000 1084 sec

IS N;s+ K(N;s+ Os) 215,525 204+ 19 sec

LDT N O 13,294 23 sec

fact that rebrands which travel a longer distance are airborne for a longer period of time
and therefore burn more mass before landing. In terms of the approximation methods,
we reach the same conclusions as when approximating the landing distribution. Namely,
near the mode of the distribution, MC is more accurate than IS owing to the large number
of rebrands that land there. However, near the tail where low probability events occur,
IS becomes more accurate than MC. Near the tail, LDT is in excellent agreement with IS
results, but it fails near the mode of the distribution.

Finally, we examine the most likely landing location as a function of the characteristic
velocity of the wind elds (3.3) and (3.4). So far, we have mainly focused on the tail of the
distributions since they correspond to rare but consequential spotting events. Although
quantifying these rare events is important, the most likely place where a spot re can form
is near the mode of the landing or relative landed mass distributions. Figure 3.6 shows
the most probable landing location L, i.e. mode of the distribution, as a function of the
characteristic velocity of the logarithmic and hyperbolic tangent winds. For the logarithmic
wind, L, grows linearly with the friction velocity v suchthat L,,"' 188v . Similarly, for the
hyperbolic tangent wind, we see a linear relationship L., " 10U . In both cases, the mode
grows linearly with the characteristic velocity which is notable because the equations of
motion (3.2) depend quadratically on the relative velocity u v.
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Figure 3.5: The relative landed mass distribution approximated by MC, IS and LDT meth-
ods. Bars represent 95 percent con dence intervals. (a) Logarithmic wind. (b) Hyperbolic
tangent wind.

(@) (b)

Figure 3.6: Most probable landing distance as a function of the characteristic velocity. (a)
Logarithmic wind where v denotes the friction velocity. (b) Hyperbolic tangent wind where
U denotes the free stream velocity.

43



CHAPTER

4

MOST PROBABLE SPOTTING EVENTS

In this chapter, we examine the mode of the rebrand landing distribution. In Section 4.2, we
modify the rebrand transport model de ned in the previous chapter to have the rebrand
starting height be a random variable along with the rebrand size. Additionally, we also
examine an additional wind eld that includes time dependent vortices. In Section 4.3, we
nd that the modes of the rebrand landing distribution bifurcate as the strength of these
vortices increase.

4.1 Original contributions

» For laminar wind pro les, the probability distributions of the rebrand landing dis-
tance are found to be unimodal and scale linearly with the characteristic velocity of
the wind eld.

» For wind elds with relatively weak vortices, the probability distributions remain
unimodal.
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» Forwind elds with stronger vortices, the characteristic wind speed exhibits complex
bifurcation patterns.

4.2 Firebrand transport model

4.2.1 Firebrand equations of motion

For examining the behavior of the modes of rebrand landing and relative landed mass
distributions, we again use Equation (3.2). The values we use differ only slightly, as seenin
table 4.1. We again assume that the rebrand's horizontal starting distance is at the source
and that the rebrand is initially motionless, corresponding to Xo = 0 meters and initial
velocity v, =(0,0). We treat the rebrand radius as arandom variable R, whichis distributed
according to a known probability density  p (r). The size distribution p(r) is lognormal with
a mean radius of 0.75 millimeters and a variance of 0.125 millimeters. However, we now
also consider the rebrand starting height to be a random variable Z 0 distributed to a
probability density p,(zy). The height distribution p,(z,) is normal with a mean height of
50 meters and a variance of 10 meters. For the evolution of rebrand mass, we once again
use the empirical model proposed by Tarifaetal. [101] with the assumption of constant
shape, Equation (3.7).

4.2.2 Wind elds

We de ne the general wind eld as

,@_CE
- @y
U= e

@x

’@CE ’&CE
N

@ @,

@x @x
:U0+ ul

where
= ot 1
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Theterm ,represents the stream function for the main part of the wind eld. The
term allows for vortices governed by the stream function 1.

Logarthimic and hyperbolic tangent wind elds

For the wind elds in this subsection, we assume the non-existence of vortices and let =0.
We rst de ne the stream function of a unbounded logarithimic wind pro le commonly
used in rebrand research [20;77;100; 108

Where v denotes the friction velocity, is the von Karman's constant, and h denotes
surface roughness length scale, which describes the surface vegetation height. We de ne
the characteristic velocity for thiswind eldas U :=v = . This gives the wind eld

ux):= : (4.2)

We next de ne the stream function of a bounded wind eld
z Z
0=2UH In cosh — Uz +UH tanh — .
H H

This gives the wind eld

, € ,SE
U1l tanh 5 1
u(x):= . (4.2)
0
The horizontal component of the hyperbolic tangent velocity eld approaches the free
stream velocity U as the height z approaches the boundary layer thickness H.Whenz > H,

the horizontal wind speed remains constantat U .

Wind eld with vortices

For the wind elds in this subsection, we assume the existence of vortices and let =1
Furthermore, we assume that the main part of the wind eld is a constant and uniform
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Table 4.1: Model parameters and their physical dimensions.

Variable Physical meaning Value Units
¢ Fluid density 1.204 kg=-m?3
o Firebrand density 513 kg=m?
A, Cross sectional area m?
Cq Drag coef cient 0.45
\% Firebrand volume m?3
U Boundary layer velocity m=s
H Boundary layer height 25 m
% Friction velocity m=s
von Karman's constant 04
h Surface vegetation height 0.05 m
Combustion constant 286 104 s?2
m(t) Firebrand mass kg
p(r) Firebrand size distribution
p,(z,) Firebrand starting height distribution
fL() Landing distribution
fu () Relative landed mass distribution

wind, while also allowing for three vortices. This yields
0=Uy, (4.3)

;=UL vy A cos(kix ! ;t). (4.4)

i=1
A; is the amplitude of the ith wave. k; is the wavenumber of the ith wave while ! ; is
the angular frequency of the ith wave. In phyiscal terms, this means the length of the ith

vortice in the horizontal direction is i_. meters, whereas the period is ,2— seconds. Both of

these values are related to each other via their dispersion relation. To nd this relationship,
we rst begin with the curl of the Euler equation

%+u r =0.
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We de ne the vorticity  as

We have % +Ug I o= 0.In additionally, with the removal of higher-order terms, we

have

This can be rewritten as

Intermof jand o,

@1 @1 @1@0 @0@1 @1
+ + +

=0.
@@z @@? ax @3 @ ex3 @x@?2

To nd the dispersion relation, we substitute a generalized 1
1=UL vy coskkx !1).

This yields the equation

+k@ 0+k3@ 0

I k2 + 1
@y @y @y

From our choice of  , the dispersion relation between ! and k that solves this equation is
I =kU. (4.5)

We also de ne the function (z), which controls the size of the wave in the vertical
direction. This size depends on the initial starting height of the rebrand Zy, SO that it peaks
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Figure 4.1: (a) Plot of the function  (z) with rebrand starting height  z, = 50 meters. (b) A
vector eld corresponding to the stream function given by along with a contour plot of
stream function corresponding to ;att = 0seconds with U = 7 meters, U; = 4U =7 meters,
U, = 2U =7 meters, U3 = U =7 meters, A, = 4=10, A, = 4=20, and A; = 4=30.

at the height of % meters.

£2
Zg
(2)= ——-
Y4
1+ £

As a demonstration, a contour plot of the stream function corresponding to the wind
eld with vortices attime t = 0 seconds is given in Figure 4.1(b).

4.3 Numerical results

In this section, we report our numerical results, comparing the behavior of the landing and
relative landed mass distributions of time independent wind elds de ned in Section 4.2.2

with time-dependent wind elds de ned in Section 4.2.2. We assume that the rebrand's
horizontal starting distance is at the source and that the rebrand is initially motionless,
corresponding to X, = 0 meters and initial velocity v, =(0,0). We treat the rebrand radius
as arandom variable R, which is distributed according to a known probability density p(r).
The size distribution p (r)is lognormal with a mean radius of 0.75millimeters and a variance
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of 0.125 millimeters. We also consider the rebrand starting height to be a random variable
Z O distributed to a probability density  p,(zp). The height distribution p,(z,) is normal with
a mean height of 50 meters and a variance of 10 meters.

The authors in [81] examined the tail ends of the landing distributions, representing
the rare event of a rebrand landing an extreme distance. Although quantifying these rare
events is important, the most likely place where a spot re can form is near the mode of
the landing or relative landed mass distributions. Therefore, we shift our focus towards
examining the behavior these modes have with regards to the characteristic velocity of wind
elds, as well as examining the effect time-dependent wind elds have on these modes.
Because our focus is on the modes of distributions, as opposed to low-probability tails, the
landing and relative landed mass distributions are found through the advection of rebrand
realizations using crude Monte Carlo simulation.

In order to estimate the probability that a rebrand lands at a distance * from the source
we consider the interval D(, *):=[ ‘=2, + '=2)centered at ~ for a small length
. Our goalisto quantify P(L(R,Z0)2D (", 7)), whichis the probability thata rebrand
landsin theinterval D (", ). For the following expressions, we use D (') as shorthand for

D(C, ).
Let f, be the probability density function (PDF) associated with the random variable

L(R,Z0), we have
P(L(R,Z0)2D())

fLC)' (4.6)
We can express this probability as,
YAV
P(L(R,Z0)2D())= P (r)p,(zo)drdzg
7z LF00)
= 1 (L(r))p (r)p,(zo)dr dzo. (4.7)

0 0

The function 1.()is shorthand for the indicator function ofthe set D ('),

8

< < ~

. 1, ~2D(),

1.0):= .
- 0, otherwise.

Now consider N independent, identically distributed (i.i.d.) realizations of the rebrand
radii and starting heights, denoted respectivelyby R; and Z0; fori =1, ,N.The landing
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distances for each pair of realizations are givenby L; := L(R;,Z0;). We can approximate (4.7)
with the MC estimator,

X
PMC(‘)::Ni 1.L)" PL(R,ZO)2D()). (4.8)
i=1

The radius realizations R; are drawn from the distribution p and the starting height real-
izations are drawn from the distribution  p,. The rebrands corresponding to each pair of
realizations are advected using Equation (3.2) to obtain their landing distances L;. The MC
estimator Py, computes the ratio of the rebrands that land in the interval D (") to the total
number of rebrands.

The landing distribution  f, is not the only distribution of interest. Since burning re-
brands with larger mass are more likely to start a re at their landing location, identifying
the proportion of rebrand mass landed in a small interval at distance " from the main re
is also a concern. We term this quantity the relative landed mass distribution .

We de ne the function fy :R! R to be the relative landed mass distribution.  fy, () °
estimates the ratio of the mass landed inthe interval D (") to the total mass landed anywhere.
Formally, fy, is given by

1 TN,
fw ()= I‘imo+ o Nli!Iin ® N M ’
i=

(4.9)

where L; = L(R;,Z0,). The random variable M; is the mass of the rebrand with radius
R; and starting height Z 0, at the time of landing.

To numerically approximate f,,, we rst advect N rebrand realizations. For each
i =1, ,N realization, we obtain landing distance L; and nal landing time tf‘.We then use
the nal landing time to obtain  M; = m (tfi)via Equation (3.6). Next, we divide the interval
[0,maxL;]into K equidistantintervals D (") with centers f‘,»gff with widths ;.
Thenfor j =1, ,K,we calculate

I:)N
i=1Mi

as our approximation for  fy ().

51



@) (b)

Figure 4.2: Comparison of landing distributions  f, for varying characteristic velocity with:
(a) Logarithmic wind, (b) Hyperbolic tangent wind.

4.3.1 Laminar ow without vortices

Figure 4.2 shows the evolution of the rebrand landing distribution f_ as the characteristic
velocity U increases. For both the logarithmic and hyperbolic tangentwind elds, the modes

of the landing distributions move further away from the origin as the characteristic velocity
increases. Additionally, the tails of the distributions also lengthen as the characteristic
velocity increases.

Figure 4.3 shows the most probable landing location as a function of the characteristic
velocity of the logarithmic and hyperbolic tangent winds for rebrands with randomly
distributed sizes and starting heights. For the logarithmic wind eld, the most probable
distance grows linearly with the characteristic velocity U . Similarly, for the hyperbolic
tangent wind, we also see a linear relationship between the free stream velocity U and the
landing distance. In both cases, the mode grows linearly with the characteristic velocity.
Again, this is notable because Equation 3.1 depends quadratically on the relative velocity
u v. Similar results hold in both cases when calculating the mode of the relative landed
mass distribution, which can be interpreted as the location where the greatest amount of
landed mass lands. Note that the modes for both distributions are distinct for the given
ranges of characteristic velocity.
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Figure 4.3: Most probable landing distance and relative landed mass as a function of the
characteristic velocity. (a) Logarithmic wind where U denotes the characteristic velocity.
(b) Hyperbolic tangent wind where U denotes the free stream velocity.

4.3.2 Flow with vortices

However, the assumption of a time independent wind eld is not realistic in the context of
spotting. The interaction between the wind, topography, and the re itself likely creates
more complex wind elds. This can result in the appearance of vortices. Firebrands can get
trapped inside vortices, landing further away from the main re. So we now shift our focus
to the time-dependent wind eld de ned by Equation 4.4. We rst quantify the landing
distribution under several different parameters.

We seek a superposition of three vortices for our time-dependent wind eld, each of
varying sizes and frequencies. To this end, we use the relation

i=1

The angular frequency of the ith wave uses the dispersion relation of Equation (4.5)
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In the following results, the parameters have the relationships

2 P3 > P3
k2: _ k3= _—, = 16.

k, =
! 30

2
%1

Although it holds generally that smaller rebrands starting at higher heights land further,
wind elds that contain vortices complicate these matters, as they pull rebrands into
certain landing locations. To examine this effect, we look at the landing distribution behavior
for various choices of wave amplitudes. For waves with small amplitudes, the landing
distributions are similar to those that use time independent wind elds in the sense of
being unimodal. This can be seen forthe choiceof U =7,A; = 1=10, A, = 1=20,and A; = 1=30
in Figure 4.4, where there is a single mode at approximately x = 80 meters. Note that the
oscillations at the tail of the distribution do not represent any multimodal behavior, but
rather numerical inaccuracy from Monte Carlo approximation of the landing distribution.

In contrast, the multimodal behavior near the maximum of the landing distributions is not
a result of numerical error. This persists even as the sample size is doubled. These ndings
hold true for the forthcoming distributions as well.

We can also examine the relationship between the characteristic velocity U and the
mode of the landing distributions that use the time-dependent wind eld. However, the
time-dependent wind eld has waves that all have different speeds. Fixing them while
increasing the free stream velocity would just have the free stream term dominate. So for
the individual wave speeds, we relate them to the free stream velocity U with the following
relationship

The resulting relationship between U and the most probable landing distance and location
of most relative landed mass is shown in Figure 4.5. We can see that the relationship is
linear, just like for the time independent wind elds in Section 4.3.1.

However, this is not the case for waves with larger amplitudes. For waves with large
amplitudes, the number of modes proliferate as the size of the amplitudes increase. To see
this, we calculated the landing distributions of rebrands for the case of U = 7 meters per
second for two choices of amplitudes. In Figure 4.7(a), one can see the landing distribution
becomes multimodal for A; = 2=10, A, = 2=20, and A; = 2=30. These appear to be at the
distances of x = 36, 82, and 130 meters. However, these modes are not very prominent when
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Figure 4.4: Landing distribution for time-dependent wind eld with parameters A, = 1=10,
A, = 1=20, and A; = 1=30 from 10° realizations of rebrand sizes and starting heights.

compared to the “main” mode. However, we can see in Figure 4.7(b) that the modes multiply
and become more prominent when the amplitudes increaseto  A; = 4=10, A, = 4=20, and
A; = 4=30. This is due to the fact that larger amplitudes result in stronger waves, resulting

in vortices that push and pull rebrands into certain areas, as seen in Figure 4.6 where
the rebrands in the wind eld with vortices primarily land at around x = 100 meters and
x = 150 meters. Additionally the larger amplitudes allow the rebrands to be carried further,
which is why a longer tail can be seen in Figure 4.7(b) when compared to Figure 4.7(a).
We can see the bifurcation of modes take place as the characteristic velocity increases in
Figure 4.8.

55



Figure 4.5: Most probable landing distance and relative landed mass for the time-
dependent wind eld with parameters A, = 1=10, A, = 1=20, and A; = 1=30 as a function of
the characteristic velocity.

@ (b)

Figure 4.6: Trajectories of 10 realizations of rebrands in the time-dependent wind eld
with (&) A; =4=10, A, = 4=20, and A; = 4=30 and for (b) A; = A,=A;=0.
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Figure 4.7: (a) Landing distribution with A; = 2=10, A, = 2=20, and A; = 2=30 for 10°
realizations. (b) Landing distribution with A, = 4=10, A, = 4=20, and A; = 4=30 for 10°
realizations.

Figure 4.8: Plot of relative maximums of rebrand landing distributions at varying char-
acteristic velocities for amplitudes U = 7, A; = 4=10, A, = 4=20, and A; = 4=30 for 10°
realizations each. The red points indicate the most probable landing distances.
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CHAPTER

5

CONCLUSIONS

5.1 Climate change

In Chapter 2 of this dissertation, we focused on rare events in the context of climate change.
More speci cally, the mitigation of climate tipping points in a model that is roughly repre-
sentative of the Earth's current climate state.

In Section 2.2 we considered a stochastic climate model. This model acts as a one-
way coupling between CO , concentration C and the global mean surface temperature T.
The CO, concentration in particular is governed by a stochastic delay differential equation
that contains parameters that can be modi ed by the user, allowing for the modeling of
various emission reduction and carbon capture scenarios. These scenarios account for
different times needed for emission reduction, the amount of emissions reduced, and for
any change in carbon sinks. The other part of the model that governs the evolution of the
temperature T satis es a stochastic differential equation derived from energy balance
(Budyko—Sellers model). The temperature equation is coupled with the CO , equation to
model the effect of greenhouse gasses on the Earth's climate.
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In Section 2.3, we discussed the model parameters chosen for our climate model and
showcase the bifurcation diagram that results from choosing parameters that re ect the
state of the Earth's climate. From our choice of parameter values, we found that there
exists three different climate regimes. The two regimes with stable equilibria lie on the
lower and upper branches of the bifurcation, while the unstable regime lies between them.
Additionally, the current climate regime lies on lower branch of the bifurcation curve near
the unstable regime, making a large jump in global temperature likely if CO  , increases. We
also de ned an emission rate function that models distinct stages of an emission reduction
strategy. Finally, we derived parameters for the CO , sink term in our CO , model.

The model has a tipping point behavior: ifthe CO , concentration exceeds the critical
value of C = 478.6 ppm, the global mean surface temperature will increase abruptly by about
six degrees Celsius. The CO, model exhibits transient growth which allows for reaching
this tipping point in nite time, even when CO  , decreases asymptotically. We derived a
tight upper bound for the CO , concentration, which provides suf cient conditions for
mitigating the climate tipping point (see Theorem 1). This upper bound depends on several
parameters such as the CO, emission rate (t), the carbon capture rate G, and the delay
time . However, since the upper bound is explicitly known, it can be analyzed numerically
with low computational cost in order to determine the emission reduction and carbon
capture scenarios which would mitigate the climate tipping point.

We examined various emission reduction scenarios by combining our analytic results
with Monte Carlo simulations of the climate model. In particular, we nd that the climate
tipping point in our model can be averted if CO , emission reductions begin immediately
and the emission rate decreases to one-third of its current level within 50 years. However, if
these reductions are delayed by as much as ten years, the transient growth of the CO , con-
centration will exceed the tipping point value, leading to a drastic and abrupt increase in
the global mean surface temperature. In the latter case, increasing the carbon capture rate
could still avert the tipping point.

It remains to be seen whether our conclusions carry over to more sophisticated climate
models, such as box models or general circulation models. We will investigate such models
in future work. Although the temperature model would be more complex, our analysis of the
CO, concentration can be used to derive suf cient conditions that guarantee tipping point
evasion. Furthermore, deriving an invariant probability distribution for the CO » model is
of great interest as it would quantify the probability of transitions which in turn leads to
necessary and suf cient conditions for mitigating the climate tipping point. Finally, the
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CO, model itself can be improved, e.g., by using data-driven discovery methods to obtain
simple models that agree with observational data [24].

The climate model we examined in Section 2.2 is much simpler than existing climate
models. Although it is a simple conceptual model, it shows that transient growth that can
exceed climate tipping points. This idea needs to be considered in more complex models
and investigated further.

5.2 Firebrand transport

The main objective of Chapter 3 was to quantify the re spotting events by approximating
the landing distribution and relative landed mass distribution of rebrands. This is of
extreme importance to forest managers, re ghters, or anyone who could be caught off
guard by spot res. Additionally, this problem is challenging because the distributions
resulting from the rebrand equations of motion have heavy tails, corresponding to rare
but consequential spotting events far away from the main re.

Before quantifying these distributions, in Section 3.2 we rst de ned the rebrand
equations of motion, along with two wind elds and a combustion model. This model was
based on the assumptions made in Section 3.4, namely assuming that the rebrands start
from a xed source, are spherical, and have two-dimensional motion.

Section 3.5 was dedicated to comparing three different methods of quantifying rebrand
distributions: crude Monte Carlo simulations, importance sampling, and large deviation
theory.

Section 3.5.1 showcased how the crude MC method is most expensive out of the three
and returns the least accurate tail approximations. In a simple demonstration, we showed
that since large landing distances are rare, a very large sample size is required to approxi-
mate the tail with a reasonable accuracy. We should also note that, for simplicity, we used
analytically prescribed wind elds. But these ndings are particularly true in realistic situ-
ations, where the wind eld is obtained from a CFD model. The computational costs of
these models make such large sample sizes impractical.

We then turned to the variance reduction method of importance sampling. IS uses a
small initial MC sample to obtain the nominal distribution. Then the IS proposal distribu-
tions are computed by solving an optimization problem. The total number of realizations
used for IS was an order of magnitude smaller than MC, yet IS approximations were more
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accurate in quantifying the tail of the distribution. More precisely, as the landing distance
grows, the variance of the MC approximation also grows. However, the variance of IS re-
mains bounded and relatively small. We note that, although IS is more accurate at the tails,
the MC method is slightly more accurate near the mode of the distribution owing to the
large number of rebrands that land there.

The third method we considered is a based on recently formulated large deviation
theory for ordinary and stochastic differential equations  [33]. LDT offers an asymptotic
approximation for the distribution in terms of the so-called rate function. To evaluate the
rate function, one needs to solve an associated optimization problem. Unlike MC and IS,
LDT does not require any sampling. As a result, LDT is computationally more ef cient than
both MC and IS, being two and one order of magnitude faster, respectively. Furthermore,
MC and IS are both limited by the farthest landing rebrand from a sample such that the
tail distribution cannot be approximated beyond this point. But since LDT does not rely on
sampling, it can approximate the tail at arbitrarily large distances.

The LDT method has two notable drawbacks. First, being an asymptotic theory, it can
only quantify the tail of the distribution and fails to approximate the mode. Second, to the
best of our knowledge, the current large deviation theory is not equipped with error bars to
guantify the accuracy of the approximation. Although our results show that LDT results are
in excellent agreement with MC and IS results, the accuracy cannot be known a priori.

Given our observations, we recommend a hybrid approach for quantifying spotting
distributions where the MC or IS methods are used to quantify the high-probability events
near the mode of the distribution. Accurate results can be obtained here even with a
relatively small sample size since most rebrands land near the mode. In contrast, LDT
method should be used to quantify low probability events at the tails. Since LDT does not
require any sampling, it quanti es the tails accurately at a fraction of the computational
cost.

We also considered the relative landed mass distribution, which quanti es the propor-
tion of the rebrand mass landed at a distance. Since rebrands burn throughout their ight,
the relative landed mass is generally different from the landing distribution. Nonetheless,
in Section 3.6, we derived a formula which allowed us to compute the relative landed mass
distribution from the landing distribution, at no signi cant computational cost.

In addition to approximating probability distributions, we also examined the effect
of the wind eld on the landing distance. Speci cally, the relationship between the most
probable landing distance and the characteristic velocity of the wind was observed to be
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linear. This is despite the nonlinearities in the equations of motion.

Future work will focus on relaxing the simplifying assumptions made in this paper (see

Section 3.4), with the ultimate goal of implementing an ef cient spotting quanti er in high-

delity re simulators such as HIGRAD /FIRETEC, QUIC-FIRE, and WRF-SFIRE. EXxisting
work on inertial particle transport  [19; 51; 63] suggests that, in turbulent ows, rebrands
get trapped inside vortices and therefore quantifying their landing distribution may present

new challenges that are absent in laminar steady ows. Furthermore, although IS and LDT

are in principle applicable to these more complicated situations, the corresponding opti-
mization problems need to be solves on a higher dimensional parameter space involving

the rebrand's initial conditions, shape, and turbulent uctuations. Nonetheless, we still
expect that these methods will signi cantly outperform MC simulations.

In Chapter 4, we expanded the rebrand transport model used in Chapter 3 in two major
ways. The rst was by making the rebrand starting height a random variable, representing
the stochasticity of what height the rebrand is lofted to. Additionally, we de ned a new
wind eld. As opposed to the wind elds in the previous chapter, this wind eld is time
dependent and contains multiple vortices.

With this modi ed rebrand transport model, we examined the behavior of the mode of
the rebrand landing and and relative landed mass distributions. We found that, for time-
dependentwind eld with weaker vortices, our results were similar to the time independent
wind elds. In this case, both types of wind elds resulted in unimodal landing and relative
landed mass distributions. However, when we examined wind elds with stronger vortices,
the modes of the distributions bifurcate.

Previous research characterized the risk of spotting using deterministic methods. In
our work, we included stochasticity into rebrand transport. This provides a more robust
model that can cover a spectrum of spotting distances. Additionally, previous rebrand
research focused on the most likely spotting events. Although this make sense in many
ways, this approach neglects the importance of extreme events, which may surprise and
overwhelm emergency personnel. The approach detailed in Chapter 3 can quantify these
rare extreme events. Another practical nding comes from the comparison between MC
based methods and LDT in Section 3.7. The use of LDT instead of MC based methods
allows for approximation of the tail-end of rebrand landing distributions that is both more
accurate and less computationally expensive than MC-based methods. Being able to better
characterize these distributions is immediately bene cial to spotting models such as the
ones developed by Hillen [77].
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5.3 Future Work

5.3.1 Data Driven Discovery

One path forward involves the derivation of a general reduced-order equation for the asymp-
totic motion of rebrands in unsteady uid ows with high Reynolds number. Searching for
reduced-order models is common in the context of rare events  [7; 14]. Research by Haller
et al. already discovered a general reduced-order equation for nite-sized particles in the
case of unsteady uid ows with low Reynolds number [51]. The authors accomplished
this by using singular perturbation theory to discover a slow manifold that contains the
asymptotic motion of the particle. This approach is dif cult in the case of uid ows with

high Reynolds number due to the form of the drag equation, which is quadratic instead of
linear.

A possible alternative method to derive the reduced-order equation by using Sparse
Identi cation of Nonlinear Dynamics (SINDy) algorithm [24]. SINDy is a machine learning
algorithm that can discover governing equations from data by using a user de ned library
of terms. It is composed of three basic steps. The rst step is the collection of state and
velocity data from the governing equation. The second step is having the user provide a
library of candidate functions that SINDy will select from. The third is performing a sparse
optimization problem to discover which candidate functions are present in the dynamical
system.

To use SINDy to nd the reduced-order equation, the process works as follows. Starting
with the full equations of motion

x = f(x(t)), (5.1)

where x(t) = x4(t) Xx,(t) ,we simulate the trajectory and velocity of a rebrand and collect
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snapshots of each. These are formed into the matrices
2 3
Xy(ty)  Xo(ty)
X = g Xl(.tz) Xz(.tz)
4 5
Xl(tm) Xz(tm)

3
Xq(ty)  Xo(ty)

X = Xl(.tz) Xz(.tz)

OO N

: : 5-
Xl(tm) XZ(tm)

Since the reduced-order equation holds asymptotically, transient data represented by
the rst n snapshots will be removed before applying SINDY, yielding the matrices

3
Xl(tn) X2(tn)
X1(tn+1) Xo(tner)

OO N

: : 5
Xl(tm) Xz(tm)

3
Xi(th)  Xa(tn)
X1(th+1) Xo(tn+1)
: L
X1(tm)  Xaltm)

~

OO N

We then construct a library matrix (X)of size(m n) p,whose columns consist
of candidate functions in the state variable. For example, (X) could be chosen to have
constant, polynomial up to degree 2, and trigonometric terms:

®)=1 X X7 sin(X) cosX) .

64



Where X2 would consist of the possible quadratic terms in the state  x:
3

X7(tn)  Xa(tn)Xa(ta) — XZ(tn)
g XZ2(ther) Xa(tneD)Xa(tne) XZ(tns1)
3 : D5

X{(tm)  Xa(tm)Xo(tm) — XF(tm)
To nd the coef cients of the candidate functions, we then solve the following sparse
regression problem for
X= X .

In SINDy, the solution is found using the sequential thresholded least-squares (STLS)
algorithm. In this algorithm, we choose a as a threshold value. A least squares-solution
for isthenused as an initial guess. All entries whose magnitude is less than are changed
to zero. Then another least-squares solution for found for the remaining indices of the non-
zero coef cients. These coef cients are again thresholded by and the process continues

until the non-zero coef cients converge.
Denoting  (X") as a vector of symbolic functions of the entries of X, we have

x=fxe)= "( &),

where f is a reduced-order equation for the asymptotic motion of rebrands.Additionally,
the SINDy algorithm will be performed over a grid of parameters that control the rebrand's
characteristics, leaving us with a generalized reduced-order equation.

5.3.2 Wild re parameters and LDT expansion

In Chapters 3 and 4, we considered rebrand size and starting height as random variables.
Other parameters such as starting distance, rebrand density, rebrand shape, and starting
velocity were constant. Future studies could expand our results to include more stochasticity.
Consider the case of rebrand shape. Firebrands are not typically spheres. Instead, the
shapes that are most common are rods and disks [70]. The parameters of these shapes could
be taken as random variables, such as their length and aspect ratio [105]. Additionally, the
general equation of motion for rebrands could be used. Assuming a rod-shaped rebrand
that is perpendicular to the ground, the equations of motion given by Linn et al. [70] are
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MEOV= 5 AU Vi1 v)sn() (U8 vo)eos( ),
MEV2= 5 ACIUK) Vi) VSN )+(Ut) vcos( ) m(t)g.

The normal pressure coef cientis given by Cy, the horizontal and vertical velocity of the
rebrand with respect to the ground is given by v, and v,, the horizontal and vertical
velocity of the wind is given by u, and u,, and the angle of attack is given by

In addition to parameters relating to rebrand characteristics, stochasticity could be
added into the structure of the underlying wind eld. This would make the model more
realistic overall, as it would match the natural stochasticity of the wind. Parameters such as
wind strength, number of vortices, wavenumber, and frequency could also all be randomly
distributed. These parameters could also be part of more complex CFD models that are
used in more realistic spotting models.

The increase of the number of randomly distributed parameters could also be paired
with an expansion of our LDT usage that was shown in Chapter 3. The method of approx-
imating the tail-end of distributions is valid for parameter distributions corresponding
to multiple independently distributed random variables [106; 107]. Researchers would be
able to take these more accurate approximations of rebrand distributions and use them
in spotting models such as those developed by Hillen etal [56]. Additionally, one could
modify the LDT-based methods to work for distributions that cannot be transformed into
Gaussian distributions.
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APPENDIX

A

PROOF OF THEOREM 1

We begin by writing equation (2.8) as the integral equation,
Z, Z
Ct)=Cy+ (s)C (s)ds GC(s )ds. (A.1)
0 0
We derive a tight upper bound for C (t) using a modi ed version of a Gronwall-type
inequality for delay differential equations givenin  [58]. We rst prove a result with 0,
which we later use to address the general case where the emission rate IS non-zero.

Proposition1. Letty2R,to<T 1 ,Cy, O,anda:[ty,T)! R™ belocally integrable. Let
C :[t,,T)! R* be Borel measurable and locally bounded such that
Z t
C@t) C, a(u)C(u )du, (A.2)

to
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and :[t, ,T) ¥ Rbeanylocallyintegrable function that satisfies the inequality,

Z
a(t)exp t (s)ds (t). (A.3)

t

Then Z

C(t) Kexp (s)ds ,
to
where o Z, z, «
K :=max Cjexp (u)du , sup exp (u)du

to ty s tp s

Proof. Note thatin the context of our climate model, we have a(t) =G . Gyori and Horvath [58]
proved a similar result with a plus sign in front of the integral in Eq. (A.2). We generalize
their result to the case with a minus sign in front of the integral as required by our climate
model. We first define

Z
y(t)=C (t)exp (s)ds .
to
Inequality (A.2) implies
z t z t
y(t) Cyexp (s)ds exp (s)ds
Z, K Z, " Z,
au)y(u )exp (s)ds exp (s)ds du.
to u to
The inequality (A.3) for then yields
z t
y(t) Cyexp (s)ds +
z," Z, Z,
exp (s)ds (u)exp (s)ds y(u )du.
ty ty ty
Defining, a z, «
L:=max C, sup C(s)exp (Wdu ,

to s tp to
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