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1. [IuTrRODUCTION

Let X be (n1+n2) independent normal ran-

11° X12’ vey Xlnl; X21, N inz,

dom variables. We assume,

EX Ver(®; ) = o 2 1.1)

) = My i

for u = 1,2,...,ni, i=1,2,
We assume My # 0 and set A = “1/”2' The problem is to derive a confi-

dence interval for A, without any assumption about the ratio of the two vari-

ances 012 and 022.

Let
X, = '_1— 2 = ~X 2 2 = 2 - =
%" I X0 87 = 1 & XD s,° =5 (-1, 1=1,. (1.2)
u=1 u=1

We give a confidence set for A with a confidence coefficient which is guaran-
teed to exceed or equal (l-a), when a 1is a preassigned positive number less

than 1.
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2, CONFIDENCE SET FOR THE RATIO

1

Let ta(m) be a constant chosen to satisfy
Prob{lt(m)l < ta(m)} = 1-a (2.1)

where t(m) follows the Student's t distribution with m degrees of free-

dom and o is a preassigned positive number less than 1. For simplicity, in

this article, we denote ta(ni—l) by tys i=1,2,
We note that the random variable
(il—xiz)z
Y = (2.2)

2 2452
olln1 + A 02/n2
follows chi-square distribution with 1 degree of freedom and the probability

density of this distribution is

f(y) = (Zw)—g5 exp(-y/2) y_%, 0<ysw, (2.3)
Consider the integral
M % ¥
glv) = J (2r) * exp(-y/2) y * dy. (2.4)
0

Noting that g'(v) >0 and g"(v) < 0 it follows that

gpv,+(1-p)v,) 2 pg(vy) + (1-p)g(v,) (2.5)
for 0 <p <1l and 0O < Vis Yy <@ That is, g(v) 1is a comcave function.
Let
¢2 g2 2 g2 o2 02
1°1 s 272 1. .,%
v @D N e/ |2 T E,
m\y 212 1 2
t 51 & 57
-, — L, 22 (2.6)

Lo va2 2 o 132
(n1 1)01 (n2 l)o2



where

o2 02

Note that

vy + w, = 1 and O < wy <1, i=1, 2, 2.7

Let 2, = Si/oi, i=1,2, then Z has a chi-square distribution with

“1 i
(ni-l) degrees of freedom and Ti = (ni-l) Y/Zi is distributed as the square
of the Student's t with (ni—l) degrees of freedom (or equivalently as an F
with 1 and (ni—l) degrees of freedom), i = 1,2.

Now V can be rewritten as

ti 2y tg Zy
v wl-(-r-l—:-i-)-"'wz-(—n—:-ﬁ. (2.8)
1 2
Let
P = Prob {(X,-AX )2 < ti Si + A2 tg s§
1772 (nl—l)n1 (nz--l)n2
= Prob {Y < V}
ti Z tg Zy
= < —eie e e S
Prob 1Y Wy (nl'l) + Wy (nz-l) . (2.9)

We then prove the following

THEOREM P 2 1-a.

PrROOF: v, z, and Z,

(nl-l) and (nz-l) degrees of freedom respectively. Let h(zi; ni-l) de-

are independently distributed as chi-square's with 1,

note the density of the distribution of 2 (chi-square distribution with

i
ni-l) degrees of freedom) 1 = 1,2, Then the probability P can be written

as the triple integral



w,v.tw,Vv
® oo 11 7272 % %
P = J (2r) * exp(-y/2)y “dy h(zl;nl—l)h(zz;nl-l) dzl d22

= j I g(w1v1+w2v2) h(zl;nl—l) h(zz;nz—l) dz1 dz2 (2.10)
2 2
where v (tl zl/nl—l) and v, = (t2 z2/n2-1). But from (2.5)
g(w1v1+w2v2) 2 vy g(vl) + L g(vz). (2.11)
Further
JO JO g(vi) h(zl;nl-l) h(zz;nz—l) dz1 dz2
2 2
= Prob {Ti < ti} = 1 -0, i=1,2, (2.12)
Thus, from (2.11) and (2.12) we have
P 2 wl(l-a) + wz(l-a) = 1 - a.

A confidence set for A is thus, given by

t2 S2 t2 82
@ -2%)2 ¢ 2Ly 22 (2.13)
172 n n
1 1
or
2 2 2 2
t, s t, s
2152 _ 2 72 _ T =2 171
A X, a, 2 A X1X2 + Xl ny £ 0 (2.14)
with a confidence coefficient greater than or equal to (1-a).
Consider the quadratic equation
2 2 2 2
t, s t, s
2152 _ "2 "2f _ =z g2 _ 1 11 _
A o ™ 22 Xlx2 + Xl 5 0. (2.15)
1
Writing
2 2 2 2
t, s t, s
=2 2 72 =z 2 171
a = Xz - o’ b = XIXZ’ c = Xl - a ’ (2.16)



(2.15) becomes
ax2 - 2xb+ ¢ = 0. 2.17)

The two roots of (2.17) are given by

2 %
A+ = 2E(b -ac)” (2.18)

a

Let B8 = bz—ac.

3. ConFIDENCE INTERVAL. LIMITATIONS,

If a>0 and B8 > 0, the confidence set (2.14) becomes a confidence in-

terval for X, namely,
A- < A £ A+, (3.1)

If (a<0, B>0), (2.14) implies that ) 1is outside of the interval
(A-, At).

It 1s easy to show that the case (a > 0, B8 < 0) is impossible. The
cases a=0 and B = 0 are ignored, because the probabilities are zero for
these events.

The case (a < 0, B < 0) may, however, occur with positive probability.
In this case (2.14) will imply that -» < A £ o, The confidence set for ),
therefore, as constructed here suffers from the same limitation as the one con-
structed by Fieller (1940) for a bivariate sample from a bivariate normal
distribution.

Recently, Scheffé (1970) has constructed a confidence set for Fieller's

problem, which is free from this limitation. Using Scheffé's ideas, it is



6
possible to derive a modified confidence set for out problem, which will not be
improper in Scheffé's sense. This will be reported in a subsequent communi-

cation.,

4, IuLusTrATION

Using the formula (2.14) of this paper, confidence sets were calculated
for the ratio of mean caries increment in two groups, experimental and control,
from data compiled by different investigators and reported in Table II of a
paper by Marthaler (1970). In every case, the confidence set resulted in a con-
fidence interval of the type A- < A € A+. Here we give one example based on

data by Marthaler (1970).

n_ = number of subjects in the control group = 32
n, = number of subjects in the experimental group = 42
X = mean caries increment in the control group = 15.25

X = mean caries increment in the experimental group = 11.33

e
sc = standard deviation of the individual caries count in the
control group = 8.55
s, = standard deviation of the individual caries count in the
experimental group = 7.59
2 2
tc = t0.5(31) = 4,17
2 2
te = t0.5(41) 4.08.

Let

5 = Dean caries increment in the experimental group
mean caries increment in the control group *

The confidence set for A then, with a confidence coefficient greater or equal

to 0.95, is



0.5518 < A < 0.9976,

and
%
8 = =2 = 0.743.
X
C
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SUMMARY

In this article, a confidence set for the ratio of the means of two normal
distributions, has been derived without making any assumption on the ratio of
the two variances. The construction of the confidence set uses the sample
means and sample variances of two independent random samples from the two dis-
tributions. The solution is exact and does not use any large sample approxi-
mation. The confidence coefficient, however, is guaranteed to be greater than
or equal to (l-a) rather than be exactly equal to (l-a), where a is a pre-

assigned positive number less than 1.

ZUSAMVENFASSUNG

Ein Konfidenzbereich fir das Verhdltnis der Mittelwerte von zwei Normal-
verteilungen wird abgeleitet, ohme Annanmen Uber das Verhdltnis der beiden
Varianzen zu treffen. Zur Berechnung des Konfidenzbereiches werden die
Mittelwerte und die Varianzen von zwei unabhdngigen Zufallsstichproben aus den
beiden Verteilungen bénﬁtzt. Die Lésung ist genau und stellt keine
Anndherung mittels grosser Stichproben dar. Vom Konfidenzkoeffizienten kann
Jedoch nur behauptet werden, dass er grdsser oder gleich, jedoch nicht genau
gleich (1-a) ist. Hierbei ist o eine vorgegebene positive Zahl kleiner

als 1.



