
ABSTRACT 

PHILLIPS, MATTHEW RYAN. Predicting and Controlling the Manufacturing and 

Thermomechanical Microstructural Behavior of Ribbed Carbon-Nanotube-PDMS Systems for 

Multifunctional Applications (Under the direction of Professor Mohammed A. Zikry.) 

 

 The proposed research has been focused on fundamentally understanding and controlling 

the generation of microstructural surface features, such as ribbed morphologies and instabilities, 

of carbon-nanotube-polydimethylsiloxane (CNT-PDMS) thin-films, such that the systems can be 

adapted for extreme environments, such as high pressures, high strain-rates, and large strains. 

These micro-structured surfaces can be controlled to provide desired behavior, such as 

superhydrophobia, drag reduction, and anti-biofouling; ribbed CNT-PDMS thin-films are one such 

material system that can be adapted for multifunctional applications. 

The manufacturing of thin-films with structured surfaces by large-scale rolling has distinct 

advantages over other techniques, such as lithography, including scalability and shortened 

operating times. It is not yet well understood, however, how the processing conditions and material 

behavior of CNT-PDMS systems can affect the microstructure at different physical scales. It is 

also not known how the material properties or ribbing structures affect the thermomechanical 

behavior in response to dynamic compressive strain-rates, such that damage-resistant thin-films 

can be attained for heterogeneous morphologies and large-strains. Hence, the objectives of this 

investigation are to develop predictive models informed by experimental observations and 

measurements of both the manufacturing process and the dynamic response to high strain-rate 

loading, as well as to characterize the large-strain behavior and evolving morphology of CNT-

PDMS systems.  



Therefore, computational models of the symmetric forward-roll coating process were 

developed to understand, predict, and control the ribbing morphology of CNT-PDMS thin-films. 

The effects of the rheological properties and the roller gap on the ribbing behavior were 

investigated and a ribbing instability model was formulated by integrating experimental 

measurements and computational predictions. The nonlinear implicit dynamic finite-element (FE) 

model accounted for ribbing instabilities, large displacements, rolling contact and large pressures, 

and material viscoelasticity. The viscoelastic properties were obtained by dynamic mechanical 

analysis for different CNT-PDMS compositions. Furthermore, a Morris sensitivity analysis was 

conducted to understand and identify the dominant characteristics pertaining to the ribbing 

microstructure. Based on the sensitivity analysis, a critical ribbing aspect ratio was identified for 

the CNT-PDMS system corresponding to a critical roller gap.  

The nonlinear explicit dynamic three-dimensional FE formulation was also used to 

understand and predict the thermomechanical response of the ribbed thin-films subjected to 

dynamic in-plane compressive loading. Representative volume element (RVE) FE models of the 

ribbed thin-films were subjected to strain-rates as high as 104 s-1. Latin hypercube sampling of the 

microstructural parameters, as informed from experimental observations and measurements, were 

used to obtain microstructurally-based RVEs. An interior-point optimization routine was also 

employed on a regression model trained from the FE predictions that can be used to design ribbed 

materials for multifunctional applications. The model predicts that damage can be mitigated in 

CNT-PDMS systems subjected to dynamic compressive loading conditions by controlling the 

ribbing microstructural characteristics, such as the film thickness and the ribbing amplitude and 

wavelength.  



 PDMS and CNT-PDMS tensile testing specimens were also fabricated to understand the 

effects of the CNT-PDMS composition on the large-strain mechanical behavior. The global stress-

strain behavior of each composition was obtained, and scanning electron microscopy (SEM) 

characterization of fracture surfaces were obtained to analyze the microstructure and damage 

modes. Based on these experimental measurements and observations, large-strain hyperelastic and 

hyper-viscoelastic material models were used to characterize the material behavior. The hyper-

viscoelastic material model was shown to provide an accurate material description of the thin-film 

behavior of the viscoelastic PDMS with high-strength CNTs.  

This research integrated fundamental computational and experimental approaches in a 

framework for designing materials that can be utilized for myriad applications tailored for 

multifunctional high strain-rate damage tolerance, hydrophobicity, and anti-biofouling.  
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CHAPTER 1: Introduction 

1.1  Motivation 

Bio-inspired thin-film systems can be tailored for multifunctional applications, and the 

structured topology of the thin-film plays a significant role in surface behavior, such as 

superhydrophobicity [1–7], anti-icing [2,7], anti-fouling [8,9], self-cleaning [10], optical [8,9], and 

electrical [8,9,11–14]. Carbon-nanotube-polydimethylsiloxane (CNT-PDMS) thin-film materials 

manufactured with a ribbed microstructure are one such structured bio-inspired system. The multi-

phase, heterogeneous system with a hierarchal shark-skin-like topology exhibits favorable surface 

behaviors, such as superhydrophobicity, drag reduction, and anti-biofouling [4,6,15–20]. 

Moreover, these ribbed systems can be manufactured in a cost-effective, high-output manner, by 

continuous large-scale rolling. 

 Ribbing structures are periodic surfaces that develop in thin liquid and solid films during 

large-scale rolling processes. These finger-like periodic structures develop in the meniscus 

between two separating surfaces when the Capillary number, 𝐶𝑎 = 𝜇𝑈/𝛾, exceeds a critical value 

where 𝜇 is the viscosity, 𝑈 is the characteristic speed, and 𝛾 is the surface energy of the material 

[4,6,21,21–26]. Historically, these structured surfaces have been viewed as defects in the material 

because large-scale rolling is most often used for producing smooth sheets at industry-level scales. 

Different experimental and computational approaches have been undertaken to understand the 

formation and evolution of ribbing in thin-films that occur in large-scale forward-roll coating 

processes to reduce surface defects, while maintaining desired processing objectives, such as the 

film thickness and operating time [21,23,27]. Analytical approaches for understanding how ribbing 

instabilities originate in fluids were developed by [21,27], based on lubrication theory. 

Computational approaches, such as finite-volume and finite-element (FE) methods, based on the 
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Navier-Stokes equations have also been used to understand the hydrodynamic nature of ribbing 

[23,26,28,29]. The ribbing defects were controlled by determining the processing conditions, such 

as the roller size and speed, and by disrupting the formation of new ribbing instabilities in the 

meniscus [30].  

A framework was developed by [26] to understand the formation, evolution, and spatial 

persistence of ribbing instabilities in fluid thin-films resulting from the symmetric forward-roll 

coating process. Four regions were defined: the meniscus, the flow-field transition, the leveling-

film, and the leveled-film regions. The meniscus region between the rollers generates the ribbed 

surface resulting from a large pressure gradient normal to the free surface, which is consistent with 

experimental [24] and numerical [22,25,28,31] analyses. The pressure gradient decreases in the 

flow-field transition region away from the meniscus, and surface tension is the dominant driving 

force; the material flows from the crests of the ribbing instabilities back to the troughs in the 

leveling-film region. Far away from the meniscus where the pressure gradient is negligible, the 

film is a smooth and rib-free surface if the surface tension is sufficient. It is desirable to minimize 

the generation of ribbing defects [30] or to use the framework introduced by [26] to accelerate the 

decay of ribs that have already been formed for applications that require a smooth fluid or solid 

thin-film surface.  

Although most approaches have viewed material ribbing as defects, and the general 

approach has been to minimize their generation [21–26,28–32], some applications benefit from 

structured surfaces that result in such behavior as drag reduction, anti-biofouling, self-cleaning, 

superhydrophobicity, and anti-icing [4–7,10,33]. For these applications, it is essential not only to 

control the ribbing microstructure, but also to inhibit the surface tension-driven leveling of the 
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ribbing instabilities by selecting appropriate materials and manufacturing conditions. These goals 

can be achieved by large-scale rolling.  

Structured thin-film system manufactured by large-scale rolling has the potential for 

continuous manufacturing and cost-effective mass production. Different manufacturing 

approaches to obtain these surface behaviors have been undertaken, such as plasma [1] or abrading 

[2] treatments of thin polymer or ceramic sheets, photolithography [12] or roller embossing [3,5], 

and inducing wrinkling topologies [8,11,13,14,34]. Some of these surface treatments, however, do 

not produce consistent surfaces, and others require expensive or complex processing and 

manufacturing approaches. Lithography-free techniques, such as large-scale rolling or wrinkling, 

do not require time-consuming processing or complex manufacturing approaches to create surface 

features with high aspect ratios [4,6,8,17]. Wrinkled surfaces, for example, are typically produced 

by compressing and permanently deforming the thin-film to the desired hierarchal surface 

structure. These lithography-free techniques can also allow for the control of the wavelength, the 

amplitude, and the orientation of desired topologies or patterns, and these surface characteristics 

can be directly linked to material properties and manufacturing conditions [8,11,13,14,34,35]. 

CNT-PDMS composites are a viable candidate material to achieve controlled and persistent 

ribbing microstructures and to design damage-resistant thin-films. The viscoelasticity of the 

uncured PDMS increases the Capillary number, which is directly related to the generation of 

ribbing structures during large-scale rolling. The CNT inclusions provide strength to retain the 

periodic structure, such that it can be cured, and the high aspect ratio of the CNTs increases the 

achievable surface texture necessary for superhydrophobicity and drag reduction surface 

behaviors.  
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CNTs have been used as inclusions in polymer films for multifunctional applications, such 

as highly sensitive strain gauges [36–38], biosensors [38], and energy harvesters [38,39], because 

of their exceptional strength, electrical conductivity, and thermal conductivity with minimal 

additional weight [4,6,40–42]. Additional benefits to adding CNT or other carbon-based and nano-

sized inclusions in a polymer matrix include increased stiffness and strength [43–47], increased 

thermal and electrical conductivity [45,47–49], improved thermal stability [50], and flame 

retardant capabilities [49], which can make these composite systems ideal for flexoelectric, 

piezoelectric, and other multifunctional applications. 

The addition of CNTs to a polymer matrix allows the shear moduli of the uncured material 

to stabilize in the low-frequency regime and the elastic modulus of the cured composite to increase 

compared to the neat polymer [4,39,49,51]. Some fillers, such as nanoclays, in contrast, do not 

sufficiently solidify the material in the low-frequency regime so the ribbed microstructure will not 

persist once the rollers stop due to surface tension-driven leveling [40]. If this leveling is mitigated 

by a filler material, then the thermoset material can be cured at an elevated temperature to lock the 

microstructure and increase the material strength. The composite material has been shown by [38] 

to have high compressive strengths between 0.7 and 2 MPa for a CNT weight percentage that 

ranges from 1 to 10 that enable these composites to withstand the extreme pressure from extrusion-

based 3-D printing, which is similar to the extreme pressure environment encountered during twin 

rolling.  

Furthermore, an advantage of such high aspect ratio fillers as CNTs is that the properties 

of the composite film and the ribbing wavelength can be tailored by the alignment of the fillers 

within the matrix. Ribbing is significantly affected when such viscoelastic polymers as PDMS or 

such elastic fillers as CNTs are rolled. The aspect ratio of the CNTs allows for small ribbing 
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wavelengths, which provide surface behavior most suitable for such applications as drag reduction, 

superhydrophobicity, and anti-icing, which depend on the texture of the thin-film 

[6,7,10,25,31,32,52,53]. Additionally, high viscosity pastes made of high aspect ratio fillers and a 

polymer matrix retain the ribbing surface defects after the rolling has stopped and the film is cured 

[4,6,39]. This has also been observed in 3-D printing, where the low surface tension prevents the 

printed structure from collapsing before curing [38]. 

The dispersion of CNTs is a fundamental issue, since CNTs tend to bundle or aggregate, 

which can act as a stress concentration rather than as a strengthening mechanism, thus sufficient 

mixing is required for improved mechanical strength. Common manufacturing techniques used to 

disperse CNTs in a matrix include sonication, stirring, and solution mixing [37,38,54]. These 

techniques generally retain the integrity and size of CNTs but at the expense of relatively slow 

processing times and little to no control over the CNT alignment. Large-scale rolling in conjunction 

with a shear mixing stage has the potential to ensure adequate mixing, dispersion, and alignment 

of CNTs throughout the polymer matrix while maintaining structural integrity. It also provides the 

possibility of continuous processing.  

When cured, PDMS, as with most polymers, exhibits a degree of time- or rate-dependent 

viscoelastic relaxation that results from the reversible stretching of polymer chains and is capable 

of achieving large strains [42,55–62]. The addition of CNTs increases the strength of the material 

by preventing the movement of polymer chain entanglements. Most material characterization and 

modeling of PDMS and CNT-PDMS has been limited to small-strain viscoelastic behavior using 

dynamic mechanical analysis or creep tests and Prony series viscoelastic material models 

[4,15,17,39,60,63,64]. The Prony series representation can be converted between time-dependent 

and frequency-dependent forms, such that the material model can be obtained from either creep 
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tests (time domain) or dynamic mechanical analysis (frequency domain), and it can then be used 

to predict the behavior in the other domain [57,65]. 

When subjected to large strains, additional deformation modes of the polymer chains occur 

that can result in hyperelastic behavior [63,64,66–71]. Many hyperelastic material models exist in 

the literature, each of which is tailored for different materials or strain regimes. A recent review 

[66] found that the Ogden, Yeoh, Carroll, and Shariff hyperelastic material models have a 

coefficient of determination (R2) greater than 0.98 when calibrated with uniaxial tension 

experimental stress-strain curves of elastomers; other commonly used models had lower R2  values 

with 0.65 for Neo-Hookean and 0.59 for Mooney Rivlin. Both hyperelastic and viscoelastic 

contributions can be used to define the material behavior in a single hyper-viscoelastic material 

model [59,63,64,69–74] to represent the large-strain behavior and the time-dependent relaxation 

of the polymer.  

Each mechanism depends on the CNT weight content, the degree of CNT dispersion 

throughout the matrix or agglomeration into CNT bundles, and the orientation of the CNTs and 

CNT bundles in relation to the loading direction. Additionally, thin samples must be characterized 

to obtain accurate tensile strengths and moduli for thin films [75,76]. Thus, it is necessary to 

understand how best to represent and understand the global large-strain mechanical behavior of 

the material while accounting for the rate- or time-dependent effects and the interaction of CNTs 

in PDMS for various CNT weight fractions. 

There is little or no understanding how the structured material responds to extreme 

conditions that may be encountered while in-use, such as high strain-rate loading conditions. 

Experimental investigations have been conducted on thin polymer [69,77,78] and metal [45,79–

81] films to understand how high strain-rate behavior affects thin-films for such applications as 
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MEMS devices, among others. Thermo-viscoelastic materials are particularly sensitive to extreme 

conditions because the temperature dependence and loading history of the material significantly 

change the system’s ability to dissipate energy and inhibit failure modes, such as dynamic fracture. 

This is apparent in systems, such as rubber-like tires, where cyclic deformation results in heating 

of these viscoelastic materials [78] thereby softening and altering the energy absorption. Similarly, 

highly stretchable strain sensors constructed from a PDMS matrix with aligned CNT inclusions 

exhibits hysteresis during cyclic loading, resulting from the viscoelasticity of the matrix, which 

aids the device in enduring cycles of high dynamic strains with minimal damage [69]. For these 

structured thin-films to be functional, there must be a fundamental understanding of the dynamic 

behavior and damage-resistance when subjected to extreme environments of high strain-rates and 

high strains. 

 

1.2  Research Objectives 

Hence, this study will focus on understanding the manufacturing of tailored ribbed thin-

film systems and the behavior of such systems to extreme conditions using computational models 

informed by experimental observations. A mechanistic-based framework will be introduced to 

predict the ribbing behavior of thin-film systems manufactured by large-scale rolling. Additionally, 

a computational modeling approach is developed and discussed that predicts the thermomechanical 

behavior of ribbed thin-film systems subjected to high strain-rate loading to design damage-

resistant thin-films. Lastly, the large-strain behavior and fracture morphology of CNT-PDMS 

systems will then be characterized to inform the design and manufacturing of ribbed thin-film 

systems for multifunctional applications.  
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1.3  Dissertation Outline 

This dissertation is organized as follows: Chapter 2 presents the computational approaches 

for the material characterization, finite-element modeling, and uncertainty quantification, that are 

shared by the remaining chapters; Chapter 3 discusses the results of experimental and modeling 

efforts to understand and predict the effect of large-scale rolling on the ribbing morphology of 

CNT-PDMS thin-films; Chapter 4 discusses the results of computational models that predict the 

thermomechanical behavior of thin-films to high strain-rate dynamic loading; and Chapter 5 

presents the morphology of thin PDMS and CNT-PDMS tensile specimens after fracture and 

investigates how best to characterize the large-strain mechanical behavior. Finally, 

recommendations for future research are given in Chapter 6.   
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CHAPTER 2: Constitutive Formulations and Numerical Methods 

 

Parts of this chapter are published in Advanced Engineering Materials [17], Macromolecular 

Materials and Engineering [82], and Composites Part A: Applied Science and Manufacturing [83] 

 

2.1  Introduction 

Two topics recur throughout this work: viscoelastic and hyper-viscoelastic material 

models and finite-element modeling. The important formulations and numerical methods for 

each of these topics are discussed in this chapter. 

 

2.2  Thermo-Viscoelasticity and Hyper-Viscoelasticity 

The theory of linear elasticity accounts for the mechanical behavior of common 

engineering materials in normal operations, which characterizes the stress-strain response in the 

small-strain regime by two material parameters—a Young’s modulus and Poisson ratio. Thermo-

viscoelasticity and hyper-viscoelasticity are other such material descriptions for polymers that 

account for thermal, large-strain, and high strain-rate physics, which are necessary for 

understanding the response of polymers in extreme environments. The stress-response of 

viscoelastic materials can be characterized in the frequency-domain (Chapter 2.2.1) or the time-

domain (Chapter 2.2.2), and can account for changes in the modulus with respect to temperature 

(Chapter 2.2.3) by employing the time-temperature superposition principle. The large-strain 

behavior of a viscoelastic material can be better represented by coupling both hyperelastic and 

viscoelastic material models into a single hyper-viscoelastic material model (Chapter 2.2.4). 
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2.2.1 Frequency-domain viscoelasticity 

The mechanical behavior of CNT-PDMS and other such CNT-polymer systems can be 

modeled as a viscoelastic material because the polymer chains exhibit time- or rate-dependent 

relaxation [4,17,84]. Prony series viscoelastic material models can take several forms and have 

been used to represent the relaxation behavior as a function of time or frequency [17,42,84–86]. It 

is often convenient to characterize the viscoelastic behavior of a material in the frequency-domain 

by using dynamic mechanical analysis (DMA). An 𝑛-term Prony series model for the shear storage, 

𝐺′(𝜔), and the loss moduli, 𝐺′′(𝜔), of a material are given as a function of angular frequency (𝜔), 

𝐺′(𝜔) = 𝐺0 ∑
𝑔𝑖𝜏𝑖

2𝜔2

1 + 𝜏𝑖
2𝜔2

𝑛

𝑖=1

+ 𝐺∞ , (2.1) 

and 

𝐺′′(𝜔) = 𝐺0 ∑
𝑔𝑖𝜏𝑖𝜔

1 + 𝜏𝑖
2𝜔2

𝑛

𝑖=1

, (2.2) 

where 𝐺0 is the instantaneous shear modulus, 𝑔𝑖 are the relaxation coefficients corresponding to 

the time constants 𝜏𝑖, and 𝐺∞ is the long-term shear modulus given by 

𝐺∞ = 𝐺0 (1 − ∑ 𝑔𝑖

𝑛

𝑖=1

) . (2.3) 

A viscoelastic liquid would require ∑ 𝑔𝑖
𝑛
𝑖=1 ≈ 1, such that the material reduces its ability to resist 

shear deformations over time (i.e., 𝐺∞ ≈ 0, according to Equation (2.3)). A viscoelastic solid 

material, however, would retain some ability to resist shear and thus the sum of relaxation 

coefficients must be less than unity. 
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2.2.2 Time-domain viscoelasticity 

Although materials are often characterized in the frequency domain using DMA, most 

modeling efforts are conducted in the time-domain. Thus, the time-dependent viscoelasticity 

model is also important to consider. When formulated in the time-domain, the Prony series 

representation of the shear modulus, 𝐺(𝑡), is 

𝐺(𝑡) = 𝐺0 ∑ 𝑔𝑖𝑒
−

𝑡
𝜏𝑖

𝑛

𝑖=1

+ 𝐺∞, (2.4) 

with the same constants and coefficients as found in the frequency domain [85]. The formulation 

considers a distribution of possible rate-dependent relaxation mechanisms in the time domain, 

similar to how Equations (2.1) and (2.2) take into account a distribution of frequency-dependent 

mechanisms. The time-dependent elongation modulus can be obtained from the shear modulus by 

assuming a constant Poisson ratio. 

 

2.2.3 Time-temperature superposition for thermo-rheologically simple materials 

When thermal effects are considered, the softening of a polymer can be accounted for by 

the time-temperature superposition principle. The Williams-Landel-Ferry (WLF) model accounts 

for the temperature effects by the log-scale horizontal shift factor, 𝑎𝑇, given by 

log 𝑎𝑇 =
𝐶1(𝑇 − 𝑇0)

𝐶2 + (𝑇 − 𝑇0)
, (2.5) 

where 𝐶1 and 𝐶2 are fitting coefficients and 𝑇0 is a reference temperature, typically given as room 

temperature or near the glass-transition temperature [85–88]. The shift factor modifies the 

frequency-dependent shear moduli at a given temperature with respect to the reference temperature 



12 

 

by the relation 𝐺′(𝜔, 𝑇) = 𝐺′(𝑎𝑇𝜔, 𝑇0) and 𝐺′′(𝜔, 𝑇) = 𝐺′′(𝑎𝑇𝜔, 𝑇0); the time-dependent 

modulus is modified by 𝐺(𝑡, 𝑇) = 𝐺(𝑡/𝑎𝑇 , 𝑇0) [85]. Similar relations apply to the material 

elongation modulus. 

 

2.2.4 Hyper-viscoelastic material behavior 

Many hyperelastic material models exist in the literature, each of which is tailored for 

different materials or strain regimes. A recent review [66] found that the Ogden, Yeoh, Carroll, and 

Shariff hyperelastic material models have a coefficient of determination (R2) greater than 0.98 

when calibrated with uniaxial tension experimental stress-strain curves of elastomers; other 

commonly used models had lower R2  values with 0.65 for Neo-Hookean and 0.59 for Mooney 

Rivlin. The Yeoh hyperelastic material model was used for the present work according to the 

recommendations of [66], where the uniaxial stress is given by  

𝜎𝑌𝑒𝑜ℎ = 2 (𝜆1 −
1

𝜆1
2) (𝐶10 + 2𝐶20(𝐼1 − 3) + 3𝐶30(𝐼1 − 3)2), (2.6) 

where 𝜆1 is the first principal stretch imposed during uniaxial tensile testing and 𝐼1 is the first 

stretch invariant given by 𝐼1 = 𝜆1
2 + 2/𝜆1[89,90]. The parameters 𝐶10, 𝐶20, and 𝐶30 are obtained 

by optimizing the material model using experimental data.  

The viscoelastic stress contributions are represented by Prony series, a generalized 

Maxwell model consisting of exponential decaying terms, whose 𝑛-term time-dependent 

relaxation modulus, 𝐸𝑅, is given by 

𝐸𝑅(𝑡) = 𝐸0 ∑ (1 − 𝑔𝑖 exp (−
𝑡

𝜏𝑖
))

𝑛

𝑖=1

, (2.7) 
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where 𝐸0 is the instantaneous elongation modulus and 𝑔𝑖 is the relaxation coefficient 

corresponding to the relaxation time constant 𝜏𝑖. Each 𝑔𝑖 is bounded between 0 (no relaxation) and 

1 (full relaxation) and the sum ∑ 𝑔𝑖
𝑛
𝑖=1  is also bounded between 0 and 1, as in Equation (2.4).  

The total uniaxial stress, 𝜎, for large-strain viscoelasticity is obtained by 

𝜎(𝑡) =  ∫ 𝐸𝑅(𝑡 − 𝜏)
𝑑𝜖(𝜏)

𝑑𝜏
𝑑𝜏

𝑡

−∞

 (2.8)  

where 𝜖 is the uniaxial strain. Evaluating the integral, substituting 𝑔𝑅(𝑡) = 𝐸𝑅(𝑡)/𝐸0 from 

Equation (2.8) as the non-dimensional viscoelastic relaxation, and defining 𝜎𝑌𝑒𝑜ℎ(𝜖(𝑡)) = 𝐸0𝜖(𝑡), 

provides the total stress as a function of time as 

𝜎(𝑡) = 𝜎𝑌𝑒𝑜ℎ(𝜖(𝑡)) − ∫ �̇�𝑅(𝑡 − 𝜏)𝜎𝑌𝑒𝑜ℎ(𝜖(𝜏))𝑑𝜏
𝑡

0
.  (2.9)

By rearranging Equation (2.9), the combined hyperelastic and viscoelastic stress components gives 

the uniaxial stress at time 𝑡 as 

𝜎(𝑡) = 𝜎𝑌𝑒𝑜ℎ(𝑡) − 𝜎𝑣𝑖𝑠𝑐(𝑡), (2.10) 

where 𝜎𝑣𝑖𝑠𝑐 is the viscoelastic stress dissipation [71–74]. At time 𝑡 + Δ𝑡, this gives 

𝜎(𝑡 + Δ𝑡) = 𝜎𝑌𝑒𝑜ℎ(𝑡 + Δ𝑡) − 𝜎𝑣𝑖𝑠𝑐(𝑡 + Δ𝑡) = 𝜎𝑌𝑒𝑜ℎ(𝑡 + Δ𝑡) − ∑ 𝜎𝑣𝑖𝑠𝑐
𝑖 (𝑡 + Δ𝑡)

𝑛

𝑖=1

 (2.11) 

where the contribution from the 𝑖-th Prony series term is obtained by approximating the integral 

in Equation (2.9) as 

𝜎𝑣𝑖𝑠𝑐
𝑖 (𝑡 + Δ𝑡) = exp (−

𝛥𝑡

𝜏𝑖
) 𝜎𝑣𝑖𝑠𝑐

𝑖 (𝑡) + 𝑔𝑖𝜎𝑌𝑒𝑜ℎ(𝑡) (1 − exp (−
𝛥𝑡

𝜏𝑖
))

+𝑔𝑖

ΔσYeoh

Δ𝑡
((Δ𝑡 − 𝜏𝑖) + 𝜏𝑖 exp (−

𝛥𝑡

𝜏𝑖
)) ,

  (2.12) 
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which was adapted [71].  

 

2.3 Finite-Element Element Types and Formulations 

The finite-element (FE) method is suitable for analyzing complex problems that otherwise 

have no analytical solution. FE analysis can be conducted in one-, two-, or three-dimensional 

space, depending on the complexity of the geometry, loading conditions, and behavior. Three-

dimensional (3-D) FE analysis was used in the present work to account for the 3-D nature of the 

manufacturing conditions, ribbed microstructure, and high strain-rate behavior, which required the 

use of three-dimensional brick elements.  

Chapter 3 considers only the mechanical solution and neglects temperature effects. Thus, 

standard 3-D brick elements were used (Chapter 2.3.1). Chapter 4, however, considers both 

mechanical and thermal effects so 3-D elements were used that couple the thermal and 

displacement equations (Chapter 2.3.2). 

The solution of dynamic systems using FE requires both that the spatial domain be 

discretized using elements (Chapters 2.3.1 and 2.3.2) and that the temporal domain be discretized 

into time-steps (Chapter 2.3.3 and 2.3.4). Finite-difference time-integration schemes evaluate the 

system of equations at each time-step and updates the mechanical field while considering time-

dependent changes in the boundary conditions, contact, and material properties. In Chapter 3, an 

implicit integration FE scheme as discussed in Chapter 2.3.3 is used to investigate the dynamic 

behavior of the large-scale rolling of thin-films; in Chapter 4, an explicit integration FE scheme as 

discussed in Chapter 2.3.4 is used to observe the wave propagation of thin-films subjected to high 

strain-rate loading. 
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2.3.1 Three-dimensional displacement brick elements 

 Physical domains can be discretized into continuum elements that consider the mechanical 

field solutions and account for contact and large deformations. Other effects, such as thermal, 

electromagnetic, and acoustic, can also be evaluated using continuum elements, however, only the 

mechanical effects are considered here. These three-dimensional continuum hexahedra (or 

“brick”) elements evaluate six degrees of freedom: three displacement directions and three 

rotations directions. The nodal displacement solutions are obtained using either first-order (linear) 

and second-order (parabolic) interpolation. Linear interpolation requires fewer nodes and therefore 

fewer equations to resolve the mechanical displacement field, however, parabolic interpolation 

provides higher accuracy. Linear brick elements were used for the study presented in Chapter 3 

with a sufficiently large number of elements to improve the accuracy of the solution. 

 

2.3.2 Three-dimensional thermal-displacement coupled brick elements 

Some problems involve both mechanical and thermal effects in which the solution of one 

is dependent on the solution of the other. In such cases, fully-coupled thermal-displacement brick 

elements are used, as done in Chapter 4. The thermal-displacement elements obtain the solution 

for both the six degrees of freedom governing the mechanical displacements in addition to the 

degrees of freedom governing the temperature. As in Chapter 2.3.1, the displacements can be 

solved using either linear or parabolic interpolation, though the temperature is often obtained using 

only linear interpolation to ensure the thermal strain is constant throughout each element.  

 

 

 



16 

 

2.3.3  Finite-element implicit time integration 

The Hilber-Hughes-Taylor (HHT) implicit time-integration scheme was used in Chapter 3, 

which is an unconditionally stable method for linear systems and obtains the updated mechanical 

field at each time-step. Since the solution is unconditionally stable, larger time-steps can be made 

than when using a conditionally stable approach, such as explicit integration. The HHT scheme is 

based on the Newmark approximation method, which seeks a solution to the system of equations 

𝑀�̈� + 𝐾𝑢 = 𝐹, (2.13) 

where 𝑀 is the mass matrix, 𝐾 is the stiffness matrix, 𝐹 is the external force vector, and 𝑢 and �̈� 

are the nodal displacement and acceleration vectors. The Newmark method updates the 

displacements (𝑢) in Equation (2.13) at each new time index (𝑛 + 1) by 

𝑢𝑛+1 = 𝑢𝑛 + Δt�̇�𝑛 +
Δt2

2
((1 − 2𝛽)�̈�𝑛 + 2𝛽�̈�𝑛+1) (2.14) 

and the velocities (�̇�) by  

�̇�𝑛+1 = �̇�𝑛 + Δ𝑡(1 − 𝛾)�̈�𝑛 + 𝛾�̈�𝑛+1, (2.15) 

where 𝑢𝑛 is the state at the previous time-step, Δ𝑡 is the time-step interval, and 𝛽 and 𝛾 are 

Newmark parameters selected to control the stability and accuracy of the approximation [91]. In 

the HHT scheme, an additional parameter, 𝛼, is introduced, which creates the family of algorithms 

whose solution is obtained by solving the corresponding eigenvalue problem of the form 𝑋𝑛+1 =

𝐴𝑋𝑛 where 𝑋 is the state of nodal displacements, velocities, and accelerations, and 𝐴 is the 

amplification matrix [92]. The HHT integration scheme is implemented in ABAQUS [85]. 
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2.3.4 Finite-element explicit time integration  

A nonlinear explicit dynamic computational scheme was used in Chapter 4, which is a 

conditionally stable time-integration method, where the displacement and temperature degrees of 

freedom are coupled. The fully-coupled thermal-stress analysis procedure is useful for such 

systems as thermo-viscoelastic materials where it is desirable to obtain the mechanical and thermal 

solutions simultaneously. A first-order explicit forward-difference time integration rule was used 

to obtain the updated thermal solution for each new time-step (𝜃𝑛+1), given by 

𝜃𝑛+1 = 𝜃𝑛 + Δ𝑡�̇�𝑛 (2.16) 

where Δ𝑡 is the time-step interval, 𝜃𝑛 are the nodal temperatures at the current time-step, and �̇�𝑛 

is the rate of change of the nodal temperatures. At each time-step, the matrix inverse of the lumped 

capacitance matrix (𝐶𝑛) was used to determine �̇�𝑛 by  

�̇�𝑛 = 𝐶𝑛
−1(𝑃𝑛 − 𝐹𝑛) (2.17) 

where 𝑃𝑛 and 𝐹𝑛 are the applied nodal source vector and internal flux vector, respectively [85]. The 

maximum time-increment for which Equation (2.16) is stable is given by Δ𝑡 =
𝐿𝑚𝑖𝑛

2

2𝛼
 where 𝐿𝑚𝑖𝑛 is 

the smallest element dimension of the finite-element mesh and 𝛼 is the thermal diffusivity of the 

material. Adiabatic heat generation resulting from viscoelastic energy dissipation is accounted for 

by the thermal energy balance, governed by the volume-average heat flux, 𝑟𝑖𝑛 = 𝜂𝜎: 𝜖̇𝑖𝑛, where 𝜂 

is an efficiency factor, 𝜎 is the nodal stress state, and 𝜖̇𝑖𝑛 is the nodal inelastic strains resulting 

from viscoelastic relaxation. 

Similarly, the mechanical solution is obtained using an explicit central-difference 

integration rule. The updated nodal displacements (𝑢𝑛+1) are obtained at each time-step by 
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𝑢𝑛+1 = 𝑢𝑛 + Δ𝑡𝑛+1�̇�
𝑛+

1
2

 (2.18) 

with the half-step nodal velocities (�̇�
𝑛+

1

2

) given by 

�̇�
𝑛+

1
2

= �̇�
𝑛−

1
2

+
Δ𝑡𝑛+1 + Δ𝑡𝑛

2
�̈�𝑛 (2.19) 

and the nodal accelerations (�̈�𝑛) determined by 

�̈�𝑛 = 𝑀𝑛
−1(𝑃𝑛 − 𝐼𝑛) (2.20) 

where 𝑀𝑛 is the lumped mass matrix, and 𝑃𝑛 and 𝐼𝑛 are the applied nodal load vector and internal 

force vector, respectively [85]. The stable time-increment governed by the mechanical solution  

is given by Δ𝑡 =
𝐿𝑚𝑖𝑛

𝑐𝑑
 where 𝑐𝑑 is the current dilatation wave speed,  defined by 𝑐𝑑 = √

𝜆+2𝜇

𝜌
 where 

𝜌 is the material density and the Lamè’s constants (𝜆 and 𝜇) are determined at the current time-

step based on the mean and incremental stresses and strains. Since the system of equations are 

coupled, the most restrictive stable time-step is used and the thermal and mechanical solutions are 

obtained simultaneously at each time-step. 
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CHAPTER 3: Finite-Element Modeling of 3-D Ribbing Instabilities Manufactured by 

Twin-Roll Coating Process 

 

Part of this chapter is published in Advanced Engineering Materials [17]. 

 

3.1  Introduction 

 Periodic ribbing structures, though historically viewed as material surface defects, present 

many opportunities for multifunctional applications if the microstructure is controlled. The 

manufacturing of thin-films with these structured surfaces by large-scale rolling has distinct 

advantages over other techniques, such as lithography, due to scalability. However, it is not well 

understood or quantified how the processing conditions or material properties affect the 

microstructure at different physical scales. Hence, the objective of this chapter is to develop a 

finite-element model of the symmetric forward-roll coating process to understand, predict, and 

control the morphology of carbon nanotube (CNT)-PDMS pastes. Dynamic mechanical analysis 

was used to obtain the viscoelastic properties of the CNT-PDMS paste for various CNT weight 

distributions. The CNT-PDMS thin-film system was modeled by a nonlinear implicit dynamic 

finite-element (FE) method that accounted for ribbing instabilities, large displacements, rolling 

contact, and material viscoelasticity. The effects of the thin-film rheological properties and the 

roller gap on the ribbing behavior were predicted by the computational models and a ribbing 

instability model was formulated to design the CNT-PDMS thin-films for multifunctional 

applications. Furthermore, a Morris sensitivity analysis was conducted to obtain insights on the 

dominant predicted characteristics pertaining to the ribbing microstructure.  
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3.2  Viscoelastic Characterization of Uncured PDMS and CNT-PDMS  

Multi-walled CNT inclusions were mixed with PDMS Sylgard 184 (Dow) to create the 

CNT-PDMS paste for material characterization and large-scale rolling. The CNT inclusions had a 

diameter between 6 and 9 nm and a length between 100 and 200 μm. CNT-PDMS paste with a 

CNT content of 0, 1, and 3.5 weight percent (wt%) was used. The CNT inclusions and PDMS 

matrix for each composition were mixed for ten minutes using a universal planetary mixer to 

disperse the inclusions throughout the matrix. The hardener from the Sylgard 184 elastomer kit 

was then added to the mixture in a 10:1 ratio. The CNT-PDMS mixture with the hardener was 

further mixed using a three-roll high-shear milling machine. The mixture was placed on one end 

of the rollers and then collected at the other end. The paste was rolled multiple times reducing the 

roller gaps after each pass. Further information about the paste formulation is detailed in [14]. 

Dynamic mechanical analysis (DMA) was conducted on each CNT-PDMS paste to 

determine how CNT inclusions affect rheological properties. The hardener from the elastomer kit 

was not added for this analysis to prevent the PDMS from curing during the test. A TA Instruments 

Discovery Hybrid-3 rheometer was used with an 8 mm cross-hatched parallel plate geometry, and 

the temperature was maintained at 25°C by using a TA Instruments Peltier plate. The specimen 

was loaded in the tray with a spatula. No pre-shearing was performed since the specimens would 

eject in shear deformations from the rheometer. An angular frequency sweep between 10-1 and 102 

radians per second was applied and the material shear storage (𝐺′) and loss (𝐺′′) moduli were 

recorded. The test was repeated for a total of three specimens for each CNT wt%. 

 The shear moduli were obtained with respect to the angular frequency for each CNT 

content tested (Figure 3.1). Neat PDMS exhibited polymer melt behavior since the loss modulus 

was several orders of magnitude larger than the storage modulus. CNT-PDMS, however, had a 
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storage modulus that was greater than the loss modulus, which substantiates that the material is a 

viscoelastic solid [51]. Viscosity measurements by [4] for PDMS with varying CNT content 

further substantiates that the solid, paste-like behavior can be obtained with as little as 1 wt% 

CNT. 

 

 

Figure 3.1.  Shear storage (𝐺′) and loss (𝐺") moduli recorded as a function of the angular 

frequency by dynamic mechanical analysis for CNT-PDMS paste with varying CNT weight 

percent (wt%) content. 

 

The moduli master curves (Figure 3.1) were then used to obtain the Prony series 

viscoelastic material model for the CNT-PDMS pastes by solving a constrained optimization 

problem. Four Prony time-constants, 𝜏𝑖, were selected to characterize the materials: 𝜏1 = 10-2 s, 𝜏1 

= 10-1 s, 𝜏1 = 100 s, and 𝜏1 = 101 s, which are related to the DMA testing parameters. The 

independent parameters were defined as the set 𝒒 = {𝐺0, 𝑔1, 𝑔2, 𝑔3, 𝑔4}, where 𝐺0 is the 
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instantaneous modulus and each 𝑔𝑖 is the Prony series relaxation coefficient corresponding to each 

𝜏𝑖. The set of parameters, q, was obtained by minimizing the sum-of-square error between the 

DMA data (𝐺′ and 𝐺′′) and Prony series approximation (�̂�′ and �̂�′′) given by  

𝑓(𝒒) = ∑ [(�̂�′(𝜔𝑗; 𝒒) − 𝐺′(𝜔𝑗))
2

+ (�̂�′′(𝜔𝑗; 𝒒) − 𝐺′′(𝜔𝑗))
2

] ,

𝑚

𝑗=1

 (3.1) 

where 𝑚 = 16 is the number of frequencies applied by DMA subject to parameter bounds ∑ 𝑔𝑖
4
𝑖=1 ≤

1, 0 ≤ 𝑔𝑖 ≤ 1, and 𝐺0,𝑚𝑖𝑛 ≤ 𝐺0, and 𝐺0,𝑚𝑖𝑛 is the lower bound of the storage modulus recorded 

by DMA. The parameter bounds ensure that the material relaxation is bounded between 0 

(indicating no relaxation) and 1 (indicating complete relaxation). The optimized instantaneous 

shear modulus, 𝐺0, is expected to be higher than the value obtained from DMA, 𝐺0,𝑚𝑖𝑛, because 

testing at higher frequencies has been observed to increase the modulus. 

A deterministic constrained optimization scheme and delayed rejection adaptive metropolis 

(DRAM) Bayesian fitting routine were used to solve Equation (3.1). Bayesian credible and 

prediction intervals of the material models were constructed on the interval between the angular 

frequency, 𝜔, of 10-2 and 103 radians per second, extending one logarithmic decade from the data 

obtained by DMA. The resulting Prony series viscoelastic material models for the CNT-PDMS 

systems are shown in Figure 3.2. 
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Figure 3.2. Prony series material model of shear storage and loss moduli for (a) 0 wt% CNT (neat 

PDMS), (b) 1 wt% CNT, and (c) 3.5 wt% CNT obtained by delayed rejection adaptive metropolis 

(DRAM) Bayesian routine and by constrained optimization (Con. Opt. Fit) according to Equation 

(3.1) compared to data obtained by dynamic mechanical analysis. 

 

Neat PDMS (Figure 3.2a) cannot be fit reasonably with a viscoelastic material model as 

demonstrated by the large uncertainty of the moduli, which incorrectly suggests that the material 

may have a negative modulus. The addition of CNT inclusions (Figure 3.2b-d), however, increases 

the moduli and the paste can then be characterized as a viscoelastic material using either approach 

with comparable results and reasonable uncertainty. The prediction intervals outside of the bounds 

of the frequency sweep indicate that the loss modulus approaches zero and the storage modulus 

converges to a maximum value for each material as the angular frequency increases. Increasing 
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the range of the frequency sweep conducted during DMA would improve the material models in 

the outer intervals but was not feasible given the physical limits of the rheometer.  

The parameter-estimate history (Figure 3.3) from the DRAM optimization procedure 

allows for us to further understand the difference in obtaining a physically-realistic material model 

for PDMS and CNT-PDMS. At each iteration, the Bayesian approach suggests a set of new 

parameters from a prior distribution, evaluates the model, and decides to accept the updated 

parameters based on if the model is improved and a probability function. The history of parameters, 

also called the parameter chains, indicates how much the Bayesian optimization procedure 

explores the parameter space—narrow parameter distributions suggest the parameter space is not 

being searched fully, whereas wide distributions suggest the space has been explored and provides 

greater surety that the design is optimal. 500,000 chain iterations were obtained for each material 

composition; the last 250,000 iterations were used to construct the parameter probability 

distributions to allow for chain burn-in. 
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Figure 3.3. Delayed rejection adaptive metropolis (DRAM) Results for (a) uncured PDMS and 

(b) CNT-PDMS with 3.5 wt% CNT.  
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The chain iterations for PDMS (Figure 3.3a) explore the full parameter space, given that 

they span 800 Pa for the instantaneous modulus, 𝐺0, and the entire constrained parameter range of 

0 ≤ 𝑔𝑖 ≤ 1 for each Prony series relaxation coefficient. The rugged profile of the chains for each 

relaxation coefficient in Figure 3.3a substantiate the inability to properly characterize uncured 

PDMS as a viscoelastic material because these parameters approach the constraint 𝑔𝑖 ≤ 1 and 

cannot form a normal posterior distribution centered at a mean value. There is a stark contrast 

between the chains in Figure 3.3a for PDMS and in Figure 3.3b for CNT-PDMS with 3.5 wt% 

CNT: the parameter space is explored fully for all five parameters in Figure 3.3b and the chains 

form normal distributions around a mean value. The parameter estimate for each parameter is the 

mean value from the last 250,000 chain iterations; the standard deviation is obtained from the 

normal distribution of the chains. 

The material model parameters obtained by DRAM and the constrained optimization are 

summarized in Table 3.1 for PDMS, Table 3.2 for CNT-PDMS with 1 wt% CNT, Table 3.3 for 

CNT-PDMS with 3.5 wt% CNT, and Table 3.4 for CNT-PDMS with 10 wt% CNT.  

 

Table 3.1. Prony series parameter values for PDMS viscoelastic material model governed by 

Equations (2.1) and (2.2) determined using constrained optimization (Con. Opt.) and delayed 

rejection adaptive metropolis (DRAM) schemes. 

Fitting 

Routine 

Instantaneous 

Modulus, 𝐺0 

(kPa) 

Relaxation 

Coefficient, 

𝑔1 

Relaxation 

Coefficient, 

𝑔2 

Relaxation 

Coefficient, 

𝑔3 

Relaxation 

Coefficient, 

𝑔4 

Con. Opt. 0.5279 1.0000 0.0000 0.0000 0.0000 

DRAM 0.4616 0.9983 0.0039 0.0033 0.0036 
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Table 3.2. Prony series parameter values for CNT-PDMS with 1 weight percent CNT viscoelastic 

material model governed by Equations (2.1) and (2.2) determined using constrained optimization 

(Con. Opt.) and delayed rejection adaptive metropolis (DRAM) schemes. 

Fitting 

Routine 

Instantaneous 

Modulus, 𝐺0 

(kPa) 

Relaxation 

Coefficient, 

𝑔1 

Relaxation 

Coefficient, 

𝑔2 

Relaxation 

Coefficient, 

𝑔3 

Relaxation 

Coefficient, 

𝑔4 

Con. Opt. 43.1232 0.3407 0.1175 0.1296 0.1633 

DRAM 43.0493 0.3388 0.1177 0.1282 0.1644 

 

 

Table 3.3. Prony series parameter values for CNT-PDMS with 3.5 weight percent CNT 

viscoelastic material model governed by Equations (2.1) and (2.2) determined using constrained 

optimization (Con. Opt.) and delayed rejection adaptive metropolis (DRAM) schemes. 

Fitting 

Routine 

Instantaneous 

Modulus, 𝐺0 

(kPa) 

Relaxation 

Coefficient, 

𝑔1 

Relaxation 

Coefficient, 

𝑔2 

Relaxation 

Coefficient, 

𝑔3 

Relaxation 

Coefficient, 

𝑔4 

Con. Opt. 430.130 0.2897 0.1611 0.1451 0.1895 

DRAM 429.629 0.2900 0.1615 0.1454 0.1902 
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Table 3.4. Prony series parameter values for CNT-PDMS with 10 weight percent CNT viscoelastic 

material model governed by Equations (2.1) and (2.2) determined using constrained optimization 

(Con. Opt.) and delayed rejection adaptive metropolis (DRAM) schemes. 

Fitting 

Routine 

Instantaneous 

Modulus, 𝐺0 

(kPa) 

Relaxation 

Coefficient, 

𝑔1 

Relaxation 

Coefficient, 

𝑔2 

Relaxation 

Coefficient, 

𝑔3 

Relaxation 

Coefficient, 

𝑔4 

Con. Opt. 5734.460 0.2731 0.1725 0.1378 0.1917 

DRAM 5730.857 0.2731 0.1723 0.1377 0.1915 

 

 

Since the constrained optimization approach is subject to the possibility of finding a local 

rather than global minimum, DRAM was used to ensure the parameter space was explored fully. 

The small discrepancy in the parameter estimates obtained by the Bayesian approach in Tables 3.1 

to 3.4 validates the deterministic results and ensures that the solution is a global minimum rather 

than a local minimum. Without CNTs, the instantaneous shear modulus, 𝐺0, of PDMS is on the 

order of 0.5 kPa (Table 3.1); adding CNTs increases the modulus by a factor of 10,000 (Table 3.4). 

Additionally, PDMS relaxes almost instantaneously (within 𝜏1 = 10-2 s), but the addition of CNTs 

inhibits the polymer chains from fully relaxing and introduces additional relaxation mechanisms 

that prolong the relaxation behavior of the material.  

The parametric rolling study in Chapter 3.3 uses CNT-PDMS with 3.5 wt% CNT. Table 3.3 

provides two comparable viscoelastic models for this material obtained by different optimization 

schemes. To determine which material model should be used, the standard deviations of the 

parameters from each optimization procedure are listed in Table 3.5. 
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Table 3.5. Standard deviation of Prony series parameters for 3.5 wt% CNT material model 

governed by Equations (2.1) and (2.2) found by constrained optimization (Con. Opt.) and delayed 

rejection adaptive metropolis (DRAM) schemes. 

Fitting 

Routine 
𝜎𝐺0

 (kPa) 𝜎𝑔1
 𝜎2 𝜎𝑔3

 𝜎𝑔4
 

Con. Opt. 4.100 0.0094 0.0086 0.0079 0.0121 

DRAM 4.433 0.0102 0.0093 0.0085 0.0130 

 

 

 The standard deviations of the material model parameters obtained by the constrained 

optimization routine are lower than those obtained by the DRAM scheme. Thus, the Prony series 

coefficients obtained by the constrained optimization routine (Table 3.3) and the corresponding 

time constants were used for the 3.5 wt% CNT material model. From Equation (2.3), the long-

term shear modulus of the material is 𝐺∞ = 92.306 kPa. The long-term modulus is sufficiently 

large to resist surface tension-driven flattening that was observed in [4,6,26], so the material is 

anticipated to retain the ribbed structure after being removed from the roller. 

The time-dependent normalized shear relaxation behavior is shown in Figure 3.4. The shear 

modulus at time 𝑡 = 0 seconds is the normalized instantaneous modulus (𝐺0/𝐺0); the modulus 

approaches the normalized long-term modulus (𝐺∞/𝐺0) as the time approaches infinity. Applying 

the constant Poisson ratio obtained by the rule of mixtures yields an instantaneous elongation 

modulus of 𝐸0 = 1.26 MPa and long-term elongation modulus of 𝐸∞ = 266 kPa. In [38], the 

compressive modulus for CNT-PDMS with 2 wt% CNT loading was 0.979 MPa and was 1.434 
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MPa with 5 wt%. Interpolating between these values for 3.5 wt% CNT gives a compressive 

modulus of 1.207 MPa, which gives us confidence that our material model is realistic. 

 

 

Figure 3.4. Time response of the shear modulus for CNT-PDMS paste with 3.5 wt% CNT 

governed by Equation (2.4) with Prony series time constants (𝜏1 = 10-2, 𝜏1 = 10-1, 𝜏1 = 100, 𝜏1 = 

101), relaxation coefficients (Table 3.3), instantaneous shear modulus (𝐺0) (Table 3.3), and long-

term shear modulus (𝐺∞) obtained by Equation (2.3). This material model is used to predict the 

behavior of ribbed CNT-PDMS during large-scale rolling. 

 

3.3  Characterization of Ribbed Thin-Film Morphology 

 A two-roll coating machine (Figure 3.5a) was used to fabricate CNT-PDMS specimens 

with a ribbed microstructure. Each roller had a radius of 𝑅 = 25.4 mm and could rotate 

independently of the other roller. A polyimide sleeve was wrapped around one roller so the film 

could be transferred after rolling. The CNT-PDMS paste formulated by the method described in 
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Chapter 3.2 was placed between the rollers. The paste adhered to the roller surface and polyimide 

substrate and spread into a thin film with a ribbed profile after several revolutions. The rollers were 

stopped, the polyimide sleeve was removed with the film still adhered (Figure 3.5b), and the paste 

was transferred to the oven where it was cured at 125°C for 25 minutes. The resulting surface 

morphology was evaluated using a high-resolution FEI Verios 460 L scanning electron microscope 

(SEM). 

 The CNT-PDMS paste with 3.5 wt% CNT content was used as a model material to 

investigate the effect of the roller gap on the ribbing microstructure. The rotational speed of both 

rollers (𝜔) was set to 20 RPM. Only the roller gap (ℎ) was varied in this analysis. The roller gap 

was changed between 250 𝜇m and 450 𝜇m in increments of 50 𝜇m resulting in five specimens. 

The ribbing microstructure of each specimen was evaluated by SEM imaging and visual inspection 

to determine the influence of the roller gap on the morphology, namely, the ribbing wavelength (𝜆) 

and amplitude (𝐴). 

 



32 

 

 

Figure 3.5. (a) The rolling of the CNT-PDMS paste with 3.5 wt% CNT content for rotational speed 

(𝜔) and roller gap (ℎ), (b) the cured CNT-PDMS ribbed material adhered to the polyimide sleeve. 

 

It is essential to understand how the CNT-PDMS microstructure evolves due to the symmetric 

forward-roll coating process. SEM imaging allows for the surface of the post-rolled and cured 
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CNT-PDMS film to be characterized. Studies by [39] showed that the distribution and orientation 

of CNTs do not change during the curing process so the microstructure is directly controlled by 

the rolling procedure. The average ribbing peak-to-peak wavelength was obtained for each of the 

five specimens. Figure 3.6 shows the microstructure of the CNT-PDMS specimens after being 

rolled and cured. 

 

 

Figure 3.6. Scanning electron microscopy images of CNT-PDMS ribbed microstructure produced 

by varying the roller gap (ℎ) for (a) specimen A, ℎ = 250 𝜇m, (b) specimen B, ℎ = 300 𝜇m, (c) 

specimen C, ℎ = 350 𝜇m, (d) specimen D, ℎ = 400 𝜇m, and (e) specimen E, ℎ = 450 𝜇m. 

 

Ribbing was observed in all specimens (Figure 3.6) without shear induced by a roller speed 

differential as was observed in [6], which suggests that there may be greater independence of the 

roller speed ratio than initially reported. Similar to experimental observations from [6], individual 

CNTs appear at the crests of the ribs in Figure 3.6 (most easily seen in Figure 3.6b) resulting from 

capillary bridging, which also indicates that the proposed manufacturing process does not destroy 
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the CNTs, thereby preserving the mechanical properties of the nanofiller and the final ribbed thin-

film material. Since distinct columns are visible in each specimen, the ribbing behavior can be 

assumed to be sinusoidal with a single peak-to-peak ribbing wavelength (𝜆) as done in 

[6,21,23,25,27,29,52,53]. SEM images provided the average ribbing peak-to-peak wavelengths. 

The visual inspection found the film thickness (𝐻) to be about 1.2 times larger than the gap distance 

(ℎ) for each specimen. The ribbing amplitude was not measured directly via SEM; it was 

approximated as half the difference between the film thickness and the prescribed roller gap. Table 

3.6 summarizes the microstructure measurements of the CNT-PDMS thin-film specimens. The 

ribbing wavelength increases with an increasing gap, which is consistent with [6,21,23,52,53] 

except for the smallest roller gap setting. This increasing trend was also observed for Newtonian 

and viscoelastic liquids with no fillers [21,23,52,53] and for CNT-PDMS paste with 10 wt% CNT 

[6]. The magnitudes of the predicted ribbing amplitudes are consistent with experimental 

observations for similar material systems and operating conditions [6]. 

 

Table 3.6. Experimental microstructural measurements of post-rolled CNT-PDMS specimens 

after curing, ribbing wavelength measurements approximated for use in finite-element models. 

Specimen Roller Gap 

(𝜇m) 

Film 

Thickness 

(𝜇m) 

Ribbing 

Amplitude (𝜇m) 

Ribbing Wavelength 

(𝜇m) 

A 250 300 25 283 ≈ 300 

B 300 360 30 92 ≈ 100 

C 350 420 35 152 ≈ 150 

D 400 480 40 325 ≈ 300 

E 450 540 45 623 ≈ 600 
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The ribbing wavelength and amplitude of the five specimens provide characteristic 

measures of the surface morphologies of the ribbed films. These characteristics lengths are 

important in predicting and designing the film for such multifunctional applications as drag 

reduction, superhydrophobicity, and anti-icing [4,6,7]. For example, in [7] the probability of 

forming ice on a nanoparticle-composite coated plate decreased with decreasing particle size. 

Finite-element predictions can be used to inform how to best design these structured thin-film 

systems using the microstructural observations from Table 3.6 and the viscoelastic material model 

from Chapter 3.2. 

 

3.4  Finite-Element Model Set-up of Large-Scale Rolling 

The Prony series viscoelastic material model and the microstructural measurements were 

used with a nonlinear implicit dynamic computational scheme to investigate the ribbing evolution 

of CNT-PDMS thin-film systems in ABAQUS [26]. Five FE models were configured to replicate 

the experimental conditions of the five experimental specimens. A non-ribbed mesh with zero 

ribbing amplitude was also constructed based on the geometric parameters of the first FE model 

to serve as a control. Figure 3.7 shows the setup for the first model.  
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Figure 3.7. (a) Three-dimensional finite-element model of the two-roll coating process producing 

ribbed CNT-PDMS material with film, rollers, roller gap (ℎ), rotational speed (𝜔), friction (𝜇), 

and wavelength (𝜆) identified, (b) cross-section of film in the gap showing five ribbing periods 

with ribbing amplitude (𝐴) and film thickness (𝐻). 

 

The CNT-PDMS paste with the 3.5 wt% CNT content was assumed to have homogeneous, 

isotropic material properties resulting from the mixing procedure before conducting the rolling 

process. The elongation moduli and Prony series determined by the procedure from Chapter 3.2 

with a Poisson ratio 𝜈 = 0.44 is representative of the time-dependent material relaxation according 
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to Equation (2.7). Thermomechanical properties, such as the Williams-Landel-Ferry (WLF) 

coefficients discussed in Chapter 2.2.3 were not included in the model since thermodynamic effects 

were neglected for this chapter [88].  

The rotational speed (𝜔) of both rollers was set as 20 RPM to match the speed used in the 

experiments. Tie constraints connected the bottom surface of the film to the bottom roller to 

prohibit slip and penetration of the film relative to the roller [31]. A friction coefficient of 𝜇 = 0.90 

was applied between the top roller and the film surface to account for the rough contact; Lagrange 

penalty functions were used to resolve the contact. The nonlinear equilibrium equations resulting 

from large deformations were solved at each time-step with the implicit trapezoidal rule using 

Newton’s method with adaptive time-stepping and five percent numerical damping to improve 

solution stability due to contact. 240,000 three-dimensional 8-node linear brick elements were used 

based on a convergence analysis to model the mechanical response of the thin-film; the rollers 

were treated as analytic rigid surfaces. Five ribbing periods were modeled for each mesh and 

symmetric boundary conditions were applied to the free faces of the film at 𝑧 = 0 and 𝑧 = 5𝜆 

(Figure 3.7b). The film geometry of each model was specified with the film thickness, ribbing 

wavelength, and ribbing amplitude as determined by SEM and visual inspection. The only 

difference between the five models was the film geometry.  

 

3.5  Large-Scale Rolling Finite-Element Results  

 The proposed viscoelastic material model and FE computational approach were used to 

investigate the ribbing behavior of CNT-PDMS thin-film systems with 3.5 wt% CNT content for 

varying roller gaps. The FE models were based on the experimental operating conditions and 

microstructural measurements, to investigate the effect of the roller gap and ribbing microstructure 
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on the stress-state of the film. A mesh convergence study found that six elements per wavelength 

and four through the thickness were sufficient to resolve the film stress during the rolling process. 

Since the rolling rate (20 RPM ≈ 2.1 rad⋅s-1) was between the bounds of the frequency sweep 

conducted by DMA the material model can represent the behavior of the film accurately. Based on 

[4], the complex viscosity of the material is approximately 100 kPa⋅s at the given rolling rate. The 

microstructural measurements from experiments and film stresses from FE models were related in 

a ribbing instability model to predict the film morphology that results from a given non-

dimensional roller gap during rolling. 

 

3.5.1 The effects of local stresses on ribbing 

Experimental microstructural measurements (Table 3.6) were used for the FE models. The 

local stress-state of the first mesh corresponding to Specimen A was used to investigate the 

behavior of the ribbed material (Figure 3.8). The Von Mises stress normalized by the instantaneous 

elongation modulus of the material suggests that the maximum stress is approximately one-third 

of the instantaneous modulus at the top surface of the outer-most peaks. Based on the frequency 

of rotation, the elongation modulus of the film is approximately 650 kPa according to the material 

model from Chapter 3.2. We expect the normalized stress to be larger for faster rolling speeds 

because the viscoelastic film would have less time to relax, thereby increasing the modulus. At the 

cross-section (Figure 3.8b), the ribbing profile has flattened completely between the rollers and 

the resulting stress exhibits a periodic fluctuation corresponding to the pre-ribbed geometry. The 

ribbing instabilities are formed in the meniscus of the film, which is consistent with experimental 

[23,24], analytical [22,27], and computational [26,28] investigations. Downstream of the gap, the 

restoring forces of the film prevent the ribs from leveling and instead retain their shape after being 
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formed as was observed experimentally [4,6]. This result confirms our hypothesis that the material 

would have sufficient strength to prevent the instabilities from leveling. Based on [26], the addition 

of the high aspect ratio elastic filler in the liquid matrix prevents the flow-field transition from 

occurring on a time-scale long enough that it at least allows for the 25-minute cure cycle to 

complete. 
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Figure 3.8. (a) Von Mises stress (𝜎𝑉𝑀) normalized by the instantaneous elongation modulus (𝐸0) 

of finite-element mesh corresponding to specimen A showing stress evolution of ribbed film 

passing through roller gap and the retention of the ribbing profile downstream of the gap, (b) cross-

section of the thin-film between rollers with roller surfaces removed to view the film surface. 

 

To provide a benchmark to better understand the effect of ribbing instabilities on the local 

stress-state, a non-ribbed mesh was also constructed with the same parameters as the mesh shown 

in Figure 3.9, except the ribbing amplitude was set to zero for a smooth surface. After excluding 
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the edge regions to omit boundary effects, as shown in the inset of Figure 3.9, the resulting 

normalized Von Mises stress was a uniform stress field of 0.008 in the roller gap. 

 

 

Figure 3.9. Von Mises stress (𝜎𝑉𝑀) normalized by the instantaneous elongation modulus (𝐸0) of 

non-ribbed finite-element mesh with similar conditions to specimen A. The stress distribution is 

uniform through the film width (z-direction) after excluding edge effects. Inset image shows 

normalized stress distribution in cross-section between the rollers. 

 

The stress state between the rollers for the non-ribbed mesh (Figure 3.9) is uniform, unlike 

for the ribbed thin-film (Figure 3.8) because of the structured surface. The only difference between 

Figures 3.8 and 3.9 is the ribbing morphology; thus, introducing a ribbed surface increases the 

normalized Von Mises stress by several orders of magnitude. 

To further understand the mechanical behavior of the thin-film system, we obtained the six 

three-dimensional stress components, which are normalized by the instantaneous elongation 

modulus (Figure 3.10). The x-coordinate corresponds to the rolling direction, the y-coordinate to 

the film thickness direction, and the z-component to the ribbing wavelength direction.  
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Figure 3.10. Normalized three-dimensional stress components of the ribbed film finite-element 

mesh corresponding to specimen A. 

  

The normal stress in the x-direction (Figure 3.10a, 𝜎𝑥𝑥/𝐸0) has the largest magnitude at the 

crests immediately after passing through the rollers. The stress is negative at this location, which 

indicates that the ribbing instabilities contract in the rolling direction. The periodicity of the 

contractions in the rolling direction is related to the capillary bridging wavelength [4,6]. This 
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behavior has been observed in [6] to provide the bristled “shark-skin” like texture of the surface 

that improved the superhydrophobicity of the film.  

 The largest stress component of the film is in the thickness direction (Figure 3.10b, 

𝜎𝑦𝑦/𝐸0), which is nearly half the value of the instantaneous elongation modulus. The stress in this 

direction corresponds to the top roller reducing the thickness of the film as it passes through the 

roller gap. The magnitude of the normal stress substantiates the large deformations that the ribbed 

film is subjected to during the rolling process. The dominant shear stress in the first model is in 

the yz-direction (Figure 3.10f, 𝜎𝑦𝑧/𝐸0), which relates to the flattening and reformation of the 

ribbed profile. The remaining two shear stresses are negligible in magnitude compared to the other 

stress components. 

 

3.5.2 The effects of the roller gap on the ribbing behavior  

 To understand the effects of the prescribed roller gap on the ribbing microstructure we 

introduced the non-dimensional roller gap (𝑅/ℎ), which is the ratio of the roller radius to the roller 

gap [4,25,26,52,53], and the non-dimensional ribbing aspect ratio (𝑎𝑟 = 𝐴/𝜆) as the ribbing 

amplitude divided by the ribbing wavelength [9,93]. From Table 3.6, Specimen E and its 

corresponding FE model have the smallest non-dimensional roller gap (𝑅/ℎ = 56.44) and ribbing 

aspect ratio (𝑎𝑟 = 0.075); Specimen B and its FE model have a non-dimensional gap of 𝑅/ℎ = 

84.67 and the largest ribbing aspect ratio (𝑎𝑟 = 0.300). The normalized Von Mises stress in the 

cross-section of the roller gap of the five FE models are given in Figure 3.11.  
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Figure 3.11. Von Mises stress (𝜎𝑉𝑀) normalized by the instantaneous elongation modulus (𝐸0) of 

finite-element models corresponding to (a) mesh A, (b) mesh B, (c) mesh C, (d) mesh D, and (e) 

mesh E within yz cross-section highlighted in (f). 

 

The meshes with a smaller ribbing aspect ratio (Figures 3.11a, 3.11d, and 3.11e) have a 

lower normalized stress than models with a larger aspect ratio (Figures 3.11b and 3.11c). This was 

substantiated by investigating the stress-state of a film with a non-dimensional gap equal to that of 

mesh A but with a ribbing aspect ratio equal to zero (Figure 3.9), which resulted in a maximum 

normalized Von Mises stress of 0.008 between the rollers. From Figure 3.11, ribbed materials with 
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a larger ribbing aspect ratio do not fully flood the gap between the rollers; rather, air exists between 

the top surface of the film and the top roller. The increased stiffness provided by the CNTs to the 

PDMS in combination with the larger ribbing amplitude with respect to the wavelength resists the 

lateral movement or shearing behavior required for the ribbing peaks to fill the troughs. 

 

3.6  Ribbing Instability Model Formulation  

3.6.1 Instability of ribbing microstructures 

To further understand how ribbing occurs, we related the microstructures to the rolling 

conditions, material properties, and local stress-state obtained from the computational modeling. 

The ribbing aspect ratio measured in experiments and the average normalized stress in the roller 

gap cross-section obtained from the computational models with respect to the prescribed non-

dimensional roller gap are shown in Figure 3.12.   
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Figure 3.12. (a) Ribbing aspect ratio, 𝑎𝑟, with respect to the prescribed non-dimensional roller 

gap, 𝑅/ℎ, obtained from experiments, (b) average normalized normal stress components, 𝜎𝑖𝑖/𝐸0, 

and Von Mises stress, 𝜎𝑉𝑀/𝐸0, predicted by finite-element models with respect to the non-

dimensional roller gap. 

 

 There is a critical non-dimensional roller gap ((𝑅/ℎ)𝑐𝑟𝑖𝑡 = 84.67, ℎ𝑐𝑟𝑖𝑡 = 300 𝜇m) observed 

in Figure 3.12 given by the dashed line for which the ribbing aspect ratio attains a maximum value. 

The ribbing behavior that occurs at this critical roller gap is given in Figure 3.12b. The ribbing 

aspect ratio that occurs at the critical non-dimensional roller gap to be the critical aspect ratio is 

denoted as 𝑎𝑟,𝑐𝑟𝑖𝑡, which is 0.300 for the CNT-PDMS system with 3.5 wt% CNT. We postulate 

then that (𝑅/ℎ)𝑐𝑟𝑖𝑡 and 𝑎𝑟,𝑐𝑟𝑖𝑡 are dependent on the PDMS matrix and on the weight percent of 

the CNT. This hypothesis is consistent with [4,6], which indicate that increasing CNT content in a 

PDMS matrix led to smaller ribbing wavelengths. The normalized stresses exhibit a similar trend 

with respect to the non-dimensional roller gap as the ribbing aspect ratio (Figure 3.12b). A 
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maximum for each of the normal stresses and the Von Mises stress was attained at (𝑅/ℎ)𝑐𝑟𝑖𝑡. This 

similarity provided insight to relate the local stress-state to the aspect ratio. 

 The ribbing aspect ratio has a significant effect on the resulting film stress. Since the 

ribbing aspect ratio provides a characteristic nondimensional measure of the surface morphology 

of the ribbed film, it can be used as a design tool connecting the manufacturing conditions and the 

resulting film stress to the film texture. The average normalized Von Mises stress was obtained 

with respect to the ribbing aspect ratio (Figure 3.13). Five of the data points in Figure 3.13 come 

from the five FE meshes informed by the five experimental specimens; the sixth data point at         

𝑎𝑟 = 0 represents the non-ribbed FE prediction from Figure 3.9. 

 

 

Figure 3.13. Average normalized Von Mises stress ( 𝜎𝑉𝑀/𝐸0) in gap cross-section from finite-

element models with respect to ribbing aspect ratio (𝑎𝑟) and maximum limiting value (𝜎𝑉𝑀/

𝐸0)𝑙𝑖𝑚. 
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The average normalized stress exhibits a quadratic behavior. Given this behavior a 

quadratic instability model was postulated as 

𝑆(𝑎𝑟) = 𝜃1𝑎𝑟
2 + 𝜃2𝑎𝑟 + 𝜃3, (3.2) 

where 𝑆 is the average normalized Von Mises stress as a function of ribbing aspect ratio (𝑎𝑟) and 

the set {𝜃𝑖} are undetermined coefficients of the model. 

 The maximum limiting stress of the ribbed material denoted as (𝜎𝑉𝑀/𝐸0)𝑙𝑖𝑚 is, therefore, 

attained at the critical aspect ratio (𝑎𝑟,𝑐𝑟𝑖𝑡) and the minimum value ((�̅�𝑉𝑀/𝐸0)𝑚𝑖𝑛) is attained when 

the aspect ratio is zero. This minimum value was determined by setting the ribbing amplitude of 

the first model to zero. Thus, 𝜃3 = (𝜎𝑉𝑀/𝐸0)𝑚𝑖𝑛 in our instability model. From our first 

assumption we have 𝑆(𝑎𝑟,𝑐𝑟𝑖𝑡) = (𝜎𝑉𝑀/𝐸0)𝑙𝑖𝑚 and 𝑆′(𝑎𝑟,𝑐𝑟𝑖𝑡) = 0. We then have enough 

conditions to determine the remaining instability model coefficients, which yields 

𝑆(𝑎𝑟) = Δ(�̅�𝑉𝑀/𝐸0)𝑟𝑖𝑏𝑏𝑖𝑛𝑔 [− (
𝑎𝑟

𝑎𝑟,𝑐𝑟𝑖𝑡
)

2

+ 2 (
𝑎𝑟

𝑎𝑟,𝑐𝑟𝑖𝑡
)] + (�̅�𝑉𝑀/𝐸0)𝑚𝑖𝑛, (3.3) 

where Δ(�̅�𝑉𝑀/𝐸0)𝑟𝑖𝑏𝑏𝑖𝑛𝑔   = (�̅�𝑉𝑀/𝐸0)𝑙𝑖𝑚 − (𝜎𝑉𝑀/𝐸0)𝑚𝑖𝑛. 

 We then assumed that the developed instability model is only valid for ribbing aspect ratios 

between zero and 𝑎𝑟,𝑐𝑟𝑖𝑡; the ribbed microstructure is unstable for aspect ratios above this critical 

value due to the CNT inclusions. Thus, Equation (3.3) applies only for 𝑎𝑟 ∈ [0, 𝑎𝑟,𝑐𝑟𝑖𝑡]. Recalling 

that the ribbing amplitude (𝐴) is a function only of the prescribed non-dimensional roller gap (ℎ), 

as observed in Chapter 3.3, and 𝑎𝑟 = 𝐴/𝜆, our ribbing instability model predicts a unique ribbing 

wavelength for a given ribbing instability 𝑆.  The ribbing instability model in Equation (3.3) can 

be used to design ribbed films for multifunctional applications by determining the required surface 
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morphology, such as a high aspect ratio for anti-icing behavior, and prescribing the roller gap based 

on the desired film thickness. 

 

3.6.2 Method of Morris sensitivity analysis of the ribbing instability 

 Since the ribbing instability model given in Equation (3.3) was obtained from limited 

predictions and data, it is important to establish confidence intervals for the model parameters and 

to conduct a sensitivity analysis on the response. Evaluating Equation (3.3) for our CNT-PDMS 

system yields parameter values of  𝜃1 = -3.323, 𝜃2 = 1.994, and 𝜃3 = 0.008 with corresponding 

standard deviations of 𝜎𝜃1
 = 1.313, 𝜎𝜃2

 = 0.488 and 𝜎𝜃3
 = 0.036. These standard deviations were 

obtained by least-squares. The ratio of each standard deviation to the parameter values indicates 

that there is large relative uncertainty in the first (𝜃1) and third (𝜃3) parameters. Thus, it is 

important to quantify the influence of each parameter on the total model response. 

A Morris sensitivity analysis was conducted to investigate the importance of each 𝜃𝑖 

parameter in the ribbing instability model given in Equation (3.3). The method computes the 

sensitivity measure (𝑦) from a response function taken to be  

𝑦(𝜃) = ∫ 𝑆(𝑎𝑟; 𝜽)𝑑𝑎𝑟 = 𝜃1

𝑎𝑟,𝑐𝑟𝑖𝑡
3

3
+ 

𝑎𝑟,𝑐𝑟𝑖𝑡

0

𝜃2

𝑎𝑟,𝑐𝑟𝑖𝑡
2

2
+ 𝜃3𝑎𝑟,𝑐𝑟𝑖𝑡. (3.4) 

Fifty trajectories were sampled from the parameter space with standard deviations 𝜎𝜃𝑖
 centered at 

each 𝜃𝑖: 𝜃1 ∈ [−6.2422, −0.9903], 𝜃2 ∈ [1.1005,3.054], 𝜃3 ∈ [−0.0683,0.0769]. Finite-

difference quotients were computed to obtain the sensitivity results [94]. 

 The Method of Morris provides three critical measures: the relative sensitivity of each 

parameter on the response (𝜇𝑖), the linearity of the parameter (𝜎𝑖), and the 95% confidence interval 
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of the sensitivity measure (𝜇𝑖
⋆). We find for Equation (3.3) that 𝜃2 = 2Δ(�̅�𝑉𝑀/𝐸0)𝑟𝑖𝑏𝑏𝑖𝑛𝑔/𝑎𝑟,𝑐𝑟𝑖𝑡 

is the most influential parameter and 𝜃3 = (�̅�𝑉𝑀/𝐸0)𝑚𝑖𝑛 is the least influential since 𝜇2 = 0.08791 

and 𝜇3 = 0.04356, respectively. The parameter 𝜃1 = - Δ(�̅�𝑉𝑀/𝐸0)𝑟𝑖𝑏𝑏𝑖𝑛𝑔/𝑎𝑟,𝑐𝑟𝑖𝑡
2  had a relative 

sensitivity of 𝜇1 = 0.4727 so the magnitude of its effect on the model is between parameters 𝜃2 

and 𝜃3. All three parameters are linear since 𝜎𝑖 ≈ 0, which is expected since the instability model 

chosen was linear in the parameters. Since 𝜃2 is the most influential parameter and has the lowest 

standard deviation, we can be confident that the ribbing instability model in Equation (3.3) can 

predict the ribbing microstructure from the manufacturing conditionals accurately. The 

significance of these findings is that to calibrate the model for new materials the limiting stress 

and critical aspect ratio are the most important parameters to experimentally determine that affect 

the rolling instabilities.  

  

3.7  Conclusions 

 A nonlinear implicit dynamic finite-element (FE) scheme was used with viscoelastic 

material model that was obtained by dynamic mechanical analysis and validated by two 

optimization schemes—a deterministic constrained optimization routine and a Bayesian 

metropolis algorithm—to model the symmetric forward-roll coating of high viscosity CNT-PDMS 

paste.  The rolling conditions and film geometry were incorporated within the three-dimensional 

FE model to understand the local stress-state as a function of the ribbing microstructure. The 

computational FE models provided a detailed understanding of the thin-film ribbing microstructure 

that arises from viscoelasticity and manufacturing conditions, such as the roller gap. 

Different CNT contents within the PDMS matrix were investigated to understand how the 

high-elasticity CNT filler strengthens the liquid matrix, which is related to the ribbing behavior 
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and the rolling resistance due to surface tension-driven flattening before the paste can be cured. 

Dynamic mechanical analysis measurements indicate that CNT content of at least 1 weight percent 

(wt%) is required to stabilize the shear storage and loss moduli in the low-frequency regime, 

thereby ensuring that the material behaved as a solid viscoelastic paste. The rheological properties 

of the CNT-PDMS paste with 3.5 wt% CNT was characterized as a four-term Prony series; credible 

and prediction intervals provide high confidence in the material relaxation behavior in the 

frequency range related to the rolling rate used in the experiments and computational models.  

The computational models were based on ribbed films, whose microstructural 

characteristics were informed by measurements obtained from scanning electron microscopy, to 

understand the effect of the contact from the rollers on the local stress-state of the film and on the 

evolution of the ribbing profile. The film thickness was obtained from experiments to be 

approximately 1.2 times the roller gap distance. A critical roller gap of 300 𝜇m was predicted at 

which the resulting ribbing wavelength attained a minimum value of 100 𝜇m for the 3.5 wt% CNT 

paste. A non-dimensional ribbing aspect ratio parameter, which is the ribbing amplitude divided 

by the wavelength, provided insights into the parabolic relation between the roller gap and the 

ribbing microstructure. FE predictions also indicated a similar relation between the local stress-

state and the roller gap, which indicates that the aspect ratio and stress-state are parabolically 

related. A ribbing instability model was formulated that can predict the resulting ribbing aspect 

ratio from the computed stress-state. The method of Morris was employed to investigate the 

sensitivity of each parameter in the ribbing instability model on the model response. The sensitivity 

analysis found that the maximum ribbing stress divided by the ribbing aspect ratio is the most 

influential parameter and is the parameter with the lowest relative standard deviation. Thus, the 

sensitivity analysis validates the predictive capabilities of the ribbing instability model. 
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The present analysis underscores how the viscoelastic behavior of the thin-film and the 

separation distance between the rollers affects and controls the ribbing microstructural behavior. 

The predictive capabilities of the ribbing instability model can be further improved by 

investigating the physical origin of the critical ribbing aspect ratio by altering the weight content 

of the filler material and by operating the rollers at higher speeds. 
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CHAPTER 4: Thermomechanical Response of Ribbed Thin-Film Systems to High Strain-

Rate Dynamics  

 

Part of this chapter is published in Macromolecular Materials  and Engineering [82] 

 

4.1  Introduction 

While in use, thin-films are subjected to a wide range of extreme loadings, including in-

plane dynamic loading, out-of-plane dynamic loading, and high temperatures. It is necessary to 

design thin-films in such a way as to mitigate undesirable responses to these extreme loadings by 

controlling the material properties and thin-film morphology. A computational framework is 

needed to predict the relation between the viscoelastic material properties and ribbing morphology 

on the thermomechanical response for structured thin-films subjected to dynamic loading. The 

major goal of this investigation, therefore, is to evaluate the response of structured CNT-PDMS 

thin-film materials subjected to in-plane dynamic compressive loading conditions, and to 

understand and predict the thermomechanical behavior of these films to high-strain rate extreme 

conditions. Furthermore, design recommendations are developed to optimize thermomechanical 

behavior by tailoring the ribbing morphology of thin-films.  

 

4.2  Thermo-Viscoelastic Characterization of Cured PDMS and CNT-PDMS 

 The material model [84] for cured PDMS was given according to Equation (2.4) with the 

sum of relaxation coefficients, 𝑔𝑖, equal to unity based on the Universal Polymer Model (UPM) 

[87]. The relaxation coefficients were rescaled to be less than unity for use in the 3-D FE material 

model because the long-term shear modulus is obtained by Equation (2.3). These time constants 

and associated relaxation coefficients for the 20-term Prony series are given in Table 4.1.  
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Table 4.1. The 20-term Prony series characterization for cured, neat PDMS with time constants, 

𝜏𝑖, and relaxation coefficients, 𝑔𝑖, based on [84] for the Universal Polymer Model (UPM) and 

recharacterized for use in 3-D finite element models (FEM). 

Prony Number Time Constant Relaxation Coefficient, 𝑔𝑖 

𝑖 𝜏𝑖 (s) UPM 3-D FEM 

1 1.00 E-6 0.5061 0.3889 

2 3.16 E-6 0.0000 0.0000 

3 1.00 E-5 0.1276 0.0981 

4 3.16 E-5 0.0755 0.0581 

5 1.00 E-4 0.0661 0.0508 

6 3.16 E-4 0.0568 0.0437 

7 1.00 E-3 0.0420 0.0323 

8 3.16 E-3 0.0356 0.0274 

9 1.00 E-2 0.0258 0.0198 

10 3.16 E-2 0.0190 0.0146 

11 1.00 E-1 0.0126 0.0097 

12 3.16 E-1 0.0110 0.0084 

13 1.00 E+0 0.0040 0.0031 

14 3.16 E+0 0.0062 0.0047 

15 1.00 E+1 0.0023 0.0017 

16 3.16 E+1 0.0029 0.0022 

17 1.00 E+2 0.0020 0.0016 

18 3.16 E+2 0.0017 0.0013 

19 1.00 E+3 0.0009 0.0007 

20 3.16 E+3 0.0018 0.0014 
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The instantaneous shear modulus, 𝐺0, of neat PDMS was 3.62 MPa. The relaxation 

coefficients were scaled such that the long-term shear modulus, 𝐺∞, was 0.84 MPa [84]. The cured 

PDMS relaxes to 23% of its initial stiffness within 1000 seconds, after which it has a constant 

shear modulus. Assuming that the PDMS is nearly incompressible (𝜈 ≈ 0.5), the associated 

elongation modulus was approximately 10 MPa; other literature values for the elongation modulus 

of PDMS are closer to 1 MPa [39,77]. The material in both cases is representative of a soft polymer, 

compared to other such polymers as PP (1.38 GPa) [95]. 

 

 

Figure 4.1. The viscoelastic material behavior of the normalized time-dependent shear modulus 

for cured, neat PDMS and CNT-PDMS based on [84] according to the Universal Polymer Model 

[87] and recharacterized for use in the 3-D finite element models (FEM). The instantaneous shear 

modulus, 𝐺0, and long-term shear modulus, 𝐺∞, were obtained from [84] for neat PDMS and were 

obtained by rule of mixtures for CNT-PDMS with 3.5 weight percent CNT. The relaxation 

behavior is described by the 20-term Prony series listed in Table 4.1. 
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The relaxation behavior of the neat PDMS is markedly different from the behavior of 

uncured PDMS (Chapter 3.2); uncured PDMS behaves closer to a liquid with no ability to resist 

shear deformations as its shear modulus is six orders of magnitude lower than cured PDMS and 

relaxes by nearly 100% after a second of relaxation time [17,96]. Thus, cured PDMS will withstand 

harsh environments and retain the structured shape. The same relaxation behavior can reasonably 

be used for CNT-PDMS. 

 The rule of mixtures was used to obtain the modulus of CNT-PDMS where the elongation 

modulus of CNT was 1 TPa. The resulting instantaneous shear modulus for CNT-PDMS with 3.5 

weight percent (wt%) CNT was 12 GPa; the long-term modulus was 2.7 GPa according to the 

relaxation behavior described in Table 4.1 and Figure 4.1. The rule of mixtures (ROM) can  

overpredict the modulus for CNT-filled composites because it assumes that the reinforcing material 

is perfectly dispersed and binds completely to the matrix material [39,95,97–99]. By interpolating 

experimental measurements of CNT-PDMS with a CNT weight content between 2 wt% and 4 wt%, 

the approximate elongation modulus of PDMS with 3.5 wt% CNT is 5.7 MPa [45]. The error 

between the measured and predicted modulus from ROM is of the same order of magnitude as the 

error observed elsewhere [39]. This overprediction is acceptable because it provides a basis for 

strengthening the material by the inclusion of CNTs in the PDMS matrix. 

 The thermo-rheological material properties of both neat PDMS and CNT-PDMS based on 

Equation (2.5) were 𝐶1 = 20, 𝐶2 = 418.86 K, and 𝑇0 = 298 K (Figure 4.2) [84]. The reported WLF 

coefficients are validated by [77] (𝐶1 = 23.9, 𝐶2 = 452.8 K, and 𝑇0 = 298.1 K), which also reports 

a glass transition temperature of 298.1 K. Since the reference temperature of the WLF time-

temperature superposition model is the glass transition temperature of the composite, and since the 

temperature of the RVEs is predicted to increase in response to dynamic loading, the glassy-to-
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rubbery transition in the polymer does not need to be accounted for and the simplified thermo-

rheological material model can be used as presented [87,100]. The same thermal conductivity was 

used for PDMS and CNT-PDMS, despite reports of the conductivity increasing slightly with 

increasing CNT loading [45,48].  

 

 

Figure 4.2. The Williams-Landel-Ferry time-temperature superposition behavior of PDMS and 

CNT-PDMS according to Equation (2.5) and based on coefficients from [84].  

 

4.3  Ribbing Microstructure of Representative Volume Element Finite-Element Models 

A parametric large-scale rolling study was conducted in Chapter 3.3 using PDMS with 3.5 

wt% CNT to determine the effect that the roller gap has on the resulting ribbing microstructure. 

By adding CNT inclusions to the PDMS matrix, the viscosity of the material increased such that 

it retained the ribbing structure after rolling and allowed for the thermoset material to be cured. 

The addition of CNTs also decreased the achievable wavelength compared to neat PDMS. SEM 
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measurements (Figure 3.6) provide detailed microstructural characteristics after the PDMS was 

cured.  

A non-dimensional ribbing microstructural parameter, the ribbing aspect ratio (𝛼𝑟), was 

introduced in Chapter 3.5.2 to characterize the asperity of the ribbing structure, defined as the 

ribbing amplitude divided by the ribbing wavelength (𝛼𝑟 = 𝐴/𝜆). The feature aspect ratio is also 

used to characterize other such systems as wrinkled thin-films and structured topographical 

surfaces [8,101]. Based on Chapter 3.6, 𝛼𝑟 can be used to understand and predict the film stress 

that accumulates during the rolling process. Similarly, a second non-dimensional microstructural 

parameter can be introduced that describes the ratio of the film thickness to the ribbing wavelength, 

called the ribbing length ratio (𝛼𝑙 = 𝐻/𝜆). 

The morphology of ribbed thin-films was obtained by SEM images from Chapter 3.3 for 

PDMS with 3.5 wt% CNT resulting from a parametric large-scale rolling study. The ribbing 

amplitude was between 0.025 mm and 0.045 mm; the ribbing wavelength was found to be between 

0.09 mm and 0.62 mm; and, the thickness was between 0.30 mm to 0.54 mm. According to Chapter 

3.6, the ribbing aspect ratio varies between zero (non-ribbed film) and 0.30 (maximally ribbed 

film). These high aspect ratio topographies are difficult to achieve [4,6,8]. Some lithography 

techniques can obtain a minimum wavelength of only 0.150 mm [12]; and other techniques such 

as the multi-step imprinting compression method in [101] was able to obtain a minimum 

wavelength on the order of 0.100 mm with alumina powder in a PVA matrix, but the maximum 

aspect ratio (defined as 𝛼𝑟 = 𝐴/𝜆) was 0.20. It is possible that the small particle size of the CNT, 

compared to other such fillers as alumina powder, combined with its high strength enables the 

creation of high aspect ratio structured surfaces. 
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A Latin Hypercube Sampling method was used to populate the microstructure of the 16 

RVE models. To ensure that the randomly sampled microstructures stay within the range of 

acceptable ribbing aspect ratios, the microstructural bounds were adjusted slightly from the 

observed measurements, given in Table 4.2, which still capture the overall morphology of ribbing 

CNT-PDMS thin-films. 

  

Table 4.2. The bounds of the three ribbing microstructural parameters, the ribbing amplitude (𝐴), 

ribbing wavelength (𝜆), and film thickness (𝐻) were obtained from scanning electron microscopy 

measurements for non-ribbed films (ribbing aspect ratio 𝛼𝑟 = 0) and ribbed films with a maximum 

ribbing aspect ratio of 0.30. Thin-films with microstructures within these bounds represent the 

range of possible non-ribbed and ribbed thin-film CNT-PDMS systems. 

Microstructure Parameter Lower Bound Upper Bound 

Ribbing Amplitude (mm) 0.0000 0.0500 

Ribbing Wavelength (mm) 0.1667 0.7000 

Film Thickness (mm) 0.2000 0.6000 

 

The combination of microstructural parameters for each of the 16 RVE thin-film models 

are displayed as a hypercube in Figure 4.3. Eight samples were obtained from the extreme values 

of Table 4.2; the remaining eight RVEs were sampled according to the Latin Hypercube scheme. 
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Figure 4.3. The microstructural parameters of the 16 representative volume element thin-film 

models were populated by Latin Hypercube Sampling including the eight corners within the 

bounds enforced by Table 4.2. Each circle shows the ribbing amplitude, ribbing wavelength, and 

film thickness of each representative volume element model in the parameter space. 

 

4.4  Dynamic Thin-Film Representative Volume Element Models  

The Prony series viscoelastic material model and the ribbing microstructural measurements 

were used with a nonlinear explicit dynamic computational scheme to investigate the dynamic 

behavior of CNT-PDMS thin-film systems subjected to in-plane compressive loading. A fully 

coupled thermal-stress explicit analysis was conducted to evaluate the dynamic response and 

account for the thermo-rheological behavior of the material and the inelastic heat generation that 

will result from viscoelastic energy dissipation. The mechanical solution is obtained using an 

explicit central-difference integration scheme with a lumped mass matrix; the heat dissipation 

equations are solved using a first-order explicit forward-difference time integration rule with a 

lumped capacitance matrix. The stable time increment for the mechanical response is Δ𝑡 ≈
𝐿𝑚𝑖𝑛

𝑐𝑑
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where 𝐿𝑚𝑖𝑛 is the smallest element dimension and 𝑐𝑑 is the current dilatation wave speed defined 

by 𝑐𝑑 = √
𝜆+2𝜇

𝜌
 where the Lame’s constants are determined at the current time-step based on the 

mean and incremental stresses and strains. Similarly, the stable time increment for the thermal 

response is Δ𝑡 ≈
𝐿𝑚𝑖𝑛

2

2𝛼
 where 𝛼 =

𝑘

𝜌𝑐
 and 𝜌 is the density, 𝑘 is the thermal conductivity, and 𝑐 is the 

specific heat [85].  

The CNT-PDMS material was assumed to have homogeneous, isotropic material properties 

resulting from the mixing procedure. The material was assumed to exhibit similar mechanical 

relaxation behavior as neat PDMS. The Prony series relaxation behavior was obtained from [84] 

for neat PDMS; the instantaneous modulus was obtained by rule of mixtures and a constant Poisson 

ratio, 𝜈, of 0.48 was used. The WLF coefficients, 𝐶1, 𝐶2, and 𝑇0, were also obtained from [84] to 

describe the time-temperature superposition according to Equation (2.5), with a density of 𝜌 = 

989.5 kg⋅m3, thermal conductivity of 0.15 W⋅(m⋅K)-1, and specific heat of 1460 J⋅(kg⋅K)-1.  

 Three microstructural parameters were used to gain further fundamental understanding of 

how the microstructure evolved due to the three-dimensional dynamic loading conditions. These 

were the ribbing amplitude, ribbing wavelength, and film thickness. To understand the relation 

between the microstructure and the thermomechanical response to dynamic loading, a population 

of 16 RVE thin-film models with varying ribbing microstructures informed by experimental 

observations was introduced. The dynamic response of each RVE subjected to in-plane 

compressive loading for both neat PDMS and CNT-PDMS material properties were investigated 

to also understand how the addition of CNT inclusions in the PDMS matrix influences the 

thermomechanical behavior. 
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2,400 three-dimensional 8-node linear brick elements with full integration were used based 

on a convergence analysis to model the thermomechanical response of the thin-film. Five 

sinusoidal ribbing periods as a function of the film width were modeled for each RVE with the 

same mesh structure: four elements per wavelength and six elements tall. Each RVE was subjected 

to an in-plane dynamic compressive load in the direction of the ribbing structure (parallel load) 

and in the other in-plane direction (transverse load). Symmetry boundary conditions were applied 

to the remaining in-plane faces. The bottom surface was simply supported and the top surface was 

free. An initial temperature of 298 K was prescribed on all nodes. The mesh and prescribed 

boundary conditions of one RVE is shown in Figure 4.4. 

 

 

Figure 4.4. A representative volume element thin-film model subjected to a dynamic compressive 

load (a) parallel to the ribbing direction and (b) transverse to the ribbing direction. Each thin-film 

model has a prescribed ribbing amplitude (𝐴), ribbing wavelength (𝜆), and film thickness (𝐻) 

specified from the 16 microstructural combinations resulting from the Latin Hypercube Sampling 

routine. The bottom surface was simply supported, a dynamic compressive load was applied to 

one in-plane face, and symmetry boundary conditions were applied to the remaining in-plane faces.  
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Based on the material properties and mesh characteristics, the approximate stable time 

step for the mechanical and thermal solutions were obtained. For example, the stable time 

increment for neat PDMS is 10-7 seconds for the purely mechanical load and 10-3 seconds for the 

purely thermal load. Three strain rates were modeled for each of the loading directions: 102 s-1, 

103 s-1, and 104 s-1. The stable time-step was 10-7 s for 102 s-1, 10-8 s for 103 s-1, and 10-9 for 104 s-

1. The ramp times were 5⋅10-4, 5⋅10-5, and 5⋅10-6 s. The total time that the dynamic behavior of 

each RVE was ten times the ramp time. 

 

4.5  Finite-Element Modeling Results  

 The proposed ribbing microstructure and FE computational approach were used to 

investigate the dynamic response of ribbed homogeneous PDMS and heterogeneous CNT-PDMS 

thin-films to compressive loads at various strain rates. The material model of the cured and neat 

PDMS and CNT-PDMS was obtained from [84] and adapted for use in the 3-D FE models. The 

population of 16 RVEs was used to predict the thermomechanical behavioral differences 

resulting from the microstructure, material properties, and nominal strain rates. Hypersurfaces of 

the thermomechanical response were developed to visualize the effect that the ribbing 

microstructure had for each nominal strain rate. A validated regression model of the 

characteristic response was also obtained from the hypersurfaces to predict and optimize the 

microstructure for design purposes when subjected to extreme high strain-rate conditions. 
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4.5.1 The dynamic thermomechanical behavior of ribbed thin-film systems 

  To isolate the effect that strain rates and material composition have on the 

thermomechanical response of the thin-film, the second RVE thin-film model (𝐻 = 0.479 mm, 𝐴 

= 0.046 mm, 𝜆 = 0.444 mm) subjected to a compressive strain in the parallel direction at three 

nominal strain rates was evaluated. The displacement in the loading direction of the second RVE 

for both neat PDMS and CNT-PDMS material properties was obtained in Figure 4.5. 

 

 

Figure 4.5. The average z-displacement of the line path within the thin-film model with ribbing 

amplitude of 0.046 mm, ribbing wavelength of 0.444 mm, and film thickness of 0.479 mm 

subjected to parallel loading (in the z-direction) with a nominal applied strain rate of (a) 102 s-1, 

(b) 103 s-1, and (c) 104 s-1. 

 

 The film subjected to the slowest nominal strain rate (102 s-1) linearly approaches a constant 

displacement with negligible vibrations through the film. In the second case, the RVE is loaded at 

a nominal strain rate of 103 s-1: the neat PDMS thin-film overshoots the steady-state displacement 

from Figure 4.5a before reflecting and attenuating from the viscoelastic dissipation; the CNT-

PDMS thin-film exhibits the same behavior as in Figure 4.5a. Lastly, the PDMS film subjected to 
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a nominal strain of 104 s-1 overshot the steady-state displacement by nearly two times before 

reflection. The observed time in Figure 4.5c was not long enough for the wave to reflect and show 

the viscoelastic relaxation, which would occur at the same rate as that in Figure 4.5b. The 

oscillatory behavior of the neat PDMS film subjected to a dynamic mechanical load resembles that 

of [102], which showed a similar dynamic displacement response in thermo-viscoelastic materials 

when subjected to thermal shock, another extreme environment.  

Based on the displacements in Figure 4.5 resulting from a parallel in-plane dynamic load, 

increasing the modulus of the ribbed thin-film stabilizes the film. This is apparent when 

considering the elastic wave speed (𝑐 = √𝐸/𝜌) of the two materials, which provides an 

approximate measure of the stress transmission speed through the viscoelastic medium. Using the 

instantaneous elongation modulus, the elastic wave speed of neat PDMS and CNT-PDMS is 

approximately 𝑐𝑃𝐷𝑀𝑆 = 100 m⋅s-1 and 𝑐𝐶𝑁𝑇−𝑃𝐷𝑀𝑆 = 6000 m⋅s-1. Increasing the modulus, as in the 

case for CNT-PDMS, allows for stress waves to propagate through the thin-film at each time-step 

rather than accumulating. The wave speed in neat PDMS, however, is an order of magnitude lower 

than that of CNT-PDMS, so the thin-film subjected to the higher strain rates have a more complex 

dynamic response from the intersecting stress waves. Based on the difference between the moduli 

obtained from ROM and experimentally from Chapter 4.2, the modulus of CNT-PDMS is about 

three orders of magnitude larger than the experimental values. Adjusting for this would lower the 

wave speed to approximately 𝑐𝐶𝑁𝑇−𝑃𝐷𝑀𝑆 = 200 m⋅s-1, so minimal dynamic effects would still be 

seen for the highest nominal strain rate.  

 Each of the six stress components were also obtained from line paths through the center of 

the mesh in the second RVE thin-film model for neat PDMS to better understand the dynamic 

nature of the reflecting viscoelastic wave propagation (Figure 4.6). The time in Figure 4.6 was 
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normalized by the total model time for easier visual comparison between the three nominal strain 

rates. 

 

 

Figure 4.6. The average normal stress in the (a) x-direction, (b) y-direction, and (c) z-direction, 

and the average shear stress in the (d) xy-direction, (e) yz-direction, and (f) xz-direction, all 

normalized by the instantaneous elongation modulus of the cured, neat PDMS, 𝐸0, were obtained 

through the center path of the representative volume element model with a ribbing amplitude of 

0.046 mm, ribbing wavelength of 0.444 mm, and film thickness of 0.479 mm subjected to three 

strain rates in the parallel ribbing direction (the z-direction). 

 

 As with the displacements, increasing the strain rate increases the stress response and 

results in viscoelastic waves. Since the compressive loading is in the direction parallel to the 

ribbing profile (the z-direction), the stresses in Figure 4.6c are slightly larger than in Figures 4.6a 
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and 4.6b. The three normal stresses (Figures 4.6a–4.6c) are significantly larger than the shear 

stresses (Figures 4.6d–4.6f). Thus, the response is governed entirely by the normal stresses. The 

large magnitude of the normal stresses when subjected to only 5% nominal strain at a 104 s-1 

nominal strain rate is an extreme condition. Since the strain remains below 5%, it is unlikely that 

additional instability modes arise, as with linearly periodic wrinkled thin-film systems [8,11,34].  

 To have a better characteristic measure of the thin-film response, the Von Mises stress 

normalized by the elongation modulus of the materials were obtained (Figure 4.7). The time was 

normalized by the total time.  

 

 

Figure 4.7. The average Von Mises stress normalized by the instantaneous elongation modulus of 

the material, 𝐸0, obtained from the line path within the thin-film model with ribbing amplitude of 

0.046 mm, ribbing wavelength of 0.444 mm, and film thickness of 0.479 mm subjected to parallel 

loading. The solid and dashed lines show the behavior of neat PDMS and CNT-PDMS, 

respectively. The time was normalized by the total time of each model for easier visual comparison. 
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 The behavior of the neat PDMS thin-film model subjected to the three nominal strain rates 

is given by the solid lines in Figure 4.7. At a nominal strain of 102 s-1, stress relaxation occurs 

immediately upon deformation and continues for the whole duration. After the RVE is loaded to 

the target nominal strain, the material relaxes smoothly in proportion to the long-term viscoelastic 

behavior. The RVE in the 103 s-1 case experiences a slight overshoot in the average stress through 

the line path. Much like the displacements, the stress waves reflect several times as the viscoelastic 

material behavior dampens the response. Finally, the time delay between the displacements applied 

on the positive z-face and the response in the interior line path for the 104 s-1 strain case shows the 

time that it takes for the viscoelastic stress waves to travel through the RVE. The interacting 3-D 

stress wave reflections combine to triple the stress from the 102 s-1 nominal strain rate case. The 

modeled time of 5⋅10-5 seconds was not long enough to observe the stress wave relaxation based 

on the Prony series time constants and associated relaxation coefficients (Table 4.1).  

Since the modulus of the thin-film structure increased by the addition of CNT inclusions, 

the average normalized stress response of the CNT-PDMS given by the dashed lines in Figure 4.7 

is characteristic of a typical viscoelastic relaxation curve. Since the viscoelastic material model is 

rate dependent, the faster loading rate allows for less relaxation to occur than the slower rate; thus, 

the maximum stress in the CNT-PDMS thin-films increases with respect to increasing strain rate 

whereas an elastic material model would be insensitive to changes in the rate of loading.  

Lastly, the thermal effects of the second RVE subjected to various strain rates for the two 

materials was obtained (Figure 4.8). The initial temperature of the thin-film was 298 K; inelastic 

heat generation due to viscoelastic energy dissipation was the only mechanism by which the 

temperature of the thin-film could increase.  
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Figure 4.8. The average temperature of the line path within the thin-film model with ribbing 

amplitude of 0.046 mm, ribbing wavelength of 0.444 mm, and film thickness of 0.479 mm 

subjected to parallel loading with a nominal applied strain rate of (a) 102 s-1, (b) 103 s-1, and (c)  

104 s-1. 

 

The heat generation is a function of both the material modulus and the applied strain 

rates. It is evident in Figure 4.8 that the modulus of neat PDMS was too low for any temperature 

increase to occur. In Figure 4.8a, the CNT-PDMS temperature increases by 12 K during the 

loading phase for the 102 s-1 nominal strain rate, after which the temperature remains constant. 

As the nominal strain rate increases, so does the increase in temperature. The 103 s-1 and 104 s-1 

nominal strain rate cases also increase in temperature after the initial loading ramp due to the 

viscoelastic relaxation. The predicted temperature increase is much higher than it would be if a 

more experimentally-based (rather than ROM-based) modulus were used. Hence, the 

temperature predictions give an upper bound of the temperature increase during extreme high 

strain-rate loading. 
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4.5.2 The Von Mises stress hypersurface visualization for ribbed thin-films 

 To better understand and predict the relationship between the microstructure and the 

thermomechanical response, we developed hypersurfaces of the response behavior with respect to 

the ribbing microstructure at each nominal strain rate. The thermal responses for the remaining 15 

microstructures were similar to Figure 4.8, and the temperature increase was not large enough to 

warrant concern. Instead, we focused on the mechanical response by constructing hypersurfaces 

of the Von Mises stress. Since we wanted to understand the behavior for extreme conditions, we 

obtained the maximum normalized Von Mises stress. The hypersurfaces of both PDMS and CNT-

PDMS thin-films are shown in Figure 4.9 for a nominal strain rate of 103 s-1. Since there are three 

microstructural parameters that characterize the thin-film RVE—i.e., the ribbing wavelength, 

ribbing amplitude, and film thickness—at least two 3-D surfaces are needed to fully visualize and 

understand the relation between the microstructure and the resulting thermomechanical response 

to the dynamic loading. Instead, the two non-dimensional ribbing microstructural parameters were 

used: the ribbing aspect and length ratios (𝛼𝑟 = 𝐴/𝜆 and 𝛼𝑙 = 𝐻/𝜆).  
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Figure 4.9. The maximum Von Mises stress normalized by the instantaneous elongation modulus, 

𝐸0, for (a) neat PDMS and (b) CNT-PDMS obtained from each of the 16 representative volume 

element thin-film models subjected to a nominal strain rate of  103 s-1. The hypersurfaces were 

constructed by linearly interpolating between the 16 data points obtained from FE. 

 

 In Figure 4.9a, the stress in the neat PDMS thin-films attained the maximum value at small 

ribbing aspect ratios and length ratios (i.e. large wavelengths, small amplitudes, thin films). There 

is a large region in Figure 4.9a where the film stress was a minimum, which occurred at larger 

ribbing aspect and length ratios. It is in this region that thin-films should be designed to prevent 

damage when subjected to high strain rate dynamic events. CNT-PDMS thin-films subjected to a 

103 s-1 nominal strain rate (Figure 4.9b) also show a decrease in the maximum normalized stress 

as a function of the ribbing aspect ratio. The maximum stress for all microstructural combinations 

was lower for CNT-PDMS thin-films than for neat PDMS thin-films, likely due to the reduced 

dynamic effects. 
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4.6  Ribbing Microstructure Optimization and Uncertainty Quantification  

 After determining the relation between the non-dimensional microstructural parameters 

and the thin-film response, we wanted to understand how thin-film systems can withstand high 

strain-rate events. A polynomial regression model was chosen to characterize the response of the 

thin-film with non-dimensional microstructural parameters 𝛼𝑙 and 𝛼𝑟 subjected to a given nominal 

strain rate, 𝜖0̇, as 

𝜎𝑉𝑀(𝛼𝑟 , 𝛼𝑙, 𝜖0̇; 𝜽)

𝐸0
= 𝜃1 + 𝜃2𝛼𝑟 + 𝜃3𝛼𝑙 + 𝜃4𝛼𝑟

2 + 𝜃5𝛼𝑟𝛼𝑙 + 𝜃6𝛼𝑙
2

+𝜃7𝜖0̇ + 𝜃8𝛼𝑟𝜖0̇ + 𝜃9𝛼𝑙𝜖0̇ + 𝜃10𝜖0̇
2 , (4.1)

 

where 𝜃𝑖 is the 𝑖-th regression coefficient. The regression model was trained with 75% of the RVE 

results from all three strain rates to predict the maximum normalized Von Mises stress for a given 

ribbing microstructure and nominal strain rate. The remaining 25% was withheld for model testing 

to ensure it was not overfit. The L2-norm residual of the training data of the regression model was 

0.03390 for neat PDMS and 0.00080 for CNT-PDMS; the respective residuals of the testing data 

were 0.02011 and 0.00087. Table 4.3 shows the coefficients of the ten-term regression model for 

each thin-film material. 
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Table 4.3. The coefficients from the regression model obtained by linear least squares to predict 

the maximum normalized Von Mises stress in ribbed thin-film systems with a given ribbing 

microstructure and nominal compressive strain-rate. 

𝑖 
𝜃𝑖 

PDMS CNT-PDMS 

1 3.42E-2 1.94E-2 

2 2.55E-3 -2.00E-3 

3 -2.07E-2 6.87E-5 

4 -2.39E-2 6.14E-6 

5 6.18E-3 6.13E-3 

6 4.72E-3 1.30E-4 

7 1.01E-5 -5.68E-6 

8 -3.39E-6 -1.13E-8 

9 -7.60E-7 -7.01E-9 

10 4.90E-10 -4.91E-10 

 

 The regression model provided another method to understand how to control the 

topography of structured surfaces compared to the empirical relations for wrinkling given by 

[8,35]. The coefficients from Table 4.3 indicate that all three parameters—the non-dimensional 

microstructural parameters and the nominal strain rate—will have a significant effect on the 

maximum normalized Von Mises Stress for neat PDMS thin-films. The regression coefficients for 

CNT-PDMS, however, are lower for all parameters except the 𝜖̇2-term, which suggests that the 

mechanical response of the higher modulus material is more dependent on the nominal strain rate 

than the ribbing morphology. The hypersurface of the thin-film response from a dynamic 

compressive load at a specified nominal strain rate can be visualized with respect to the 
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microstructure. Figure 4.10 shows the reconstructed surfaces and the RVE predictions for both 

materials at the three tested strain rates: 102 s-1, 103 s-1, and 104 s-1. 

 

 

Figure 4.10. The maximum Von Mises stress normalized by the instantaneous elongation modulus 

of the material, 𝐸0, for (a) neat PDMS and (b) CNT-PDMS obtained from of each of the 16 

representative volume element thin-film models for all three strain rates. The hypersurfaces were 

constructed for each nominal applied strain rate by the regression model obtained in Equation 

(4.1).  

 

 The three response surfaces for neat PDMS in Figure 4.10a were consistent with the RVE 

predictions where increasing the nominal strain rate increases the predicted stress in the thin-film. 

They also show that there is a more significant increase in the normalized Von Mises stress for 

thin-films with small ribbing aspect and length ratios. The sensitivity to film thickness is also 

consistent with experimental observations [80,81] and computational predictions [13] pertaining 

to the high strain rate response of materials exhibiting inelastic behavior. At the higher strain rates, 

the thin-film was closer to the material’s strength. Hence, based on our modeling predictions, thick 
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PDMS thin-films with large ribbing amplitudes and small ribbing wavelengths are ideal for 

damage prevention in high strain rate dynamic events. 

The response surface for CNT-PDMS (Figure 4.10b) shows almost no variation in the 

mechanical response with respect to the microstructure; rather, the response is governed almost 

entirely by the applied nominal strain rate as indicated by the regression model coefficients from 

Table 4.3. The magnitude of the maximum normalized Von Mises stress of neat PDMS (Figure 

4.10a) predicted by RVE models is three times larger than that of PDMS with 3.5 wt% CNT (Figure 

4.10b). Since the predicted stress of the CNT-PDMS thin-film RVE models is independent of the 

microstructure, the mechanical behavior of such CNT-PDMS thin films as those fabricated and 

measured to obtain the microstructural parameter bounds (Table 4.2) are also expected to be 

independent of the microstructure. Thus, the manufacturing of ribbed CNT-PDMS thin-films can 

be tailored to exhibit favorable surface behaviors due to high strain-rate behavior. 

 Since the regression model is representative of the behavior of the hypersurfaces created 

by the population of RVEs sampled by the Latin Hypercube method, it can be used to optimize the 

microstructure and predict the thin-film response to dynamic loading for various compressive 

loadings. A constrained interior-point optimization routine was used and evaluated for nominal 

strain rates between 100 and 104 s-1. For each strain rate, the minimax normalized Von Mises stress 

was obtained with the corresponding microstructure (Figure 4.11). The optimization procedure 

was twice repeated for each material with a constant ribbing aspect ratio of 0 (non-ribbed film) 

and of 0.30 (maximally ribbed film) to understand how the two film types behave. 
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Figure 4.11. The regression model was optimized to obtain the microstructure yielding the lowest 

maximum stress (minimax stress) for (a) neat PDMS and (b) CNT-PDMS. The solid black curve 

gives the minimax stress of all microstructural combinations for nominal strain rates between 100 

s-1 and 104 s-1. The dashed red and blue curves give the minimax stress for a non-ribbed film (𝛼𝑟 =

0) and a maximally ribbed film (𝛼𝑟 = 0.30), respectively. 

 

 Below strain rates of 102 s-1, the response of the neat PDMS thin-film approaches quasi-

static behavior, based on the regression model predictions in Figure 4.11a. In this regime, ribbed 

thin-films have a maximum stress 1.5 times larger than a non-ribbed film. Above the quasi-static 

strain rate, the maximum stress in the ribbed and non-ribbed films increased. After a nominal strain 

rate of 1200 s-1 (Figure 4.11a), a neat PDMS ribbed film outperforms the non-ribbed film and 

attained the minimax value. Higher strain rate regimes are critical for design considerations 

because the predicted stress increased as the strain rate increases [79,81]. Given that the nominal 

strain was only 5% in these RVE models, all the thin-films are still far from failure since they are 

in the linear viscoelastic regime; but for larger nominal strains, as the predictions indicate, failure 

would be most likely to occur in a non-ribbed film than in a ribbed film.  
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 In contrast, the behavior of CNT-PDMS is insensitive to changes in microstructure. Based 

on the minimax stress of CNT-PDMS and PDMS systems (solid black line in Figures 4.11a and 

4.11b), there is little difference in the optimal performance of neat PDMS and CNT-PDMS. The 

advantage that CNT-PDMS has over neat PDMS is that this minimax value is attainable for any 

ribbing microstructure, while it is only achieved for specific microstructures in PDMS. Thus, the 

design of ribbed CNT-PDMS thin-films can be focused on maximizing other favorable surface 

behaviors, such as drag reduction, superhydrophobicity, and antifouling. 

 

4.7  Conclusions 

 A nonlinear explicit dynamic FE scheme was used with a viscoelastic material model 

subjected to compressive high strain rates and inelastic heat generation to understand and predict 

the thermomechanical response of ribbed thin-film structures manufactured by large-scale rolling. 

The shear and elongation moduli of the CNT-PDMS were determined by the rule of mixtures. The 

dynamic response of neat PDMS was also modeled, based on a Prony series representation, to 

understand how the high strength CNT inclusions affect the thermomechanical response. The RVE 

models of the ribbed thin-films were subjected to dynamic nominal strain rates in both the 

transverse and parallel ribbing directions, with strain rates as high as 104 s-1. Latin Hypercube 

Sampling of the microstructural parameters, as informed from experimental observations and 

measurements, provided physically realistic microstructurally-based RVEs.  

 For the CNT-PDMS ribbed thin-films, the thermomechanical response is directly related 

to the effects of the nominal strain rate. At the lower strain rate of 102 s-1, the temperature of the 

CNT-PDMS thin-films increases by only 12 K. At the higher strain rate of 104 s-1, the temperature 

increased by approximately 40 K. For the mechanical behavior, as the nominal strain rate increases 
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from 102 s-1 to 104 s-1, the maximum values of the Von Mises stress almost increases by a factor of 

two. The CNT-PDMS thin-film structures rapidly attained steady-state behavior after the initial 

viscoelastic relaxation. The mechanical response of neat PDMS, in contrast, is highly dependent 

on both the ribbing microstructure and the nominal strain rate. There was a transition region at a 

nominal applied strain rate of 1200 s-1 where the wave speed of the material is lower than the 

nominal loading velocity due to wave interactions resulting in a significant increase in stress. The 

non-ribbed films have lower maximum stresses for nominal strain rates lower than 1200 s-1, but 

highly ribbed films are advantageous for strain rates higher than 1200 s-1 because they impede the 

interacting stress waves. There is no significant temperature increase in neat PDMS thin-films for 

the modeled strain rates because the modulus is too low for sufficient heat to be generated, 

regardless of the ribbing microstructure. By strengthening the material with CNTs, there were 

reductions in stress wave interactions due to the different material constituents, which lowers the 

resulting film stress but increases the film temperature for all ribbing morphologies. 

  An interior-point optimization routine was based on a regression model trained from the 

FE predictions to design ribbed materials for multifunctional applications. The model validates 

that CNT inclusions can be used to mitigate damage in thin-film materials subjected to dynamic 

compressive loadings by resulting in lower stresses. The ribbing morphology can, therefore, be 

used to understand and control surface behavior, such as superhydrophobicity, drag reduction, or 

antifouling, without compromising the desired mechanical behavior of the film. 
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CHAPTER 5: Large-Strain Behavior of PDMS and CNT-PDMS 

 

Part of this chapter is published in Composites Part A: Applied Science and Manufacturing [83] 

 

5.1  Introduction 

It is necessary to know the large-strain behavior of thin PDMS and CNT-PDMS materials 

to better design damage-resistant structured thin-film systems. The challenge, however, is to 

understand how best to represent and characterize the global large-strain mechanical behavior of 

the material while accounting for the rate- or time-dependent effects and the interaction of CNTs 

in PDMS for various CNT weight fractions. Various CNT-PDMS compositions were characterized 

experimentally to relate the heterogeneous morphology to the large-strain behavior and understand 

how the multi-phase material behavior can be physically represented. Uniaxial mechanical testing 

was conducted until failure for thin non-ribbed PDMS and CNT-PDMS samples with CNT 

loadings between 1 weight percent (wt%) and 10 wt%. Scanning electron microscopy (SEM) 

images of the resulting fracture surfaces were obtained to relate the agglomeration, distribution, 

and alignment of CNTs in PDMS to the ultimate strain, ultimate strength, and global stress-strain 

behavior. The SEM results also provide insights into how the PDMS and CNT phases interact, and 

how it is affected by the different weight percentages of the CNT distributions. Finally, a Yeoh 

hyperelastic and a Yeoh-Prony hyper-viscoelastic material model was optimized from the uniaxial 

testing data for each CNT-PDMS composition to determine how best to model the multi-phase, 

heterogeneous material. 
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5.2  Large-Strain Uniaxial Mechanical Testing of PDMS and CNT-PDMS 

5.2.1 Uniaxial testing procedure for thin polymer-composite samples 

Uniaxial tensile testing was conducted on PDMS and CNT-PDMS samples according to 

ASTM D638-22. Four CNT loadings were tested: neat PDMS, 1 wt% CNT, 3.5 wt% CNT, and 10 

wt% CNT. The samples were prepared by mixing the Sylgard 184 silicone elastomer with a 10:1 

hardener mixing ratio and the specified weight percent of Nanophite medium-walled CNTs with 

diameters between 7-12 nm and lengths that varied between 100-200 μm. in a universal planetary 

mixer to ensure adequate mixing. A three-roll milling machine was also used to disperse CNTs in 

the PDMS. Aluminum molds were manufactured with dimensions following the ASTM D638-22 

Type IV standard: each specimen had a nominal gauge length of 25 mm, gauge width of 6 mm, 

and thickness of 1.5 mm. The uncured, mixed CNT-PDMS paste was then poured into the molds. 

For the pure PDMS specimens, the material was first degassed in a vacuum chamber for 30 minutes 

and was allowed to cure without the top plate of the mold to avoid bubble generation. For the 

remaining CNT-PDMS specimens, the mold was closed, and the material was allowed to cure for 

60 minutes at 125°C. Five specimens were made for each CNT loading for a total of twenty 

specimens. 

An Instron 68SC-05 single column table universal testing machine was used to conduct the 

uniaxial tensile testing of the thin polymer samples (Figure 5.1). Each specimen was clamped by 

standard serrated grips to prevent slippage during testing and then subjected to an increasing 

tension load at a constant loading rate of 5 mm/min until failure (Figure 5.1b). The corresponding 

nominal strain-rate of the uniaxial testing is 0.0033 s-1 based on the sample dimensions. The 

engineering strain and stress were obtained for each sample. 
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Figure 5.1. Instron 68SC-05 single column table universal testing machine with CNT-PDMS 

sample loaded in the clamps (a) before testing and (b) after failure.  

 

5.2.2 Uniaxial testing results for thin PDMS and CNT-PDMS samples 

Uniaxial tensile testing specimens of each material composition were fabricated to 

understand how increasing the CNT content affects the mechanical behavior of non-ribbed CNT-

PDMS thin-film systems. Each specimen was tested in uniaxial tension to obtain the global stress-

strain behavior to failure. Figure 5.2 shows one sample of each composition after testing.  
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Figure 5.2. Non-ribbed PDMS tensile test specimens with CNT loadings, from left to right, of       

0 wt%, 1 wt%, 3.5 wt%, and 10 wt% fabricated according to ASTM D638-22 specifications and 

subjected to uniaxial tension to failure. 

 

 The fractured samples shown in Figure 5.2 are representative of the uniaxial tension 

behavior for their respective material compositions. The neat PDMS (0 wt% CNT) sample, shown 

on the left, recovered much of its original shape after fracture, as evidenced by negligible necking 

through the gauge length. The 1 wt% and 3.5 wt% CNT samples also lack a necking region. The 

10 wt% sample, however, shows considerable deformation within the gage length since it is no 

longer straight, compared to the other samples in Figure 5.2. The 10 wt% sample was also 

elongated compared to the other samples, which suggests it had undergone more plastic 



83 

 

deformation during testing. Each tab shows small circular imprints from the grips, which validates 

that the grip-strength was high enough to prevent the specimens from slipping when subjected to 

a uniaxial tension load.  

The average ultimate engineering strain and strength were obtained from the five 

specimens of each material with the corresponding standard deviations (Figure 5.3). By accurately 

characterizing the material strength, failure criteria for ribbed thin-film systems can be obtained to 

improve the design of new material systems, such as ribbed CNT-PDMS systems. 

 

 

Figure 5.3. Ultimate engineering strain and ultimate engineering strength with respect to CNT 

weight percent in PDMS obtained from the average of five samples with error bars indicating two 

standard deviations. 
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From Figure 5.3, there is no statistically significant change in ultimate strain with respect 

to CNT loading. The ultimate strength, however, had a statistically significant increase with respect 

to increasing CNT loading. The high-strength and high-modulus elastic CNT fillers increased the 

overall strength of the material, and the PDMS matrix allowed for effective stress-transfer between 

neighboring CNTs. At 10 wt%, the standard deviation for the ultimate strain is one-third of the 

ultimate strain value, which suggests the difficulty with reliably incorporating the high weight 

fraction of CNTs in the PDMS matrix, and this is an indication of as the weight percentage 

increases, interactions between the CNTs and the PDMS increases, which can result in inconsistent 

load transfers [14]. 

The tensile strengths in Figure 5.3 are up to three times larger than those reported [45] for 

identical CNT-PDMS compositions, though the difference is likely attributed to different sample 

thicknesses which has been reported to affect the elongation modulus and ultimate strength of thin-

films [75,76]. Since the characterization of these non-ribbed CNT-PDMS samples will inform the 

design of ribbed thin-film systems, the ultimate strain and strength in Figure 5.3 can be used to 

represent the material behavior. 

 

5.3  Scanning Electron Microscopy Imaging of PDMS and CNT-PDMS Morphology 

5.3.1 Scanning electron microscopy procedure for non-conductive materials 

The CNT-PDMS morphology and the damage modes of the nanocomposite was 

characterized using SEM. A Hitachi SU8700 field emission SEM was used, which allows for ultra-

high-resolution imaging at low electron emission energies on insulating samples with no 

conductive coating. Since the CNT-PDMS samples are non-conductive compared to typical SEM 
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samples a low voltage of 100 V with a current of 91.5 mA and rapid image capturing was used to 

manage the sample charge and minimize damage to the samples.  

SEM imaging was used to investigate the distribution, alignment, and agglomeration of 

CNTs within the PDMS at several length scales for three CNT loadings: 1 wt%, 3.5 wt%, and 10 

wt%. Neat PDMS was also imaged to validate that the samples did not contain voids. The cross-

section of the fracture surface produced by the experimental uniaxial testing in Chapter 5.2 was 

analyzed to understand the effect of CNTs on the mode of fracture. Magnification levels between 

250 and 50,000 were used to view details ranging from the fracture surface texture to the 

orientation of individual CNTs. Images were also obtained using the electron backscatter detector 

of the Hitachi SU8700 instrument to better view the sample texture resulting from fracture. 

 

5.3.2 Scanning electron microscopy results for PDMS and CNT-PDMS samples 

SEM was used to further understand and characterize how the addition of CNTs in PDMS 

affects the deformation and damage modes during large-strain uniaxial loading. The fracture 

surface of each sample from Figure 5.2 was analyzed to understand the agglomeration, dispersion, 

and orientation of the CNTs for each material composition and to provide insight on the mode of 

fracture. Despite the ultra-high-resolution capabilities of the Hitachi SU8700 field emission SEM, 

the resolution is limited by the beam-material interaction. PDMS exhibits significant charging 

challenges and is susceptible to damage from the electron dose. This allows for high resolution 

images of the surface morphology at low beam energies, which manages charging and reduces 

damage.  
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The fracture surface of non-ribbed PDMS was observed under SEM (Figure 5.4). The 

surface appears featureless in part due to the non-conductive material properties that make SEM 

imaging difficult, but also due to the flat fractured topography and the absence of voids indicating 

the adequate molding of the PDMS thin-film due to degassing.  

 

 

Figure 5.4. Scanning electron microscopy (SEM) micrograph of fracture surface at low 

magnification for neat PDMS obtained using electron beam of 100 V. The texture of the sample is 

featureless apart from a surface contaminant shown to demonstrate that the material is focused in 

the SEM.  

 

The fracture surfaces of PDMS with 1 wt% and 3.5 wt% CNT were also observed at low 

and mid-powered magnification using SEM (Figure 5.5). The addition of CNTs provides sufficient 

texture on the fracture surface and increases the conductivity of the samples to makes SEM 

micrographs obtainable despite charging.  
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Figure 5.5. Scanning electron microscopy micrograph of fracture surface at low magnification for 

(a) 1 wt% and (b) 3.5 wt% CNT and at higher magnification for (c) 1 wt% and (d) 3.5 wt% CNT 

obtained using electron beam of 100 V. The texture of the two samples is rough but suggests a 

brittle-like fracture of the heterogenous material. The lighter regions in (c) and (d) indicate areas 

of high CNT concentration. 

 

 In Figures 5.5a-b, the fracture surface of both material compositions indicates brittle-like 

fracture, though the topography is more varied than in neat PDMS (Figure 5.4) due to the 

incorporation of CNT bundles. Unlike neat PDMS, the 1 wt% and 3.5 wt% CNT materials were 

not degassed during the specimen fabrication step in Chapter 5.2.1, however, there is no sign of 

voids in either material. The dark regions in Figure 5.5b are polymer-rich and likely locations for 

local damage to initiate given the lower relative strength of the polymer chains compared to the 
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CNT-polymer bundles. The fracture surface exhibits uniform deformation, similar to other 

materials such as high-strength metals undergoing low strain rates (10-3 s-1) [103]. 

 Figures 5.5c-d provide better insights into the heterogeneity of the CNT-PDMS system, 

namely the agglomeration and distribution of the CNTs. The lighter regions, in general, are bundles 

of CNTs [89]; the darker regions are PDMS. Bright horizontal streaks appear in Figures 5.5c-d 

because of the highly charged material, even at the low beam energy. The high surface energy of 

the CNTs cause them to agglomerate into pockets or bundles rather than disperse evenly and 

randomly in the PDMS. The presence of these bundles explains why the strengthening of the CNTs 

is not as high as homogenization techniques such as rule of mixtures or micromechanical models 

that neglect an interphase region would suggest since the bundle has a lower strength than the 

individual CNT [39,58,65,104–106]. Though individual CNTs agglomerate into bundles, these 

multi-phase CNT bundles can reasonably be assumed to be distributed uniformly within the 

PDMS. The 3.5 wt% CNT material in Figure 5.5d shows a similar distribution as the 1 wt% CNT 

material in Figure 5.5c, but with a higher density of CNT bundles. This uniform dispersion 

provides justification for homogenization techniques when the macroscale material behavior is 

considered.  

 PDMS with 10 wt% CNT had excessive charging. A micrograph was obtained with the 

backscatter electron middle detector of the Hitachi (Figure 5.6) at high magnification to better 

understand the topography of the fracture surface.  
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Figure 5.6. Scanning electron microscopy (SEM) backscatter micrograph of fracture surface for 

10 wt% CNT at high magnification obtained using electron beam of 100 V showing CNT pullout. 

 

The backscatter electron image (Figure 5.6) shows the highly irregular fracture surface of 

the 10 wt% CNT material, which is indicative of a more ductile failure mode than for CNT-PDMS 

compositions with lower CNT loadings. The expanded region in Figure 5.6 shows individual CNTs 

being pulled from the PDMS matrix at the peaks of the fracture surface. CNT pullout is a non-

reversible mode of deformation in CNT-polymer systems that increases the toughness and occurs 

when the bonding or cohesion strength between the filler and the matrix is less than the shear stress 

subjected to the CNT-polymer interface. The likelihood of CNT pullout increases with increasing 

CNT content because the high concentration of CNT bundles, as observed in Figure 5.6, begin to 

act as defects rather than strengthening mechanisms [45,56]; the polymer chains are not capable 

of wetting the individual CNTs fully.  

Low to high magnification SEM images of PDMS with CNT contents between 1 wt% and 

10 wt% were obtained that show the CNTs are agglomerated into well-distributed CNT bundles 

throughout the PDMS (Figure 5.5 and 5.6). The orientation, waviness, and damage of individual 
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CNTs, however, requires ultra-high magnification to be observed (Figure 5.7). Knowledge of the 

CNT orientations and misorientations provides insight into the validity of isotropic material 

assumptions. Excessive CNT waviness or damage indicates a decrease in achievable strengthening 

of the composite resulting from the fabrication process [107].  
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Figure 5.7. Scanning electron microscopy (SEM) micrograph of fracture surface at high 

magnification for (a) 1 wt%, (b) 3.5 wt% and (c) 10 wt% CNT and at ultra-high magnification for 

(d) 1 wt%, (e) 3.5 wt% and (f) 10 wt% CNT obtained using electron beam of 100 V. 

 

 The SEM images in Figure 5.7 are consistent with the observations and measurements 

[12,108] for CNT-PDMS and similar CNT-polymer systems [39,54,69,107,109]. In Figures 5.7a-

c, the effect of adding CNTs to PDMS is clear by the increase of fiber density. At low weight 
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fractions (Figure 5.7a) there exists regions of PDMS that do not have a large presence of CNTs or 

CNT bundles, in which the stress is transferred through the lower strength matrix only. As the CNT 

content increases to 3.5 wt% (Figure 5.7b), there are fewer regions of pure PDMS and the 

heterogenous microstructure allows for stress to transfer shorter distances through the PDMS to 

adjacent CNT bundles. The SEM micrograph of CNT-PDMS with 10 wt% CNT (Figure 5.7c) 

demonstrates how little PDMS remains between CNT bundles, which suggests that the material 

has difficulty transferring the uniaxial tensile load from one bundle to another and that some 

regions may not be encapsulated by enough polymer. The dark lines in Figure 5.7c indicate damage 

from taking images; the damage pattern is consistent with the raster scan path—a left vertical line 

with rightward horizontal forks. The damage helps demonstrate the difficultly of imaging a 

polymer, despite the low electron dose enabled by using a low-voltage field emission SEM.  

 At higher magnification, individual CNTs can be clearly seen (Figures 5.7d-f), which 

provided information on the orientation and defect nature of the CNT-PDMS. There exists CNTs 

within the fracture surface for all three CNT loadings that exhibit kinks at an angle of at least 90°, 

consistent with SEM images from [107]. Within a given CNT bundle, the CNTs were randomly 

oriented. This randomness is due to the extensive mixing process used to fabricate the samples. 

The randomly oriented CNTs validate that each bundle can be treated as an isotropic effective 

fiber.  

 SEM images were obtained to understand how adding CNTs to PDMS affects the 

microstructure and strengthens the material. The multi-phase and heterogeneous material exhibit 

superhydrophobic behavior from the hierarchal topography. Though CNTs coalesce into multi-

phase agglomerations, the random orientation of CNTs and dispersion of CNT bundles provide 
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justification for treating non-ribbed and ribbed CNT-PDMS thin-film systems as isotropic, 

homogeneous materials. 

 

5.4  Characterization of PDMS and CNT-PDMS as Viscoelastic and Hyper-viscoelastic 

Materials 

The uniaxial tensile testing in Chapter 5.2 provides a description of the global mechanical 

behavior of CNT-PDMS for various compositions; SEM imaging in Chapter 5.3 improves our 

understanding of the heterogeneous microstructure and the fracture surface. However, it is still not 

understood how to best characterize the bulk material behavior for use in ribbed thin-film systems 

subjected to large strains and strain rates. Several constitutive and phenomenological materials 

models have been developed to understand the mechanical behavior of polymer and composite 

materials, such as hyperelasticity and hyper-viscoelasticity. Both material models can predict the 

material response to uniaxial tension. To understand how best to represent the large-strain 

mechanical behavior of various CNT-PDMS compositions, a hyperelastic and hyper-viscoelastic 

material model was obtained for each composition to determine the more physically-accurate 

material model. 

First, a Yeoh hyperelastic material model was optimized to represent the material behavior 

of the experimental stress-strain measurements. For each material composition, the Yeoh material 

model was obtained from the initialized hyperelastic material model coefficients (𝐶10,𝑖𝑛𝑖𝑡 = 0.1, 

𝐶20,𝑖𝑛𝑖𝑡 = 0.01, 𝐶30,𝑖𝑛𝑖𝑡 = 0.001) for strains up to the ultimate strain. The residuals were obtained 

for the stress predicted by the model and measured in each of the five specimens. To force the 

material model to satisfy the ultimate strength, additional residuals between the maximum 

predicted stress and the average ultimate strength were added to the residual vector with a weight 
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factor. This weight factor was manually adjusted to obtain an appropriate material model that 

adequately accounted for the ultimate strength without obscuring the global stress-strain behavior. 

The root-mean-square-error (RMSE) was obtained from the residual vector and a constrained 

interior-point optimization procedure was conducted to update the hyperelastic material model 

coefficients for each material composition.  

Thus, the optimization problem statement was to find 𝐶10, 𝐶20, and 𝐶30 that minimize the 

root mean square error, 𝑅𝑀𝑆𝐸 = √1

𝑛
(𝜎𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑠 − 𝜎𝑌𝑒𝑜ℎ)

2
, for each material composition 

where the uniaxial stress history of each sample was appended into a single column vector, 

𝜎𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑠, and the corresponding uniaxial stress predicted by the Yeoh material model was 

appended into a column vector, 𝜎𝑌𝑒𝑜ℎ, both of length 𝑛. The Yeoh material model for the four 

CNT-PDMS compositions are summarized in Table 5.1. 

 

Table 5.1. Hyperelastic Yeoh material model coefficients of four compositions of CNT-PDMS 

obtained by constrained optimization routine with root-mean-square-error. 

CNT Weight 

Percent   
Yeoh Hyperelastic Material Model Coefficients 

Root-Mean-

Square-Error  

(wt% CNT) 𝐶10 (MPa) 𝐶20 (MPa) 𝐶30 (MPa) (MPa) 

0 0.1303 0.0185 0.0013 0.0078 

1 0.2713 0.0321 0.0027 0.0111 

3.5 0.5330 0.0299 0.0062 0.0043 

10 0.8715 0.0082 -0.0024 0.0811 
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Similarly, the Yeoh-Prony hyper-viscoelastic material model was optimized for each 

material composition. Neat PDMS has been characterized as viscoelastic [17,63,64,110] so the 

composite material is also expected to exhibit viscoelastic relaxation. The same optimization 

procedure was used, though the material was allowed to relax according to Equation (2.7) 

assuming a constant nominal strain-rate as specified in Chapter 5.2.1 to account for the time-

dependency of the mechanical testing procedure. Thus, the three Yeoh coefficients (𝐶10, 𝐶20, 𝐶30) 

and three Prony relaxation coefficients (𝑔1, 𝑔2, 𝑔3) were obtained for each material that minimize 

the RMSE. The Prony time constants, 𝜏𝑖, were 1, 10, and 100 seconds. The total time of each 

uniaxial tension test was between 220 and 520 seconds, so the choice of 𝜏𝑖 captures the fast and 

slow relaxation mechanisms that were observed during testing. The optimized hyper-viscoelastic 

material model coefficients are summarized in Table 5.2 with the corresponding RMSE for each 

CNT-PDMS composition. 

 

Table 5.2. Hyper-viscoelastic Yeoh-Prony material model coefficients of four compositions of 

CNT-PDMS obtained by constrained optimization routine with root-mean-square-error. 

CNT 

Weight 

Percent 

(wt% CNT) 

Yeoh Hyperelastic 

Coefficients 

Prony Viscoelastic 

Relaxation Coefficients 

Root-

Mean-

Square-

Error 

(MPa) 

𝐶10 

(MPa) 

𝐶20 

(MPa) 

𝐶30 

(MPa) 
𝑔1 𝑔2 𝑔3 

0 0.2133 0.0634 0.0016 0.0654 0.1509 0.5679 0.0078 

1 0.4010 0.0888 0.0016 0.1510 0.0582 0.3826 0.0111 

3.5 0.6320 0.0372 0.0069 0.1487 0.0100 0.0033 0.0043 

10 2.2985 0.1142 -0.0242 0.4144 0.2377 0.0004 0.0806 
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 The first coefficient in the Yeoh material model, 𝐶10, is interpreted as approximately half 

of the shear modulus of the material [68]. Based on Table 5.1, the instantaneous elongation 

modulus for the hyperelastic material models, assuming an incompressible material, ranges 

between 0.75 MPa and 5.25 MPa for the various compositions. These values are slightly lower 

than those that have been experimentally obtained; 1 MPa for 0 wt%, 5.7 MPa for 3.5 wt%, and 

10 MPa for 10 wt% CNT [45]. The hyperelastic material model from Table 5.1 underestimates the 

stress in the small-strain regime, but by including the viscoelastic relaxation, the magnitude of the 

hyperelastic coefficient 𝐶10 increases (Table 5.2) to account for the rate-dependent behavior. The 

estimated elongation modulus from 𝐶10 for the hyper-viscoelastic material model is 1.28 MPa for 

0 wt%, 2.41 MPa for 1 wt%, 3.79 MPa for 3.5 wt%, and 13.79 MPa for 10 wt% CNT, which are 

consistent with reported values [45]. Thus, the hyper-viscoelastic material models accurately 

capture the mechanical behavior in the small-strain regime because they account for the rate-

dependent relaxation of the polymer, the interactions between CNTs and polymer chains, and the 

uniaxial testing quasi-static rates. 

 The second and third coefficients of the Yeoh hyperelastic model, 𝐶20 and 𝐶30, describe 

the stress-strain response in the mid- and large-strain regimes. In both the hyperelastic and hyper-

viscoelastic material model formulations (Tables 5.1 and 5.2), 𝐶30 increases with increasing CNT 

loading up to 3.5 wt%; after which, 𝐶30 is negative at 10 wt% CNT. The most likely cause for the 

stress increasing in the large-strain regime is the straightening of the curved CNTs observed in 

Figure 5.7, that provide additional stiffness to the thin samples [111]. The 10 wt% CNT material 

begins to plateau in the large-strain regime, which is consistent with [56] and is likely due to poor 

bonding between the PDMS and CNT bundles or the separation of large CNT agglomerations that 

are not properly adhered to the PDMS, as observed in SEM images (Figure 5.7).  
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 The Yeoh hyperelastic material behavior is compared to the five specimens for each 

material in Figure 5.8. Here, the addition of CNTs in the PDMS increases the ultimate strength for 

all compositions. All four material models show good agreement with the experimental uniaxial 

tension data. Similarly, the Yeoh-Prony hyper-viscoelastic material model behavior is compared to 

the uniaxial testing results for each material in Figure 5.9. As with Figure 5.8, the addition of CNTs 

in the PDMS increases the initial stress-strain slope and increases the ultimate strength for CNT 

loadings up to 10 wt%. Both the hyperelastic and hyper-viscoelastic material models can predict 

the mechanical behavior of CNT-PDMS for various compositions. 

 

 

Figure 5.8. Yeoh hyperelastic material model for four material compositions of CNT-PDMS 

optimized from five uniaxial tension experiments of each composition. 
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Figure 5.9. Yeoh-Prony hyper-viscoelastic material model for four material compositions of CNT-

PDMS optimized from five uniaxial tension experiments of each composition. 

 

The RMSE for the hyperelastic and hyper-viscoelastic material models are comparable for 

each material composition. Though, since the hyper-viscoelastic material model accounts for the 

loading rate of the uniaxial tests and the rate-dependent viscoelastic material relaxation, it is likely 

the more accurate prediction of the mechanical behavior and can be used reliably for low strain-

rate responses on the order of 10-3 s-1, similar to the uniaxial testing strain-rate given in Chapter 

5.2.1. Thus, the hyper-viscoelastic material models better represent the global stress-strain 

behavior.  

The ideal CNT-PDMS composition for multifunctional systems exhibiting large-strain and 

high-strength behaviors is between 3.5 wt% and 10 wt% CNT. Though the tensile strength 

increases with increasing CNT loading, as suggested in Figure 5.3, it does so with diminishing 

returns. SEM micrographs indicate that CNTs agglomerate into randomly oriented, well-dispersed 
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bundles; the micrographs support observations of hydrophobic surface behaviors because of the 

hierarchal CNT-PDMS topography. The global stress-strain mechanical behavior (Figures 5.8 and 

5.9) suggests that the CNTs no longer act as strengthening mechanisms, but as defects as the CNT 

loading increases to 10 wt%. Hyper-viscoelastic material models accurately predict the large-strain 

rate-dependent bulk mechanical behavior of thin CNT-PDMS systems, and can be used to predict 

the behavior of ribbed thin-film systems. 

 

5.5  Conclusions 

Large-strain hyperelastic and hyper-viscoelastic material behavior of PDMS and CNT-

PDMS samples with various CNT weight percentages were obtained to understand and 

characterize the effects of CNT loading, agglomeration, dispersion, and alignment on the global 

and local mechanical behavior and how to physically represent the material behavior. Thin PDMS 

and CNT-PDMS samples were fabricated and subjected to quasi-static uniaxial testing until failure. 

The ultimate strain, ultimate strength, and global stress-strain behavior of each CNT-PDMS 

composition was obtained and related to the CNT content. Increasing the loading content of CNT 

did not affect the ultimate strain at which the thin samples fractured, though it increased the 

ultimate strength. The instantaneous elongation modulus of the CNT-PDMS compositions were 

consistent with experimentally observed measurements. High-strength elastic CNTs additions to 

the viscoelastic PDMS significantly increased the material stiffness. CNT-PDMS with CNT 

loadings between 0 wt% (neat PDMS) and 3.5 wt% exhibited a high rate-increase of stress in the 

large-strain regime; the stress in PDMS with 10 wt% CNT plateaued in this regime indicating that 

the material had reached its loading strength of the CNTs. 
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The fracture surface of each sample was analyzed by SEM to understand the surface 

morphology and the incorporation of CNTs in the PDMS from the three-roll shear mixing 

procedure. SEM images of neat PDMS indicated that the material contained no voids. CNT-PDMS 

with 1 wt% and 3.5 wt% CNT content showed a near-uniform fracture surface, indicating that the 

failure initiated with failure of the PDMS, whereas CNT-PDMS with 10 wt% CNT showed CNT 

pullout, which indicates that failure initiated within CNT bundles.  

A Yeoh hyperelastic and a Yeoh-Prony hyper-viscoelastic material model were shown to 

physically represent each material composition to understand how best to model the large-strain 

bulk mechanical behavior of the multi-phase materials. Both material model formulations can 

describe the mechanical behavior in response to large-strain loading conditions. The hyper-

viscoelastic model, however, also accounts for the rate-dependence, which would make it ideal for 

ribbed systems, which are subjected to high strain-rate loading conditions during loading. 

By relating the hyper-viscoelastic global behavior to SEM micrographs of CNT-polymer 

systems can aid in establishing validated understanding of the distribution and agglomeration of 

CNT geometries and orientations within polymer matrix systems. This will enable manufacturers 

of heterogeneous, structured thin-film materials to predict and control the mechanical and surface 

behavior for multifunctional applications.  
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CHAPTER 6: Conclusions and Recommendations 

 A computational framework has been integrated with experimental observations and 

measurements to understand, predict, and design the manufacturing of ribbed thin-film systems 

and control the high strain-rate and large-strain behavior. The predictive approach was informed 

from experimental observations, including large-scale rolling to manufacture structured thin-films, 

dynamic mechanical analysis testing to characterize the rheological behavior, uniaxial tension 

testing to evaluate the global stress-strain behavior, and scanning electron microscopy imaging to 

determine the morphology of thin CNT-PDMS samples. 

The computational framework of the large-scale rolling process accounted for material 

viscoelasticity, high contact pressure, large displacements, and the ribbing morphology. A ribbing 

instability model was formulated from finite-element predictions and experimental observations 

to relate the manufacturing conditions and material selection to the resulting ribbing 

microstructure. A critical aspect ratio was observed for which the film stress attained a maximum 

value. 

The dynamic behavior of ribbed PDMS and CNT-PDMS thin-films in response to high 

strain-rate compressive loading was predicted using a representative volume element 

computational framework. The framework accounted for material thermo-viscoelasticity to predict 

the change in temperature and the ribbing morphology to understand how the microstructure 

mitigates the complex three-dimensional stress-wave propagation. Hypersurfaces of the maximum 

stress were obtained for each material; a surrogate model was trained from the hypersurfaces and 

optimized to predict the relation between the film microstructure and material selection and the 

minimax stress in response to a wide range of dynamic loadings. PDMS thin-films with a 

maximum ribbing aspect ratio were determined to minimize adverse dynamic behaviors in 
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response to high strain-rate loadings, whereas the minimax stress of CNT-PDMS thin-films 

showed little sensitivity to the ribbing microstructure. 

Lastly, the large-strain behavior and morphology of the fracture surface was characterized 

for PDMS and CNT-PDMS to understand how adding high-strength CNTs to PDMS enhances the 

strength and toughness of the thin-films. Characterizing the global stress-strain behavior of these 

thin-films as hyper-viscoelastic better accounts for the large-strain and time-dependent relaxation 

of the material that has been observed in experiments. The results showed that adding CNTs 

increased the effective stiffness and ultimate strength but did not have a significant effect on the 

ultimate strain of the material.  

Based on this research, my recommendations for future research are to investigate the 

following: 

• Understanding film-splitting during large-scale rolling: The large-scale rolling model 

included only a ribbed thin-film fixed to the bottom roller. In experimental rolling studies, 

the CNT-PDMS adheres to both rollers and the ribbing instabilities are generated in the 

meniscus of the separating CNT-PDMS surfaces. The separating thin-film material should 

be investigated by a dynamic fracture mechanics approach, where the crack-speed of the 

material can be related to the rotational speed of the two-roll process. Understanding the 

relation between the material toughness and the ribbing formation is crucial for the further 

design of ribbed damage-tolerant thin-systems. 

• Modeling the evolution of fiber alignment during large-scale rolling: Just as cold-

rolling metals aligns and elongates grains in the rolling direction, so does rolling 

continuous-fiber, short-fiber, and nano-fiber-polymer composites align the fiber 

reinforcements in the rolling direction. With each pass through the roller gap, the CNTs 
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gradually orient in the rolling direction due to shear forces as observed in the cross-section 

of the roller gap. Multiscale modeling techniques, such as hierarchal representative volume 

element modeling, can account for the effect that the micro-scale alignment, dispersion, 

and orientation, of the CNTs have on the effective bulk properties of the thin-film, that will 

vary as a function of processing time and speed and the shear force exerted on the CNT-

PDMS material.  

• Understanding the microstructural characteristics of CNT-oxide-based ribbed 

systems: Preliminary testing has shown improved ribbing linearity with decreased ribbing 

wavelengths by incorporating oxide inclusions up to 0.5 weight percent in CNT-PDMS. 

Although the maximum ribbing amplitude achieved using these materials was less than for 

CNT-PDMS, which may limit its superhydrophobic or drag-reducing capabilities, the 

resulting microstructure and mechanical and thermal behavior should be investigated 

because the addition of oxides can increase the film strength and toughness beyond what 

was achieved by adding only CNTs. 

• Predicting the fatigue life and toughness of ribbed CNT-PDMS thin-films: The fracture 

toughness of thin PDMS and CNT-PDMS samples was investigated through the analysis 

of SEM images of the fracture surface. Adding CNTs to the PDMS increased the ability for 

the thin material to deform and increased its overall strength. It is also necessary to obtain 

quantitative measure of the toughness to better design the thin-films for use. Additionally, 

the fatigue life of these thin-film systems can be obtained by a combination of 

experimental, theoretical, and computational efforts, which would inform the projected 

lifetime of the material for a given application and aid in estimating the economic 

feasibility of such a thin-film system for reducing drag. 
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• Quantifying how surface adhesion and asperities affect  the ribbed thin-film dynamic 

behavior: The ribbing profile of the structured thin-films has so far only considered a 

single ribbing wavelength in the transverse rolling direction with a single corresponding 

ribbing amplitude; this has been modeled as a fundamental sine wave. More complex 

characterizations of the ribbing morphology should be investigated that consider not only 

the superposition of sine waves with different ribbing amplitudes and wavelengths, but also 

features in the rolling direction, related to the capillary bridging effect. Mandelbrot fractal 

topologies can be used for representing the thin-film morphology, which will better inform 

computational models predicting the manufacturing and performance of these thin-films. 

• Implementing an integrated finite-element-artificial intelligence (FE-AI) neural 

network to design structured films for multifunctional applications: Computational 

models informed from experimental observations generate large quantities of data, which 

can be leveraged using advancements in artificial intelligence to uncover relations between 

manufacturing conditions and material properties on the microstructure and performance 

of thin-film systems. Moreover, integrating the finite-element modeling results within an 

artificial intelligence framework provides the basis for high-throughput design of 

structured thin-film system for multifunctional applications. A combination of feed-

forward neural networks (FFNNs) and deep convolution generative adversarial neural 

networks (DCGANs) can be trained and validated to predict the rolling manufacturing 

conditions and CNT weight percent necessary to obtain a thin-film with the desired ribbing 

morphology, film strength and toughness, and thermal properties; the framework can then 

predict the global stress-strain behavior and the corresponding scanning electron 

microscopy image of the designed material.   
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