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Figure 3.38: Stroke range vs load rate for extended actuator range.

Figure 3.39 shows minor loop hysteresis plots for varied pre-stress and loading
rates. The command voltage is shown in (a) which is what is applied to the actuator to
produce the curves in (b) and (d) and the same command values but at a higher rate is
applied to the actuator to produce the curves in (¢) and (e). A pre-stress of 1MPa is
applied to the actuator for the curves in (b) and (c¢) and a pre-stress of 8MPa is applied to
the actuator for the curves in (d) and (e). It is shown that the overall stroke and hysteresis
is increased with higher pre-stresses. The overall stroke and hysteresis are decreased with
higher loading rates causing the minor loops to squeeze closer together and reversals to

occur at shorter stroke levels.
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Figure 3.39: Spring loaded experiments at different pre-stresses and different loading rates.

(a) Electric field vs time, (b-e) Displacement vs. electric field hysteresis curves with minor
loops of the first kind. (Actuator Model AE0505D08)
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3.2.3 Creep Phenomenon

When the electric field is held constant, or turned off, creep behavior is observed
as the polarization and strain continues to change. This behavior results from delayed
domain switching. Figure 3.40 shows the applied electric field (a), the polarization (b)
and the strain (c) vs time. From this time resolved plot, the switching process is revealed.
The electric field starts at +1.5kV /mm, the +180° poled saturation point, and is unloaded
and held at varying magnitudes of the electric field for 15 sec. and then loaded back to
+1.5kV/mm and held there for 5 sec. Each cycle has an increased change in electric field
and reveals different aspects of the switching process.
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Figure 3.40: Polarization and strain vs. time for observation of creep behavior at a loading
rate of 0.5kV/mm/sec. (a) The applied electric field. (b) Polarization vs. time. (c¢) Strain
vs. time. (Actuator Model P-802.00)

For the first several cycles, labeled 1-5, there is not a significant change in the
polarization and strain during the 15 sec. hold. These cycles corresponds to electric field
magnitudes where some +180° to 90° switching occurs, which is near instantaneous and

does not result in considerable creep during the hold. The following cycles, labeled 6-11,
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represent electric field magnitudes that cause quick switching from +180° to 90° and then
slow switching from 90° to -180° resulting in a high amount of creep during the hold.
The last set of cycles, 12-16, represent electric field magnitudes that cause quick switching
from +180° to 90° and are also strong enough to cause quick switching from 90° to -180°
represented by the long sharp minimum in the strain before the hold resulting in little creep
during the hold. These observations are only possible by looking at the strain curves where
the multi-step switching process is shown.

Figure 3.41 shows similar time resolved behavior as 3.40 using the same holding
values for the electric field but with a spring loaded actuator with k = 2.7N/um and a
pre-stress of 10.6M Pa. The amount of hold time for observing the creep is the same for
both experiments, but the spring loaded curves hold the electric field at the high 1.5kV/mm
for a slightly longer time due to some programming constraints on the FPGA board. To
compare the two responses a pre-stress level is chosen that is as high as the actuator could
tolerate without showing significant breakdown resulting in flawed data. Figure 3.42 shows
the resulting hysteresis curves. The high spring loaded response shows very similar creep
behavior to the non-spring loaded response. Both show that the highest creep occurs for
the same values of electric field but the amount of creep that occurs is slightly different. The
non-spring loaded experiments show true creep in that there is no change in any loading
during the holding process, while the spring loaded actuators will see a change in mechanical
loading as they creep due to the spring coupling. As the strain creeps, the stress applied

to the actuator also changes and thus will influence the response.
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Figure 3.41: Polarization and displacement vs. time for observation of creep behavior at
a loading rate of 0.1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is
10.6Mpa. (a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time.

(Actuator Model NEC)
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Figure 3.42: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 10.6M Pa, showing
creep behavior.



Table 3.10: Range of creep observed for various hold points.

Hold # | Efield (kV/mm) | Disp. Range (um) | Pol. Range (C'/m?)1
1 .5 A7 015
2 .0 .35 .05
3 -3 7 A8
4 -.35 .65 .25
5 -.38 .6 .35
6 -4 A A5
7 -.42 19 .60
8 -44 .6 .75
9 -.46 1.3 .90
10 -A48 1.85 .95
11 -9 2.2 .90
12 -.55 2 .55
13 -.65 1.3 .30
14 -8 7 A8
15 -1 9 .22
16 -1.5 .35 .06

Creep Disp (um)

-0.5
Efield (kV/mm)

0.5

Creep Pol (C/mz)

T

-0.5
Efield (kv/mm)

0.5

7

Figure 3.43: Range of displacement and polarization change for held creep curves at various
electric field levels shown in Table 3.10.
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Table 3.10 gives the range of creep that occurs for displacement and polarization
for each of the hold points. Figure 3.43 shows a graph of those ranges. The values are
taken by looking at the difference in displacement and polarization values at the start of the
hold and at the end of the hold. Starting from a high electric field and moving downward,
the displacement shows an increasing amount of creep and then a decrease before a large
increase. The decrease around -.4 kV/mm does not show up in the polarization curve.
This decrease is actual misleading and a result of the symmetry present in the butterfly
hysteresis curve as in Figure 3.42. Switching that occurs around —.45kV/mm are a result
of both switching from +180° to 90° and 90° to —180° . The first switching, from +180°
to 90° , cause the displacement to increase, but the second, from 90° to —180°, cause
the displacement to decrease. When the combination occurs they will cancel each other
out and the amount of creep will appear less, even though a larger amount of switching is
occurring. This effect is not seen in the polarization graph which shows a more accurate
measure of the amount of switching that occurs since switching from +180° to 90 ° and 90°
to —180° will both show the polarization changing in the same direction.

There is another hump in the graphs in Figure 3.43 around —1.0kV/mm which
shows an increase in switching. This is where the 90 © to —180 ° switching coercive field value
is located. It was clear that the +180° to 90° coercive value was around —.5kV/mm as
evident by the increase in switching that occurs around that area. This value also revealed
itself earlier in the full loading range hysteresis plots shown in Figures 3.14 through 3.16.
For the low pre-stress levels, or no-stress curves, there is a little hump around +1.0kV/mm.
When the pre-stress is increased to 16 M Pa this hump disappears. This is a result of the
stabilization of the 90 ° orientation. At low stress levels, the consecutive +180° to 90° and
90° to —180° switching occurs, but when higher stresses are added, the 90° orientation
is stabilized and less 90° to —180° switching occurs. This removes the hump around
+1.0kV/mm as can be seen in Figure 3.16. To better understand the influence of stress, a
comparison of the creep behavior of different spring loaded actuators for different pre-stress
levels is conducted next.

As shown from Figure 3.43, the majority of the creep occurs for holding the electric
field constant at a limited range centered around —.4kV/mm to—.55kV/mm. In order to
better see and understand this phenomenon, we will focus on observing the creep within
this range for various spring stiffness and various spring pre-stresses. It is important to

note that this range is outside the actuator or extended actuator range and therefor the



79

magnitude of the effects observed would be expected to decrease when operating only in the
recommended actuator range. The holding points for the electric field are chosen to be 0,
—.45, =5, —.55, —.8, and —1.5 kV/mm. Figures 3.44 through 3.47 show the time resolved
and hysteresis curves for creep for k = 5.9N/pum and pre-stresses of 2M Pa and 8 Mpa with
a loading rate of 1kV/mm/sec. Figures 3.48 through 3.53 show the time resolved and
hysteresis curves for creep for k = 2.7N/um and pre-stresses of 4M Pa, 8 M pa, and 16 M Pa
with a loading rate of 1kV/mm/sec. Figures 3.54 through 3.59 show the time resolved and
hysteresis curves for creep for k = 2.7N/um and pre-stresses of 4M Pa, 8 M pa, and 16 M Pa

with a loading rate of 10kV/mm/sec.
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Figure 3.44: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 0.1kV/mm/sec. The pring stiffness is 5.9N/um and the pre-stress is 2Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model
NEC)
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Figure 3.45: Actuator hysteresis curves for k = 5.9N/um, pre-stress = 2M Pa, showing
creep behavior.
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Figure 3.46: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 0.1kV/mm/sec. The pring stiffness is 5.9N/um and the pre-stress is 8Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model

NEC)
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Figure 3.47: Actuator hysteresis curves for k = 5.9N/um, pre-stress = 8M Pa, showing
creep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.48: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 0.1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 4Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model

NEC)
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Figure 3.49: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 4M Pa, showing
creep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.50: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 0.1kV/mm/sec. The spring stiffness is 2.7N/um and the pre-stress is 8Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model
NEC)
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Figure 3.51: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 8M Pa, showing
creep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.52: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 0.1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 16 Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model
NEC)
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Figure 3.53: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 16 M Pa, showing
creep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.54: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 4Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model

NEC)
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Figure 3.55: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 4M Pa, showing
creep behavior when electric field is loaded at 1kV/mm/sec.
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Figure 3.56: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 8Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model

NEC)
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Figure 3.57: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 8M Pa, showing
creep behavior when electric field is loaded at 1kV/mm/sec.
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Figure 3.58: Polarization and displacement vs. time for observation of creep behavior at a
loading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 16Mpa.
(a) The applied electric field. (b) Polarization vs. time. (c¢) Disp vs. time. (Actuator Model
NEC)
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Figure 3.59: Actuator hysteresis curves for k = 2.7N/um, pre-stress = 16 M Pa, showing
creep behavior when electric field is loaded at 1kV/mm/sec.

The higher loading rate creep curves show the most amount of creep as expected
due to the delayed switching process. The range of displacement and polarization change
for the various hold positions in Figures 3.54-3.59 are shown in Tables 3.11 and 3.12. Figure
3.60 shows the plot of those tables. Figure 3.60 shows that for +180° to 90° switching
occurring predominantly around —.5kV/mm an increase in pre-stress causes an decrease in
creep for both polarization and displacement indicating less +180° to 90° switching during
the hold. The increase in pre-stress however has the opposite effect on 90° to —180°
switching indicated by the increase in creep occurring after —.55kV/mm. When the pre-
stress is increased, the 90° orientation is further stabilized resulting in faster switching

into the 90 © orientation and slower switching out of it. This explains the decrease in creep
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resulting from +180° to 90° and the increase in creep from 90° to —180° switching. Creep

results from the delayed switching, so if if the rate at which it occurs increases, then there

is less delay and thus less creep.

Table 3.11: Displacement change during creep for various pre-stresses

Efield (kV/mm) | 0 | -45 | -5 | -55| -8 | -1.5
Ope =4MPa | 6 | 1.96 | 4 | 46 | 1.12| .57
Ope=8MPa | 7 | 18 [35| 4 | 1.2 | .66
Opre=16MPa | 75| 1.6 | 3 | 33| 1.6 | .8

Table 3.12: Polarization change during creep for various pre-stresses

Bfield (kV/mm) | 0 | -45] -5 | -55 ] -8 | -L.5
Opre = 4M Pa .008 | .160 | .190 | .160 | .035 | .012
Opre = 8M Pa .009 | .160 | .170 | .130 | .035 | .009
Opre = 160 Pa | .009 | 150 | .135 | .13 | .035 | .013

5

ab cpre=4MPa |
g [ 7cpre=8MPa
g3 o =16MPa 1
a pre
e 2r
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Figure 3.60: Range of displacement and polarization change for held creep curves at various

electric field levels shown in Tables 3.11 and 3.12

3.3 Nano-Positioning Stage

This section contains the results and discussion of an experimental investigation

of the MCL OP-30 translation stage shown in Figure 3.1.

The investigation serves two
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purposes.  First it provides us with a full system with which we can explore the rate-
dependent behavior of piezoelectric actuated systems. The goal is to observe to what extent
the phenomenon found in the previous experiments is found in fully designed piezoelectric
actuated systems. Second, it will be the validation system for future control efforts. The
experiments conducted will gather parameter information and will be used for comparison
with future simulations. The closed system hardware for the stage did not allow for
polarization measurements during this investigation. Since the exact specifications of the
actuator are not known to us, the results are presented differently than the previous sections.
The layer thickness of the active material in the actuator is not known, so the electric field
can not be calculated from the voltage, thus the applied voltage is used for hysteresis plots.
For conversion purposes, the NEC actuator had a layer of 100 micron resulting in 100 Volts
= 1kV/mm electric field. The stage has a stiffness of 3N/um and the actuator is pre-
stressed to an unknown amount. The actuator is 3cm long which is 3 times larger than the
NEC AE0505D08 actuator and produces significantly more stroke. The stage electronics
limits our electrical loading to a range of 0 to 150V. The time resolved displacement
response of this range is shown in Figure 3.61, and the corresponding hysteresis curve is

shown in 3.62. For this loading range the stage has a maximum displacement of 41.44um.
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Figure 3.61: Applied Voltage vs. Time and Displacement vs. Time for linear loading rate
of 5 V/s.
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Figure 3.62: Hysteresis curve of Displacement vs. Applied Voltage.

First order minor loops are produced by starting at the fully +180° polarity, at a
voltage of +150 V. The voltage is unloaded at a constant linear rate toward the reversal
point. When the reversal point, corresponding to a set voltage value, is reached the electric
field is reversed (loading) with the same constant linear rate. When +150 V' is reached, the
voltage is held at 4150 V for 5 seconds to allow for full +180° polarization. The constant
linear loading rate for this experiment is set at 5 V/sec and the reversal points chosen are
at 125, 100, 75, 50, 25, and 0 Volts. The time resolved displacement response of this range

is shown in Figure 3.63, and the corresponding hysteresis curve is shown in 3.64.
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Figure 3.63: First order loops at a loading rate of 5 V/sec; (a) applied voltage vs. time
and (b) displacement vs time.
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Figure 3.64: First order hysteresis loops with a linear loading rate of 5 V/sec.

Second order minor loops presented here correspond to loading paths that start
at 0 volts, increase to some setpoint and return to 0 volts. The reversals are produced by
starting at the fully +180° polarity, at a voltage of +150 V. The voltage is unloaded
at a constant linear rate toward 0 volts where the voltage is reversed and loaded towards
the reversal point corresponding to a set voltage value. Once this voltage is reached the
voltage is reversed again (unloading) with the same constant linear rate towards 0 volts
where the next loop starts. The constant linear loading rate for this experiment is set at
5V/ sec and the reversal points chosen are at 25, 50, 75, 100, 125, and 150 Volts. The time
resolved displacement response of this range is shown in Figure 3.65, and the corresponding

hysteresis curve is shown in 3.66.
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Figure 3.65: Second order loops at a loading rate of 5 V/sec; (a) applied voltage vs. time
and (b) displacement vs time.
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Figure 3.66: Second order hysteresis loops with a linear loading rate of 5 V/sec.

Third order minor loops presented here correspond to loading paths that starts at
150V, is then unloaded to some setpoint and then loaded back 25V above the setpoint.
Then the voltage is unloaded to 0V and back to 150V and held for 5sec. where the process
starts again. The reversals are produced by starting at the fully +180° polarity, at a
voltage of +150 V. The constant linear loading rate for this experiment is set at 5V/ sec
and the reversal points chosen are at 125, 100, 75, 50, 25, and 0 Volts. The time resolved
displacement response of this range is shown in Figure 3.67, and the corresponding hysteresis

curve is shown in 3.68.
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Figure 3.67: Third order loops at a loading rate of 5 V/sec; (a) applied voltage vs. time
and (b) displacement vs time.
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Figure 3.68: Third order hysteresis loops with a linear loading rate of 5 V/sec.

When the voltage is held constant, or turned off, creep, or relaxation, occurs as the
displacement of the actuator can continue to change. Creep behavior results from delayed
domain switching. The loading for these creep experiments are produced by starting at
the fully 4180 ° polarity, at a voltage of +150 V. The voltage is unloaded at a constant
linear rate toward the holding point and held there for 15 seconds. The voltage is then
loaded back to +150 V for 15 seconds to allow for full +180° polarization. The voltage
holding points chosen are at 125, 100, 75, 50, 25, and 0 Volts. Figure 3.69 shows the time
resolved creep behavior for a loading rate of 5V/sec. Figure 3.70 shows the time resolved
creep behavior for a loading rate of 500V /sec. Both experiments show that more creep is
observed for holding voltages closer to 0V. The faster loading rate experiments show more
creep than the slower as expected due to the slower reorientation process, delayed switching,

of the material.
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Figure 3.69: Creep observation at varying holding voltages with a loading rate of 5 V/sec;
(a) applied voltage vs. time, (b) displacement vs time, (c) relative relaxation for holds 1, 2
& 3, (d) relative relaxations for holds 4, 5, & 6.
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Figure 3.70: Creep observation at varying holding voltages with a loading rate of 500 V /sec;
(a) applied voltage vs. time, (b) displacement vs time, (c) relative relaxation for holds 1, 2
& 3, (d) relative relaxations for holds 4, 5, & 6.

The next experiment investigates the rate effects on the stages response. Loading
rates of four orders of magnitude are selected: 5V /sec, 50V /sec, 500V /sec and 5kV /sec.
These rates correspond to full-loop cycle frequencies of 0.0167Hz, 0.167Hz, 1.67Hz, and
16.7Hz respectfully. Figure 3.71 shows the resulting hysteresis curves for loading at the
different rates. Table 3.13 shows the change in maximum stroke for the different loading
rates. The data shows that for higher rates you have a decreased stroke which agrees with

our previous experiments on other actuators.
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Figure 3.71: Stage displacement hysteresis loops at different linear loading rates.

Table 3.13: Stage stroke range for different loading rates.

Loading Rate 5V /s 50V /s 500V /s 5kV /s
Max Stroke (um) | 41.44 pm | 40.68 pwm | 39.41 um | 37.69 um

3.4 Conclusions

In this chapter we have presented experimental results for piezoelectric actuators
under different loading conditions including different spring stiffness, different pre-stress
levels, different loading rates for various loading ranges and various loading paths. From

these experiments, we have observed that

1. Increasing the pre-stress on the actuator will increase the overall stroke of the actuator.

2. Increasing the loading rate decreases the overall stroke of the material due to delayed
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crystal reorientation process.

. Increasing the pre-stress stabilizes the 90° orientation and causes more and faster
switching into the 90° orientation and less and slower switching out. This causes a
decrease in the rate-effects by speeding up the reorientation process for 180° to 90°
transformations and stopping some of the slow transformations (90° to £180°) from

occurring at all.

. Reversals that occur when the majority of the crystalline domains are oriented in the
90 ° phase show a slower reorientation process than for reversals that occur when the

majority of the crystalline domains are oriented at £180° .

. Strain and Polarization have different creep behavior at different held electric field
values, and the creep effect increases as the concentration of crystalline in the 90°

phase orientation increases.
. An increase in pre-stress will decrease the amount of creep that will occur.

. Rate dependence is shown to be more significant and observable for electric loading
paths that reverse when 90 ° reorientations of the domains are occurring, suggesting
that the 90 ° reorientation of domains is a slower process than the +180 ° reorientation

of domains.
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Chapter 4

Modeling of Piezoelectric Stack

Actuators

In this chapter, a model is presented to simulate the electro-mechanically coupled
hysteretic behavior of ferroelectrics such as the piezoceramics presented in the previous
chapters. We will begin with an introduction to the basic design of a piezoceramic stack
actuator as well as the structure of translation stages that use stack actuators. Next,
a basic single crystal model for piezoceramics is established that couples both electrical
and mechanical loading. With the physical principles established, we will extend the basic
model to polycrystalline material, which most commercially available stack actuators are

made from.

4.1 Stack Actuator

Piezoelectric stack actuators are able to achieve large strokes with relatively small
voltages by interweaving thin film layers of active piezoelectric material with non-active
conducting layers. Piezoelectric transducer systems, such as translation stages, typically
couple a stack actuator with a spring. The spring system naturally introduces a stress
dependence resulting in electro-mechanical coupling. A simplified model for stack actuator
coupled with a spring is shown in Figure 4.1. Since the actuator is under stress dependence,

the kinetics of the non-active layers must be included for accurate dynamic modeling .
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Figure 4.1: Piezoelectric stack actuator coupled with a spring
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Figure 4.2: Free body diagram for stage.

The equation of motion for the system is then given as

mx = —Fy — Fs + Foactuator (41)

with constitutive equations

Fy = o (4.2)
Fy = k(x—mx)

Foctuator = knonfactive<Axactive - AI)
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mz + cx + ks<$ — xO) = knonfactive<Axactive - AI) (43)

There are two parts that characterize the stage dynamics; the dynamics of the
mass-spring system built into the stage design (left side of Eq. 4.3), and the dynamics of
the PZT stack actuator itself, (right side of Eq. 4.3). This chapter will concentrate on the
dynamics and modeling of the stack actuator itself first and then the effects of coupling
that model with stage spring system as shown in Figure 4.1.

The first, and simplest, step is to analyze the quasi-static case only where inertial
and dampening effects can be ignored. This reduces the equation of motion given in Eq.

4.3 to the equilibrium condition:

ks (AI) = knonfactive<Axactive - AI) (44)

Figure 4.3 shows the stress-strain curve shown in 3.7 for the actuator with an linear
curve fit to the range of strain change corresponding to the compression of the combination
of the harder non-active layers and the active PZT layers. The stiffness of the different
non-active layers can be determined based on the fact that you essentially have three spring
contributions that are in series. One is the known mechanical spring we load the actuator
with, another is the active PZT layers with known properties, and the third is the unknown
non-active layers. In static conditions, the equilibrium equation for three springs in series

will allow us to calculate the non-active layers’ stiffness.

12
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Figure 4.3: Stress-strain curve of actuator with linear fit representing stiffness of harder
non-active and active layers.
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The most important part of this model is going to be able to accurately predict
the electro-mechanically coupled strain of the active layers. Once the kinetics of bulk
piezoelectric material is modeled, it can then be coupled with the kinetics of the non-active
layers. The next section describes the free energy model that predicts the strain of the

active layers, i.e. AZgctive.

4.2 Energy model for single crystal ferroelectrics

This section introduces the electro-mechanically coupled model, which expands
the one-dimensional energy model proposed by Smith and Seelecke [76] for piezoceramics
to include a 90° variance and adds mechanical stress similarly to the model proposed by
Sahota [69]. The model presented by Sahota [69].however is purely qualitative and does
not include spring coupling or account for polycrystalline material. The one-dimensional
model presented here includes spring loading and couples polarization and strain. The
model features a convenient mathematical structure, given by a system of ODEs in time,
allowing it to be easily integrated into open-loop simulations as well as a variety of control
schemes.

The model is developed with the assumption that dipoles in a single crystal with
uniform lattice spacing have three orientations, which are denoted by (+180), (-180) and
(90) depending on whether the Ti4+ ion is displaced upward, downward or perpendicular
with respect to the dzz center of symmetry (see Figure 4.4)

e:Ti*e:Pb%0:0%

Figure 4.4: Unit lattice cell for PZT.
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4.2.1 Three phase electro-mechanically coupled Helmholtz and Gibbs en-

ergy landscape

For a typical mesoscopic volume of a lattice element consisting of a number of
equally poled lattice cells, the model assumes the following multi-paraboloid representation
for the Helmholtz free energy density as a function of two order parameters, the strain ¢

and polarization P.

WP, = PP A n (PP 4o (e’
WP = PP (PP )b (e (45)
¢<P75)90 = %(P_PQOO)Q_I_%(E_EQOO)Q

In Eq. 4.5, P_g, Pto, and Py, are the remnant polarizations for each phase, which
can be extracted from an electric field vs. polarization diagram. Parameters ¢ g, €9, and
€90, are remnant strains for each phase, which can also be extracted from experimental
data. The parameters x;, i, and Y; denote the susceptibility, piezoelectric coupling factor,
and stiffness for each phase and need to be chosen based on experimental data. In this one
dimensional model ¥(P, €),, does not have a coupling term pqgq because the 90° lattice ori-
entation is orthogonal to the direction of measurement and applied loading. The Helmholtz
energy landscape from Eq. 4.5 is illustrated in Figure 4.5(a) with the two order parameters
on the x and y-axis, and the energy on the z-axis.

The switching processes in the material can be interpreted as phase transforma-
tions with the polarization and strain as the order parameters. The kinetics of these phase
transformations are determined by the electric-field-dependent and stress-dependent bar-
riers and minima in the Gibbs free energy density, which is related to the Helmholtz free

energy in Eq. 4.5 through the Legendre transformation

g(P,e,E,0); =¢(P,e); — EP —o¢ (4.6)

where F is the electric field and o is the stress.
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X Y
91180 = %(P_PHJ)Q+/~L+<P_P+o)<5_5+o)+7+<5_5+0)2_PE_50 (4'7)
X_ Y.
9 180 = 7<P_Pfo)2‘I'N,(P_Pfo)(E_efo)+7<5_570)2_PE_50 (4'8)
Y,
Go = “L2(P = P )+ =2~ 20,)? — PE —e0 (4.9)

Due to the ever-present thermal activation, all domains fluctuate about their equi-
librium polarization values. From Boltzmann principles, the probability of attaining an

energy level G is

w(G) = Ce G+ (4.10)

where k denotes Boltzmann’s constant and 7" is the absolute temperature. The Gibbs
energy density g is related to the energy level ¢ by multiplying the energy density by the
volume of a lattice element, V., hence G = ¢gVj.. The constant C' normalizes the function
to maintain that the probability of attaining an energy level when evaluated over the entire

range is equal to 1, thus

/oo wg)dg = 1 (4.11)

/ Ce 9VielFqg = 1 (4.12)

1
C = oy (4.13)

The integrals are evaluated over the two order parameters that describe g. The
expected average polarizations and strains due to individual domains can be calculated

using the the mathematical definition of an expected value

Pe
P 7g(E70'7P75)‘/le/k;Tde
(P) = fpfs ‘ ° (4.14)

ffefg(E',U,P,e)Vle/szde6

P
ijeig(E’o.’P’s)‘/l‘i/dePdE

2k (4.15)
ffe*g(E,O',P,E)‘/le/k}Tdee
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Evaluating these integrals over the range of each domain reveals that the expected
values are equal to the values of the polarization and strain at the minimum of each wells

in the Gibbs energy landscape. These are defined for polarization as

YiE+p o
<P+>:Y7+2+P+o

XJr +_/’L+
pyLtoro, 116
ERER AT A o

F
(Poo) = — + Pao,

90

and for strain as

X, 0+p B
X Y, _M?k

x.o—p b
T xY 2

(e4) = + 40

(e_) +e, (4.17)

g
(€90) = E + €900

The application of electric field and stress will shift the minimum of the different
energy wells illustrated in Figure 4.5. These minima of the Gibbs energy function for each

phase are calculated as:

1 ~Y,E? + 2poly — Xi0'2
2 XY, —

gmin<P’£min7 €4 min s E7 U)i - (EP’LO + 0'51‘0) (418)

This energy landscape construction is the framework for our model. The prediction of the
macro values for polarization and strain of piezoelectric material will be dictated by the
movement of the energy landscape resulting from changing electric fields and stresses. The

next section will describe this in more detail.

4.2.2 Macro values

The explicit equations given in Eq. 4.16, 4.17 and 4.18 represent the core of the
model. They allow for the direct evaluation of the average polarization and strain for each

phase. The macro values for polarization and strain of the whole actuator are calculated
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from the polarization and strain of each phase multiplied by the fraction of layers that are

in each phase. These macro values are given by

P = Ty <P+>+x7 <P,>—|—x90 <P90> (4'19)

T4 {e4) + 3 (o) + T (500) (4.20)

ol
I

where x, x_ and xgg denote the fractions of lattice elements with positive, neg-
ative and 90° orientations respectively. These phase fractions evolve in time according to

the differential equations

zy = (I—24 —2_)poot — T4P4o0 + TPy —T_py_ (4.21)
r. = (l—ry —x )poo —2 pgo—T p 4 +T py_

The third fraction, zgg, can be determined through the identity xy + z_ + x,, =
1. Here pgot, proo, Poo—, P90, P4+—, and p_; denote the transition probabilities of a
typical lattice element to switch from one well in the Gibbs energy landscape to another.
Experimental evidence suggests that switching from +180° to —180° always occurs through
the 90° orientation, and consequently, and we neglect the p_ 4 and py _ terms in Eq. 4.21.

The transition probability of switching from any given a-well to a S-well is computed by

1 efg(Eyaypbysb)‘/le/sz

Pas = (4.22)

f fe*g(E:U:P:E)Vle/dePde

where 7, is the relaxation time of the material, V}, denotes the volume of a lattice
element, also referred to as activation volume, P, and e, are the polarization and strain
values at the barrier that separates an a-well from a S-well. The ratio % determines the
fluctuation of polarization and strain about the equilibrium values due to thermal activation,
and together with 7., this ratio dictates the frequency dependence of the hysteresis loops.

Evaluating the denominator of Eq.4.22 is a complicated process and has no nu-
merical solution. In the case of solids the thermal activation can be considered very small,
see [69], [70], [51], which for the limiting case' simplifies Eq. 4.22 to

1 >

Pag = —€ O (4.23)

T

1See Appendix A.1 for caculations of the limiting case for very low thermal activation.
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where Ag,s is the difference between the Gibbs energy at the barrier and the
Gibbs energy at the minimum of transitioning well.

The probability png of switching from a-well to 3-well increases as the energy
barrier between the wells decreases. The barrier is represented by Ag,s which is the differ-
ence in the Gibbs energy at the saddle point between the a-well and S-well and the Gibbs
energy at the minimum of the a-well. Calculating the exact value of the energy at those
saddle points requires a more complete energy landscape including non-convex parts and
is described in detail in Seelecke et al.(2005) [70]. However, it is computationally costly
and an unnecessary construction since the barrier height can be related to the difference in
minima of the two corresponding wells for which switching is to occur. This difference in

minima is called the driving force, defined as

Fa;6<E7 U) = Jomin — 9B min (424)

where gominand ggmin are determined by Eq.4.18. This relationship is illustrated
for the one-dimensional energy in Figure 4.8. This driving force can then be used to
determine Agn3(Fpp) as proposed by Belov and Kreher [10] and Kim and Seelecke [51].

That function is given by

—Fos for Fr,g < —4Ago
2
Agap(Fas) =z <% _ Ag()) for —4Agy < Fap < 4Ago (4.25)
0 for Fiz > 4Ago

where Agop is the barrier energy at Fn3 = 0 which is a chosen parameter. The function
Aga(Fop) from Eq. 4.25 is plotted in Figure 4.6. The next section will describe the

motivation, formulation and validation of the Ag,z(Fag) in more detail.
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Figure 4.6: Ag,(F,3) plot (from Eq. 4.25)

4.2.3 The Ag,s(F,5) Function.

The value of Agys is the difference in energy at the barrier between two o — 8
wells and the energy at the minimum of the a-well. Essentially, it is the energy needed
for a lattice layer to transition from one phase into another. For a one dimensional energy
landscape where polarization is the only order parameter, the barrier was well defined and
the energy at the height of the barrier was numerically easy to calculate. For this two
dimensional landscape, a more complicated mathematical formulation for the saddle points
is needed in order to calculate the energy at the barrier height. This is similar to the two
dimensional model proposed by Kim and Seelecke [51] who decided that instead of directly
calculating Ag,g from the saddle points, they developed a relationship between Ag,s and
the difference in minimum of the two energy wells for which the transition was occurring
which they refer to as the driving force Fi,3. This was computationally eflicient since the
minimum of the energy wells was easily and already calculated in order to find the expected
average polarization values. Further motivation for using this relation is realized at higher
dimensions where the complete energy landscape and barrier definitions may be impossible
to formulate.

This section is intended to step through the mathematical process of defining Ag,g
for the transition from one energy well into another as a function of the driving force of
the two wells. To illustrate this process, we can start by simplifying the energy wells to

a one dimensional plot. Recalling the energy landscape shown in Figure 4.5, the simplest
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transition path can be thought to be the path that requires the least amount of energy.
This path, from one minimum to another would cross over the saddle point that exists
between he two wells. Figure 4.7 illustrates that path on the contour plot (a) and shows
a cut through the full landscape in (b) and then projects that slice onto the polarization
axis (c¢). This projection simplifies the system and can be generalized to reproduce any

transition path for any slice cutting through the minimum and barrier for any two wells.
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Figure 4.7: Illustration of a theoretical slice through the energy landscape with a projection
onto the polarization axis.

As defined earlier, Ag is the difference between the minimum of the Gibbs energy
of a particular well and the Gibbs energy of the height of the barrier that is between the
two wells. The driving force (F) is the difference in the minima of the Gibbs energy for the

two wells. Figure 4.8 illustrates the relationship between Ag,g and Fg for a cross section
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of the Gibbs energy landscape for two wells projected onto the polarization axis.
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Figure 4.8: Ag,s and Fyp for two wells as seen from a slice of the Gibbs energy landscape

The goal is to analytically find the relationship between the driving force and Agns
which will allow us to represent Agas = Agas(Fag). Once this relationship is established
for the one dimensional case, we will use the same relationship as an approximation for
multi-dimensional cases where the relationship’s analytically formulation is more complex.

There are several conditions that we expect the function to follow. These are listed as:

e At some critical Driving Force Iy, Agag(Flier) =0, and Agag(—F ) = —Fhp
e [ .. is not necessarily equal to F_.,

The first condition is partial to the fact that at some positive value of the driving
force Agng = 0 as a result of the minimum of the alpha well being at the same place as
the barrier. At that point, further increase in the driving force should maintain Ag,g = 0
since the minimum by definition can not move past the barrier. This concept is illustrated
in Figure 4.9 which shows how Ag,s changes with respect to an increasing Fr3. Similarly,
at some negative value of the driving force the minimum of the S—well should be at the

same place as the barrier, at which point Ag = —F},3. This concept is illustrated in Figure
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4.10 which shows how Ag,s changes with respect to a decreasing F,3. These conditions
should be contained by the function Agag = Agas(Fas) and may have to be implemented

in the form of a piecewise relationship.
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Figure 4.9: Agys (denoted Ag, ) for increasing Fps for two wells as seen from a slice of the
Gibbs energy landscape
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Figure 4.10: Agag (denoted Ag,) for decreasing Fz for two wells as seen from a slice of
the Gibbs energy landscape

The Agas(Fpng) function is derived using the following steps:

e Calculate F(F) and invert to get E(F)
e Calculate Ag(F)

e Substitute in Ag(E(F)) to get Ag(F')
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e Find critical values, F.,, to define piecewise function.

Case 1: Symmetric energy wells.

For this section, we will start by formulating Ag,z(Fng) for the piezoelectric model
proposed by Smith et al (2003). This model considers only £180 phases and will eliminate
the 90° phase. The full formulation can be found in Appendix A.2.1. The Helmholtz
energy landscape will consist of two symmetric wells as shown in Figure 4.11 between a

concave barrier. The equations for this landscape are

5(P—Py)? P < —Prp;
Y(P)=q X(P+Py)? P> P (4.26)

RS (P)2 4+ AGy | P < Pr.

é; =
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Figure 4.11: Hembholtz energy landscape for two phases sperated by a barrier.

The Gibbs energy is found from g(P, E) = ¥(P) — EP.

5(P—P.)?—EP P < —Pp;
g(P)=< 3(P+P) - EP P> P (4.27)
5 (P)? + AGy — EP | |P| < Py

The derivation of Agag(Fl,s) is done using these steps.

e Calculate F(F) and invert to get E(F)

e Calculate Ag(F)



e Substitute in Ag(E(F)) to get Ag(F')

e Find critical values, F.,, to define piecewise function.
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We start with the definitions of the driving force and Ag for the £180° wells:

Ag+, FE

() = 9(E)ctmax) — 9(E) 4 (min)
Ag-+(E) = g(E)max) — 9(L)_ (min)
Py (B) = 9(E)t(min) — 9(E) (min)
Fo(BE) = g(E) (min) — 9(E) f (min) = —F-

where

1
g<E)i(min) = _EEQ FPE

We will start with Agy— (Fy_), and invert the F'(F) functions to get E(F).

By (E) = g<E)+(min) - g<E)7(min)

Py
B(Fy ) = 2P,

Substituting this value for F(Fy_) into the Agy(F) yields:

Agr () = 9(E)stmar) — 9(E) s (mi)

1

r 2
Mo (Fr) = g (T - )

Likewise, using the same steps AG_ 4 (F_ ) is found to be:

AG_(E(F_4)) = G<E)c(max)_G<E)*(min)

1 (F

2
AG(F4) = Al <T—AG0>

(4.33)

(4.34)

(4.35)

(4.36)
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The positive critical value, F,, is found by

Ag+—<+Fcr) = 0
F, = 4AG, (4.37)

and likewise, —F,, is found to be

Ag+7<_Fcr) = Fu
Fw = 4AGy (4.38)

The full piecewise function for Agy— (F—) is then shown to be

—F, for Iy < —4AGy
2
Mgy (Fi)= gk (57 —AG)  for —4AGo < Py < 4AGy
0 for F'y_ > 4AGy

The next section will calculate the function using the same method but will assume

two generic wells.

Case 2: Generic wells formulation for one dimensional energy landscape

The formulation starts with the generalized piecewise Gibbs energy as a function

of polarization for any two phases but maintaining only polarization as an order parameter.

These two phases are represented by convex parabolas and the barrier is represented by

a concave parabola between them. KEach parabola is only defined for particular values of

polarization.

e Consider three parabolas of the form:

— Go(P,E) = ao(P)? 4+ bo(P) + co — EP
— Go(P,E) = ao(P)? + b(P) + c. — EP

— Gﬁ(P, E) = CLB(P)Q =+ bﬁ(P) =+ cg — EP
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corresponding to the two phases Go(P, ) and Gg(P, E) as well as the concave
barrier G¢(P, E).
The extremum point (maximum for Gy (P, E) and G(P, F), and minimum for

Go(P, F)) are calculated to be

1
G<E)i(max/min) =C — E(E - b1)2 (439)

i
for any ¢« = «, 3, c.
Using the same idea as before, the derivation of Agys(Fhs) is done using these

steps.

e Calculate F(F) and invert to get E(F)
e Calculate Ag(F)
e Substitute in Ag(E(F)) to get Ag(F')

e Find critical values, F.,, to define piecewise function.

A full formulation can be found in Appendix A.2.2. Using the same definitions
from Eqns. 4.28-4.31, we get E(F,3) as

Fos(E) = G(E)amin) — G(E)a(min) (4.40)
F.s = AE*4+BE+C (4.41)
where
Ao — Qg
A = 4.42
( 4a5aa ( )
baa,@ - bﬁaa
B = (———F—— 4.43
( 2a5aa ) ( )
anb® — agh?
avg B8V
¢ = ——————+ca— 4.44
4agaq +c €5 ( )

which can be solved for £ using the quadratic equation to yield:

—B £ /B2 —1AC + 1AF,3

E<Fa): 24

(4.45)




Substituting this value for F into the AG,(F) yields:

AGQ<E<Fa5)) = G<E<Fa6))c(max) - G<E<Fa6))a(min)

AGa(E(Fop) = AB(Fag)? + BE(Fas) +C

where
~ Ae — Q
A — C (07
( da.an
é <bcaa — baa,
2004
~ b2 b2
c = — Gy — == —=
(ce —ca da. + 4aa)

which results in AG,(F,3) to be

(zB _ EA)

AGa<Fa,6’) = o <:F\/32 —4AC—|—4AFQ6> +
A )

ACa(Fag) = i Fas iK\/B — 4AC + 4AF 5 + L

where the constants K and L are defined as

AB — BA
K= 2A2

~ 2 A2
I = C_E_@Jrf‘i

The critical values are calculated as

—LA 2K243
FCTa6+ = = — )
A A
A
— <7L — 2K2A>
Ferqgg = =
(4-12

Analysis of different Ag,g(F,3) function cases

AP
A

+ L
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(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

The difference between the cases comes down to a difference in curvature of the

paraboloids. For our one dimensional model this comes from a difference in susceptibility
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of any two variants. For only £180° variant models, the curvature is the same because
the susceptibility of these two variants are the same. The 90° variant however, will not
necessarily have the same susceptibility as the +180° variants. Figures 4.13 and 4.12 show
the resulting functions for both cases. For the range of parameters used in our model,
these two curves are very similar. This shows that the first, and simpler, function is a good

approximation for our two dimensional model and retains the mathematical simplicity.

AG, |

AGy -F--------

|
i
1
]
]
1
1
|
1
|
|
1
I
]

0

F
'~ Driving Force (Fap) For+

Figure 4.12: The Agag(Fnsz) function for case 1 where both wells have the same curvatures.

AGy |

AGy -F--------

I
]
|

0 1

F
G Driving Force (Fep) Fers

Figure 4.13: The Agn3(Fap) function for case 2 where there is different curvatures.

4.2.4 Single crystal simulations

The simulations presented in this section for the single crystal model will focus on

rate dependence, creep, and the effect of an applied stress during electric loading. First,



127

simulations are shown for electro-mechanically coupled bulk piezoelectric material. Then
material response while coupled with a spring will be simulated. Figure 4.14 shows the
resulting hysteresis curves of polarization and strain vs. electric field under linear elec-

trical loading. Experimental data from a stack actuator made from PIC-151 shows the

polycrystalline response to the same electrical loading.
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Figure 4.14: Hysteresis curves for single crystal simulation with experimental data for pre-
poled +180 soft pzt stack actuator.

The rate dependence of the model is shown in Figure 4.15, which has the hysteresis
curves for electrical loading at two different rates. The model predicts the widening of the

hysteresis curves for both polarization and strain as the loading rate is increased.
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Figure 4.15: Single crystal simulation under electrical loading at different rates.

The effect of applying a mechanical stress to the model is shown in Figure 4.16.
The hysteresis curves for polarization and strain are affected by the addition of increased
stress as would be expected from the actual material which is shown in Bursce et. al.
(2004) [14]. As the stress is increased, the 90° orientation is stabilized, which causes earlier

switching into the 90° variant and retention of that orientation for a larger range of the

electric field.

Pol (C/m?2)

-15 -1 -05 15 -15 -1 -05

005
E (MV/m)

005
E (MV/m)
Figure 4.16: Single crystal simulations of hysteresis under constant mechanical stress.

The time dependence of the model is shown in the creep behavior in Figure 4.17.
Creep experimental data for polycrystalline material is plotted along with the simulations.

For single crystals, the bulk of switching occurs at a limited range of electric field values
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in the vicinity of the coercive field unlike the polycrystalline experiments where switching
occurs gradually over a larger range of the electric field. Since the model is single crystal,
the creep behavior is simulated where the electric field is held at the coercive field. The
creep produced by the single crystal simulation in Figure 4.17 is shown to roughly match the
creep behavior of the real piezoelectric actuator. The resulting magnitude of polarization
and strain for the single crystal simulation does not exactly match the experiments because

the experiments use polycrystalline material.

(a) (b)
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02 015 \
E S !
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0 Time (sec) 50 0 Time (sec) %0
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-0.5

0 10 20 30 40 50
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Figure 4.17: Time dependent creep behavior for polarization and strain at the coercive field.
Experiments and simulations

Figure 4.18 shows the hysteresis curves for the quasi-static spring-loaded model.
The varying applied stress caused by the spring provides for a sloped phase transition in
the hysteresis curves, which is notably different than the sharp hysteresis curves shown in

Figure 4.16.
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Figure 4.18: Hysteresis simulations for spring loaded actuator model. k = 3.0N/um, with

no pre-stress.

The effects of the spring-loaded actuator are further illustrated in Figure 4.19,
which shows the hysteresis loops with different values of the spring constant. Similar to the
effect of applying a constant stress, shown in Figure 4.16, the varying stress resulting from
the spring causes stabilization of the 90° orientation, which is dependent on the stress and
therefore dependent on the strain. The triangular shape of the butterfly curve illustrates

this effect, which is amplified when the spring stiffness k is increased.
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Figure 4.19: Hysteresis simulations for spring loaded actuator model with varying spring

constant.

The stack actuator operates in an inner hysteresis loop, where repoling does not
take place. This is simulated in Figure 4.20, where the electric field is reversed just before the
coercive field value within the typical operating range of commercially available actuators.
The addition of the spring load stabilizes the 90° variant and allows for earlier switching
creating hysteresis loops that will allow for a controllable strain during phase transitions.
In the absence of the spring, the actuator operates without switching and undergoes only

piezoelectric effects resulting in a very short stroke. The addition of the spring results in a

longer stroke.
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Figure 4.20: Hysteresis simulations with varying spring stiffness for spring loaded actuator
electrically loaded within -0.4kV/mm to 1.5kV/mm operating range.

This stress induced phenomenon is also found by Woody et al. (2005) [86] who
conducted experiments on a single crystals PZT actuator under varying pre-stress and
varying spring stiffness. They found that the increase of the pre-stress on the actuator
results in a larger hysteresis and stroke for the same electrical loading. Figure 4.21 shows
the a plot of the experiments conducted by Woody et al (2005) [86] along with our single
crystal simulations for varying spring stiffness that have been normalized. The comparison
shows the ability of our model to predict the effects of spring loading on an actuator.

Experiments (a) Simulations (b)
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Figure 4.21: Inner loop hysteresis experiments (a) and simulations (b) for spring loaded
piezoelectric actuator. Experiments conducted by Woody et al 2005 [86].

This first implementation demonstrated the feasibility of the concept by success-
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fully coupling electrical loading and mechanical loading with rate-dependent behavior. The
next section will develop a polycrystalline version for the electro-mechanically coupled

model.

4.3 Extension of the Model to Polycrystalline Materials

In the previous sections, we introduce the basic structure for modeling perfect
single crystal behavior. Realistic actuators however are neither homogeneous nor are they
single crystals. Rather they exhibit inhomogeneities due to lattice imperfections, impurities,
grain boundaries, etc., which lead to variations in the energy barriers, depending on the
location of the domain under consideration. These inhomogeneities can be attributed to two
types of mechanisms that need to be accounted for when describing polycrystalline material.
The first mechanism results from interactions between different grain boundaries as well as
for lattice faults and impurities within a single grain. These effects impact the energy barrier
separating two phases from one another. In the single crystal model, the mesoscopic lattice
particles all "see" the same energy barrier dictated by the Agg parameter, but now for the
polycrystalline model, we assume that each lattice particle can potentially have a barrier of
its own. Figure 4.22 shows the different energy barriers where a small barrier corresponds
to a thin hysteresis curve and a large barrier wide hysteresis curves as shown in Figure 4.23.
The second mechanism, resulting from differently oriented grains along with an interaction
between adjacent transforming particles, causes a particular lattice particle to not only see
the externally applied loads, but also internal interaction fields and stresses. This leads
to the concept of effective loads, shown in Eq. 4.57 & 4.58, similar to the effective stress
proposed by Heintze & Seelecke (2008) [29] for polycrystalline SMA modeling. In addition to
different barriers, lattice particles may thus also see differently distorted energy landscapes,
biasing the resulting barriers in one direction, as shown in Figure 4.24 which effects the

hysteresis curves as shown in Figure 4.25.

Eeff = Eapp + Bint (457)

Ocff — Oapp + Oint (458)
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Figure 4.22: Illistration of different energy barriers.
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Figure 4.23: Effect of different barrier heights on single crystal hysteresis curves.



135

10

Gibbs Energy
N £ [} [e-]

-0.1 0 0.1 0.2 0.3 0.4
Polarization

Figure 4.24: Illustration of effect of inernal electric fields on Gibbs energy landscape.

0.3

0.2

0.1

Polarization(C/m”2)

-0.1

Srain(%)

‘-f;---.

-0.2

h--------.

-0.3

0.4 5
1.5 -1 -0.5 0 05 1 15 15 Kl
Efield(kV/mm)

Figure 4.25: Effect of internal electric fields on single crystal hysteresis curves.

4.3.1 Distribution of Energy Barriers and Effective Electric Fields

Early polycrystalline approaches, outlined in [79], take these variations into ac-
count by introducing a distribution in the energy barriers as well as a distribution in the
effective electric fields. For our electro-mechanically coupled model, the variations can be
attributed to three parameters shown in Table 4.1 which need to be distributed.

The numerical implementation found in [79] for distributing parameters normally

uses a Gaussian quadrature method which solves a set of single crystal ODEs at each
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Table 4.1: Distributed parameters

Parameter Effect
Ago Variation in barrier height
Eint Variation of internal electric fields
Tint Variation of internal stresses

of the abscissae points, so that the number of Gauss points determines the size of the
system. Obtaining a smooth hysteresis curve thus requires the solution of a large number of
ODEs, which severely reduces the computational speed. To reduce this computational cost,
[29] implement the distribution into the ODE by parametrizing the process of the phase
transition. Instead of calculating many domains simultaneously, a representative domain is
considered, which is most likely to transform next at a given value of the phase fraction and
the prescribed electric field. Using the same concept, we extend these ideas to our electro-
mechanically coupled model by relating the distribution of electric fields and stresses to an

effective driving force parameter.

4.3.2 Parametrization Method

In this section, based on the homogenized energy model, an alternative computa-
tionally efficient method called parameterization method is developed. First, we introduce
the concept of the parameterization method, which is For our electromechanically cou-
pled model the effective critical driving force, Fcerf f , wWill be parameterized similar to the
process presented by Zhong et al. (2003) [91] and adapted by QiFu Li (2006) [58] which
parameterizes the coercive field F. as a function of phase fraction = for piezoelectrics.

It follows from the introduction of effective loads that the driving force will now
be a function of these rather than just the applied fields. Substituting the effective loads
from Eqgs. 4.57 & 4.58 into Eqs. 4.24 & 4.18 yields

FST = Fap(Begy, 0etf) = g (Feg s, 0ess) (4.59)

= %n(Bep 0eps) — Goin(Beps, Oeps)
= Fa6<Eapp7 Uapp) + Fa,6’<Eint7 Umt) + Fo

where Fo is a coupling term that is very small compared to the other terms and
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will therefor be neglected?. The driving force now contains two terms, one from the applied

fields, and one from the internal fields.

Fr =P 4 i (4.60)

This combines the two internal parameters that we wanted to distribute, F,; and
Oint, into a single parameter /' ;%t As described in the single-crystal model above, transitions
occur when the barrier between two wells is eliminated as shown in Figure 4.9. We describe
Ag to be a function of the driving force F},3 by equation 4.25, which is now a function of
both the applied and internal loads using equations 4.57 & 4.58 . We also introduced a
critical driving force, denoted F,, that corresponds to the elimination of the barrier where
Ag = 0. Therefor, the onset of switching occurs when a single crystal’s driving force is
equal to this critical driving force. Rewriting the condition from Eq. 4.25 for Ag, = 0 in

terms of our new variables results in the polycrystalline condition

Ir
10

Fil + B = 4Ago

v

1Ago (4.61)

which contains the two parameters left that we want to distribute, namely F ;%t
and Agg. These can be further combined through the critical driving force, f,., which

results directly from this condition as

Fop =40go — FUY (4.62)

The parametrized method only works when the distributed parameters can be
extracted from experimental data in order to be explicitly written in terms of the phase
fraction. Unfortunately neither F ;%t nor Agp can be extracted directly from experimental
data. However, F_. can be extracted from experiments because it is directly related to
the coercive electric field and coercive stress, both of which can be determined from very
slow experimental curves where the material is considered to be in quasi-static equilibrium.
Under very slow conditions, the applied electric field and applied stress can be approximately
equal to the coercive electric field and coercive stress respectfully. For simplicity, we will

start by considering only an actuator loading range where repoling does not take place

2See Appendix for complete formulation and explination.
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(0 — 1.5kV/mm). This allows us to limit our transitions to switching between 4180 and 90
phases only and reduces the system to two phase fractions. Using very slow experimental
data where polarization, strain, electric field, and stress is measured simultaneously, we can

calculate the critical driving force using the measured values of electric field and stress

Fcr = F<Emeasured7 Umeasured) (463)

Using the identity zgo = 1 — z;, we can invert Eq. 4.16 and Eq. 4.17 to get the

phase fraction x4 as a function of either the measured polarization or the measured strain

Pmeasured - PQO

x+<Pmeasured) - P Pgo (4.64)
. —

x+<5mea5ured) = Eme:surede;) 6_90 (465)
4=

where Pyg, Py, €90, and £ are calculated from the model Egs. 4.16 & 4.17
and using the measured electric field and measured stress. Figure 4.26 shows the resulting
F.r(z4) function using Eq. 4.65 taken from experimental data with a spring loaded actuator

where k = 2.7N/pm, pre-stress = 4AMPa, and with electrical loading rate of .05kV/mm/ sec.

x 10° x vs Fer

Load
ot >~ — — —UnLoad|

0.85 0.9 0.95 1

Phase fraction X, 180

Figure 4.26: F.(z4) function
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Other curves could also be used for the calibration curve. If the model is perfect,
and no measurement errors exist between the collected data, then the calibration of the
phase fraction taken from the polarization, should predict the strain curves. Unfortunately,
this model is not perfect, nor is the measurements perfect. This causes some differences
when predicting the polarization or strain curves with respect to the others calibration.
Also, a new calibration curve would need to be taken for systems with different spring
stiffnesses because the critical driving force curve would result from completely different
values of force. A look up table is then created between Eq. 4.63 and either Eq. 4.64 or
Eq. 4.65 which produces a one to one correspondence between F,. and x for both the
loading path and the unloading path. The F,,(xy) look up table is then incorporated into
the model’s code . The resulting simulated polycrystalline hysteresis curves are shown in

Figures 4.27 & 4.28
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Figure 4.27: Polarization vs. electric field hysteresis, polycrystalline simulation and
experiments
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Strain Hysteresis Curve
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Figure 4.28: Strain vs. electric field hysteresis, polycrystalline simulation and experiments

Since the polarization is not as effected by the mechanical stress, we will focus on
simulating the displacement curves for various spring loaded conditions. The low frequency,
.05kV/mm, low pre-stress, 4M Pa, displacement data is used to calibrate these curves.
Figure 4.29 shows the displacement hysteresis curves for two different loading rates for
experiments (a) and simulations (b). The model is capable of predicting the shortening of

the hysteresis stroke for faster loading rates.
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Figure 4.29: Actuator range displacement hysteresis loops at .05kV/mm/sec and
5kV/mm/sec for spring loading of k = 2.7N/um, pre-stress = 8M Pa, Experiments (a)
and Simulations (b)

Figure 4.30 shows the displacement hysteresis curves for spring loaded actuator
with k = 2.7N/pum and a loading rate of .05Kv/mm/sec. Different pre-stresses are shown
for experiments (a) and simulations (b). The model is capable of predicting the increase
in displacement stroke for higher pre-stress values. The model is calibrated at the low
pre-stress value. An increase in pre-stress adds an additional biased force to the system.
This is introduced into the model as an addition to the critical driving force. A simple

linear mapping adjusts the calibration curve to account for the additional pre-stress.
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Figure 4.30: Actuator range displacement hysteresis loops loaded at .05kV/mm/sec for
spring loading of k = 2.7N/um, and pre-stress = 4M Pa, 8M Pa, and 16 M Pa. Experiments
(a) and Simulations (b)

Figure 4.31 shows the first order minor loop displacement hysteresis curves for
spring loaded actuator with k = 2.7N/um and a loading rate of .05Kv/mm/sec for exper-
iments (a) and simulations (b). The model is shown to predict the minor loop reversals

observed in the experiments.
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Figure 4.31: Actuator range first order minor loop displacement hysteresis curves loaded at
.05kV /mm/sec for spring loading of k = 2.7N/um, and pre-stress = 8M Pa. Experiments
(a) and Simulations (b)
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4.4 Conclusions

The section introduced an implementation of an energy-based model for the sim-
ulation of single-crystal piezoceramic materials. The model reproduces the outer hysteresis
loops typically observed in these materials correctly. The effect of varying electric loading
rate is captured as well as creep behavior and the effects of an applied stress. For the
actual stage, the applied stress is proportional to the spring force. This motivated us to
couple the model with a spring, which was then simulated under quasi-static conditions
revealing the effects of a varying compressive stress. The addition of the spring caused the
phase transitions to be more gradual, which is beneficial for control applications. A first
step towards adapting the model to polycrystalline material is also presented which showed
good agreement with experimental results.

This first implementation demonstrated the feasibility of the concept by success-
fully coupling electrical loading and mechanical loading with rate-dependent behavior. The
polycrystalline adaptation is shown to predict the rate dependence, effect of pre-stress, and
minor loop hysteresis for a spring loaded actuator. Future work will focus on further im-
proving polycrystalline behavior for a better simulation of outer and inner hysteresis loops.
The stage dynamics from Eq. 4.3 also need to be identified through future experiments. The
last phases of work will involve the implementation of real-time control concepts recently

developed by the authors [[73], [71]|for shape memory alloys to the actual translation stage.



144

Polarization

urens

= N
S TTrErmImmaiiRRn
N X
=|I),mRY
S SO AAALEE R -
TR, -

&
N
N\
Sty
S

Polarization

a)

(

Figure 4.5: Helmholtz energy (P, e). (a) surface plot; (b) contour plot
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Chapter 5

Conclusions

5.1 Experiments

Experimental results where presented for piezoelectric actuators under different
loading conditions including different spring stiffness, different pre-stress levels, different
loading rates for various loading ranges and various loading paths. From these experiments,

we have observed that
1. Increasing the pre-stress on the actuator will increase the overall stroke of the actuator.

2. Increasing the loading rate decreases the overall stroke of the material due to delayed

crystal reorientation process.

3. Increasing the pre-stress stabilizes the 90° orientation and causes more and faster
switching into the 90° orientation and less and slower switching out. This causes a
decrease in the rate-effects by speeding up the reorientation process for 180° to 90°
transformations and stopping some of the slow transformations (90° to £180°) from

occurring at all.

4. Reversals that occur when the majority of the crystalline domains are oriented in the
90 ° phase show a slower reorientation process than for reversals that occur when the

majority of the crystalline domains are oriented at £180° .

5. Strain and Polarization have different creep behavior at different held electric field
values, and the creep effect increases as the concentration of crystalline in the 90°

phase orientation increases.
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6. An increase in pre-stress will decrease the amount of creep that will occur.

7. Rate dependence is shown to be more significant and observable for electric loading
paths that reverse when 90° reorientations of the domains are occurring, suggesting
that the 90 ° reorientation of domains is a slower process than the +180 ° reorientation

of domains.

5.2 Modeling

This first implementation demonstrated the feasibility of the concept by success-
fully coupling electrical loading and mechanical loading with rate-dependent behavior. The
polycrystalline adaptation is shown to predict the rate dependence, effect of pre-stress, and

minor loop hysteresis for a spring loaded actuator.

5.3 Future Work

Future work will focus on further improving polycrystalline behavior for a better
simulation of outer and inner hysteresis loops. The stage dynamics also need to be identified
through future experiments. The last phases of work will involve the implementation of real-
time control concepts recently developed by the authors [[73], [71]]for shape memory alloys

to the actual translation stage.
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A

Derivations

A.1 Derivation for small thermal activation

Start with the general transition probability formulation where o = f(Vje, k, T') is
a constant that represents the relative thermal energy. For small thermal activation the
limit is taken for o — 0.

o e*Oég(E,O',Pb,Eb)
pa,@ = T_ e (A 1)
x

I fefag(E,a,P,s)d Pds

70&!](E,0',Pb,€b)
limpas = lim-——° (A.2)

a—0 a—0T7T, £ €
f fe*ag(EyUyP:E)dee

As o — 0, the e~ 9(F:0:P€) nrobability function term in the integral in the denom-
inator becomes concentrated around its mean location. Its mean location is at the values
of polarization and strain at minimum of the Gibbs energy function. The integral term
now converges to the value at the minimum, yielding:

P e
lim //6ag(E’U’P’€)de€ — ¢~ 9(E,0,Pmin,Smin) (A.3)

a—0

since g(F, 0, Pnin, €min) = ¢min 18 the gibbs energy at the minimum, and g(F, o, B, ) is
the gibbs energy at the barrier, the transition probability becomes


ayork
Stamp
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o e*Oég(E,O',Pb,Eb)

Ii = — A4
ali}I(l)paﬁ T:C efo‘g(Eyo'ypminysmin) ( )

o efo‘gbarrier

« 1

paﬁ - T_CC eo‘gbarrierfo‘gmin (A6)
[0 g

Pag = T_e a(gbarrier—9min) (A?)
€T
[0

Pag = —¢ Ag) (A.8)
€T

where Ag = Gparrier — Gmin

A.2 Derivation of Ag.s(Fap)

The derivation of Agyg(Fhg) is done using these steps.

Calculate F(F) and invert to get FE(F)

Calculate Ag(F)

Substitute in Ag(E(F)) to get Ag(F)

Find critical values, I,, to define piecewise function.

A.2.1 Casel

We start with the definitions of the driving force and Ag for the £180° wells:

Ag+* (E) = g<E)c(max) g<E)+(m1n) (AQ)
Ag,+<E) = g<E)C(max) g<E)f(min) (AlO)
F+* (E) = g<E)+(m1n) g<E)f(min) (All)
F*+<E) g<E)7(min) g<E)+(m1n) =l (A12)
where
_ xP} —2AGy, .,
9(E) e(max) = AGo + T BAG (E) (A.13)
1
g<E)i(min) = _ﬂEQ + P+E (A14)

We will start with Ag;_ (Fy_), and invert the F'(F) functions to get E(F).
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F+*<E) = g<E)+(min)_g<E)f(min)

1 1
= ——F?—P,E— (—2—E2 + P\ E)
X

2x
F+, - —2P+E
—F,_
B(F, ) T (A.15)

Substituting this value for F(Fy_) into the Agy(F) yields:

Agi (B(F-) = 9(E) ) — 9(E) s (mim)

x P} — 2AG) , 1 )
= AGy+>+ " (B(F,_ — B(Fy_)?+ P E(F,_
0+ 4XAGO<<+))+2X<+)++<+)
_ (P} —28Co) 1B P2y
= AGp+ 5 + 3
16xAGo Py 8x Py 2
P? —2AGy) F? 2AGoF? _
= AG0+(X+ 0)2 = 4 0+72_F+
16XAGOP+ 16AGOXP+ 2
F2_ Fy_
= Aot aG, T 2
1
Dgi-(Fr) = facn (Fi, —8AGHF, +16 (AG0)2>
1
Agi (Fy-) = T6AC, (Fy— —4AGy)”
1 [F,_ 2
Agy (F, ) = A <—j1 - AG0> (A.16)

Likewise, using the same steps AG_ 4 (F_ ) is found to be:

AG_(E(F_4)) = G<E)c(max)_G<E)*(min)

AG . (F _ ! E—AG i AT
+<*+)‘AG0 1 0 (A.17)

The positive critical value, F,, is found by



Agi(+Fy) = 0

Ag, (+F.,) = Fu, —4AG)? =0
g9+ <+ ) 16AGO ( 0)
2 F,
AG T T =0
Ot I6AG, 2

F2 —8AGoFy +16(AGo)? = 0

8AGo = \/82AGE — 4% 16 (AG))?

Fcr =
F., = 4AGy

2

and likewise, —F,, is found to be

Ag+7<_Fcr) = Fu
Py 4AGy

The full piecewise function for Agy_ (F}_) is then shown to be

—F, for Iy < —4AGy
2
Agi(Fio)= xb <% . AG0> for —4AGy < Fy_ < 4AGq
0 for F'y_ > 4AGy

A.2.2 Case 2
e Consider three parabolas of the form:
— Go(P, E) = an(P)? + bo(P) + co — EP

— Go(P,E) = ac(P)2 +b.(P) +c. — EP
— G3(P,E) = ag(P)? + bg(P) +cs — EP
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(A.18)

(A.19)

corresponding to the two phases Go(P, ) and Gg(P, E) as well as the concave

barrier G.(P, E).

The extremum point (maximum for Go(P, F) and G3(P, F), and minimum for

Go(P, F)) are calculated to be

— 1 2
G<E)i(max/min) =G — da; (E - bz)

for any ¢« = «, 3, c.
Using the same definitions from Eqns. 4.28-4.31, we get E(Fyz) as

(A.20)
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FOéﬁ(E) = G<E)a(min) - G<E),6’(min) (A21)
1 1
= co— (B =ba)® —cg+ —(E — bg)? A.22
Co = B = ba)” =3+ (B = bg) (A.22)
1 1 b b b2 b2
Fa = - E2 e _6 B B _ @ o — A .23
s <4a5 4aa) + <2aa 2a5) + dag  4dag R ( )

which can be simplified by grouping the constants together to create new constants as such:

An — a,g
A = A.24
G (A.24)
b —b
B — (M (A.25)
2aga4
aab% — agh?
¢ = ———— — A.26
dagaq +ea—cs ( )
which yields the simplified formula:
Fos=AE?> + BE+C (A.27)
or
AE? + BE+C —Fo,5=0 (A.28)
which can be solved for £ using the quadratic equation to yield:
—B + /B2 —4AC + 4AF,
B(Fas) = v T2 ap (A.29)
2A
Substituting this value for F into the AG4(F) yields:
AGO& <E<Fa,6)) = G<E<Fa6))c(max) - G<E<Fa6))a(mm) (A?)O)
1 1
= ¢ — 4aC(E(Fa6) —be)? —ca+ m(E(FM) —ba)?  (A31)
Qe — Qq 9 beto — baac
AGL(E(F, = E(F, —  E(F, A.32
o(B(Fas)) = (S B(Fag)? + (25— ) B(Fy) (A32)
b2 b2
—Co— — + 2 A.33
+ (Cc Co 1a, + 4aa) ( )

which can again be reduced by introducing new constants to replace groups of old constants
defined by:

~ A — Q,

A = (=—= A.34
( lavan (A.34)

~ bean — boae

B e e A.35
( s (A.35)

O = (e Yoy tay (A.36)

da.  4da,
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which results in:

AGo(B(Fag)) = AE(Fag)? + BE(Fag) + C (A.37)
which results in AG4(F,3) to be

(zB - EA)

AGalFup) = ~—5m—2 <¢\/B2 —4AC + 4AFa5> + % + L (A38)
AGa(Fng) = %Faﬁ & K\ B2 — 4AC + 14Fp5 + L (A.39)

where the constants K and L are defined as
K — % (A.40)
L - ¢_AC_BB  AB? (A.41)

A.3 Effective driving force formulation

Distributing internal electric fields and internal stresses by adding an FEj,; and
Oint -

F(E + Eint, 0 4 Gint)4+180-90
= Gmin(E + Eint, 0 + Oint)120+ — Jmin(E + Eing, 0 + Tint)oo
1 —(E + Eint)*Y180 — 21200 + 0int) (B + Eint) — X120(0 + Tint)?
2 (X180Y180 - N%so)
oo = (E 4 Eing) Pigo — €180(0 + Cint)
1 (E + Eint)?Yo0 + Xo0(0 + Tint)?
2 (X90Y00)
1 —(B? + 2B Fint + E},1)Yi80 — 211180(0 E + 0 Bint + EGint + Gint Bint)
(X180Y180 — i3g0)
_ Ixigo(0® + 2000 + 07,4)
T2 (x120Y180 — ft3x0)
. — (E + Eint) Pigo — €180(0 + 0int)
n 1(E? 4+ 2EEBjn + E},) Yoo + Xo0(0” 4 200int + 03,;)
2 (X90Y90)
= F(F,0)1180-90 + F(Eint, Oint)+180—90
—EEBint Y180 — ft180(0 Eint + E0int) — X120(0Tint)
(X120Y180 — 11330)
(EEint)Yo0 + X90(00int)
(X90Y90)

— 690(0 + Umt)

— 590(0 + Umt)
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This makes the F (J/C 18090 oupling term to be

180590 _ —E Eint Y180 — i180(0 Bint + Eoint) — X180(00int)
“ (X120Y180 — 11330)
n (EEint)Yo0 + Xoo(00Tint)
(XQOYZ)O)

For —180 — 90 :

F(E + Eint, 0 + 0int)—180—90
= 9min(E + Bint, 0 + Tint)180- — gmin(F + Eint, 0 + Tint)oo
1 —(B + Eint)*Y1s0 + 241120(0 + int) (B + Eint) — X180(0 + Tint)?
2 (X120Y180 — 11330)
oo + (E + Eing) Pigo — €180(0 + Cint)
1 (E 4 Eint)*Yoo + Xoo(0 + Tint)?

-t — ego(0 + 0
2 (XQOYZ)O) 90( 'mt)
_ 1 —(E? + 2B B + B} ) Yiso + 2180(0 B + 0 Eint + EGint + Oint Bint)
2 (X120Y180 — 1250)

1 x180(0” + 2004 + 034)
2 (X180Y180 - N%so)
o + (B + Eint) Pigo — €180(0 + 0int) — €90(0 + Oint)
4 1 <E2 +2EE; + E,?nt)YZ)O + X90<0'2 + 200 + U'ZQnt)
2 (X90Y00)
= F(F,0)_180-90 + F(Eint, Oint)—180—90
—EEintYig0 + 1120(0 Eint + E0int) — X180(00int)
(X1s0Y120 — 11350)
(E Eint) Yoo + Xo0(00int)
(X90Y90)

ot

This makes the F, 18090 oupling term to be

—EEpn:Y180 — f180(0 Eint + Eoint) — X180(00int)  (EEint) Yoo + Xoo(00int)
(X120Y180 — f1330) (X90Y90)

—180—90
FC

To illustrate the contribution the Fj,; and I have to the effective driving force
If we plot F, for +180 — 90 vs Fj,; for high levels of Ejp: and ot (at low levels, both Fjy
and F are very small) to get Figure A.1 which shows Fj,; to be on the order of 4.5¢5, and
Fo on the order of 1e4. Fi is then determined to be a negligible contribution to the Fer;.



Figure A.1: Fe

Driving Force (J/ms)
N

x 10

VS

2
Efield V/m) 0

Fint for high levels of internal e-field and stress.
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