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Figure 3.39: Spring loaded experiments at different pre-stresses and different loading rates.(a) Electric field vs time, (b-e) Displacement vs. electric field hysteresis curves with minorloops of the first kind. (Actuator Model AE0505D08)



733.2.3 Creep PhenomenonWhen the electric field is held constant, or turned off, creep behavior is observedas the polarization and strain continues to change. This behavior results from delayeddomain switching. Figure 3.40 shows the applied electric field (a), the polarization (b)and the strain (c) vs time. From this time resolved plot, the switching process is revealed.The electric field starts at +1.5kV/mm, the +180◦ poled saturation point, and is unloadedand held at varying magnitudes of the electric field for 15 sec. and then loaded back to+1.5kV/mm and held there for 5 sec. Each cycle has an increased change in electric fieldand reveals different aspects of the switching process.
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74represent electric field magnitudes that cause quick switching from +180◦ to 90◦ and thenslow switching from 90◦ to -180◦ resulting in a high amount of creep during the hold.The last set of cycles, 12-16, represent electric field magnitudes that cause quick switchingfrom +180◦ to 90◦ and are also strong enough to cause quick switching from 90◦ to -180◦represented by the long sharp minimum in the strain before the hold resulting in little creepduring the hold. These observations are only possible by looking at the strain curves wherethe multi-step switching process is shown.Figure 3.41 shows similar time resolved behavior as 3.40 using the same holdingvalues for the electric field but with a spring loaded actuator with k = 2.7N/µm and apre-stress of 10.6MPa. The amount of hold time for observing the creep is the same forboth experiments, but the spring loaded curves hold the electric field at the high 1.5kV/mmfor a slightly longer time due to some programming constraints on the FPGA board. Tocompare the two responses a pre-stress level is chosen that is as high as the actuator couldtolerate without showing significant breakdown resulting in flawed data. Figure 3.42 showsthe resulting hysteresis curves. The high spring loaded response shows very similar creepbehavior to the non-spring loaded response. Both show that the highest creep occurs forthe same values of electric field but the amount of creep that occurs is slightly different. Thenon-spring loaded experiments show true creep in that there is no change in any loadingduring the holding process, while the spring loaded actuators will see a change in mechanicalloading as they creep due to the spring coupling. As the strain creeps, the stress appliedto the actuator also changes and thus will influence the response.
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Figure 3.42: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 10.6MPa, showingcreep behavior.



77Table 3.10: Range of creep observed for various hold points.Hold # Efield (kV/mm) Disp. Range (µm) Pol. Range (C/m2)−11 .5 .17 .0152 .0 .35 .053 -.3 .7 .184 -.35 .65 .255 -.38 .6 .356 -.4 .4 .457 -.42 .19 .608 -.44 .6 .759 -.46 1.3 .9010 -.48 1.85 .9511 -.5 2.2 .9012 -.55 2 .5513 -.65 1.3 .3014 -.8 .7 .1815 -1 .9 .2216 -1.5 .35 .06
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Figure 3.43: Range of displacement and polarization change for held creep curves at variouselectric field levels shown in Table 3.10.



78Table 3.10 gives the range of creep that occurs for displacement and polarizationfor each of the hold points. Figure 3.43 shows a graph of those ranges. The values aretaken by looking at the difference in displacement and polarization values at the start of thehold and at the end of the hold. Starting from a high electric field and moving downward,the displacement shows an increasing amount of creep and then a decrease before a largeincrease. The decrease around -.4 kV/mm does not show up in the polarization curve.This decrease is actual misleading and a result of the symmetry present in the butterflyhysteresis curve as in Figure 3.42. Switching that occurs around −.45kV/mm are a resultof both switching from +180 ◦ to 90 ◦ and 90 ◦ to −180 ◦ . The first switching, from +180 ◦to 90 ◦ , cause the displacement to increase, but the second, from 90 ◦ to −180 ◦, causethe displacement to decrease. When the combination occurs they will cancel each otherout and the amount of creep will appear less, even though a larger amount of switching isoccurring. This effect is not seen in the polarization graph which shows a more accuratemeasure of the amount of switching that occurs since switching from +180 ◦ to 90 ◦ and 90 ◦to −180 ◦ will both show the polarization changing in the same direction.There is another hump in the graphs in Figure 3.43 around −1.0kV/mm whichshows an increase in switching. This is where the 90 ◦ to−180 ◦ switching coercive field valueis located. It was clear that the +180 ◦ to 90 ◦ coercive value was around −.5kV/mm asevident by the increase in switching that occurs around that area. This value also revealeditself earlier in the full loading range hysteresis plots shown in Figures 3.14 through 3.16.For the low pre-stress levels, or no-stress curves, there is a little hump around ±1.0kV/mm.When the pre-stress is increased to 16MPa this hump disappears. This is a result of thestabilization of the 90 ◦ orientation. At low stress levels, the consecutive +180 ◦ to 90 ◦ and90 ◦ to −180 ◦ switching occurs, but when higher stresses are added, the 90 ◦ orientationis stabilized and less 90 ◦ to −180 ◦ switching occurs. This removes the hump around±1.0kV/mm as can be seen in Figure 3.16. To better understand the influence of stress, acomparison of the creep behavior of different spring loaded actuators for different pre-stresslevels is conducted next.As shown from Figure 3.43, the majority of the creep occurs for holding the electricfield constant at a limited range centered around −.4kV/mm to−.55kV/mm. In order tobetter see and understand this phenomenon, we will focus on observing the creep withinthis range for various spring stiffness and various spring pre-stresses. It is important tonote that this range is outside the actuator or extended actuator range and therefor the



79magnitude of the effects observed would be expected to decrease when operating only in therecommended actuator range. The holding points for the electric field are chosen to be 0,−.45, −.5, −.55, −.8, and −1.5 kV/mm. Figures 3.44 through 3.47 show the time resolvedand hysteresis curves for creep for k = 5.9N/µm and pre-stresses of 2MPa and 8Mpa witha loading rate of 1kV/mm/sec. Figures 3.48 through 3.53 show the time resolved andhysteresis curves for creep for k = 2.7N/µm and pre-stresses of 4MPa, 8Mpa, and 16MPawith a loading rate of 1kV/mm/sec. Figures 3.54 through 3.59 show the time resolved andhysteresis curves for creep for k = 2.7N/µm and pre-stresses of 4MPa, 8Mpa, and 16MPawith a loading rate of 10kV/mm/sec.
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Figure 3.44: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 0.1kV/mm/sec. The pring stiffness is 5.9N/um and the pre-stress is 2Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.45: Actuator hysteresis curves for k = 5.9N/µm, pre-stress = 2MPa, showingcreep behavior.
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Figure 3.46: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 0.1kV/mm/sec. The pring stiffness is 5.9N/um and the pre-stress is 8Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.47: Actuator hysteresis curves for k = 5.9N/µm, pre-stress = 8MPa, showingcreep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.48: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 0.1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 4Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.49: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 4MPa, showingcreep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.50: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 0.1kV/mm/sec. The spring stiffness is 2.7N/um and the pre-stress is 8Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.51: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 8MPa, showingcreep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.52: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 0.1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 16Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.53: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 16MPa, showingcreep behavior when electric field is loaded at .1kV/mm/sec.
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Figure 3.54: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 4Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.55: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 4MPa, showingcreep behavior when electric field is loaded at 1kV/mm/sec.
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Figure 3.56: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 8Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.57: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 8MPa, showingcreep behavior when electric field is loaded at 1kV/mm/sec.
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Figure 3.58: Polarization and displacement vs. time for observation of creep behavior at aloading rate of 1kV/mm/sec. The pring stiffness is 2.7N/um and the pre-stress is 16Mpa.(a) The applied electric field. (b) Polarization vs. time. (c) Disp vs. time. (Actuator ModelNEC)
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Figure 3.59: Actuator hysteresis curves for k = 2.7N/µm, pre-stress = 16MPa, showingcreep behavior when electric field is loaded at 1kV/mm/sec.The higher loading rate creep curves show the most amount of creep as expecteddue to the delayed switching process. The range of displacement and polarization changefor the various hold positions in Figures 3.54-3.59 are shown in Tables 3.11 and 3.12. Figure3.60 shows the plot of those tables. Figure 3.60 shows that for +180 ◦ to 90 ◦ switchingoccurring predominantly around −.5kV/mm an increase in pre-stress causes an decrease increep for both polarization and displacement indicating less +180 ◦ to 90 ◦ switching duringthe hold. The increase in pre-stress however has the opposite effect on 90 ◦ to −180 ◦switching indicated by the increase in creep occurring after −.55kV/mm. When the pre-stress is increased, the 90 ◦ orientation is further stabilized resulting in faster switchinginto the 90 ◦ orientation and slower switching out of it. This explains the decrease in creep



95resulting from +180 ◦ to 90 ◦ and the increase in creep from 90 ◦ to −180 ◦ switching. Creepresults from the delayed switching, so if if the rate at which it occurs increases, then thereis less delay and thus less creep.Table 3.11: Displacement change during creep for various pre-stressesEfield (kV/mm) 0 -.45 -.5 -.55 -.8 -1.5σpre = 4MPa .6 1.96 4 4.6 1.12 .57σpre = 8MPa .7 1.8 3.5 4 1.2 .66σpre = 16MPa .75 1.6 3 3.3 1.6 .8Table 3.12: Polarization change during creep for various pre-stressesEfield (kV/mm) 0 -.45 -.5 -.55 -.8 -1.5σpre = 4MPa .008 .160 .190 .160 .035 .012σpre = 8MPa .009 .160 .170 .130 .035 .009σpre = 16MPa .009 .150 .135 .13 .035 .013
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2 )Figure 3.60: Range of displacement and polarization change for held creep curves at variouselectric field levels shown in Tables 3.11 and 3.123.3 Nano-Positioning StageThis section contains the results and discussion of an experimental investigationof the MCL OP-30 translation stage shown in Figure 3.1. The investigation serves two



96purposes. First it provides us with a full system with which we can explore the rate-dependent behavior of piezoelectric actuated systems. The goal is to observe to what extentthe phenomenon found in the previous experiments is found in fully designed piezoelectricactuated systems. Second, it will be the validation system for future control efforts. Theexperiments conducted will gather parameter information and will be used for comparisonwith future simulations. The closed system hardware for the stage did not allow forpolarization measurements during this investigation. Since the exact specifications of theactuator are not known to us, the results are presented differently than the previous sections.The layer thickness of the active material in the actuator is not known, so the electric fieldcan not be calculated from the voltage, thus the applied voltage is used for hysteresis plots.For conversion purposes, the NEC actuator had a layer of 100 micron resulting in 100 Volts= 1kV/mm electric field. The stage has a stiffness of 3N/µm and the actuator is pre-stressed to an unknown amount. The actuator is 3cm long which is 3 times larger than theNEC AE0505D08 actuator and produces significantly more stroke. The stage electronicslimits our electrical loading to a range of 0 to 150V . The time resolved displacementresponse of this range is shown in Figure 3.61, and the corresponding hysteresis curve isshown in 3.62. For this loading range the stage has a maximum displacement of 41.44µm.
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Figure 3.61: Applied Voltage vs. Time and Displacement vs. Time for linear loading rateof 5 V/s.
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Figure 3.62: Hysteresis curve of Displacement vs. Applied Voltage.First order minor loops are produced by starting at the fully +180 ◦ polarity, at avoltage of +150 V . The voltage is unloaded at a constant linear rate toward the reversalpoint. When the reversal point, corresponding to a set voltage value, is reached the electricfield is reversed (loading) with the same constant linear rate. When +150 V is reached, thevoltage is held at +150 V for 5 seconds to allow for full +180 ◦ polarization. The constantlinear loading rate for this experiment is set at 5 V/sec and the reversal points chosen areat 125, 100, 75, 50, 25, and 0 Volts. The time resolved displacement response of this rangeis shown in Figure 3.63, and the corresponding hysteresis curve is shown in 3.64.
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Figure 3.63: First order loops at a loading rate of 5 V/sec; (a) applied voltage vs. timeand (b) displacement vs time.
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Figure 3.64: First order hysteresis loops with a linear loading rate of 5 V/sec.Second order minor loops presented here correspond to loading paths that startat 0 volts, increase to some setpoint and return to 0 volts. The reversals are produced bystarting at the fully +180 ◦ polarity, at a voltage of +150 V . The voltage is unloadedat a constant linear rate toward 0 volts where the voltage is reversed and loaded towardsthe reversal point corresponding to a set voltage value. Once this voltage is reached thevoltage is reversed again (unloading) with the same constant linear rate towards 0 voltswhere the next loop starts. The constant linear loading rate for this experiment is set at5V/ sec and the reversal points chosen are at 25, 50, 75, 100, 125, and 150 Volts. The timeresolved displacement response of this range is shown in Figure 3.65, and the correspondinghysteresis curve is shown in 3.66.
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Figure 3.65: Second order loops at a loading rate of 5 V/sec; (a) applied voltage vs. timeand (b) displacement vs time.
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Figure 3.67: Third order loops at a loading rate of 5 V/sec; (a) applied voltage vs. timeand (b) displacement vs time.
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Figure 3.69: Creep observation at varying holding voltages with a loading rate of 5 V/sec;(a) applied voltage vs. time, (b) displacement vs time, (c) relative relaxation for holds 1, 2& 3, (d) relative relaxations for holds 4, 5, & 6.
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5 V/secFigure 3.71: Stage displacement hysteresis loops at different linear loading rates.Table 3.13: Stage stroke range for different loading rates.Loading Rate 5V/s 50V/s 500V/s 5kV/sMax Stroke (µm) 41.44 µm 40.68 µm 39.41 µm 37.69 µm3.4 ConclusionsIn this chapter we have presented experimental results for piezoelectric actuatorsunder different loading conditions including different spring stiffness, different pre-stresslevels, different loading rates for various loading ranges and various loading paths. Fromthese experiments, we have observed that1. Increasing the pre-stress on the actuator will increase the overall stroke of the actuator.2. Increasing the loading rate decreases the overall stroke of the material due to delayed



107crystal reorientation process.3. Increasing the pre-stress stabilizes the 90 ◦ orientation and causes more and fasterswitching into the 90 ◦ orientation and less and slower switching out. This causes adecrease in the rate-effects by speeding up the reorientation process for ±180 ◦ to 90 ◦transformations and stopping some of the slow transformations (90 ◦ to ±180 ◦) fromoccurring at all.4. Reversals that occur when the majority of the crystalline domains are oriented in the90 ◦ phase show a slower reorientation process than for reversals that occur when themajority of the crystalline domains are oriented at ±180 ◦ .5. Strain and Polarization have different creep behavior at different held electric fieldvalues, and the creep effect increases as the concentration of crystalline in the 90 ◦phase orientation increases.6. An increase in pre-stress will decrease the amount of creep that will occur.7. Rate dependence is shown to be more significant and observable for electric loadingpaths that reverse when 90 ◦ reorientations of the domains are occurring, suggestingthat the 90 ◦ reorientation of domains is a slower process than the ±180 ◦ reorientationof domains.



108Chapter 4
Modeling of Piezoelectric Stack
ActuatorsIn this chapter, a model is presented to simulate the electro-mechanically coupledhysteretic behavior of ferroelectrics such as the piezoceramics presented in the previouschapters. We will begin with an introduction to the basic design of a piezoceramic stackactuator as well as the structure of translation stages that use stack actuators. Next,a basic single crystal model for piezoceramics is established that couples both electricaland mechanical loading. With the physical principles established, we will extend the basicmodel to polycrystalline material, which most commercially available stack actuators aremade from.4.1 Stack ActuatorPiezoelectric stack actuators are able to achieve large strokes with relatively smallvoltages by interweaving thin film layers of active piezoelectric material with non-activeconducting layers. Piezoelectric transducer systems, such as translation stages, typicallycouple a stack actuator with a spring. The spring system naturally introduces a stressdependence resulting in electro-mechanical coupling. A simplified model for stack actuatorcoupled with a spring is shown in Figure 4.1. Since the actuator is under stress dependence,the kinetics of the non-active layers must be included for accurate dynamic modeling .
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Figure 4.1: Piezoelectric stack actuator coupled with a spring
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XFigure 4.2: Free body diagram for stage.The equation of motion for the system is then given asm..x = −Fd − Fs +Factuator (4.1)with constitutive equationsFd = c .x (4.2)Fs = k(x− x0)Factuator = knon−active(∆xactive −∆x)



110m..x+ c .x+ ks(x− x0) = knon−active(∆xactive −∆x) (4.3)There are two parts that characterize the stage dynamics; the dynamics of themass-spring system built into the stage design (left side of Eq. 4.3), and the dynamics ofthe PZT stack actuator itself, (right side of Eq. 4.3). This chapter will concentrate on thedynamics and modeling of the stack actuator itself first and then the effects of couplingthat model with stage spring system as shown in Figure 4.1.The first, and simplest, step is to analyze the quasi-static case only where inertialand dampening effects can be ignored. This reduces the equation of motion given in Eq.4.3 to the equilibrium condition:ks(∆x) = knon−active(∆xactive −∆x) (4.4)Figure 4.3 shows the stress-strain curve shown in 3.7 for the actuator with an linearcurve fit to the range of strain change corresponding to the compression of the combinationof the harder non-active layers and the active PZT layers. The stiffness of the differentnon-active layers can be determined based on the fact that you essentially have three springcontributions that are in series. One is the known mechanical spring we load the actuatorwith, another is the active PZT layers with known properties, and the third is the unknownnon-active layers. In static conditions, the equilibrium equation for three springs in serieswill allow us to calculate the non-active layers’ stiffness.
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111The most important part of this model is going to be able to accurately predictthe electro-mechanically coupled strain of the active layers. Once the kinetics of bulkpiezoelectric material is modeled, it can then be coupled with the kinetics of the non-activelayers. The next section describes the free energy model that predicts the strain of theactive layers, i.e. ∆xactive.4.2 Energy model for single crystal ferroelectricsThis section introduces the electro-mechanically coupled model, which expandsthe one-dimensional energy model proposed by Smith and Seelecke [76] for piezoceramicsto include a 90◦ variance and adds mechanical stress similarly to the model proposed bySahota [69]. The model presented by Sahota [69].however is purely qualitative and doesnot include spring coupling or account for polycrystalline material. The one-dimensionalmodel presented here includes spring loading and couples polarization and strain. Themodel features a convenient mathematical structure, given by a system of ODEs in time,allowing it to be easily integrated into open-loop simulations as well as a variety of controlschemes. The model is developed with the assumption that dipoles in a single crystal withuniform lattice spacing have three orientations, which are denoted by (+180), (-180) and(90) depending on whether the Ti4+ ion is displaced upward, downward or perpendicularwith respect to the d33 center of symmetry (see Figure 4.4)
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1124.2.1 Three phase electro-mechanically coupled Helmholtz and Gibbs en-ergy landscapeFor a typical mesoscopic volume of a lattice element consisting of a number ofequally poled lattice cells, the model assumes the following multi-paraboloid representationfor the Helmholtz free energy density as a function of two order parameters, the strain εand polarization P.ψ(P, ε)+ = χ+2 (P −P+0)2 + µ+(P −P+0)(ε− ε+0) + Y+2 (ε− ε+0)2ψ(P, ε)− = χ−2 (P − P−0)2 + µ−(P − P−0)(ε − ε−0) + Y−2 (ε− ε−0)2 (4.5)ψ(P, ε)90 = χ902 (P −P900 )2 + Y902 (ε− ε900 )2In Eq. 4.5, P−0, P+0, and P900 are the remnant polarizations for each phase, whichcan be extracted from an electric field vs. polarization diagram. Parameters ε−0, ε+0, andε900 are remnant strains for each phase, which can also be extracted from experimentaldata. The parameters χi, µi, and Yi denote the susceptibility, piezoelectric coupling factor,and stiffness for each phase and need to be chosen based on experimental data. In this onedimensional model ψ(P, ε)90 does not have a coupling term µ90 because the 90◦ lattice ori-entation is orthogonal to the direction of measurement and applied loading. The Helmholtzenergy landscape from Eq. 4.5 is illustrated in Figure 4.5(a) with the two order parameterson the x and y-axis, and the energy on the z-axis.The switching processes in the material can be interpreted as phase transforma-tions with the polarization and strain as the order parameters. The kinetics of these phasetransformations are determined by the electric-field-dependent and stress-dependent bar-riers and minima in the Gibbs free energy density, which is related to the Helmholtz freeenergy in Eq. 4.5 through the Legendre transformationg(P, ε,E, σ)i = ψ(P, ε)i −EP − σε (4.6)where E is the electric field and σ is the stress.



113g+180 = χ+2 (P − P+0)2 + µ+(P − P+0)(ε− ε+0) + Y+2 (ε − ε+0)2 −PE − εσ (4.7)g−180 = χ−2 (P −P−0)2 + µ−(P −P−0)(ε− ε−0) + Y−2 (ε− ε−0)2 − PE − εσ (4.8)g90 = χ902 (P − P900 )2 + Y902 (ε − ε900 )2 −PE − εσ (4.9)Due to the ever-present thermal activation, all domains fluctuate about their equi-librium polarization values. From Boltzmann principles, the probability of attaining anenergy level G is µ(G) = Ce−G/kT , (4.10)where k denotes Boltzmann’s constant and T is the absolute temperature. The Gibbsenergy density g is related to the energy level G by multiplying the energy density by thevolume of a lattice element, Vle, hence G = gVle. The constant C normalizes the functionto maintain that the probability of attaining an energy level when evaluated over the entirerange is equal to 1, thus ∫ ∞−∞ µ(g)dg = 1 (4.11)∫ ∞−∞ Ce−gVle/kT dg = 1 (4.12)C = 1∫∞−∞ e−gVle/kTdg (4.13)The integrals are evaluated over the two order parameters that describe g. Theexpected average polarizations and strains due to individual domains can be calculatedusing the the mathematical definition of an expected value〈Pi〉 = P∫ ε∫Pe−g(E,σ,P,ε)Vle/kTdPdεP∫ ε∫ e−g(E,σ,P,ε)Vle/kT dPdε (4.14)〈εi〉 = P∫ ε∫ εe−g(E,σ,P,ε)Vle/kTdPdεP∫ ε∫ e−g(E,σ,P,ε)Vle/kT dPdε (4.15)



114Evaluating these integrals over the range of each domain reveals that the expectedvalues are equal to the values of the polarization and strain at the minimum of each wellsin the Gibbs energy landscape. These are defined for polarization as〈P+〉 = Y+E + µ+σχ+Y+ − µ2+ + P+0〈P−〉 = Y−E − µ−σχ−Y− − µ2− +P−0 (4.16)〈P90〉 = Eχ90 + P900and for strain as 〈ε+〉 = χ+σ + µ+Eχ+Y+ − µ2+ + ε+0〈ε−〉 = χ−σ − µ−Eχ−Y− − µ2− + ε−0 (4.17)〈ε90〉 = σY90 + ε900The application of electric field and stress will shift the minimum of the differentenergy wells illustrated in Figure 4.5. These minima of the Gibbs energy function for eachphase are calculated as:gmin(Pimin , εimin , E, σ)i = 12−YiE2 + 2µiσE − χiσ2χiYi − µ2i − (EPi0 + σεi0) (4.18)This energy landscape construction is the framework for our model. The prediction of themacro values for polarization and strain of piezoelectric material will be dictated by themovement of the energy landscape resulting from changing electric fields and stresses. Thenext section will describe this in more detail.4.2.2 Macro valuesThe explicit equations given in Eq. 4.16, 4.17 and 4.18 represent the core of themodel. They allow for the direct evaluation of the average polarization and strain for eachphase. The macro values for polarization and strain of the whole actuator are calculated



115from the polarization and strain of each phase multiplied by the fraction of layers that arein each phase. These macro values are given byP = x+ 〈P+〉+ x− 〈P−〉+ x90 〈P90〉 (4.19)ε = x+ 〈ε+〉+ x− 〈ε−〉+ x90 〈ε90〉 (4.20)where x+, x− and x90 denote the fractions of lattice elements with positive, neg-ative and 90◦ orientations respectively. These phase fractions evolve in time according tothe differential equations.x+ = (1− x+ − x−)p90+ − x+p+90 + x−p−+ − x−p+− (4.21).x− = (1− x+ − x−)p90− − x−p−90 − x−p−+ + x−p+−The third fraction, x90, can be determined through the identity x+ + x− + x90 =1. Here p90+, p+90, p90−, p−90, p+−, and p−+ denote the transition probabilities of atypical lattice element to switch from one well in the Gibbs energy landscape to another.Experimental evidence suggests that switching from +180◦ to −180◦ always occurs throughthe 90◦ orientation, and consequently, and we neglect the p− + and p+ − terms in Eq. 4.21.The transition probability of switching from any given α-well to a β-well is computed bypαβ = 1τx e−g(E,σ,Pb,εb)Vle/kTP∫ ε∫ e−g(E,σ,P,ε)Vle/kT dPdε (4.22)where τx is the relaxation time of the material, Vle denotes the volume of a latticeelement, also referred to as activation volume, Pb and εb are the polarization and strainvalues at the barrier that separates an α-well from a β-well. The ratio VlekT determines thefluctuation of polarization and strain about the equilibrium values due to thermal activation,and together with τx, this ratio dictates the frequency dependence of the hysteresis loops.Evaluating the denominator of Eq.4.22 is a complicated process and has no nu-merical solution. In the case of solids the thermal activation can be considered very small,see [69], [70], [51], which for the limiting case1 simplifies Eq. 4.22 topαβ = 1τx e−∆gαβ VlekT (4.23)1See Appendix A.1 for caculations of the limiting case for very low thermal activation.



116where ∆gαβ is the difference between the Gibbs energy at the barrier and theGibbs energy at the minimum of transitioning well.The probability pαβ of switching from α-well to β-well increases as the energybarrier between the wells decreases. The barrier is represented by ∆gαβ which is the differ-ence in the Gibbs energy at the saddle point between the α-well and β-well and the Gibbsenergy at the minimum of the α-well. Calculating the exact value of the energy at thosesaddle points requires a more complete energy landscape including non-convex parts andis described in detail in Seelecke et al.(2005) [70]. However, it is computationally costlyand an unnecessary construction since the barrier height can be related to the difference inminima of the two corresponding wells for which switching is to occur. This difference inminima is called the driving force, defined asFαβ(E, σ) = gαmin − gβmin (4.24)where gαminand gβmin are determined by Eq.4.18. This relationship is illustratedfor the one-dimensional energy in Figure 4.8. This driving force can then be used todetermine ∆gαβ(Fαβ) as proposed by Belov and Kreher [10] and Kim and Seelecke [51].That function is given by∆gαβ(Fαβ) = −Fαβ for Fαβ < −4∆g01∆g0 (Fαβ4 −∆g0)2 for − 4∆g0 < Fαβ < 4∆g00 for Fαβ > 4∆g0 (4.25)where ∆g0 is the barrier energy at Fαβ = 0 which is a chosen parameter. The function∆gα(Fαβ) from Eq. 4.25 is plotted in Figure 4.6. The next section will describe themotivation, formulation and validation of the ∆gαβ(Fαβ) in more detail.
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4∆g0Figure 4.6: ∆gα(Fαβ) plot (from Eq. 4.25)4.2.3 The ∆gαβ(Fαβ) Function.The value of ∆gαβ is the difference in energy at the barrier between two α → βwells and the energy at the minimum of the α-well. Essentially, it is the energy neededfor a lattice layer to transition from one phase into another. For a one dimensional energylandscape where polarization is the only order parameter, the barrier was well defined andthe energy at the height of the barrier was numerically easy to calculate. For this twodimensional landscape, a more complicated mathematical formulation for the saddle pointsis needed in order to calculate the energy at the barrier height. This is similar to the twodimensional model proposed by Kim and Seelecke [51] who decided that instead of directlycalculating ∆gαβ from the saddle points, they developed a relationship between ∆gαβ andthe difference in minimum of the two energy wells for which the transition was occurringwhich they refer to as the driving force Fαβ. This was computationally efficient since theminimum of the energy wells was easily and already calculated in order to find the expectedaverage polarization values. Further motivation for using this relation is realized at higherdimensions where the complete energy landscape and barrier definitions may be impossibleto formulate.This section is intended to step through the mathematical process of defining∆gαβfor the transition from one energy well into another as a function of the driving force ofthe two wells. To illustrate this process, we can start by simplifying the energy wells toa one dimensional plot. Recalling the energy landscape shown in Figure 4.5, the simplest



118transition path can be thought to be the path that requires the least amount of energy.This path, from one minimum to another would cross over the saddle point that existsbetween he two wells. Figure 4.7 illustrates that path on the contour plot (a) and showsa cut through the full landscape in (b) and then projects that slice onto the polarizationaxis (c). This projection simplifies the system and can be generalized to reproduce anytransition path for any slice cutting through the minimum and barrier for any two wells.
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119of the Gibbs energy landscape for two wells projected onto the polarization axis.
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1204.10 which shows how ∆gαβ changes with respect to a decreasing Fαβ . These conditionsshould be contained by the function ∆gαβ = ∆gαβ(Fαβ) and may have to be implementedin the form of a piecewise relationship.
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121• Find critical values, Fcr, to define piecewise function.Case 1: Symmetric energy wells.For this section, we will start by formulating ∆gαβ(Fαβ) for the piezoelectric modelproposed by Smith et al (2003). This model considers only ±180 phases and will eliminatethe 90◦ phase. The full formulation can be found in Appendix A.2.1. The Helmholtzenergy landscape will consist of two symmetric wells as shown in Figure 4.11 between aconcave barrier. The equations for this landscape areψ(P ) = χ2 (P − P+)2 , P ≤ −PI ;χ2 (P + P+)2 , P ≥ PI ;−χα∆G0χαP 2α−2∆G0 (P )2 +∆G0 , |P | < PI . (4.26)
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122• Substitute in ∆g(E(F )) to get ∆g(F )• Find critical values, Fcr, to define piecewise function.We start with the definitions of the driving force and ∆g for the ±180◦ wells:∆g+−(E) = g(E)c(max) − g(E)+(min) (4.28)∆g−+(E) = g(E)c(max) − g(E)−(min) (4.29)F+−(E) = g(E)+(min) − g(E)−(min) (4.30)F−+(E) = g(E)−(min) − g(E)+(min) = −F+− (4.31)where g(E)c(max) = ∆G0 + χP2+ − 2∆G04χ∆G0 (E)2 (4.32)g(E)±(min) = − 12χE2 ∓P+E (4.33)We will start with ∆g+−(F+−), and invert the F (E) functions to get E(F ).F+−(E) = g(E)+(min) − g(E)−(min)E(F+−) = −F+−2P+ (4.34)Substituting this value for E(F+−) into the ∆g+(E) yields:∆g+−(E(F+−)) = g(E)c(max) − g(E)+(min)∆g+−(F+−) = 1∆G0 (F+−4 −∆G0)2 (4.35)Likewise, using the same steps ∆G−+(F−+) is found to be:∆G−(E(F−+)) = G(E)c(max) −G(E)−(min)∆G+(F−+) = 1∆G0 (F−+4 −∆G0)2 (4.36)



123The positive critical value, Fcr, is found by∆g+−(+Fcr) = 0Fcr = 4∆G0 (4.37)and likewise, −Fcr, is found to be∆g+−(−Fcr) = FcrFcr = 4∆G0 (4.38)The full piecewise function for ∆g+−(F+−) is then shown to be∆g+−(F+−) = −F+− for F+− < −4∆G01∆G0 (F+−4 −∆G0)2 for − 4∆G0 < F+− < 4∆G00 for F+− > 4∆G0The next section will calculate the function using the same method but will assumetwo generic wells.Case 2: Generic wells formulation for one dimensional energy landscapeThe formulation starts with the generalized piecewise Gibbs energy as a functionof polarization for any two phases but maintaining only polarization as an order parameter.These two phases are represented by convex parabolas and the barrier is represented bya concave parabola between them. Each parabola is only defined for particular values ofpolarization.• Consider three parabolas of the form:— Gα(P,E) = aα(P )2 + bα(P) + cα −EP— Gc(P,E) = ac(P)2 + bc(P) + cc −EP— Gβ(P,E) = aβ(P )2 + bβ(P ) + cβ −EP



124corresponding to the two phases Gα(P,E) and Gβ(P,E) as well as the concavebarrier Gc(P,E).The extremum point (maximum for Gα(P,E) and Gβ(P,E), and minimum forGc(P,E)) are calculated to beG(E)i(max /min) = ci − 14ai (E − bi)2 (4.39)for any i = α,β, c.Using the same idea as before, the derivation of ∆gαβ(Fαβ) is done using thesesteps.• Calculate F(E) and invert to get E(F )• Calculate ∆g(E)• Substitute in ∆g(E(F )) to get ∆g(F )• Find critical values, Fcr, to define piecewise function.A full formulation can be found in Appendix A.2.2. Using the same definitionsfrom Eqns. 4.28-4.31, we get E(Fαβ) asFαβ(E) = G(E)α(min) −G(E)β(min) (4.40)Fαβ = AE2 +BE +C (4.41)where A = (aα − aβ4aβaα ) (4.42)B = (bαaβ − bβaα2aβaα ) (4.43)C = aαb2β − aβb2α4aβaα + cα − cβ (4.44)which can be solved for E using the quadratic equation to yield:E(Fαβ) = −B ±√B2 − 4AC + 4AFαβ2A (4.45)



125Substituting this value for E into the ∆Gα(E) yields:∆Gα(E(Fαβ)) = G(E(Fαβ))c(max) −G(E(Fαβ))α(min) (4.46)∆Gα(E(Fαβ)) = ∼AE(Fαβ)2 + ∼BE(Fαβ) + ∼C (4.47)where ∼A = (ac − aα4acaα ) (4.48)∼B = (bcaα − bαac2acaα ) (4.49)∼C = (cc − cα − b2c4ac + b2α4aα ) (4.50)which results in ∆Gα(Fαβ) to be∆Gα(Fαβ) = (∼AB − ∼BA)2A2 (∓√B2 − 4AC + 4AFαβ)+ ∼AFαβA + L (4.51)∆Gα(Fαβ) = ∼AAFαβ ±K√B2 − 4AC + 4AFαβ +L (4.52)where the constants K and L are defined asK = ∼AB − ∼BA2A2 (4.53)L = ∼C − ∼ACA − B∼B2A + ∼AB22A2 (4.54)The critical values are calculated asFcrαβ+ = −LA∼A − 2K2A3∼A2 (4.55)Fcrαβ− = −( ∼ALA − 2K2A)( ∼AA − 1)2 (4.56)Analysis of different ∆gαβ(Fαβ) function casesThe difference between the cases comes down to a difference in curvature of theparaboloids. For our one dimensional model this comes from a difference in susceptibility



126of any two variants. For only ±180◦ variant models, the curvature is the same becausethe susceptibility of these two variants are the same. The 90◦ variant however, will notnecessarily have the same susceptibility as the ±180◦ variants. Figures 4.13 and 4.12 showthe resulting functions for both cases. For the range of parameters used in our model,these two curves are very similar. This shows that the first, and simpler, function is a goodapproximation for our two dimensional model and retains the mathematical simplicity.
Figure 4.12: The ∆gαβ(Fαβ) function for case 1 where both wells have the same curvatures.

Figure 4.13: The ∆gαβ(Fαβ) function for case 2 where there is different curvatures.4.2.4 Single crystal simulationsThe simulations presented in this section for the single crystal model will focus onrate dependence, creep, and the effect of an applied stress during electric loading. First,



127simulations are shown for electro-mechanically coupled bulk piezoelectric material. Thenmaterial response while coupled with a spring will be simulated. Figure 4.14 shows theresulting hysteresis curves of polarization and strain vs. electric field under linear elec-trical loading. Experimental data from a stack actuator made from PIC-151 shows thepolycrystalline response to the same electrical loading.
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Figure 4.14: Hysteresis curves for single crystal simulation with experimental data for pre-poled +180 soft pzt stack actuator.The rate dependence of the model is shown in Figure 4.15, which has the hysteresiscurves for electrical loading at two different rates. The model predicts the widening of thehysteresis curves for both polarization and strain as the loading rate is increased.
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Figure 4.15: Single crystal simulation under electrical loading at different rates.The effect of applying a mechanical stress to the model is shown in Figure 4.16.The hysteresis curves for polarization and strain are affected by the addition of increasedstress as would be expected from the actual material which is shown in Bursce et. al.(2004) [14]. As the stress is increased, the 90◦ orientation is stabilized, which causes earlierswitching into the 90◦ variant and retention of that orientation for a larger range of theelectric field.
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Figure 4.16: Single crystal simulations of hysteresis under constant mechanical stress.The time dependence of the model is shown in the creep behavior in Figure 4.17.Creep experimental data for polycrystalline material is plotted along with the simulations.For single crystals, the bulk of switching occurs at a limited range of electric field values



129in the vicinity of the coercive field unlike the polycrystalline experiments where switchingoccurs gradually over a larger range of the electric field. Since the model is single crystal,the creep behavior is simulated where the electric field is held at the coercive field. Thecreep produced by the single crystal simulation in Figure 4.17 is shown to roughly match thecreep behavior of the real piezoelectric actuator. The resulting magnitude of polarizationand strain for the single crystal simulation does not exactly match the experiments becausethe experiments use polycrystalline material.
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Figure 4.18: Hysteresis simulations for spring loaded actuator model. k = 3.0N/µm, withno pre-stress.The effects of the spring-loaded actuator are further illustrated in Figure 4.19,which shows the hysteresis loops with different values of the spring constant. Similar to theeffect of applying a constant stress, shown in Figure 4.16, the varying stress resulting fromthe spring causes stabilization of the 90◦ orientation, which is dependent on the stress andtherefore dependent on the strain. The triangular shape of the butterfly curve illustratesthis effect, which is amplified when the spring stiffness k is increased.
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133fully coupling electrical loading and mechanical loading with rate-dependent behavior. Thenext section will develop a polycrystalline version for the electro-mechanically coupledmodel.4.3 Extension of the Model to Polycrystalline MaterialsIn the previous sections, we introduce the basic structure for modeling perfectsingle crystal behavior. Realistic actuators however are neither homogeneous nor are theysingle crystals. Rather they exhibit inhomogeneities due to lattice imperfections, impurities,grain boundaries, etc., which lead to variations in the energy barriers, depending on thelocation of the domain under consideration. These inhomogeneities can be attributed to twotypes of mechanisms that need to be accounted for when describing polycrystalline material.The first mechanism results from interactions between different grain boundaries as well asfor lattice faults and impurities within a single grain. These effects impact the energy barrierseparating two phases from one another. In the single crystal model, the mesoscopic latticeparticles all "see" the same energy barrier dictated by the ∆g0 parameter, but now for thepolycrystalline model, we assume that each lattice particle can potentially have a barrier ofits own. Figure 4.22 shows the different energy barriers where a small barrier correspondsto a thin hysteresis curve and a large barrier wide hysteresis curves as shown in Figure 4.23.The second mechanism, resulting from differently oriented grains along with an interactionbetween adjacent transforming particles, causes a particular lattice particle to not only seethe externally applied loads, but also internal interaction fields and stresses. This leadsto the concept of effective loads, shown in Eq. 4.57 & 4.58, similar to the effective stressproposed by Heintze & Seelecke (2008) [29] for polycrystalline SMA modeling. In addition todifferent barriers, lattice particles may thus also see differently distorted energy landscapes,biasing the resulting barriers in one direction, as shown in Figure 4.24 which effects thehysteresis curves as shown in Figure 4.25.Eeff = Eapp +Eint (4.57)σeff = σapp + σint (4.58)
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Figure 4.22: Illistration of different energy barriers.
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Figure 4.24: Illustration of effect of inernal electric fields on Gibbs energy landscape.
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Figure 4.25: Effect of internal electric fields on single crystal hysteresis curves.4.3.1 Distribution of Energy Barriers and Effective Electric FieldsEarly polycrystalline approaches, outlined in [79], take these variations into ac-count by introducing a distribution in the energy barriers as well as a distribution in theeffective electric fields. For our electro-mechanically coupled model, the variations can beattributed to three parameters shown in Table 4.1 which need to be distributed.The numerical implementation found in [79] for distributing parameters normallyuses a Gaussian quadrature method which solves a set of single crystal ODEs at each



136Table 4.1: Distributed parametersParameter Effect∆g0 Variation in barrier heightEint Variation of internal electric fieldsσint Variation of internal stressesof the abscissae points, so that the number of Gauss points determines the size of thesystem. Obtaining a smooth hysteresis curve thus requires the solution of a large number ofODEs, which severely reduces the computational speed. To reduce this computational cost,[29] implement the distribution into the ODE by parametrizing the process of the phasetransition. Instead of calculating many domains simultaneously, a representative domain isconsidered, which is most likely to transform next at a given value of the phase fraction andthe prescribed electric field. Using the same concept, we extend these ideas to our electro-mechanically coupled model by relating the distribution of electric fields and stresses to aneffective driving force parameter.4.3.2 Parametrization MethodIn this section, based on the homogenized energy model, an alternative computa-tionally efficient method called parameterization method is developed. First, we introducethe concept of the parameterization method, which is For our electromechanically cou-pled model the effective critical driving force, F effcr , will be parameterized similar to theprocess presented by Zhong et al. (2003) [91] and adapted by QiFu Li (2006) [58] whichparameterizes the coercive field Ec as a function of phase fraction x+ for piezoelectrics.It follows from the introduction of effective loads that the driving force will nowbe a function of these rather than just the applied fields. Substituting the effective loadsfrom Eqs. 4.57 & 4.58 into Eqs. 4.24 & 4.18 yieldsF effαβ = Fαβ(Eeff , σeff ) = gαmin(Eeff , σeff ) (4.59)= gαmin(Eeff , σeff )− gβmin(Eeff , σeff )= Fαβ(Eapp, σapp) +Fαβ(Eint, σint) + FCwhere FC is a coupling term that is very small compared to the other terms and



137will therefor be neglected2. The driving force now contains two terms, one from the appliedfields, and one from the internal fields.F effαβ = F appαβ + F intαβ (4.60)This combines the two internal parameters that we wanted to distribute, Eint andσint, into a single parameter F intαβ . As described in the single-crystal model above, transitionsoccur when the barrier between two wells is eliminated as shown in Figure 4.9. We describe∆g to be a function of the driving force Fαβ by equation 4.25, which is now a function ofboth the applied and internal loads using equations 4.57 & 4.58 . We also introduced acritical driving force, denoted Fcr, that corresponds to the elimination of the barrier where∆g = 0. Therefor, the onset of switching occurs when a single crystal’s driving force isequal to this critical driving force. Rewriting the condition from Eq. 4.25 for ∆gα = 0 interms of our new variables results in the polycrystalline conditionF effαβ ≧ 4∆g0 (4.61)F appαβ + F intαβ ≧ 4∆g0which contains the two parameters left that we want to distribute, namely F intαβand ∆g0. These can be further combined through the critical driving force, Fcr, whichresults directly from this condition asFcr = 4∆g0 − F intαβ (4.62)The parametrized method only works when the distributed parameters can beextracted from experimental data in order to be explicitly written in terms of the phasefraction. Unfortunately neither F intαβ nor ∆g0 can be extracted directly from experimentaldata. However, Fcr can be extracted from experiments because it is directly related tothe coercive electric field and coercive stress, both of which can be determined from veryslow experimental curves where the material is considered to be in quasi-static equilibrium.Under very slow conditions, the applied electric field and applied stress can be approximatelyequal to the coercive electric field and coercive stress respectfully. For simplicity, we willstart by considering only an actuator loading range where repoling does not take place2See Appendix for complete formulation and explination.



138(0− 1.5kV/mm). This allows us to limit our transitions to switching between +180 and 90phases only and reduces the system to two phase fractions. Using very slow experimentaldata where polarization, strain, electric field, and stress is measured simultaneously, we cancalculate the critical driving force using the measured values of electric field and stressFcr = F (Emeasured, σmeasured) (4.63)Using the identity x90 = 1 − x+, we can invert Eq. 4.16 and Eq. 4.17 to get thephase fraction x+ as a function of either the measured polarization or the measured strainx+(Pmeasured) = Pmeasured − P90P+ −P90 (4.64)x+(εmeasured) = εmeasured − ε90ε+ − ε90 (4.65)where P90, P+, ε90, and ε+ are calculated from the model Eqs. 4.16 & 4.17and using the measured electric field and measured stress. Figure 4.26 shows the resultingFcr(x+) function using Eq. 4.65 taken from experimental data with a spring loaded actuatorwhere k = 2.7N/µm, pre-stress = 4MPa, and with electrical loading rate of .05kV/mm/ sec .
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139Other curves could also be used for the calibration curve. If the model is perfect,and no measurement errors exist between the collected data, then the calibration of thephase fraction taken from the polarization, should predict the strain curves. Unfortunately,this model is not perfect, nor is the measurements perfect. This causes some differenceswhen predicting the polarization or strain curves with respect to the others calibration.Also, a new calibration curve would need to be taken for systems with different springstiffnesses because the critical driving force curve would result from completely differentvalues of force. A look up table is then created between Eq. 4.63 and either Eq. 4.64 orEq. 4.65 which produces a one to one correspondence between Fcr and x+ for both theloading path and the unloading path. The Fcr(x+) look up table is then incorporated intothe model’s code . The resulting simulated polycrystalline hysteresis curves are shown inFigures 4.27 & 4.28
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1434.4 ConclusionsThe section introduced an implementation of an energy-based model for the sim-ulation of single-crystal piezoceramic materials. The model reproduces the outer hysteresisloops typically observed in these materials correctly. The effect of varying electric loadingrate is captured as well as creep behavior and the effects of an applied stress. For theactual stage, the applied stress is proportional to the spring force. This motivated us tocouple the model with a spring, which was then simulated under quasi-static conditionsrevealing the effects of a varying compressive stress. The addition of the spring caused thephase transitions to be more gradual, which is beneficial for control applications. A firststep towards adapting the model to polycrystalline material is also presented which showedgood agreement with experimental results.This first implementation demonstrated the feasibility of the concept by success-fully coupling electrical loading and mechanical loading with rate-dependent behavior. Thepolycrystalline adaptation is shown to predict the rate dependence, effect of pre-stress, andminor loop hysteresis for a spring loaded actuator. Future work will focus on further im-proving polycrystalline behavior for a better simulation of outer and inner hysteresis loops.The stage dynamics from Eq. 4.3 also need to be identified through future experiments. Thelast phases of work will involve the implementation of real-time control concepts recentlydeveloped by the authors [[73], [71]]for shape memory alloys to the actual translation stage.
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145Chapter 5
Conclusions5.1 ExperimentsExperimental results where presented for piezoelectric actuators under differentloading conditions including different spring stiffness, different pre-stress levels, differentloading rates for various loading ranges and various loading paths. From these experiments,we have observed that1. Increasing the pre-stress on the actuator will increase the overall stroke of the actuator.2. Increasing the loading rate decreases the overall stroke of the material due to delayedcrystal reorientation process.3. Increasing the pre-stress stabilizes the 90 ◦ orientation and causes more and fasterswitching into the 90 ◦ orientation and less and slower switching out. This causes adecrease in the rate-effects by speeding up the reorientation process for ±180 ◦ to 90 ◦transformations and stopping some of the slow transformations (90 ◦ to ±180 ◦) fromoccurring at all.4. Reversals that occur when the majority of the crystalline domains are oriented in the90 ◦ phase show a slower reorientation process than for reversals that occur when themajority of the crystalline domains are oriented at ±180 ◦ .5. Strain and Polarization have different creep behavior at different held electric fieldvalues, and the creep effect increases as the concentration of crystalline in the 90 ◦phase orientation increases.



1466. An increase in pre-stress will decrease the amount of creep that will occur.7. Rate dependence is shown to be more significant and observable for electric loadingpaths that reverse when 90 ◦ reorientations of the domains are occurring, suggestingthat the 90 ◦ reorientation of domains is a slower process than the ±180 ◦ reorientationof domains.5.2 ModelingThis first implementation demonstrated the feasibility of the concept by success-fully coupling electrical loading and mechanical loading with rate-dependent behavior. Thepolycrystalline adaptation is shown to predict the rate dependence, effect of pre-stress, andminor loop hysteresis for a spring loaded actuator.5.3 Future WorkFuture work will focus on further improving polycrystalline behavior for a bettersimulation of outer and inner hysteresis loops. The stage dynamics also need to be identifiedthrough future experiments. The last phases of work will involve the implementation of real-time control concepts recently developed by the authors [[73], [71]]for shape memory alloysto the actual translation stage.
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158Appendix A
DerivationsA.1 Derivation for small thermal activationStart with the general transition probability formulation where α = f(Vle, k, T ) isa constant that represents the relative thermal energy. For small thermal activation thelimit is taken for α→ 0. pαβ = ατx e−αg(E,σ,Pb,εb)P∫ ε∫ e−αg(E,σ,P,ε)dPdε (A.1)limα→0pαβ = limα→0 ατx e−αg(E,σ,Pb,εb)P∫ ε∫ e−αg(E,σ,P,ε)dPdε (A.2)As α→ 0, the e−αg(E,σ,P,ε) probability function term in the integral in the denom-inator becomes concentrated around its mean location. Its mean location is at the valuesof polarization and strain at minimum of the Gibbs energy function. The integral termnow converges to the value at the minimum, yielding:limα→0 P∫ ε∫ e−αg(E,σ,P,ε)dPdε = e−αg(E,σ,Pmin,εmin) (A.3)since g(E,σ,Pmin, εmin) = gmin is the gibbs energy at the minimum, and g(E,σ,Pb, εb) isthe gibbs energy at the barrier, the transition probability becomes
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159limα→0pαβ = ατx e−αg(E,σ,Pb,εb)e−αg(E,σ,Pmin,εmin) (A.4)pαβ = ατx e−αgbarriere−αgmin (A.5)pαβ = ατx 1eαgbarrier−αgmin (A.6)pαβ = ατxe−α(gbarrier−gmin) (A.7)pαβ = ατxe−α(∆g) (A.8)where ∆g = gbarrier − gminA.2 Derivation of ∆gαβ(Fαβ)The derivation of ∆gαβ(Fαβ) is done using these steps.• Calculate F(E) and invert to get E(F )• Calculate ∆g(E)• Substitute in ∆g(E(F )) to get ∆g(F )• Find critical values, Fcr, to define piecewise function.A.2.1 Case 1We start with the definitions of the driving force and ∆g for the ±180◦ wells:∆g+−(E) = g(E)c(max) − g(E)+(min) (A.9)∆g−+(E) = g(E)c(max) − g(E)−(min) (A.10)F+−(E) = g(E)+(min) − g(E)−(min) (A.11)F−+(E) = g(E)−(min) − g(E)+(min) = −F+− (A.12)where g(E)c(max) = ∆G0 + χP2+ − 2∆G04χ∆G0 (E)2 (A.13)g(E)±(min) = − 12χE2 ∓P+E (A.14)We will start with ∆g+−(F+−), and invert the F (E) functions to get E(F ).



160F+−(E) = g(E)+(min) − g(E)−(min)= − 12χE2 − P+E − (− 12χE2 + P+E)F+− = −2P+EE(F+−) = −F+−2P+ (A.15)Substituting this value for E(F+−) into the ∆g+(E) yields:∆g+−(E(F+−)) = g(E)c(max) − g(E)+(min)= ∆G0 + χP 2+ − 2∆G04χ∆G0 (E(F+−))2 + 12χE(F+−)2 + P+E(F+−)= ∆G0 + (χP2+ − 2∆G0)F2+−16χ∆G0P2+ + F 2+−8χP 2+ − F+−2= ∆G0 + (χP2+ − 2∆G0)F2+−16χ∆G0P2+ + 2∆G0F 2+−16∆G0χP2+ − F+−2= ∆G0 + F2+−16∆G0 − F+−2∆g+−(F+−) = 116∆G0 (F 2+− − 8∆G0F+− + 16 (∆G0)2)∆g+−(F+−) = 116∆G0 (F+− − 4∆G0)2∆g+−(F+−) = 1∆G0 (F+−4 −∆G0)2 (A.16)Likewise, using the same steps ∆G−+(F−+) is found to be:∆G−(E(F−+)) = G(E)c(max) −G(E)−(min)∆G+(F−+) = 1∆G0 (F−+4 −∆G0)2 (A.17)The positive critical value, Fcr, is found by



161∆g+−(+Fcr) = 0∆g+−(+Fcr) = 116∆G0 (Fcr − 4∆G0)2 = 0∆G0 + F2cr16∆G0 − Fcr2 = 0F 2cr − 8∆G0Fcr + 16 (∆G0)2 = 0Fcr = 8∆G0 ±√82∆G20 − 4 ∗ 16 (∆G0)22Fcr = 4∆G0 (A.18)and likewise, −Fcr, is found to be∆g+−(−Fcr) = FcrFcr = 4∆G0 (A.19)The full piecewise function for ∆g+−(F+−) is then shown to be∆g+−(F+−) = −F+− for F+− < −4∆G01∆G0 (F+−4 −∆G0)2 for − 4∆G0 < F+− < 4∆G00 for F+− > 4∆G0A.2.2 Case 2• Consider three parabolas of the form:— Gα(P,E) = aα(P )2 + bα(P) + cα −EP— Gc(P,E) = ac(P)2 + bc(P) + cc −EP— Gβ(P,E) = aβ(P )2 + bβ(P ) + cβ −EPcorresponding to the two phases Gα(P,E) and Gβ(P,E) as well as the concavebarrier Gc(P,E).The extremum point (maximum for Gα(P,E) and Gβ(P,E), and minimum forGc(P,E)) are calculated to beG(E)i(max /min) = ci − 14ai (E − bi)2 (A.20)for any i = α,β, c.Using the same definitions from Eqns. 4.28-4.31, we get E(Fαβ) as



162Fαβ(E) = G(E)α(min) −G(E)β(min) (A.21)= cα − 14aα (E − bα)2 − cβ + 14aβ (E − bβ)2 (A.22)Fαβ = ( 14aβ − 14aα )E2 + ( bα2aα − bβ2aβ )E + b2β4aβ − b2α4aα + cα − cβ (A.23)which can be simplified by grouping the constants together to create new constants as such:A = (aα − aβ4aβaα ) (A.24)B = (bαaβ − bβaα2aβaα ) (A.25)C = aαb2β − aβb2α4aβaα + cα − cβ (A.26)which yields the simplified formula:Fαβ = AE2 +BE +C (A.27)or AE2 +BE +C −Fαβ = 0 (A.28)which can be solved for E using the quadratic equation to yield:E(Fαβ) = −B ±√B2 − 4AC + 4AFαβ2A (A.29)Substituting this value for E into the ∆Gα(E) yields:∆Gα(E(Fαβ)) = G(E(Fαβ))c(max) −G(E(Fαβ))α(min) (A.30)= cc − 14ac (E(Fαβ)− bc)2 − cα + 14aα (E(Fαβ)− bα)2 (A.31)∆Gα(E(Fαβ)) = (ac − aα4acaα )E(Fαβ)2 + (bcaα − bαac2acaα )E(Fαβ) (A.32)...+ (cc − cα − b2c4ac + b2α4aα ) (A.33)which can again be reduced by introducing new constants to replace groups of old constantsdefined by: ∼A = (ac − aα4acaα ) (A.34)∼B = (bcaα − bαac2acaα ) (A.35)∼C = (cc − cα − b2c4ac + b2α4aα ) (A.36)



163which results in:∆Gα(E(Fαβ)) = ∼AE(Fαβ)2 + ∼BE(Fαβ) + ∼C (A.37)which results in ∆Gα(Fαβ) to be∆Gα(Fαβ) = (∼AB − ∼BA)2A2 (∓√B2 − 4AC + 4AFαβ)+ ∼AFαβA + L (A.38)∆Gα(Fαβ) = ∼AAFαβ ±K√B2 − 4AC + 4AFαβ +L (A.39)where the constants K and L are defined asK = ∼AB − ∼BA2A2 (A.40)L = ∼C − ∼ACA − B∼B2A + ∼AB22A2 (A.41)A.3 Effective driving force formulationDistributing internal electric fields and internal stresses by adding an Eint andσint : F(E +Eint, σ + σint)+180→90= gmin(E +Eint, σ + σint)180+ − gmin(E +Eint, σ + σint)90= 12−(E +Eint)2Y180 − 2µ180(σ + σint)(E +Eint)− χ180(σ + σint)2(χ180Y180 − µ2180)...− (E +Eint)P180 − ε180(σ + σint)...+ 12 (E +Eint)2Y90 + χ90(σ + σint)2(χ90Y90) − ε90(σ + σint)= 12−(E2 + 2EEint +E2int)Y180 − 2µ180(σE + σEint +Eσint + σintEint)(χ180Y180 − µ2180)...− 12 χ180(σ2 + 2σσint + σ2int)(χ180Y180 − µ2180) − ε90(σ + σint)...− (E +Eint)P180 − ε180(σ + σint)...+ 12 (E2 + 2EEint +E2int)Y90 + χ90(σ2 + 2σσint + σ2int)(χ90Y90)= F(E,σ)+180→90 +F (Eint, σint)+180→90...+ −EEintY180 − µ180(σEint +Eσint)− χ180(σσint)(χ180Y180 − µ2180)...+ (EEint)Y90 + χ90(σσint)(χ90Y90)



164This makes the F+180→90C coupling term to beF+180→90C = −EEintY180 − µ180(σEint +Eσint)− χ180(σσint)(χ180Y180 − µ2180)...+ (EEint)Y90 + χ90(σσint)(χ90Y90)For −180→ 90 :F (E +Eint, σ + σint)−180→90= gmin(E +Eint, σ + σint)180− − gmin(E +Eint, σ + σint)90= 12−(E +Eint)2Y180 + 2µ180(σ + σint)(E +Eint)− χ180(σ + σint)2(χ180Y180 − µ2180)...+ (E +Eint)P180 − ε180(σ + σint)...+ 12 (E +Eint)2Y90 + χ90(σ + σint)2(χ90Y90) − ε90(σ + σint)= 12−(E2 + 2EEint +E2int)Y180 + 2µ180(σE + σEint +Eσint + σintEint)(χ180Y180 − µ2180)...12 χ180(σ2 + 2σσint + σ2int)(χ180Y180 − µ2180)...+ (E +Eint)P180 − ε180(σ + σint)− ε90(σ + σint)...+ 12 (E2 + 2EEint +E2int)Y90 + χ90(σ2 + 2σσint + σ2int)(χ90Y90)= F (E,σ)−180→90 + F(Eint, σint)−180→90...+ −EEintY180 + µ180(σEint +Eσint)− χ180(σσint)(χ180Y180 − µ2180)...+ (EEint)Y90 + χ90(σσint)(χ90Y90)This makes the F−180→90C coupling term to beF−180→90C = −EEintY180 − µ180(σEint +Eσint)− χ180(σσint)(χ180Y180 − µ2180) + (EEint)Y90 + χ90(σσint)(χ90Y90)To illustrate the contribution the Fint and FC have to the effective driving forceIf we plot Fc for +180→ 90 vs Fint for high levels of Eint and σint (at low levels, both Fintand FC are very small) to get Figure A.1 which shows Fint to be on the order of 4.5e5, andFC on the order of 1e4. FC is then determined to be a negligible contribution to the Feff .
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Figure A.1: Fc vs Fint for high levels of internal e-field and stress.


