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EXTENDED OCCUPAIICY PRUBABILITY DISTRIBUTION
CRITICAL PUINTS

By ui.L. Johnson, University of Worth Carolina at Chapel Hill,
S. Kotz and R. Srinivasan, Temple University, Philadelphia

1. Introduction

In many instances of application of statistics, the underlying pro-
babilistic problem can be described in terms of the following urn model:

N balls are randomly allocated to K cells (so that each ball has pro-
bability 1/K of falling into the ith cell, i =1, 2, ..., K). Each
ball has probability p of staying in its cell and 1 - p of "falling
through' (and hence not being available to 'fill' a cell). The random
variable of interest here is the number x of 'occupied' cells, or
equivalently the number K - x of 'empty' cells. Several examples of
situations leading to this urn model in biology, nuclear phyics and other
fields are given in Feller (1968) and Harkness (1969).

Our purpose here is to tabulate critical points of the distribution
for various values of N, K and p. The case when p = 1 has already
been treated at length by Nicholson (1961), and we shall therefore not
include it here. A description of our tables is given in the next sec-
tion. They are set out in a similar form to Nicholson's table.

Critical points corresponding to some of the values of N and K not
covered in our tables can be approximated using certain limit  theorems.
This 1is discussed in Section 3.

The classical occupancy distribution (corresponding to p = 1) gives

the probability of exactly x occupied cells as
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For general p, the number of balls not falling through is distributed
binomially with parameters N,p and so the extended occupancy distribution
is the corresponding mixture of classical occupancy distributions. The
probability, Hp(x;K,N), of exactly x occupied cells is then the
expected value of Hl(x;K,J) with J distributed binomially with para-
neters N,p. Hence
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These probabilities satisfy the recursion relation

3) KHp(x;K,N) p(K+1-x)Hp(x-l;K,N-1)

+

{px + (1-p)X} Hp(x;K,N-l)

The r-th factorial moment is
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where t(r) = t(t-1)...(t-r+1).



From (4) we obtain eMpressions for the expected value:

(5.1) K1 - (1-p/0N)
and the variance

M ' N. ~ N , N
(5.2) K(K-1) {1-2(1-p/K)" + (1-2p/X)"'} + K{1-(1-p/K)"}

- KA1--proVy,
. N, i
= X (1:(1-p/07 /0N - k-1 (a-pro® - a-2pr0M
The r-th factorial moment of the number of empty cells has the simpler

form

6) kP a - pr/oV

(Harkness (1969)).

Z. vescription of Qur Tables

Using (3), we can find, for given K, X, p and lower tail area a,

X
the smallest N, say N;, such that Pr[x <X | K, Np,pl = ) Hp(x,K,N) < a.
' x=0
These are presented in Table I for K = 2 (1) 20, p = 0.75,0.80, 0.90, 0.95,

0.99, and o = 0.01, 0.025, 0.05, 0.10, and N up to 60, along with the

1

the actual tail probabilities a, = P [x <X | K,Nl,p]. (For example, the

entry N, =17, a. = 0.019, corresponding to p = .99, K=8, X =5 and

1 1
a = 0.025 in Table I means that Pr[x <5 | 8, 17, 0.29] = 0.019,

Pr[x <5 | 8, N, 0.99] > 0.025 for N < 17, and that Pp[x <5 | 8, N, 0.99] <
0.019 for N > 17). There is one exception to this system. If there is a

value N, such that Pr[X < x | K, Nl’ pl 1lies between a and o + 0.0005

1
this is the value given in the tables. The corresponding value of oy is

given as o + .



Similarly, using the recursion relations; for the same values of

K, X, p and o we have tabulated the upper tail critical values N

2
and the corresponding probabilities oy in Table II. Here, for given
K, X, p and o, N2 is the largest value of N such that
Prix 2X | K, N, p] <, and ay = Prlx = X | K, Ny, p]. (For example,

the entry N2 =12, a, = .021, corresponding to p = 0.80, K=10, X =9

2
in Table II means that pr[x 2 9 | 10, 12, 0.80] = 0.021,
Pr(x 29 | 10, N, 0.80] < 0.025 for N <12, and that Pr[x = 9|10,N,0.890]
> 9.021 for N > 12°.) Dash marks (-) in table II indicate the non-
existence of N2 for given K, X and o. Here again, as an exception
if there is an N, such that o <P [x 2 X | K, N, p] < a + 0.0005 this
is the value given in the tables, with a, given as o

In both lower and upper tail tables the entry > 60 is used when the

exact value is beyond the range of calculations we have carried out.

3. Approximations

Harkness (1969) has suggested that a binomial with parameters K,
1 - (l—p/K)N would give a good approximation to the distribution (2).
This approximation gives the correct mean (see (5.1)) and is exact for
K = 1. It would be expected to give good results for p small, since
the mixing distribution of J (see Section 2) may then be approximated
by a Poisson (with parameter Np), and as Harkness shows a mixture of
classical occupancy distributions with such a Poisson mixing distri-

bution is, in fact a Binomial distribution.



If the binomial approximation is good, then Molenaar's (1970) normal
approximation to the binomial may be used to get approximate expressions for
N1 and N2' Writing
@) W = 1 - (1-p/0)}

we have from Molenaar's 'quick work' approximation (1970, p. 110) for

a, < 0.05
J
% % P i
(8.1) 2(X+1)° {1-m(§)}2 - 2(K-X)* {w(q)}2 -V
1
;’ ;1/ ;‘l,
(8.2) 2X? {1-w(N1)}2 - 2(K-X-1)% {w(N;}z : Vv
*2
— -1 [ 2
where (v21) J exp( - 3u“) du = o .
VOL
The equations for a5 > 0.05 are of similar form.
In order to solve equations of form
AVI-w() - BYo(N) = V
we write w(N) = sin2 6 and A/VA2+B2 = sin ¢ and get
sin (¢-8) = V//A2+BZ
where
) w®) # sin’ [sin-1 __55_5__ - sin’? -—Z;L7r-
Y(AT+B%) Y(AT+BT)
. A R & BY 2
¥ 5 2 -3 - 7
{/(A2+32) pPep? et }

(W2+84) 7% (avalen2vd) - )2

(when A2+B2 < V2 this equation is not applicable, but since A2+B2 is
about 4K while hhe largest V2 we need is Vg 01 # 5.4, this imposes

little restriction.)



Once w(Nj) has been found we can calculate the corresponding Nj
from (7).
Some trial calculations with K = 20 indicated that when p = 0.75

this approximation gives values of Nl which are toc big by some 2-4

units and of N2 which are too small by some 1-2 units, at any rate for

a = 0.025 - 0.05.

Further asymptotic formulae will be found in Samuel-Cahn, (1974).
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Lower tail critical points

P = .75

Lower tail probability level o

il

Lower tail probability level u

<15

X 0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10
Ny oy Ny Ny Ny Y N ooy by
1 12 .007 10 .018 8 .okht 7T .0Th 8 1 7 .00k 6 .011 5 .032 b o84
2 10 .006 9 .013 8 .029 7 .060
1 9 .006_ 7 .023 6 .0L6 5 .092 3 1k o007 12 .022 11 .036 10 .067
2 20 .010 17 .023 15 .oko 12 .09k 4 Hm .008 17 ,opm 15 .owm 14 .068
5 26 .009 23 .02 21 .ohk 19 .080
1 8 .005 T .012 6 .027 5 .06l 6 38 .010°0 3k .023 30 .050" 27 .089
2 1k .008_ 12 .021 11 .033 9 .083 T >60 - 59 .02k 52 .0k7 k5 .093
3 29 .010 25 .022 22 .041 18 .09k .
) 1 6 .010 6 .010 5 .029 L ,080
1 7 .008 6 .020 5 .oLT 5 .07 2 10 .005 8 .02k 8 .o2k 7 .051
P 12 .007 10 .02k 9 .ok2 8 .oTh 3 13 .008, 12 .015 11 028 9 .092
3 20 .oom+ 17 .022 15 .0Ls 13 .089 L 17  .010 16 .017 ik .ol3 12 .069
I 38 .010 33 .023 29 .0L45 b .099 w 23 .009_ 21  .020 19 .04o 17 .o081
31 .010 28 .022 25 .0h 23,082
1 7 .006 6 .015 5 .0kO L .099 T 45  .009 4o .023 36 zo:m ww .089
2 11 .007, 10 .013, 8 .oko 7 .093 8 60 - >60 - 60 .048 52 .095
3 16 .010 ik .025. 13 .039 11 .092
L 26 .008 22 .025 20 .ohk 17 .109 10 1 € .010" 6 .010 5 .027 L .07h
5 48 .010 b1 .025 36 .0k9 31 .09k 2 9 .oom 8 .020 T .045 6 .100
3 13 .00 11 .o021 10 .okl .076
1 T .005 6 .013 5 .035 L .090 L 16 .o10" 15 .018 i .030 HW .omy
2 10 .009 9 .018 8 .036 7T .073 5 21 .010C 19 .022 17 .050° 16 .oTk
3 15 .007 13 .020 12 .03k 10 .093 6 28 .008 25 .021 23 .039 20 .097
w 21 .009 Hm .020 17 .wmw 15 .082 7 27 .008 33 .022 30 .Obk 27 .086
32 .009 28 .023 25 . 22 .09l 8 2 .00 L6 .02k 42 .ok 37 .092
6 58 .010 50 .024 bk .okt 38 .092 > ?



Lower tail critical points

=

p = .75 p= .75
Lower tail probability level o Lover tail probtability level o
0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
EH QH ZH QH ZH QH zw oq ZH QH zw oy zH QH ZH QH
9 >60 - >60 - >60 - 59 .097 13 2 g .006 & .01k 7 .035 6 .080
3 12 .005 10 .025” 10 .025 8 .100"
1 6 .009 6 .009 5 .026 L .o7k 4 15 .007 13 .023 12 .03 11 .076
2 9 .007 8 .018 7T .obk1 6 .091 5 18 .010” 17 .016 15 .0k6 14 .o7h
3 12 .008 11 .07 10 .03k Q .065 6 23 .00T7 21 .016 19 .039 17 .086
L 16 .007 ik .o21 13 .037 12 .06k 7 28 .00T7 25 .022 23 .0Lb 21 .085
5 20 .008 18 .021 17T .033 15 .078 8 34 .008 31 .020 28 .oht 26 .,081
6 25 .009 23 .020 21 .oL2 19 .082 9 L2 .009 38 .023 35 .ok 32 .085
T 32 .01° 20 .023 27 .oko 2k .089 10 5% .009 48 025" 4L o048 4o .092
8 Yo 017 38 . 022 _ 35 .ok2 31 .092 11 >60 - >60 - 59 .0ko9 53 .095
9 59 .009 52 .025 W7 .ok9 Lo 096 12 >60 - >60 - >60 - >60 -
10 >60 - >60 - >60 - >60 -
+ 14 1 & .0n8 5 .023 5 .023 L ,068
1 6 .008 5 .025 5 .025 L oLo71 2 9 .005 8 .013 7 .032 6 .076
2 9 .006 8 .016 T .037 & .085 3 12 .005 10 .021 9 .046 8 .092
3 12 .007 11 .01k 10 .028 9 .057 L 15 .o05 13 .019 12 .036 11 .066
L 15 .009 1k .06 13 .029 11 .089 5 18 .007 16 ool 15 .036 13 .099
5 19 .008 17 .023 16 .037 1L .092 6 22 .007 20 .018 18 .o43 17 .067
6 o4 .o07 21  .025 20 .038 186 .080 7 26 .009 o .019 oo oD 20 .085
T 30 . 007 27 .020 25 .037 22 .Oﬂw 8 31 .OHO+ 29 . 020 Mm .Omo+ Nr L0091
m WN .OOW WF .020 WH oorm Mm .O@m 0 Wm °OO@ WW .021 ww .Okm N@ .O@t
9 48 .o009 43 .023 39 .0h9 35 .100" 10 47 .009 43 .o21 39 .0L8 36 .086
l0 »>60 - 59 .023 53 .0k49 48 .089 11 59 .010° 5k .o22 4o .ok8 45 .088
11 60 - >60 - >60 - >60 - 12 >60 - >60 .- >60 - 59 .092
13  >60 - >60 - >60 - >60 -

6 .008 5 .024 5 .02k L .070
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Lower tail critical points

p = .75 p= .75
Lower tail probability level o Lower tail probability level o
0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10

N, oy N oo L S N Y e T | N ey

1 6 .007 5 .023 5 .023 L. 067 16 12 57 .009 52 .02k 48 .obT Ly 092
2 9 .005 8§ .o12 T .030 & .0T3 13 >60 - >60 - 60 .0k 54 096

3 11 .009 10 .020 o .0hk2 8 .086 1k >60 - >60 - >60 » >60 -

Y 14 .008 13 .016 12 .031 11 .059 15 >60 - >60 - >60 - >60 -

5 17T .009 16 .017 15 .030 13 .085

6 21 .008 19 .021 18 .033 16 .083 17 1 & .007 5 .022 5 .022 L .065
7 25 .008 23 .019 21 .okk 19 .093 2 9 .00k g8 .011 7 .028 6 .068
8 30 .008 27 .023 25 .0k6 23 .087 3 11 .007 10 .016 9 .036 8 .076
9 36 .007 32 .025 30 .0bk 27  .099 L 1k .005 12 .024 11 .0u8 10 .090
100 L3 .008 30 .022 36 .0L45 33 .088 5 17 .006 15 .021 ik .037 13 .066
11 52 .009 LT .024 Ly .0L3 Lo .089 6 20 .007 18 .o21 17 .035 15 .093
12 >60 - 59 .02k4 sk .ok9 Lo .008 7 23 .010 21 .025 20  .039 18 .090
13 >60 - >60 - >60 - >60 - 8 27 .010 25  .022 23 .0u8 21 .098
1L >60 - >60 - >60 - >60 - 9 32 .008 29 .02k 27 .0L48 25 .039
10 37 .010° 3,004 32 .0L3 20 .096

1 6 .007 5 .022 5 .022 L .066 11 Lk ,008 Lo .o24 37 .049 34 .097
2 9 .00k 8 .011 T .029 6 .0T0 12 52 .009 46 .021 4y 046 Lo .099
3 11 .o0n8 10 .018 o .038 8 .080 13 >60 - 57 .023 53 .045 48 .097
L1k oot 13 .01k 12 .028 10 .098 ik >60 - >60 - >60 - 59 .095
5 17 .007 15 .025 4 .ok3 13 .07k 15  >60 s >50 - >60 - >60 -
6 20 .009 19 .016 17 .043 16 .069 16 >60 - >60 - >60 - >60 -

7 2k .009 22 .021 20 .0Lo 19 .07k

8 29 .007 26 .022 ok .oLs 22 .090 18 1 6 -007, 5 .021 5 .021 L .06k
9 34 .o07 31 .020 29 .037 26 .091 2 8 .010 8 .010 T .027 6 .066
10 Lo .008 36 .024 34 .oL1 31 .086 3 11 .007 10 .015 9 .033 g8 .o72
11 41 .009 43  .023 Lo .obs 37 .084 b 14 .005 12 .022 11 .0ohk 10 .08k
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Lower tail critical points

i

p=_.75 p = .75
Lower tail probapility level « Lover tail probability level o

0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10
Ny Ny Ny noo e N Mooy N
16 .009_ 15 .018 1k .033 13 .059 19 13 52 .0100 b8 .02k b5 .ok6, k2 083
19 .0100 18 .07 16 .0507 15 .08l 1L »60 - 56 .025" 52 .050° 48 .098
23 .007 21 .019 19 .0ko 18 .075 15 60 - - >0 - 60 . 57 .00

2T .00T7 2 .02k 23 .037 21 .0T9 16 >€n _ >60 B >60 ~ >60 ~

31 .008 28 .023 26 .048 24 .093 17 60 _ >60 ~ >60 ~ >60 _

36 .008 33 .020 31 .038 28 .00l 18 >60 - >60 . +60 - >60 -

L1 .o10” 38 .022 35 .0k9 33 .081
48 .009 Ly o024 k1 .ohT 38 .089 20 1 5 .007 5 .021 5 .021 4,062
60 - 60 - 5T 050 53 .088 3 11 .006 10 .013 9 .030 8 .066
>60 - >60 - >60 - S L 13 .009 12 .018 11 .037 10 .OTh
>60 - >60 - >60 - >60 - 5 16 .007 15 .01k 13 .ok8 12 .087
>60 - >60 - >60 - >60 - & 19 .007 17 .022 16 .038 15 .06k
T 22 .007 20 .021 19 .03k 17 .087
19 1 6 .006 5 .021 5 .02 L .063 8 25 .009 23 .023 22 .035 20 .081
2 8 .009 8 .009 T .026 6 .06k 9 20 .008 27 .018 25 .oh1 23 .08k
3 11 .006 10 .01k o .032 8 .069 10 33 .009 31 .018 29 .037 26  .097
b 13 .o100 12 .020 11 .0ko 10 .078 11 38 .008 35 .021 33 .039 30 .091
5 16 .008 15 .016, 1k .029 12 .00k 12 43 .009 Lo .021 37 .O4T 34 .099
6 19 .008 17 .025, 16 .043 15 .072 13 k9 .0107 k6 020, 43 .oh1 39 .098
T 22 .009 20 .025 19 .ok 17 .099 1h 57 .009 52 .025 Lo .046 45 .096
8 26 .008 2k .019 22 ,0L43 20 .096 15  >5%0 - >60 57 .0k45 52,099
9 30 .008 27 .025 26 .036 oh .07k 16 >60 - >60 - >60 - >60 -
10 34 .009 32 .019 29 .050" 27 .09 17 >50 - >60 - >60 - >60 -
11 39 .010_ 36 .02k 34 .ob2 31 .09k 18 >50 - >60 - 60 - >60 -
2

45 .o010 L2 .021 39 .okb 3¢ .089 19  >60 - >60 - >60 - >50 -
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Upper tail critical points

p=.75 p = .75
Upper tail probability level o Upper tail probability level o
0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10

o, ZM a, ZN oy zm oy ﬂm Ay ﬁm o, zm a, Zm a,

3 - - - - - 3 .09k 10 5 - . - - - 5 .072

6 - - - & .027 7 .098

I - - - L .030 5 .093 7 7 .008 7 .008 8 .035 9 .087

8 Q.  .009 o .009 10 .027 11 .057

4 - - - - - L .of1 9 11 .005 12 .013 1L .0ou6 15 .0T3

5 .009 5 .00% 6 .034 T .077 10 15 .007 17 .019 19 .ohk1 22,095

L - - - - - L .088 11 5 . - - - - - 5 .082

5 - 5 .022 5 .022 6 .077 é .- - - 6 .033 6 .033

6 6 .003 7 .012 8 .031 10 .099 7 - - 7 .011 8 .ou8 8 .ou8

8 8 .003 9 .015 10 .ok2 11 .087

5 - - -~ 5 .036 5 .036 9 10 .00k 11 .012 12 .027 ik .o088

6 6 .008 6 .008 7 .031 8 .075 10 13 .005 15 .022 16 .037 18 .08k

T .00k 10 .025 11 .0bs 12 .073 11 18 .009 20 .021 22 .okl 25 .087

5 - - - 5 .04O 5 .0oko 12 5 - . - . - 5 .091

6 - 6 .01k 6 .01k T .053 IS - - . . & .oko & .0Lo

7 .03, 8 .02 9 .033 10 .067 7 - - 7 .015 7 .015 8 .060

8 .010 12 .020 13 .03L 15 .077 8 8 .005 9 .022 9 .022 10 .059

9 10 .006 11 .020, 12 .0buk 13 .083

5 - - - -~ - 5 .061 10 12 .005, 1h .025 15 .046 16 .07k

6 - 6 .020 6 .020 T .0T6 11 16 .00, 17 .C18 19 .0k45 21 .090

7 .005 8 .023 8 .023 9 .059 12 21 .010 23 .022 25 .04 20 .097
8 .005 10 .01k 11 .030 13 .092

9 .008 15 .025 16 .0ko 18 .077 13 5 - = - - - 5 .099
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Upper tail critical points

p= .75

Upper tail probability level o

p= .75

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
zm Qm ZM Qm ZM Qm zm Qm Hm Qm @m Qm zm Qm Mm Qm
13 6 - - - - 6 .0L6 6 .0L6 15 13 19 .010" 20 .017 22 .0k2 2L ,083
7 - - 7 .018 7 .018 8 .073 1k 23,009 25 .021 27 .ok1 30 .090
8 8 .006 8 .006 9 .029 10 .OT7T7 15 29 .008 32 .020 36 .0kg Lo .005
9 10 .c10” 10 10 11 .029 12 .06k
10 12 .009 13 .o021 14 .obu3 15 .075 16 6 - - - o - - 6 .061
11 ik L005 16 .023 17 .039 19 .091 7 ~ - 7 .029 7 .029
12 18  .009 20 .023 21 .035 2k .092 8 . - 8 .012 8 .012 9 .052
13 23 .007 26 .022 29 .0L8 32 .087 G ¢  ,005 10 .022 10 .022 11 .062
10 11 .008 11 .008 12 .026 13 .059
14 6 - - - - - - 6 .051 11 13 .009 14,023 15 .0L7 16 .083
7 - - T .022 7T .022 8 .085 12 15 .007 16 .017 17T .032 19 .088
8 8 .008 8 .o008 9 .037 10 .09 13 18 .010~ 19 .018 21 .050 22  .073
9 9 .003 10 .01k 11 .oko 12 .08L4 1k 21 .008 23 .022 25 .0L8 27 .089
10 11 .00k 12 .01k 13 .033 1k .06k 15 25 .007 28 .023 30 .ok2 33 .086
11 14,010 15 .o021 16 .0oko 17 .066 16 32 .008 36 .02k 39 .0hk Ly 096
12 16 .005 18 .020 19 .033 21 .O0TL
13 20 .007 22 .018 2k .039 27 .092 17 6 . - - - . - 6 .066
1k 26 .008 29 .021 32 .0Lk 35 .092 7 - - .. 7 .032 7 .032
8 - - 8 .01k 8 .01k 9 .060
15 6 - - - e 6 .056 9 o .C06 9 .006 10 .027 11 .0T3
7 - = T .025 7 .025 8 .096 10 10 .002 11 .ol 12 .033 13 .0T73
8 8 .010 8 .010 9 .045 9 .0bs 11 12 .00L 13 .013 1% .031 15 .06é2
9 9 .004 10 .018 10 .018 11 .o051 12 14 .ook 16 .025 17 .or4+ 18 .079
10 11 .006 12 .019 13 .0k5 1k 086 13 17 .008 18 .017 20 .050 21 .0T7
11 13 .oom+ 1k 016 15 .033 17 .098 1k 20 .009 21 .016 23 .042 25 .086
12 16 .010 17T .020 18 .036 20 .087 15 23  .007 25 .018 27T .039 30 .092
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Upper tail critical points

ﬁ"

-T5

Upper tail probability level a

.75

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
N, o, N, o, N, @, N, o, v, o, N a, M, o, N, o,
17 16 28 .009 31 .02k 33 .ok2 37 .099 10 12 Hw -008 15 .02l 16 .05 17 .c80
17 35 .008 39 .022 b3 .ok7 L8 007 1316 .00 1T .018 18 035 20 .097
’ 17 006 20 .02k 21 .ok2 23 .096
18 6 _ _ _ _ _ ~ 6 . 15 21 .00% 23 .025 2,039 26 .082
7 R . 7 .035 7 .mwm 16 24 .007 26 .019 28 .ok2 30 .078
8 . . 5 016 8 016 9 067 17 28 .008, 31 .025 33 .0b5 3¢ .093
9 9 .007 9 .007 10 .032 11 .08k 18 34 010" 37 .025 Lo .ok9 k3 .087
10 10 .003 11 .013 12 .0k0 13 .087 10 k2 o100 b6 022 50 .Okk 56 .095

11 12 .005 13 .017 1L .oko 15 .079

12 1k .006 15 .016, 16 .03% 17 .063 20 6 - - - - 6 .018
13 16 .005 18 .025° 19 .0k5 20 .072 oo PO To.0ut T .0k
i 19 .008 20 .06 22 .okk 2k 096 8 - - 8 .020 8 .020 9 .080
15 22 .008 2h .023 25 ,035 28 .095 o 9 .009 o .000 10 .ok1 10 .Oh1
16 26 .010" 28 .opo 30 .ob2 33 .003 10 10 .00k 11 .019 11 .019 12 .055
18 39 .010 53 .025° L7 .o 5 1 13 .003 ik .ol 15 .027 17 .099
2 > T 7 > 096 13 15 .00k 17 .02k 18 .ok7 10 .079
19 6 - - - .. 6 .o7h i 18 .009 19 .019 20 .035 22 .089
7 - - - 7 .038 7 .038 15 20 .007 22 .023 23 .038 25 .085
8 - . 8 .018 8 018 o o7k 16 23 .007T, 25 .022 27 .ok9 29 .09k
9 9 .008 9 .008 10 .036 11 .095 17T 271 .010 29 .02k 31 .ou8 33 .083
10 10 .003 11 .006 12 .0k7 12 .OLT 18 %o 330 mm .omm s .o
11 12 .006 13 .021 1k .050° 15 .0 o 36 .00 0 .02 3 .07 T .09
> > -0 20 L5 .009 50 .02h sk .0k5 60 .093
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p = .80

Lower tail critical peints

Lower tail probebility level o

K X 0.01 0.025 0.05
ZH QH ZH QH ZH QH zw

1 11 .o007 9 .020 8 .03k 6
1 8 .007 7 .01k 6 .031 5
2 19 .008 16 .021 ik .039 11
1 T .007 6 .016 5 .0Lko L
2 13 .008 11 .021 10 .035 8
3 27 .010° 23,02k 20 .046 17
1 7 .00k 6 .011 5 .029 h
2 11 .007 10 .01k 8 .o0ko T
3 18 .010 16 .020 1L .obk3 12
L 36 .009 31 .022 27 .05 23
1 6 .008 5 .,023 5 .023 b
2 10 .007 9 .015 8 .030 7
3 15 .009 13 .024 12 .039 10
Loo2h .008 21 .02L 19 .039 16
5 hs ,010 39 .023 34 .0ké 29
T 1 6 .006 5 .020 5 .020 L
2 9 .009 8 .021 7 .045 6
3 14 .006 12 .020, 11 .035 10
L 20 .007 17 .025 16 .037 1L
5 30 .008 26 .023 23 .0k9 21
6 54,010 b7 .023 41 .ok8 35

0.10

%

.093

.066
.098

.098
.096
.089

.078
.091
.090
.089

.066
.061
.099
.0k
.093

.059
097
.061
079
.080
.098

10

@"

.80

Lower tail probability level o

X 0.01 0.025 0.05 0.10
ZH QH zw QH EH QH ZH QH
1 6 .005 5 .017 5 017 4,054
2 9 .006 8 .015 7 .036 6 .081
3 13 .oom+ 11 .022 10 .0kl 9 .075
i 17 .010 16 .016 ik .ok2 13 .066
5 o4 ,010" 22,019 20 .03T 17 .097
6 36 .009 32 .021 28 .oro+ 25 .09l
T >80 - 55 .024 48 .050 42 .093
1 & .005 L .050" 4,050
2 9 .005 8 .02 7 .029 6 .070
3 12 .007 11 .015 10 .029 9 .057
L 16 .008, i L0250 13 .ol 12 .069
5 21 .010° 19 .023 18 .03 16 .07k
6 20 .009 26 .022 2k .oko 21 .091
7 Y2 .009 37 .02k 34 .ok2 30 .omq+
8 >60 - >60 - 56 .0L8 48 .100
1 6 .00L_ 5 .01b L .okt L .oLT
2 8 .010 7 .025° 7 .025 6 .062
3 12 .005 10 .022 9 .0h45 8 .090
L 15 .009 1k .015 12 .0ko 11 .08k
5 20 .007 18 .018 16 .0kL5 15 .069
6 26 .008 23 .022 21 .okl 19 .085
T 3% .009_ 31 .020 28 .043 25 .089_
8 48 ,010 43 .023 39 .045 34,100
9 >60 . >60 - >60 - 55 .099
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p

.80

Lover tail critical points

Lower tail probability level a

K X 0.01 0.025 0.05 0.10
ZH QH zw QH zp QH zw QH
11 1 6 .0o0h 5 .013 L .obLs L .obs
2 8 .008 7 .022 7 .022 6 .056
3 11 .oom+ 10 .017 9 .037 8 .OT7
I 14 .00, 13 .019 12 .036 11 .065
5 18 .010, 17 .017 15 .0kW6 14 .07k
6 23 .010 21 .023 19 .oko 18 .071
7 30 .009_ 27 .022 25 .0kl 22 .097
8 39 .010 35 .024 32 .08 29 .090
9 55 .009 Lo .023 b .oL8 39 .099
10 >60 - >60 - >60 - >60 -
12 1 6 .o04 5 .013 4 .obL3 L .ob3
2 8 .007 7 .019 7T .019 6 .051
3 11 .006 10 .01k 9 .031 8 .067
L 14 .oo7 13 .01k 12 .028 10 .096
5 18 .00%6 16 .019 15 .032 13 .089
6 22 .008_ 20 .020 18 .out 17 .070
7 27 .010, 25 .020 23 .0k4o 21 .078
8 34 .010, 31 .023 29 .0ko 26 .087
9 Ly 010 4o .02k 37 .043 33 .093
10 >60 - 55 .023 50 .0Lk6 L 099
11 >60 - >60 - >60 - >60 -
13 1 6 .003 5 .012 L .ok2 L ,ok2
2 8 .006 7 .018 6 .OLT 6 .047
3 11 .005 10 .012 9 .027 8 .059

Lower tall probability level o

K X 0.01 0.025 0.05 0.10
zH QH ap QH ZH @y ZH QH
13 Y 1k .005 12 .022 11 .043 10 .081
5 17 .007 15 .024 1% .okl 13 .071
6 21 .00T, 19 .020 17T .050° 16 .0TT,
7 25 .010 23  .023 21 .0hko 19 .100
8 31 .010° 28 .o025% 26 .07 24,085
9 39 .009 35 .025” 33 .oko 30 .081
10 50 .009 Ls .023 L1 .okg 37 .097
11 >60 - >60 - 55 .05 50 .090
12 >60 - >60 - >60 - >60 .
1k 1 6 .003 5 .012 L ,oko 4 ,oko
2 8 .006 7 .016 6 .okk 6 .ouk
3 10 .010° 9 .023 9 .023 8 .05k4
L 13 .009 12 .018 11 .036 10 .071
5 16 .010" 15 .018 1k 032 12 .099
6 20 .008 18 .o022 17 .036 15 .093
7 24 .009 22 .021 20 .048 19 .071
8 29 .009 27 .019 25 .038 23 .073
2 35 .0l0° 32 .024 30 .ok2 27 .09k
10 ub .008_ ko .021 37 .okl 33 .096
11 55 .010 50 .024 L& .ok 42 ,088
12 >60 - >60 - >60 . 55 .093
13 >60 - >60 - >60 - >60 -
13 1 6 .003 5 .011 L .039 4 .039
2 8 .005 7 .015 6 .0k2 6 .ok
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Lower tail critical points

Lower tail probability level o

K X 0.01 0.025 0.05 0.10
Ny ] Ny ]
15 3 10 .009 9 .021 8 .okog 8 .ok9
L 13 .007 12 .015 11 .031 10 .062
5 16 .007 15 .01k 13 .04T 12 .08k
6 19 .009 18 .016 16 .045 15 .07k
T 23 .008 21 .022 20 .03%L 18 .079
8 28 .007 25 .023 23 .0kh9 21 .098
9 33 .008 30 .023 28 .ok2 26  .OTT
10 Lo .o008 36 .023 34,039 31 .082
11 48 .o10" Ly .023 41 .ok 37 .094
12 >60 - 55 .02k 51 .045 L6 .00k
13 >60 - >60 - >60 - 60 .097
14 >60 - >60 - >60 - >80 -
16 1 6 .003 5 .011 L .039 L .039
2 8 .005 7 .01k 6 .04O 6 .oko
3 10 .008 9 .019 8 .oks 8 .oks
L 13 .006 12 .012 11 .027 10 .055
5 16 .005 ik .021 13 .0ko 12 .073
6 19 .007 17 .021 16 .036 15 .0€1
T 22  .009 20 .02k 19 .039 17 .085
8 26 .010" ol ,022 22 .orm+ 21 .072
9 31 .009 29 .018 26 .050 24 .095
10 37 .008 34,020 31 .048 29 .083
11 Ly 009 Lo .o2h 37 .048 34 .093
12 53 .010 ko .021 ks .oks L1 .093
13 >60 - €0 .o2st 56 .0L5 51 .089

¢ Y 0.01 0.025 0.05 0.10
ZH QH ZH QH zw QH ZH QH
16 14 >60 - >60 - >60 - >60 -
15  >60 - >60 - >60 - >60 -
17 1 6 .003 5 .01l 4 .038 L ,038
2 8 .ook 7 .013 6 .038 6 .038
3 .10 .07 9 017 8 .ok2 7 .097
L 13 .005 11 .023 10 .050° 10 .050
5 15 .009 14 .o17 13 .ow:+ 12 .06k
6 18 .o0no 17 .016 15 .050 14,086
7 22 .006_ 20 .018 18 .oLu8 17 .OT7
8 25 .010 23 .023 22 .036 20 .080
9 30 .007 27 .023 25 .048 23 .096
10 35 .008 32 .021 30 .039 27 .095
11 M .008 37 .025° 35 .ok2 32 .089
12 48 .010 Ly o024 L1 .0k6 38 .086
13 58 .009 53 .024 Lo 048 45 ,093
1k >60 - >60 - >60 - 55 .096
15  >60 - >60 - >60 - >60 -
16  >60 >50 - >60 - >60 -
18 1 5 .010" 5 .010 b .037 4 .037
> 8 .00k 7 .012 6 .036 5 .10
3 10 .006 9 .016 8 .039 T .092
L 12 .009 11 .o21 10 .0b45 9 .094
5 15 .007 b .01s5 13 .029 12 .057
6 18 .oo7 16 .02h 15 .oL3 1k .07k



Lower tail critic

0.10
zH QH
17 .063
19 .095
23 .072
26 .092
30 .097
35 .097
41 .098
Yo .095
60 .093

>60 -
>60 -
4 .036
5 .097
7 .087
9 .,088
11 .096
1L .065
16 .087
19 .078
22 .081
25 ,00h
29  .090
34,079
39 .086

2
p= .80
Lower tail probtability level «
K X 0.01 0.025 0.05
Ny o N, oy N o
18 7 21 .008, 19 .023 18 .039
8 2k .010, 22 .017 21 .olk1
9 28 .010 26 .023 2k ,050"
10 33 .009_ 30 .025" 28 .oho
11 38 .010 35 .02k 33 .0L3
12 4s 008 i .023 38 .oko
13 53 .008 48 .o25” k5 oL
1 >60 - 58 .022 sk .olk
15 >60 - >60 - >60 -
16  >60 - >60 - >60 -
17 >60 - >60 - >60 -
19 1 5 .010" 5 .0L0 Y .036
2 8 .ook 7 .012 6 .035
3. 10 .006 9 .015 8 .037
k 12 .008 11 .019 10 .02
5 15 .oom+ 14 .013 13 .026
é 17 .o1o, 16 .020 15 .036
T 20 .010 19 .018 18 .031
8 ol -007, 22 .020 21 .032
9 27 .010 25 .025 24,037
10 32 .oom+ 29 .02k 27 .orm+
11 36 .010 3k .o20 31 .050
12 L2 .oo9 39 .021 36 .0k48
13 Lo .009 ks 023 L2 .oks

al points

19

20

w"

.80

Lower tail probability level o

X 0.01 0.025 0.05 0.10
.zw Qu. EH QH zu. QH ZH QH
1k 57 .010 53 .0P1 ho ,obé ks .09k
15 >80 . >60 - 58 .ohT 53 .097
16 >60 - >60 - >50 o >60 o
17  >%0 - >60 - >60 - >60
18 61 - >60 - >&0 - >£0
1 5 .010" 5 .010 L .036 L .036
2 8 .ook 7 .011 6 .03k 5 .095
3 10 .005 o .01k & .035 7 .08k
i 12 .007 11 .017 10 .038 9 .083
5 15 .005 13 .023 12 .0k6 11 .08¢
6 17 .009 16 .017 15 .031 14 .os7
7 20 .008 1 .015, 17 .0ks 16 .075
8 23  .009 21 .025 20 .0h1 19 .065
g 27  .007 25 .018 23 .orw+ 21 .096
10 31 .007 28 .o2h 26 .050 25 .072
11 35 .009 32 .02h 30 .047 26 .085
12 4o .o0¢ 37 .022 35 .oko 32 .090
13 44 .009 Y2 o257 Lo .oh1 37 .084
1k 53 .009 ho Lo22 L& Loko Lo ,095
15 >80 - 57 .023 53 .oLT Lo .09,
1€ >40 - >60 - >50 o 57 .100
17 >60 . >60 - >60 - >60 -
18 >60 - >60 - >60 - >60 -
19  >60 - >60 - >60 - >60 -
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Upper tail critical points

P = .80 P = .80
Upper tail probability level o Upper tail probability level o
0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
s zm a, ZM oy zm Qm zm gm zm pm zm Qm Zm Qm
- - - 4 .038 L .038 10 8 8 .003 9 .015 10 .ohko 11 .083
o 11 .009, 12 .021 13 .cko b .068
- - - - - 4,079 10 15 .010 16 .018 18 .ok2 20 .079
- 5 .013 6 .0ks5 7 .098
11 6 - - - 6 .0hko 6 .0hko
5 - - o 5 .03 5 .030 7 - 7 .C18 7 .013 8 .070
6 .004 7 .017 8 .ok2 9 .079 8 8 .005 9 .024 9 .02k 10 .063 .
0 10 .00F 11 .019 12 .ok2 13 .077
5 - - - 5 .oho 5 .oko 10 13 .009 1L .019 15 .035 17 .085
6 - 6 .011 7 .o4k T .04k 11 17 .008 19 .022 21 .0kbL 2y .o097
7 .006 9 .017 10 .035 12 .096
12 6 - . - - - - 6 .058
5 - - - . - 5 .067 7 - - 7 .023 7 .023 8 .089
6 - - 6 .020 6 .020 7 .075 8 & .008 8 .008 9 .035 10 .088
7 .00k 8 .018 9 .0uT 10 .092 o 9 .002 10 .011 11 .031 12 .068
8 10 .007 11 .015 13 ,0L8 14,073 10 12 .008 13 .020 14 .oko 15 .070
11 15 .009 16 .017 18 .ok6 20 .096
5 - - - - - 5 .084 12 19 .007 22 .02k 24 .okhs 27T .092
6 - - - 6 .030 6 .030
7 .008 7 .008 8 .03k 9 .083 13 G . - - - - - € 067
8 .007 10 .021 11 .0hs 12 .080 7 - - . 7 .029 7 .029
9 .006 14 023 15 .037 17 .078 8 . 8 .o011 9 .046 9 .0LE
9 9 .003 10 .016 11 .0L6 12 .006
5 - - - - - 5 .099 10 11 .005 12 .015 13 .035 14 .067
6 - - - 6 .oko 6 .oko 11 14 .009 15 .020 16 .037 18 .093
7 - 7 .013 7 .013 8 .052 12 17 .008 19 .02k 20 .038 22 .077
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Upper tail critical points

Hunu

.80

Upper tail probability level o

.80

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
2m Qm zm nm zm Qm zm Qm wm Qm zm gm Zm Qm zm Qm
13 13 22  .008 25 .OMm+ 27 .0bh 30 .086 16 8 . 8 .020 § .020 9 .081
s o .003 o .008 10 .037 11 .096
1k 6 - - - - - 6 .075 10 10 .003 11 .015 12 .0cL3 13 .093
T - - - - 7 .03k 7 .03k 11 1?2 .005 13 .017 14 .039 15 .077
8 - - 8 .01k 8 .01k 9 .058 12 1k .5os 15 .01k 16 .o020 18 .089
9 9 .005 10 .023 10 .023 11 .o062 13 17T .009 18 .018 1 .032 21 .080
10 11 .0on8 12 .023 12 .023 14,098 1k 20 .0C9 22,025 23 .038 25 .078
11 13 .007_ 1k .07 15 .036 16 .06k 15 2k .008 26 .020 28 .039 31 .085
12 16 .010 17 .019 18 .033 20 .079 16 30 .008 3L .02k 37 .obt b1 .092
13 19 .007 21 .020, 23 .0k 25 .082
1k 25 .009 28 .025 30 .043 34 .o9h 17 6 " - - - -~ . 6 .007
7 - - - - 7 .050 7 .050
15 6 - - - - - - 6 .083 8 - . 8 .02k 8 .o2k 9 .092
T - - - - 7 .0ko T .0koO 0 9 .010" 9 .010 10 .o0kLs 10 .045
8 . - 8 .017 8 .017 9 .070 10 10 .00k 11 .019 11 .019 12 .055
9 9 .006 9 .006 10 .030 11 .079 11 12 .007 13 .023 13 .023 15 .100"
10 10 .002 11 .011 12 .033 13 .072 12 1k .o008 15 .021 16 .0k43 17 .0T7
11 12 .003 13 .011 b o2t 16 .095 13 16 .007 17 .015 18 .030 20 .082
12 15 .008 16 .018 17 .03k 19 .091 1k 19 .009 20 .017 22 .0bLT 2k .098
13 18 .009, 19 .017 21 .0k4s5 23 .093 15 22,008 2L o021 26 .0ké 28 .086
122 o010 2k .02k 26 .ok, 28 .08k 16 26 .007 29 .022 31 .ok 34 .08k
15 28 .010 31 .025 34 .050 37 .086 17 33 .008 37 .023 Lo .ohk 45  ,006
16 6 - - - - 6 .090 8 7 - - - - 7 .055
T - = - - 7 .0ks 7 .045 8 - - - - 8 .027 8 .027
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Upper tail critical poiats

v"

.80

Upper tail probability level a

b

.80

Upper tail probability level a

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
ZM Qm 2m Qm ZM Qw Em on %m Qm ZM Qm 2m o5 Zm Qm
18 9 - - 9 .012 9 .012 10 .053 19 15 20 .008 21  .016 23 .0kl 25  .096
10 10 .005 11 .02k 1 .024 12 .066 16 23  .008 25 .023 26 .035 29 .096
11 12 .010" 12 .010 13 .030 ik 067 17 21 .010~ 29 .022 31 .043 34 .095
12 13 .003 14 .o12 15 .029 16 .059 18 32 .010~ 35 .025 37 .ok2 41 .096
13 15 .00k 17 .023 18 .ohk 19 .075 10 30 .008 43 .021 W7 .ok 53 .099
14 18 .008 19 .016 21  .0L48 22  .075
15 21 .009 22,016 24 .ob1 26 .084 20 7 - - - - - 7T .064
16 2k 007 26 .018 28 .038 31 .091 8 - - - - 8 .033 8 .033
17 29 ,008 32 .024 3Lk ,0hk2 38 .100~ 9 . - o 016 9 .016 10 .068
18 36 .008 Lo .022 4L . oL8 kg .098 10 10 .007 10 .007 11 .03h 12 .090
11 11 .003 12 .015 13 .0L5 1k 098
19 7 - - - - - - 7 .060 12 13 .006 1 .020 15 .0L8 16 .093
8 - - - - 8 .030 8 .030 13 15 .008 16 .021 17 .obk 18 .080
9 - - 9 .01k 9 .01k 10 .060 1L 17 .003 183 .018 19 .035 21 .098
10 10 .006 10 .006 11 .029 12 .078 15 19 .006 21,025 22 .ok2 2k .098
11 11 .002 12 .012 13 .037 14,082 16 22 .008 o .025" 25 .0ko 27 .08k
12 13 .005 14 016 15 .038 16 .075 17 25 ,008 27  .020 29 .ok 31 .081
13 15 .006 16 .015_ 17 .033 18 .06l 18 20 .008 31 .018 3k .oh7 37 .097
1k 17 .005 19 .025 20 .OLbL 21 .071 19 3k .oom+ 37 .020 ho .ok2 4y .091
20 43 .010 Yt .024 51 .0L7 57 .100
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Lower tail critical points

P

= .90

Lower tail probability level o

.,,_H

6

L
10

K X 0.01 0.025 0.05
Ny oy Ny o N, oy
2 1 9 .009 8 .017 7 .030
3 1 7 .005 6 .012 5 .03l
2 16 .010" ik .020 12 .04l
k 1 6 .005 5 .01k L ,ohk
2 11 .008 10 .015 8 .049
3 2L .009 20 .024 18 .oh
5 1 5 .009 5 .009 4 .030
2 g .009 8 .019 7 .ok2
3 16 .008 1,019 12 .okhs
b 32 .009 27 .023 24 ,ok2
6 1 5 .006 L ,023 hoo.023
2 8 .009 7 .023 7 .023
3 13 .008 12 .015 10 .0ké
N 21 .008 18 .02k 16 .0kT
5 Lo .009 34,023 30 .0L45
7 1 5 .00h 4 .019 L .019
2 8 .005 7 .01k € .039
3 12 .006 10 .023 o .0hs
h 17 .008 15 .021 ik .03k
5 26 .009 23 ,022 21 .038
6 48 .o009 b1 .o25” 36 .0k9

0.10

%

.055

077
.084

.Ohk
.088
.087

.030
.088
.070
.093

.089
.056
.080
.093
.086

.078
.100
.087
.083
.089
.096

+

.20

Lower tail probability level a

X X 0.01 0.025 0.05 0.10
zH QH ZH QH ZH QH PH QH
3 1 5 .003 Lo.016 L .016 3 .070
2 7 .010° 7 .010 & .029 5 .081
3 11 .006 10 .013 o L027 8 .058
Iy 15 .008 13 .025° 12 .0k3 11 .07k
5 21 .009, 19 .020 17 .o43 15 .0g1
6 31 .010 28 .021 25 .Ohk 22 .0%0
7 56 .010 ko .023 43 .ohT 37 .ook
Y 1 5 .003 L o1k Loo,o1k 3 .064
2 7 .007 6 .022 6 .022 5 .068
3 10 .008 9 .018 8 .oh1 7 .093
L ik .oo7 12 .02h 11 .05 10 .082
5 1e .007, 17 .018 15 .045 1k .o70
6 25 .010 23 .020 21 .039, 19 .07k
7 37 .009 33 .022 29 .050 26 .09k
8 >60 - 56 .025 50 .0L6 43 .095
10 1 5 .002 Yy ,012 L .o012 3 .060
2 7 .005 6 .018 6 .018 5 .058
3 10 .005 9 .012 8 .031 7 .OTh4
Y 13 .007 12 .01k 12 .01k 10 .057
5 17 .008 16 .01k ik .oko 13 .067
6 22 .010° 20 .022 18 .0ko i7 .071
7 30 .009, 27 .021 2k 050" 22 ,087
8 k2,010 38 .o022 34 .orm+ 30 .099
9 >60 - >60 - 56 .050 kg .096
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Lower tail critical points
p = .90
Lower tail probability level o

K X 0.01 0.025 0.05 0.10 K X

ZH QH ZH QH zH QH EH QH
11 1 5 .002 L .01 4 o.oml 3 .056 13 L
2 T .00k 6 .0L5 6 .01L5 5 .051 5
3 9 .009 8 .o2k 8 .02k T .061 6
L 12 .009 11 .020 10 .okl 9 .085 7
5 16 .007 1% .o024 13 .0L3 12 .076 8
6 20 .009 18 .025° 17 .039 15 .09k 9
7 26 .009, 24,019 22 .038 20 .075, 10
8 34 .010 31 .022 28 .048 25 .100 11
9 L8 .010” k3 .o2h 39 .046 35 .089 12

10  >60 - >60 - >60 - 55 .098
+ 1k 1
12 1 4 .010 Y .010 L .o10 3 .053 2
2 7 .003 6 .013 5 .0k5 5 .0k45 3
3 9 .007 8 .019 8 .019 7 .051 i
L 12 .006 11 .01k 10 .031 9 .067 5
5 15 .008 ik .015 13 .029 11 .100° é
6 19 .008 17 .022 16 .037 1k .099 7
7 2k .007 22 .018 20 .oko 18 .087 8
8 30 .009 27 .02k 25 .0kl 23 .081 9
9 39 .009 35 .02k 32 .048 29 .093 10
10 54 .010" 48 025" Ly  .ok6 39 .097 11
11 >60 - >60 - >60 - >60 - 12
13

13 1 L .009 L .009 Lk .009 3 .051
2 T .003 6 .011 5 .okl 5 .04l 15 1
3 9 .005 8 .015 7 .okL3 7 .043 2

Hu"

.90

Lower tail probability level o

0.01 0.025 0.05 0.10
ZH o 1 ZH gw N 1 oJ. ZH QH
11 .010° 10 .02k 10 .02k 9 .055
1L 010 13 .020 12 .oko 11 .0T7
1R .007 16 .023 15 .041 ik .o70
22 .008 20 .022 19 .034 17 .083
27  .O09 25 .020 23 .04k2 21 .08k4
3L .009 31 .022 29  .039 26 .088
Lh )09 41 .o021 36 .okg 33 .089
60 .010" sk .023 Lo ,0k46 Ly -.092
>60 - >60 - >60 >60 -
L .009 L .009 3 .0hko 3 .049
6 .010 6 .010 5 .037 5 .037
9 .004 8 .013 7 .038 7 .038
11 .008 10 .019 9 .0k45 9 .0h5
14 .o007 13 .01k 12 .030 11 .061
17 .008 16 .015 15 .028 13 .090
21 .007 19 .021 18 .ow:+ 16 .089
25 .010" 23 .022 21  .050 20 .07k
31 .008 28 .023 26  .0kLsS o 084
38 .010" 35 .021 32 .046 29 .096
Lo .ooo bhoo.c23 0 k1 Lok2 37 .088,
>60 - 59 .025 54 .ouT 48 .100
>60 - >50 o >60 - >60 -
L .008 4 .008 3 .047 3 .0bT
6 .009 6 .009 5 .035 5 .035
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Lower tail critical points

w"

.90

Lower tail probability level o

P

.90

Lower tail probability level «

0.05

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.10
EH QH ZH QH ZH oy zw QH 2H o ZH QH ZH QH ZH QH
18 7 18  .o007 17 .01k 16 .027 14 .091 19 1L 50 .010~ b6 .ook 43 046 4o .087
8 21 .008 20 .015 18 .ok 17 .07k 15 60 .009 55 .02k 1 .048 47 .093
9 25 .007 23 .018 21 .0ké 20 .0T2 16  >60 - >60 - >60 - 57 .095

10 29 .007 27 .01T7 25 .038 23 .082 17 >%0 - >60 - >60 - >60 -

11 33 .010 31 .020 29 .0kLl 27 .078 18 >60 . >£0 o >60 . >60 -

12 39 .009 36 .022, 34 .oko 31 .090

13 46 .009, L2 .025 Lo .okl 36 .100° 20 1 L Loo7 L ,o07 3 .0k2 3 .0k2
1k 55 .010 51 .023 L7 .048 43 .098 2 6 .006 6 .006 5 .026 5 .026
15 >60 - >60 - 58 .ohT 53 .0%2 3 8 .006 7 .020 7 .020 6 .068
16 >60 - >60 - >60 - >60 - Y 10 .006 9 .019 9 .019 8 .05k
17  >60 - >60 - >60 - >60 - 5 12 .008 11 .021, 11 .021 10 .051
6 15 .005 13 .025 13 .025 12 .055
19 1 L .007 L .o07 3 .043 3 .043 7 17 .008 16 .017 15 .033 14 .06k
2 6 .006 6 .006 5 .027 5 .027 8 20 .00T7 19 .01k 17 .0kL6 16 .081
3 8 .006 T .022 7 .022 6 .072 9 23 .oom+ 21 .024 20 .oko 19 .067
L 10 .008_ 9 .022 9 .022 8 .059 10 26 .010 25 .017 23 .0k42 21 .098
5 12 .010 11 .024 11 .02L 10 .058 11 30 .010° 28 .023 26  .050" 25 .072
6 15 .006 1k .01k 13 .030 12 .063 12 35 .008 32 .024 30 .048 28 .090
T 18 -005 16 .021 15 .okl 14 .076 13 4o .009 37 .023 35 .0k 32 .095
8 20 .010 19 .019 18 .033 16 .098 1k 4e L0107 43 022 4o .oL6 37 .093
9 2k .o07_ 22 .020, 21 .033 19 .085 15 sk .o10" 50 .023 b7 .ob3 43 .09k
10 27 .010 25 .025 24,039 22 .087 16 >60 - 59 .025 55 .048 51 .090

1 32 .008 29 .025 28 .036 26 .072 17T >60 - >60 - >60 - >60 -

12 37 .008 3k .022, 32 .0h1 29 .099 18 >60 - >60 . >60 - >60 -

13 43 .008 39 .025 37 .043 34 .o091 19 >60 - >60 - >60 - >60 -
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p

.90

Lower t

Lower tail probatbility level o

K X 0.01 0.025 0.05
ZH QH ZH QH ZH QH
15 3 9 .003 8 .o11 7 .033
N 11 .00€ 10 .015 9 .038
5 1k . 005, 12 .023 11 .050°
6 16 .010 15 .020 14 .038
7 20 .007 18 .023 17 .038
8 24,008 22 .,020 20 .048
9 29 ,007 26 .02k 2L .0oko
10 35 .008, 32 .020 29 .0L49g
11 42 .010, 39 .021 36 .043
12 53 .010 kg 022 45 oLk
13 >60 - >60 - 59 .0L9
14 >60 - >60 - >60 -
16 1 L .o008 L ,o008 3 .046
2 6 .008 6 .008 5 .032
3 8 .009 8 .009 7 .029
L 11 .005 10 .012 9 .032
5 13 .008 12 .018 11 .ok
6 16 .007 15 .015 b .029
7 19 .008 18 .015 16 .048
8 23 .007 21 .019 20 .032
9 27 .008 25 .019 23 .0oLkh
10 32  .009 29 .025 27 .0k9
11 38 .010° 35 .024 33 .okl
12 L7 .009 43 021 Lo .okl
13 58 .010 53 .024 Lo .ou7

ZH

6
8
11
13
16
19

-

22

0.10

el

.096
.001
.050
.070
.06k
.073
.098
.086
.085
.087
. 097

.046
.032
.088
.081
. 087
.056
.081
.080
.093
.093
.090
.09k
.088

ail critical points

P = .90

Lower tail probability level o

X X 0.01 0.025 0.05 0.10
zw QH zH QH aH QH ZH QH
16 1k >60 - >60 - >60 - 58 .096
15 >69 - >60 - >50 - >60 -
17 1 W .008 L .008 3 .045 3 .0usS
2 6 .007 6 .007 5 .030 5 .030
3 3 .oom+ 8 .008 7 .026 6 .082
h 10 .010 10 .010 9 .c28 8 .072
5 13 .006 12 .015 11 .034 10 .075
6 16 .005, 14,022 13 .045 12 .087
7 18 .o010 17 .020 16 .036 15 .064
8 22 007 20 .021 19 .036 17 .09k
9 26 .007 oL ,018 22 .043 20 .097
10 30 .009, 28 .020 26 .okl 24,083
11 35 .010 33 .020 31 .037 28 .090
12 Lo .o010" 39 .021 36 .06 33 .09k
13 51  .009 41 .o022 43 ,orm+ 4o .087
1L >60 - 58 .023 53 .050 Lo .090
15 >60 - >60 - >60 - >60 -
16 >60 - >60 - >60 - >60 -
18 1 L .o07 Lo Lo07 3 .0k 3 .ok
2 6 .007 6 .007 5 .028 5 .028
3 8 .007 7 .024 T .024 6 .076
Y 10 .00% 9 .02k 9 .024 8 .065
5 13 .005 12 .012 11 .029 10 .065
6 15 .008 1L .018 13 .037 12 .07Th4
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Upper tail critical points

b

.90

Upper tail probability level o

p

.90

Upper tail probability level a

K X 0.01 0.025 0.05 0.10 6 X 0.01 0.025 0.05 0.10
ZM o, zm o, zm ay Em o5 zm a, ZM a, zm a, zm ey
I N - - - - - . b 062 11 6 . - - - - - 6 .100
7 - - - - 7 .okl 7 .okl
5 5 ~ - 5 .023 5 .023 6 .075 ” - - 8 .013 8 .013 9 .055
9 9 .003 10 .016 11 .ok3 12 .089
6 5 - - - . - 5 .055 10 12 .010° 13 .023 1L .ohk 15 .073
6 6 .008 & .008 7 .032 8 .072 11 15 .006 17 .020 19 .oké 21 .086
T 5 - - - - - - 5 .089 12 7 - - -~ - - - T .053
6 - - 6 .023 6 .023 7 .080 3 - - 8 .020 8 .020 9 .078
7 7 .003 8 .013 9 .033 10 .06k 9 9 .006 9 .006 10 .028 11 .072
10 11 .007 12 .022 13 .048 1k ,088
8 6 - - - - 6 .okl 6 .0kl 11 13 .00k, 15 .023 16 .oko 18 .097
7 7 .00% 7 .009 8 .037 o .088 12 18 .010 19 .017 21 .037 ok ,088
8 9 .005 10 .01k 11 .031 13 .086
13 7 - - - - - - 7 .066
9 6 - - - - - - 6 .060 8 - - - - 8 .027 8 .o27
7 - - 7 .018 7 .018 8 .069 0 9 .00G 9 .009 10 .ok2 10 .o0k2
8 8 .ook 9 .o017 10 .0k 11,087, 10 10 .003 11 .013 12 .038 13 .081
9 11 .006 12 .01k 14 .0ké6 16 .100 11 i2 .003 14 .omm+ 15 .049 16 .08k
12 15 .005 17 .o021 18 .036 20 .083
10 6 - - - - - - 6 .080 13 20 .009 22 .021 2L Lokl 27 .080
7 - - - - T .029 7 .029
8 8 .008 8 .008 9 .03k 10 .083 1k 7 - - - - - - 7 .078
9 10 .007 11 .021 12 .045 13 .081 8 - - - - 8 .035 8 .035
10 13 .006 15 .02h 16 .038 18 .080 9 - - 9 .01k 9 .01k 10 .057
10 10 .00L 11 .021 11 .021 12 .059
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Upper tail critical points

D

.90

Upper tail probability level o

v"

.00

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10

zm as Hm s ZM s zm a, ZM a, ZM o, zm o, ZN 5

b 11 12 .006 13 .020 1k .obs 15 .085 17 ) . . - - 9 .029 9 .029
12 1k .005 15 .013 17 .0u8 18 .079 10 - 10 .o012 10 .012 11 .053

13 17T .005 19 .020 21 .0ko 23 .097 11 11 .005 12 .023 12 .023 13 .063

1k 22  .007 25 .024 27 .0hk 30 .088 12 13 .008 13 .008 14 .026 15 .059

13 15 .009 16 .022 17 .0Ls5 18 .080

15 7 - - - s - - 7 .00l 1k 17T .0CE 18 .015 20 .0ho 21 .078
8 - - - - 8 .oLk 8 .ohk 15 2)  .007 22 .c24 23 .039 25 .082

g - - 9 .018 g .018 10 .07k 16 24,008 26 .021 28 .0h3 31 .096

10 10 .007 11 .031 11 .031 12 .082 17 30 .009 33 .022 36 .0ksS 4o .093

1 11 .002 12 .011 13 .032 14  .o070

12 14 010" 15 .024 16 .okho 17 .085 18 8 - - - - . - 8 .069

13 16 .ooa+ 17 .01k 19 .046 20 .072 9 . - - - o .03k 9 .034

1k 20 .010 21 .018 23 .ok2 25 .082 10 . - 10 .0lé 10 .016 11 .056

15 25 .009 27 .019 30 .045 33 .085 11 11 .006 11 .006 12 .030 13 .081

12 12 .002 13 .012 ik .036 15 .080

16 8 - - - - - - 8 .052 13 14 .ook 15 .op:+ 16 .03k 17 .067
9 - - 9 .023 9 .023 10 .092 1k 16 .00k 18 .025 19 .048 20 .080

10 10 .009 10 .009 11 .ok2 11 .ok2 15 19 .008 20 .016 22 .0bT 23 .073

11 11 .003 12 .016 13 .ok7 ik 099 16 22 .007 24,022 26 .051 28 .097

12 13 .005 1k .07 15 .oko_ 16 .o77 17 26 .007 28 .018 31 .0u8 3h .1007

i3 15 .005 16 .013 18 .050 19 .082 18 33 .010° 36 .023 39 .ohk 43 .088

14 18 .007 19 .01k 21 .0k2 23 .093

15 22 .009 2k .02k 25 .036 28 .090 19 8 . - - - - - 8 .o77

16 27 .008 30 .021 33 .0b5 37 .098 0 - - - 9 .o4o o .oko
10 - . 10 .019 10 .019 11 .079,

17 8 - - - - - - 8 .080 11 11 .008 11 .008 12 .038 13 .100
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Upper tail critical points

b

.90

Upper tail probability level a

Jjpper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
zm Qm ZN Qm 2m Qm zm Qm 2m Qm zm Qm zm Qm zm Qm
19 12 12 .003 13 .016 1k .oL8 14 .ok48 20 10 - - . 10 .023 10 .023 11 .092
13 14 .006 15 .020 16 .0L48 17 .092 11 11 .010 11 .00 2 .0ohT7 12 .0hT
1k 16 .007 17 .019 18 .039 1¢ .072 12 12 .00h 13 .022 13 .022 14 .0%5L
15 18 .006 19 .01k 1 .04 22 .078 13 14 .009 14 .009 15 .028 16 .06L
16 21 .008 22 .016 24 0Lk 26  .095 1k 15 .003, 16 .011 17 .o027 19 .099
17 2k .o007_ 26 .020 28 .0b5 30 .08 15 18 .010 19 .023 20 .0k3 21 .07k
18 29 .010 31 .022 33 .0k4o 35 .083 16 20 .007 21 .06 23 .048 2k 075
19 35 .003 3¢ .023 Lo .ob3 L7 .096 17 23 .009 2k .016 26 .okl 28 .085
18 26 .007 28 .018 30 .039 33 .094
20 8 - - - - - - 8 .085 19 31,009 34,025 36 .0b3 39 .085
9 - - - 9 .0ké 9 .0L6 20 38 .009 ho .023 W .050° 50 .000
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Lower tail critical points

p= .95 p= .95

Lower tail probability level a

Lower tail probability level a

0.01 0.025 0.05 0.10 S X 0.01 0.025 0.05 0.10
oy ] oo ) 1y oy Ny nooon ]
2 1 9 .006 7 .022 6 .ok2 5 .080 8 1 L .006 4 .006 3 .038 3 .038
2 7 .004 6 .015 5 .048 5 .0L8
3 1 6 .007_ 5 .020 5 .020 L .osh 3 10 .006 9 .015 8 .035 7T .080
2 15 .Clo 13 .021 11 .04s 9 .097 N 14 .008 13 .01k 11 .08 10 .08
5 20 .008, 18 .018 16 aorm+ ik .093
o1 5 .008 5 .008 boo.o27 3 .095 6§ 25 .010 26 .023 23 .050, 21 .08k
2 10 .010, 9 .018 8 .034 7 .065 7 53 .010 W6 .02 4o .050 35 .09k
3 22 .010 19 .023 17 .oko 1k .089
9 1 L .005 L .005 3 .033 3 .033
5 1 5 .00k L oo.o17 L .01T 3 .069 2 7 .003 6 .oll 5 .038 5 .038
2 g .005 8 .01l 7 .owm+ 6 .060 3 9 .009 8 .023 8 .023 T .057
3 15 .008 13 .020 11 .050 10 .080 L 13 .006 12 .013 11 .026 9 .100"
L 30 .009 26 .021 22 .048 19 .090 5 17 .010" 16 .016 1L .oks 13 .073
6 ok .008 21 .025 19 .050° 17 .098
6 1 5 .002 4 .011 L o.011 3 .05k 7 35 .009 31 .022 28 .0L43 25 .08k
2 8 .005 7 .013 6 .034 5 .090 8 >60 o 53 .02k L7 .oht 41 .091
3 12 .009 11 16 10 .030 9 .055
L 20 .007 17 .022 15 .0hT 13 .097 10 1 L o0k L .ook 3 .029 3 .029
5 38 .009 32 .02k 28 .048 o4 .09k ) 6 .C08 6 .008 5 .031 5 .031
3 2 .006 8 .016 7 .043 7 .043
7 1 L ,008 L .008 3 .0Lkh 3 .oLk N 12 .007 i1 .015 10 .033 9 .070
2 7 .007 6 .022 6 .022 5 .06k 5 16 .007 1L 023 13 .okl 12 .072
3 11 .006 10 .013 9 .027 8 .057 6 21 .008 19 .019 17 .oké 16 .069
L 16 .o08, 14 .o021 13 .035 11 .093 T 28 .009 25 .023 23 .043 21 .07
5 24 .010_ 22 .019 19 .0k48 17 .08T7 8 40 .009 36 .021 32 .0k43 29 .086
6 ks .010 39 .02k 34 .oko 20 .100" 9 >60 - 60 .025 53 .050" 46 .099
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Lower tail probability level o

Lower tail critical points

I.O“

.95

Lower tail probability level o

K X 0.01 0.025 0.05 X X 0.01 0.025 0.05 0.10
zH oy ZH oy ZH oy ZH oy ZH oy ZH oy ZH oy ZH oy
11 4 .ook L .ook 3 .027 3 .027 13 4 11 ook 10 .011 9 .029 8 .o0T1
2 6 .006 5 .025 5 .025 5 .025 5 13 .009 12 .021 11 .okl 10 .090
3 9 .00k 8 .o11 7T .033, 6 .093 6 17 .006 15 .022 14 .oko 13 .073
L 11 .009 10 .022 9 .050 9 .050 7 21 .007 19 .019 17 .050° 15 .079
5 15 .006 13 .02k 12 .06 11 .085 8 26 .007 23 .02h 22 .035 20 .075
6 19 .008, 17 .022 16 .037 b .096 9 32 .009 29 .023 o7 .0h2 24 .100”
T 24 .0lo. 22 .023 20 .048 18 .099 10 k1 .0107 37 .025° 34 .0k8 31 .09l
8 32 .010, 29 .023 27 .oko 2h  .089 11 57 .009 51 .023 L6 .oh& b1 .099
9 45,010 L1 .o22 37 .0L4s 33 .090 12 60 s - >60 . >60 . >60 -
10 >60 - >60 - 60 .048 52 .098
1k 1 4 .003 3 .021 3 .021 3 .021
12 1 L .003 3 .024 3 .02h 3 .02k > 5 .003 5 .016 5 .016 L .076
2 6 .005 5 .022 5 .022 L .091 3 3 .005 7 .017 7 .017 6 .058
3 8 .008 8 .008 7 .026 6 .078 h 19 .008 9 .022 9 .022 3 .059
L 11 .006 10 .015 9 .037 8 .088 5 13 .006 12 .01k 11 .033 10 .071
5 1k o071 13 .015 12 .030 11 .060 6 15 .007 15 .01k 1k 027 12 .097
6 18 .006 16 .020 15 .036 14,061 T 19 010" 18 .018 17T .031 15 .087
7 22 .009 20 .023 19 .035 17 .082 8 24,007 22 .018 20 .0ohk 18 .Hoo+
8 28 .009 26 .019 2k .owﬂs 21 .O®®+ 9) 23  .009 27 .018 25 037 o0 .Hoo+
9 37 .009_ 33 .024 30 .050_ 27 .100 10 35 .009 33 .021 30 .0LT 28 .080
10 51 .010 he .022 k1 .050 37 .0Gk 11 45 .009 L2 .o21 38 .o48 35 .086
11 »>60 - >60 - >60 - 58 .097 12 690 - 56 .024 51 .O4T 46 .092
13 >60 - >60 - >60 - >60 o
13 1 L .003 3 .023 3 .023 3 .023
2 6 .00k 5 .019 5 .0l9 L .083 15 1 L .002 3 .020 3 .020 3 .020
3 8 .006 7 .021 7 .021 6 .06T7 2 5 .003 5,01k 5 .01k 4 .07l
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Lower tail critical points

H OV oo FW

el el
WPoHOWoNwn FWN -

p= .95 p= .95
Tower tail probability level o Lower tail prohability level o
0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
ZH QH ZH QH ZH QH @H QH QH QH ZH QH ZH QH EH QH
8 .oob .01k .01k é .051
lo oo, o .08 & .obe 8 .o 16 1 260 - >60 . >60 . 55 .003
12 .o10" 11 .025" 11 .025 10 .057 15 >60 - >60 - >60 - >60 -
15 .009 ik .019 13 .038 12 .075
19 .006 17 .020 16 .035 15 .062 17 1 L .o02 3 .018 3 .018 3 .018
22 .009 21 .016 19 .0k2 18 .066 2 6 .002, 5 .0l2 5 .0l2 bo.o62
27 .008, 25 .018 23 .0kO 2L .086 > T T .00 6 .ok 6 .okl
32 .00 30 .020, 28 .039 55 097 10 .00k 9 .012 8 .036 8 .036
rvO . OOO wm . Omw wr . Or.m wu. . Omm m 12 . Oom.u 11 N OHW 10 ° me W . OON
50 010" B 023 Lo .ok8 38 .098 6 14 .o10 13 .021 12 .ok7 11 .097
>60 _ 60 _ 56 .O4T 50 .098 7 1T .008_ 16 .017 15 .033 ik ,063
>€0 _ >€0 _ >€0 N >0 4 8 20 .010 19 .017 18 .031 16 .090
9 24k .008 22 .022 21 .035 19 087
b .o012 3 .019 3 .010 3 .019 10 28 .009_ 26 .022 24,0507 23 .070
6 .002 5 .013 5 013 L .066 11 33 .010 31 .020 29  .039 26 .100"
8 .003 7 .012 6 .ok5 6 .05 12 4o .008 37 .019 34 oLk 31 .oom+
10 .005 9 .01k 8 .ouo 8 .oho 13 48 .009 4y  .023 41 Ol 37 .100
12 .008 11 .019 10 .0k6 10 .0k6 14 60 .010 55 .022 50 .050 L6 .093
15 .006 14 .013 13 .028 12 .059 15 >60 - >0 - >60 - >60 -
18 .007 16 .02k 15 .045 14 .081 16 >60 - >60 - >60 - >60 -
21 .009 20 .016 18 .04s 17T .OTh
25 .009 23 .023 o2 .036 20 .083 1 1k o0 3 .017 3 .017 3 .017
30 .009 28 .019 26 .039 ok .078 2 6 .002 ‘5 .011 5 .0l1 L .058
36 .009 33 .023 31 .okl 28 .095 3 T .009 T .009 6 .037 6 .037
Ly 009 L0 .02k 37 .0L8 3L ,093 4 9 .010 9 .010 8 .o031 T .093
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p = .95

Lower tail probabilitv level o

K X 0.01 0.025 0.05 0.10
zw QH zw QH zw QH ZH QH
18 6 14 .007 13 .017 12 .038 11 .082
7 17T .006 15 .025 14 .0ko 13 .09k
8 20 .006 18 .021 17 .039 16 .omm+
9 23 .008 21 .023 20 .038 18 .100
10 27 .008 25 .019 23 .06 22  .069
11 31 .010° 29 .021 27  .ouk 25 088
12 37 .oom+ 34 .021 32 .039 29 .094
13 43 .010 ho .o022 37 .0L8 34 .098
1k 52 .010° 48 .023 ks .ok2 41 .090
15  >60 - 59  .024 55 .045 50 .093
16 >60 - >60 - >60 - >60 ~
17 >60 - >60 - >60 - >60 -
19 1 L .o002 3 .017 3 .017 3 .017
2 5 .010 5 .010 5 .0lC 4 .055
3 T .008 7 .008 6 .033 6 .033
L 9 .008 9 .008 8 .o027 7 .084%
5 11 .010 11 .010 11 .010 9 .070
6 14,005 13 .013 12 .031 11 .070
7 16 .009 15 .019 ik .039 13 .078
8 19 .008 18 .015 18 .015 15 .095
9 22  .009 21 .015 19 .0L6 18 .076
10 26 .007 2k .019 22 .0L8 21  .0Th
11 30 .007 28 .017 26 .039 2,084
12 35 .007 32 .021 30 .okl 28 .079
13 .40 .009 37 .023 35 .0b1 32 .091

19

20

Lower tail critical points

Hu"

.95

Lowver tail prohability level o

X 0.01 0.025 0.05 0.10
ZH QH BH QH ZH QH ZH QH
1s b7 o010 4 {020 k1 .ol 38 .081
1 56 010 52 023 43 .0k9 i 1099
16 >60 - >60 - 50  .OLT sk .093
17 >60 - >60 - >60 - >60 -
18 >60 - >60 - >G50 - >60 -
1 L .oc2 3 .016 3 .016 3 .016
2 5 .009 5 .009 5 .009 Y ,052
3 7 .007 7 .007 6 .031 6 .031
L 9 .007 8 .024 8 .02k 7 077
5 11 .008, 10 .023, 10 .023 9 .062
6 13 .010 12 .025 12 .025 11 .059
7 16 .006 15 .01k 14 .031 13 .065
8 19 .005, 17 .021 16 .okl 15 .O0T7
0 21 .010 20 .019 19 .033 17 .099
10 25 .007 23 .020 22 .033 20 .085
11 28 .010 26 .025 25 .038 23 .omm+
12 33 .008 30 .024 29 .035 26 .100
13 38 .008 35 .021 33 .0koO 30 .098
14 L .008 Yo .cos5” 28 .ok2 35 .090
15 51 .009 bt 02k LY .0ok46 41 .086
16  >60 - 56 .023 52  .04T 48 .092
17  >60 - >560 - >60 - 58 .094
18 60 - >60 - >60 - >60 -
19 >60 - >60 - >60 - >60 .
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Upper tail critical points

p=.95

Upper tail probability level o

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10
zm a, mw oy zm oy Zm s zm Ay zm ay ZM o, zm a5
N N - - - - - - L 076 11 9 g .005 10 .02h 10 .024 11 .063
10 11 .005 12 .015 13 .03L4 1L 062
5 5 - - - - 5 .030 5 .030 11 15 .009 16 .017 18 .ok 20 .086
6 5 - - o - - - 5 .072 12 7 . - - - - - 7 .078
6 - - 6 .011 7 .ok2 8 .092 8 - - - 8 .031 8 .031
9 2 .010 9 .010 10 .ok2 10 .ok2
7 6 - - - - 6 .031 6 .031 10 10 .002 11 .012 12 .033 13 .070
7 7 .00L 8 .018 o .okh 10 .083 11 13 .007 i .017 15 .03k 17 .00l
12 17 .009 19 .025° 20 .037 23 .093

8 6 - - - - - - 6 .057

7 - - 7 .013 7 .013 8 .052 13 7 - - - - - - 7 .096
8 9 .008 10 .020 11 .ch2 12 .072 8 - - - - 8 .ok2 8 .ok2
9 - - 9 .015 9 .015 10 .063
o 6 - - - - - - 6 .08L 10 10 .005 11 .022 11 .022 12 .058
T - - - - T .026 8 .09k 11 12 .006 13 .0LT 14 .039 15 .073
3 8 .006 9 .02k 9 .02k 10 .0AL 12 15 .008 16 .018 17 .033 10 .081
9 11 .009 12 .021 13 .038 i5 .092 13 16 .008 21 .021 23 .03 26  .096
10 7 - - - - 7 .Ck2 7 .0hk2 1k 8 . . - . - 8 .0osk
8 - - 8 .012 9 .oko 9 .0ko Q - 9 .022 9 .022 10 .086
9 9 .002 10 .011 11 .031 12 .06k 10 10 .008 10 .008 11 .03k 12 .088
10 13 .010 1L .019 15 .033 17 .077 11 11 .002 12 .011 13 .032 1L .069
12 ik .o008 15 .021 16 .ok2 17 .072
11 T - - - - - - T .060 13 17 .009 18 .018, 20 .0ko 21 .072
8 - - 8 .o21 8 .o21 9 .079 1k 21 .007 2k .025 26 .0L48 20 .097



34

Upper tail critical points

p = .95

Upper tail probability level o

D

.95

Upper tall probability level «

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
zw a5 zm a, zm Qm ZM Qm zm oy zm Qm Em Qm Zm am
15 8 - - - - - - 8 .067 17 15 19 .006 21 .02k 22 .039 2L .087
9 - - - - 9 .030 9 .030 16 23 .009 25 .023 27 .0L7 20 .085
10 - - 10 .01l 11 .049 11 .04o 17 20 .ot 31 .o20 34 .0b3 8 003
11 11  .00h 12 .08 12 .08 13 .051
2 13 .005 1 .017 15 .039 16 .075 18 9 . - - - - - o .055
13 15 .00k 17 .023 18 .ok2 19 .069 10 . - - 10 .027 10 .027
19 .009 20 .0L7 22 .0k3 2h 087 11 - 1 .01l 12 .050° 12 .050
15 24,010 26 .021 28 .039 32 .097 12 12 .004 13 .021 13 .021 14,059
13 1L 008 15 .024 15 .o024 16 .055
16 8 - -~ - ~ - - 8 .080 1k 16 .008 17 .020 18 .ob3 19 .076
9 - - - - 9 .038 9 .038 15 13  .006 19 .01k 21 .ohT 22 .075
10 - - 10 .016 10 .016 11 .066 16 21 .007 23 .023 24,037 26 .079
11 11 .006 11 .006 12 .027 13 .073 17 25 .008 27 .020 290 .0h1 32 .093
12 13 .009 13 .009 1L 028 15 .063 18 31 .008 3L 021 37 .Obk 41 .o091
13 15 .009 16 .021 17 .ohk 18 .077
14 17T .005 19 .om:+ 20 .0kl 22 .096 19 9 - - - - - - 9 .065
15 21 .009 23 .025 2h  .038 27 .099 10 - - - - 10 .033 10 .033
16 26 .008 29 .02k 31 .0k 35 .095 11 - - 11 .015 11 .015 12 .063
12 12 .006 12 .006 13 .029 ik .078
17 8 - - - - - - & .093 13 13 .002 1 .o11 15 .035 16 .078
9 - - - ~ 9 .0L47 o .04t 1L 15 .00k 16 .013 17 .033 18 .065
10 - - 10 .021 10 .021 11 .08k 15 17 .0oOL 19 .025° 20 .0LT 21 .078
11 11 .008 11 .008 12 .038 13 .098 16 20 .007 21 .015 23  .0L6 2L 071
12 12 .003 13 .015 ik .oLk3 15 .091 17 23 .007 25 .022 27 .050" 29 .095
13 1k .005 15 .015_ 16 .036 17 .OT1 18 27 .00T 30 .025° 32 .047T 35 .099
1k 16 .00k 18 .025 19 .0h6 20 .0O77 19 34 L0107 37 .023 Lo .okk L 088
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Upper tail critical points

p=.9

Upper tail probability level a

K X 0.01 0.025 0.05 0.10
Ny 9% Ny ey Ny ooy N, o
20 9 - - - - - - o .075
10 - - - - 10 .039 10 .039
11 - - 11 .01¢9 11 .01 12 .078
12 12 .008 12 .008 13 .138 14,099
13 13 .003 1k 016 15 .048 15 .048
1k 15 .006 16 .020 17  .obt 18 .092
15 17 .007 18 .019 19 .039 20 .072
1 19 .006 20 .01k 22 ,0ko 23 .078
17 22 .008 23  .016 25 .045 27  .095
18 25 .00T, 27 .020 20 ,045 31 .08k
19 30 .010 32 .022 34 Loko 37 .08k
20 36 .008 Lo 024 43 .ohh 48 .097
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Lower tail critical points

p= .9 p=.99

Lower tail probability level a Lower tail probability level a

¥ X 0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10
ZH ay . ZH QH ZH oy ZH QH aH oy ZH ay mw oy zw oy
2 1 8 .008 T ..017 6 .033 5 .066 8 1 L, .003 3 .019 3 .019 3,019
2 6 .008 6 .008 5 .030 5 .030
3 1 6 .00k 5 .01k 4 .oko 4 .oko 3 o .009 8 .022 8 .022 T .055
2 15 .007 12 .025 11 .037 9 .081 L 13 .009 12 .OLT 11 .033 10 .061
5 1 .008 17 .019 15 .oké 1% .070
Lo 5 .005 ho.018, 4 .018 3 .068 6 23 .ol00 25 .022 22 .050 20 .085
2 10 .006, 8 .025 T .0k9 6 .097 T 51 .009 k.02 30 .046 33 .100°
3 21 .010 18 .024 16 .ok2 13 .098
9 1 ho.002 3 .016 3 .016 3 .016
5 1 L .o09 L .009 3 .05 3 .045 2 6 .005 5 .022 5 .022 4 .089
2 8 .o07 7 .018 6 .04k 6 .0LbL 3 o .005 8 .013 7 .037 £ .098
3 1k .009, 12 .023, 11 .038 10 .062 L 12 .008 11 .016 10 .03%4 o .07l
4 28 .010 ok .025 21 .08 18 .093 5 16 .0100 15 .018 14 031 12 087
6 23 .008 20 .025 19 .036 17 .OT4
6 1 b .006 L .006 3 .032 3 .032 7 33 .010, 30 .020 27 .okl ol .082
2 7 .008 6 .022 6 .022 5 .064 8 58 .0L0 51 .023 Ls .o47 39 .093
3 12 .005 10 .021 9 .oko 8 .077
519 o017 16 .02k 15 .036 13 .077 10 1 ¥ .00l 3 .013 3 .013 3 .013
5 36,009 31 .022 27 .0Lk6 23 .093 o 6 .00k 5 .016 5 .016 Y .073
3 8 .008 8 .003 .026 6 .0
T 1 L .o04 3 .02k 3 .02h 3 .024 L 11 .009 10 .020 M 046 9 .omw
2 T .00L 6 .013 5 .ok2 5 .ok2 5 15 .008 14 .01k 12 .050° 11 .089
3 10 .008 9 .08 8 .oko T 087 6& 20 .0038 18 .020 16 .oko 15 .06
15 .008_ 13 .025 12 .ok2 11 .070 7 27 .008 ol 022 22 .0k2 20 .080
5 23 .010_ 21 .019_ 18 .050 16 .093_ 8 38 .010" 3y .023 31 .OLk 27 .099
6 L3 .010 37 .025 33 .0b5 28 .100 9  >60 - 58 .02k 51 .049 L .100°
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Lower tall critical points

i i | A a2l

P= .99 . P = .99
Lower tail probability level a Lower tail probability level a
K X 0.01 0.025 0.05 0.10 8 X 0.01 0.025 0.05 0.10
zum oy ZH ay ZH oy zw 0y . ZH oy ZH ay mH ay zw oy
11 1 L ,o001 3 .011 3 .011 3 .0l1 13 L 12 .005 g .015 8 .ok3 8 .043
2 6 .002 5 .013 5 .013 L .062 5 13 .005 12 .01l 11 .026 10 .059
3 8 .005 7 .018 7 .018 6 .059 6 13 .006 ik o025 13 .okt 12 .088
Y 11 .005 10 .013 9 .031 8 .075 T 20 .106 18 .019 17 .032 15 .088
5 1L .o007 13 .01k 12 .029 11 .058 8 ol .owoﬁ 22 .023 21 .03k 19 .077
6 18 .008 16 .024 15 .0ko 14,068 9 30 .01, 28 .020 26  .039 23 .097
T 23 .0100 21 .o22 19 .ok 18 .072 10 39 .010 36 .021 33 .043 30 .08k
8 31 .009, 28 .021 25 .050 23  .087 11 54 .0L0" ho 022 4y .ok 4o .088
9 43 .o010 39 .022 35 .0u8_ 31 .099 12 >60 - >60 - >60 - >60 -
10 >60 - >60 - 57T .050 50 .096
1k 1 3 .007 3 .007 3 .007 2 .090
12 1 3 .009, % .009 3 .009 3 .009 2 5 .007 5 ,007 4L Lol 4L .ok
2 5 .010 5 .010 5 .010 4 .053 3 7 .008 7 .008 6 .032 6 .032
3 8 .ook 7T .01k 6 .O4T 6 .OhT L4 10 .00k 9 .011 8 .o34 T .097
Y 10 .008 9 .022 9 .022 8 .056 5 12 .007 11 .018 10 .okk 9 .100
5 13 .o08 12 .018 11 .038 10 .080 6 15 .007 14 o015 13 .032 12 .063
6 17 .006 15 .022 1k .oko 13 .072 7 18 .o107 17 .018 16 .033 1% .099
7 21 .009 19 .023_ 18 .036, 16 .089 8 22 .010" 21 .017 10 .obh 18 .069
8 27 .008 2k 025 22 .050 20 .099 9 28 .007 25 .023 23 .049 21 .100"
9 35 .009 32 .021 290 .0k45 26 .095, 10 3% 0107 31 .02k 20 .043 26 .098
10 L9 .009 Ly o022 4o .ok 35 .100 11 LY ,009 Lo .o022 37 .ob1 33 .09%4
11 >60 - >60 - >50 - 56 .09k 12 60 .009 54,022 ho .oh6 Ly 092
13 >60 - >60 - >60 - >G0 -
13 1 3 .008 3 .008 3 .008 2 .095
2 5 .008, 5 .008 L .oké L .ok6 15 1 3 .007 3 .007 3 .007 2 .085
3 T .010 7 .010 6 .039 6 .039 2 5 .006 5 .006 Y .036 L .036
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Hv"

)

L,

s

Lower tail probability level a

K X 0.01 0.025 0.05 0.10
zw oJ. zw Q“_. N 1 QH zu. QH
15 3 7 .006 7 .006 & .027 6 .027
N 9 .008 o .008 8 .o27 7 .082
5 12 .005 11 .013 10 .033 o .081
6 ik .010" 13 .022 12 .046 11 .095
7 18 .005 16 .021 15 .039 ik o1
8 21 .009 19 .025, 18 .043 17 .070
9 26 .007 23 .025 22 .038 20 .086
10 31 .009 28 .025 26 .0L8 2k  .092
11 38 .009 35 .021 32 04T 30 .078
12 48 .010" Ly Lo022 Lo .oko 37 .087
13 >60 - 59 .023 sk .ol 48 .096
1Lk >60 - >60 - >60 - >60 -
16 1 ¥ .o00" 4 .ooo Y .o000 > 081
2 5 .005 5 .005 4 .032 L ,032
3 .7 .005 6 .023 6 .023 5 .096
L 9 .006 8 .022 8 .022 T .070
5 11 .009 11 .009 10 .026 Q ,066
6 14 .oot 13 .015 12 .03k 11 .075
7 17 .006 16 .013 15 .026 13 .096
8 20 .008 19 .015 17 .oLT 16 .080
9 24,008 22 .021 21 .03%4 19 .08k
10 29 .00T7 26 .02k 25 .036 23 .075
11 34 .010" 32 .019 29 .0ko 27 .088

Lower tail critical points

Lower tail probability level o

P =

29

¥ ¥ 0.01 0.025 0.05 0.10
:u.. QH ki 1 QH .z._t Qu. n 1 QH
16 12 Lo .o09 38 .025" 36 .ok 33 .083
13 53 .009 L8  .023 Yoo Lobo Lo .098
ik >60 o >60 - 58 .0L4g 53 .090
15 >60 - >60 - >60 o >60 -
17 1 3 .005 3 .005 3 .005 2 .078
2 5 .00k 5 .00k4 L 029 L .029
3 T .00k 6 .019 6 .019 5 .087
Y ¢ .005 8 .018 8 .018 7 .060
5 11 .007 10 .020 10 .020 9 .055
6 14 ook 13 .011 12 .026 11 .060
T 16 .009 15 .018 1k .037 13 .O0Th
8 19 .009 18 .017 17 .032 15 .100
9 23 .007 21 .020 20 .034 18 .090
10 27 .008 25 .019 23 .0ks 21 .100
11 32 .008 29 .024 27 .048, 25 .09k
12 38 .009 35 .021 32 .050 30 .086
13 L6 .009 Lo ,023 39 .0L46 36 .088
1k 57 .010 52 .025 48 .oko Ly o9k
15 >80 - >60 . >60 - 57 .095
16 >60 - >60 - >60 - >60 -
18 1 3 .005 3 .005 3 .005 2 .0Th
2 5 .003 5 .003 L Lo27 Ly .027
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Lover tail critical points

p= .99 p= .99
Lower tail probability level « Lower tail probability level o
0.01 0.025 0.05 0.10 X X 0.01 0.025 0.05 0.10
QH ZH QH zw QH EH QH WH QH ZH QH zp QP zH QH
3 .003 € .017 € .017 5 .079 19 o 21 .008 20 .01k 18 .ohk6 17 .030
L .00k 8 .015 8 .015 7 .052 10 2L 010" 23 .07 21 .05 20 .073
5 .005 16 .016 9 .046 9 .0k€ 11 28 .009 26 .023 25 .035 23 .079
6 .008 12 .020 11 .o48 11 .048 12 33 .003 30 .025° 20 .036 26 .099
7 .006 15 .013 ik Lo027 13 .0S8 13 38 .010° 35 .025 33 .045 31 .081
8 . 006 17 .022 16 .ok 15 .076 1h k5 .009 Yo 020 30 .043 36 .087
9 .007 20 .022 19 .038 18 .064 15 54 .000 50 .021 Lg .oxm+ 43 .08k
10 .010 ol 017 22 .043 21 .067 16  >60 - >60 - 56 .050 52 .089
.008 28 .018 26 .039 2k .083 17 >60 - >60 .. >60 - >60 -
.009, 32,024 30 .0L6 28 .086 18 60 - >60 - >60 - >50
.010 38 .024 36 .04O 33 .086
.009 46 .022 k3 .ok2 30 .09k 20 1 3 .00L 3 .00k 3 .00k 2 .069
- 57 .022 52  .049 48 .091 2 5 .003 L o022 4 .o022 L Lo22
- >60 - >80 - >60 - 3 7 .002, 6 .013 6 .013 5 06T
- >60 - >60 - >60 . h § .c10. 8 .o010 7 .0ko 7 .0ko
5 10 .010 10 .010 9 .033 8 .007
1 .005 3 .005 3 .005 2 .071 6 13 .00k 12 .012 11 .032 10 .081
2 .003 4 .02k L .o2k L .o2k T 15 .007 1L 016 13 .036 12 .079
3 .003 &€ .015 6 .015 5 .073 8 18 .005 16 .022 15 .0k45 14 .088
L .003 8 .012 7 .ok6 7 .0L6 9 20 .009, 19 .018 18 .033 17T .061
5 . 004 10 .013 9 .038 o .038 10 23 .010 22 .018 21 .031 19 .086
6 .006 12 .015 11 .039 10 .09k 11 27T .008 25 .022 ok .03k 22 .083
7 .009 14 .021 13 .0k45 12 .096 12 31 .009 29 .020 27 .0kb 25 .093
8 . 007 17 .015 16 .030 15 .058 13 36 .008 33 .02 31 .O4T 29 .088
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Lower tail critical pc

oints

P =

.99

Lower tail probahility level o

K X 0.01 0.025 0.05 0.10
zw QP ZH QH mw QH“ ZH QH
20 1k ko .008 39 ..019 136 ..045 34 . .078
15 k9 .009 L5 .023 ko .0k6 39 .089
16 58 10 54,021 50 .0L5 W5 091
17 >60 - >60 . >60 - 56 .088
18  >60 - >60 - >60 - >60 -
19 >60 - >60 - >60 - >60 -
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Upper tail critical points

Hv"

.99

Upper tail probability level a

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
zm Qm ZM pm zm Qm zm o, am Qm zm ay 2m oy ZM oy
N b . - - - - - L .090 11 10 11 .007 12 .021 13 .0L5S 14 .081
11 1L .008 16 .023 17 .038 19 .080
5 5 - ~ - - 5 .037 5 .037
12 8 - - - - 2 .ok3 8 .oh3
6 5 - - - - - - 5 .088 9 R - 2 ,01k 9 .01k 10 .057
6 - - 6 .015 6 .015 7 .051 10 10 .003 11 .017 12 .0k6 13 .093
11 13 .010 14 .o2h 15 .oké6 16 .077
7 6 - - - - 6 .oko 6 .oko 12 16 .007 18 .o021 20 .0L8 22 .089
T 7 .006 8 .023 8 .023 9 .055
13 8 - - . - - 8 .059
8 6 - - - - - - & .072 9 - . 9 .022 9 .022 10 .086
7 - - 7 .018 7T .018 8 .066 10 10 .007 10 .007 11 .o031 12 .079
8 9 .010 9 .010 10 .026 11 .053 1 12 .008 13 .02k, 13 o2k 15 .097
12 1L .005 16 .025 17 .oks 18 .071
9 7 - - - - 7 .035 7 .035 13 18 .006 20 .019 22 .ok 25 .006
8 8 .008 8 .008 9 .032 10 .078
0 10 .00h 11 .012 12 .027 ik .o77 1h 8 - - - - 8 .076
o) - - . - 9 .032 9 .032
10 7 - - - - - - 7T .056 10 - . 10 .01l 11 .oko 11 .oko
8 - - 8 .o17 8 .o0iT 9 .06L 11 11 .003 12 .016 13 .0kLs 1% .093
) 9 .003 10 .015 11 .okl 12 .082 12 13 .00L 1k .013 15 .030 17 .007
10 12 .006 13 .013 15 .0k3 17 .095 13 16 .006, 18 .025° 19 .ok2 21 .00k
1k 21 .010 23  .024 25 .0LT 28 .099
11 T - - - - - - 7 .080
8 - - - - 8 .029 3 .029 15 8 - . - . - 8 .093
9 9 .008 9 .008 10 .033 11 .083 9 . . - - o 043 o .043



Upper tail critical points

ﬁ"

.99

Upper tail probability level «

p=.99

Upper tail probability level o

K X 0.01 0.025 0.05 0.10 K X 0.01 0.025 0.05 0.10
ZM Qm ZN Qm zm Qm zm Qm mm Qm ZM Qm zm Qm zm Qm
15 10 - - 10 .017 10 .017 11 .070 18 9 - - - - - o .08
11 11 .006 11 .006 12 .027 13 .0T1 10 - - - - 10 .oko 10 .o0ko
12 13 .008 ik 0257 14 .025 15 .055 11 o - 11 .018 11 .018 12 .073
13 15 .006 16 .016 17 .033 10 .09k 12 12 .007 12 .007 13 .032 1L .086
1k 18 .007 20 .02k 21  .039 23 .08L 13 13 .002 ik .o12 15 .036 16 .080
15 23  .009 25 .021 27 .039 30 .083 1k 15 .00hk 16 .013 17 .031 18 .062
15 18 .010" 19 .o021 20 .04O 21 .06T7
16 9 - - - - - - 9 .055 16 20 .005 22 .020 23 .03L 25 .OT7
10 - - 10 .02h 10 .02k 11 .093 17 2k .007 26 .010 28 .oh2 31 .098
11 11 .009 11 .009 12 .oko 12 .ohko 18 30 .009 33 .023 36 .0L8 Lo .099
12 12 .003 13 .01k 1L .ok1 15 .088
13 1k ,o0L 15 .013 16 .032 17 .062 19 9 - - . - . - o .095
14 17 .008 18 .018 19 .035 21 .089 10 - - - . 10 .0ko 10 .oko
15 20 .007 22  .023 23 .036 25  .100 11 - - 11 .023 11 .023 12 .092
16 25 .008 28 .o2h 30 .043 33 .084 12 12 .010" 12 .010 13 .ohkk 13 .04k
13 13 .ook 1Lk .018 14,018 15 .053
17 9 - - - - - - 9 .068 1L 15 .006 16 .021 17 .oko 18 .003
10 - - - - 10 .032 10 .032 15 17T .007 18 .018 19 .038 20 .068
11 - - 11 .013 11 .013 12 .056 16 190 .005 21 .02k 22  .ok2 ok 100"
12 12 .005 13 .c22 13 .022 ik o062 17 22,006 2k .020 26 .oko 28 .007
13 14 .oo7 15 .023 15 .023 17 .099 18 26 .007, 28 .018 31 .050° 33 .085
1k 16 .007, 17 .018 18 .037 19 .066 19 33 .010 36 .025 30 .0k9 43 .007
15 19 .010 20 .020 21 .035 23 .083
16 22 .007, 24 .o021 26 .OLT 28 .087 20 10 . - - - - . 10 .059
17 28 .o10 30 .020 33 .0L6 36 ,085 1 - . - 11 .029 11 .029
12 . - 12 .013 12 .013 13 .057
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Upper tail critical points

p = .99

Upper tail probability level n~

K X 0.01 0.025 0.05 0.10
ZM Qm zm Qm zm Qm wm Qm
20 13 13 .005, 13 .005 1,026 15 .071
1k 15 .010 15 .010 16 .02 17 .0T1
15 16 .003 17 .02 18  .029 16 .059
16 19 .010° 20 .022 21 .0bk2 22 .0T1
17 21 .007 23 .025 o ,ok2 26 .095
18 2k .006, 26 .02C 28 .oké 30 .088
19 29 ,010 31 .023 33 .043 36 .092
20 35 .009 38 .021 ho 050" W6  .095



