
ABSTRACT

GUERRA, JOEL TYNAN. Multiphase Flow Modeling of Liquid Injectors. (Under the
direction of Dr. Jack R. Edwards).

Techniques for modeling internal and external multiphase flows of injectors are in-
vestigated. Jet-in-crossflows have been extensively studied using a one-way coupled
Eulerian/Lagrangian method, in which discrete droplets are injected at a mass flow rate
equal to the continuous phase value. Both aerated- and pure- liquid injection cases are
presented. Key improvements that pertain to the aerated-liquid injection simulations
involve a vaporization scheme that transfers mass from the droplet phase to the continuous
phase, and a new method of determining the vapor mass fraction from the droplet phase,
thus improving the relative velocity estimate. The pure-liquid injection cases relied on
the development of a new primary breakup model in which small droplets are stripped off
large, recently injected parent droplets. Different child position formulations were tested
to determine the influence of child position on overall spray dynamics. The improved
relative velocity estimation from the aerated-liquid injection case was also used. Lastly,
a modified version of the secondary breakup model used in the aerated-liquid injection
study was implemented as a competing breakup mechanism against the primary model.
Ultimately, using the relative velocity estimation based on the droplet phase mass fraction
was the biggest factor in improving qualitative results. In all cases, large droplets are
more likely to maintain their vertical momentum induced via injection. Once they escape
the initial dense liquid column they experience little drag and turn downstream at a large
angle, increasing the overall plume size. Droplets that experience high degrees of relative
velocity will experience high drag values, causing them to break up into large numbers of
small droplets and start to turn downstream. Smaller droplets follow the crossflow more
closely. As a result, cases that have smaller distributions of droplets correspond to plumes
with smaller penetration heights. The dissolution of carbon dioxide into a surrogate diesel
fuel was investigated as a means of alternative atomization from aerated-liquid injection.
This hinged on the development of a new vapor-liquid equilibrium routine which could
predict the equilibrium state of gas bubbling out of a pseudo-liquid mixture. The addition
of carbon dioxide results in a significantly different velocity profile within the nozzle. As
the pressure decreases through the nozzle, the expanding gas results in an area reduction,
causing the liquid velocity to rise. Not all carbon dioxide is found to bubble out of the
mixture, suggesting that additional atomization may occur after injection.
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Chapter 1

Introduction

In hypersonic airbreathing propulsion systems, one of the most critical components is

the fuel injection system. Historically, scramjet combustors have been designed using fully

vaporized fuel. However, for a variety of reasons, the next generation of DoD scramjet

combustors will be designed to use only JP-class fuels. On startup these fuels will enter the

combustor as a liquid, which introduces a host of issues that ultimately delay vaporization,

such as large initial droplet sizes and poor fuel/air mixing. Two methods to accelerate

atomization and improve performance involve mixing the fuel with a gas upstream of the

injection point: aerated-liquid injection, and dissolving a miscible gas into the fuel. In

aerated-liquid injection, or barbotage, a small amount of gas is injected into the liquid

prior to passing through the injector nozzle. The gas initiates primary breakup inside the

injector and the two-phase mixture is expanded through the nozzle [1� 3]. The second

method, termed injection of fuel containing dissolved gas (IFCDG) is similar, but in this

case the gas is actually dissolved into the liquid fuel upstream of the injector, creating a

single phase pseudo-liquid mixture. As the mixture passes through the injector nozzle, the

gas precipitates and breaks up the liquid column [4]. In both cases the fuel mixture enters

the combustor, where secondary breakup e�ects cause the droplets to further decrease in

size.

Both of these methods would require storing gas on the aircraft, and in the barbotage

case, would also necessitate a more complex injector design. As such, pure-liquid injection

also needs to be studied since it can be considered a more realistic means of fuel injection.

In pure-liquid injection the process of atomization starts after the liquid has been injected

into the cross�ow. Primary breakup causes larger droplets to split into smaller droplets,

which continue to break up via secondary atomization.
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The purpose of this dissertation is threefold: The primary goal is to investigate

these methods of fuel injection via computational �uid dynamics (CFD) simulations.

Two di�erent problems are studied: the injection of pure- and aerated- liquid jets into

supersonic cross�ows; and the behavior of a liquid surrogate fuel containing dissolved

gas which eventually precipitates inside an injector. The second objective is to use these

problems to drive improvements to NC State's CFD code, REACTMB. The jet-in-cross�ow

problem utilizes an Eulerian/Lagrangian CFD approach to capture the droplet behavior;

the dissolved-gas work has centered around the development of a vapor-liquid equilibrium

(VLE) routine coupled with a purely Eulerian CFD framework to capture the phase

change in question. The third and �nal objective is to use experimental results obtained

by researchers at Taitech, Inc., to validate our code improvements.

This dissertation is structured as follows: The remainder of this chapter details previous

work on the aforementioned topics, other relevant studies, and work already completed at

NC State on the problems in question. Chapter 2 presents the governing equations and

associated closures; Chapter 3 outlines the turbulence modeling methods used; Chapters

4 and 5 present the numerical methods implemented within REACTMB; Chapters 6 and

7 describe the liquid jet-in-cross�ow results; Chapter 8 details the dissolved-gas results;

Chapter 9 concludes the dissertation and provides suggestions for future research.

1.1 Background

Because the residence time of the air passing through a ram- or scramjet engine is on

the order of milliseconds [5], the fuel injection system is a critically important component.

The fuel must be conditioned in such a way that encourages the highest amount of fuel

atomization possible. Lefebvre de�nes the atomization process as "essentially one in which

bulk liquid is converted into small drops", and it occurs when the surface tension force that

acts to keep the liquid intact is overcome by external forces [6]� in our case, aerodynamic

forces (namely drag) are the key external forces. Atomization can be broken up into two

stages [6]. Primary atomization (or primary breakup) occurs near the point of injection

and involves the shearing of small child droplets o� large, recently injected parent droplets.

Secondary atomization occurs further downstream and involves the formation of still

smaller droplets from small parents.

The droplet Weber number and Ohnesorge number are the dominant parameters in

determining the method of breakup [7]. For Ohnesorge numbers less than 0.01 the regime
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transitions are independent of viscosity [8]. The droplets in this study have Ohnesorge

numbers around 0.008. For droplets in supersonic �ows that are exposed to shock waves,

the critical Weber number is 13 [7], below which a droplet may only deform but not

break up, and above which di�erent forms of breakup may occur. While the exact Weber

numbers that correspond to a transition between breakup regimes are up for debate [9],

there are generally four di�erent regimes of breakup [10]. Faeth and Hsiang et al. de�ne

the regimes as [8]:

ˆ Bag breakup,12 < We < 20

ˆ Multimode breakup, 20 < We < 80

ˆ Shear/stripping breakup,80 < We < 800

ˆ Catastrophic breakup,800> We

Liu and Reitz de�ne the regimes as [11]:

ˆ Bag breakup, We� 80

ˆ Stripping breakup, 80 < We � 350

ˆ Catastrophic breakup,350< We

In all forms of breakup, the droplet �rst �attens, deforming into a disc shape [11]. In

the bag regime the droplet deforms into a hollow bag with a thick liquid rim, with breakup

occurring both in the bag and on the liquid rim. The stripping regime is characterized

by child droplets shearing o� the edges of the parent droplet [12]. The intermediary

mode between bag and stripping breakup has several di�erent names but will be referred

to here as multimode breakup. This regime involves aspects of both bag and stripping

breakup modes [12]. At the highest Weber numbers the catastrophic regime dominates.

This breakup mode, as the name implies, causes the parent droplet to completely shatter

into a collection of child droplets.

In addition to droplet breakup, vaporization also plays a signi�cant role in spray

applications, especially when the surrounding temperatures are high enough to induce

combustion. Vaporization involves the transfer of mass from the liquid injectant to the

gaseous phase. In practice, this results in droplets reducing in size due to mass loss.

A popular method of simulating fuel injection into high-speed air-breathing engines is

to frame the problem as a jet-in-cross�ow study. The jet-in-cross�ow (JIC) is a canonical
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�uids problem that consists of a �uid jet exiting from a small ori�ce into a generally

perpendicular cross�ow. This setup can also be used to study several di�erent scenarios

in nature or in technology. Considering subsonic cross�ows, the JIC can be used to study

the dispersal of ash from a volcano or the behavior of plume emitting from a smokestack

[13]. Besides being used to model fuel injection, supersonic JIC cases can also be used to

model thrust vector control for missiles [14]. When considering fuel injection, penetration

and plume height are two of the critical properties of the JIC.

An ideal injection system needs to not only achieve ignition but also maintain a stable

�ame, enhance the �ame spread into the air�ow, and achieve good fuel/air mixing [15]. The

spray should consist of large numbers of small droplets, which can vaporize faster. Aerated-

and pure-liquid injection into cross�ows has been the subject of several experimental

studies performed at AFRL over the past two decades. Phase-doppler particle analyzer

(PDPA) can be used to obtain droplet and spray plume properties. In [2] Lin et al. used

PDPA to study the structures of water jets injecting into a M= 1:94 cross�ow by testing

di�erent injection diameters, aeration levels, cross�ow velocities, and jet-to-air momentum

�ux ratios. The authors found that no matter the gas/liquid ratio (GLR) level (ie, in

both pure- and aerated jets) the atomization processes was completed by one hundred

injector diameters downstream of the injection site, and that at this location the �ux

averaged Sauter mean diameter was� 10 � m in both cases. The authors imply that both

of these �ndings are correlated to the M= 1:94 cross�ow velocity and not necessarily

universal. More recently, PDPA was coupled with high-speed shadowgraph photography

to investigate the temporal evolution and structures of liquid jets in [16], which revealed

di�erences in the protrusion structures formed by pure- and aerated-liquid jets that lead

to the initial breakup.

One of the challenges associated with conventional spray diagnostic techniques is

obtaining quantitative measurements near the injection site due to the dense spray mist

blocking the liquid core. Lin et al. used a combination of x-ray imaging and pathlength-

integrated x-ray �uorescence coupled with shadowgraph imaging to investigate near-�eld

structures of both pure- and aerated-liquid jets, and found that the liquid column of a

pure-liquid jet deforms up to 1.47 times the injector diameter before signi�cant breakup

starts to occur [17].

All these experiments performed at AFRL were run at a Mach number no higher

than 2� Beloki Perurena et al. [18] investigated liquid injection into a Mach 6 hypersonic

cross�ow using high speed photography and image processing techniques to study how

the injector aspect ratio a�ected penetration height and jet expansion. They found that
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independent of the momentum-�ux ratio, the spray-cross�ow mixing was completed by

a distance ofX=D = 40 and concluded that low aspect ratio injector ori�ces� meaning

injectors that are wider than they are long� are more suitable for scramjet injection

situations.

Numerical methods o�er some advantages in studying jet-in-cross�ows over experimen-

tal techniques, namely in the sheer amount of data that can be obtained easily without

the use of several di�erent instrumentation setups. Additionally, it is possible to extract

properties of speci�c droplets. Numerical studies can also use existing experimental studies

to drive improvements and validate results, and the converse can also be done. Xiao et al.

presented results from large eddy simulation (LES) of the primary breakup of a liquid jet

[19]. A coupled level set and volume of �uid (VOF) interface tracking method was used.

They found that the Rayleigh-Taylor (RT) instability was responsible for the development

of surface waves which lead to column breakup. Xiao and Sun [20] studied the e�ect of

Mach number on the breakup mechanisms using an incompressible �ow solver for the

liquid region and a compressible solver for the gas region, and found that as the Mach

number is raised the breakup initiation time increases. The liquid column penetration

also was found to increase with Mach number, but the penetration downstream of the

injector was shown to decrease.

Two common strategies exist to model spray applications. Both methods simulate the

cross�ow with a standard Eulerian CFD approach. Eulerian/Eulerian (E/E) methods

model the injectant using an Eulerian framework, typically using a mixture model equation

system, which assumes no slip between the two phases, while Eulerian/Lagrangian (E/L)

approaches treat the injected phase as a dispersed system and tracks the trajectories of

either the individual droplets or parcels of droplets within the carrier �uid. In order to

e�ectively use an Eulerian/Lagrangian model, the breakup of Lagrangian droplets must

be accounted for. A common method of modeling primary breakup was proposed by Reitz

in 1987 in which the initial breakup of a droplet is due to growing Kelvin-Helmholtz (KH)

instabilities on the droplet surface [21]. Su et al. [22] and Patterson and Reitz [23] coupled

the KH model with a second model that accounted for the possible breakup of droplets

due to accelerative Rayleigh-Taylor (RT) instabilities. In both of the aforementioned

works the KH and RT modes competed to determine which instability caused the droplet

to break up �rst. Ricart et al. [ 24] extended the previous works by introducing the concept

of a breakup length, calculated via Levich theory [25], the idea being that within the

breakup length, only KH breakup is enabled; otherwise, KH and RT modes compete.

This was proposed to account for the fact that the RT model would predict catastrophic
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breakup very soon after droplet injection.

Recently, Li et al. used an Eulerian/Lagrangian method to simulate a liquid jet into a

Mach 1.94 cross�ow [26] based on the conditions from Lin et al.[2]. The primary breakup

process was captured used a KH breakup model, and the secondary breakup process was

simulated by competing RT and Taylor Analogy Breakup (TAB) models. They proposed

formulations for child position and velocity after the breakup event, something that no

previous studies using E/L techniques had discussed. Their in-house code was used in

[27] in which the authors compared CFD data to experimental PDPA data.

For high gas temperatures and small-sized droplets, evaporative e�ects must also be

accounted for in Eulerian/Lagrangian models. Currently the state of practice is to use

the model presented by Miller et al. [28] in which equations for evolving the droplet mass

change due to evaporation and droplet temperature are solved. They compared seven

di�erent evaporation models to experimental data and concluded that the Langmuir

Knudsen law best captured non-equilibrium evaporative e�ects. The authors also pointed

out that these non-equilibrium e�ects predominantly impact droplets with sizes smaller

than 50 microns [28].

A key di�erence between the model presented by Li et al.� and by extension, most

other Eulerian/Lagrangian models� and the work presented herein is that the Li et al.

model uses an Eulerian model to simulate the gas phase and a Lagrangian droplet tracking

engine to simulate the dispersed liquid phase. In REACTMB, the Eulerian model is a

two-phase solver, capturing both the gaseous cross�ow as well as the liquid injectant. The

Lagrangian engine then overlays the droplet �eld on top of the two-phase solution. This

additional �delity should improve simulation predictions for the dense sprays encountered

in aerated- and pure-liquid injection processes

Tidball et al. [4, 29] have experimentally investigated the injection of �uid containing

dissolved gas (IFCDG) into both quiescent and cross�ow environments and showed that

fully dissolved solutions injected into a cross�ow behave like pure-liquid jets, whereas

partially dissolved solutions� solutions in which the gas is not completely dissolved� behave

like an aerated-liquid jet. This study made inferences on the internal �ow dynamics based

on the spray characteristics� the �ow inside the injector could not be interrogated. As

such, numerical simulations can augment the experimental results by simulating the �ow

inside the injector.

Incorporating dissolved CO2 into the liquid fuel means it is a multiphase, multicompo-

nent problem. A multicomponent real-�uid four equation model that uses a VLE routine

in conjunction with the Peng-Robinson equation of state was presented in [30, 31]. Yang
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and Habchi used this framework to capture the dissolution of nitrogen into a liquid

calibration fuel in a three dimensional cavitating nozzle [32]. In [30], Yang et al. applied

their model to simulate the ECN Spray A Injector case.

The ECN Spray A case has been commonly studied using Eulerian/Lagrangian

techniques [33� 35], but as temperature and pressure rise, the e�ects of surface tension

of droplets diminishes, leading to a 'dense �uid' mixing state [36]. Matheis and Hickel

assert that in dense �ow areas (ie near injection sites) an Eulerian/Eulerian approach

is more suitable for modeling than an Eulerian/Lagrangian one. The thermodynamics

framework used by Matheis and Hickel was also based on the Peng-Robinson equation of

state and VLE model. Their work was inspired by Qiu and Reitz [37, 38], who were some

of the �rst to simulate supercritical injection with phase separation and compare it to

experimental data.

This work represents the continuation of several years' work performed at NC State

on improving the capabilities of REACTMB-MP, the multiphase version of REACTMB.

Several years before the work done by Qiu and Reitz [37, 38], Star et al. [39] simulated

the injection of supercritical ethylene into nitrogen by developing a VLE model to capture

the two-phase region in the state space. The Peng-Robinson equation of state was used

for the single-phase state description. Star et al. looked at the mixture behavior in both

the injector as well as a larger domain into which the ethylene was injected. Later,

NCSU, supported by Eastman Chemical, developed a similar approach for modeling

the condensation of liquid hydrocarbons from a supercritical mixture [40]. Bornhoft's

work [41� 43] was concerned with �uid dynamics within an injector geometry� however,

whereas the work done by Star et al. involved phase changes, Bornhoft was interested in

using sharp interface-capturing schemes to study the e�ect of aerating gas on a liquid.

He investigated di�erent injector geometries and compared to experimental data, once

again obtained at Taitech. The particular version of REACTMB developed by Bornhoft

was used to generate in�ow boundary conditions for work presented later on in this

dissertation.

The Lagrangian droplet tracking engine was developed by Kulkarni and Edwards

in [44, 45]. Kulkarni used this framework to study aerated-liquid injection into both a

quiescent environment and later into a subsonic cross�ow. Talbot [46, 47] built upon this

work by using this framework to study aerated jets in supersonic cross�ows, as well as

studying pure-liquid injection into subsonic cross�ows. This particular case involved sharp

interface capturing and Eulerian droplet tagging, e�ectively trying to convert Eulerian

blobs into discrete Lagrangian droplets.
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This dissertation expands upon results discussed in [48� 50]. A droplet vaporization

model along with an improved dense spray modeling technique was applied to simulate

aerated-liquid injection in [48]. This code was modi�ed to handle pure-liquid injection,

partly through the addition of a new Kelvin-Helmholtz primary breakup model. Prelimi-

nary results using this model were presented in [49] and [50].
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Chapter 2

Governing Equations

This chapter details the di�erent governing equations necessary to solve the �uids

problems in question; vapor-liquid equilibrium and closure relations are also discussed.

For reference, Appendix A contains the full sets of transport equations actually used in

each set of simulations.

2.1 Standard Conservation Equations

The general conservation equation that governs the transport of any �uid property is

expressed in tensor notation in Equation 2.1. The time derivative captures any temporal

changes of a propertyq in a given �nite volume V, while the position derivative accounts

for possible advection ofq through the given volume. The source termS accounts for any

external in�uences acting onq inside the volume.

Z

V

@q
@t

dV +
Z

A

@
@xj

(quj )dA =
Z

V
SdV (2.1)

If we apply this equation to the three conserved properties in physics� mass, momentum,

and energy� then we can derive the Navier-Stokes equations, shown in Equations 2.2-2.4.

The equations for mass and energy are scalar equations, while the momentum equation is

a vector equation for three scalars representing the Cartesian coordinates, resulting in a

minimum of �ve equations to be solved. An equation of state, such as the ideal gas law,

is also required to describe the �uid and close the system. If a turbulence �ow is assumed,

additional closures will also be needed. Furthermore, since we are dealing with real �uids,

we will need ways to extend these equations to be able to handle mixtures with multiple

species as well as multiple phases.
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2.1.1 Extension for Multiple Species

For scenarios with more than one species, Eqs. 2.2-2.4 must be adjusted to account

for di�erences in properties across species, as well as any possible chemical reactions that

may occur. The species continuity equation is presented in Eq. 2.5, and the equations for

mixture momentum and energy are presented in Eqs. 2.6 and 2.7. Subscripts represents

the speciess in question, resulting in one additional equation to be solved for each

additional species, up toNS number of species.Vs;j is a di�usion velocity that accounts

for the di�usion of speciess in and out of the control volume due to species gradients.

_! s is a source term and captures the production of speciess due to chemical reactions;

however the simulations performed herein do not have any reactions occurring, so for this

work this term will be equal to zero. If we sum Eq. 2.5 over all of the species Eq. 2.2 will

be recovered, satisfying mass conservation.
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When expanding the momentum equation to account for multiple species, a summation

arises in the advection term that accounts for the momentum �ux due to di�usive velocities.
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Because the di�usive velocities are normally signi�cantly lower than the bulk velocity

terms, this term can be neglected, reducing the mixture momentum equation back to Eq.

2.3. The presence of multiple species adds a heat �ux term to the energy equation that is

a function of species di�usion velocities.

2.1.2 Extension for Multiphase Flow

To capture the existence of two separate phases, or any bubbling or condensing e�ects,

an extension for multiphase �ows must also be added which accounts for the evolution

of the vapor phase mass fraction,Yv. The continuity equation of the vapor phase can

be written as Eq 2.8. To account for the possibility of multiple species in a single phase

we also introduce the continuity equation for a components in the vapor phase, shown

in Eq. 2.9. A mixture continuity equation must still be solved. This equation, as well as

the mixture momentum equation, remain unchanged from the previous sections. Extra

di�usive terms in the energy equation also arise as a consequence of having multiple

phases. Here,yv
s is the mass fraction of speciess within the vapor phase mixture andyl

s

is the same for the liquid phase.
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In situations where phase equilibrium is enforced (such as the VLE simulations

presented herein) a transport equation for the feed fraction of speciess, Zs, is also needed:

@
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(2.11)

In a single-phase �ow, the sum of all species di�usion velocities times the species
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density must be zero to satisfy conservation:
P NS

s=1 � sVsj = 0. However, the existence of

two phases introduces a bulk mass di�usionVj which accounts for any possible di�usion

of one phase through another.� v is the vapor volume fraction and can be related to the

vapor mass fractionYv as:

� v =
�Y v

� v
; � l = 1 � � v (2.12)

In this way, only one of the vapor mass fraction or the vapor volume fraction needs to

be solved for.Sv;s is the source term accounting for the production of vapor; this can be

modeled in problem-speci�c ways to account for �nite rates of phase change.

Source Term for Droplet Vaporization

In the droplet injection work that involves the vaporization routine enabled, it is

necessary to add a source term to the vapor phase mass equation that captures the mass

transfer from the droplet phase to the Eulerian phase. For a given timestep� t, the total

vaporized mass for a given droplet is calculated simply as:

mp;tot;cell = np _mp� t (2.13)

Herenp is the number of actual droplets that the tracked droplet represents and_mp is the

rate of vaporization for thepth droplet. The mesh cells that contain droplets are located,

and the total masses for each cellk are summed:

mp;tot;cell =
Ndrop;cellX

k=1

mp;tot;k (2.14)

A weighing function wk based on a box �lter with a 2� �lter width is added to smooth

the distribution across the domain. The weighing function is expressed as Eq. 2.15. For

each neighbor of cellk the coordinate indices can be expressed asi + ak , j + bk , and k + ck

whereak ,bk , and ck can have values of -1, 0, or 1. The vaporized mass for a cell is then

spread to the 26 neighbor cells� 27 including the cell in question� using the weighing

function.

wk =
�

1
2

� jak j+ jbk j+ jck j

(2.15)

mp;tot = wkmp;tot;cell (2.16)

12



In this manner, the transferred vaporized mass is summed over all of the cells, thus

reducing the chances of a very high local vaporization rate. The vaporization source term

for a particular mesh cell is presented below, where the source term is added incrementally

over the duration of the sub-iterations wherel is the sub-iteration index andlmax is

generally set to seven. Adding the source term in this manner helps numerical stability.

Svap;cell = � 2
(lmax � l )
lmax � 1

mp;tot;cell

� t
(2.17)

Source Term for Nucleation

The dissolved gas atomization studies include attempts to capture some degree of

non-equilibrium e�ects in the form of bubble nucleation from a dominant liquid phase.

To proceed toward a model that can handle such e�ects, a di�erent source term� v can

be added to the vapor phase continuity equation. The Zwart cavitation model [51] can be

used to model liquid bubbling:

Sv = � v = Ce(1 � � v)� v

s
2
3

j� Pj
� l

(2.18)

whereCe = 25000 for bubbling. For cavitation of a pure �uid the driving pressure change

is � P = P � Pvap(T), but this expression does not generalize easily to a multi-component

mixture. Currently, we are using the following de�nition based on the supersaturation of

the liquid phase:

� P =
X

s

(f l
s(~ys; P; T) � f l

s;eq(~ys;eq; P; T)) (2.19)

with fugacities calculated following the method outlined in Section 2.3.

2.1.3 Drift Flux Extension

This section describes preliminary work that has begun on attempting to two-way

couple the dispersed droplet phase with the continuous phase through the addition of a

drift �ux� currently these models are only implemented in the jet-in-cross�ow simulations.

The key term takes the form of a relative velocity between mixture phase and dispersed

phase velocities:

ur;j = uv;j � ul;j (2.20)

All of the Navier-Stokes equations, with the exception of mixture continuity, have
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additional terms that arise:
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The additional terms account for two-way coupling between the dispersed and continuous

phases. An equation that governs the evolution of the relative velocityur;j is solved,

where the only input required from the droplet phase is an estimate of the local droplet

diameter:
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Equation 2.25 takes the relative velocityur;j expressed as an Eulerian quantity as an

input. The relative velocity is strongly coupled with the pressure gradient, which can

be very large near shocks. To prevent shocks from unduly in�uencing the response, the
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pressure gradient is modi�ed as follows:
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@P
@xi

! 1=2

(2.26)

whereP is the average pressure over the cells directly surrounding the location in question.

The resulting system of equations utilizing two-way coupling is very sti�, and the results

become unstable when the drift-�ux formulation is utilized in the phasic mass and energy

equations�only the momentum equation was successfully tested. As a result, most of the

results presented only assume one-way coupling, neglecting the drift �ux.

2.2 Closure Relations

This section presents the additional equations and relations needed to close the systems

of equations presented in the previous section. In some circumstances the relations used

for the dissolved gas work and the jet-in-cross�ow work di�er. As such, this section is

split into multiple subsections to di�erentiate between the relations used in each work.

While methods for determining pressure, enthalpies, and the other required terms di�er,

the methods of calculating mixture values of properties are identical for each case.

2.2.1 Mixture Relations and Common Closures

Amagat's law is used to calculate mixture density and mixture enthalpy is calculated

via mass weighted averaging:

1
� mix

=
Yv

� v
+

Yl

� l

hmix = Yvhv + Ylhl

(2.27)

Thermal conductivity and viscosity mixture values are both weighted via the phasic

volume fractions:
� mix = � v � v + � l � l

kmix = � v � v + � lkl

(2.28)

The vapor mixture viscosity values are always calculated using Wilke's law:

� v =
NSX

i = s

X i � i
P NS

j =1 X j � sj

(2.29)
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with

� sj =
1

p
8

 

1 +
MWs

MW j

! � 1=2 

1 +

 
� s

� j

! 1=2 
MWs

MW j

! 1=4! 2

(2.30)

Species vapor viscosities are computed using Sutherland's law:

� v
s = � ref;s

� T
Tref;s

� 3=2 Tref;s + Ss

T + Ss
(2.31)

where Tref;s is a reference temperature,� ref;s is the viscosity at Tref;s , and Ss is the

Sutherland temperature.X i is the mole fraction of speciesi , and MWs is the molecular

weight of speciess.

The vapor thermal conductivity is determined from the vapor mixture viscosity by

using a constant Prandtl number assumption:

kv = � v
Cp;v;mix

Pr
(2.32)

with a Prandtl number of Pr = 0:72 being assumed.

Inspecting the multiphase Navier-Stokes equations it is clear we also need closure

relations for the species di�usion velocityVs;j , the viscous stress tensor� ij , and the heat

�ux qj . The species di�usion velocity can be modeled using Fick's law, shown in Eq.

2.33. Fick's law states that the rate of di�usion is proportional to the local concentration

gradient. Sc is the Schmidt number, which is the ratio of convective to di�usive mass

transport and is commonly set to 0.72:

�V s;j = �
�
Sc

@Ys
@xj

(2.33)

The shear stress tensor� ij can be calculated by assuming a Newtonian �uid and using

Stokes' hypothesis:

� ij = �

 
@ui
@xj

+
@uj
@xi

!

�
2
3

�
@uk
@xk

� ij (2.34)

Lastly, the heat �ux can be found by using Fourier's law of conduction for multiple

species and phases:

qj =
�
Pr

@~h
@xj

(2.35)
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2.2.2 Closure Relations for Liquid Injection into Cross�ow Studies

The spray simulations utilize a perfect-gas equation of state to describe the vapor

phase density and enthalpy. Vapor phase enthalpy values are determined via McBride

curve �ts [ 52]. The liquid phase is entirely water and is described using the Tait equation

along with the NASA polynomial �ts for liquid water. A high-pressure correction to the

NASA liquid water enthalpy is included, from [53].

� v =
P

P
s yv

sRsT
(2.36)

hv(P; T; yv
s ) =

X

s

yv
shv

s(T) (2.37)

T = max(273:15; min(T;0:95Tc))

� l

� sat (T)
=

h
1 +

n
K 0

(p � psat (T)
i 1=n

; K 0 = 0:3 GPa; n = 7:0;

� sat (T) = � c

�
1 + b1� + b2� 2 + b3� 5 + b4� 16 + b5� 43 + b6� 110

�
; � = 1 � T=Tc;

Psat (T) = Pcexp
hTc

T
(a1

~� 2 + a2
~� 3 + a3

~� 6 + a4
~� 7 + a5

~� 8 + a6
~� 15

i
; ~� = � 1=2

hl = hl;H 2O(T) + ( P � 101325)=� l

(2.38)

Relevant constants are de�ned below:

a1; : : : ; a6 = [ � 7:85823; 1:83991; � 11:7811; 22:6706; � 15:9393; 1:775160]

b1; : : : ; b6 = [ � 1:99206; 1:10123; � 0:512506; � 1:75263; � 45:4485; 6:75615e5]

Tc = 647:14 K; Pc = 22:64� 106 Pa; � c = 332:0 kg=m3

(2.39)

Liquid water viscosity and thermal conductivity values are determined using the

following expressions:

� l = exp

 

� 10:4349�
507:881

149:390� T

!

kl = � 0:76720 + 7:539� 10� 3T � 9:8250� 10� 6T
2

(2.40)

Two di�erent sound speed formulations are considered for the spray simulations� the

Wood model, given by Eq. 2.41, and an alternative mixture sound speed derived from a
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separated two phase �ow model, given by Eq. 2.42.

1
�a 2

=
� v

� va2
v

+
� l

� la2
l

(2.41)

1
a2

=
�

� lav + �� val

�� val

� 1=2

; � =

s
� va2

v

� l � va2
v + � v � la2

l

(2.42)

2.2.3 Closure Relations for Dissolved Gas Atomization Study

Accounting for phase changes means that we can no longer use the perfect gas equation

of state; for the dissolved gas work, we instead use the mixture form of the Peng-Robinson

equation of state given in Eq. 2.43, which is a function of pressure, temperature, and the

molar speci�c volumee� mix is related to the mixture density via: e� mix = 1=e� mix . The Van

der Waals mixing rules are used to calculate mixture values for coe�cientsa and b, as

shown in Eq. 2.44. Additional relations are shown in Eqs. 2.45-2.48.as and bs are species

speci�c coe�cients that are functions of the species critical points and acentric factors.

The species in question are carbon dioxide and dodecane, a hydrocarbon with properties

similar to diesel fuels [54]. The relevant constants needed for Eqs. 2.45-2.48 are provided

in Table 2.1.

P =
Runiv T
e� mix � b

�
a(T)

e� 2
mix + 2be� mix � b2

(2.43)

b=
nsX

s

xsbs

a =
X

s

X

j

x j xs(1 � � sj )
q

as(T)aj (T)
(2.44)

as = 0:45724
R2T2

c

pc
� s (2.45)

bs = 0:07780
RTc

pc
(2.46)

� s =

 

1 + � s

�
1 �

r
T
Tc

� ! 2

(2.47)

� s = 0:37464 + 1:54226! � 0:26992! 2 (2.48)
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Table 2.1: Species constants for carbon dioxide and dodecane.

Critical Temperature Tc Critical PressurePc Acentric Factor !
Carbon Dioxide 304:15 K 1068:80 psi 0:23

Dodecane 658:1 K 263:6 psi 0:574

Here � sj is the binary interaction parameter estimated to be� sj = 0:11, a value

obtained from the ASPEN software package.

Enthalpy values are also calculated using Peng-Robinson. The enthalpy can be split

into two terms: an ideal term hI , which is determined from the McBride curve �ts, and a

'departure' enthalpy hD , which e�ectively accounts for non-ideal behavior. The departure

enthalpy is a function of the compressibility factorZP R , which arises from rewriting

Peng-Robinson in its cubic form:

Z 3
P R � (1 � B )Z 2

P R + ( A � 3B 2 � 2B)ZP R � (AB � B 2 � B 3) = 0 (2.49)

ZP R =
P ~� mix

Runiv T
(2.50)

A =
a(T)P

(Runiv T)2
; B =

bP
Runiv T

(2.51)

If pressure and temperature are known, Eq. 2.49 can be solved forZP R . The formula

for calculating enthalpy is then:

h = hI (T) + hD

hD = Runiv T(ZP R � 1) +
(T

@a
@T

� a)

2
p

2b
ln

"
ZP R + (1 +

p
2)B

ZP R + (1 �
p

2)B

# (2.52)

The mixture sound speed formulation is:

a2 =
�h T

� (hT � P � � T hP ) + � T
(2.53)

SubscriptsT and P indicate derivatives with respect to temperature and pressure, respec-

tively.

To capture viscous e�ects, the mixture values for viscosity and thermal conductivity

can be calculated via Eqs. 2.28. For simplicity, in these calculations, the vapor phase is
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assumed to be entirely carbon dioxide and the liquid phase entirely dodecane. While the

gaseous phase carbon dioxide values are straightforward to �nd via the McBride curve

�ts, formulations are needed to calculate the liquid values for dodecane. The method

proposed by Lemmon et al. in [54] is used herein. They propose a viscosity correlation in

the form of Eq. 2.54:

� (�; T ) = � 0(T)(1 + B � (T)� ) + � H � (�; T ) (2.54)

Here, � 0(T) represents the viscosity in the limit of zero density,B � (T) is the second

virial coe�cient based on the Rainwater-Friend theory, and� H � (�; T ) is the residual

contribution to the viscosity from higher order terms.� 0(T) can be found via:

� 0(T) =
0:021357

p
(MW )T

� 2S�
� (T r )

(2.55)

� is a length scaling parameter in nanometers andS�
� is the reduced e�ective cross section

that can be written as a polynomial function of the reduced temperatureT r = kB T=�:

ln(S�
� ) =

2X

i =0

ai (ln(T r )) i (2.56)

Table B.1 contains the parameters needed for both Equations 2.55 and 2.56. The second

virial coe�cient B � is calculated using:

B � (T) = NA � 3B �
� (T r ) (2.57)

B �
� (T r ) =

8X

i =0

bi (T r ) i i (2.58)

with B � (T) de�ned in Eq. 2.58, with values forbi and t i found in Table B.2. The residual

contribution � H � (�; T ) of the viscosity correlation is expressed in terms of the reduced

temperature = T=Tc and reduced density� = �=� c:

� H � (�; T ) = 1000
� 3X

j =2

2X

k=1

� jk
� j

� k
+ c1�

�
1

� 0 � �
�

1
� 0

��

� 0 = c2 + c3
p

�

(2.59)

Values forc1� 3 and � jk are provided in Table B.3.
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The method for calculating the thermal conductivity of dodecane was modi�ed slightly

from the method proposed by Lemmon et al.� they proposed the formulation shown in

Eq. 2.60:

k(�; T ) = k0(T) + � kr (�; T ) + � kc(�; T ) (2.60)

k(�; T ) = k0(T) + � kr (�; T ) (2.61)

However, the prescribed conditions for the dissolved-gas case are nowhere near the

critical point of dodecane. To simplify the formulation, the value that corresponds to the

enhancement of thermal conductivity near the critical region was omitted, resulting in

Eq. 2.61. Then, the thermal conductivity is a sum of two di�erent contributions� that

of a dilute-gas conductivity only dependent on temperature, and a residual thermal

conductivity component dependent on both temperature and density. The expression

for calculating the dilute gas conductivity is expressed in Eq. 2.62, with the required

coe�cients found in Table B.4.

k0(T) =
3X

k=0

Ak(� )k (2.62)

A polynomial in reduced temperature and density is used to calculate the residual

thermal conductivity contribution, shown in Eq. 2.63, with coe�cients in B.5.

� kr (�; T ) =
3X

i =1

(B i; 1 + B i; 2� )( � ) i (2.63)

2.3 Vapor-Liquid Equilibrium

In simulations where a phase separation is to be modeled, not only is the vapor fraction

needed, but the formulation must also account for the possibility that each phase can

have a di�erent composition. One way to do so involves using a vapor-liquid equilibrium

(VLE) temperature-pressure �ash routine. When given the pressure, temperature, and

feed composition as inputs, this routine can produce the phasic composition of a mixture.

The key assumption made is that any phase change occurs instantaneously, and thus

every point in the domain is considered to be in local phasic equilibrium. In cases where

phasic equilibrium is assumed, no �nite rate bubble formation is modeled, and therefore

no source term is needed. As a result, the vapor phase transport equation does not need

to be solved.
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Phasic equilibrium occurs at conditions where the fugacities are equal. For �ows with

multiple species, the fugacities become component-based quantities, as indicated by Eq.

2.64.

f s;v(xv
s; T; P) = f s;l (x l

s; T; P) (2.64)

Here, xv;l
s are the mole fractions of each component in each phase. The key equations

in the VLE �ash analysis are Eqs. 2.65-2.67, where Eq. 2.65 is the Rachford-Rice equation

[55]:

nsX

s

Zs(K s � 1)
1 + � v(K s � 1)

= 0 (2.65)

x l
s � K sxv

s = 0 (2.66)

xv
s �

Zs

� v(1 � K s) + K s
= 0 (2.67)

Zs is the feed fraction of components, K s is the equilibrium constant of components, and

� v is the gas mole fraction, or the ratio of moles in a gaseous state to the total number of

moles. In our case the feed composition is knowna priori and therefore the Rachford-Rice

equation can be solved iteratively for the gas mole fraction, with just an initial guess for

the equilibrium constant needed. Yang suggests using the Wilson equation [56]:

K s = e5:373(1+ ! s )(1 � 1=Tr;s )=Pr;s (2.68)

Equations 2.66 and 2.67 can be solved concurrently with the Rachford-Rice equation

by using a Newton-type method to obtain the composition of each phase. If the solution

to the Rachford-Rice equation yields a gas mole fraction value between zero and one, then

multiple phases exist. Otherwise, only a single phase exists. If the equilibrium constant is

held locally constant, the Jacobian of the nonlinear system is lower-triangular, leading

to a fast algebraic solution. With a guess for the local phasic composition in hand, the

component fugacities can be calculated for the Peng-Robinson equation of state:

gs =
Bs(ZP R � 1)

Bmix
� ln(ZP R � Bmix )

�
Amix

2
p

2Bmix

 
2

P
j x j A j

Amix
�

Bs

Bmix

!

ln

 
ZP R + (1 +

p
2)Bmix

ZP R + (1 �
p

2)Bmix

! (2.69)
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f l;v
s = x l;v

s P exp(gl;v
s ) (2.70)

The coe�cients A,B , and ZP R are all de�ned in the section above. The Newton-type

solver is used to drivef s;v � f s;l to zero. If the result is outside of a prescribed tolerance,

the equilibrium constant K s is updated usingK s = f s;v=f s;l and the process is repeated.
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Chapter 3

Turbulence Modeling

One of the central problems that arises from trying to solve a set of continuous partial

di�erential equations on a discretized grid is trying to resolve all of the scales present.

As the Reynolds number of a �ow increases, the inertial forces begin to dominate the

viscous forces, resulting in increasingly smaller scales of motion. The smallest possible

scales in �uid motion are called theKolmogorov scales, and fully resolving these scales is

only possible for low Reynolds number-�ows, as the number of grid cells needed to fully

resolve a �ow scales withRe3. Fully resolving the entire spectrum of scales is known as

direct numerical solution (DNS).

As DNS is extremely computationally expensive, it is mostly limited to basic �uids

problems studied in academia. In most applications it's not realistic� or even necessary�

to have such a �ne mesh, resulting in unresolved turbulent scales that are not captured

due to the grid being too coarse. In these cases we resolve what is feasible, and the

turbulence is modeled. This work uses two di�erent techniques to handle turbulence

modeling� solving the Reynolds-Averaged Navier-Stokes (RANS) equations, which models

the turbulence at all scales, and large-eddy simulation (LES), which directly resolves

the largest scales of turbulence and only models the turbulence with scales smaller than

the grid cell size. The jet-in-cross�ow studies used a hybrid RANS-LES approach, while

the dissolved gas atomization study was a RANS exercise. Note that the only di�erence

between approaches is how the eddy viscosity� t is determined. Figure 3.1 displays the

comparison between the three di�erent simulation techniques.
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Figure 3.1: Energy spectrum of turbulence, obtained from [57].
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3.1 Reynolds-Averaged Navier-Stokes (RANS)

The most common and simplest method of solving the Navier-Stokes equations involves

using the Reynolds-averaging strategy, in which a �ow quantityf is decomposed into its

mean and �uctuating components,f and f 0, respectively:

f = f + f 0 (3.1)

note that this decomposition is possible becausef 0 = 0. This decomposition assumes

that the turbulent scales have a much smaller timescale than the mean �ow. Then, the

Navier-Stokes equations can be time-averaged to �lter out the turbulence while the overall

�ow behavior remains unchanged.

When this method is applied to the Navier-Stokes equations, additional unclosed terms

appear. Consider the following example, in which Reynolds averaging is applied to the

continuity equation:
@�
@t

+
@(�u j )

@xj
= 0

@(� + � 0)
@t

+
@

�
(� + � 0)(uj + u0

j )
�

@xj
@�
@t

+
@

@xj

�
� uj + � 0u0

j

�
= 0

@�
@t

+
@(� uj )

@xj
= �

@(� 0u0
j )

@xj

Due to the appearance of the term on the right hand side, the Reynolds-averaged

continuity equation no longer satis�es mass conservation. When the momentum equations

are Reynolds-averaged the arising term is� u0
i u

0
j . This term is referred to as the Reynolds

stress, and its existence is infamously known as the 'closure problem' in physics and �uid

mechanics. Boussinesq �rst introduced the concept of 'eddy viscosity', a viscosity-like

property that accounts for momentum transfer due to turbulent eddies. It can be related

to the Reynolds stress as:

� � u0
i u

0
j = � t

�
@ui
@xj

+
@uj
@xi

�
2
3

@uk
@xk

�
�

2
3

�k� ij (3.2)

where� t is the eddy viscosity,k is the turbulent kinetic energy, and� ij is the Kronecker

delta function.

Another issue arising from Reynolds-averaging is the fact that the product of the
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density and velocity �uctuations � 0u0
i does not go to zero when averaging. This is evident

in the example above and can also be shown to occur when the momentum and energy

equations are Reynolds-averaged. This isn't an issue for incompressible regimes, where

the density remains constant by de�nition, but becomes a problem as the �ow becomes

compressible and the density starts to change. A common solution involves Favre-averaging,

which is to use a mass-averaged approach:

~f =
�f
�

(3.3)

where the overbar indicates Reynolds-averaging of the quantity underneath. Considering

velocity as the property in question we can expand Eq. 3.3 using Favre-averaging and plug

back into the Reynolds-averaged continuity equation to con�rm that mass is conserved:

~ui =
�u i

�
! � ~ui = �u i

Reynolds-averaging the RHS,
� ~ui = � ui + � 0u0

i

� ~ui � � 0u0
i = � ui

Plugging the LHS into the Reynolds-averaged continuity equation:

@�
@t

+
@

@xj

�
� ~ui � � 0u0

i

�
= �

@(� 0u0
j )

@xj
@�
@t

+
@(� ~ui )

@xj
= 0

Favre-averaged quantities are decomposed similarly to Reynolds-averaged quantities:

f = ~f + f 00 (3.4)

�f 00= 0 (3.5)

We can then obtain the Favre-averaged Navier-Stokes equations (though they are

still referred to as the RANS equations), as shown below. Additional terms that arise

from Favre-averaging the Navier-Stokes equations are shown in red. For simplicity these

equations do not consider the two-way coupling. The required closures for the terms in

27



red are discussed in Section 3.3.
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3.1.1 Menter BSL Model

In this work, the RANS eddy viscosity is modeled using the Menter Baseline Two-

Equation (BSL) model [58]. Turbulence can be described using the turbulent kinetic

energyk and either the energy dissipation rate� or the speci�c dissipation rate! = �=k.

The Menter BSL model blendsk � ! and k � � models such that thek � ! model is

used in the near wall regions and thek � � model is closer to the edge of the boundary

layer, thus utilizing each model in their respective regions of strength. The conservation

equations fork and ! are as follows, where thek � � model is rewritten in terms ofk and

! to blend the models together:

@(�k )
@t

+ ~uj
@(�u i k)

@xi
= � R

ij
@ui
@xj

� � � �!k +
@

@xi

�
(� + � k � t )

@k
@xi

�
(3.11)

28



Table 3.1: Menter BSL model constants.

Constant k � ! k � �
(Model 1) (Model 2)

� k 0.5 1.0
� ! 0.5 0.856
� 0.070 0.0828
� � 0.09 0.09

 0.553 0.440

@(�! )
@t

+ ~uj
@(�u i ! )

@xi
=



� t

� R
ij
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@xj

� ��! 2+
@

@xi

�
(� + � ! � t )

@!
@xi

�

+ 2(1 � F1)
�� ! 2

!
@k
@xi

@!
@xi

(3.12)

where the eddy viscosity and turbulent kinematic viscosity are computed using

� t =
�k
!

and � t =
k
!

(3.13)

The last term on the right hand side of Equation 3.12 is called the cross di�usion term,

and it arises as a result of transforming the original� equation into an equation in terms

of ! . � k ,� ! ,�; � � , and 
 are all model constants. These can be blended by using Eq. 3.14,

with the values for each model being given in Table 3.1.� 1 represent the model constants

from the k � ! model, and� 2 are those from thek � � model.

� = F1� 1 + (1 � F1)� 2 (3.14)

The blending function F1 is given by Eq. 3.15, whereyd is the distance to the nearest

wall.
F1 = tanh(arg4

1)

arg1 = min
�
max

� p
k

0:09!y d
;
500�
!y 2

d

�
;

4�� ! 2k
CDk! y2

d

�

CDk! = max
�
2�� ! 2

1
!

@k
@xj

@!
@xj

; 10� 20
�

(3.15)
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3.2 Large Eddy Simulation (LES)

In large-eddy simulation (LES) the large eddies are directly resolved (hence the name)

and the small turbulent �uctuations�generally those smaller than the grid resolution� are

modeled. These modeled scales are then referred to as the 'subgrid' scales (SGS). LES

models are commonly referred to as SGS models, since only these scales are actually being

modeled. A key assumption in LES is that the large eddies being directly resolved are

geometry dependent, and the smaller eddies being modeled are so small such that their

behavior is universal.

The LES equations are formed by �ltering the Navier-Stokes equations, which creates

resolved quantities ~f and unresolved quantitiesf 0 = f � ~f . Given a �lter function G and

a domainD the �ltering operation is:

f (x; t ) =
Z

D
G(x; x0)f (x0; t)dx0 (3.16)

The �lter behaves as a weighted averaging operator over a prescribed width, generally

equal to the cell width. The function is commonly normalized to preserve the global value

of the quantity: Z

D
G(x; x0)dx0 = 1 (3.17)

in this work we use a simple box �lter:

G(x; x0) =

8
<

:

1
� x

if jx � x0j �
� x
2

0 else
(3.18)

extending this function to three dimensions yields:

f (x1; x2; x3; t) =
Z Z

D

Z � 3Y

j =1

Gj (x j ; x0
j )

�
f (x0

1; x0
2; x0

3)dx0
1dx0

2dx0
3

Gj (x j ; x0
j ) =

8
><

>:

1
� x j

if jx j � x0
j j �

� x j

2

0 else

(3.19)

The resulting equations are similar to the Favre-averaged equations in the RANS

branch; however the eddy viscosity now represents only the sub-grid scale turbulence.

The mixed scale model developed by Lenormand et al. [59] as an improvement to the
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Smagorinsky model is used to calculate the eddy viscosity. Because only the sub-grid

scales need to be modeled, the eddy viscosity calculated by LES models is generally much

smaller than that supplied by RANS models. The subgrid scale viscosity is calculated via:

� SGS
t = �C M

p

 q1=4

c � 3=2 (3.20)

� = 3
p

� x � y � z

qc =
1
2

�
~ui � ~ui

� 2

CM = 0:06

(3.21)

~ui is a test-�ltered velocity, where the box �lter for a given quantity is:

f =
1
2

f i;j;k +
1
12

h
~f i +1 ;j;k + ~f i � 1;j;k + ~f i;j +1 ;k + ~f i;j � 1;k + ~f i;j;k +1 + ~f i;j;k � 1

i
(3.22)

3.2.1 RANS/LES Hybridization

The goal of using a hybrid RANS/LES technique is to maximize accuracy while

minimizing computational cost. Wall-resolved LES, while very accurate, can still be

prohibitively expensive, especially at high Reynolds numbers. Using RANS in the near

wall regions and LES elsewhere is an e�ective numerical compromise. For the hybrid

model the eddy viscosity is calculated as:

� t = � � � RANS
t + (1 � �) � SGS

t (3.23)

A �ow dependant blending function is used to shift between the RANS and LES

solvers:

� =
1
2

 

1 � tanh
�
Cs

�
1
� 2

� 1
�� !

; Cs = 15 (3.24)

as� approaches one Equation 3.23 approaches the RANS description, and as it approaches

zero the subgrid eddy viscosity is recovered [60]. � is a ratio of the modeled turbulent

scales to the inner length scales, given by Eq. 3.25.

� =
l t
l in

CN

q
(10� ! + k + kR)=(C1=2

� !! )

�y d

CN = 1:5; C� = 0:09; � = 0:41

(3.25)
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In Eq: 3.25 the overbar indicates the ensemble time-average.kR is the ensemble-averaged

resolved turbulent kinetic energy, computed as:

� kR =
1
2

 

�u kuk �
�u kuk

�

!

(3.26)

For a generic quantity f , ensemble-averaging is performed using Eq. 3.27, where the

timescale� is given by Eq. 3.28.

f
n

=
�

1 �
� t
�

�
f

n� 1
+

� t
�

f n (3.27)

� =

8
<

:
min(t; t res); t < 4t res

� = t � 3t res ; t � 4t res

(3.28)

with t res representing the �ow residence time
L

U1
.

As presented, the hybridization model only depends on boundary layer properties

to switch between RANS and LES, however problems can arise if the grid resolution

is insu�cient. Salazar and Edwards introduced a correction factorg(l t ) that delays the

switch to LES when the grid resolution is insu�ciently resolving the outer length scale

[61]:

� =
l tg(l t )

l in
; g(l t ) = min

�
10; max

�
1;

1
2

� max

l t

��
(3.29)

where � max is the maximum grid spacing in the three coordinate directions. This can

impact the blending function in three di�erent ways: If the grid is �ne enough to perform

LES, g(l t ) = 1 and the blending function is una�ected. The second case is if the grid is

too coarse to perform LES, in which caseg(l t ) = 10 and the blending function moves the

transition to the edge of the boundary layer. The intermediate case occurs when the grid

has borderline resolution for LES, which causes the transition to shift towards the edge of

the boundary layer as a function of the grid resolution� max .

3.3 Turbulence Closures

The terms in Eqs. 3.8-3.10 that arose from Favre averaging (or �ltering) are unknown

and must be accounted for in some way. We can model these terms in a manner similar

to how we obtained their laminar counterparts. For the the di�usion mass �uxes due
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to turbulent �uctuations we can use Fick's law with the eddy viscosity and turbulent

Schmidt number:

� Y vyv
sV 00

s;j = �
� t

Sct

@Y vyv
s

@xi

� Y vV 00
j = �

� t

Sct

@Y v

@xi

(3.30)

The phasic turbulent heat �uxes can be modeled similarly:

�Y vh00
vV 00

j = �
� t

Sct

@Y v
ehv

@xi

�Y lh00
l V 00

j = �
� t

Sct

@Y l
ehl

@xi

(3.31)

The turbulent heat �ux qi can be calculated with Fourier's law:

q0
i = �u 00

j h00= �
� t

Prt

@eh
@xj

(3.32)

with values for the turbulent Schmidt number and turbulent Prandtl number speci�ed as

Sct = 0:705and Prt = 0:9. We de�ne the Reynolds-averaged stress tensor to be of the

form given in Eq. 3.2 and repeated below:

� R
ij = � �u 00

i u00
j = � t

 
@~ui

@xj
+

@~uj

@xi
�

2
3

@~uk

@xk
� ij

!

�
2
3

�k� ij

where the turbulent kinetic energyk is given by

k =
1
2

u00
i u00

i (3.33)

The yet-to-be-unaccounted-for terms are the molecular di�usion termu00
j � ij and the

turbulent transport term
1
2

u00
i u00

ku00
k . These terms are both functions of three �uctuating

velocity components, and sinceu00<< ~u, it is common to neglect them. REACTMB

calculates the turbulent and laminar stress tensor and di�usive �uxes as one value, so we

can simplify the system by rede�ning these terms:

� ij = � ij + � R
ij = ( � + � t )

 
@~ui

@xj
+

@~uj

@xi
�

2
3

@~uk

@xk
� ij

!

(3.34)
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Vs;j = V s;j + V 00
s;j = �

 
�
Sc

+
� t

Sct

!
@Y vyv

s

@xi
(3.35)
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Chapter 4

Eulerian CFD Solver

4.1 Finite Volume Discretization

In order to solve the governing equations on a computational grid, they must be

discretized in space and time and solved in each cell at each timestep. The RANS and

LES equations for a multiphase, multispecies mixture in conservative form can be written

as Eq. 4.1. Here,U is the vector of conserved quantities;F j is the vector of inviscid �uxes;

G j is the viscous �ux vector; andS is the source term vector. These vectors are expressed

in Eqs. 4.2-4.5. Note that Eqs. 4.1-4.5 describe the governing equations used for the

jet-in-cross�ow simulations, with the two-way coupling terms omitted for compactness.

@U
@t

+
@F j

@xj
+

@G j

@xj
= S (4.1)

U =

2
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� ~Yv ~yv
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� ~Yv ~yv
NS � 1

� ~Yv
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� ~v
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~ui ~ui ) +
1
2
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(4.2)
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F j =

2
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� eYveuj

� euj
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(4.3)

G j =

2
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...
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(4.4)
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S =

2
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(4.5)

Equation 4.1 can be discretized in a number of ways, but REACTMB uses a �nite-

volume method, which is based on the divergence theorem, presented in Eq. 4.6.

Z

V
r � FdV =

Z

A
F � ndA (4.6)

or in index notation: Z

V

@F j

@xj
dV =

Z

A
F j n j dA (4.7)

where F is a generic vector function,V is the volume,A the surface area, andn the

normal vector to the surface. Applying the divergence theorem to Eq. 4.1:

Z

CV

@U
@t

dV +
Z

CV

@F j

@xj
dV +

Z

CV

@G j

@xj
dV =

Z

CV
SdV

Z

CV

@U
@t

dV +
Z

CS
n j F j dA +

Z

CS
n j G j dA = SV

(4.8)

We can convert the surface integrals into discrete summations that are performed over

all six faces of every hexahedral cell. Rearranging, assuming a discrete timestep� t and

rede�ning the volume as
 , the cell volume, we �nd:



� U
� t

+
6X

j =1

(F j � G j ) � n j A j � 
 S = 0 (4.9)

Equation 4.9 states that the time rate of change of a quantity within a cell volume
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plus the summation of the �uxes through the cell faces must be equal to any possible

generation of that quantity inside the cell volume� identical to Eq. 2.1, but written

di�erently. Because the normal vector of a particular cell is equal and opposite to that of

the adjacent cell, the summation of �uxes across the entire domain will be zero, satisfying

conservation.

4.2 Flux Splitting

In most CFD codes the conservative variables stored inU are cell-averaged values.

However, since the �uxes are evaluated at the cell surfaces they must be extrapolated to

the cell interface. The simplest way to do this would be to evaluate the �ux value at the

interface as the average value of the two adjacent cell centers. However, doing so would

neglect the fact that information can propagate through a real �uid at particular speeds.

In subsonic �ows the �uxes are elliptic, meaning that the �uid properties at a given point

are dependent on the �uid properties everywhere else in the �ow. When we transition

to a supersonic regime the equations become hyperbolic, and information only travels

in the direction of the �ow. In this case trying to compute the �ux at an interface using

values from two adjacent cells would not be accurate� the interface value should only be

a function of the 'upstream' value.

To properly handle the information propagation at all speeds we can use a method

called '�ux splitting', where we split the inviscid �ux vector into 'upwind' and 'downwind'

components. As the local Mach number approaches one the downwind contribution goes

to zero and the scheme becomes a pure upwinding method. REACTMB utilizes the low

di�usion �ux splitting scheme (LDFSS) originally developed by Edwards in [62] and

expanded to handle real �uids in [63, 64]. A key note is that �ux-splitting is only necessary

for the inviscid �ux vector F; the viscous �ux vector G is discretized using a second-order

central-di�erence scheme.

The interface �ux terms are split into convective and pressure terms:

n j F j = ( n j F j )c + ( n j F j )p = n j � ~uj Ec + PEp (4.10)
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i � 1 i i + 1i � 1=2 i + 1=2

vL;ivR;i � 1vL;i � 1 vR;i vL;i +1 vR;i +1

Figure 4.1: One-dimensional schematic showing notation used in �ux splitting.

where the components are de�ned as:
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(4.11)

The cell interface between celli and i +1 is denoted with a subcript ofi +1=2, and L and

R denote the left and right states, respectively� Figure 4.1 illustrates a one-dimensional

schematic demonstrating the notation.

The convective �ux can then be de�ned as:

(n j F j )c
i +1 =2 = U+

i +1 =2Ec
L + U�

i +1 =2Ec
R (4.12)

where the split velocity components are de�ned as:

U+
i +1 =2 = ~a1=2

"

M +
L � M 1=2

�
1 �

PL � PR + jPL � PR j
2� L V 2

ref; 1=2

� #

U�
i +1 =2 = ~a1=2

"

M �
R � M 1=2

�
1 �

PL � PR + jPL � PR j
2� RV 2

ref; 1=2

� # (4.13)
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A numerical sound speed is de�ned as:

~a1=2 =

r

û1=2

�
1 � M 2

ref; 1=2

�
+ 4V 2

ref; 1=2

1 + M 2
ref; 1=2

(4.14)

with V 2
ref; 1=2 and M ref; 1=2 calculated via:

V 2
ref; 1=2 = min

�
a2

1=2; max
�
(~u � ~u)1=2; U2

ref

� �
(4.15)

M ref; 1=2 =
Vref; 1=2

a1=2
(4.16)

The following expressions are used to determine the split Mach number,M �
L=R :

� L=R =
1
2

�
1 � sign(1; ML=R )

�
(4.17)

� L=R = � max
�
0; 1 � int (jM L=R j)

�
(4.18)

M �
L=R = � L=R (1 + � L=R )M L=R �

1
4

� L=R (M L=R � 1)2; ML=R =
ûL=R

~a1=2
(4.19)

û is the velocity component normal to the interface:

ûL=R = nx;i +1 =2uL=R + ny;i +1 =2vL=R + nz;i +1 =2wL=R (4.20)

M 1=2 =
1
2

"

M +
L �

1
2

�
M L + jM L j

�
� M �

R +
1
2

�
MR � j MR j

�
#

(4.21)

With the exception of the Mach numberM 1=2 and the numerical sound speed~a1=2, the

1=2 subscript denotes an arithmetic average between the left and right states:

[ ]1=2 =
1
2

�
[ ]L + [ ] R

�
(4.22)

The pressure component is described as:

(n j F j )
p
i +1 =2 = Ep

i +1 =2P1=2 (4.23)
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where we can de�neD �
L=R to help in de�ning the net pressureP1=2:

D �
L=R = � L=R (1 + � L=R ) �

1
2

� L=R (1 � M L=R ) (4.24)

P1=2 =
1
2

�
PL + PR +

1
2

(D +
L � D �

R )(PL � PR) + � 1=2V 2
ref; 1=2(D +

L + D �
R � 1)

�
(4.25)

4.3 Higher-Order Extension

Increased spatial accuracy can be achieved by reconstructing the interface values

in the aforementioned section. Two methods are presented; the piece-wise parabolic

method (used in the spray simulations), which is less dissipative, and the total variation

diminishing (used in the VLE work) method, which can capture discontinuities without

introducing arti�cial oscillations. Also available is the Ducros switch, which shifts parts

of the reconstruction to a fourth-order central di�erence scheme in areas of high vorticity.

4.3.1 Piecewise-Parabolic Method

This work utilizes the piecewise-parabolic method (PPM) [65] to extend the spatial

order of accuracy of LDFSS. The PPM scheme operates on the primitive, as opposed to

the conserved, variable vector:
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(4.26)

The primitive variables are reconstructed at the cell interface using a fourth-order

central di�erence scheme, presented in Eq. 4.27, based on values at the left, right, and

center of each cell.
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V C
L;i +1 =2 = V C

R;i +1 =2 =
7
12

(V i + V i +1 ) �
1
12

(V i +2 + V i � 1) (4.27)

The above reconstruction is unchanged in areas where the solution is smooth. Near

discontinuities, Eqs. 4.28 and 4.29 are used to preserve the monotonicity of the solution,

at the expense of some added dissipation proportional to the di�erence in initial and �nal

states.

V L;i +1 =2 =

8
>>><

>>>:

V i if (V C
R;i � 1=2 � V i )(V i � V C

L;i +1 =2) � 0

3V i � 2V C
R;i � 1=2 if � C � C > D � C

V C
L;i +1 =2; else

(4.28)

V R;i � 1=2 =

8
>>><

>>>:

V i if (V C
L;i � 1=2 � V i )(V i � V C

L;i +1 =2) � 0

3V i � 2V C
L;i � 1=2 if D � C > C � C

V C
R;i +1 =2; else

(4.29)

C = ( V L;i +1 =2 � V R;i � 1=2)

D = 6
�
V i �

1
2

(V L;i +1 =2 + V R;i � 1=2)
� (4.30)

4.3.2 Total Variation Diminishing (TVD) Method

The TVD method is used in the VLE work. The left and right states are determined

using a 'minmod' function for the interface, as shown below:

V L;i +1 =2 = V i +
1
2

minmod
�
V i +1 � V i ; V i � V i � 1

�

V R;i +1 =2 = V i +1 +
1
2

minmod
�
V i +2 � V i +1 ; V i +1 � V i

� (4.31)

minmod(a; b) =

8
>>><

>>>:

a if jaj < jbj and ab > 0

b if jbj < jaj and ab > 0

0 if ab� 0

(4.32)

42



Ducros Switch

In turbulent regions with high degrees of vorticity, the PPM or TVD method will

suppress mainly smaller-scale oscillations. In these areas that dissipative behavior is

undesirable, and as such we use a method developed by Ducros et al. [66] that blends the

monotonic reconstruction with the fourth-order central di�erence reconstruction. This

allows for the monotonicity preserving methods to be activated near discontinuities but

for the fourth-order central di�erence scheme to be used in regions of high vorticity. The

blending function is de�ned in Eq. 4.33, with the reconstructed interface values presented

in Eqs. 4.34 and 4.35. The Ducros adjustment is only applied to the velocity �eld in this

study.

� D =
(r � u)2

(r � u)2 + jr � uj2 + � 2
i
; � i =

1 � 10� 8U1

max(� x; � y; � z) i
(4.33)

V L;i +1 =2 = (1 � � D ) i V C
i +1 =2 + � D

i V M
L;i +1 =2 (4.34)

V R;i +1 =2 = (1 � � D ) i +1 V C
i +1 =2 + � D

i +1 V M
R;i +1 =2 (4.35)

4.4 Time Advancement and Preconditioning

The previous sections detailed the spatial discretization of the Navier-Stokes equations,

but up to this point nothing has been mentioned about temporal discretization. Equation

4.9 could theoretically be advanced in time explicitly, but the equations are highly

nonlinear and would require a very small timestep. Because of this, REACTMB uses an

implicit Crank-Nicholson time integration approach to advance the solution in time. For

a sub-iteration k the following equation is solved:
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E � Ev
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� n j A j � 
 S
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# (4.36)

with

V n+1 ;k+1 = V n+1 ;k + � V n+1 ;k (4.37)

P is the preconditioning matrix used in the VLE simulations. Because these simulations
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are run at low speeds, the time derivative is modi�ed using this additional term, which

allows the linear system to be solved e�ciently at both subsonic and supersonic speeds.

The preconditioning matrix has the following eigenvalues:

� 1 = u � n

� 2;3 = (1 + M 2
ref )u � n +

q
(1 � M 2

ref )2(u � n)2 + 4V 2
ref

(4.38)

with reference values calculated as follows:

V 2
ref = min(a2; max(u � u; U2

ref ))

M 2
ref =

V 2
ref

a2

(4.39)

Uref is generally de�ned as the maximum expected velocity and is chosen in the VLE

simulations to be 100 m/s. Note that preconditioning is only used in the dissolved gas

work.
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Chapter 5

Lagrangian Droplet Tracking Engine

The droplet tracking engine consists of three di�erent parts: the search routine, which

locates the cell that contains a given droplet; the interpolation routine, which takes

the nodal Eulerian �ow values and interpolates them to the droplet location; and the

integration routine, which determines the forces acting on the droplet. Kulkarni and

Edwards developed the droplet tracking engine in [44, 45]. Some of their work is described

in this chapter for completeness; full details can be found in Kulkarni's dissertation [67].

The vaporization routine was demonstrated to work for a single stationary droplet by

Kulkarni but had not been implemented into REACTMB. Advancements made as part

of this study include fully integrating the vaporization routine into the aerated-liquid

injection code, and improving the secondary breakup model through the addition of

a new relative velocity calculation. Simulating pure-liquid injection cases required the

development of a primary breakup model. The development of this routine, along with

the associated child position formulations and parceling routines, was also accomplished

as part of this dissertation.

5.1 Droplet Search

The goal of the droplet search routine is to determine whether or not a droplet resides

within a particular cell. For searching purposes droplets are considered to be point entities.

The searching algorithm loops over the six faces of a hexahedral cell and determines

whether or not the droplet is on the same side as the center of the cell in question. If this

happens to be the case, a value of1 is assigned. If it is false, then either a value of� 1 is

assigned if the cell center lies on the oppose side of the face (meaning the droplet is in a
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di�erent cell from the one in question) or a value of0 is assigned if the droplet is on the

face. If all six faces are searched and each returns a value of1, then the droplet resides in

the cell in question.

The coe�cients calculated from the �rst part of the droplet search inform where the

algorithm searches next if the �rst cell does not hold the droplet. The di�erences in

coe�cients of opposite cell faces are calculated as follows:

� i = 0:5(i e � iw)

� j = 0:5(i n � i s)

� k = 0:5(i t � i b)

(5.1)

� i;j;k are integers and thus can only have values of 0 or 1. If the cell(i; j; k ) does not hold

the droplet, the indices of the next cell to be searched is found via:

i = i + � i

j = j + � j

k = k + � k

(5.2)

in instances where the droplet lies on a face, edge, or corner, the� value will be rounded

down to 0, indicating the droplet is located and no additional cells need to be searched.

5.2 Trilinear Interpolation

Once a droplet is located, the Eulerian properties at the droplet coordinates can

be determined via trilinear interpolation, enabling the calculation of forces acting on

the droplet from the Eulerian phase. Trilinear interpolation can only be performed on

cubic cells, and because hexahedral cells are not necessarily cubic, the hexahedral cells

must be transformed to a unit cube, exclusively for the purposes of interpolation. The

transformation is given in Eq. 5.3:

� = a�; 1 + a�; 2� + a�; 3� + a�; 4� + a�; 5�� + a�; 6�� + a�; 7�� + a�; 8��� (5.3)

where(�; �; � ) are the droplet coordinates in the unit cube to be calculated and must be

between0 and 1. � is the scalar value being interpolated, anda�;i are coe�cients unique

to each scalar and cell, and are calculated using the eight nodal scalar values. Because

the scalar values at the nodes are known, and because the unit cube coordinates of the
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nodes must be either 0 or 1, relations fora�;i can be easily found.

To determine the scalar values at the actual droplet location, the value of(�; �; � ) must

be determined.� can be set to thex, y, and z coordinates of the eight nodes, and then

values forax;y;z;i can be found. Substituting these into Eq. 5.3 we can write the system of

equations inAx = b form:

X = G(� ) (5.4)

whereX is the original position vector of the droplet and� is the transformed position

vector in the unit cube space. SubtractingX from each side,

F(X ; � ) = G(� ) � X = 0

using Newton's method,

� n+1 = � n � [F � (X ; � n )]� 1F(X ; � n )

where F � is the derivative of F with respect to � and thus is also the Jacobian of the

isoparametric transformation.

F � =
@Fi
@�j

= M ij (5.5)

5.3 Numerical Integration

With the Eulerian �ow properties known at the droplet location, the forces acting on

the droplet can be calculated. The governing equations for the droplets are as follows,

where forces due to drag, gravity, and buoyancy can be considered:

mp
dvp

dt
=

X
Fnet (5.6)

dxp

dt
= vp (5.7)

X
Fnet = Fg + Fd (5.8)

The mass of a droplet is given by Eq. 5.9, where
 p is the droplet volume. Gravity

and buoyancy e�ects can be expressed together as Eq. 5.10. The drag force is calculated

via Eq. 5.11.
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mp = � l
� �d 3

p

6

�
= � l 
 p (5.9)

Fg = ( � p � � f )
 pg (5.10)

Fd =
3� f mpCdjv r jv r

4� pdp
(5.11)

The drag coe�cient Cd is calculated via Eq. 5.12:

Cd =
24

min(1000; Rep)

�
1 + 0:15min(1000; Rep)0:687

�
(5.12)

v r is the relative velocity between the Lagrangian droplet and the interpolated Eulerian

velocity and is a key variable in both the drag formulation and breakup models:

v r = v f � vp (5.13)

A key di�erence between REACTMB and other Eulerian/Lagrangian routines [26] is that

the Eulerian phase models a two-phase mixture as opposed to only a gas phase. Because

of this, the relative velocity must be a function of a mixture velocity as opposed to the gas

phase velocity. The mixture velocity can be de�ned asvmix = Yvvv + (1 � Yv)vp, where

the vapor mass fractionYv is obtained from the Eulerian solver. Rearranging, we obtain

Eq. 5.14:

v r = ( vmix � vp)=Yv (5.14)

In dense spray regions where the vapor mass fraction isYv < 0:1 the relative velocity will

be high, leading to high drag values, resulting in droplets that will closely follow the �ow

�eld.

The relative velocity must account for turbulent e�ects on the droplet �eld. To do

this, we can split up the velocity into two components�the mean �ow, which is the mean

�ow velocity v f that is interpolated to the droplet location, and the �uctuating velocity,

which is a function of the turbulent kinetic energy:

v0 = �

r
2k
3

(5.15)

where� is a vector of three numbers sampled randomly from a normal distribution. Then,
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the relative velocity can be adjusted to:

v r = ( vm + v0 � vp)=Yv (5.16)

To account for turbulent e�ects on droplet tracking, we add instantaneous �uctuations

to the relative velocity expression posited above By substitutingfnet =
1

mp

P
F, We can

rewrite Equation 5.6 in terms of force per unit mass as:

dvp

dt
= fnet (5.17)

Discretizing, we can rewrite Eq. 5.17 as:

vn+1
p � vn

p

� t
= fnet (vn+1

p ) (5.18)

We can solve for the droplet velocity at the following timestepn + 1. First we use a Taylor

series expansion on the net force:

fnet (vn+1
p ) = fnet (vn

p ) +
dfnet

dv
(vn+1 � vn ) (5.19)

And substituting Eq. 5.18 into 5.19:

vn+1
p � vn

p

� t
= fnet (vn

p ) +
dfnet

dv
(vn+1 � vn )

vn+1
p � vn

p

� t
�

dfnet

dv
(vn+1 � vn ) = fnet (vn

p )
 

1
� t

�
dfnet

dv

!

(vn+1 � vn ) = fnet (vn
p )

vn+1 = vn +

 
1

� t
�

dfnet

dvp

! � 1

fnet (5.20)

dfnet =dvp = dfd=dvp is the Jacobian of the drag force with respect to the droplet velocity,

since the Jacobian of the gravity and buoyancy forces with respect to droplet velocity is

zero. This term can be calculated using Eqs. 5.11 and 5.14:

dfd

dvp
= �

3� f mpCdjv r j
4� pdpYv

(5.21)
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The droplet displacement at the timestepn + 1 can be determined in a similar manner to

the method used to yield Eq. 5.20. Discretizing Eq. 5.7,

xn+1
p � xn

p

� t
= vn+1

p (5.22)

and using a second order Taylor series expansion on droplet position with respect to time:

xn+1
p = xn

p + vn � t +
1
2

an
p � t2; an

p =
vn+1

p � vn
p

� t
(5.23)

5.4 Secondary Breakup Model

5.4.1 Breakup Decision Process

A hybrid breakup model was developed by Talbot et al. [47] for REACTMB that

combines the Taylor analogy breakup model (TAB) and cascade analogy breakup model

(CAB) to capture the secondary breakup of droplets injected via aerated-liquid injection.

Because the injection in question was an aerated- type injection, modeling the primary

breakup of droplets was not necessary.

Table 5.1: Comparison of a spring-mass system to a distorting droplet.

Spring-Mass System Distorting and Oscillating Droplet
restoring force surface tension
external force droplet drag
damping force droplet viscosity

The TAB model essentially treats the droplet exposed to aerodynamic forces as a

spring-mass system, where Table 5.1 displays the similarities. The equation describing a

damped, forced harmonic oscillator is Eq. 5.24, and the analogous equation describing a

droplet using the TAB method is described in Eq. 5.25.

m•x = F � kx � d_x (5.24)

•y =
2� gjvr j2

3� l r 2
�

8�
� l r 3

y =
5� l

� l r 2
_y (5.25)

The �rst term on the right hand side corresponds to the external aerodynamic drag
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force acting on the droplet. The middle term represents the restoring force due to surface

tension, and the third term represents the dampening force due to droplet viscosity.y is the

normalized distortion parametery = x=(0:5r ). x in both equations is the displacement of

the droplet equator. A breakup event occurs ify > 1. Equation 5.25 is solved numerically

for y and the distortion rate _y via Eq. 5.26:

yn+1 =
We
12

+ e� � t
t d

( 

yn �
We
12

!

cos(! � t) +
1
!

 

_yn +
yn � We

12

td

!

sin(! � t)

)

_yn+1 =
We
12 � yn+1

td
+ !e � � t

t d

(
1
!

 

_yn +
yn � We

12

td

!

cos(! � t) �

 

yn �
We
12

!

sin(! � t)

)

(5.26)

where
1
td

=
5� l

2� l r 2
(5.27)

! 2 =
8�
� l r 3

�
1
t2
d

(5.28)

The Weber number We,td, and ! 2 are calculated for every droplet at every timestep.

If ! 2 < 0, then a droplet is incapable of breaking up, and the distortion and distortion

rate are set to zero:yn+1 = _yn+1 = 0. If ! 2 > 0, then the droplet is eligible for breakup,

and the amplitude of the undamped oscillation is calculated by Eq. 5.29:

A2 =

 

yn �
We
12

! 2

+

 
_y
!

! 2

(5.29)

If We=12 + A > 1:0, breakup is possible, and we calculate the breakup timetbu. tbu is

the smallest root greater thantn of Eq. 5.30:

We
12

+ Acos[! (t � tn ) + � ] = 1 (5.30)

where

cos� =
yn � We

12

A

sin� = �
_yn

A!

(5.31)
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We can rearrange Eq. 5.30 fortbu:

tbu = tn +
1
!

"

cos� 1

�
1
A

�
1 �

We
12

��
� �

#

(5.32)

Breakup only occurs iftn < t bu < t n+1 , meaning that the breakup time must be before

the following time tn+1 = tn + � t. If the breakup time is greater than the timetbu > t n+1 ,

no breakup occurs andyn and _yn are set to zero.

5.4.2 Predicting Child Droplet Size and Number

The original TAB model determines the radii of child droplets by sampling child radii

from a � -square distribution with a Sauter mean radius [68]. The cascade analogy breakup

(CAB) model was proposed by Tanner in [69], and is in essence an improvement upon the

TAB model, with an improved child size formulation. Tanner de�nes the 'basic cascade

breakup law' as [69]:

d
dt

�m = � 3K bu �m(t) (5.33)

r c

rp
= e� K bu tbu (5.34)

whereK bu is a parameter that depends on the breakup regime, which itself is dependent

on the Weber number. The critical Weber numbers that identify a change in regime are

Web;s = 80 and Wes;c = 350, which signal the change from bag-breakup to stripping, and

from stripping to catastrophic breakup, respectively. Equation 5.35 shows the piecewise

function for calculating K bu. Values fork1.k2, and k3 are presented in Eq. 5.36.

K bu =

8
>>><

>>>:

k1! if We � Web;s

k2!
p

We if Web;s < We � Wes;c

k3! We3=4 if We > Wes;c

(5.35)
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Wek1 = max
�
min(We; Web;s); 10

�

k1 = 0:05 +
Wek1 � 10

Web;s

�
0:087

p
Web;s � 0:05

�

k2 = k1We� 1=2
b;s

k3 = k2We� 1=4
s;c

(5.36)

Knowing the child radius r c and the original parent radius, the total number of child

droplets from a catastrophic breakup event can now be calculated, since the total volume

must be conserved:

Nc =

 
r
r c

! 3

(5.37)

This value will not necessarily be an integer. To ensure mass conservationNc is adjusted

to Nc = int (r=r c)3, then the child size is accordingly adjusted todc = ( d3
p=real(Nc))1=3.

Because the number of children created can be extremely high, a parceling approach

was adopted such that all child droplets generated by a given TAB breakup event are

grouped into one computational droplet, which is tracked. The number of child droplets

is also stored as a droplet property. Not having to track each individual child droplet

created signi�cantly reduces the computational load.

5.5 Improved Secondary Breakup Model

5.5.1 Relative Velocity Calculation

As mentioned in Section 5.3, the relative velocity is a key parameter in drag and

breakup calculations. In previous work the vapor mass fraction was obtained from the

Eulerian �ow �eld. However, droplets� especially large ones� do not necessarily follow the

�ow �eld. As such, the actual mass distribution of the Lagrangian droplet phase can be

di�erent from that of the Eulerian liquid phase. An alternative method for calculating the

vapor mass fraction based on the Lagrangian droplet distribution begins with determining

which cells contain droplets, then summing the volumes of the droplets within the cell,

where nk is the number of actual droplets represented by the tracked computational

droplet:
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Vp;cell =
Ndrop;cellX

k=1

nk
�
6

d3
k jcell (5.38)

This value is then spread to the neighbor cells using a weighing functionwk identical

to the one used in the vaporization source term presented in Eq. 2.15:

Vp;neighbor = wkVp;cell (5.39)

Droplet volume and mass fraction values can then be calculated via:

� p =
Vp;cell

max(Vp;cell ; 
 cell )

Yp =
� l � p

� l � p + � v(1 � � p)

(5.40)

Then, the Lagrangian vapor mass fraction isYv;lag = 1 � Yp. The user can opt to use

either the Lagrangian or Eulerian formulation. In either case, the mass fraction is limited

to be no less than 0.05 to avoid numerical issues.

5.6 Droplet Vaporization Scheme

Droplet vaporization was implemented via adding two additional equations for droplet

massmp and temperatureTp that are solved in tandem with the equations describing

droplet motion. This formulation was proposed by Miller et al. in [28]. The subsequent

mass transfer from the liquid phase to the vapor phase must also be accounted for. The

two new governing equations are:

dmp

dt
= _mp = �

Sh
3Sc

Hm

�
mp

� p

�
(5.41)

dTp

dt
=

Cp;v

Cp;l

Nu
3Pr� p

(Tv � Tp) +
L v(Tp)

Cp;l

_mp

mp
(5.42)

Here, _mp is negative to indicate an evaporation process. Subscriptv denotes the vapor

phase value,p the droplet value, andl the Eulerian liquid phase value.� p = � pD 2=(18� v)

is the particle time constant for Stokes �ow.Hm is the speci�c driving potential for mass

transfer and is a function of the Spalding transfer numberBm , de�ned as:
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Hm = ln
�

1 + Bm

�
(5.43)

Bm =
YH 2O;eq � Yv

1 � YH 2O;eq
(5.44)

Equilibrium mass and mole fractions of water vapor at the droplet surface are calculated

as:
YH 2O;eq =

X H 2O;eq

X H 2O;eq + MW mix
MW H 2O

(1 � X H 2O;eq)

X H 2O;eq = Psat (Tp)=P

(5.45)

An equilibrium mole fraction at the droplet surface of greater than one indicates no

vaporization occurring. When this occurs the change in droplet temperature and mass is

set to zero.L v is the latent heat of vaporization calculated via the �t:

L v(Tp) = 2 :257� 106 + 2:595� 103(373:15� Tp) (5.46)

The Sherwood and Nusselt numbers are calculated via the following correlations:

Sh = 2:0 + 0:552(Rep)1=2Sc1=3

Nu = 2:0 + 0:552(Rep)1=2Pr1=3; Rep =
� v jvr jdp

� g

(5.47)

where Schmidt and Prandtl numbers are functions of the freestream properties and are

once again assumed to be 0.72. Assuming a constant liquid density and a spherical droplet,

the updated droplet diameter can be obtained from the updated mass. The vaporized

liquid mass is then transferred from the Lagrangian phase to the Eulerian phase.

5.7 Kelvin-Helmholtz Primary Breakup Model

In pure-liquid injection, primary atomization occurs near the point of injection, where

groups of small droplets are continuously stripped from large parent droplets. We have

chosen to use a Kelvin-Helmholtz (KH) model �rst proposed by Reitz [21] to simulate

the primary breakup, which postulates that if the wavelength of the fastest growing wave

satis�es Eq. 5.48, then a breakup event could occur.

B0� KH � rp; B0 = 0:61 (5.48)
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The KH wavelength is calculated via Eq. 5.49, with the corresponding wavelength

being calculated via Eq. 5.50:

� KH

rp
= 9:02

(1 + 0:45Oh0:5)(1 + 0 :4Tp0:7)
(1 + 0:87We1:67

g )0:6
(5.49)


 KH

 
� pr 3

p

� l

! 0:5

=
(0:34 + 0:38We1:5

g )

(1 + Oh)(1 + 1 :4Tp0:6)
(5.50)

where We is the Weber number, Oh is the Ohnesorge number, and Tp is the Taylor

number. The dimensionless numbers are de�ned in Eq. 5.51.

Weg =
� gv2

r rp

� l
; Wel =

� lv2
r rp

� l

Rel =
� ldpvr

� l
; Oh =

p
Wel

Rel
; Tp = Oh

p
Weg

(5.51)

The rate of change of the parent droplet radius due to a breakup event is:

d~rp

dt
= �

~rp � r c

� KH
(5.52)

� KH = 3:726B1
rp

� KH 
 KH
; B1 = 1:73 (5.53)

where� KH is the droplet breakup time, given by Eq. 5.53.~rp is a surrogate parent radius

used to track the change in this quantity until the mass shed from a breakup event reaches

3% of the parent mass:

mshed =
4
3

�� l (r 3
p � ~r 3

p) (5.54)

At this point, new droplets are created with a radius equal to the stripping condition:

r c = B0� KH . To ensure mass conservation, the parent mass must decrease by 3%, altering

the radius of the parent droplet. The mass of the group of child droplets created is equal

to this amount. With the child radius and the total mass shed both known, the number

of children created from a breakup event can be estimated asNc = 0:03
�

r p

r c

� 3
. Similar to

the child number determination done in the secondary breakup model, this value must be

adjusted as this expression will not always produce an integer, resulting in some degree of

mass being cut o� when using the "int" truncation function. An easy way to ensure mass
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Figure 5.1: Relationship between Weber number, child size, and number of children
produced.

conservation is by takingNc = int
�
0:03

�
r p

r c

� 3
�

but recalculating the child size with this

new number:dc = dp

real(N c )

1=3
.

Figure 5.1 displays the relationship between Weber number and child size and count;

Small increases in Weber number (or also relative velocity, because We� v2
r ) result in

large increases in child count.

5.7.1 Child Position Formulations

Existing research on simulating the primary breakup of liquid droplets has only been

interested in capturing when or how a breakup event occurs� to our knowledge, the �rst

proposal for a child position formulation came from Li et al. [26]. In addition to the

formulation proposed by Li et al., we also tested two other formulations to study the

in�uence of child position post breakup event. Li et al. calculate the child position using

Eq. 5.55:

xc = xp + an f ? + bn f k (5.55)

wherea =
rpp

1 � Cby
and b = rp(1 � Cby) with Cb = 0:5. y is the same droplet distortion

parameter used in the secondary breakup model,xc;p are the child and parent position

vectors,a and b are the parameters that account for distortion along the semimajor and
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semiminor axes of the parent droplet, andn f ? ;k are the unit vectors perpendicular and

parallel to the relative velocity vector. This approach locates child droplets in a ring on

the surface of the child droplet on the side opposite to the velocity vector. An issue with

this formulation is if the number of children generated is large, droplet overlap can occur,

leading to delayed near-�eld dispersion of the child droplets.

An alternative formulation that we have investigated starts with the droplets' normal-

ized velocity as one basis vector, then determines two mutually orthogonal basis vectors

using cross product operations. These basis vectors describe a reference frame which can

be manipulated to locate the child droplets. Given thatn f; k is the unit vector in the

direction of the droplet motion andn f; ? 1 and n f; ? 2 are the directions mutually orthogonal

to n f; k, one way of locating the droplets is presented in Eq. 5.56:

~rp = rnd(0; rp); ~� = rnd(0; 2� ); ~s = sgn(rnd(� 1:0; 1:0))

xc = xp + ~rp[cos(~� )n f; k + sin(~� )n f; ? 1] + ~sn f; ? 2

q
(rp + r c)2 � ~r 2

p

(5.56)

A third formulation was also developed as a compromise between the original formula-

tion proposed by Li et al. and the formulation that randomly places the droplets. The

hybrid position formulation involves randomly locating child droplets only on the leeward

side of the droplet, which should lead to improved dispersion compared to the Li et al.

formulation but is more in line with what is seen physically than the completely random

formulation� experimental observations consistently show child droplets to be located

only downstream of the parent droplet, not upstream of it [70].

The position of a given child droplet is given by Eq. 5.57, where vectorsn f; k, n f; ? 1

and n f; ? 2 are the same as in Eq. 5.56.

xc = xp + ~rpn f; k + (~r + r c)(cos(~� )n f; ? 1 + sin(~� )n f; ? 2) (5.57)

Figure 5.2 is a comparison between the three aforementioned position formulations. A

single parent droplet is exposed to a left-right cross�ow, with the child droplets being

shown in purple. The leftmost column shows the formulation presented in Eq. 5.55; the

center shows the random formulation using Eq. 5.56; and the right column shows the

hybrid approach from Eq. 5.57. The rows indicate di�erent amounts of children generated.

The original formulation clearly shows a signi�cant amount of droplet overlap as the child

number increases.
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Figure 5.2: Comparison between three child position formulations.

5.7.2 Parceling Strategy

It is not reasonable to use the parceling strategy used in the secondary breakup

model from the aerated-liquid injection cases; the secondary breakup model simulates a

catastrophic breakup event, in which case the parent disintegrates. The lumping strategy

used in the barbotage studies involved replacing a single annihilated droplet with a single

child droplet that representsnk number of children� in this way the total number of

droplets tracked was always equivalent to the number of droplets injected up to that

point. For pure-liquid injection we cannot replace a single droplet with a single droplet

representing a collection of children, because only one large droplet is injected every so

often� the resulting modeled spray would be completely nonexistent.

A primary breakup event is fundamentally di�erent from a catastrophic breakup

event because the parent continues to exist after a breakup event (albeit with a reduced

size). The lumping strategy enabled for the primary breakup model is presented below in

Algorithm 1 and involves the selection of two di�erent parameters:nlump, which is the

number of droplets that one computational parcel represents, andNmax , a threshold value
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that determines whether or not parceling is enabled: If the number of droplets created

is lower than Nmax , then no lumping is done and one computational droplet is equal to

one actual droplet. A variableZ is also de�ned that represents the number of leftover

droplets created:

Z =
�oat (N � Nmax )

�oat (nlump)
(5.58)

There are two parts to the algorithm�the �rst part involves determining the number of

child droplets that are actually tracked. The second part involves determining the number

of child droplets that each tracked droplet represents, stored in thecid array:

Algorithm 1 Primary breakup parceling algorithm

if N < N max then
N tracked = droplets

else if N > N max then
N tracked = Nmax + int (Z ) + 1
if mod(int( Z ),nlump) = 0 then

N tracked = Nmax + int (Z )
end if

end if
do i = 1; N tracked

if i < N max then
cid(i ) = 1

else if (i � Nmax and i < N tracked ) then
cid(i ) = nlump

else if i = N tracked then
cid(i ) = N � Nmax � int (Z ) � nlump

end if
end do

The �nal if condition is implemented to account for the droplets that remain following

using nlump to parcel the child droplets. As an example, if 235 droplets are created and

Nmax = 100 and nlump = 10, then parcels 1-100 will represent droplets 1-100, parcel

101 represents droplets 101-200, and parcel 102 would represent droplets 201-235. So

102 parcels would be created instead of 235. If parceling occurs the child radius is still

calculated via the raw child numberN , not the tracked amount. Then, mass is conserved

by accounting for the number of droplets that each tracked droplet represents.
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5.7.3 Parallel Processing Challenges

A signi�cant challenge in converting the aerated-liquid code to handle pure-liquid

injection was associated with the large size of the injected droplet, along with the fact that

the search routine assumes that newly created droplets exist on the same block/processor

as the parent. The issue is that newly injected droplets are so large compared to the

average cell size that the children stripping o� the perimeter of the parent will not

necessarily reside in the same block as the parent.

To enable the droplets to be located we �rst create a list that determines the blocks

within a target radius� for this work we have selected 0.001 m�of any given block in the

mesh and the processors on which these blocks lie. The droplets generated from a parent

located on a particular block/processor are sent to all members of this list. The search

routine is then called to �nd the locations of each droplet and the block/processor on

which they reside. All droplets not found are removed from the overall list maintained for

each processor, and the droplets that remain are added to those already present on the

processor.

5.8 Secondary Breakup Model as a Competing Breakup

Mechanism

Droplet atomization is a complex phenomena that is not physically tied to just one

physical process; in all likelihood there are multiple intertwined factors that cause droplets

to break up. Su et al. reported better droplet size distributions compared to experimental

when using a hybrid model that combined a Kelvin-Helmholtz model with a Rayleigh-

Taylor model, as opposed to just using the KH model alone [22]. As such, some of the

pure-liquid simulations were run with a modi�ed version of our Taylor-Analogy (TAB)

secondary breakup model enabled, serving as a competing breakup mechanism with the

KH primary breakup model.

The model is slightly modi�ed from that which is presented in Section 5.4� in the

previous aerated-liquid injection work, no child droplets were actually tracked. Instead,

they were just added to the tracked computational droplet count. Here, it is necessary

to actually generate child droplets in order to maintain consistency with the primary

breakup model� this also allows us to use the same parceling scheme used in the primary

breakup code.

Because actual child droplets are being produced, they must be prescribed a position
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and velocity post breakup event. Per Kulkarni [67], a given breakup event induces a

velocity component in the normal direction to the annihilated parent's direction. The sum

of all of the child velocity vectors then must sum to zero. All of the children are initially

located at the parent's position, which is reasonable because the parent is destroyed and

because each droplet will have a di�erent velocity vector post breakup event, aiding in

child dispersion. The normal velocity magnitude is a function of the parent radius and

distortion rate:

jvn j = 0:5rp _y (5.59)

The resulting velocity vector of a given droplet can be calculated by �rst de�ning a basis

vector b1 that is orthogonal to the parent velocity vp. Then a second basis vector is

de�ned as:

b2 =
b1 � vp

jb1 � vpj
(5.60)

The normal velocity vector for a given dropletk is then:

vn = jvn j
�

b1 � cos
�
(k � 1)�

�
+ b2 � sin

�
(k � 1)�

�
�

(5.61)

where� varies for each dropletk as:

� k = � k� 1 +
2�
Nk

(5.62)

thus ensuring that every child has a di�erent direction.

The aerated-liquid simulations used a modi�ed CAB model to determine the size

of the child droplets. As indicated by Fig. 5.3, it was found that this model was not

aggressive enough in producing small-sized droplets, so instead we are using the enhanced

TAB model to predict the droplet size, outlined below:

K bu =

8
<

:
k1! if We � Wet

k2!
p

We if We > Wet

(5.63)

k2

k1

� p
Wet � 1

�  
We
Wet

! 4

+ 1 (5.64)

wherek1 and k2 are both set to1=4:5 and the transition Weber number Wet is set to
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Figure 5.3: Radius factor variation with Weber number in ETAB and CAB models [67].

80. Eq. 5.64 represents a smoothing function that is multiplied byk1 that maintains

continuity between regimes. One note is that if a secondary breakup event were to create

droplets smaller than 1 micron, the event is ignored, as this would lead to a droplet count

too great to reasonably track.

5.8.1 Parceling Issues from Enabling Secondary Breakup

The parceling method outlined above was originally designed with primary breakup

in mind. But in order to maintain consistency, it was also used in simulations where the

secondary breakup model was enabled. However, there were undetected issues that arose

from the fact that these two breakup regimes are inherently di�erent� not only in the fact

that the parent exists after primary breakup, but also in the number of children droplets

created. Consulting Fig. 5.3, for droplets with Weber numbers greater than 80, the radius

factor is 1=3, which will result in 27 droplets being generated every breakup event. This

behavior is radically di�erent from the KH model, which can shed anywhere from 1 to

greater than 10,000 droplets o� a parent. The lumping parameters used in all pure-liquid

runs werenlump = 100 and Nmax = 10. These settings had the unintended consequence

of calculating Z values less than1, which can only occur whennlump > (N � Nmax )� this

parceling strategy was intended to be run with the assumption thatNmax > nlump , but
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these values were ultimately switched when enabling the secondary breakup model. Then,

the calculatedN tracked value was consistently lower by 1 than what it should have been,

on account of int(Z ) rounding down to zero. Adjusting the �rst portion of the parceling

algorithm to account for this leads to Algorithm 2. Note that the results presented herein

use Algorithm 1.

Algorithm 2 Fixed primary breakup parceling algorithm

if N < N max then
N tracked = droplets

else if N > N max then
if Z � 1 then

N tracked = Nmax + 1
else if Z > 1 then

N tracked = Nmax + int (Z ) + 1
else if int (Z ) = Z then

N tracked = Nmax + int (Z )
end if

end if
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Chapter 6

Aerated-Liquid Injection into a

Supersonic Cross�ow

6.1 Overview

This chapter presents results for all of aerated-liquid injection simulations performed

during this study. Three di�erent sets of simulations were run; one in reference to

experiments performed at the AFRL and two in reference to experiments performed at

ANL. The mesh used in all cases contained 124.88 M cells and rendered part of the wind

tunnel at AFRL; for the simulations corresponding to the experiments run at ANL the

existing mesh geometry was modi�ed to replicate the ANL tunnel environment.

6.2 Case 1: Air Force Research Laboratory Experiments

This section covers simulations performed in reference to supersonic jet-in-cross�ow

simulations performed at the AFRL, documented in [16]. An in�ow boundary condition

determined from a 2D solution of the tunnel �ow is used, along with a recycling-rescaling

method that has been implemented to sustain in�ow turbulence. Three cases were run:

one using the original relative velocity formulation with the vapor mass fraction obtained

from the Eulerian �eld; one using the new Lagrangian mass fraction de�nition (calculated

with Eq. 5.40) in the relative velocity formulation, and a third formulation that uses

the Lagrangian mass fraction de�nition and also has secondary breakup enabled. The

secondary breakup model that is used in the aerated-liquid injection studies consists of a

TAB model outlined in Section 5.4.1 to govern the breakup decision and a modi�ed CAB
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Figure 6.1: Snapshots of droplet populations for three di�erent cases.

model presented in Section 5.4.2 to determine child droplet sizes. Droplet vaporization

was not considered for these simulations. The case is 4% GLR injection of aerated-liquid

water into a Mach 2 supersonic cross�ow.

A time-dependent boundary condition was used to simulate the Eulerian injection

in�ow. The transient data was taken from simulations performed by Brett Bornhoft as

part of his Master's thesis. The particular aerated-liquid injection code used to obtain

the data is outlined in [41]. The droplet injection was considered to have a core-annular

structure, with the annular ring consisting of 25 micron droplets and the internal core

structure consisting of a droplet population with a log-normal distribution with a mean

value of 7.5 microns. The number of droplets is adjusted at each timestep to ensure that

the droplet mass injected is identical to that of the Eulerian injection.

6.2.1 Spray Structure

Figure 6.1 displays instantaneous droplet population snapshots for each case run.

Every tenth droplet is shown. Depending on the injection �ow rate, the total number of

computational parcels in the domain can range from 8 million to 13 million. Enabling

the secondary breakup model results in a nearly monodisperse droplet population with
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an average size around 6 microns� when droplets are this small, they follow the eddy

motion closely, as shown in the image. Regarding the cases without the breakup model

enabled, using the Lagrangian de�nition of mass fraction yields a more evenly distributed

population of larger droplets, while the Eulerian de�nition causes the larger droplets to

maintain their vertical momentum and rise to the top of the plume. This is because the

Eulerian liquid mass fraction plume is closer to the surface, and once the droplets escape

the initially dense region, the vapor mass fraction approaches one, reducing the relative

velocity and thus the drag force. On the other hand, the Lagrangian model produces

dense spray regions further away from the point of injection. This liquid region leads to

low vapor mass fractions, and thus higher drag. As a result the droplets turn downstream

and are entrained more easily into the counter-rotating vortices. The PDPA comparisons

are inconsistent with the shadowgraph comparisons, but it is known that PDPA can miss

large populations of small droplets.

6.2.2 Comparisons with Experimental Data

Figure 6.2 compares numerical shadowgraphs with experimental shadowgraph imaging.

The experimental EPL data was obtained using X-ray �uorescence measurements. A

background EPL level of 2.5 microns was subtracted from the experimental data to account

for the fact that the simulations have no background scattering material. The numerical

shadowgraph images were generated by superimposing the time average of the equivalent

path length (EPL) distribution rendered using a limited log-scale/gray-scale contour

gradation onto a snapshot of the centerplane density gradient contour. The EPL measures

the amount of volume occupied by liquid along a line of sight. In Eulerian/Lagrangian

simulations the EPL can be estimated by summing all the droplet volumes within a given

area increment in the line of sight direction:

1
� x� y

N totX

k=1

�
6

nkd3
k (6.1)

where� x� y is the area increment of the line of sight measurement andnk is the number

of actual droplets represented by parcelk.

The degree of jet penetration is clearly di�erent among all three simulations, with

only the case with breakup enabled yielding reasonable agreement with experimental

observations. A secondary plume is visible in the case using the Eulerian mass fraction

de�nition; this is formed by the large annular droplets that escape the dense near-
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Figure 6.2: Simulated shadowgraph images for three cases compared to experimental
shadowgraph.

injector region and maintain their vertical momentum. The bottom of the experimental

shadowgraph image is blocked, and as such it cannot be determined whether or not a

free-jet-like expansion is occurring. However, it is clear that in the numerical results

the free-jet response� as well as the high drag due to dense-spray e�ects� leads to some

droplets initially moving upstream of the �ow.

Figures 6.3-6.6 present comparisons of averaged droplet properties at the X-Y center-

plane and crossplanes at X/D=50 and X/D=100, where D is the injector diameter. Phase

Doppler Particle Anemometry (PDPA) results are available for the X/D=100 crossplanes.

The axial velocity contours, displayed in Fig. 6.3, show that the inclusion of the breakup

model results in a small plume that maintains the general structure of a jet-in-cross�ow.

Using the Lagrangian mass fraction formulation results in a �attening of the plume near

the centerplane, as the large droplets that populate this region in the Eulerian formulation
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Figure 6.3: Axial velocity contours for three cases considered, plus PDPA measurements.

are instead entrained into the counter-rotating vortices. The Eulerian formulation results

show that the plume size peaks sharply at the centerplane. This response was also found

in previous work [47] and is a consequence of the large droplets maintaining their initial

momentum.

Similar trends are evident in Fig. 6.4, which presents the vertical velocity contours. In

this image the contour scales are chosen to highlight the far-�eld response. The PDPA

measurements indicate a pronounced vertical velocity component near the edges of the

plume. This feature is best captured by both of the cases without breakup enabled�

the monodisperse droplet �eld produced by the breakup model does not have as much

vertical momentum due to the small droplet sizes. Peaking/�attening of the plumes at

the centerplane is also clearly evident in these images.

Figure 6.5 shows predictions of the Sauter Mean Diameter (SMD) at the various planes.

Here, the PDPA measurements show a markedly di�erent trend from the numerical results:

the experimental data indicate that the large droplets are migrating to the plume exterior,

while the numerical results without breakup roughly show the larger droplets in the center

of the plume. The monodisperse �eld generated by the secondary breakup model is clearly

evident here.
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Figure 6.4: Vertical velocity contours for three cases considered, plus PDPA measure-
ments.

Figure 6.5: SMD contours for three cases considered, plus PDPA measurements.
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Figure 6.6: Number density contours for three cases considered, plus PDPA measure-
ments.

A prediction of the number density of the droplets (units of number/cubic centimeter)

is shown in Figure 6.6. A log scale is used to indicate the wide range of the distribution.

At the X/D=100 crossplane the predicted number density values are around six times

the measured values for the cases without breakup and almost twenty times greater for

the case with breakup. The distributions are quite di�erent, with all simulations showing

high concentrations of droplets in the core of the plume and the measurements indicating

higher concentrations approaching the edge of the plume. These results provide evidence

that the PDPA is only sampling a small fraction of the available liquid material.

Taken as a whole, these new results obtained utilizing a more comprehensive Eule-

rian/Lagrangian description echo previous conclusions obtained using an isothermal �ow

assumption in [47]. Droplet breakup generated small droplets that follow the �ow closely.

Droplets larger than � 10 microns typically undergo some degree of fragmentation due

to the high aerodynamic forces in the near-injector region. The Eulerian mass fraction

de�nition leads to large droplets initially following the free-jet expansion closely, and as

the dense-spray in�uence diminishes they maintain their initial vertical momentum and

migrate toward the edge of the plume. The new Lagrangian estimate leads to locally high
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concentrations of liquid at the point where the free-jet expansion ends, which forces the

larger droplets to follow the mixture �ow more closely as they become entrained into the

counter-rotating vortices.

6.3 Case 2: Argonne National Laboratories Experi-

ments

This section covers aerated-liquid injection simulations performed in reference to

experiments conducted at ANL by AFRL and Taitech personnel, outlined in [17]. In

addition to changing the mesh geometry, the time-dependent injection condition was also

changed, as the Argonne tunnel experiments had a mass �ow rate of 13.6 g/s compared to

18.2 for the AFRL experiments. The in�ow and GLR were Mach 2 and 4%, respectively.

Because the tunnel turbulence characteristics were not known, no recycling-rescaling

methods were used. A uniform in�ow was imposed, and the �ow was allowed to naturally

transition to a turbulent state. Three simulations were run using this set up: Case A

does not have the secondary breakup model enabled and uses the Wood model for the

two-phase mixture sound speed, given in Eq. 2.41. Case C uses the secondary breakup

model and the Wood model. Case D uses the secondary breakup model and a di�erent

de�nition for the mixture sound speed presented in Eq. 2.42. The Wood model results in a

mixture sound speed generally lower than the phasic values and can induce a choked �ow

at high injection pressures (� 1.5 MPa) but at lower velocities (� 100 m/s). The alternate

sound speed model behaves similarly to the Wood model but does not result in values as

small, leading to higher injection velocities and lower injection pressures.

6.3.1 Spray Structure

The �rst set of results compares the Eulerian de�nition of the vapor phase mass

fraction with the Lagrangian de�nition that was extracted from the spray �eld. The

results from the AFRL simulations show that the relative velocity expression formulated

using the Lagrangian de�nition results in locally higher drag values in the region where

the spray starts to bend downstream. This impact is seen mostly in the trajectories of

large droplets� as evidenced by the Case A contour shown in Figure 6.7. Cases C and

D both have breakup enabled, and as such lots of small droplets follow the �ow closely,

leading to Lagrangian and Eulerian mass fraction predictions that are reasonably similar.
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Figure 6.7: Eulerian (top) versus Lagrangian (bottom) predictions of vapor mass fraction
(left to right: Cases A, C, and D).

However, in Case A, which does not have the breakup model enabled, the Eulerian and

Lagrangian mass fraction predictions start to show deviations due to the larger droplets

not following the Eulerian �ow closely.

Figure 6.8 shows the general structure of the droplet �eld. Every tenth tracked parcel is

shown, and only droplets within +/- 5 mm from the centerline are plotted so that droplets

located on the side walls are not shown. Droplets are sized by diameter and colored by

the logarithm of the diameter. Case A yields a lognormally distributed droplet population

while the inclusion of the breakup model results in much smaller droplet sizes for Cases C

and D. Larger droplets are found for the corrected breakup model, as indicated by the

right hand plots in Fig. 6.8. Using the alternative sound-speed de�nition presented in Eq.

2.42 in the scaling of the injected mixture (Case D) leads to more penetration and slightly

less lateral expansion within the Mach disk.

Figure 6.9 focuses on the cases with breakup enabled, with parcels colored by the

logarithm of the number of droplets per parcel. Red-colored parcels indicate the presents

of several sequences of breakup events, each likely producing two or three droplets. The

closeup of Case D provides evidence that the corrected breakup model is less aggressive

than the earlier model, particularly in the near �eld, but still eventually leads to similar

populations of droplets in the 5-6 micron range. Droplets as large as� 10 microns are

rarely found past the Mach disk region.

6.3.2 Comparisons with Experimental Data

Figure 6.10 displays simulated shadowgraph results compared to experimental data.

Results show good qualitative agreement with the experimental time-average, with the
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Figure 6.8: On left: snapshot of droplet populations colored by droplet diameter. On
right: Snapshot of droplet populations with only droplets larger than 6 microns shown.

Figure 6.9: On left: Cases C and D parcel populations colored by number of droplets per
parcel. On right: Case D parcel populations colored by number of droplets per parcel.
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Figure 6.10: Simulated shadowgraph imaging vs. experimental for cases A,C and D.

best results in terms of penetration and shock structure achieved in Case D. The main

issue is that droplets are turning too quickly to follow the �ow. This could be due to the

fact that the secondary breakup model is still too aggressive, or a consequence of a lack

of two-way coupling, or the need for better injection �ow characterization. More likely it

is some combination of all these factors.

Predictions of the EPL for the spray �eld are shown in Fig. 6.11. None of Cases A, C,

and D accurately capture the near-�eld plume broadening e�ect seen in the experimental

results, or the presence of a signi�cant amount of liquid on the leeward side of initial

liquid column. This could be partially due to not having a realistic turbulent boundary

layer in these simulations� the presence of unsteady turbulent structures could potentially

disperse the spray �eld more strongly in this region. The peak EPL value of 0.2 mm is

accurately predicted for all cases, which indicates that the dense-spray e�ect is accurately

being captured by the process of converting Eulerian injection data into a Lagrangian

spray �eld. Collectively these results indicate a reasonable level of predictive capability,

which could be improved by reducing uncertainties in the tunnel in�ow and injectant

in�ow.
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Figure 6.11: Simulated EPL predictions vs. experimental data (units in meters).

6.4 Case 3: ANL Heated In�ow

The goal of this simulation was to test the full capabilities of the REACTMB droplet

tracking engine as applied to aerated-liquid injection. Two-way coupling was enabled for

the momentum equation as de�ned in Eq. 2.23, and the tunnel static temperature was

raised to 550 K to test the vaporization model. The momentum �ux ratio and Mach

number were kept constant from the prior simulations presented in Section 6.3 in order to

facilitate comparisons.

6.4.1 Flow�eld Structure

The near- and far-�eld spray predictions are shown in Fig. 6.12. Every tenth parcel

is shown. The total number of droplets remains steady at around 8 million. The rapid

breakup event forced by high shearing rates upon expansion of the liquid plume generates

lots of small droplets that closely follow the �ow� this is similar to the results reported in

the last sections; however, the inclusion of the vaporization model does further reduce

the average droplet size to� 3-4 microns. Droplets that were smaller than 0.1 microns

were removed from the collection and considered to be vaporized, with their mass being
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Figure 6.12: Droplet population (far-�eld and close-up views) colored and sized by droplet
diameter.

transferred to the Eulerian vapor component, as discussed in Section 2.1.2.

Figure 6.13 displays di�erent predictions of the instantaneous �ow structure. The

top images display the comparison between the Eulerian and Lagrangian mass fraction

predictions. In the near-�eld the comparisons are similar due to the small average droplet

size produced. However further downstream the predictions start to diverge somewhat,

partially due to the Eulerian prediction accounting for mass generation due to vaporization.

The middle pair of images correspond to predictions of the Mach number and water

vapor mass density (units of kg/m3). The Mach number contour displays a strong bow

shock generated by the plume as well as a region of �ow separation on the top wall. The

water vapor density contours indicate relatively little vaporization, with the highest rates

coming toward the outer edges of the initial plume structure where the plume is exposed

to the hot cross�ow. The liquid jet is rather cool (� 300 K) and the plume does not heat

up signi�cantly, as exhibited in the temperature contour. The Eulerian prediction of the

droplet diameter is shown at the bottom right� this is the quantity used in the relative

velocity evolution equation. The results show that larger droplets are present near the

outer edge of the plume but eventually breakup and partially vaporize as they move

downstream.

6.4.2 Droplet Properties

EPL comparisons between the hot tunnel �ow and the cold �ow (results presented

in the previous section) are shown in Fig. 6.14. The structure is identical, which was

expected since the momentum �ux ratio was matched for the hot �ow case. There is some

evidence of vaporization in the far-�eld plume, as the EPL is slightly lower in this region
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Figure 6.13: Centerplane snapshots of �ow�eld structure.

for the hot �ow. There is little evidence that the two-way momentum coupling is a�ecting

the response signi�cantly.

Figures 6.15 and 6.16 display the droplet average axial velocity and the average SMD

contours. The axial velocity contours show that the droplet plume is well aligned with

the cross�ow and that a characteristic pair of counter-rotating vortices is present. The

SMD contour further indicates that vaporization is continuing to reduce the average

droplet size, down to 3-4 microns compared to 5-6 microns without vaporization enabled.

Also noteworthy is the width of the plume in the crossplane direction due to the plume

colliding with the sides of the tunnel.

In regards to the vaporization and two-way coupling routines, future progress will

require a more isotropic mesh, such as the one generated later for pure-liquid injection

simulations. The sti�ness of the code with these routines enabled seems related to the

high degree of mesh anisotropy present in the current grid. A better characterization of

the initial droplet properties is also needed.
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Figure 6.14: Simulated EPL distributions with cold cross�ow on left and heated cross�ow
on right.

Figure 6.15: Average droplet axial velocity for heated cross�ow simulation.

Figure 6.16: Average Sauter mean diameter for heated cross�ow simulation.
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Chapter 7

Pure-Liquid Injection into a Supersonic

Cross�ow

While aerated-liquid injection o�ers improved spray conditioning relative to pure-liquid

injection, there are drawbacks to it, namely that it requires a more complex injector

design and the aerating liquid must be stored on board the vehicle. As such, we have

also simulated pure-liquid injection cases. This necessitated the development of a primary

breakup model as well as adjusting parts of the droplet tracking engine to handle droplets

with signi�cantly larger sizes than what was seen in the aerated-liquid injection cases.

Pure-liquid injection can be idealized by replacing a continuous liquid stream with a

column of droplets with diameters equal to the jet ori�ce [71]. The injection frequency

can be calculated from the droplet size and mass �ow rate. As opposed to the aerated

cases, which used transient in�ow data, a uniform 0% GLR mass �ow rate was assumed

for the Eulerian in�ow. Besides the injection in�ow, the numerical setup of these cases

were identical to that of the Argonne results presented in Chapter 6, as the pure-liquid

results were part of the same experimental campaign [17].

7.1 New Grid Implementation

The grid used in all of the aerated injection cases was initially used in this work as

well. However, it is extremely �ne and highly anisotropic near the injector, and it is likely

that this was causing issues in properly resolving the liquid jet near the injector, which

led to initially poor spray predictions, documented in [49, 50]. As a result, we developed a

new, coarser grid that not only replicates the actual Argonne tunnel geometry (meaning
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no embedded geometries need to be used) but it is also signi�cantly more isotropic near

the injector region. The mesh density near the injection site was able to be reduced due

to not needing to resolve a transient injection in�ow. The resulting cell count is only� 8

million, compared to the previous grid which had� 125 million. However, the far-�eld

mesh spacing in the isotropic regions remains unchanged from the previous mesh and is

0.25 mm. This drastic reduction in cell count also resulted in a signi�cantly faster run

times, allowing us to test di�erent settings and formulations. Notably, it also allowed

us enable the Ducros switch outlined in Section 4.3.2. Figure 7.1 shows a closeup of the

injector region of the new grid.

Figure 7.1: Closeup of injector region in new grid.

Figures 7.2-7.5 compare contours for both grids, each using the position formulation

proposed by Li et al. [26] and shown in Eq. 5.55. These contours indicate display several

key qualitative improvements� perhaps the most striking is evident in the Sauter mean

diameter contours presented in Fig. 7.2. In simulations run using the old grid, a nonphysical

"double plume" structure was consistently seen, where there were two independent streaks

of large sized droplets at the plume edges. The droplet size distribution seen in the new

results increases monotonically with vertical position, which is the expected trend.

Additionally, the old plume did not have a circular cross section. There was also a

lack of droplets migrating to the region directly behind the injection site. It is likely

that enabling the Ducros switch had a positive e�ect on the droplet behavior in the

near-injector �ow �eld, contributing to improved simulation �delity. One qualitative
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di�erence that is not necessarily an improvement is the plume size� the new grid has

higher degrees of vertical velocity where droplets turn downstream, along with a wider

region of vertical velocity that exists as far downstream as theX=D = 50 crossplane. As

such, droplets in this simulation continue to move upwards more than droplets in the old

simulation. This is likely tied to the circular cross section result and elimination of the

double plume. In the old grid the top of the plume is �atter, albeit with a peak in the

centerplane.

Simulations run on the old grid were consistently underpredicting the number of

droplets directly downstream of the injection site� this is evident in the SMD and number

density contours. Figure 7.5 also displays di�erences in number densities in the centerplane.

Part of this is due to a lower number of breakup events occurring in these cases. Enabling

the Ducros switch eliminated arti�cial dampening of turbulent oscillations around the

injector, leading to a higher degree of breakup events and consequently more droplets.

In simulations run with the old grid, the initial liquid column did not exhibit any

transient behavior� its position was e�ectively frozen. From experimental results, we know

that there should be some unsteady movement associated with the initial jet. Figure 7.6

displays a comparison of EPL's for new and old simulations. The new grid EPL is wider

at the top of the plume, and the standard deviation is broader. Both these results indicate

a higher degree of transient movement than what was seen previously.

Figure 7.2: Comparison of Sauter mean diameter contours between old and new grid.
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Figure 7.3: Comparison of axial velocity contours between old and new grid.

Figure 7.4: Comparison of vertical velocity contours between old and new grid.
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Figure 7.5: Comparison of number density contours between old and new grid.
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Figure 7.6: Comparison of numerical EPL contours between old and new grid simulations.

With the coarser grid, six simulations were run, with setup di�erences shown in

Table 7.1. The �rst set of results compares Cases A-C, which each use a di�erent position

formulation. The second set studies results from using di�erent formulations for calculating

the relative velocity term. The third set looks at results from enabling a secondary breakup

model in competition with the primary breakup model.
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Table 7.1: Pure-liquid injection simulation matrix.

Position Relative Velocity Breakup Models
Formulation Formulation

Case A Original (from Li et al. [26]) Eulerian Primary (KH)
Case B Random Eulerian Primary (KH)
Case C Hybrid Eulerian Primary (KH)
Case D Hybrid Lagrangian Primary (KH)
Case E Hybrid Eulerian Primary+Secondary

(KH+TAB)
Case F Hybrid Lagrangian Primary+Secondary

(KH+TAB)

7.2 Primary Breakup Only Results

7.2.1 Position Formulation Comparison

This section presents results for the three di�erent primary breakup position formula-

tions tested. The formulations are discussed in Section 5.7.1. Equation 5.55 is the original

position formulation proposed by Li et al. from [26] and places droplets in a singular ring

on the leeward side of the droplet. Equation 5.56 is referred to as the random formulation

on account of it randomly locating droplets all along the parent surface. Equation 5.57

is the hybrid formulation that randomly locates droplets only on the leeward side of

the parent. All simulations discussed in this section were run using the Eulerian relative

velocity estimation.

Figure 7.7 displays the droplet �elds for Cases A, B, and C. Instantaneous behavior

is similar across all three cases, with Cases B and C looking nearly identical. Droplets

larger than 10 microns turn downstream at a slower rate than smaller droplets, causing

the plume size to increase. Due to their size, droplets smaller than 10 microns turn

more sharply at the point where the liquid column bends downstream. They progress

downstream and rise within the plume at a slower rate than larger droplets, which will

migrate to the upper part of the plume no matter the formulation. Small droplets appear

to be evenly dispersed throughout the �ow.

The SMD contours in Fig. 7.8 better illustrate discrepancies between the three cases

than the instantaneous droplet distributions. Three key, interrelated di�erences are evident

between Case A and Cases B and C. The plume in Case A is smaller in size than that

in B and C, its droplet population has a smaller size distribution, and larger droplets
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cease to exist at the X/D=15 plane, while larger droplets continue to rise inde�nitely

throughout the plume in Cases B and C.

The di�erence in plume size can partially be explained by observing the close ups of

the droplet �eld in the near-injector region, shown in Fig 7.9. By de�nition the Li et al.

formulation places very few droplets on the windward side of the liquid column. The ring

of child droplets is located on the droplet side directly opposite to the relative velocity

vector, which is vertical for recently injected droplets. As droplets become entrained in

the cross�ow the relative velocity vector starts to shift downstream. Then, child droplets

born in Case A will be placed behind the parents. Cases B and C use formulations that

allow for more children to be generated on the windward side of the liquid column. These

droplets will subsequently turn downstream but remain on the exterior of the spray, thus

increasing the plume size relative to Case A.

Cases B and C, due to the improved initial child dispersion that places a large number

of droplets on the windward side of the liquid column, produce a wider range of droplet

sizes. For these cases the droplets in the plume exterior can be as large as 15-20 microns.

In the core they are� 7-7.5 microns for Case C, and 5-7 microns large in Case B. The

comparatively poor initial dispersion for Case A leads to a droplet population with a

smaller standard deviation of droplet sizes� In thex=D = 50 crossplane, droplets in

the plume exterior are around 10-13 microns in size, while in the core they are around

7.5-8 microns large. The lack of larger droplets in Case A also contributes to the smaller

plume size. The largest droplets in Cases B and C are large enough that they escape

the counter-rotating vortices characteristic in jet-in-cross�ows, and migrate outwards,

creating larger sized plumes. This is consistent with what is seen in the vertical velocity

contours in Fig. 7.10, where Cases B and C have larger regions of higher vertical velocity

due to large droplets maintaining their momentum as they move outwards.

Figures 7.11 and 7.12 display the axial velocity and number density contours, respec-

tively. With the exception of the fact that Case A has a smaller plume, there are not

many di�erences between the velocity contours. The number density contours deviate in

the region immediately downstream of the injector. This is illustrated by the black lines

in the �gure, which indicates regions where number density is greater than 5e7 drops per

cubic centimeter. This is also tied to the poor initial dispersion and lack of small droplets

generated.
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Figure 7.7: Comparison of instantaneous droplet �elds between di�erent position formu-
lation cases. Droplets larger than 10 microns are shown on the left; droplets smaller than
10 microns on the right. For image clarity, droplet size is increased 5x.
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