
ABSTRACT

PANG, LEI. Semiparametric Estimation and Inference for Censored Regression Models. (Under
the direction of Dr. Huixia Judy Wang and Dr. Wenbin Lu.)

Semiparametric regression methods are important tools in the analysis of failure time data

with random right censoring. In this dissertation, two types of regression models are investi-

gated: censored quantile regression and semiparametric accelerated failure time (AFT) model

with heteroscedastic errors.

In Chapter 2, we adopt the induced-smoothing idea to censored quantile regression for

variance estimation. The proposed variance estimator is asymptotically consistent and compu-

tationally more convenient than existing methods. The performance of the proposed method is

evaluated by numerical studies and an analysis of a myeloma data set.

In Chapter 3, we propose the local Buckley-James (LBJ) method for the estimation and

inference of the heteroscedastic AFT model. The LBJ point estimation is obtained through

ordinary least squares of the imputed failure time data, where the imputation is based on the

conditional expectation of the censored survival times. Inference is carried out via resampling.

The proposed procedure is consistent and asymptotically normal under some regularity condi-

tions. An extensive simulation study is conducted to compare the LBJ with competing methods.

Applications to a myocardial infarction data set and a breast cancer data set are considered to

further illustrate the advantages of the LBJ method.
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Chapter 1

Introduction and Background

1.1 An Overview of Regression Methods in Survival Analy-

sis

In survival analysis, the major variable of interest is the time to event. For example, in clinical

oncology, physicians are interested in the time to patients’ death or the time to tumor recur-

rence, where longer event times are associated with better treatment effect. In manufacturing

quality control, engineers are interested in the time to product defect, where longer event times

indicate superior product quality and better manufacture process. We denote Ti as the survival

time of the ith subject of a random sample drawn from certain population. Difficulty arises

when Ti cannot be observed for some subjects due to censoring. For example, survival times

cannot be observed for those patients that withdraw before the end of the clinical study, or for

those who die due to a competing risk other than the specific disease of interest.

In this dissertation, the focus is on analyzing survival time data with random right cen-

soring, where one only observes the minimum of the censoring time and the survival time.
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We denote Xi as the p-dimensional vector of covariates, representing auxiliary information

gathered on the ith subject in addition to the survival time. We denote the censoring time

as Ci, whose distribution could depend on the covariate Xi. We assume given Xi, Ci and Ti

are independent. With random right censoring, the observable data are the random sample

(Yi, Xi, δi), i = 1, . . . , n, where Yi is simply the minimum of Ti and Ci, and δi = I(Ti ≤ Ci). In

addition, we use S (t) or S (t|Xi) to denote the survival function (or conditional survival function

given Xi) of Ti, and G(t) or G(t|Xi) to denote the survival functions (or conditional survival

function given Xi) of Ci.

Regression models are indispensable tools in survival analysis. Popular regression models

include the Cox proportional hazards (PH) model (Cox, 1972), linear regression models such as

the accelerated failure time (AFT) model (Kalbfleisch, Prentice, and Kalbfleisch, 1980), quan-

tile regression models (Koenker and Bassett, 1978), and the proportional odds model (Bennett,

1983), and so on.

The Cox PH model may be the most widely used model in survival analysis. It assumes

that the hazard function

h(t|X) = − d
dt

log{1 − F(t|x)} = h0(t) exp(XTβ),

where h0(t) is the nonparametric baseline hazard function and β is an unknown p-dimensional

regression coefficient. Estimation and inference for the Cox PH model and its variations have

been studied extensively. A comprehensive review could be found in Fleming and Harrington

(1991).

It is recognized that sometimes the proportional hazard assumption underlying the Cox PH

model may not be appropriate, where the accelerated failure time model is a useful alterna-

tive. The AFT model links the log-transformed failure time log T (or some other monotone
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transformation) directly with the covariates, i.e.,

log T = XTβ + ϵ, (1.1)

where β is the p-dimensional regression coefficient and ϵ is the random error. The simplicity

of the AFT model makes it easy to interpret and explain to researchers in other fields.

Instead of modeling the conditional mean, quantile regression provides another approach

by modeling the conditional quantile of the survival time as a function of the covariates. To

accommodate the random right censoring in survival data, methods for censored quantile re-

gression have been developed. Censored quantile regression is a flexible model, which natu-

rally incorporates error heteroscedasticity by allowing the covariates to have different impacts

at different locations of the survival time distribution.

This dissertation focuses on the AFT model and the censored quantile regression model.

The following subsections of the introduction will review important existing estimation and

inference methods for the semiparametric AFT model and the censored regression model.

1.2 Semiparametric Estimation and Inference for the AFT

Model

Parameters of the AFT model can be estimated through the maximum likelihood if a known

distribution has been specified for the random error. On the other hand, the AFT model is

semiparametric if no specific assumption is made for the error distribution. A lot of research

has been conducted on the estimation and inference of the semiparametric AFT model, among

which the Buckley-James (Buckley and James, 1979) estimator and the rank-based estimator

(Tsiatis, 1990) are the two most notable methods. Recently, Zeng and Lin (2007) proposed effi-
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cient estimation via nonparametric maximum profile-likelihood estimation and compared their

approach with the Buckley-James and rank estimators. Based on the missing-information prin-

ciple such as “inverse probability weighting”, a number of estimators have also been proposed,

including Koul et al. (1981), Leurgans (1987) and Zhou (1992), among others. Traditional

variance estimators such as the sandwich estimator in M-estimation are not viable with ran-

dom censoring, and thus the inference for the semiparametric AFT model is usually conducted

via computational intensive bootstrap or resampling methods.

1.2.1 Inverse Probability Weighted Estimators

Assuming the censoring time Ci does not depend on covariate Xi, Koul, Susarla, and Van Ryzin

(1981) developed an estimator based on the finding that

E
{
δiYi

G(Yi)

∣∣∣Xi

}
= E(Ti|Xi) = XT

i β,

where G(t) = P(C ≥ t) is the survival function of the censoring time. Koul et al. (1981) pro-

posed to estimate G(Yi) by the Kaplan-Meier estimate Ĝ(Yi). The inverse-probability weighted

uncensored event times δiYi/Ĝ(Yi) are regressed on Xi to estimate β.

Similarly, Leurgans (1987) proposed the “synthetic data” approach where a set of synthetic

times are transformed from the original data. The procedure is to rank Yi, i = 1, . . . , n as

Y(1) ≤ Y(2) ≤ . . . ≤ Y(n), and define the ith synthetic time as

R(i) = Y(1) +

n∑
i=2

Y(i) − Y(i−1)

Ĝ(Y(i))
=

∫
I(s < Y(i))

Ĝ(s)
ds.
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Note that the “synthetic data” is an unbiased transformation in the sense that

E
{∫

I(s < Y(i))
G(s)

ds
}
= ET(i).

To estimate β, ordinary lease squares (OLS) is used to regress the transformed data R(i) on the

covariates.

As a continuation to Koul et al. (1981)’s work, Zhou (1992) proposed that, for any rea-

sonable loss function Q(·), β can be estimated by minimizing the following inverse probability

weighted objective function:
n∑

i=1

Q(Yi − XT
i β)

δi

Ĝ(Yi)
.

The “inverse probability of censoring weighted” approach is conceptually simple and easy

to implement. However, in order for the Kaplan-Meier estimate Ĝ(·) to be consistent, it is

necessary to assume that C and T are unconditionally independent, and C is independent with

the covariates. This assumption is too restrictive, compared to the standard assumption that C

and T are conditionally independent given the covariates.

1.2.2 The Buckley-James Estimator

When there is no censoring, the classical least squares estimator of β in model (1.1) can be

obtained by solving the following estimating equation

n−1
n∑

i=1

(Xi − X̄n)(Ti − XT
i β) = 0, (1.2)

where X̄n = n−1∑n
i=1 Xi, and α can be estimated by the mean of the residuals ei(β̂) = Ti − XT

i β̂.

With random right censoring, some of the failure times Ti are unobserved. Buckley and

James (1979) proposed to replace those censored Ti with their conditional expectation E(Ti|Ti ≥
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Ci,Yi, Xi) and then plug them in the OLS estimating equation.

Suppose β is known, then we have

E(Ti|Ti ≥ Ci,Yi, Xi) =

∫ ∞
ei

udF(u)

1 − F(ei)
+ XT

i β, (1.3)

where ei = Ti − XT
i β and F(u) is the cumulative distribution function of ei.

With β and F(u) unknown, Buckley and James (1979) proposed to start from an initial

estimate b and then plug in the Kaplan-Meier estimate of F(u) to estimate E(Ti|Ti ≥ Ci, Xi).

Through iteration, estimates for E(Ti|Ti ≥ Ci, Xi) will be refined and the solution to the OLS

will converge, which is the popular Buckley-James estimator. Ritov (1990) and Lai and Ying

(1991) rigorously established the asymptotic properties of a modified Buckley-James estimator.

Reliable inference for Buckley-James estimator is difficult to obtain since the asymptotic

covariance matrix is complicated and involves unknown error density function. Jin, Lin, and

Ying (2006) proposed applying the resampling method, which works by repeatedly perturbing

the estimation algorithm using independently generated randomly variables. They also showed

that given a consistent initial estimator, the Buckley-James algorithm will always converge to

the truth.

1.2.3 Rank Estimator

Linear log-rank test was proposed by Prentice (1978) to test the hypothesis H0 : β = 0. Tsiatis

(1990) pointed out that applying the log-rank test on the residuals (Yi − XT
i β0) is equivalent

to testing H0 : β = β0. In addition, when β = β0, the expectation of the test statistic is zero,

making it an ideal candidate as estimating equation.
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Tsiatis (1990) proposed to estimate β by a zero-crossing of the function

S n(β) =
n∑

i=1

wiδi

{
Xi −

∑n
j=1 X jI{e j(β) ≥ ei(β)}∑n

j=1 I{e j(β) ≥ ei(β)}

}
, (1.4)

where ei(β) = Yi − XT
i β and wi are weights that can depend on the data. The choices wi = 1

and wi = n−1∑n
j=1 I{e j(β) ≥ ei(β)} correspond to the log-rank and Gehan types of weights,

respectively. Ying (1993) studied the theoretical property of the rank estimator and discovered

the condition under which the rank estimator achieves the asymptotic efficiency bound.

Fygenson and Ritov (1994) showed that rank estimating function based on the Gehan type

of weights is monotone in β and thus a unique solution exists. The Gehan type estimating

equation is

S n(β) = n−1
n∑

i=1

n∑
j=1

δi(Xi − X j)I{ei(β) ≤ e j(β)} = 0, (1.5)

which can be written as the derivative of a convex objective function,

n−1
n∑

i=1

n∑
j=1

δi{ei(β) − e j(β)}−,

where a− = |a|I(a < 0). Efficient linear programming technique can be applied to solve (1.5).

Inference based on resampling for the Gehan-type rank estimator have been proposed by

Jin et al. (2003). A brief discussion of the resampling approach is deferred to Chapter 3, where

it was employed for the inference of the local Buculey-James estimator. Recently, computa-

tionally efficient kernel-smoothing (Heller, 2007) and induced-smoothing-based (Johnson and

Strawderman, 2009) estimation and inference have been proposed for the Gehan-type rank

estimation, and we adopt the induced-smoothing idea for the inference of censored quantile

regression.
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1.2.4 Nonparametric Maximum Profile-Likelihood Estimator

A recent development for semiparametric AFT model estimation is the nonparametric max-

imum profile likelihood estimator proposed by Zeng and Lin (2007). The profile likelihood

function for the AFT model is highly unsmooth and thus is not useful for parameter estima-

tion. Those authors proposed to regularize the AFT profile-likelihood function through kernel

smoothing. They showed that under certain conditions the maximizer of the smoothed profile-

likelihood is consistent, asymptotically normal, and semiparametric efficient.

1.3 Censored Quantile Regression

Quantile regression is an important and useful extension to the classic linear regression, as it

allows different linear quantile functions at various quantile levels. Without loss of generality,

define the τth conditional quantile of T as QT (τ|X) = inf{t : P(T ≤ t|X) ≥ τ}. In censored

quantile regression models, at a given quantile level τ ∈ (0, 1), we assume QT (τ|Z) = XTβτ,

where βτ is the τth quantile coefficient that is allowed to change with τ.

Given the quantile regression model of T , when there is no censoring, βτ can be estimated

by minimizing the quantile objective function

Qn(β) = n−1
n∑

i=1

ρτ(Yi − Xi
Tβ), (1.6)

where ρτ(u) = u{τ− I(u < 0)}. Minimizing (1.6) is equivalent to solving the following quantile

estimating equation

Sn(β) = n−1
n∑

i=1

Xi
{
τ − I(Yi − Xi

Tβ ≤ 0)
}
= op(1).

Powell (1984) and Powell (1986) proposed estimation methods for quantile regression with

8



fixed censoring. Powell observed that if the censoring times Ci are observed for each subject

i = 1, . . . , n, then βτ can be estimated by minimizing
∑n

i ρτ{Yi − max(Ci, XT
i b)} over b. Fixed

censoring requires all censoring to be observable, which applies in certain situations such as

medical studies where the measurements are censored by some detection limits, or in economic

surveys where measurements are recorded up to some ceiling.

For random right censoring, censoring time is only observable when it is smaller than

the event time. With partial information about the censoring time, censored quantile regres-

sion methods can be roughly classified by their assumptions on the censoring mechanism.

Covariate-independent censoring assumes that the censoring time Ci does not depend on the

covariates, and is thus unconditionally independent with the event time Ti. Methods requir-

ing the covariate-independent censoring include Ying, Jung, and Wei (1995), Bang and Tsiatis

(2002), and so on. Covariate-dependent censoring assumes that the distribution of Ci depends

on Xi, and Ci is conditionally independent of Ti given Xi. Methods under this assumption in-

clude McKeague, Subramanian, and Sun (2001), Portnoy (2003), Peng and Huang (2008), and

Wang and Wang (2009), to name a few.

1.3.1 Covariate-Independent Censored Quantile Regression

Assuming covariate-independent censoring, Ying, Jung, and Wei (1995) proposed a semipara-

metric estimating equation for median regression,

S n(β) =
n∑
i

Xi

 I(Yi ≥ XT
i βτ)

Ĝ(XT
i βτ)

− 1 + τ

 = 0, (1.7)

where Ĝ is the Kaplan-Meier estimate of G(·), the survival function of the censoring time. The

rationale of the above estimating function is that

E
{
I(Yi ≥ XT

i βτ)
}
= P(Ti ≥ XT

i βτ)P(Ci ≥ XT
i βτ) = (1 − τ)G(XT

i βτ),

9



so the estimating function is unbiased for βτ.

The estimating function S n(β) is neither monotone nor continuous in β, thus the solution to

(1.7) can be defined as the minimizer of ||S n(β)||. This method assumes that Ci are independent

of Xi. Ying et al. (1995) discussed a possible extension to covariate-dependent censoring by

discretizing the covariate into K slices and replace Ĝ(XT
i βτ) with Ĝ(XT

i βτ|Xi), the Kaplan-Meier

estimate of the conditional censoring survival function of C given X = Xi. When covariate

discretizing is not plausible, estimating conditional censoring survival function will encounter

the curse of dimensionality when p is large.

Based on the inverse probability weighting principle, Bang and Tsiatis (2002) proposed a

simple estimating procedure for quantile regression

Un(β, Ĝ) = n−1
n∑

i=1

Xi∆i

Ĝ(Yi)

{
I(Yi − XT

i β < 0) − τ
}
= 0,

as it is easy to show that when evaluated at truth, E{Un(βτ,G)} = 0. Efficiency improvement

through modeling the missing data process was discussed.

Inferences for the above estimation procedures are difficult since the estimating functions

are neither monotone nor smooth functions of β. Inferential procedures such as inversion of

score test was proposed to find confidence regions for β. The inversion of score test works by

conducting many hypothesis tests at significance level α on a fine grid, and a 1 − α confidence

region is defined as the region where the null hypothesis cannot be rejected. To obtain an

accurate confidence region estimate is very computationally intensive.

1.3.2 Censored Quantile Regression: Covariate-Dependent Censoring

Covariate-independent censoring may not be a suitable assumption in many applications. In

some medical studies, censoring may be related to covariates such as treatment groups and
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subject characteristics. For example, patients in the control arm of a clinical trial may have a

higher probability to withdraw early from the study due to lack of treatment effect or adverse

event, resulting in more and earlier censoring in the control arm.

Following the idea of Ying, Jung, and Wei (1995), McKeague, Subramanian, and Sun

(2001) applied the missing-information principle to the uncensored least absolute deviation

estimating equation. Their proposal is to replace censored I(Ti ≥ XT
i βτ) by an estimate of its

conditional expectation,

E{I(Ti ≥ XT
i βτ)|Xi, δi,Yi} = I(Yi ≥ XT

i βτ) + (1 − δi)I(Yi < XT
i βτ)

S (XT
i βτ|Xi)

S (Yi|Xi)
,

where S (t|x) = P(T > t|X = x) is the conditional survival function of T given X. The condi-

tional expectation is estimated by replacing F(XT
i βτ|Xi) and F(Yi|Xi) with their nonparametric

estimates. To avoid the curse of dimensionality, McKeague, Subramanian, and Sun (2001)

proposed to use Cox Proportional Hazard model based estimate of F(t|x).

Portnoy (2003) was among the first to propose estimation procedure for censored quantile

regression that accommodate covariate-dependent censoring. The method works by recursively

redistributing the mass of each censored observation to observations above, such as positive

infinity since the sign of the residual is the only concern for quantile regression. For instance,

when regressing at quantile level τ and assuming the regression line XT
i βτ is known in advance,

those censored observations above the regression line causes no problem since Ci > XT
i βτ

implies Ti > XT
i βτ. Special treatment should be given to those censored observations below the

regression line, i.e., Ci < XT
i βτ, since Ti could be above or below the regression line.

Assume quantile regression model applies to almost all quantile levels between 0 and 1, if

the ith observation is censored and Ci is observed, then a quantile level τi can be found such

that the fitted quantile regression line XT
i β̂τi crosses (Xi,Ci). When regressing at quantile level

11



τ, the mass of the ith observation redistributed to (Xi,+∞) is Wi(τ) = 1−τ
1−τi , if τ > τi, and 0

otherwise. The remaining weight 1 −Wi(τ) = τ−τi1−τi will be assigned to (Xi,Ci).

Thus, two weighted pseudo-observation, (Xi,+∞) with weight Wi(τ) and (Xi,Ci) with weight

1−Wi(τ) will be synthesized out of each censored observation to estimate βτ. Estimating gradu-

ally from lower quantiles to higher quantiles allows for unbiased estimation of βτ at all quantile

levels. Thus, a critical assumption for Portnoy’s method is global-linearity. That is, the method

assumes the quantile of Ti is linear in Xi at all quantile levels. Being a novel breakthrough in

censored quantile regression, the recursive algorithm of Portnoy’s method hinders the develop-

ment of asymptotic property and inference procedure. Asymptotic properties were constructed

later by Neocleous, Branden, and Portnoy (2006) for a similar grid-based algorithm, and infer-

ence is developed based on the computationally intensive bootstrap method.

Peng and Huang (2008) proposed an alternative censored quantile regression method based

on the martingale structure of survival data. Define FT (t|Xi) = P(T ≤ t|Xi),ΛT (t|Xi) = − log(1−

FT (t|Xi)),Ni(t) = I(Yi ≤ t, δi = 1). Mi(t) = Ni(t) − ΛT (t ∧ Yi|Xi) is the martingale process of

the counting process Ni(t), and E{Mi(t|Xi)} = 0 for positive t. Let t = exp{XT
i βτ}, the τth

conditional quantile of T assuming the AFT model, by the martingale property we have

E

 n∑
i=1

Xi

[
Ni{exp(XT

i βτ)} −
∫ τ

0
I(Yi ≥ exp{XT

i βu})dH(u)
] = 0,

where H(t) = − log(1 − t) and
∫ τ

0
I
{
Yi ≥ exp(XT

i βu)
}

dH(u) = ΛT

{
exp(XT

i βτ) ∧ Yi|Xi

}
.

The above equation provides the theoretical basis for Peng and Huang (2008)’s estimating

equation,

n−1
n∑

i=1

Xi

[
Ni

{
exp(XT

i βτ)
}
−
∫ τ

0
I
{
Yi ≥ exp(XT

i βu)
}

dH(u)
]
= 0,

which is solved on a fine grid of τ: 0 = τ0 < τ1 < . . . < τU < 1. Peng and Huang (2008)
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propose to sequentially solve for β̂τ j starting from τ0 = 0. Set exp{XT
i β0} = 0, β̂τ j is defined as

the generalized solution to

n−1/2
n∑

i=1

Xi

Ni

{
exp(XT

i βτ)
}
−

j−1∑
k=0

I
{
Yi ≥ exp(XT

i β̂τk)
}
{H(τk+1) − H(τk)}

 = 0.

Note that both Portnoy (2003) and Peng and Huang (2008) require the global-linearity assump-

tion of the quantile functionals.

Wang and Wang (2009) proposed the locally weighted censored quantile regression proce-

dure based on the same redistribution-of-mass idea of Portnoy (2003), where the redistribution

of mass is determined by the estimated conditional cumulative distribution function of T given

X. Assume that QT (τ|X) = XTβτ for certain quantile level τ of interest, note that each data

point contribute to the quantile regression solution through I(Ti < XT
i βτ), and weights need

only be calculated for those censored observations with Ci < XT
i βτ.

Wang and Wang (2009) reasoned that

P(Ti < XT
i βτ|Ci ≤ min{Ti, XT

i βτ}) =
F(βτ|Xi) − F(Ci|Xi)

1 − F(Ci|Xi)
=
τ − F(Ci|Xi)
1 − F(Ci|Xi)

,

where F(t|Xi) is the conditional distribution function of Ti given covariate Xi.

Their proposed algorithm estimates F(t|Xi) by the corresponding kernel-based local Kaplan-

Meier estimate F̂(t|Xi). Thus, for censored observation with F̂(Ci|Xi) ≤ τ, its weight shall be

distributed to two pseudo-observations: (Xi,+∞) with weight 1−τ
1−F̂(Ci |Xi)

and (Xi,Ci) with weight

τ−F̂(Ci |Xi)
1−F̂(Ci |Xi)

.

The quantile coefficient βτ is then estimated through minimizing the locally weighted ob-
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jective function

n−1
n∑

i=1

{wi(F̂)ρτ(Yi − XT
i β) + (1 − wi(F̂))ρτ(+∞− XT

i β)},

where wi(F̂) = 1 for uncensored and censored observations with F̂(Ci|Xi) > τ. For other

censored observations, wi(F̂) = τ−F̂(Ci |Xi)
1−F̂(Ci |Xi)

.

Inference for censored quantile regression proves to be a difficult problem due to several

reasons. First, estimating equations in censored quantile regression generally are not smooth

functions of βτ. Second, estimation algorithms are often too complex to analytically derive the

asymptotic covariance matrix. Third, asymptotic covariance matrix, if can be obtained, often

contains unknown error density functions and thus is difficult to estimate directly. Instead, Port-

noy (2003) and Wang and Wang (2009) used bootstrap for inference, while Peng and Huang

(2008) adopted the resampling procedure of Jin, Ying, and Wei (2001). Both bootstrap and re-

sampling enjoy good finite sample performance. However, they are computationally intensive

since they require repeatedly sampling the data or randomly permuting the estimating equation.
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Chapter 2

Inference via Induced Smoothing for

Censored Quantile Regression

2.1 Introduction

Consider a random sample subject to random right censoring: {Yi = min(Ti,Ci),∆i, Xi}ni=1,

where Ti and Ci denote the failure time and the censoring time (or some monotone trans-

formations thereof), respectively, ∆i = I(Ti ≤ Ci) is the censoring indicator, and Xi is the

p-dimensional covariate vector with 1 as the first component corresponding to the intercept.

We assume the following quantile regression model at a fixed quantile level τ ∈ (0, 1),

Ti = XT
i β0(τ) + ϵi, i = 1, . . . , n, (2.1)

where β0(τ) is the p-dimensional quantile coefficient at the τth quantile, and ϵi is the random

error whose τth conditional quantile given Xi equals 0. In the rest of the chapter, we will

suppress τ in β0(τ) for notational simplicity.
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The quantile regression model, first introduced by Koenker and Bassett (1978), is a valuable

alternative to the Cox proportional hazards model (Cox, 1972) and the accelerated failure time

(AFT) model (Cox and Oaks, 1984) in survival analysis. Compared to the Cox and the AFT

models, quantile regression offers an automatic and flexible way to capture the heterogeneity

in the data. Moreover, the relations between the conditional quantiles of the failure time and

the covariates are directly interpretable.

Considerable research efforts have been spent on the estimation of parameters in censored

quantile regression. Early works of Powell (1984) and Powell (1986) studied fixed censor-

ing where the censoring variable Ci is assumed always observable. For quantile regression

with random right censoring, recent developments include Ying et al. (1995), Bang and Tsiatis

(2002), Honor et al. (2002), Portnoy (2003), Peng and Huang (2008), Wang and Wang (2009),

Huang (2010) and Portnoy and Lin (2010). However, relatively few methods are available for

estimating the variance of censored quantile regression estimators and as such the associated in-

ference becomes more difficult. In general, a plug-in estimator of the variance can be obtained

based on the asymptotical normality of the corresponding estimator, while the asymptotical

variance-covariance matrix usually involves fi(0|Xi), the unknown conditional error density

function fi(·|Xi) evaluated at zero. Nonparametric approaches can be used to estimate fi(0|Xi),

but most of them require moderate to large sample size and choosing proper tuning parameters,

such as the bandwidth parameter in kernel smoothing. Previous research show that inference

based on nonparametric density estimation is very sensitive to the choice of tuning parameters

in finite samples; see Colin and Ying (2005) and Kocherginsky et al. (2005) for comparison of

different inference methods in quantile regression without censoring. Some other researchers

considered computationally intensive methods for variance estimation, e.g. Portnoy (2003) and

Wang and Wang (2009) used bootstrap, and Peng and Huang (2008) employed the resampling

approach of Jin et al. (2001). To bypass the variance estimation in the context of censored
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quantile regression, an alternative inference approach via the inversion of score tests was also

considered by Ying et al. (1995) and Bang and Tsiatis (2002). However, the construction of

confidence intervals is cumbersome, because one needs to perform hypothesis testing repeat-

edly on a fine grid in the p-dimensional parameter space.

The difficulty in variance estimation for censored quantile regression arises partly from

the unsmoothness of the corresponding estimating function that involves indicator functions.

The unsmoothness issue can be overcome by approximating the indicator functions with some

suitable smooth functions. A common smoothing method is the kernel smoothing; see Chen

and Hall (1993), Horowitz (1998), Heller (2007) and Whang (2006). Using kernel smoothing,

if the bandwidth parameter converges to zero at a proper rate, the smoothed estimating func-

tion is asymptotically equivalent to the original estimating function, and the covariance can be

consistently estimated by the sandwich formula derived from the smoothed estimating equa-

tion. Though conceptually simple, kernel smoothing usually needs a well-chosen bandwidth

parameter to achieve good finite sample performance.

In this chapter, we employ the induced smoothing idea of Brown and Wang (2005) and de-

velop a variance estimation procedure for the censored quantile coefficient estimator of Bang

and Tsiatis (2002). The induced smoothing method smoothes the estimating function by tak-

ing its expectation under the distribution of a random perturbation of the unknown parameter.

Induced smoothing is practically convenient, as it does not require selecting any tuning pa-

rameters. Recently, Wang et al. (2009) demonstrated that induced smoothing provides reliable

variance estimation for quantile regression with uncensored data. Other notable applications of

induced smoothing in different contexts include Brown and Wang (2006), Johnson and Straw-

derman (2009), Fu et al. (2010) and Wang and Fu (2010). In this chapter, we will show that

for censored quantile regression, our proposed variance estimator via induced smoothing is

asymptotically consistent. In addition, it has good finite sample performance and is com-
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putationally efficient, requiring only a fraction of the computational cost as compared to the

bootstrap method.

The rest of this chapter is organized as follows. In Section 2.2, we present the variance

estimation procedure. In Section 2.3, we establish the asymptotic property of the variance

estimator. The finite sample performance of the proposed procedure is investigated through

a simulation study in Section 2.4, and an analysis of a multiple myeloma data set in Section

2.5. We conclude the chapter with some discussions in Section 2.6. Theoretical proofs are

presented in Section 2.7.

2.2 Induced Smoothing and Computational Algorithm

When there is no censoring, the quantile coefficient β0 in model (2.1) can be consistently esti-

mated by the solution of the following estimating equation

n−1
n∑

i=1

Xi{I(Yi − XT
i β < 0) − τ} = 0.

In the presence of random right censoring, a number of estimation methods have been pro-

posed. One popular estimator is the inverse-censoring-probability-weighted (ICPW) estimator

proposed by Bang and Tsiatis (2002). Specifically, the ICPW estimator β̂ is defined as the

solution of the estimating equation

Un(β) = n−1
n∑

i=1

Xi∆i

Ĝ(Yi)
{I(Yi − XT

i β < 0) − τ} = 0, (2.2)

where Ĝ(·) is the Kaplan-Meier estimate of the survival function of the censoring variable Ci.
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Note that solving (2.2) is equivalent to minimizing a weighted objective function

n−1
n∑

i=1

∆i

Ĝ(Yi)
ρτ(Yi − XT

i β), (2.3)

where ρτ(t) = t{τ − I(t < 0)}. The minimization can be solved efficiently by using existing

linear programming algorithms, for instance, the rq function in R package quantreg.

In Bang and Tsiatis’s method, censoring times are assumed to be independent and identi-

cally distributed, and independent of covariates, which we also assume through the remaining

of the chapter. Bang and Tsiatis (2002) proved that under some regularity conditions, β̂ is

consistent and asymptotically normal:

n1/2(β̂ − β0)
d−→ N(0,Γ),

where Γ = A−1ΣA−1, A = limn→∞ n−1∑n
i=1 XiXT

i fi(0|Xi), and Σ = limn→∞Var{n1/2Un(β0)}. It is

well-known that direct estimation of Γ is difficult, since the matrix A depends on the unknown

error densities fi(·|Xi), i = 1, . . . , n.

By the asymptotic normality of β̂, we can write β̂ = β0 + H1/2V , where H = n−1Γ, V ∼

N(0, Ip), and Ip is the p × p identity matrix. In this way, β̂ can be regarded as a random

perturbation of β0. Motivated by the induced smoothing idea of Brown and Wang (2005), we

consider the smoothed estimating function Ũn(β,H) = E{Un(β + H1/2V)}, the expectation of

the unsmoothed estimating function with respect to V . We have

Ũn(β,H) = EV

{
Un

(
β +H1/2V

)}
=

1
n

n∑
i=1

Xi∆i

Ĝ(Yi)

Φ
 XT

i β − Yi√
XT

i HXi

 − τ
 , (2.4)

where Φ(·) is the standard normal cumulative distribution function. When H is given, the

smoothed quantile coefficient estimator β̃ can be obtained by solving Ũn(β̃,H) = 0. However,
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since H is unknown and has to be estimated, we propose to use a positive definite p× p matrix

H̃0 = O(n−1) as an initial value in the smoothing, and then update through iterations to estimate

H and hence Γ. In fact, we will show, as long as the matrix used for initial smoothing is

of order O(n−1) and positive definite, the corresponding smoothed coefficient estimator β̃ is

asymptotically equivalent to β̂.

For any positive definite matrix W = O(n−1), we define

Ãn(β,W) =
∂Ũn(β,W)
∂β

= n−1
n∑

i=1

∆i

Ĝ(Yi)
ϕ

 XT
i β − Yi√
XT

i WXi

 XiXT
i√

XT
i WXi

.

The estimation algorithm can be summarized as follows.

Step 1. Let β̃0 = β̂, the Bang-Tsiatis estimator, and H̃0 = n−1In.

Step 2. Given β̃k−1 and H̃k−1 from the (k − 1)th step, update β̃k and H̃k as:

β̃k = β̃k−1 +
{
−Ãn

(
β̃k−1, H̃k−1

)}−1
Ũn

(
β̃k−1, H̃k−1

)
,

and H̃k = n−1Ã−1
n

(
β̃k, H̃k−1

)
Σ̂
(
β̃k

)
Ã−1

n

(
β̃k, H̃k−1

)
,

where Σ̂(β̃k) is the consistent estimator of the covariance matrix of
√

nUn(β̃k), as defined

in (2.10) in the Appendix.

Step 3. Repeat step 2 till convergence. Denote the coefficient estimate and the covariance

estimate at convergence as β̃ and H̃, respectively, and let Γ̃ = nH̃.

In addition, we denote the covariance estimator of n1/2β̃k at the kth iteration as Γ̃k = nH̃k.

Thereafter, we will refer to this procedure as IS (Induced Smoothing).
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2.3 Asymptotic Results

In this section, we establish the consistency and asymptotic normality of β̃k, and the consistency

of Γ̃k. We impose the following regularity conditions.

A1. The conditional error distribution functions, Fi(·|Xi)n
i=1, are absolutely continuous with

continuous densities fi(·|Xi) uniformly bounded away from 0 and ∞ in a neighborhood

of 0, and f ′i (·|Xi) exists and is uniformly bounded on the real line.

A2. For each i = 1, . . . , n, Xi satisfies the following conditions:

(a) n−1∑n
i=1 XiXT

i fi(0|Xi) converges to a positive definite matrix A;

(b) supi ||Xi|| < ∞, where || · || denotes the Euclidean norm.

A3. There exists L > 0 such that P(C > L) = 0 and P(C = L) ≥ ν, where ν is some positive

constant.

Theorem 2.1. Assume conditions A1-A3 hold, and the initial smoothing matrix H0 is positive

definite and O(n−1), as n→ ∞, we have

(i). n1/2(β̃k − β0)
d−→ N(0,Γ), for any k ≥ 1;

(ii). Γ̃k
p−→ Γ, for any k ≥ 1.

Remark: Assumption A1 and A2 impose some conditions on the conditional error distri-

butions and the covariates, both of which will hold in most practical situations. Assumption

A3 will be satisfied in many clinical settings with administrative censoring. Theorem 2.1 (i)

suggests that the smoothed coefficient estimator, β̃k, has the same asymptotic distribution as

the unsmoothed estimator β̂. Theorem 2.1 (ii) provides the theoretical justification for IS as

a variance estimation procedure for the censored quantile regression model (2.1). In addition,

21



Theorem 2.1 suggest that β̃ and Γ̃, the coefficient and variance estimators at convergence, have

the same asymptotic properties as the one-step estimators β̃1 and Γ̃1, respectively. However,

our numerical studies show that the IS variance estimator at convergence has smaller bias than

the one-step estimator in finite samples. The proposed algorithm converges quite fast, usually

within 4 iterations for the simulation study in Section 2.4 and within 4-8 iterations for the data

analysis in Section 2.5.

2.4 Simulation

In this section, we conduct a simulation study to compare three variance estimation methods:

the proposed IS method, the bootstrap method (BT-boot) and the kernel smoothing method

with prespecified bandwidths. For BT-boot, the bootstrap coefficient estimates are obtained

by minimizing (2.3) using bootstrap samples generated by resampling the triplets {Yi,∆i, Xi}

with replacement. The bootstrap covariance matrix is calculated as the sample covariance

of the bootstrap coefficient estimates. For kernel smoothing, the indicator functions I(Yi −

XT
i β < 0) are approximated by Φ

{
(Yi − XT

i β)/h
}
, where h is the bandwidth, and the covariance

matrix is estimated by the sandwich formula using M-estimation technique. We consider three

bandwidths in the kernel smoothing h = n−0.1, n−0.3 and n−0.7, and denote them as S 1, S 2 and

S 3, respectively. Note that the induced smoothing approach can be viewed as a variation of the

kernel smoothing method: in induced smoothing, rather than a fixed bandwidth h, each subject

receives a subject-specific bandwidth hi =

√
XT

i HXi that is determined automatically through

iteration.

We generate data from the following model.

log(Ti) = XT
i β + ϵi, i = 1, · · · , n,
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where Xi = (1, Xi1, Xi2)T , Xi1 ∼ Unif(0,4), Xi2 ∼ Bernoulli(0.5) and β = (β1, β2, β3)T =

(1, 1, 1)T . We consider 3 different scenarios for generating the random error ϵi.

Scenario 1: homoscedastic normal, ϵi ∼ N(0, 1);

Scenario 2: heteroscedastic normal, ϵi ∼ N(0, (1 + 0.3Xi1)2);

Scenario 3: heteroscedastic logistic, ϵi ∼ Logistic(0, 1 + 0.3Xi1).

The censoring times Ci are generated by log(Ci) ∼ Unif(0, k), where k is set as 23, 12 and

7, corresponding to 15%, 30% and 50% of censoring, respectively. For each scenario, 2000

simulated samples of size n = 200 are generated. We focus on two quantiles, τ = 0.25 and

τ = 0.5.

Tables 2.1, 2.2 and 2.3 summarize the simulation results for 15%, 30% and 50% censoring,

respectively. For each method, we report the mean bias and the mean squared error (MSE) of

each estimate of βi, i = 1, 2, 3, the empirical coverage probability of 95% Wald-type confidence

intervals, and SE/SD, where SD is the Monte Carlo standard deviation and SE is the average

of estimated standard errors across 2000 simulations.

In cases with moderate censoring (15% and 30%), the coefficient estimates from IS and BT-

boot are essentially unbiased, while those from the kernel smoothing methods tend to be biased

when the bandwidth is selected too large. Theorem 2.1 suggests that the smoothed coefficient

estimator from IS, β̃k, is asymptotically equivalent to the BT estimator. However, simulation

results show that the ultimate point estimator from IS has smaller mean squared errors than the

BT estimator and thus has some finite sample advantages. In terms of variance estimation, IS

performs similarly as BT-boot, and both provide reasonable variance estimates and confidence

intervals with coverage probabilities close to the nominal level 95%. In contrast, the kernel

smoothing is very sensitive to the choice of bandwidth h. Generally speaking, kernel smoothing

tends to produce inflated variance estimation when more smoothing (larger h) is applied.
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Estimation and inference are more challenging in cases with 50% censoring. When there

is heavy right censoring, the upper quantiles may not be identifiable. Table 2.3 shows that

for data sets with 50% censoring, all methods yield point estimates with larger bias especially

at median, which is possibly due to the identifiability issue. Consequently, the confidence

intervals from IS and BT-boot have coverage probabilities lower than 95% at τ = 0.5. However,

two methods still provide reasonable confidence intervals at the lower quantile τ = 0.25.

In summary, the IS method is comparable to bootstrap in terms of variance estimation.

However, IS is computationally more efficient than BT-boot. For example, in Scenario 1 with

n = 200 and 15% censoring, it took IS 4.27 seconds and BT-boot 621 seconds to finish the

computation for 100 data sets by using R 2.9.2 on a PC with an Intel i7 920 CPU clocked

at 3.6Ghz. In this simulation study, we focused on data sets with 2 covariates. Additional

simulation studies suggest that the proposed method also work well for data sets with more

covariates at the cost of more computational time. For instance, the IS method required 134

seconds for analyzing 2000 simulated data sets with 6 covariates, compared to 94 seconds for

analyzing 2000 datasets with 2 covariates.
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Table 2.1: Simulation results for 15% censoring.

β1 β2 β3

Bias MSE SE/SD CovP Bias MSE SE/SD CovP Bias MSE SE/SD CovP
τ = 0.25, Scenario 1

IS -11 42 1.08 0.947 3 7 1.08 0.951 3 35 1.08 0.953
BT-boot -4 48 1.08 0.953 4 8 1.07 0.952 4 40 1.10 0.960

S 1 -106 46 1.34 0.980 3 5 1.33 0.986 4 29 1.34 0.991
S 2 -16 42 1.13 0.957 4 7 1.12 0.958 4 34 1.14 0.969
S 3 -4 47 0.98 0.844 4 8 1.00 0.847 3 39 1.01 0.873

τ = 0.25, Scenario 2
IS -24 73 1.09 0.952 9 16 1.07 0.950 6 80 1.08 0.955

BT-boot -12 83 1.10 0.955 10 19 1.07 0.955 6 91 1.09 0.955
S 1 -105 75 1.26 0.975 21 15 1.20 0.970 7 71 1.23 0.984
S 2 -22 74 1.12 0.952 11 17 1.08 0.943 7 81 1.11 0.957
S 3 -12 82 0.90 0.807 10 19 0.90 0.789 6 90 0.90 0.830

τ = 0.25, Scenario 3
IS -23 66 1.08 0.946 1 15 1.06 0.951 1 77 1.04 0.948

BT-boot -2 73 1.11 0.958 -1 17 1.08 0.956 -3 87 1.06 0.955
S 1 -126 74 1.25 0.973 16 14 1.20 0.978 4 69 1.19 0.981
S 2 -20 67 1.12 0.951 2 15 1.09 0.942 1 78 1.08 0.952
S 3 -3 73 0.94 0.814 -1 17 0.93 0.793 -2 86 0.90 0.832

τ = 0.5, Scenario 1
IS -6 38 1.06 0.945 4 6 1.08 0.955 3 33 1.06 0.947

BT-boot -5 45 1.04 0.946 4 7 1.06 0.956 3 39 1.04 0.949
S 1 -5 31 1.38 0.992 4 5 1.37 0.992 1 27 1.36 0.994
S 2 -5 38 1.11 0.959 3 6 1.12 0.961 2 33 1.11 0.958
S 3 -5 44 0.92 0.842 4 7 1.00 0.856 4 38 0.97 0.868

τ = 0.5, Scenario 2
IS -8 67 1.08 0.946 5 15 1.07 0.949 5 77 1.06 0.950

BT-boot -8 78 1.06 0.949 5 18 1.06 0.954 8 88 1.06 0.951
S 1 -7 60 1.27 0.984 5 14 1.21 0.976 2 69 1.22 0.981
S 2 -8 69 1.09 0.945 5 16 1.09 0.947 5 79 1.09 0.953
S 3 -7 77 0.91 0.811 5 17 0.93 0.798 7 87 0.92 0.840

τ = 0.5, Scenario 3
IS -8 54 1.07 0.950 1 12 1.06 0.946 10 63 1.04 0.943

BT-boot -11 61 1.07 0.954 3 14 1.06 0.956 10 72 1.04 0.948
S 1 -6 49 1.29 0.987 1 11 1.24 0.981 7 59 1.21 0.982
S 2 -8 55 1.10 0.954 1 13 1.08 0.942 9 64 1.07 0.951
S 3 -11 61 0.95 0.831 2 14 0.94 0.807 10 71 0.93 0.843

S 1, S 2 and S 3 are three kernel smoothing methods with bandwidth h = n−0.1, n−0.3 and n−0.7, respectively. Bias
and MSE are reported as the original numbers times 1000. SE/SD: SD is the Monte Carlo standard deviation and

SE is the mean of estimated standard errors. CP is the empirical coverage probability of the 95% Wald-type
confidence intervals. The standard errors of MSEs range from 1 to 5, and the standard errors of SE/SD range

from 0.002 to 0.006.
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Table 2.2: Simulation results for 30% censoring.

β1 β2 β3

Bias MSE SE/SD CovP Bias MSE SE/SD CovP Bias MSE SE/SD CovP
τ = 0.25, Scenario 1

IS -9 47 1.07 0.947 2 8 1.07 0.950 0 41 1.08 0.953
BT-boot -2 55 1.08 0.955 4 9 1.06 0.956 1 48 1.09 0.954

S 1 -102 49 1.32 0.979 2 6 1.32 0.985 1 34 1.33 0.990
S 2 -13 47 1.12 0.957 3 8 1.11 0.956 1 41 1.13 0.965
S 3 -2 54 0.95 0.826 4 9 0.97 0.816 1 47 0.97 0.854

τ = 0.25, Scenario 2
IS -14 80 1.08 0.955 2 19 1.05 0.940 -2 92 1.08 0.954

BT-boot 1 94 1.09 0.959 1 23 1.05 0.948 2 105 1.09 0.960
S 1 -92 81 1.24 0.977 13 18 1.17 0.968 -2 84 1.22 0.980
S 2 -11 83 1.10 0.953 3 21 1.04 0.932 0 95 1.10 0.953
S 3 0 93 0.88 0.791 2 23 0.85 0.737 2 104 0.88 0.802

τ = 0.25, Scenario 3
IS -19 73 1.08 0.948 -6 17 1.07 0.943 -1 89 1.04 0.946

BT-boot 1 82 1.11 0.961 -7 20 1.09 0.952 -4 103 1.06 0.950
S 1 -119 80 1.24 0.978 9 16 1.20 0.974 1 81 1.18 0.980
S 2 -14 74 1.11 0.949 -5 18 1.09 0.932 -1 91 1.07 0.947
S 3 1 81 0.92 0.801 -7 19 0.90 0.760 -4 101 0.85 0.795

τ = 0.5, Scenario 1
IS 1 44 1.07 0.946 1 7 1.08 0.953 -3 42 1.06 0.949

BT-boot 2 51 1.06 0.947 1 8 1.08 0.956 -1 48 1.05 0.950
S 1 2 37 1.37 0.991 1 6 1.37 0.991 -5 35 1.34 0.992
S 2 2 44 1.11 0.957 1 7 1.12 0.962 -3 41 1.10 0.959
S 3 2 50 0.96 0.832 1 8 1.00 0.837 -1 47 0.94 0.854

τ = 0.5, Scenario 2
IS 14 80 1.08 0.947 -8 19 1.06 0.944 -10 101 1.05 0.946

BT-boot 12 93 1.08 0.954 -7 22 1.07 0.953 -8 115 1.05 0.957
S 1 15 74 1.25 0.980 -9 18 1.18 0.971 -13 93 1.19 0.980
S 2 13 83 1.09 0.948 -7 20 1.07 0.940 -9 105 1.07 0.946
S 3 12 92 0.94 0.795 -7 22 0.93 0.763 -8 114 0.87 0.816

τ = 0.5, Scenario 3
IS 5 66 1.07 0.949 -10 16 1.04 0.939 4 82 1.03 0.943

BT-boot 3 75 1.07 0.954 -9 18 1.05 0.946 4 92 1.04 0.954
S 1 7 62 1.26 0.986 -11 15 1.20 0.978 1 78 1.19 0.979
S 2 5 68 1.08 0.947 -10 17 1.05 0.930 4 84 1.05 0.946
S 3 3 74 0.95 0.817 -9 18 0.92 0.769 5 91 0.91 0.830

S 1, S 2 and S 3 are three kernel smoothing methods with bandwidth h = n−0.1, n−0.3 and n−0.7, respectively. Bias
and MSE are reported as the original numbers times 1000. SE/SD: SD is the Monte Carlo standard deviation and

SE is the mean of estimated standard errors. CP is the empirical coverage probability of the 95% Wald-type
confidence intervals. The standard errors of MSEs range from 1 to 6, and the standard errors of SE/SD range

from 0.003 to 0.008.
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Table 2.3: Simulation results for 50% censoring.

β1 β2 β3

Bias MSE SE/SD CovP Bias MSE SE/SD CovP Bias MSE SE/SD CovP
τ = 0.25, Scenario 1

IS 21 61 1.05 0.937 -18 12 1.04 0.933 -28 62 1.05 0.945
BT-boot 29 73 1.06 0.954 -16 14 1.06 0.947 -26 73 1.07 0.954

S 1 -63 54 1.29 0.984 -22 10 1.26 0.978 -30 54 1.27 0.986
S 2 20 62 1.08 0.948 -17 12 1.06 0.934 -26 62 1.09 0.951
S 3 29 72 0.91 0.805 -15 14 0.90 0.757 -26 71 0.86 0.809

τ = 0.25, Scenario 2
IS 95 112 1.04 0.921 -98 37 1.00 0.880 -61 137 1.02 0.938

BT-boot 110 131 1.07 0.934 -95 42 1.04 0.899 -55 154 1.06 0.957
S 1 25 97 1.17 0.971 -90 35 1.09 0.924 -63 132 1.13 0.969
S 2 101 119 1.05 0.917 -95 39 1.00 0.869 -58 143 1.04 0.934
S 3 110 130 0.82 0.753 -95 42 0.80 0.646 -56 153 0.79 0.768

τ = 0.25, Scenario 3
IS 75 96 1.05 0.923 -93 33 1.03 0.883 -57 130 1.00 0.933

BT-boot 97 114 1.10 0.946 -91 36 1.09 0.914 -58 144 1.06 0.952
S 1 -14 85 1.19 0.976 -82 30 1.14 0.932 -58 124 1.11 0.965
S 2 81 100 1.08 0.922 -89 33 1.04 0.872 -55 133 1.03 0.937
S 3 97 112 0.84 0.739 -91 36 0.82 0.668 -57 142 0.76 0.750

τ = 0.5, Scenario 1
IS 60 64 1.06 0.943 -34 13 1.03 0.928 -45 71 1.03 0.940

BT-boot 59 77 1.06 0.954 -32 16 1.03 0.937 -44 85 1.03 0.948
S 1 67 57 1.35 0.991 -40 12 1.30 0.975 -53 65 1.27 0.984
S 2 60 67 1.08 0.952 -34 14 1.04 0.927 -46 75 1.04 0.948
S 3 59 76 0.92 0.802 -32 16 0.88 0.744 -44 84 0.84 0.799

τ = 0.5, Scenario 2
IS 201 161 1.00 0.907 -167 61 0.95 0.776 -101 183 0.98 0.931

BT-boot 191 179 1.03 0.921 -160 66 0.98 0.830 -99 207 1.01 0.945
S 1 210 158 1.14 0.948 -174 62 1.05 0.830 -110 181 1.07 0.960
S 2 195 166 1.00 0.898 -162 63 0.93 0.766 -101 193 0.99 0.923
S 3 191 177 0.79 0.708 -160 65 0.71 0.546 -99 205 0.72 0.724

τ = 0.5, Scenario 3
IS 164 126 1.00 0.911 -143 47 0.96 0.800 -78 147 0.96 0.927

BT-boot 157 142 1.02 0.924 -136 51 1.00 0.845 -78 164 1.00 0.938
S 1 176 125 1.18 0.962 -152 49 1.10 0.858 -89 146 1.09 0.964
S 2 159 130 1.00 0.899 -139 49 0.95 0.777 -78 153 0.98 0.922
S 3 157 140 0.82 0.729 -137 50 0.75 0.574 -78 163 0.75 0.728

S 1, S 2 and S 3 are three kernel smoothing methods with bandwidth h = n−0.1, n−0.3 and n−0.7, respectively. Bias
and MSE are reported as the original numbers times 1000. SE/SD: SD is the Monte Carlo standard deviation and

SE is the mean of estimated standard errors. CP is the empirical coverage probability of the 95% Wald-type
confidence intervals. The standard errors of MSEs range from 1 to 6, and the standard errors of SE/SD range

from 0.002 to 0.005.
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2.5 Analysis of a Multiple Myeloma Data

In this section, we apply the proposed method to analyze the survival times of multiple myeloma

patients. Multiple myeloma is a plasma cell cancer that happens in 4 per 10 million in the hu-

man population. Almost all multiple myeloma patients have genetic lesions in their cancer

cells. Recently, to identify specific genetic lesions associated with prognosis, a genetic analy-

sis of malignant plasma cells from 192 multiple myeloma patients was done using high den-

sity SNP arrays (Avet-Loiseau et al., 2009). After discarding those observations with missing

values in the covariates, we have 170 observations with 54% censoring. We fit the quantile re-

gression model to study the relation between the log survival times and 4 covariates, including

serum Beta-2 microglobulin (B2M) level, genetic markers del(13) (deletion on chromosome

13), t(4; 14) (translocation between chromosome 4 and 14) and t(11; 14) (translocation be-

tween chromosome 11 and 14). We focus on two quantile levels τ = 0.25 and 0.5. In cancer

studies, lower quantiles are of particular interest, as they correspond to high-risk cases with

shorter survivals.

Table 2.4 summarizes the quantile coefficient estimates, the corresponding estimated stan-

dard errors, 95% confidence intervals and p-values obtained from three methods: IS, BT-boot

and kernel smoothing with h = n−0.3. In accordance with our simulation study, all three meth-

ods give similar coefficient estimates. All three methods suggest that del(13) and t(11;14) have

no significant effect, while t(4;14) has a significant adverse effect on the two quantiles of the

survival times, which is consistent with the existing results (Keats et al., 2003). In addition,

the quantile coefficient of t(4; 14) is estimated as −1.062 at τ = 0.5 and −1.037 at τ = 0.25,

indicating that the adverse effects of the genetic lesion t(4; 14) on patients survival are about

the same at both quantiles.

The main discrepancy of three methods lies in the assessment of the B2M effect. At τ =
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0.5, both IS and BT-boot suggest a marginal significance of B2M, while the kernel smoothing

method gives a much larger variance estimate, leading to an insignificance. Note that this data

has heavy right censoring (54%). Simulation studies in Section 2.4 suggest that analysis at

median could be unstable under such heavy censoring, and this may partly explain the different

variance estimation of the kernel smoothing method. At the lower quantile τ = 0.25, all three

methods show that B2M has a significantly adverse effect. In biomedical literatures, B2M has

been shown to be an important factor in multiple myeloma prognosis; see Avet-Loiseau et al.

(2009), Greipp et al. (1993) and Facon et al. (2001). By studying at different quantiles, our

analysis reveals a richer picture. The results of IS show that the estimated quantile coefficient

of B2M is -0.083 at τ = 0.5 and is -0.134 at τ = 0.25, suggesting that high B2M level has an

adverse effect on patients’ survival times, and this adverse effect tends to be larger for those

with shorter survivals, i.e. at the lower quantiles. Further biological investigations are needed

to provide a more definite explanation of the differential impacts of B2M on different locations

of the survival distribution.

2.6 Conclusion and Remarks

We developed a new inference procedure for censored quantile regression based on induced

smoothing, which is computationally fast and theoretically valid. In this chapter, we focused

on Bang-Tsiatis estimator because of its computational convenience. The proposed idea can be

extended to other censored quantile estimators. For example, for regression at the τth quantile,

we can extend the median regression approach of Ying et al. (1995) and consider the following

estimating equation

n−1
n∑

i=1

Xi

{ I(Yi − XT
i β ≥ 0)

Ĝ(XT
i β)

− 1 + τ
}
= 0.
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Table 2.4: Results of the multiple myeloma data analysis.

τ=0.25 τ=0.5

β̂ lb ub SE p-value β̂ lb ub SE p-value

IS

intercept 3.805 3.346 4.264 0.234 0.000 3.980 3.462 4.498 0.264 0.000
B2M -0.134 -0.238 -0.030 0.053 0.011 -0.083 -0.163 -0.002 0.041 0.045

del(13) 0.087 -0.552 0.726 0.326 0.789 0.256 -0.133 0.646 0.199 0.197
t(4; 14) -1.037 -1.646 -0.429 0.311 0.001 -1.062 -1.655 -0.470 0.302 0.000
t(11; 14) -0.497 -1.421 0.426 0.471 0.291 -0.153 -0.680 0.374 0.269 0.569

BT-boot

intercept 3.867 3.268 4.467 0.306 0.000 4.049 3.475 4.623 0.293 0.000
B2M -0.137 -0.220 -0.055 0.042 0.001 -0.081 -0.170 0.007 0.045 0.072

del(13) 0.327 -0.451 1.105 0.397 0.410 0.252 -0.174 0.678 0.218 0.247
t(4; 14) -1.176 -1.921 -0.430 0.380 0.002 -1.349 -2.046 -0.653 0.355 0.000
t(11; 14) -0.503 -1.648 0.641 0.584 0.389 -0.233 -0.876 0.411 0.328 0.478

Kernel smoothing with h = n−0.3

intercept 3.803 3.416 4.190 0.198 0.000 3.918 3.093 4.743 0.421 0.000
B2M -0.137 -0.158 -0.115 0.011 0.000 -0.071 -0.247 0.105 0.090 0.431

del(13) 0.269 -0.339 0.877 0.310 0.386 0.241 -0.165 0.647 0.207 0.245
t(4; 14) -1.139 -1.704 -0.573 0.289 0.000 -1.138 -1.697 -0.579 0.285 0.000
t(11; 14) -0.447 -1.540 0.646 0.558 0.423 -0.119 -0.643 0.405 0.267 0.657

For each method, β̂ denotes the quantile coefficient estimate, lb and ub denote the lower and the upper bounds of
a 95% Wald-type confidence interval, and SE is the estimated standard error.
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Note that in the above equation, β is involved in both the numerator and the denominator, and

thus the induced smoothing cannot be directly applied. However, the difficulty can be overcome

if there exists a good initial estimator of β. For instance, we can use β̂, the estimate obtained

based on equation (2.2) as an initial estimate. Then an iterative estimation can proceed as

follows: at each step, we plug the β estimate from the previous step into Ĝ(XT
i β), apply induced

smoothing to I(Yi − XT
i β ≥ 0) and update both the coefficient and variance estimates. Further

investigation is needed in this direction.

In this chapter, we focused on survival data by making the unconditional independence as-

sumption of survival and censoring times as in Ying et al. (1995). The method can be directly

extended to analyze the censored medical cost data with informative censoring, the original

context studied in Bang and Tsiatis (2002). In survival analysis, it is more practical to assume

the conditional independence of survival and censoring times given covariates. To incorpo-

rate covariate-dependent censoring, we can adopt the local Kaplan-Meier estimates Ĝ(Yi|Xi) in

constructing the inverse censoring probability weights in (2.2); see Wang and Wang (2009) for

related discussions of the local Kaplan-Meier estimates. The corresponding variance estima-

tion can be carried out following the same line.

The R implementation of the proposed method is available at http://www4.stat.ncsu.

edu/˜wang/software.html.

2.7 Theoretical Proofs

To prove Theorem 2.1, we need the following Lemma.

Lemma 2.1. Let W = O(n−1) be any positive definite matrix, and define

Ũn(β,W) = n−1
n∑

i=1

Xi∆i

Ĝ(Yi)
Φ(

XT
i β − Yi√
XT

i WXi

)
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as the smoothed estimating function. Under Assumptions A1-A3, we have

sup
||β−β0 ||≤εn

||n1/2{Ũn(β,W) − Un(β)}|| p−→ 0, as n→ ∞,

where {εn} is a positive sequence that converges to 0.

Proof of Lemma 2.1: Let σi = (XT
i WXi)1/2, ϵβi = Yi − XT

i β and di(β) = sgn(ϵβi )Φ(−|ϵβi /σi|),

where sgn(·) is the sign function. We have

n1/2{Ũn(β,W) − Un(β)} = n−1/2
n∑

i=1

Xi∆i

Ĝ(Yi)

Φ
− ϵβiσi

 − I(ϵβi < 0)


= n−1/2

n∑
i=1

Xi∆i

Ĝ(Yi)
di(β).

Denote Dn(β) = n−1/2∑n
i=1

Xi∆i

Ĝ(Yi)
di(β) and DG

n (β) = n−1/2∑n
i=1

Xi∆i
G(Yi)

di(β). It follows that

Dn(β) = DG
n (β) − n−1/2

n∑
i=1

Xi∆i{Ĝ(Yi) −G(Yi)}
G2(Yi)

di(β) + op(1). (2.5)

Taking the expectation of DG
n (β), we have

E{DG
n (β)} = n−1/2

n∑
i=1

XiE{di(β)},

where

E{di(β)} =
∫ +∞

−∞
sgn(ϵβi )Φ(−|

ϵ
β
i

σi
|) fi{ϵβi + XT

i (β − β0)}dϵβi

= σi

∫ +∞

−∞
Φ(−|t|){2I(t > 0) − 1} fi{σit + XT

i (β − β0)}dt

= σi

∫ +∞

−∞
Φ(−|t|){2I(t > 0) − 1}[ fi{XT

i (β − β0)} + f ′i {ω∗i (t)}σit]dt,

where fi is the density of ϵi = ϵ
β0
i , and ω∗i (t) is between XT

i (β− β0) and XT
i (β− β0)+σit. Notice

that for β that satisfies ||β − β0|| ≤ εn, where εn → 0, we have |XT
i (β − β0)| → 0. It follows from

Assumption A1 that supi fi{XT
i (β − β0)} < ∞, and since

∫ +∞
−∞ Φ(−|t|){2I(t > 0) − 1}dt = 0, we

have
∫ +∞
−∞ Φ(−|t|){2I(t > 0) − 1} fi{XT

i (β − β0)}dt = 0. In addition, by Assumption A1, we can
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find M > 0 such that supi | f ′i {ω∗i (t)}| < M. Thus, it follows that

|E{di(β)}| ≤ σ2
i

∫ +∞

−∞
|t|Φ(−|t|)| f ′β,i{ω∗i (t)}|dt ≤ Mσ2

i /2,

where the last equality holds because
∫ +∞
−∞ |t|Φ(−|t|)dt = 1/2.

By Assumption A2 and the fact that W = O(n−1),
∑n

i=1 σ
2
i = tr(XWXT ) = tr(WXT X) is

bounded, and
∑n

i=1 |E{di(β)}| ≤ M
∑n

i=1 σ
2
i /2 is also bounded. Therefore,

||E{DG
n (β)}|| ≤ n−1/2√p sup

i, j
|Xi j|

n∑
i=1

|E{di(β)}| → 0, as n→ ∞.

In addition, by Assumption A3,

Var
{
DG

n (β)
}
=

1
n

n∑
i=1

XiXT
i Var

{
∆i

G(Yi)
di(β)
}
≤ 1

n

n∑
i=1

XiXT
i

ν
E{d2

i (β)},

where

E{d2
i (β)} =

∫ +∞

−∞
Φ2(−|s|) fi{σis + XT

i (β − β0)}d(σis)

=

∫
|s|>∆
Φ2(−|s|) fi{σis + XT

i (β − β0)}d(σis)

+

∫
|s|≤∆
Φ2(−|s|) fi{σis + XT

i (β − β0)}d(σis)

≤ Φ2(−∆) + σi

∫
|s|≤∆

fi{σis + XT
i (β − β0)}ds

= Φ2(−∆) + 2σi∆ fi(ω∗i ).

Note that ω∗i ∈ (XT
i (β−β0)−σi∆, XT

i (β−β0)+σi∆). Let ∆ = n1/4 and since σi = O(n−1/2), both

σi∆ and ω∗i go to 0 as n increases. As fi(·) is uniformly bounded around zero, both Φ2(−∆) and

σi∆ fi(ω∗i ) go to 0 as n→ ∞.

Thus, it follows that limn→∞ E{d2
i (β)} = 0, and limn→∞Var{DG

n (β)} = 0. By the Weak Law

of Large Numbers, for β that satisfies ||β − β0|| ≤ εn, we have

||DG
n (β)|| p−→ 0, as n→ ∞. (2.6)
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The second term on the right side of (2.5) can be written as

n−1/2
n∑

j=1

∫ L

0

n−1
n∑

i=1

∆iXidi(β)Yi(u)
G(Yi)

 dMc
j(u)

y(u)
+ op(1),

where Mc
i (u) = Nc

i (u) −
∫ t

0
I(Yi ≥ u)dΛc(s), Nc

i (u) = (1 − δi)I(Yi ≤ u), Λc(u) = − log{G(u)}

is the censoring cumulative hazard, Yi(u) = I(Yi ≥ u) is the ith at-risk process, and y(u) =

limn→∞ n−1∑n
i=1 Yi(u) is bounded from below in (0, L] by Assumption A3.

Define In(u, β) = n−1∑n
i=1
∆iXidi(β)Yi(u)

G(Yi)
, and I(u, β) = E{In(u, β)}. We have

I(u, β) = n−1
n∑

i=1

XiE{di(β)Yi(u)},

where |E{di(β)Yi(u)}| ≤ E|di(β)|, and

E|di(β)| =
∫ +∞

−∞
Φ(−|

ϵ
β
i

σi
|) fi{ϵβi + XT

i (β − β0)}dϵβi

= σi

∫ +∞

−∞
Φ(−|t|) fi{σit + XT

i (β − β0)}dt

= σi fi{XT
i (β − β0)}

∫ +∞

−∞
Φ(−|t|)dt + σ2

i

∫ +∞

−∞
tΦ(−|t|) f ′i {ω∗i (t)}dt.

By Assumption A1, we have fi{XT
i (β − β0)}

∫ +∞
−∞ Φ(−|t|)dt < ∞, and

∫ +∞
−∞ tΦ(−|t|) f ′i {ω∗i (t)}dt <

∞. Thus, it follows that E|di(β)| = O(n−1/2), and

||I(u, β)|| ≤ √p sup
i, j
|Xi j|n−1

n∑
i=1

E|di(β)| = O(n−1/2)→ 0.

Define F = ∆iXidi(β)Yi(u)
G(Yi)

, ||β − β0|| ≤ εnand u ∈ (0,∞). The function class F is Glivenko-

Cantelli (van der Vaart and Wellner, 1996) because the class of indicator functions is Glivenko-

Cantelli, and Xi, di(β), and 1/G(Yi) are uniformly bounded. It follows that sup||β−β0 ||≤εn,u∈(0,∞) ||In(u, β)−

I(u, β)|| a.s.−−→ 0, and we have

n−1/2
n∑

j=1

∫ L

0
In(u, β)

dMc
j(u)

y(u)
= n−1/2

n∑
j=1

∫ L

0
I(u, β)

dMc
j(u)

y(u)
+ op(1).
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By the Martingale Central Limit Theorem (Fleming and Harrington, 1991), n−1/2∑n
j=1

∫ L

0
I(u, β)

dMc
j (u)

y(u)

is op(1) as n goes to infinity. It follows that, for β that satisfies ||β − β0|| ≤ εn,

||n−1/2
n∑

j=1

∫ L

0
In(u, β)

dMc
j(u)

y(u)
|| p−→ 0. (2.7)

Collating (2.6) and (2.7), we have

||n1/2{Ũn(β,W) − Un(β)}|| p−→ 0,

for any β such that ||β − β0|| ≤ εn. Lemma 2.1 is thus proven by the fact that both Ũn(β,W)

and Un(β) are monotone functions, thus the point-wise convergence could be strengthened to

uniform convergence (Shorack and Wellner, 1986).

Proof of Theorem 2.1 (i): Consider the one-step estimator of β0,

β̃1 = β̃0 + {−Ãn(β̃0, H̃0)}−1Ũn(β̃0, H̃0),

where β̃0 = β̂ is the unsmoothed estimator.

To show the asymptotic equivalency of β̃1 and β̃0, we first prove that for any positive definite

matrix W = O(n−1), Ãn(β0,W)
p−→ A. Define σi =

√
XT

i WXi, ϵi = Yi − XT
i β0, and ηi =

ϕ(−ϵi/σi)/σi. Then

Ãn(β0,W) = n−1
n∑

i=1

XiXT
i
∆i

Ĝ(Yi)
ηi.

For any vectors a, b ∈ Rp,

aT Ãn(β0,W)b = aT

n−1
n∑

i=1

XiXT
i
∆i

G(Yi)
ηi

 b + op(1),

where

E

aT

n−1
n∑

i=1

XiXT
i
∆i

G(Yi)
ηi

 b

 = aT

n−1
n∑

i=1

XiXT
i E(ηi)

 b,
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and

E(ηi) =
1
σi

∫
ϕ(− ϵi
σi

) fi(ϵi)dϵi =
∫
ϕ(−t) fi(σit)dt

=

∫
ϕ(−t) fi(0)dt + σi

∫
tϕ(−t) f ′i (ω∗i )dt,

where
∫
ϕ(−t) fi(0)dt = fi(0), and σi

∫
tϕ(−t) f ′i (ω∗i )dt ≤ Mσi

∫
|t|ϕ(−t)dt → 0.

It follows that E(ηi)→ fi(0) and

lim
n→∞

E

aT

n−1
n∑

i=1

XiXT
i
∆i

G(Yi)
ηi

 b

 = aT

 lim
n→∞

n−1
n∑

i=1

XiXT
i fi(0)

 b = aT Ab. (2.8)

By Assumption A1,

E(η2
i ) =

1
σ2

i

∫
ϕ2(− ϵi
σi

) fi(ϵi)dϵi =
1
σi

∫
ϕ2(−t) fi(σit)dt

=
1
σi

∫
ϕ2(−t){ fi(0) + f ′i (ω∗i )σit}dt

=
1
σi

∫
ϕ2(−t) fi(0)dt +

∫
tϕ2(−t) f ′i (ω∗i )dt

= O(n1/2).

Consequently,

Var

aT

n−1
n∑

i=1

XiXT
i
∆i

G(Yi)
ηi

 b

 ≤ 1
n2ν

n∑
i=1

(aT XiXT
i b)2E(η2

i )→ 0. (2.9)

By (2.8) and (2.9), we have Ãn(β0,W)
p−→ A. Thus, Ãn(β̃0, H̃0)

p−→ A because β̃0
p−→ β0 (Bang

and Tsiatis, 2002). By Lemma 2.1, n1/2Ũn(β̃0, H̃0) = n1/2Un(β̃0) + op(1) = op(1).

Now consider

n1/2(β̃1 − β0) = n1/2(β̃0 − β0) + {−Ãn(β̃0, H̃0)}−1{n1/2Ũn(β̃0, H̃0)},

where Ãn(β̃0, H̃0)} p−→ A and n1/2Ũn(β̃0, H̃0)
p−→ 0. It follows that n1/2(β̃1 − β0)

p−→ n1/2(β̃0 − β0),

36



which together with the asymptotic normality of β̃0 (Bang and Tsiatis, 2002) gives

n1/2(β̃1 − β0)
d−→ N(0,Γ).

The proof for the asymptotic properties of β̃k with k > 1 follows with similar arguments.

Proof of Theorem 2.1 (ii): We define

Γ̃k = {Ãn(β̃k, H̃k−1)}−1Σ̂(β̃k){Ãn(β̃k, H̃k−1)}−1,

where

Σ̂(β) =
1

4n

n∑
i=1

∆i

Ĝ(Yi)
XiXT

i −
n−1

n∑
i=1

∆i

Ĝ(Yi)
{I(Yi − XT

i β ≤ 0) − τ}Xi

⊗2

+ n−1
∫

dNc(u)
Ĝ2(Yi)

[K̂([{I(Yi − XT
i β ≤ 0) − τ}Xi]⊗2, u)

− K̂⊗2({I(Yi − XT
i β ≤ 0) − τ}Xi, u)]. (2.10)

Here K̂(W, u) = n−1Ŝ −1(u)
∑n

i=1
∆iWiI(Yi≥u)

Ĝ(Yi)
, a⊗2 = aaT for vector a, and S (t) is the survival

function for the failure time T . Since β̃k
p−→ β0 for any k, and Σ̂(β0)

p−→ Σ by Bang and Tsiatis

(2002), it follows that Σ̂(β̃k)
p−→ Σ. In addition, H̃k−1 = O(n−1), thus we have Ãn(β̃k, H̃k−1)

p−→ A,

and consequently, Γ̃k
p−→ A−1ΣA−1 = Γ.

37



Chapter 3

The Local Buckley-James Estimator for
Heteroscedastic Accelerated Failure
Model

3.1 Introduction

In survival analysis, the accelerated failure time (AFT) model is an attractive alternative to

the popular proportional hazards model for its simplicity and ease of interpretability. The

conventional AFT model assumes a direct linear relationship between Ti, the survival times or

some transformation thereof, and the covariates Xi:

Ti = α + XT
i β + ϵi, i = 1, · · · , n, (3.1)

where α is the intercept, β is the p-dimensional linear coefficient, and ϵi is the independent and

identically distributed (i.i.d.) random error with mean zero. The AFT model is semiparametric

as the distribution of ϵi is not specified.

Many estimation methods have been proposed for the semiparametric AFT model. By as-

suming unconditional independence between survival and censoring times, the “synthetic data”

approaches via the inverse probability censoring weighted (IPCW) technique have been stud-

ied by Koul, Susarla, and Van Ryzin (1981), Leurgans (1987), and Fan and Gijbels (1994),
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among others. To relax the restrictive unconditional independence assumption of the censoring

distribution, a large number of methods have been developed, including the Buckley-James

estimator (Buckley and James, 1979; Lai and Ying, 1991; Zhou and Li, 2008), weighted rank

estimators (Tsiatis, 1990; Ritov, 1990; Ying, 1993; Zhou, 2005), and nonparametric maximum

profile likelihood estimator (Zeng and Lin, 2007). The asymptotic properties of these esti-

mators and their associated inference procedures have been formally studied. In particular,

Jin, Lin, Wei, and Ying (2003) and Jin, Lin, and Ying (2006) developed proper resampling

procedures for variance estimation of the rank and Buckley-James estimators, respectively.

The semiparametric AFT model assumes that the random errors are i.i.d. and independent

of the covariates. Most existing estimation methods rely on this assumption. However, in

many applications, the random errors tend to depend on the covariates and exhibit some form

of heteroscedasticity. One of our motivating examples is the breast cancer data from a clinical

study with three treatment arms of adjunct therapies for breast cancer (Farewell, 1986). The

population is highly heterogenous with some subjects having extremely long survival times

while others having very short survivals. Our exploratory analysis reveals that the conditional

variance of the log survival times tends to be decreasing as the fitted means of the log survival

times increase (here the Buckley-James estimator was used to fit the data); see Figure 3.1(b)

in Section 3.5. A similar pattern is observed in the acute myocardial infarction data set; see

Figure 3.1(a).

In situations where the homoscedasticity assumption is violated, it is necessary to account

for the heteroscedasticity in order to obtain valid and efficient inference. For example, Stare,

Heinzl, and Harrell (2000) showed through simulation that the Buckley-James estimator is bi-

ased for survival data with heteroscedastic errors. The issue of heteroscedasticity in survival

analysis was discussed in various contexts. Zhou, Bathke, and Kim (2007) discussed an em-

pirical likelihood inference approach for heteroscedastic AFT model. Wu, Hsieh, and Chen
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(2002) studied a Cox-type regression model accommodating heteroscedasticity. Heuchenne

(2010) proposed a nonparametric method to estimate the conditional variance function when

the response variable is subject to censoring. Regression of quantiles offered an alternative ap-

proach to capture the survival heterogeneity, and the related researches can be found in Koenker

and Geling (2001), Portnoy (2003), Peng and Huang (2008), Wang and Wang (2009), among

others.

There exists few work for the AFT model with heteroscedastic errors. Among the limited

research, recently Liu and Lu (2009) proposed a Weighted Least Squares (WLS) method based

on the “New Class” type data transformation (Fan and Gijbels, 1994), which is a linear combi-

nation of the transformations in Koul et al. (1981) and Leurgans (1987). Conditional variances

of the transformed survival times are then estimated nonparametrically and used as weights

for a weighted least squares fit. However, relying on the “synthetic data” approach, the WLS

method requires that the censoring times to be independent of the covariates, which could be

restrictive in practice.

In this chapter, we develop a new local Buckley-James estimator for a heteroscedastic AFT

model. The proposed method can be viewed as an extension of the Buckley-James estimator

to account for heteroscedasticity. The main idea is to recursively impute the censored survival

times by estimating the conditional mean based on the local Kaplan-Meier estimate of the

conditional survival functions. The regression coefficients are then estimated by ordinary least

squares estimates based on the imputed survival times. Compared with the WLS method, our

proposed method is more flexible and it allows the censoring time to depend on the covariates.

The rest of the chapter is organized as follows. Section 3.2 describes the heteroscedastic

AFT model and the proposed local Buckley-James estimator. Section 3.3 presents the theoret-

ical properties of the LBJ estimator and introduces a resampling algorithm for inference. In

Section 3.4, we present a comprehensive simulation study to demonstrate the effectiveness of
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the LBJ method. The proposed method is applied to the two motivating data sets in Section

3.5. A brief discussion can be found in Section 3.6. The theoretical proofs are given in Section

3.7.

3.2 Method

3.2.1 The Heteroscedastic AFT Model

In light of the motivating examples, we consider the following heteroscedastic AFT model:

Ti = α + XT
i β + σ(XT

i β)ϵi, i = 1, 2, . . . , n, (3.2)

where Ti are the survival times or some transformation thereof, and ϵi are i.i.d. random er-

rors with mean zero and standard deviation one. The function σ(XT
i β) describes the error

heteroscedasticity with σ(·) being an unspecified nonparametric function.

The above model is inspired by the two motivating data sets, where the conditional variance

of log-transformed survival times tends to depend on the covariates through the mean survival.

Another motivation is the generalized linear model, where the variance of the response variable

is often assumed to be a function of the mean. Further relaxation on the form of heteroscedas-

ticity, for example, by letting σ = σ(Xi), an arbitrary function of the covariate vector Xi, is

theoretically enticing but will impose technical difficulties due to the curse of dimensionality.

Here, we focus on the estimation of β in model (3.2).

3.2.2 The Local Buckley-James Estimation

Due to right censoring, we only observe the triplets (Yi, δi, Xi), where Yi = min(Ti,Ci), δi =

I(Ti ≤ Ci), and Ci is the corresponding censoring time. Throughout, we assume that Ti and Ci

are conditionally independent given Xi.

When there is no censoring, the classical ordinary least squares (OLS) estimator can be

41



obtained by solving the following estimating equation for β:

n−1
n∑

i=1

(Xi − X̄n)(Ti − XT
i β) = 0, (3.3)

where X̄n = n−1∑n
i=1 Xi. The intercept α can be estimated by α̂ = n−1∑n

i=1 ei(β̂), where ei(β̂) =

Ti − XT
i β̂ are the residuals.

In the presence of censoring, the exact survival times Ti are unknown for censored cases

with δi = 0. Buckley and James (1979) proposed to replace the censored Ti in (3.3) with

the estimate of E(Ti|Ti ≥ Ci,Yi, Xi), the conditional expectation of Ti. Buckley-James (BJ)

estimator β̂ can then be obtained by fitting least squares regression with the imputed survival

times. However, the conventional BJ estimator assumes homoscedastic errors and thus does

not work for model (3.2), where the distribution of Ti depends on Xi.

To account for the heteroscedasticity, we propose a local Buckley-James (LBJ) estimator.

The method shares the same spirit of BJ estimator by imputing the censored survival time Ti

by its estimated conditional mean. Under the heteroscedastic AFT model (3.2),

E(Ti|Ti ≥ Ci,Yi, Xi) = E(ti|Ti ≥ Ci,Yi, XT
i β) + XT

i β (3.4)

=

∫ ∞
Yi−XT

i β
udF(u|XT

i β)

1 − F(Yi − XT
i β|XT

i β)
+ XT

i β,

where F(u|XT
i β) is the unknown conditional cumulative distribution function of the true resid-

ual ei = Ti − XT
i β given XT

i β. In the presence of heteroscedastic errors, F(u|XT
i β) depends

on XT
i β and thus cannot be estimated by the Kaplan-Meier estimate, as done in the conven-

tional Buckley-James method. To solve this issue, we adopt the local Kaplan-Meier estimator

(Dabrowska, 1987) to estimate F(u|XT
i β), which is then used to estimate β through iteration.

The proposed local Buckley-James algorithm is as follows.

Step 1. Set iteration number a = 0. Obtain an initial coefficient estimator β̂0, for instance,

the Buckley-James estimator.
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Step 2. At the ath iteration, impute the censored survival times Ti by

Ỹi(β̂a) = δiYi + (1 − δi)Ê(Ti|Ti ≥ Ci, Yi, XT
i β̂a), i = 1, 2, . . . , n,

where

Ê(Ti|Ti ≥ Ci,Yi, XT
i β̂a) = XT

i β̂a +

∫ ∞
ei(β̂a)

udF̂(u|XT
i β̂a)

1 − F̂{ei(β̂a)|XT
i β̂a}
, (3.5)

where ei(b) = Yi − XT
i b. In (3.5), F̂(u|XT

i β̂a) is the local Kaplan-Meier estimate of the condi-

tional distribution function of the residual ei(β̂a) = Ti − XT
i β̂a given XT

i β̂a. That is,

F̂(t|XT
i b) = 1 −

n∏
j:e j(b)<t

{
1 −

Bn j(XT
i b)δ j∑n

k=1 I{ek(b) ≥ e j(b)}Bnk(XT
i b)

}
,

where Bnk, k = 1, 2, . . . , n, is a sequence of non-negative weights with
∑n

k=1 Bnk = 1. We choose

the Nadaraya-Watson type of weight for Bnk(XT
i b) (Nadaraya, 1964), namely,

Bnk(XT
i b) =

K( XT
i b−XT

k b
hn

)∑n
l=1 K( XT

i b−XT
l b

hn
)
,

where hn is the bandwidth such that hn → 0 as n → ∞ and K(·) is a symmetric kernel proba-

bility density function.

Step 3. Fit least squares regression using the imputed survival times Ỹi(β̂a) to obtain the

updated estimator

β̂a+1 =

 n∑
i=1

(Xi − X̄n)⊗2


−1 n∑

i=1

(Xi − X̄n){Ỹi(β̂a) − Ȳn(β̂a)},

where Ȳn(β̂a) = n−1∑n
i=1 Ỹi(β̂a).

Step 4. Set a = a + 1 and repeat Steps 2 and 3 until β̂a converges. Denote the converged

estimator as β̂LBJ.
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3.3 Asymptotic Properties and Inference

3.3.1 Asymptotic Properties

To facilitate the theoretical investigation, we define the local Buckley-James estimator β̂LBJ as

a zero-crossing of the estimating function

Un(b) =
n∑

i=1

{∫ ∞

−∞
tdY x

ib(t) +
∫ ∞

−∞

∫ ∞

t

1 − F̂ib(s)
1 − F̂ib(t)

dsdJx
ib(t)
}

within a bounded region in Rp, where Y x
ib(t) = (Xi − X̄n)I(Yi − XT

i b ≥ t), Jx
ib(t) = (Xi − X̄n)I(Yi −

XT
i b ≥ t, δi = 0) are the indicator processes related to the ith observation, and F̂ib(t) = F̂(t|XT

i b).

This definition of β̂LBJ is a different formulation of the least squares estimation with imputed

survival times. Define Vn(b) as a smooth approximation of Un(b),

Vn(b) =
n∑

i=1

{∫ ∞

−∞
tdEY x

ib(t) +
∫ ∞

−∞

∫ ∞

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
ib(t)
}
,

where Fib(t) is defined by (3.6) in the Appendix as the limit of F̂ib(t). We assume the following

regularity conditions.

B1. supi ∥Xi∥ ≤ M, where M is a positive constant, and β ∈ Bp(0, ρ), a p-dimensional ball in

Rp centered at zero and with radius ρ. In addition, XT
i β has a differentiable and bounded

density function fµ(·) and σ(·) is differentiable.

B2. For all v, Fβ(u|v) has a bounded twice-differentiable density fβ(u|v). In addition,
∫ ∞
−∞ u2dFβ(u|v) <

∞ and
∫ ∞
−∞{ ḟβ(u|v)}2/ fβ(u|v)du < ∞, where ḟβ(u|v) is the first derivative of fβ(u|v) with

respect to u.

B3. The bandwidth satisfies hn = O(n−1/2+κ), where 0 < κ ≤ 1/6.

B4. The kernel function K(·) is Lipschitz continuous of order one and satisfies
∫

K(u)du = 1,∫
uK(u)du = 0,

∫
K2(u)du < ∞, and

∫
u2K(u)du < ∞.
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B5. There exist some constants ν1 and ν2 > 0 such that P(Ci−X′iβ > ν1) = 0 and infv Fβ(ν1|v) >

ν2 for all v.

B6. For 0 < λ < 1
12 , limn→∞ n−3/4{ inf∥b∥≤ρ,∥b−β∥≥n−λ ∥Vn(b)∥} = ∞.

B7. The first order derivative matrix Γn of n−1Vn(b) at β converges to a positive definite matrix

Γ, as n goes to infinity.

Conditions B1-B5 are standard conditions that are widely used in the literature for simplify-

ing the derivation of asymptotic properties including those of the local Kaplan-Meier estimator.

Condition B6 is assumed to ensure the consistency of the LBJ estimator as the zero-crossing

of Un(b) for b ∈ Bp(0, ρ). A similar condition was also assumed in Lai and Ying (1991) for the

regular BJ estimator. Condition B7 is needed to establish the asymptotic normality of the LBJ

estimator.

Theorem 3.1. As n→ ∞, we have

(i) under B1-B6, β̂LBJ − β = o(n−λ) a.s., where 0 < λ < 1
12;

(ii) under B1-B7,
√

n(β̂LBJ − β)
d−→ N(0,Γ−1ΣΓ−1), where Σ is the asymptotic covariance

matrix of n−1/2Un(β) as defined in Lemma 3.4 of the Appendix.

3.3.2 Inference via Resampling

Since the matrices Γ and Σ take complicated analytical forms and involve the unknown condi-

tional error density function, it is impractical to directly estimate them to obtain the variance

estimate of β̂LBJ. Jin, Lin, and Ying (2006) proposed a resampling procedure for estimating

the variance of the regular BJ estimator and showed its validity. Here, we adopt a similar re-

sampling approach for variance estimation of the LBJ estimator with minor modifications. The

resampling procedure for the LBJ method works as follows.
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First, we generate positive random variables Wi, i = 1, 2, . . . , n, with E(Wi) = Var(Wi) = 1,

which are used to introduce random perturbation into the LBJ estimation. To be specific, define

L∗(b) =

 n∑
i=1

Wi(Xi − X̄n)⊗2


−1  n∑

i=1

Wi(Xi − X̄n){Ỹ∗i (b) − Ȳ∗n (b)}
 ,

where

Ỹ∗i (b) = δiYi + (1 − δi)


∫ ∞

ei(b)
udF̂∗(u|XT

i b)

1 − F̂∗{ei(b)|XT
i b}
+ XT

i b

 ,
F̂∗(t|XT

i b) = 1 −
n∏

j:e j(b)≤t

[
1 −

W jBn j(XT
i b)δ j∑n

k=1 WkI{ek(b) ≥ e j(b)}Bnk(XT
i b)

]
,

and Ȳ∗n(b) = n−1∑n
i=1 Ỹ∗i (b). Note that F̂∗(t|XT

i b) is a randomly perturbed version of the local

Kaplan-Meier estimate, Ỹ∗i (b) is the imputed survival time based on F̂∗(t|XT
i b), and L∗(b) is the

result of a perturbed least squares estimation.

Then, starting from the initial estimate β̂LBJ, we can obtain one resampled estimate β̂∗ by

running the above perturbed LBJ estimation to convergence, i.e., starting from β̂LBJ, β̂∗ is ob-

tained by iteratively updating L∗(·) from the previous estimate till the algorithm converges.

As in Jin, Lin, and Ying (2006), it can be shown that given the observed data
√

n(β̂∗ − β̂LBJ)

converges to the same limiting distribution as
√

n(β̂LBJ − β). The proof of this result mainly

follows the proof of Theorem 3.1, which is omitted here. Then by repeating the above resam-

pling scheme N times, we obtain the resampled estimates β̂∗k, k = 1, 2, . . . ,N, and the sample

covariance of {β̂∗k, k = 1, 2, . . . ,N} provides a consistent covariance estimate of β̂LBJ.

3.4 Simulation Study

In the simulation study, we compare the finite sample performance of Buckley-James (BJ)

estimator, the Weighted Least Squares (WLS) estimator of Liu and Lu (2009) and our proposed

local Buckley-James (LBJ) estimator under various situations.
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We consider four scenarios. In Scenario 1, data are generated with homoscedastic errors

and covariate-independent censoring. In Scenario 2, data are generated with heteroscedastic

errors with covariate-independent censoring. Scenario 3 is based on the simulation setting

in Liu and Lu (2009), which also assumes heteroscedastic error and covariate-independent

censoring but with more covariates. In Scenario 4, data are generated with heteroscedastic

errors with covariate-dependent censoring.

For Scenarios 1, 2 and 4, we generate the log survival time Ti from the following model

Ti = XT
i β + σ(XT

i β)ϵi, i = 1, 2, . . . , n,

where Xi = (Xi1, Xi2)T , Xi1 ∼ Unif(-1,1) and Xi2 ∼ Bernoulli(0.5). Here we choose β =

(β1, β2)T = (1, 1)T and σ(XT
i β) = exp(−0.3 − XT

i β) for Scenarios 2 and 4, while σ(XT
i β) = 0.7

for Scenario 1. We consider two different families of error distribution for ϵi: standard normal

and centered standard extreme distributions. In this dissertation, only the results of normal

distribution are reported as the observations from the standard extreme distribution are similar.

For Scenario 3, Ti is generated from the same model with: Xi = (1, Xi1, Xi2, Xi3, Xi4)T , where

Xi1 ∼ Unif(-1,1), Xi2 = Xi1/3 + 2Xi5/3 with Xi5 ∼ Triangle(-2,2) being independent of Xi1, and

Xi3 and Xi4 are independent Bernoulli random variables with success probability 0.5 and both

are independent of Xi1 and Xi2. Here β = (6,−1, 2, 1,−1)T , σ(XT
i β) = exp(3.52 − XT

i β) and

ϵi ∼ N(0, 1).

For scenarios with covariate-independent censoring (Scenarios 1, 2 and 3), the censoring

time Ci is generated from a normal distribution N(c1, c2). For covariate-dependent censoring

(Scenario 4), the censoring time Ci is generated from a distribution that depends on the covari-

ate Xi2, that is, if Xi2 = 1, Ci has distribution N(c3, c4); if Xi2 = 0, Ci has distribution N(c5, c6).

Constants ci, i = 1, · · · , 6 are chosen to yield two censoring proportions, 20% and 40%. For

each setting, we consider two sample sizes: n = 200 and 400. For the proposed LBJ method,
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the bandwidth parameter is chosen by hn = 4sd(XT β̂0)n−1/3, where sd(XT β̂0) is the standard

deviation of the linear index XT β̂0, and β̂0 refers to the initial estimator in the LBJ algorithm.

Table 3.1: Simulation scenario 1: homoscedastic error and covariate-independent censoring

LBJ BJ WLS

n CP Coef bias sd se covp bias sd bias sd
Normal Error

20% β1 0.004 0.095 0.096 0.958 0.002 0.092 0.001 0.149
200 β2 0.002 0.110 0.112 0.934 -0.001 0.108 0.013 0.159

40% β1 0.002 0.102 0.107 0.948 0.002 0.101 -0.012 0.232
β2 -0.003 0.122 0.124 0.944 -0.002 0.120 0.018 0.274

20% β1 0.005 0.068 0.070 0.932 0.004 0.068 0.005 0.101
400 β2 0.006 0.078 0.082 0.942 0.004 0.078 0.003 0.109

40% β1 0.007 0.079 0.079 0.948 0.005 0.076 -0.003 0.168
β2 0.005 0.094 0.091 0.948 0.004 0.088 -0.005 0.184

Extreme Error
20% β1 0.006 0.094 0.094 0.954 0.006 0.096 0.009 0.148

200 β2 -0.003 0.112 0.109 0.942 -0.003 0.114 0.004 0.158
40% β1 0.006 0.107 0.106 0.948 0.004 0.109 0.012 0.245

β2 -0.003 0.130 0.123 0.944 -0.005 0.132 0.011 0.269
20% β1 -0.003 0.066 0.066 0.952 -0.003 0.067 -0.004 0.096

400 β2 -0.002 0.076 0.077 0.954 -0.002 0.077 -0.005 0.109
40% β1 -0.004 0.077 0.075 0.930 -0.005 0.081 -0.012 0.164

β2 -0.007 0.088 0.087 0.926 -0.007 0.092 -0.014 0.182

bias: mean bias averaged over 500 simulations; sd: the Monte Carlo standard deviation; se: the mean estimated
standard error obtained from the resampling procedure; covp: the coverage probability of the resampling 95%

confidence interval.

Tables 3.1–3.4 summarize the simulation results of three different methods in the four sce-

narios, respectively. In the tables, bias is the mean bias averaged over 500 simulations, sd

is the Monte Carlo standard deviation, se is the mean estimated standard error obtained from

the resampling procedure (N = 500), and covp is the empirical coverage probability of the
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Table 3.2: Simulation scenario 2: heteroscedastic error and covariate-independent censoring

LBJ BJ WLS

n CP Coef bias sd se covp bias sd bias sd
Normal Error

20% β1 0.015 0.117 0.124 0.928 0.066 0.119 0.019 0.162
200 β2 0.009 0.116 0.122 0.936 0.059 0.118 0.032 0.167

40% β1 0.034 0.126 0.134 0.924 0.137 0.137 0.016 0.255
β2 0.025 0.130 0.133 0.920 0.126 0.138 0.044 0.288

20% β1 0.015 0.084 0.091 0.946 0.065 0.088 0.015 0.111
400 β2 0.012 0.082 0.089 0.954 0.061 0.086 0.012 0.112

40% β1 0.026 0.090 0.099 0.940 0.129 0.099 0.014 0.184
β2 0.019 0.087 0.097 0.946 0.120 0.097 0.009 0.190

Extreme Error
20% β1 0.012 0.121 0.124 0.936 0.057 0.128 0.017 0.158

200 β2 0.003 0.119 0.121 0.924 0.046 0.127 0.015 0.162
40% β1 0.024 0.129 0.131 0.946 0.124 0.150 0.018 0.263

β2 0.012 0.129 0.130 0.948 0.110 0.147 0.022 0.279
20% β1 0.001 0.085 0.088 0.944 0.044 0.091 -0.002 0.105

400 β2 -0.001 0.082 0.085 0.944 0.042 0.088 -0.003 0.116
40% β1 0.008 0.092 0.094 0.940 0.106 0.109 -0.008 0.177

β2 0.002 0.089 0.091 0.950 0.100 0.106 -0.010 0.190

bias: mean bias averaged over 500 simulations; sd: the Monte Carlo standard deviation; se: the mean estimated
standard error obtained from the resampling procedure; covp: the coverage probability of the resampling 95%

confidence interval.
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Table 3.3: Simulation scenario 3: heteroscedastic error and covariate-independent censoring
with 4 covariates

LBJ BJ WLS LS

bias sd se covp bias sd bias sd bias sd

Normal Error
n=200; cp=20%

β1 -0.007 0.136 0.112 0.944 -0.069 0.148 -0.003 0.113 0.004 0.168
β2 0.006 0.226 0.199 0.936 0.120 0.254 0.012 0.204 -0.003 0.280
β3 0.009 0.162 0.151 0.934 0.069 0.167 0.017 0.204 0.006 0.262
β4 0.002 0.154 0.145 0.950 -0.082 0.171 -0.023 0.199 0.003 0.241

n=200; cp=40%
β1 -0.016 0.150 0.127 0.938 -0.135 0.189 -0.005 0.215 0.010 0.251
β2 0.025 0.245 0.222 0.928 0.243 0.331 0.018 0.381 -0.014 0.431
β3 0.027 0.191 0.179 0.930 0.142 0.217 0.012 0.346 0.003 0.411
β4 0.002 0.155 0.166 0.950 -0.170 0.222 -0.024 0.385 0.008 0.420

n=400; cp=20%
β1 -0.009 0.093 0.094 0.958 -0.060 0.106 -0.009 0.079 -0.007 0.113
β2 0.005 0.173 0.163 0.956 0.105 0.194 0.010 0.145 0.004 0.202
β3 0.006 0.117 0.120 0.962 0.060 0.122 0.007 0.135 0.006 0.178
β4 0.002 0.108 0.115 0.960 -0.072 0.128 -0.015 0.134 -0.008 0.165

n=400; cp=40%
β1 -0.017 0.108 0.105 0.960 -0.113 0.139 -0.016 0.155 -0.009 0.165
β2 0.017 0.194 0.180 0.948 0.205 0.255 0.003 0.260 -0.011 0.285
β3 0.017 0.140 0.141 0.950 0.117 0.156 0.006 0.247 0.002 0.292
β4 0.002 0.117 0.127 0.940 -0.143 0.172 -0.019 0.258 -0.013 0.289

bias: mean bias averaged over 500 simulations; sd: the Monte Carlo standard deviation; se: the mean estimated
standard error obtained from the resampling procedure; covp: the coverage probability of the resampling 95%

confidence interval.
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Table 3.4: Simulation scenario 4: heteroscedastic error and covariate-dependent censoring

LBJ BJ WLS

n CP Coef bias sd se covp bias sd bias sd
Normal Error

20% β1 0.016 0.117 0.124 0.926 0.076 0.118 0.055 0.148
200 β2 0.000 0.123 0.129 0.938 0.051 0.126 0.331 0.180

40% β1 0.036 0.124 0.128 0.926 0.145 0.132 0.051 0.252
β2 0.020 0.128 0.134 0.936 0.115 0.137 0.690 0.286

20% β1 0.009 0.085 0.096 0.948 0.068 0.081 0.043 0.109
400 β2 0.001 0.082 0.096 0.972 0.048 0.080 0.338 0.120

40% β1 0.024 0.088 0.101 0.940 0.135 0.091 0.030 0.181
β2 0.013 0.088 0.105 0.956 0.109 0.093 0.695 0.188

Extreme Error
20% β1 0.011 0.114 0.121 0.966 0.063 0.120 0.056 0.153

200 β2 0.003 0.113 0.120 0.962 0.045 0.120 0.340 0.181
40% β1 0.027 0.125 0.128 0.946 0.138 0.145 0.057 0.248

β2 0.010 0.124 0.129 0.954 0.101 0.142 0.692 0.281
20% β1 0.005 0.076 0.087 0.956 0.058 0.081 0.039 0.106

400 β2 -0.002 0.078 0.085 0.954 0.037 0.084 0.333 0.127
40% β1 0.013 0.083 0.094 0.964 0.124 0.099 0.019 0.172

β2 0.000 0.085 0.093 0.946 0.090 0.101 0.682 0.200

bias: mean bias averaged over 500 simulations; sd: the Monte Carlo standard deviation; se: the mean estimated
standard error obtained from the resampling procedure; covp: the coverage probability of the resampling 95%

confidence interval.
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Wald-type 95% confidence interval.

For the simplest Scenario 1 with homoscedastic error and covariate-independent censoring,

all three methods give essentially unbiased estimation. The resampling procedure for the LBJ

method works reasonably well. The resampling standard errors are close to the Monte Carlo

standard deviations, and the confidence intervals have coverage probabilities close to the 95%

nominal level. Not surprisingly, BJ is slightly more efficient than LBJ as the i.i.d. error as-

sumption is satisfied. Both BJ and LBJ estimators tend to be more efficient than WLS. One

possible explanation is that the imputation procedure in LBJ utilizes the information from the

censored data more efficiently than WLS, which is partly dependent on the inverse probability

weighting principle.

For Scenario 2 with heteroscedastic errors, the estimations from BJ are clearly biased,

and the bias is more prominent with heavier censoring. In contrast, both LBJ and WLS still

give unbiased estimations. As observed in Scenario 1, LBJ tends to be more efficient than

WLS. The design of Scenario 3 is the same as the example used in Liu and Lu (2009). For

comparison, we also included the results of the unweighted version (LS) of the weighted least

squares method. Compared with LS, WLS accounts for the heteroscedasticity by performing a

weighted least squares based on the nonparametric estimate of the variance. Therefore, WLS

leads to more efficient estimation than LS in this scenario with heteroscedastic errors. For

the light censoring (20%), WLS and LBJ estimates have similar performance. However, for

heavier censoring (40%), LBJ estimates have clearly smaller variances than WLS, and this

agrees with our observations in Scenarios 1-2.

Scenario 4 presents a more complicated design, where the errors are heteroscedastic and the

censoring depends on the covariates. Therefore, the assumptions required by BJ and WLS are

both violated. As observed in Scenarios 2-3, BJ estimates show systematic biases. The WLS

estimates are also biased, especially for the estimation of β2, the coefficient of the covariate
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that affects the censoring distribution.

In summary, the proposed LBJ method works competitively well in all the simulation

scenarios considered, for both homoscedastic and heteroscedastic error models, and for both

covariate-dependent and covariate-independent censoring. We also observe that LBJ tends to

be more efficient than WLS, and this is possibly due to the more efficient imputation step of

the LBJ method.

3.5 Data Analysis

To further illustrate the proposed LBJ method, we analyze the two motivating examples: the

acute myocardial infarction data set and the breast cancer data set.

3.5.1 Acute Myocardial Infarction Data Analysis

The acute myocardial infarction data is based on a clinical study conducted by the University

Clinical Center at Ljubljana. The purpose of the study was to explore the relationship between

patients’ survival times after acute myocardial infarction and patients’ characteristics such as

age and gender. The data set contains records of 1040 patients with age ranging from 24 to

95, and female to male ratio approximately 1:3. The data set can be obtained in the R package

“relsurv”. More detailed information about the study could be found in Pohar and Stare (2006).

As a preliminary analysis, we use BJ to fit the data and obtain the BJ estimator β̂BJ. Let

t̂i = Ỹi − XT
i β̂BJ denote the estimated residuals (for censored residuals we use imputed values

to calculate estimated residuals), and XT
i β̂BJ be the estimated linear indices, where Ỹi are the

imputed log survival times. To get a rough idea of the error heteroscedasticity, we plot the

estimated residuals (after centering) against the estimated linear indices, as shown in Figure

3.1(a). The plot suggests the existence of error heteroscedasticity, and the error conditional

variance decreases as the mean log survival time increases.

53



−5 −4 −3 −2

−
4

−
2

0
2

(a) Acute myocardial infarction

Fitted linear index

F
itt

ed
 r

es
id

ua
l

−0.5 0.0 0.5

−
3

−
2

−
1

0
1

(b) Breast cancer

Fitted linear index

F
itt

ed
 r

es
id

ua
l

Figure 3.1: Estimated residuals against the estimated linear indices in the acute myocardial
infarction data and the breast cancer data. The X-axis is the linear indices and the Y-axis is the
estimated residuals.
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Analysis results from methods BJ, LBJ and WLS are summarized in the top part of Table

3.5. The result from the proposed LBJ method suggests that age is significantly associated

with log survival (p-value< 0.001) while gender is marginally significant (p-value= 0.047).

Compared to LBJ, BJ gives similar coefficient estimates, but fails to identify gender as sig-

nificant due to slightly larger standard error estimates. In terms of p-values, WLS gives the

same results as LBJ, and WLS’s coefficient estimates are of a smaller scale compared to LBJ

and BJ. This data set has been analyzed by Wang and Wang (2009) using a censored quantile

regression method. Their results suggested that increased age and being a female is associated

with significantly shorter median log survival time, and this agrees with our analysis about the

mean log survival time based on the LBJ method.

Table 3.5: Data analysis results: point estimation, standard error and p-value.

LBJ BJ WLS

coeff se p-val coeff se p-val coeff se p-val
Acute myocardial infarction data

age -0.053 0.004 0.000 -0.058 0.007 0.000 -0.031 0.003 0.000
sex -0.246 0.124 0.047 -0.233 0.138 0.091 -0.191 0.087 0.028

Breast cancer data
trt1 0.506 0.192 0.008 0.480 0.224 0.032 0.416 0.223 0.062
trt2 0.471 0.184 0.010 0.449 0.207 0.030 0.277 0.200 0.167

stage 0.297 0.148 0.045 0.298 0.150 0.048 0.477 0.187 0.011
node -0.811 0.226 0.000 -0.696 0.301 0.021 -0.747 0.185 0.000

For the breast cancer data, trt1 and trt2 are the two treatment indicators, stage is the clinical stage I indicator, and
node is the lymph nodes involvement indicator. The control arm (both trt1 and trt2 equal zero) is treated as

baseline in our analysis
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3.5.2 Breast Cancer Data Analysis

The breast cancer data is from a clinical trial with three treatment arms for breast cancer

(Farewell, 1986). Besides the observed survival times and censoring indicator, the data set

also contains the following information: indicators for two treatments, trt1 and trt2 (control

arm is set as the baseline), clinical stage I indicator (an early stage indicator, equals 1 with tu-

mor size smaller than 2 cm and no positive movable axillary nodes), and the number of lymph

nodes having disease involvement. The data set contains 139 records with 44 events (censoring

proportion is about 68%). To simplify the analysis, we transform the number of lymph nodes

to a binary variable, i.e., with or without lymph nodes having disease involvement.

We perform a similar preliminary analysis as for the acute myocardial infarction data. Fig-

ure 3.1(b) suggests that the conditional variance of the log survival also changes with fitted

linear indices. The results from methods BJ, LBJ and WLS are summarized in the bottom part

of Table 3.5. The methods BJ and LBJ give similar coefficient estimates. For predictors trt2

and clinical stage I, the WLS estimates are different from those of BJ and LBJ. In general, the

LBJ estimates have smaller standard errors than the BJ estimates, resulting in smaller p-values

across all variables. Both methods LBJ and BJ identify all covariates as significant, while WLS

fails to identify the significant effectiveness of treatment 2.

Using the same data set, previous analysis by Farewell (1986), Peng and Dear (2000), and

Lu (2010) suggested that treatment 1 is significantly beneficial in short terms while treatment

2 is significantly beneficial in long terms, and clinical stage I is significantly associated with

both long-term and short-term survivals. Compared to WLS, the results from the proposed LBJ

method are more in line with these previous analyses.
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3.6 Discussion

In Chapter 3, we developed a new estimation method for the semiparametric AFT model with

heteroscedastic random errors. Compared with the existing methods, our proposed method is

more flexible, and it allows both heteroscedasticity and covariate-dependent censoring. Moti-

vated by real survival studies and by the generalized linear model, we assumed that the error

variance is related to the linear mean survival function XT
i β through a nonparametric link func-

tion σ(·). The essence of the proposed idea can be adapted for models with more general forms

of heteroscedasticity, for instance, by allowing the conditional variance to depend on the index

XT
i γ with γ a p-dimensional vector possibly different from β. Further research is needed in this

direction.

3.7 Theoretical Proofs

Define the linear indices µi = XT
i β and µib = XT

i b, and the residual of censoring time ci(b) =

Ci − XT
i b. Note that ẽi(b) = min{ei(b), ci(b)}. Throughout, when b = β, β will be omitted for

notational brevity whenever there is no confusion. For example, ẽi = Yi − XT
i β.

Define Yn(t, b) =
∑n

i=1(Xi − X̄n)I(ẽi(b) ≥ t). For the local Kaplan-Meier estimate, define the

local empirical-type processes:

Yn(t, b|v) =
n∑

i=1

I(ẽi(b) ≥ t)
1
h

K(
XT

i b − v
h

),

Nn(t, b|v) =
n∑

i=1

I(ẽi(b) ≤ t, δi = 1)
1
h

K(
XT

i b − v
h

).

We have

log{1 − F̂b(t|v)} = −
∫ t

−∞

dNn(s, b|v)
Yn(s, b|v)

+ op(1).
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Denote the limit of F̂b(t|v) by

F∗b(t|v) = 1 − exp
{
−
∫ t

−∞

dN∗(s, b|v)
Y∗(s, b|v)

}
, (3.6)

where N∗(s, b|v) = limn→∞
1
n Nn(s, b|v) and Y∗(s, b|v) = limn→∞

1
nYn(s, b|v). If b = β, we have

dN∗(s, β|v) = G(s|v) fµ(v)dFβ(s|v) and Y∗(s, β|v) = G(s|v) fµ(v){1 − Fβ(s|v)}, where G(s|v) =

E{P(C − XTβ > s|X)|XTβ = v}. It follows that

F∗β(t|v) = 1 − exp
{
−
∫ t

−∞

dFβ(s|v)
1 − Fβ(s|v)

}
= Fβ(t|v).

Let Fi(t) = Fβ(t|µi), F̂i(t) = F̂β(t|µi), and Fib(t) = F∗b(t|µib).

Under conditions B1-B5, almost surely for sufficiently large n,

Un(b) =
n∑

i=1


∫ nλ

−nλ
tdY x

i (t, b) +
∫ nλ

−nλ

∫ nλ

t

1 − F̂ib(s)
1 − F̂ib(t)

dsdJx
i (t, b)

 ,
where λ is a constant between zero and one, and

Vn(b) = ϵn(b) +
n∑

i=1


∫ nλ

−nλ
tdEY x

i (t, b) +
∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b)

 ,
with sup∥b∥≤ρ ∥ϵn(b)∥ → 0. To prove Theorem 3.1, we need the following lemmas. In particular,

Lemma 3.2-3.5 are used directly to prove Theorem 3.1, while Lemma 3.1 is used to establish

Lemma 3.3 and 3.5.

Lemma 3.1. Assume that conditions B1-B5 hold. For arbitrarily small ε > 0, 0 < γ < 1,
∥a∥ ≤ ρ and ∥b∥ ≤ ρ, we have

sup
{
|F̂ib(t) − Fib(t)| : i = 1, . . . , n, t ≤ nλ

}
= O(n−1/3+ε), a.s.

sup
{
|1 − F̂ib(s)
1 − F̂ib(t)

− 1 − Fib(s)
1 − Fib(t)

− 1 − F̂ia(s)
1 − F̂ia(t)

+
1 − Fia(s)
1 − Fia(t)

| : i = 1, . . . , n, (3.7)

∥a − b∥ ≤ n−γ, t ≤ min(s, ν1), s ≤ nλ
}
= O(n−1/3−γ/2+ε), a.s.
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sup
{
|1 − Fia(s)
1 − Fia(t)

− 1 − Fib(s)
1 − Fib(t)

| : i = 1, . . . , n, ∥a − b∥ ≤ n−γ,

t ≤ min(s, ν1), s ≤ nλ
}
= O(n−γ),

sup
{
|1 − F̂ib(s)
1 − F̂ib(t)

− 1 − Fib(s)
1 − Fib(t)

| : i = 1, . . . , n, t ≤ min(s, ν1), s ≤ nλ
}
= O(n−1/3+ε), a.s.

sup
{
|1 − F̂ib(s − ζ)
1 − F̂ib(t − ζ)

− 1 − Fib(s − ζ)
1 − Fib(t − ζ) −

1 − F̂ib(s)
1 − F̂ib(t)

+
1 − Fib(s)
1 − Fib(t)

| : (3.8)

i = 1, . . . , n, |ζ | ≤ n−γ, t ≤ min(s, ν1), s ≤ nλ
}
= O(n−1/3−γ/2+ε), a.s.

where ν1 and λ are the constants used in conditions B5 and B6, respectively.

Lemma 3.1 states the consistency of the local Kaplan-Meier estimates, and it follows from

the consistency of the local empirical-type processes (Theorem 2.1 of González-Manteiga and

Cadarso-Suarez (1994)). Here we omit the lengthy proof of Lemma 3.1.

Lemma 3.2. Assume condition B7, Vn(b) satisfies:

(i). Vn(β) = 0;

(ii). Vn(b) = Γn(b − β) + o(n∥b − β∥) uniformly in ∥b − β∥ ≤ n−λ.

Proof. We want to show

Vn(β) =
n∑

i=1

{∫ ∞

−∞
tdEY x

i (t, β) +
∫ ∞

−∞

∫ ∞

t

1 − Fi(s)
1 − Fi(t)

ds dEJx
i (t, β)

}
= 0.

Denote Yi(t) = I(ẽi ≥ t) and Ji(t) = I(ẽi ≥ t, δi = 0). It is suffice to show that for any i,∫ ∞

−∞
tdE{Yi(t)|Xi} +

∫ ∞

−∞

∫ ∞

t

1 − Fi(s)
1 − Fi(t)

ds dE{Ji(t)|Xi} =
∫ ∞

−∞
td{1 − Fi(t)},

which is a constant across i under our model assumption.

Let G(t|Xi) = P(Ci ≥ t|Xi). It follows that E{Yi(t)|Xi} = {1− Fi(t)}G(t|Xi) and dE{Ji(t)|Xi} =
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{1 − Fi(t)}dG(t|Xi). Integration by parts gives∫ ∞

u
td[{1 − Fi(t)}G(t|Xi)] +

∫ ∞

u

∫ ∞

t
{1 − Fi(s)}dsdG(t|Xi)

= −G(u|Xi)u{1 − Fi(t)} −
∫ ∞

u
G(t|Xi){1 − Fi(t)}dt

−G(u|Xi)
∫ ∞

u
{1 − Fi(t)}ds +

∫ ∞

u
G(t|Xi){1 − Fi(t)}dt

= G(u|Xi)
∫ ∞

u
sd{1 − Fi(t)}.

Let u→ −∞, we have the desired conclusion that Vn(β) = 0.

Since Vn(b) is a smooth function of b, by Taylor’s expansion,

Vn(b) − Vn(β) =
n∑

i=1

[ ∫ ∞

−∞
td{EY x

i (t, b) − EY x
i (t, β)}

+

∫ ∞

−∞

∫ ∞

t

{
1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b) − 1 − Fi(s)

1 − Fi(t)
dsdEJx

i (t, β)
} ]
.

Define Γi(b − β) as the linear majorant of∫ ∞

−∞
td{EY x

i (t, b) − EY x
i (t, β)} +

∫ ∞

−∞

∫ ∞

t

{
1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b) − 1 − Fi(s)

1 − Fi(t)
dsdEJx

i (t, β)
}
,

we have

Vn(b) − Vn(β) = n−1
n∑

i=1

Γin(b − β) + op(n∥b − β∥)

= Γnn(b − β) + op(n∥b − β∥).

Define Γ = limn→∞ Γn and by assumption B7, Γ is positive definite. It follows that almost

surely for large n, when ∥b − β∥ ≤ n−λ, Vn(b) − Vn(β) = Γn(b − β) + op(n∥b − β∥). ⋄

Lemma 3.3. For 0 < λ < 1
12 , we have

sup
∥b−β∥≤n−λ

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = op(max{1,

√
n(∥b − β∥)}). (3.9)

Proof. To prove Lemma 3.3, we write Un(b) − Vn(b) − Un(β) + Vn(β) as summation of three
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parts and bound each part by Lemma 3.1. Recall that Yn(t, b) =
∑n

i=1(Xi − X̄n)I(ẽi(b) ≥ t). We

have

Un(b) − Vn(b) − Un(β) + Vn(β)

=

∫ nλ

−nλ
t{dYn(t, b) − dEYn(t, b) − dYn(t, β) + dEYn(t, β)}

+

n∑
i=1

{
∫ nλ

−nλ

∫ nλ

t

1 − F̂ib(s)
1 − F̂ib(t)

dsdJx
i (t, b) −

∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b)

−
∫ nλ

−nλ

∫ nλ

t

1 − F̂i(s)
1 − F̂i(t)

dsdJx
i (t, β) +

∫ nλ

−nλ

∫ nλ

t

1 − Fi(s)
1 − Fi(t)

dsdEJx
i (t, β)}.

After some algebraic manipulations, we can divide Un(b) − Vn(b) − Un(β) + Vn(β) further into

the sum of the following components:

D1(b) =
∫ nλ

−nλ
t{dYn(t, b) − dEYn(t, b) − dYn(t, β) + dEYn(t, β)},

D2(b) =
n∑

i=1

[ ∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

ds{dJx
i (t, b) − dEJx

i (t, b)}

−
∫ nλ

−nλ

∫ nλ

t

1 − Fi(s)
1 − Fi(t)

ds{dJx
i (t, β) − dEJx

i (t, β)}
]
,

D3(b) =
n∑

i=1

[ ∫ nλ

−nλ

∫ nλ

t
{1 − F̂ib(s)
1 − F̂ib(t)

− 1 − Fib(s)
1 − Fib(t)

}dsdJx
i (t, b)

−
∫ nλ

−nλ

∫ nλ

t
{1 − F̂i(s)
1 − F̂i(t)

− 1 − Fi(s)
1 − Fi(t)

}dsdJx
i (t, β)

]
.

Integration by parts gives that for sufficiently large n,

D1(b) = nλ{Y x
n (−nλ, b) − EY x

n (−nλ, b) − Y x
n (−nλ, β) + EY x

n (−nλ, β)}

−
∫ nλ

−nλ
{Y x

n (t, b) − EY x
n (t, b) − Y x

n (t, β) + EY x
n (t, β)}dt, a.s.
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By Theorem 1 in Lai and Ying (1988), for arbitrarily small ε > 0 and 0 < γ < 1,

sup
s, ∥b−β∥≤n−γ

∥Yn(s, b) − EYn(s, b) − Yn(s, β) + EYn(s, β)∥ = Op(n(1−γ)/2+ε).

It follows that sup∥b−β∥≤n−γ ∥D1(b)∥ = Op(n(1−γ)/2+ε+λ).

For the second component D2(b), its ith summand d2i(b) is given by

nλ∫
−nλ

nλ∫
t

1 − Fib(s)
1 − Fib(t)

ds{dJx
i (t, b) − dEJx

i (t, b)} −
∫ nλ

−nλ

∫ nλ

t

1 − Fi(s)
1 − Fi(t)

ds{dJx
i (t, β) − dEJx

i (t, β)}.

Taking the expectation of d2i(b), we have

E

nλ∫
−nλ

nλ∫
t

[
1 − Fib(s)
1 − Fib(t)

ds{dJx
i (t, b) − dEJx

i (t, b)} − 1 − Fi(s)
1 − Fi(t)

ds{dJx
i (t, β) − dEJx

i (t, β)}
]

=

nλ∫
−nλ

nλ∫
t

[
1 − Fib(s)
1 − Fib(t)

ds{dEJx
i (t, b) − dEJx

i (t, b)} − 1 − Fi(s)
1 − Fi(t)

ds{dEJx
i (t, β) − dEJx

i (t, β)}
]

= 0.

Under our assumptions, d2i(b), i = 1, . . . , n are bounded i.i.d. random variables. In addition,

d2i(b) =
∫ nλ

ci(b)

1 − Fib(s)
1 − Fib(ci(b))

ds −
∫ nλ

ci(β)

1 − Fi(s)
1 − Fi(ci(β))

ds

+

∫ nλ

−nλ

∫ nλ

t

1 − Fi(s)
1 − Fi(t)

dsdEJx
i (t, β) −

∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b),

where the first part∫ nλ

ci(b)

1 − Fib(s)
1 − Fib(ci(b))

ds −
∫ nλ

ci(β)

1 − Fi(s)
1 − Fi(ci(β))

ds

=

∫ nλ

ci(b)

{
1 − Fib(s)

1 − Fib{ci(b)} −
1 − Fi(s)

1 − Fi{ci(b)}

}
ds

+

∫ nλ

ci(β)
{1 − Fi(s)}ds

{
1

1 − Fi{ci(b)} −
1

1 − Fi{ci(β)}

}
+

∫ ci(β)

ci(b)

1 − Fi(s)
1 − Fi{ci(b)}ds.

62



By Lemma 3.1, we can bound the first part of d2i(b) as

sup
∥b−β∥≤n−γ

∣∣∣∣ ∫ nλ

ci(b)

1 − Fib(s)
1 − Fib{ci(b)}ds −

∫ nλ

ci(β)

1 − Fi(s)
1 − Fi{ci(β)}

ds
∣∣∣∣ = Op(n−γ+λ).

The second part d2i(b) is a smooth function of b. In view of the proof of Lemma 3.2, by Taylor’s

expansion, it follows that

sup
∥b−β∥≤n−γ

∥∥∥∥ ∫ nλ

−nλ

∫ nλ

t

1 − Fi(s)
1 − Fi(t)

dsdEJx
i (t, β) −

∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b)

∥∥∥∥ = Op(n−γ+λ).

Thus, sup∥b−β∥≤n−γ ∥d2i(b)∥ = Op(n−γ+λ). It follows that sup∥b−β∥≤n−γ ∥D2(b)∥ = Op(n1/2−γ+λ+ε).

The ith summand of D3(b) is∫ nλ

−nλ

∫ nλ

t

[{
1 − F̂ib(s)
1 − F̂ib(t)

− 1 − Fib(s)
1 − Fib(t)

}
−
{

1 − F̂i(s)
1 − F̂i(t)

− 1 − Fi(s)
1 − Fi(t)

}]
dsdJx

i (t, β)

= (Xi − X̄n)δi

∫ nλ

ci(b)

{
1 − F̂ib(s)

1 − F̂ib{ci(b)}
− 1 − Fib(s)

1 − Fib{ci(b)}

}
ds

−
∫ nλ

ci(β)

{
1 − F̂i(s)

1 − F̂i{ci(β)}
− 1 − Fi(s)

1 − Fi{ci(β)}

}
ds


= (Xi − X̄n)δi

∫ nλ

ci(b)

{
1 − F̂ib(s)

1 − F̂ib{ci(b)}
− 1 − Fib(s)

1 − Fib{ci(b)} −
1 − F̂i(s)

1 − F̂i{ci(b)}
+

1 − Fi(s)
1 − Fi{ci(b)}

}
ds

+

∫ nλ

ci(b)

{
1 − F̂i(s)

1 − F̂i{ci(b)}
− 1 − Fi(s)

1 − Fi{ci(b)}

}
ds −

∫ nλ

ci(β)

{
1 − F̂i(s)

1 − F̂i{ci(β)}
− 1 − Fi(s)

1 − Fi{ci(β)}

}
ds

 ,
where ∫ nλ

ci(b)

{
1 − F̂i(s)

1 − F̂i(ci(b))
− 1 − Fi(s)

1 − Fi(ci(b))

}
ds

=

∫ nλ

ci(β)

 1 − F̂i(s − XT
i (b − β))

1 − F̂i(ci(β) − XT
i (b − β))

−
1 − Fi(s − XT

i (b − β))
1 − Fi(ci(β) − XT

i (b − β))

 ds

+

∫ nλ

nλ−XT
i (b−β)

{
1 − F̂i(s)

1 − F̂i(ci(b))
− 1 − Fi(s)

1 − Fi(ci(b))

}
ds,
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and the last term above is op(n−1/3+ε) by Lemma 3.1. Thus,

d3i(b)

= (Xi − X̄n)δi

∫ nλ

ci(b)

{
1 − F̂ib(s)

1 − F̂ib(ci(b))
− 1 − Fib(s)

1 − Fib(ci(b))
− 1 − F̂i(s)

1 − F̂i(ci(b))
+

1 − Fi(s)
1 − Fi(ci(b))

}
ds

+

∫ nλ

ci(β)

 1 − F̂i(s − XT
i (b − β))

1 − F̂i(ci(β) − XT
i (b − β))

−
1 − Fi(s − XT

i (b − β))
1 − Fi(ci(β) − XT

i (b − β))

− 1 − F̂i(s)
1 − F̂i(ci(β))

+
1 − Fi(s)

1 − Fi(ci(β))

}
ds
]
+ op(n−1/3+ε).

In view of (3.7) and (3.8), it follows that ∥d3i(b)∥ is of order Op(n−1/3−γ/2+λ+ε) and we have

sup∥b−β∥≤n−γ ∥D3(b)∥ = Op(n2/3−γ/2+λ+ε). Therefore,

sup
∥b−β∥≤n−γ

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = Op(n1/6−γ/2+λ+ε + n−γ/2+ε + n−γ/2+ε+λ)

= Op(n1/6−γ/2+λ+ε).

For γ ≥ 1/2 and 0 < λ + ε < 1/12, we have 1/6 − γ/2 + λ + ε < 0. This implies

sup
∥b−β∥≤n−1/2

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = op(1).

For λ ≤ γ < 1/2, suppose n−π−ς ≤ ∥b − β∥ ≤ n−π, where λ ≤ π < 1/2 and ς > 0 is an arbitrarily

small number. We have

sup
n−π−ς≤∥b−β∥≤n−π

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = Op(n1/6−π/2+λ+ϵ).

Note that 1/6 − π/2 + λ + ε < 1/2 − π − ς for 0 < λ + ε < 1/12 since ς and ε can be arbitrarily

small. Therefore,

sup
n−π−ς≤∥b−β∥≤n−π

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = op(

√
n∥b − β∥).
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It follows that for 0 < λ < 1
12 ,

sup
∥b−β∥≤n−λ

1
√

n
∥Un(b) − Vn(b) − Un(β) + Vn(β)∥ = op(max{1,

√
n∥b − β∥}). ⋄

Lemma 3.4. There exists a positive definite matrix Σ such that

1
√

n
Un(β)

d−→ N(0,Σ). (3.10)

Proof. We prove Lemma 3.4 by expressing Un(β) as the sum of three parts and showing

that Un(β) is a summation of i.i.d. random vectors with mean 0. The i.i.d. representation of

F̂i(t)−Fi(t) (González-Manteiga and Cadarso-Suarez, 1994) is essential in the proof of Lemma

3.4. Define

un1(β) =
1
√

n

n∑
i=1

(Xi − X̄n)
{ ∫ ∞

−∞
tdYi(t) +

∫ ∞

−∞

∫ ∞

t

1 − Fi(s)
1 − Fi(t)

dsdJi(t)
}
,

un2(β) =
1
√

n

n∑
i=1

(Xi − X̄n)
∫ ∞

−∞

∫ ∞

t

1 − Fi(s)
{1 − Fi(t)}2

{F̂i(t) − Fi(t)}dsdJi(t),

un3(β) =
1
√

n

n∑
i=1

(Xi − X̄n)
∫ ∞

−∞

∫ ∞

t

F̂i(s) − Fi(s)
1 − Fi(t)

dsdJi(t).

Based on the consistency of F̂i(s), we have

1
√

n
Un(β) = un1(β) + un2(β) + un3(β) + op(1).

Define

Ai =

∫ ∞

−∞
tdYi(t) +

∫ ∞

−∞

∫ ∞

t

1 − Fi(s)
1 − Fi(t)

dsdJi(t).

We have shown that conditional on Xi, Ai’s have common conditional expectation denoted by
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µA. It follows that

un1(β) =
1
√

n

n∑
i=1

(Xi − X̄n)(Ai − µA)

=
1
√

n

n∑
i=1

(Xi − µX)(Ai − µA) −
√

n(X̄n − µX)(Ā − µA)

=
1
√

n

n∑
i=1

(Xi − µX)(Ai − µA) + op(1).

Thus, un1(β) has a limiting normal distribution. Similarly, we can replace X̄n with µX in un2(β)

and un3(β) without changing their limiting distributions.

For un2(β) and un3(β), we replace F̂i(t) − Fi(t) with its i.i.d. expansion. It follows from

Theorem 2.3 of Gonzalez-Manteiga and Cadarso- Suarez (1994) that under our assumptions,

F̂i(t) − Fi(t) =
1

nh

n∑
j=1

K(
µ j − µi

h
)ξ(Y j, δ j, t, µi) + Op(n−

1
2+ε),

where ξ(Y j, δ j, t, µi), j = 1. . . . , n, are (conditional on Xi) independent random variables with

zero mean and finite variance for any t . Plugging the i.i.d. representation of F̂i(t) − Fi(t) into

un2(β) and un3(β), we have

un2(β)

=
1
√

n

n∑
i=1

(Xi − µX)
∫ ∞

−∞

∑n
j=1 K(µi−µ j

h )ξ(Y j, δ j, t, µi)

nh{1 − Fi(t)}2
∫ ∞

t
{1 − Fi(s)}dsdJi(t) + op(1)

=
1
√

n

n∑
j=1

∫ ∞

−∞

1
n

n∑
i=1

(Xi − µX)
K(µi−µ j

h )ξ(Y j, δ j, t, µi)
h{1 − Fi(t)}2

∫ ∞

t
{1 − Fi(s)}dsdJi(t) + op(1)

=
1
√

n

n∑
j=1

1n
n∑

i=1

(Xi − µX)
1
h

K(
µi − µ j

h
)
∫ ∞

−∞

ξ(Y j, δ j, t, µi)
{1 − F(t|µi)}2

∫ ∞

t
{1 − F(s|µi)}dsdJi(t)


+ op(1).
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Since dE{Ji(t)|Xi} = {1 − Fβ(t|XT
i β)}dG(t|Xi), we have

1
n

n∑
i=1

(Xi − µX)
1
h

K(
µi − µ j

h
)
∫ ∞

−∞

ξ(Y j, δ j, t, µi)
{1 − F(t|µi)}2

∫ ∞

t
{1 − F(s|µi)}dsdJi(t)

= E
[
(X − µX)

∫ ∞

−∞

1
h

K(
µ − µ j

h
)
ξ(Y j, δ j, t, µ)
1 − F(t|µ)

∫ ∞

t
{1 − F(s|µ)}dsdG(t|X)

]
+ op(n−1/2)

= EX

[
(X − µX) fµ(µ j)

∫ ∞

−∞

ξ(Y j, δ j, t, µ j)
1 − F(t|µ j)

∫ ∞

t
{1 − F(s|µ j)}dsdG(t|X)|XTβ = µ j

]
+ op(n−1/2)

≡ η(Y j, δ j, µ j) + op(n−1/2),

with E{η(Y j, δ j, µ j)} = 0. Then we have

un2(β) =
1
√

n

n∑
j=1

η(Y j, δ j, µ j) + op(1).

Similarly, we can show that

un3(β) =
1
√

n

n∑
i=1

(Xi − µX)
∫ ∞

−∞

∫ ∞

t

1
nh

∑n
j=1 K(µi−µ j

h )ξ(Y j, δ j, s, µi)

1 − Fi(t)
dsdJi(t) + op(1)

=
1
√

n

n∑
j=1

1
n

n∑
j=1

(Xi − µX)
1
h

K(
µi − µ j

h
)
∫ ∞

−∞

∫ ∞
t
ξ(Y j, δ j, s, µi)

1 − F(t|µi)
dsdJi(t) + op(1)

=
1
√

n

n∑
j=1

EX

{
(X − µX) fµ(µ j)

∫ ∞

−∞
ξ(Y j, δ j, s, µ j)dsdG(t|X)|XTβ = µ j

}
+ op(1)

≡ 1
√

n

n∑
j=1

θ(Y j, δ j, µ j) + op(1),

with E{θ(Y j, δ j, µ j)} = 0.

Therefore, we have

1
√

n
Un(β) =

1
√

n

n∑
j=1

{
(X j − µX)(A j − µA) + θ(Y j, δ j, µ j) + η(Y j, δ j, µ j)

}
+ op(1).

Denote the covariance matrix of (X j − µX)(A j − µA) + θ(Y j, δ j, µ j) + η(Y j, δ j, µ j) by Σ. By the

central limit theorem, Lemma 3.4 holds. ⋄
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Lemma 3.5. With 0 < λ < 1 and ε > 0,

sup
|b|≤ρ
∥Un(b) − Vn(b)∥ = O(n2/3+λ+ε). (3.11)

Proof. Lemma 3.5 gives the bound of the difference between Un(b) and its smooth approx-

imate Vn(b). We prove Lemma 3.5 using similar techniques as those for proving Lemma 3.1.

Note that

Un(b) − Vn(b) =
∫ nλ

−nλ
t{dYn(t, b) − dEYn(t, b)}

+

n∑
i=1


∫ nλ

−nλ

∫ nλ

t

1 − F̂ib(s)
1 − F̂ib(t)

dsdJx
i (t, b) −

∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

dsdEJx
i (t, b)

 .
The first term can be written as

E1(b) = nλ{Yn(−nλ, b) − EYn(−nλ, b)} −
∫ nλ

−nλ
{Yn(t, b) − EYn(t, b)}dt.

Similar to the proof of Lemma 3.3, we can show that sup|b|<ρ ∥E1(b)∥ = O(n1/2+λ+ε). In addition,

the second term can be written as

E2(b) =
n∑

i=1

∫ nλ

−nλ

∫ nλ

t

1 − Fib(s)
1 − Fib(t)

ds{dJx
i (t, b) − dEJx

i (t, b)}

+

n∑
i=1

∫ nλ

−nλ

∫ nλ

t

{
1 − F̂ib(s)
1 − F̂ib(t)

− 1 − Fib(s)
1 − Fib(t)

}
dsdJx

i (t, b)

Using the same technique, we can show that sup|b|<ρ ∥E2(b)∥ = O(n2/3+λ+ε).

Thus, we have sup|b|≤ρ ∥Un(b)−Vn(b)∥ = O(n2/3+λ+ε), which is o(n3/4) when λ+ ε < 1/12. ⋄

Proof of Theorem 3.1. For 0 < λ < 1/12 and arbitrarily small ε > 0 with λ+ ε < 1/12, by

Lemma 3.5, we have

sup
|b|≤ρ
∥Un(b) − Vn(b)∥ = O(n2/3+λ+ε) = o(n3/4). (3.12)
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In view of condition B6 and (3.12), it follows that

P
{
Un(b) does not have a zero-crossing for large n on ∥b − β∥ > n−λ, |b| ≤ ρ} = 1.

This implies β̂LBJ = β + o(n−λ).

In addition, by Lemma 3.3, we have

1
√

n
{Un(β̂LBJ) − Vn(β̂LBJ) − Un(β) + Vn(β)} = o(max{1,

√
n(β̂LBJ − β)}).

It follows by Lemma 3.2 that

Γ
√

n(β̂LBJ − β) =
1
√

n
Un(β) + o(max{1,

√
n(β̂LBJ − β)}).

Thus,
√

n(β̂LBJ − β) converges in distribution to N(0,Γ−1ΣΓ−1) by Lemma 3.4. ⋄.
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Chapter 4

Conclusions and Future Work

In Chapter 2, we adopted the induced smoothing and established a more efficient estimation

and inference procedure for Bang and Tsiatis (2002)’s censored quantile regression method.

Induced smoothing works by smoothing the non-differentiable censored quantile regression

estimating equation to avoid direct estimation of the error density function. Similar idea can

be adapted to estimate the variance of other estimators such as those in Ying et al. (1995) and

Peng and Huang (2008).

In Chapter 3, we studied estimation and inference for a heteroscedastic AFT model. Our

proposed method performs better than the existing WLS method, and imposes only mild con-

ditions on censoring and the random error. In this development, we assume that, for the

heteroscedastic AFT model, the conditional error variance depends on the linear index XTβ,

allowing for straightforward algorithm development based on failure time imputation. More

general forms of error heteroscedasticity may impose difficulty for the estimation, which may

become a research topic in the future. In our numerical studies, we examined the existence of

heteroscedasticity by roughly looking at the plots of estimated residuals based on the Buckley-

James estimator, where the residuals include imputed ones. It is conceivable that such plots do

not truthfully reveal the form of heteroscedasticity, especially when the censoring proportion

is high. An appropriate diagnostic tool is desired, and we relegate the task to future research
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work.
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