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RONALD NORMAN FORTHOFER. An Extension of Koch's Method of Estimating

Components of Variance. (Under the direction of GARY G. KOCH.)

Koch's squared difference approach of estimating variance com-

ponents is modified and extended in this study. The extensions are:

1) the proposed technique does not require that the random
variables in the model come from infinite populations,

2) the estimation technique does not require that the random
variables come from any specific distribution,

3) thg variance-covariance matrix of the modified Koch estima-
tors is presented (assuming a normal distribution of the
random variables), and

4) the proposed technique can be used even if a mixed model is

being considered.

The modified Koch approach is also compared with the ANOVA esti-
matibn method and the maximum likelihood procedure using the variance
of an estimator as the criterion of comparison. The results show that
the modified Koch procedure is very competitive with the‘ANOVA proce-

dure in many situations.
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CHAPTER I

INTRODUCTION AND REVIEW OF LITERATURE

1.1. Introduction

The estimation of the components of variance in the random-effects
and mixed models has received considerable attention in the litera-
ture. However, the fact that a number of articles recently have
appeared presenting new methods of estimation indicates that the
problem of estimating variance components has not yet been solved
satisfactorily. The purpose of this study is twofold: 1) to modify
and extend Koch's [21] estimation procedure and 2) to compare several
estimation procedures (ANOVA, Koch, and maximum likelihood) by examin-

ing the properties of their covariance matrices.

1.2. Models

Analysis of variance has been used to solve two types of problems,
those with fixed effects and those with random effects. Churchill
Eisenhart [9] drew attention to these two types of problems and pointed
out that the difference between them is due to the assumptions about
the underlying model. This difference in the models is demonstrated
very clearly by Scheffé [28]. For example, consider the model

Yi = U + Xq4 Bl + Xos 62 + ..+ Xpi Bp + e; i=1,2, ... , n

(r.2.1)



wheré U and thé'{x.i} ére knowﬁ constants,rthe'{ej} are unknown quén_
tities, and the‘{ei} are uncorrelated random variables with expected
value zero and variance ci. If the'{Bj} are all unknown constants, the
model is called a '"fixed-effects model" or Eisenhart's Model I. If
the'{Bj} are all random variables, then the model is a "random-effects
modelﬁ or Eisenhart's Model II. Eisenhart, however, noted that in
practice most models do not fit precisely into either category, but
rather, are actually a combination of the two. Consequently, the

term "mixed model” is used to describe a model in which at least one

of the'{Bj} is a constant and at least one of theA{Bj} is a random

variable.

1.3. Estimation

S. Lee Crump [7], in 1946, summarized the estimation of variance
componenfs. He gave an example of the estimation procedure in the
balanced case and noted that work had been done in the unbalanced one-
way classifica;ion. He pointed out that the method of fitting con-
stants, or the method of weighted squares of means, both due to
Yates [38], or the method of expected subclass numbers due to
Snedecor [34] could be used in the estimation of variance components
in the unbalanced case.

In 1953, Henderson [17] presented three methods which could be
used to find the estimates of variance components in the non-orthogonal
case. The three methods are:

Method 1. Use the sums of squares from the usual analysis of orthogo-
nal data and equate these sums of squares to their expecta-

tions which were obtained under the assumption of a random



model.

Method 2. Adjust the data for the fixed effects by obtaining the
least squares estimates for the fixed effects, and then,
using the adjusted data, apply Method 1.

Method 3. Use some conventional method to compute mean squares for
the non-orthogonal data, and then, equate these mean squares
to their expectations and solve for the estimates.

Henderson pointed out that Method 1 leads to biased estimates if used

with a mixed model or if certain elements of the model are correlated.

Method 2 adjusts for the mixed model, but the estimates are still

biSSédfif the correlation of the elements (in terms of interaction

between the fixed and random effects) still exists. Method 3 will
givé unbiased estimates, but this method may require a great deal of
computation.

Searle [29,30,31] extended Henderson's methods to more complex
designs and introduced the use of matrix methods to Henderson's pro-
cedures. Another contribution by Searle was finding the variance of
the variance component estimates and fhis is discussed in section 1l.4.
In 1968, Searle [32] reviewed the three methods described above and
he added a fourth method which is similar to Henderson's Method 2.
Searle moreover pointed out that Method 2 does not lead to a unique
sét of estimates, but that the estimates depend on the choice of a
genéralized inverse.

‘Another method of estimation was presented by Hooke [18] in 1956.
This method is based on Tukey's polykays (generalized or multiple
subscripted 'k—statistics'j and bipolykays (an extension of polykays

from sets to matrices developed by Hooke). Hooke expresses the



expected mean squares as linear combinations of bipolykays. Since
the average value of the bipolykays is a function of the variance
components, Hooke solved for the variance components and found their
estimates by substituting the observed bipolykays for the average
value of the bipolykays. Note that under this formulation the random
variables in the model are now defined as coming from a population
determined by polykay parameters kl, kll’ etc. instead of coming from
a population with mean | and variance 62-

In 1967, Hartley and Rao [15] developed maximum likelihood pro-
cedures for the estimation of the variance components and the constants
in the mixed model. In addition to presenting the likelihood equations
and a method of solution, the authors discussed the asymptotic proper-
ties of the estiﬁates, i.e. they showed their estimates to be consis-
tent and asymptotically efficient. Since the distribution theory of
maximum likelihood estimates is predominantly based on asymptotic
results, the authors also included a section on small sample confidence
regions.for the parameters in the model.’

Also in 1967, Koch [19,21] developed a general procedure for the
estimation of variance components for random-effects models. As Bush
and Anderson [5] noted, perhaps the connection between estimating pro-
cedures for Model I and Model II parameters should be broken, and Koch's
method does break this link. The method does mnot require the analysis
of variancertable as most of the other procedures do. Unlike the max-

rimum likelihood procedure which requires the use of a computer, these

estimates”are reasonably easy- to calculate on a desk'calculator, and

they. are also-unbiased and consistent.



The method takes advantage of the fact that in a model the
expected value of the squared difference of two observations is a
function of the variance components. For example, consider the

following model:

(1.3.1)

[
i
=
N

-
-
[

Y,.=o0,+a, +e,,
ij 0 i ij

Where'{ai} are independent and normally distributed with mean zero
. 2 2.\ - 2, :
and variance 07 (NID(0,0})), {eij} are NID(0,0.), {ai} and {eij} are

independent, and uo is a constant. Hence, one has that

. 2 . .2 . .
E[ (Yij _-Ykl) ] =2 oy if i =k and j # 2
(1.3.2)
2 2 e e s
= 2 (ga + ce) if i # k.

One can form the "normalized symmetric sum' of all the unbiased

estimators listed above, i.e. take the average of all possible

squared differences whose expectation is 2 Oi:
a a n

-1 i 2

ho=[) n, (n, -1) 1~ J ; (Y., - Y.,)

¢ qap TR =1 g4, 1

a a n. -

=2[) nf-n ]—1 ) n, [ 21 Yi. -0y Yi ] (1.3.3)

i=1 i=1 j=1 J :

and the average of all the poSsible squared differences whose expec-—

tation is 2 (02 + 02):
a e



a -1 02 %
fa © [izlni (= np) | 1;k jgl'zzl(Yij " Y
2 & 2.4 g 12 2 & 9
=2 [ n" - n; ] [}y m-mn,) VY., ] " -v.Y;)
iZl - iZ * jz H ' 121 +e
(1.3.4)

Now equate he to -the expected value of he and equate ha to the expected

value of ha and then solve for the estimates of the variance components:

or 82 =h_ /2 (1.3.5)
2
6a = (ha - he) / 2 _ : : (1.3.6)

E. Niedokos [25] has extended one of the types of estimators pro-
posed by Koch to two unbalanced mixed models. He finds estimates of
the components of variance (assuming weighted and unweighted restric-
tions and correlated and uncorrelated interaction effects) in-the two~
way crossed classification with interaction and in the two-way crossed

classification with a third factor.

1.4. Variance of Variance Component Estimators

Crump [8] found the large sample variances of the maximum likeli-
hood estimators in one-way classifications (the model defined by
(1.3.1) ). He compared these large sample variances with the vari-

ances of the ANOVA estimators. His conclusions were the following:



1) as n » « the variance of the ANOVA estimator of 02 épproaches the
asymptotic variance of the maximum likelihood estimator of 02 indépen—
dent of the value of aj 2) as n =+ © the variance of the ANOVA estima-
tor of 02 is at least (a / (a - 1)) times as large as the variance of
the maximum likelihood estimator of Gi.

Tukey [35,36] used 'polykays' and 'minimal unit populatioms' to
find the covariance matrix for a set of estimators of variance compo-
nents. (Minimal unit populations are finite populations whose values
are all zero except for ome value of unity and whose size is as small
as possible for the situation considered.) In his procedure, Tukey
does not assume that the random variagbles are normally distributed or
from an infinite population. However, he does assume the independehce
of sets of the random variables. The procedure is based on two facts:
1) estimates of variance components are linear combinations of polykays
and 2) the averages of squared polykays are homogeneous polynomials of
degree four. These two facts enabled Tukey to set up equations in

which the variances of variance component estimators are equal to poly-

~nomials (in polykays) of degree four with unknown coefficients. Since,

in arriving at these equations, there are no underlying assumptions of
normality or infinite population, these equations are quite general.

If Tukey then finds the value of the unknown coefficients for any case,
these same values should hold true for all cases. By considering mini-
mal unit populations, properties of the model, and assuming a normal
distribution, Tukey solves for the coefficients and hence he has found

the covariance matrix for the set of estimators being considered.



Searle [29] used matrix theory to find the wvariance of the esti-
mates. If Y = x' A x, with x' = (xl, Xys wees xn) where'{xl, Xos +ees
Xn} is a vector of multivariate normally distributed random variables
with zero means and with variance covariance matrix V, then var (Y) =
2 trace [(VA)z]. This fact enabled Searle to find the variances of
the mean squares.

Searle likewise made use of the fact that several types of matri-
ces had forms which made it easy to calculate their traces. In his
initial article [29], he showed how the sampling variance of least
squares estimates and the large sample variances of maximum likelihood
estimates in the one-way classification could be obtained. In his
next articles, Searle [30,31] derived the variances of Henderson's
Method 1 estimators for the two-way factorial and nested classifica-
tions.

Mahamunulu.[23] extended the work further by deriving the vari-
ances of Henderson's Method 1 estimators of the variance components
for the three-way nested classifications. Blischke [3,4) considered
the three-way classification and then the r-way classification, but he
used Henderson's Method 2 to estimate the variance components and then
he found the covariance matrix of the estimators.

Still another approaéh to finding the moments of mean squares was
developed by Hartley [14] in 1967 and extended by Rao [27]. This pro-
cedure, called 'synthesis' by Hartley, can be used for mixed or random
models to find the numerical values of the coefficients in the formulae
for expected mean squares and for the variances and covariances of mean
squares. The procedure is based on synthetic data consisting of the

columns of the design matrix. The method is straightforward, but, if



there are many factors, the amount of work and/or time involved may
make it undesirable.

.One of the most recent contributions in this area was Searle's
[33] presentation of the large sample variance-covariance matrix for
the maximum likelihood estimators. These variances are relatively
easy to calculate, requiring only the evaluation of the derivatives
(with respect to the components of variamce) of the variance-covari-
ance matrix of the observations and the inverse of the covariance
mafrix of the observations. Once these variances are calculated, one
may compare other methods of estimation with the maximum likelihood
technique by using certain properties of the covariance matrix of
each method of estimation as a measure of ''goodness''. Moreover, this
comparison does not require the maximum likelihood estimates them-

selves, which in practice may be very difficult to compute.

1.5. Designs

Consider the two—-stage nestéd model given in (1.3.1). What value
of. 'a' should be assigned to obtain the design with minimum variance
for the estimate of Oi, or what value of 'a' should be assigned if ome
wishes to obtaiﬁ the best design to estimate QO or 02?

P. P. Crump [6] was among the first to work on finding best

-designs for estimating % and the variance components of a two-stage

nested model. He used the usual ANOVA estimation procedure of equa-
ting meén squares to their expected value and his findings were the
following: 1) to estimate Gi, the optimal allocation of the n observa-
tions is to have r classes with p+l observations and a-r classes with

p observations where n=ap+r, r (an integer) < a; 2) to estimate Oy, the
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appropriate design has a = n; and 3) to estimate 02 the appropriate
design has a = 1. Crump also presented tables comparing the effi-
ciencies of various designs.

In 1960, Gaylor [10] considered the estimation of variance com—

ponents for a two-way crossed classfication with the goal of finding

the design which caused the estimates to have minimum variance.

 Again one has to decide which parameters are most important, as a

good design for the estimation of one component may be a bad design
for the estimation of another component. Gaylor found the lower
bound to the variancg of estimates or combinations of estimates and
showed designs which attained this lower bound. He presented tables
of efficiencies of various designs and from these tables he was able
to suggest a procedure for finding a nearly optimal design for esti-
matiﬁg the individual variance components. To find the nearly opti-
mal design it is necessary to know the approximate value of the
ratio of the variance component for rows to the variance component
for random error.

Bainbridge [2] pointed out that,the usual balanced nested
designs provide many more degrees of freedom for estimating the
error mean square (hence OZ) than for estimating other mean squares
(and hence, other variance components). For example, if one wishes
to use a nested design to estimate the components of variance in an
experiment with four factors and eighty observations, one must
choose what type design to use. Baiubridge presented four designs
to be considered, the first being the usual balanced design, and the

other three designs being of the type suggested by Prairie [26].

‘The two extreme breakdowns for the degrees of freedom are:
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Design Factors DF [
I A 9 ) /o
B in A 10 A ‘ N I
cr w LLLL LLLT
DinG 40
Total 79 Ten A units of 8 observations
v A 31 ]
B in A 24 I ’7 [
CinB 16 ri—” t f
DinC 8
Total 79 Thirty-two A units as 8

~groups of 4 A units each;

~each group contains an A unit
with 4, 3, 2, and 1 observa-
tion

. . . 2 . . .
If one is most interested in Ua one should use Design IV; if one is

most interested in Og, Design I should be used.

1.6. COMPARISON OF PROCEDURES AND DESIGNS

There are many means of estimating vafiance components and even
after choosing a method, one musf select a design to use. Bush and
Anderson [5] compared three procedures of estimation (fitting con-
stants, weighted squares of means, and unadjusted sums of squares)
for the two-way classification aésuming a random model for various
connected designs. Based on the variances of the estimates, the
conclusions reached were that one should use a type of balanced con-
nected rectangle design and the method of fitting constants to esti-

mate the components of variance. An example of a balanced comnected
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rectangle design is one in which the observations are arranged in

the following manner:

Others who compared procedures of estimation and/or designs are
Mostafa, Wang, Goldsmith, and Harville. Mostafa [24] considered the
estimation problem for two-way crossed classifications with replica-
tion:

Yijk =1 + a; + bj + (ab)ij + eijk : (1.6.1)

He proposed unbalanced designs for the joint estimation of variance
components in the model and compared these unbalanced designs with
balanced designs having the same number of observations. Mostafa

concluded that the unbalanced designs considered are better for esti-

mating Oi and 012;’ but that these designs are worse for estimating
2
Oab "

Wang [37] investigated the one-way balanced model and compared
the merits of the following estimates of oi:
‘l. equating mean squares to their expected values and solving

for their estimates

...88,.=-.88
B W
0‘ I e ;
a
a
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2. truncated estimates

S5 = S5 4g> 0
02 - a ;
a
0 otherwise

3. exponential corrector estimates

"2

6% = [ 8S. - SS o S8p/88
a B

(1 - W) 1/ a

W

Wang gave the exact distributions, the means, variances, mean
square errors, and probability of negative estimates for the various
estimates for certain values of the parameters.

Goldsmith [12] extended the comparison of designs to three-
stage nested designs assuming a random-effects model. He systemati-
cally presented and classified sixty-one three-stage designs. For
various variance component ratios and different sample sizes, Gold-
smith compared the designs in five ways using as his criteria the
trace, the determinant, and the adjusted trace of the covariance
matrix of the variance component estimates. His resuits are pre-
sented in tabular form, with the choice of the optimal design being
dependent on the relative sizes of the components of variaunce.

Harville [16] presented a lengthy, detailed review of the liter-
ature on the one-way classification. In this quite extemnsive study,
Harville discusses ''goodness' criteria, Bayesian and non-Bayesian
estimation procedures, and inappropriateness of the model. He also
comments‘on the inquadmissibility of estimates, where a quadratic
estimator is said to be inquadmissible if there exists a second quad-
ratic estimator with the same expectation and whose sampling variance

is less than or equal to that of the first estimator for all points



in the parameter space with strict inequality holding for at least

one such point.

14



CHAPTER II

PRESENTATION OF METHOD

2.1. Introduction

As stated in the first chapter, there have been several articles
in the recent literature dealing with the estimation of the components
of variance. The scope of many of these articles is limited to a
particular class of designs, if not to a single design. If the scope
is broader, then it may be very difficult to apply the technique, as
is the case with the Hartley-Rao [15] maximum likelihood procedure.
Harville [16] points out many of the drawbacks of the Hartley-Rao
technique, not the least of which being the large amount of computa-
tion necessary for comvergence, if indeed the method does converge at
all. Furthermore, if there is convergence, this convergence may not
be to the true maximum.

Another practical problem with much of what has been done is the
assumption that the variables are sampled from infinite populatioms.
In many cases, this is a false assumption. Tukey [35] very early,
and Gaylor and Hartwell [1l] more recently have allowed for finite
populations.

In this chapter, Koch's [21] method of estimating wvariance com-
ponents is reformulated and extended. The resulting procedure has
the following properties: 1) it gives an unique set of estimators of

the components of variance; 2) it is not limited to the infinite
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population problem; 3) it does mnot require the assumption of the nor-
mal distribution; 4) it is applicable to the mixed model as well as
to the random-effect model; and 5) it is competitive (using 'effi-~

ciency' as the criterion) with the ANOVA estimators in many cases.

2.2. Definition of the Model

The linear model which will be comsidered is given by

Y=Xa+ E Uy by v (2.2.1)

where X is an n X k design matrix consisting entirely of one's and
- zeros with k < nj

U 1is an n X matrix n o nts with < nj
h m of known constants t mh < nj;

0 is a k X 1 vector of unknown constants;

Eh is a mh X 1 vector of unknown random varlgbles

with

E( Eh ) =0 (2.2.2)

2
' = 1

E( Ehkh ) = Wh Oh Vh . , (2.2.3)
X is the design matrix for the fixed effects, Uh is the design

, th . .

X

maFrlx for the h random_faqtor and Vh is an mh mh matrix of

known constants. The random vectors 91, QQ,

be mutually uncorrelated. By the above definition the variables bhi

.., b are assumed to
P

and bhj (i # j) may be correlated, i.e. the method proposed is not

restricted to infinite populations.

2.3. Estimation Procedure

In the random model, Koch [21] considered the expectation of the
squared differences of the observations and then he equated the

-expectation of the squared difference to the squared difference to
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‘ obtaiﬁ estimates of the variance components. For the mixed model,

_ the cross product of differences of observations, i.e. (Yi - Yj) X

(Yk - YQ'), will be considered as well as the squared differences.
To form these quadratic functions of the observation, one uses a

matrix D and i)remultiplies' YY' by D and postmultiplies by D', i.e.
DYY'D'. D is chosen so that DX = 0; that is, D is orthogonal to the
design matrix of the fixed effects. Choosing D to be orthogonal to X
enables the components of variance to be estimated without having to

obtain estimates of the fixed effects.

The formation of the D matrix is presented by means of an exam-

ple. Consider the model given in (2.2.1) where the parameters have

the following values: n= 7, k=3, p = 2, my = 4, and m, = 7.

» | i
. ﬁ = ((x(), al’ 0['2)

|
by' = (byys by bygs Pyy)

by' = (by115 Pyins Boyzs Poyss Pogys Poggs Poog)

x=[11 0], u=[1000],adyv,=1,.
1 10 01 0 O
110 0 0 1 O
1 10 0 0 0 1
10 1 1 0 00
1 0 1 0 1 0 0O
. _1 0 1 ] 0 0 1 OJ
‘ Wl aﬁd W2 are immaterial to the definition of D. The D matrix for
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this example is

p=[1-1 0 o0'0o o 0] =[Dp 0
1 0 -1 o;o 0 0 0 D,
1 0 0 —1:0 0 0
0 1 -1 010 0 O
0o 1 0 -1Eo 0 0
0 0 1 -11'0 0 0
0 0 o —0_5—1_ 1o
0o 0 0 0:1 0 -1
0 6o 0 0,0 1 -1]

Choosing this form for the D matrix satisfies the requirement that
DX = 0 and using this D matrix in DXX}D' gives all the possible cross
products and squares of differénces of the observations in the same
level of the fixed effect. One can see that, in general, D is a

block diagonal matrix, that is

— -
D= Dl 0 0
0 D, 0
0 0 . . . D
. T

if there are r levels of the fixed factor. Each of the Di is defined
in the same manner as Dl and D2 above. Defining the Di in this way

produces the totality of differences of observations within the it
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level of the fixed factor. If there are n, observations in the ith

n,

i
2 rows and ni columns and

level of the fixed factor, then Di has

T
rows and - z n, columns. Note that
i=1

r [ n.
hence the D matrix has : z ( 21
i=1

one is not limited to a model with just one fixed factor in this
method, but that one can consider several fixed factors and call each
possible combination of levels of the fixed factors a 'level' under
the above formulation.

Let H be a vector containing the upper triangle of the symmetric
matrix resulting from taking DYY'D'. To estimate the variance com-
ponents, a subset of the terms in the H vector is used. (The subset
- of terms to be usea is defined here and the rationale for the selec-
tion of these terms is given in section 2.4.)

The method of selecting the terms from H which are to be used in
the estimation procedure is‘presented by means of an example. Con-

sider the two-way classification defined by

Yij = 0 + T, + cj + eij i=1, 2, ¢vs 5, T
j=1,2, ...., ¢
where ao is an unknown constant. Let Ef = (rl, r2, eee s rr),

c' = (cl, Chs woe cc), and e' = (ell, €195 *re s erc) with E(x) = 0,
E(c) = 0, E(e) = 0, E(xx') = Ui Vi, E(ee') = 0% V,, and E(ee') =
0§ Vq- Also assume that r, c, and e are mutually uncorrelated. Now

H consists of terms of the form (Yij - Ykz) (Ymn - Yop) which can be

. expressed as [ (ri - rk) + (cj - cz) + (eij - ekz) 11 (rm - ro) +
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(cn - cp) + (emn - eop) ]. The terms of H to be used in the estima-
tion procedure are those whose expectations simplify to one of the

following forms:

1) E[ (ri - rk)2 + (cj - cz)z + (eij - ekz)2 1
S R N ALS
» B (r; - 1) ]
2
4) E[ (e - c))” ]

where it is assumed that none of the four expectations are zero. If
any term of H has zero expectation, then that term is not used in the
estimation method. Hence the only terms of H to be included are

those terms which satisfy the following condition:

Condition 1: The terms from H to be used in the estimation procedure
have non-zero expectation expressible as the expected
value of the sum of squares of differences of random

variables.

Let G be a vector containing all the terms in H which satisfy
Condition 1. G is a quadratic function of Y, that is G = G(¥YY').
Therefore the expected value of G is a linear combination of the

2 2 2

variance components ¢' = (01, 02, cee GP). Thus the expected value

of G can be expressed as
E[G(¥¥') ] =4AgQ

where the elements of the A matrix are found by taking the expected



value of terms'gi’zzﬂgj (4" is the i*® row of D and gj is the j©

column of D').

) 1 — 1] ‘ ‘l 1 t
E(d;'TY'd) = (" (X +.h§1 Upb, ) (@'X'+ g by 'U,") 45)

21

h

h=1
(2.3.2)
Now DX = 0 by the manner in which D was chosen. Therefore,
1 ' - ] E g g 1 1
E(_Cl-,i XZ_Qj) E(d,' ( Uhhh)( L b, Uy ) Qj)
=1 h=1
Since by, by, ’ hp are mutually uncorrelated, this yields
1 | — 1] 1 |
B 0a) = gy ] T EeE ' g
h=1
a5 Puvourd (2.3.3)
S hh 'h 'h
h=1
Therefore,
g=d ' § U Vv, U d (2.3.4)
2327 % (L % h hh
where a,, = (a a . a ) is the ijth row in A.
0 ij,l’ ij,z’ s ij,p
= 1 1 » PR I . .
2i5,h 4" v, U gj is thus the definition of ((aij,h))
Now, equating E[G(YY')] to G(YY'), that is
Ad=6(YY" (2.3.5)

enables the components of variance to be estimated.
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Premuitiplying both sides of (2.3.5) by A' gives

A"A8=A"G oor

8= ata [ - (2.3.6)

This solution for ¢ is analogous to the least squares solution for

the vector of parameters § in the fixed~effects model given by

E(Y) =X B

A

where Y is the vector of observations and X is the design matrix. B

is given by

g = 0~ x Y.

N

G(YY') corresponds to Y, A corresponds to X, and & corresponds to B.
In the fixed-effects model, a function of the parameters
(Bl, 82, cee BP) is said to be linearly estimable if there exists a
linear combination of the observations (Y) which has expected value
equal to the function of the parameters.' In the same wéy, a function
of the parameters (Oi, Og, cee Oi) is said to be linearly estimable
if there exists a linear combination of the observations (G) which
has expected value equal to the function of the parameters.
If X'X has rank r < p, then only r linearly independent parame-

ters can be estimated. To obtain estimates of the remaining (p - r)

parameters, restrictions must be imposed (for example, Bp = 0 or

B; = 0). The same is true if A'A is singular; hence, if (A'A)—l
i=r+l

does not exist, a conditional inverse could be used to obtain esti-~
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mates of o.

Another possible method of obtaining estimates of Gi for i =
1, 2, ... , p when A'A'is singular is to take more observations.
Hence, when estimating 0 and A'A is singular, one could include more
terms from H to remove the singularity from A'A.

The procedure is easier to apply when Model II is being assumed.
In this case, the only terms to be used in G are the squared differ-
ences of observations. The reason for using just the squared differ-
ence terms for Model II is that these terms give the best quadratic
unbiased estimators (BQUE) in the 'complete' balanced. case ('complete'
in the sense that there are as many mean squares in the ANOVA table
as there are variance components in the model).

Reformulation of Koch's method in terms of matrices has yielded

the following:

‘1) The method may now be applied to the mixed model as well as
to the random model.

2) Thé method allows for the introduction of finite popula-
tions.

3) The method gives a unique set of estimators, which Koch's
original formulation did not give except in the complete
(q.v.) case.

4) The method does not require that the random variables come
from a normal distribution. (Koch's original formulation

does not require normality either.)

Furthermore, the estimates obtained are unbiased (by construction),

consistent, and they agree with the BQUE in the complete balanced
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case.

2.4, Selection of Terms

In this section, the selection of terms for the mixed model
shall be discussed. In the estimation procedure for the mixed model
only those terms which had satisfied Condition 1 were selected. Thé
question now is just why these terms are used in the procedure,
rather than the complete H vector or just the diagonal elements of
DYY'D' as in the random-effects model.

If one just uses the diagonal elements of DYY'D', this very
often leads to a singular A'A matrix. One practical reason for not
using all the terms of DYY'D' is thét this would constitute using

2
terms, which may be too large to handle easily. Using

i=1

just the terms which satisfy Condition 1 on the average leads to a

70 percent reduction in the number of terms for the examples con-

- sidered in chapter 5.

The best reason for using the terms satisfying Condition 1
(rather than some other subset of the terms) is that these terms are
the ones which, when used in the complete balanced case in the mixed
model, lead to the ANOVA estimates. For example, with a 23 factorial

model having one fixed-effects factor and two random-effects factors

Y=Xoa+U b+7U, c+U,ob+T0, ae+ U bc+ U, obe

4 5 6

1 2 3

where

e A
Y= (T, Yoo Vg, Yys Yo Yo, ¥y o)



(OLO, OLls az): _b_ (bls b2>, c (Cl’ 02)
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=[opy,] > ae=[ac;;] s Be=[bey]
ob,, acy, bey,
ob,, acy, be,,
abzzJ dczz b022
obe =[obey,ql » X=[1 1 0], u =[1 0], Uy=[1 0
obe, 1, 11 0 10 0 1
obe,,; 110 0 1 1 0
obe, o, 11 0 0 1 0 1
obc,g g 10 1 1 0 10
abe,; 1 0 1 10 0 1
obcyyy 101 0 1 10
obC, .y, 10 1 0 1 0 1
u;=[1 00 0], v =[100 0], U =[1 0 0 0]
10 0 0 0 100 0100
01 0 0 100 0 00 10
0100 0100 00 0 1
00 10 00 1 0 100 0
0010 00 0 1 0100
00 0 1 0 010 0010
0 0 0 1 0 0 0 1 (0 0 0 1]
and U6 = I8 (the identity matrix of rank 8). do is the mean; 0y and

dz are the effects of the first and second level of the fixed factor;
{b,}s {cj}, {abij}? {acij}, {bcij}, and {ubcijk} are mutually uncor-
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related randomrﬁariables with zefo means and variances Gb,.oi, Gib’
2 2 2 s 2 . 2
Gac’ Cbc’ and Oabc respectively. Note that Oabc here is really Gubc

+ the variance component due to random error, as they are inseparable
in this design. The sum of squares and expected mean squares for

this model are

Ssa= [ (Y1+Y2+Y3+Y4)—(YS_fY6+Y7+Y8) ]2/8

S8y = [ (Y + Y, + Y+ ¥) = (Vg + Y, + ¥, +7p) 12/ 8

SSg = [ (Y + Ty + Y+ ¥) = (T, + ¥, + ¥, +7p) 17/ 8

ssaB=t(Y1+Y2+Y7+Y8)—(Y3+Y4+Y5+Y6) 1% /8
SSOLC=[(Y1+Y3+Y6.+Y8)—(‘Y2+Y4+\Y5+Y7) ]2/8
SSyc = [ (Y, + ¥, + Yo + Yg) = (¥, + Yy + Y, + ¥y 12 /8
S8, pc = [ (Y + Y, + Yo + 1)) = (T, + Yy + ¥, + Yp) 12 /8
E (MSo) =O§bc+202b+2 oéc+4 ) ai

E(MSB) = szc + 2 oéb + 2 ch + 4 gg

E(MSC) = Ogbc + 2 céc + 2 Gﬁc + 4 ci

| E(MSgB) = Oébc + 2 cib

E(MédC) = Uébc + 2 Gic

E(MSBC) = oibc+ 2 o2

: _ 2
E(MSoBC) = o,
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Equating the mean squares to the expected mean squares, one obtains

the ANOVA estimates of the variance components. For example,

F3

52

C
=—}; [ MSC - MSGC - MSBC + MSOBC ]
=Y vvy -vv. +vy
5 LYYy - Yy¥g + Y)Yy

and
2% 1
Spe =8 [ (T + Y, + Y,

To apply the proposed technique, the D matrix is first formed. Since

+ Y7) - (Y2 + Y

- Y Y, + Y Y

277

this is a mixed model, the D matrix is

375

3

- Ya¥g

+ Y5 +Y

= % [ MSC - MSGBG - (MSGC - MSGBC) ~ (MSBC - MSGBC) ]

- Y4Y5 + Y4Y6

(2.4.2)

2 ..
8) 17 (2.4.3)

]
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Diz}ﬁ' therefore contains 144 tefms, Eut, sincé this matrix is sym~
metric, there are really only 78 distinct terms to be considered.
Of these 78 terms, there are 30 terms which satisfy Condition 1.
These terms with their expected values are given in Figure 2.1.

The general form of the equation in Figure 2.1 is

and, therefore,
A'A =4 120 2 12 2 12 8
12 2 12 2 8 8

12 12 8 8 18 12

L 2 |
(A'A)_l=%—' .5 .25 -.5 .25 -.5 .5

-.5 =.25 .9 .45 .5 -9

For purpose of comparison, Gi and 8§bc will be presented and shown
equal to the ANOVA estimates. The estimates of the remaining vari-

ance. components obtained by this method can also be shown to be equal



‘ Figufe 2.1. Terms (énd their expected values) from Condition 1
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‘ : to the ANOVA estimates, but this will not be done here.

62
c

' 8§Lb c

1./
35.{ 41 (Y -Y,) (¥-Yg) + (Y5-Y ) (¥s-¥) ] +
2 [ (¥~T) (TYo) + (¥y-Y,) (Y5-Y) + (1p~¥3) (g¥y) +

(¥)=¥,) (¥5=Yy) = (Vy=¥3) (T5=¥y) = (¥;=Y,) (¥g~¥,) -

1
% [ Y1Y7 - Y1Y8 - Y2Y7 + Y2Y8 + Y3 5~ Y3Y6 - Y4Y5 + Y4Y6 ]

*
32
C

=-%5'{:6 [t + (r? o+ (1% + (@1t
1% + (1% + (Tt + (re? ] -
2 1 ()7 4 (1, r? o+ (gr® + rp? -
8 [ (Yl'-Y3) (Y2~Y4) + (YS-Y7) (Y6—Y8) + (Yl—Yz) (Y3_Y4) +
(Tg¥) (LT F 10 [ (¥,-Y,) (¥5-Yg) = (¥3=¥,) (YY)

= (YY) (TmY,) + (YY) (Yg-Yg) + (V)=Y,) (Y5-Y;) -

3)

(Ysz4)(Y6—Y8) + (Y3—Y4)(Y5—Y6) - (Y3—Y4)(Y7—Y8) ]
(2.4.5)

=1 - (Y 2
=5 [ (U H Y HY) = (VY447 ) ]

- §2%
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Several unbalanced examples were also considered for the mixed
model. In these examples, the coefficients of the square and cross
product of the variance components in the formulae for the variance-
covariance matrix of the estimates of the variance components were
compared. Upon trying many different combinations of terms in the
estimation process, it was found that using those terms which satis-
fied Condition 1 gave, in general, smaller coefficients of the
square gnd cross product of the variance components in the formu}ge

for the variances of the estimates of g.

2.5. Variance-covariance Matrix of the Estimates

In this section, the variance-covariance matrix of § is calcu-

lated.
Var 8 =V =E@8") - [E@ 1 [ EB® 1" (2.5.1)
E@) =E [ (A'A)7TA' ¢ ]
= @HT A E@
=@antana g
=g : : (2.5.2)
1 7 ' -1 1 ' ' -1
E@8') =E [ (A'A) " A" GG' A (A'A) ™ ]

- a7t A Bee) A @'yt (2.5.3)

The terms which make up G are of the form.gi'zzfgj which means
that the elements of GG' are of the form (gi'gzjgj)(gk'zg{gﬁ). This

means that one desires that the expected value of the following terms
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be found:

2
\ 1
1) (d,'¥¥'d)

1] 1 ) 1
2 (d'T',) (&Y'

! 1 \ 1
ONNCHS + BICH «4F 79

4) (d,'YY'd) (4, 'Y¥'d))

1 | L] 1
5 (4;'¥1'8) (4, 'T'dy)

The other terms which could come from different arrangements of
i, j» k, and % reduce to one of the five forms given above. The ex-

pected value of the five forms above are given next.

1yt 2 '
1) E[ (d,'¥¥'d)" ] E{[ii (X.O_"'"'EUhhh)x

h=1

2
Ty ? 1 1
(a'x' + hzlbi Uy ) g%j

Since DX = 0

4

il

JRCIE- RIS EE R ORI

Since the hi's are mutually uncorrelated, one has

Bl (¢,'vv'a)? ] = ElE[ @ 'u )" 1+
h=
pel : 2 ,a 2
6 121 ) E'E[ (d,'U, b )" (dy 'Tp iy )T ]
(2.5.4)
2) B (4,'Y¥'d)(&'YX'4) 1 =E[ &' Ga+ ] Ub) x
: h=1

- Tt g ] t \l » E LR A i E—;k 1
(a'X" + h=‘l§hUh )d.d " (Xo + h=1Uh1_3_h) (a'X +h=1i U4, ]
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Again, since DX = 0

E[(d'YYd)(d'YY_k)] E[(EdU <§d
Since bl’ QQ, .++s b are mutually uncorrelated, this implies that
- -P
E[ (d,'Y¥'d.))(d, 'Yy'd, ) ] = §E[ d,'ub)? (a 'Ub)2]+
—i — —47 %k — =k hel =1 "h~h —k “h—h
E EE[ (_d_-'Uhlzh)z (gk'UhythZ 1+
h#h' *
z§¥§}[M'u )(d, O vby ) (4 "0, ) (T, by o) ]
(2.5.5)
= ngﬁrgxggy%>J=M(§d U <§d
=§E[M'%ﬁ>(d (b ) 1+
1 2 i 1 ]
3 g s E'E[ (Qi Uhph) (Qi Uh.bh.)(g£ Uh'hh') ] (2.5.6)

X

nn) ¢ E—d—k'Uhhh)

E[(E%Wb)z
h=1 h=l‘

4 EL (4'¥2'd) (4,774 ]

( § dz'U be) ]

E[ (d,'U,b )2 (4, 1) X
éljl nPn) (e UyeBy

' mw)]+2§¥§M(dW )(d; U by ) (4 "0 by ) X

(dz h,_h,,) ] (2.5.7)
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5) EI[ (g_i'}zY_'gj)@k'_Yg_'gz) 1 =©E[ ( E dg' Ub) X
h=1

(hildj'u )x(f &' Ub )x(f 4, Upb) ]

Since b . bp'are mutually uncorrelated, this implies that

23

E[ (d'YYd)(d'Yde)]- E E{ (d'U )X(d'U ) X
h=1

(d'U )><(d )]+ E[ (d.'Ub,) %
g,eg' —i hh

1 t 1

(@& U edy ) % (G Gby) X (&MU By )+ (4" hy) X
(d 'Uh'—h') x (g:k U l_hl) X (dz h__h) ] (2'5'8)

Now if the distribution of the random variables is known, it is pos-
sible to evaluate the above expressions. For purposes of comparison
with other estimation techmniques, it is assumed that the random vec-
tors {Ph} are distributed th(g}Wh).

From multivariate noxmal theory, it is known that if ZﬁNm(QJR),

then d'X~N(0,d'Rd). It is also known that E{ [d'X - E(d'X) 141 -

3 Og'x. Therefore, (2.5.4) can be rewritten as
] = 1 \ ‘
E[ (d YY'd, ) 1=3. El o (gl Uy vy Uy d. ) (2.5.9)
+6p§1§ozoz [, UV.U " d)(d," U V0, d)]
' ' h ! —1 h'h™h —i’—i "h'h'

h <h'
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The evaluation of (2.5.5) requires the expected value of termé iike

]
dl " X.. .Then

(dl'X)2 (dz'X)2 where X ~ N (O,R). Let f =]

d, X)) 4, X X 22 £ N
4 B

£ ~ Nz(g, R(QI,QQ)),i.e._i has the bivariate normal distribution.
—2

The moment generating function of the bivariate normal distribution
shall be used to find E] (g1'§)2 (§2'§)2 1. ,

1 2 2
- mg f2(tl,tz)_— expl > (tl ryq + 2 P, t1 t2 + t2 r22) 1

1’
(2.5.10)

The mechanics of taking the derivatives necessary to find
E[ (g1'§)2 (g2'§)2 ] appear in the appendix and only the results are

presented here.

34m(t1,t2) 9
————:;——7;— =Ty Tpy + 2 P (2.5.11)
atl at2 0,0
Therefore,
E[ (d.' U.b )% (4 ' Ub )% 1 =(d'U W U'd)x
=i “h-h =k “hh 2i “h 'h "h =i
2
1 1 1 1
(&' Uy Wy Uy g + 2 (47 O Wy Ty g

Now (2.5.5) simplifies to

1 1 t 1 — 4 1 |
Eugﬁ@@ﬁgﬂwi%[%Uﬂﬁth

2
r - \ 1 1
" U Yy Gt d)) +2 (4t UV U )T+
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_ 2 ;2 ' . '
gg Do o (4" UV " 4) (4" UpaV Uyt 4 ]

'9‘1’1'
+ 2 g § [ o , (d ! UthUh' —k) (d ! Uh'Vh'U ' gk) 1
h # h'
(2.5.12)

To evaluate (2.5.6) one requires the expected value of terms of the
form (§1'§)3 (QQfg). The moment generating function in (2.5.10) can

be used agaian.

, 84m(t1,t2)
3 — =31y Ty, (2.5.13)
atl 3t2 0,0
Therefore,
' 3 ! - | I '
E[ (4, Ub)” (4" Upb) 1 =3 (d," U W U ' d) X
1 1
d;' o, W U dp)
Hence
: 2 2
1 - ' '
E[ (4;'¥¥'d;)(4;'Yi'dy) ] =3 5 | E O Tur g UV0y " &) X
h=1l h'=1
t 1
@1 U, 4 h' h' Q',Q,) (2.5.14)

The evaluation of (2.5.7) mnecessitates the calculation of

2.

a.! 1 ' . .
E[ (4," ;b )" (4" Upby )4, U b ) ]. To do this, consider
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d 1 (d t
- = T ) . 1 . . )
X ~N(0,R). Then f=d'"| X ~ N3<g,.f_2 R (dys dys d3)). To
=3

find E[ '(§1'§)2 ' @_2 'X) (_q3 'X) Juse the moment generating function

e Lo, 2
mfl,fz,f3(t1’t2’t3) =expl 5(t)" ryy + 26 &, T, + 28 £ 1,
+e et 2t bttt ] (2.5.15)
2 Tao 2 B3 Ty3 T tg7 Tgq
. .
P m(tl’t23t3) )
2% or. ot = 27Ty Typ Ty Ty (2.3.16)
1 9% 9% 1500

This means that (2.5.7) can be simplified to

% h'h h Sk

.E.an[zwluvuw)x
-1 h =i

B[ (4,'¥Y'd )(d'¥Y'd,) 1 =
i 17 =k L hel h
1 -y T ' 3t 1
(U 1V o U ") o+ (4 TV U, ") (4 "0 Y ) ]
' (2.5.17)
To reduce (2.5.8) to a form which can be calculated requires the ex-~

pectation of terms of the form'(_cll'g(_) (gz 'X) (_QB 'X) @4 'X) where

My 1] g 1]
4 4
: . y d 1 d 1
X~ N (0, R). Therefore £ =| =2 | X ~ N,(0, =2 | R (d.,d.,d ,d,)).
=" "= = = 42 g =1°=2°=3°=4
=3 =3
1] 1

The moment generating function of f is

) 1 2
mfl,fz,f3,f4(tl’t2’t3’t4) = exp| E( t1 Ti1 + 2 tl t‘,2 P +
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tl t3 r13 + 2 tl t4 rl4 + t2

99 T 2ty ty Tyt

2 2

2 t2 t4 29 + t3 L + 2 t3 t4 s + t4 L ) ] (2.5.18)

4
9 m(tl,tz,tB,t4)

atl 8t2 8t3 Qt

T T12 T3a T Ty3 Top T Ty Yoy
4 10,0,0,0 (2.5.19)
Therefore (2.5.8) can be reduced to

Tt tyy ! = E 2 2 '
BI (d;'YY'd) (4 "Y', hgl o % [ 00 X

\i 1] 1 1 ] 1
(& Uy Vi Uy 'dg) + (4, "0,V T, ') (& "0y V1 Uy ') +

1] A\ 1
(d,'0, v, U dg)(d, "0 4V U

h'h'h — h''h! h"gk) ] (2,5.20)

These then are the formulae for the expected value of the terms in
E(_Qg' ). In order to calculate the variance-covariance matrix of
the estimates, [E( G JIEC G )]1' must be subtracted from E( GG' ).

If the random variables are known to come from some distribution
other than the normal, the equations through (2.5.8) are.still valid,
but the remaining equations have to be adjusted to account for the

different distributional form.



CHAPTER IIT

EQUIVALENCE OF PROCEDURES

3.1. Introduction

In this chapter, the equivalence of the matrix procedure pre~
sented in Chapter II to Koch's method of estimation will be shown.
The equivalence of the matrix estimators to the BQUE in the complete

balanced case will also be demonstrated for several models.

3.2. Equivalence with Koch's Method

Consider the two-stage nested design given by equation (1.3.1).

The estimates of Oi and Oi proposed by Koch [21] are

32 .1 _ -1 & _ 2
G, =51 ) n; (ni 11 121 j;g (Yij Y%%) (3.2.1)
~2 1 a 18 a :5: ) Ly
§o=% I) n, (a-n)1") FJ7 (Y.,-Y,,) -
S * PR S B e
(3.2.2)

The estimates of the variance components given by the matrix method are

= (A'A)T A" 6(¥Y") (3.2.3)

DN B
=

where A is a ( 2) X 2 matrix. The first column congists of



two's and the remaining elements of the column are

(n 3 oy
2) T2

zeroes. The second column contains all two's. Therefore,

p— e

= | (3)-02] 3a(
[R5
Let u=4[2(zi)][(§) Z(zl)]’v=1§k§§(Yij—Ykﬂ,)2
men L | [ i -(‘5)—”
RN
men o gcrn -2 (3] ve 145 (3) 10
IS RHEREPE AN

40
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2 el @
HERISEE |

Gea |13 w-me 6.2.4 a
=;11.i-(g) t+[z(zi]W] ;

n,
If one adds and subtracts [ Z—(zl)J t, one has

-3 -clsk el e e a3

[§n, @ -1 17" €+ 000, ma-n) 17"y

1
1
Do

=%['Z“i (@ - n,) ]—1""52

—_— ~2 l
= ga (3.2.5)

This equiValence proof covers only one class of designs under the
random model. However, it is clear that the algebraic procedure may

be extended to include other experimental situations which assume an

underlying random-effects model,
Another method of showing the equivalence of the matrix approach

to Koch's method of estimation is given by the following:
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Consider the model

Yij = O + r +'cj + eij i (3.2.7)

]
[
>
N
Lw
.
-
L]

o,
]
I—-\
. o
N
A
“w
(e}

where o, is a constant and'{ri},’{cj}, and'{eij} are random variables,

0
each with mean zero. Also assume that the variables are all mutually
uncorrelated and t@ép E(ri) - gi,'E(cﬁ) = Gg,‘and E(éij) = Og. The
expected value of'?hj ggared difference is
E[ (Y,. - Y .);-‘]=2(02+02) i=%k, j+2
ij k& 2 3
=2 ( di + cg) i#k, j=2
=2 (b4 os+0d) idk, AL
tera- o] =[22+268 | <[ 022 [&] -c
Oy 2 Oi + 2 O§ 2 0 2 q%
~d3_ | 2 oi+20§+20§_ 2 2 2 | o5 |

Let x; be a vector containing the elements of the set of (Yij - Yk%)2

with i = k, j < &3 let X, be a vector containing the elements of the

k52')2 with 1 < k, j = £; let Xq be a vector containing

the elements of the set of (Yij - ka)z with i <k, j # &. Therefore

set of (Y., - Y
o1]

one has the equation

P _ .
E % 1 09 Gq (3 8)
Xy 0 s 0 O
X3 0 9.13 Gq
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where j—i' = (1, 1, ..., 1) has as many elements as Xy
Defining the G vector and the A matrix of the matrix procedure

in Chapter II in terms of the above, one has

6= Txl amd A=y 0 O] ¢
%, o 1, 0
Xa 9913

Therefore the matrix estimate of 0 is given by

g = UMDY G
= let T, o o] |t e[y 0 0]
t .
0 1o do 0 0 do Y]
¢ te .
0 0 1515 0 0 i,
./-L— -
= C_‘l % 0 0 —1 X
NEENE] =1
1
0 0
i, =2
: N
L K _13{ s
— e _—
s -1 1 2
or O =C )L L, =Y
— J_l'j.-l i j<2, 13 2,
i C 2
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=ct
C

h
r

h
re

L ,
where hc’ hr’ and hrC were defined by Koch [21]. Koch then performed

a non-singular transformation of the h's and obtained estimates of
the variance components. The estimate of g provided by the matrix
procedure is also a non—singulafVtransformation of the h's (since C
is non-singula? for complete cases) and hence the estimates must be
the'samé for giih methods. Any éomplete random model can be expressed
as a one-way model eqﬁivalent to (3.2.8) and then the succeeding steps

can be applied to show the equivalence of the matrix method to Koch's

method.

3.3. Equivalence to ANOVA Estimators in the Complete Balanced Case

In order to demonstrate the equivalence of the proposed estima~
tors tb the ANOVA estimators ih the complete balanced case, three
examples are presented. From these‘examples, it is clear that the
eéuivalence does hold in the complete balanced case. The first exam-
ple is a randomi;ed block experiment. The model is given by (3.2.7).

The observations are arranged in the following manner:

Cl C2 . - CC
1] T i ' : Y1e
Ty | Yor Yoo - . Yoe
;r rl r2 * : * Yrc
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T 2 ]
' = -
Let G(Y') = | (¥ = ¥p))
2
(13 = Yi9)
2
(¥pp - ¥y
2
(¥pp = Yyp)
2
(Yll - Yrc)
2
(Y15 = ¥q3)
2
(¥ -Y )
r c-1 re
L |
The A matrix corresponding to GYY') is a( 2) x 3 matrix. The
first column of A has E;£§£E:ll zeroes and the first-column has
r ¢ (re-1) ; r ¢ (c-1) two's; the second column consists of E;Ezﬁf:ll
zeroes and n_(n-1) -2r c (r-1) two's and none of the zeroes in the

second column are in the same row as the zeroes in the f£irst columm.

The third column of A consists of all two's. The above can be seen

by considering

2

5 , .
E[ (o + r, + c + eij -0 - -y - eig) 1

]

2
EL (e +eyq = e = eyp) ]

2 2 2 2 2 2
E(cj) + E(eij) + E(cz) + E(eil) = 2 (02 + 03)

(3.3.1)
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—

and AA=27rc | cE -1  (r=D(e ~1) el -1)
(r - 1)(c - 1) r(c -~ 1) r(c - 1)
c(r = 1) r(c -~ 1) ' re - 1

%%%- =] elr - Dr(c - Dre = 1) + 2(r - ) (c - Del(r ~ Dr x
(c-1) -~ c?r-D%-1) - ¢ -~ DXr - e ~ 1) -
c(r = 1)r2(c - 1)2 ]

= @ -1)% (c-1?

aat = 2rc(r}l)(c-l) r 1 -r (3.3.2)
1 c -C
_fr -c  rHe~l
Tt cc -
A" G(YY") = igk § % (Ty5 = Yep) . (3.3.3)
rr c )
L e
rrce
gégé»“ﬁ'Ym*

In the expression for A'G, instead of considering just the terms

given in G and multiplying by two when appropriate, the subscripts
are allowed to extend over their entire range as 2 (Yij - Yﬂl)2 =

2 2
I -Y.)°. i
(Yij iﬁ) + (Yil Yij) For ease of computation, let

S 2
;g (Yij - Ykﬂ) , and
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IR
v o=, xX,. ~Y )
ikje H k&

8% rt + u ~ rv ] (3.3.4
~2 | 1 ,

991 = 2re(r-1) (e-1) t+cu - cv

8§ ~-rt -~ cu + (r+c~1l)v

Now the ANOVA estimators (BQUE' for this model) are the following:

j=1 i i=1 j=1

2% 1 1 .1 & L 2 1,5 ¢ }

SRR =l ARG AR Y> 1-¢6
(3.3.¢

A% 010 1 1 =k 1,5 & 2*}

0,. == ( == [ = Z ( Y, ) - == ( Y, ) 1 -6

2 ;r:{:c I‘*tr 121 ng re 121 321 3
(3.3.

To show the equality between the two sets of estimators, one
compares the coefficients of the terms appearing in the estimators.

6% can be simplified to

[

»2 1 2 & 2
o, = Y..~-Y, + . Y..~Y, . -
3 2re(r-1)(c-1) [x g 3%2 ( ij 1£) ¢ i;k § ( ij kJ)

2. ‘ . .
In v each Yij term appears 2(rc-1) times and each YinkZ term (i=k,
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j#%, or i#k, j=R, or i#k, j#&) has a coefficient of -4. In

each Yij'term occurs 2(c~1) times and each
%

He~—1r4

< 2
jz (g = Yig)

r ¢
. . ; 2
Yini% (j#%) has a coefficient of -4. 1In izk § (Yij - ij) each

. (i#k) has a coefficient

Y?. term occurs 2(r-1l) times and each Y, .Y
ij i1j7kj

of -4, Dividing these coefficients by the two in the denominator for

%
6§ results in 6% and 6§ having the same denominator. The coeffi-~

%
cients of the terms appearing in 6§ are quite easy to see just by
A . 7 _
considering the definition of 6§ .  One can use the same idea as
. . . ' a2 a2 2% 2%
dbove to obtain the coefficients of terms in 61, 62, 61 , and 62 .

A table of these coefficients follows:

r ¢ (r-1) (c-1) X 2
Y, . Y.,Y.Q Y.,Yk. Y"Ykz
coefficient of +J U 1J %] 1]
in 65 re-r~ctl =2(r-1) ~2{c~1) 2
2% '
63 re-r-ctl - =2(r-1) ~2(c~1) 2
5 ,
31 0 2(r-1) 0 -2
%
62 0 2(r-1) 0 -2
5 ,
82 0 0 2(c-1) -2
*
63 0 0 2(c~1) -2

Hence from the table one can see that for a randomized block design
(assuming a random-effects model) these matrix estimators are BQUE.

The next example shows that the matrix method yields the same
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set of estimators as the ANOVA estimators for the balanced randomized

block design, but now a mixed model is being assumed.

Y=o Ll+Xa+U b+e

1
where g is an unknown vector of constants; X is the design matrix for

2 2

+ » =3 » 2 — . o . 2 = -
the fixed effects; E(bi) = 0; E(bi) oy E(eij) 0; E(eij) 0y3

E(bibk) = 03 and E(eijbi) = 0,

Yij =y -+ dj + bi + eij i=1,2, ..., r (3.3.8)

G(Y) will have r(r—l)Z(c+l) terms of which £E£§:£l are squares and the

others are cross product terms. The A matrix will have two columns;

the first column contains all two's and the second column contains

EELE:EL two's and the remaining terms are zero.
A'A = 4 rC(r—l)(C+l) rc(r"l)
4 2
re(r-1) re(r~1)
2 2
= 2 re(r-1) ctl 1
2
1 1
1 "‘l - l _
(a'a) = = rc(r-1) (c-1) 1 1 . (3.3.9)
ctl
-1 5

- G is now composed of square terms and cross product terms, i.e.

2 , , ~
(Yij - Yik) and (Yij - YiQI)(Ykm - Yko) respectively. Let t= sum of



Corrections
Page 49 Last line on page 49 should be:
2 .
(Yij_ij) and (Yij—ij)(Yim—Ykm) respectively.
Let t = sum of
Page 50 The lines following equation (3.3.10) should be:
2 2
6l ~ re(r-1) (e-1) t
rc(r-l?(c—l) X z (Yi'_ij)(Yim—Ykﬁ)
_ i<k j<m
T c . ' ‘
2 c-1 2 2
6> = yo) (,,-Y,. )-8
2. re(r-1) (e-1) ik 3§ ij ki 1
9% 2%
Now 81 and 63 of the previous example are the ANOVA
: 2 2 - . ,
estimators for 9y and o, respectively in this example.
The table of coefficients is
re (e-1) (1) x Y?j v,,Y, VYL Yty
coefficient of + 1) 1e ) K
in 62 (r-1) (e-1) -2(x-1)  =2(c-1) 2
2% ' '
33 : (r-1) (c-1) -2(r-1) =2(c-1) 2
82 T o 2(r-1) 0 -2
A%
6% 0 2(z-1) 0 -2

From this table one is able to see that the matrix procedure yields
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cross product terms in §; let u = sum of sqdare terms in G; and let

v = sum of 3ll the terms in G. Then

A GRY") = |2 v
2 u

2t

1oy L ! = l
and (A'A) " A' G = re(r-1) (e-1) ~2 v + (c+l) u |

1 2t

T Te(z-1) (e<D)

(3.3.10)

(c-1) u -2 t]

2 2
6l = re(r-1) (e-1) t

1 r ¢ ¢
re(r-1) (c-1) igk j;z kzo (Yij - Yiz)(Ykm - Yko)

[

2 el Lo¢ 2 2
62 © 2re(r-1) (¢-1) g j;% (Yij - Yil) - 6>1

* *
Now 6% and Gg are the same as in the previous example. The table of

coefficients is

r ¢ (r-1)(e~1) X 9
Y, . Y..Y.2~ Y"Yk' Y"Ykz
coefficient of 13 iJ 1 11 X3 1]
. 2 )
in 62 (r-1) (c-1) =2(r-1) -2(c-1) 2
2% :
62 (r-1)(c~1) ~2(r-1) -2(c~1) 2
2
61 0 0 0 -2
2%
61 0 0 0 -2

From this table one is able to see that the matrix procedure yields
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the same éstimators as the ANOVA méthod‘for~the randomized block de-
sign (assuming a mixed model).
The last example is a three~stage nested design with model equa-

tion

= O { =
Y., 0 + a, + bij + e, i=1,2, ..., a (3.3.11)

ijk Tijk

n = abc, @O is a constant; {ai}, {bij}’ and {e:.L } are random vari-

ik
ables with the following properties: E(ai) = E(bij) = E(eijk) = 0;
E(az) = o2, E(b2 ) = o2, F(e2 ) = o2 The random variables are all
i 1P FVPqg7 T8 Bl 3

mutually uncorrelated.

The A matrix for the matrix procedure is an (g\ X 3 matrix. The
first column consists of a b; zeroes and the other elements are all
two's; The second column is composed of ab ; zeroes and the other
elements are all two's. The last column of A is composed entirely of

two's.

——

A'A = 2 abe (a=1)be (a-1)be (a-1)be

(a=1be (ab-1)c (ab-1)c

(a~1)be (ab=-1)c abe~1
1

ATA
2 abe

= (a=1)b(b-1) c(c-1)

Let r = 2 a B2 & (a-1) (b-1) (c=1)
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(A'Aj"l =1 FC(ab—l)(c—l) ~(a~1)bc(c-1) 0
T
~(a=1)be(c-1) - (a=l)be(be-1) ~(a-1)b(b-1) c>
0 ~(a~1)bc>(b-1) (a-1) (b-1)be>
B (3.3.12)
M a bbb cec 9
1 1 4 o= -
aa bb cc 2 abcece 9
DLEL L L Capctygned” - E L Gy
aa bbb cec 9
DL L L Tt
(3.3.13)
P EESE z |
Let t = (Y. . T )
it 3 3 e HE LK
aa b cc 2
STl b h e Yoy
aa bece 2
SRR
aa bbb cec : »
I s
Then |67 | = (a"a)™ A" (¥
65
62
L. 3_.
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a2l o1 [ - 2 i
Then 61 =< c(ab-1) (c=1)t = (a-1)be(c-1) (w-v)
63 —(a—l)bc I (=Dt - (be-l) (w=v) + (B—l)cw]
82‘ 2 , 2
3 -(a-1)bc"(b-1) (w-v) + (a~1)(b-1)bcw
= %- rﬁkb—l)(c—l)ct ~ (a=Dbec(ec-1)u (3.3.14)
| (a=Dbele-Du - (a-1)b(b=1)c2v
(a=1)b (b-1) c2v |
The ANOVA’ estimators.(BQUE for.this model) are
62 - L )y EEN TN 12) ., . )2
1 be 129 o e 1=1 j=1 ij. "i..
- a(b-1)
(3.3.15)
2% 1 a b _ = b 2
6 = = - - .3.
2 “¢ )¢ 121 jzl 057 Oy5e Y5, (3.3.16)
a(b-1) ab(c-1)
2% a b c _ 9
62" = L) (LY.L ) (3.3.17)
3 ge1 gE1 = MRS
ab(c~1)

The table of coefficients for each set of estimates is

. . 2
Coefflc;ent of Yijk YijkYijk' YijkYij'k' YijkYi'j'k'
2 1 -2
in 8 abe el 0 0
2% 1 -2
63 abe abec(c~1) 0 0
2' 2 -2
6l ) 0 0 abcz(b—l) abzcz(a—l)
2 -2
2% -
8l 0 0 abcz(b—l) abzcz(a—l)
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' . ' 2
Coefficient of Yijk YijkYijk' YijkYij'k' Yijk?i’j'k'
-7
. 62 -2 _ —
o 0 abc(c-1) abc? (b-1) 0
-2
2% ) —_—e
Qg —n
2 0 abce(e-1) abcz(b-l) 0

Hence one can observe that the matrix procedure leads to the BQUE for

a balanced three-stage nested design (under the assumption of a random

model).

These three examples show the equivalence of the matrix estima-

tion procedure to the ANOVA method in the balanced cases of a nested

désign and a cross classification (assuming a random-effects model)

and for a cross classification design (assuming a mixed model). From

these examples one can see the equivalence of the matrix method to the

ANOVA technique in the balanced case (to the BQUE in the complete

balanced random situation).



CHAPTER IV
VARTANCE FORMULAE

4.1. Introduction

This chapter contains the formulae for the elements of the
variance-covariance matrix for the ANOVA estimators, for the maximum
likelihood estimators, and another derivation for the 'Koch' type
estimators. Although the variance-covariance matrix of Koch's esti-
mators has already been derived in Chapter Two, another derivation is

presented here.

4.2, 'Koch' type estimators

4,2.1, Introduction. In this section another form is given
for the variance of Koch's estimators under the gssumption of a ran-
dom-effects model. The following derivation is pfesented because it
considers specifically the design being used, and hence the formulae
given here for the elements of the covariance matrix are easier to
use than the formulae given in Chapter Two.

Consider the symmetric quadratic form § = Y'AY where Y ~ N(y, V).

Lancaster [22] has shown that the variance of S may be given by

var § = 2 tr[ (VA)2 ] + 4u' AVAu (4.2.1.1)
= V! = yv!
1f 54 X_Alz and 5, = Y'A,Y, then
= A 1
cov(Sl,Sz) 2 txl VA, VA, 1+ 4p A VAU (4.2.1.2)
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In the following the matrices Ai are all symmetric, and moreover each
row and column sum to zero. Also Y = Ul. These conditions imply

that (4.2.1.1) and (4.2.1.2) may be simplified to

var § = 2 trf WAZ ] (4.2.1.3)

and

cov(Sl, S.,) = 2 tr[ VA VA2 ] (4.2.1.4)

2 1

The Ai matrices have n rows and n columns where n is the number
of observations.
What follows is a presentation of the matrix Ai which is de~-
fined so that the quadratic form §, = XfAiX is Koch's estimate of
2

Oi . To find the variance-covariance matrix for the estimates of the

variance components, apply (4.2.1.3) and (4.2.1.4).

4.2.2. Nested designs. The nested designs which are considered

are the following:
a). one-stage
b). two-stage
c).‘ three-stage
d). r-stage
a). One-stage nested design

The model equation for the one~stage nested design is
Y, = o, + a, i=1,2,...,n (4.2.2.1)

where ao-is a constant and al, az,...,an are independent and identi-
2

cally distributed as N0, Gi), i.e., NID(O, Ol). Koch's estimate of



2ris
1
~ 1
. —1— 11 a-
2n(n-1) i#j

Y,)

3

2
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This estimate can also be formed by using:rAlz'with the matrix Al

being defined by
a - 1
1i,j n

et S
n(n-1)

b). Two-stage nested design

The model equation is

= +
Y4 O +a; + by,

J

where
0

if i=j

145

i=1,2,...,a

3=1,2,...

Ty

is a constant; the'{ai} are NID(O,Gi) and the {bi

(4.2.2.2)

} are

3

NID (0, Gg). The {ai} and the'{bij} are also independent of one

another.
1 . 2 2
Koch's estimates of 01 and 02
~2 a -1,
o = L [.z ni(n - n,) )
i= i
a -l o, n
- ['Z ni(ni -1 .z Z
Li=1 i=1  j

ar

e
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These estimates can also be obtained by defining Al and A2 so that

A2 ~2
' = ' o . . .
I'aY =04 and X_AZX =0,. A, is defined by
a . - n - ni _ ni -1 if i=9
1 4,3 &
a a
n?-) ol } nf-n
i=1 i=1
- _ L if the jth element in the Y vector
§ n2 - n is in the same class as the ith
=1 * element in the Y vector, i#]j
-1
= —— otherwise.
a Py
n’ -] nl
i=1
The definition of A2 is
n, - 1
%) i,y N it 3=
N z 2
n; - n
i=1
= -1 if the'jth element in the
§ p2 -n Y vector is in the same class
..— "i
i=1 as the 1™ element in the Y
vector, i#j.
= 0 otherwise.
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; e). Thrée-stage nested design
The model equation is

Y = a,+ta, +b,, +c,, i=1,2,...,a (4.2.2.3)
i ij

ijk 0 ijk
k=l’2""’nij

where ¢, is a constant, theA{ai} are NID(O, Gi),

NID(O, 02) and the lcijk} are NID(O, 63). n, =

the {b,,} are
i +J

e~ 8

a
n, . and n = 2 n, .
J i=1

Koch's estimates are

P P o :
ot =k - n,(n - n.)} x,.,. -Y_ )
N P * 1A% 3ol usl kel ye1 K tWV
m, -1 m, m, n,, N,
? Z1 _ ( )J § Zl 21 Z13 z1u @ . )2
- n, . (n, - n -
[i=l j=1 ij 1 ij i1 3§ #u k=l v=l ijk iuv
m, -1 m, m, n, n,
~o . [ ? 21 ( )} § z1 z1 21J z1u & v )2
o, = % n,.(n, - n ) - Y,
2 i=1 j=1 i 1] =1 jAu k v ijk iuv
m ~1 m, n,,n,,
§ Fagog o] b E e
- n,,(mn,, - -
i=1 j=1 3 * 121 351 E £ v ijk  ijv
m. - m, n,, n,,
~o a 1 : a i Tij ij 9
or =% ) ) n“@“-lﬁ D D YD N ¢ SUVES SO
° 2[i=1 =t MM i=1 351 k#v kLW

These estimates can also be formed by defining Al’ Az, and A3 so

- "2 ' — ~2 X — n2
X =0y and Y'A Y = 0,, and Y'AY = 0,.

that Y'A
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A2 is defined by

A is formed by taking

60

th

if i = j

n-n, n, n, .
- = 1 if 1 = j
a a a M 2
2 2
n_zni Enl—z Znij
i=1 i=1 i=1 j=1
-1 if the jth element of the Y
a .
n2 - 2 ni vector is in a different class
i=1
at the first stage than the i
element of Y, i # j.
! . .th
if the j element of the Y
™,
§ n2 _ ? z% n2 vector is in the same first
i=1 T g=1 j=1
. stage class but in a differ-
ent second stage class as
the i™® element of Y, i # j.
0 otherwise.
n, - n, PR
i ii - 1]
a a 0y a mi
an"z znij 2 Enij—n
i=1 i ] i=1 j=1
-1
. .th R
if the j  element of Y is
v n2 _ 2 2 n2
LBy ij in the same first stage class

but a different second stage

class as the ith

i# 3

element of Y



61

= if the jth eiement of Y is in
z 2 nij -n the same first and second stage
classes as the ith element of
Y, i #3.
= ( otherwise.
The definition of A3 is
a = gt 1f 1 = §
3 4,5 J | 3
nS, ~n
Dy,
i3
= -1 if the jth element of Y is in
Z z nij -n the same first and second stage
classes as the ith element of
¥, i 5.
= 0 ' otherwise.
d). R-stage nested design
The model equation is
X, . , = qg,+b, +b, . + ...+Db, . . (4.2.2.4)
1150001 0 11 1112 11,001,
i1 = 1,2, ,I
12 = 1,2, ,mil
ir = l,2,...,ml 1 i

172" " Tr-1
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m mi mi i
1 172
m=)om,n =) Tn g, oy ] 14,4, °
i =1 1 1i.=1 172 172 i =1 17273
1 2 3
m, .,
n. i i = zillz irt‘l
R s e @
T2 el gty 1ty A
where o. is a constant, and {b, } are NID(O,GZ), b, . } are
0 i, 1 1112
NID(0,0g),..., and {b, .} are NID(O,OZ). Koch did not pre-
11;1.2...1r T :
sent his estimators for this case as the extension is obvious.

The A, matrices, i = 1,2,...,r that make §; = XfAiX = Si

(Koch's estimate) i = 1,2,...,r are defined as

- i _ i1 feoas
a; i, - 1 o 172 if i=j
A m .
nl - ¥ a2 J a2 % 7 a?,
i=1 M1 f14ii, Mit2
1 1 72
= ~1 if the jth element of Y is in a
n2 _ ? n2 different first stage class than the
AP .
ll'_l - ith element of Y, i#j
= L if the jth element of Y is
% a2 - ) 02 in the same first stage class
1=l f1 f i i1l
1 172 but a different second stage

class that the ith element of

Y i#]

b

= 0 ‘ otherwise.
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T Md REUF SRR D |
= 112 - 12 17273

2 2 2 2
Fol -] o P Tal. -77 el
i ! 111y it 111,14

if i=j

- | 1f the jP element of Y is in

z n2 - Z z n? ~ the same first stage class but
a different second stage class
. th
than the i~ element of Y,

i#]

= ‘ if the jth element of Y is

z Z n? - Z z 2 ni i in the same first stage and
172

second stage classes but a

different third stage class

than the ith element of Y,

i#j

= 0 . otherwise.




a PR
r i,j

-1

64

2 . 2
2 X‘f'i niliZ"'ir~2 -1 2"°2 niliz...i

P32,

1727

r-1

DI

1 2"'ir~1

3.0 nr
1

2

l.li

- n

r-1

if the jth element of Y is
. . th

in a different r-1"— stage
class but in the same r-2
stage classes before as the

it element of Y, i#j

if the jth element of Y has

A3
the first r-1 stage classes
R . .th
in common with the i
element of Y, but they are

in different rth stage

ciasses, i#j

otherwise.

. .th

if the j element of Y
has the first r~1 stage
classes in common with the

ith element of Y, but they

are in different rth stage



classes, i#j

= 0 otherwise.

4.273. Classification Designs. The classifications designs
which are considered by Koch are the two-way classification and the
two-way classification design with sub-sampling. Whatiwill be con-
sidered here is the two;way classification design with sub-sampling
as that encompasses the two-way classification design. The formulae
for the elements of the 'A' type matrices are easily generalized to
the r-way classification but the formulae are just too long and
complicated to be given here.

a). Two-way classification design design with sub-sampling.

The model equation is

Yijk = a, + r, + cj + (rc)ij + eijk i=1,2,...,vr (4.2.3.1)
i=1,2,...,¢C
k=l,2,...,nij

) ) I3
n,, =) n,,,n = n,, n= n, ,
15 e R = j=1 j=1 *J

0
2 - .r 2 : 1_ 2
NID(O,GZ), the “(rc)ij} are NID(O,GB) and the {eijkj are NID(O,G4).

where o, 1s a constant and the {ri} are NID(O,Gi), the {cj} are

. N . _
The {rij, the {cj}, the {(rc)ij}, and the {eijk} are also mutually
independent of one another. The estimators of the variance com-

ponents given by Koch are
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PR R RS 2
- n - n,. (Y -y )
i=1 i=1 j= 13 i=1 j#u kv ijk juv
~y ) ) ) , 772 ,
0y =% {n —an -)n +22n1j} L%gg%g(yljk_ytuv)
2 2 1 i 5
[t ] R ]

These estimates can also be obtained by defining Al’ Az, A3

so that Y'A Y = 52, Y'A Y = c?z.
! AL

~2
' = '
Y'AY =03, and Y'A,

~2
Y=0 3=

and A 2 59

4

A1 is defined by



n-n, -n + n

a s . = i. o] ij -
L il 53 RTIVE
n"- Jnj - Z“1j+'ZZ“ij

= -1
7 v 2 v 2 e
o= Zni.“ Zn;j+'22nij

1

T

1]

=0

The definition of Az is

n-n, -n,+n,,
a2 N i. N ij

P17 4 CAf i o= 3

W
dny, - g

if the jth element of Y is in a
different row and a different
column than the ith element of Y,

14

if the jth element of Y is in the

same row but a different column
.th . . .

than the i~ element of Y, i # j

otherwise

tgTn if 1 = j

5 5
- Zni." Z“?j+'zznij

1
!
ot

A, is defined by

=k
g - U

if the jth4element of. Y is in a
different row and a different
column than the ith element of Y,
i#3 \

if the jth element of Y is in the
same column but a different row

than the 1™ element of ¥, i # j

otherwise

67



68

n, -—-n n - n n-n, -n +n

33 4,5 T —2—Ad S R & - : SERCK Bl &
2
2 o2 v 2 2 2 2 2 2
2 o, z 2 nij L n‘j z 2 niJ n - Zni."in.j+22 nij
n, . - 1
- - if i=j
IIng-n
1]
1 . th co 4
= _ if the j  element of Y is in the same
2 . th
z 2 nij -n row and same column as the i element
of X_s 17‘3
-1 . th fo 4
= if the j element of Y is in the same
Z ni. - z ) nij row but a different column than the ith
element of Y, i#j
= -l if the jth element of Y is in the same
2 n?j - 2 2 nij column but a different row than the ith
element of Y, i#j
1

= if the jth element of Y is in a differ-

nz-Zni,—En%j+ZZnij ent row and column than the ith element

of Y, i#i.

A4 is defined by

S 1f i=j

DRESAEE

% 1,3
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-1
= if the jth element of Y is in the same
X Z nij -n row and the same column as the ith
element of Y, i#j.
= 0  otherwise,

If there is only one element in each cell, that is, no sub-sampling,

then A4 is not defined and 3% is actually an estimate of og + 02'

4.3 ANOVA estimators

4.3.1. Introduction. The formulae presented here are limited

to the models which are used in the comparison of the various esti-

mation procedures. The two and three-stage nested models and the two-

way classification model with sub-sampling under the assumptions of

Model II are considered here. The two-way classification design with

sub-sampling is also considered under the assumption of a mixed model.

The particular ANOVA technique considered for each of the above de~

gigns is as follows:

Random~Effects Model

a). Two-stage nested design - Henderson's Method lv

b). Three-stage nested design - Henderson's Method 1

c). Two-way classification ﬁith‘sub-sampling -~ Henderson's Method 1
Henderson's Method 3

Mixed Model

a). Two-way classification with sub-sampling - Henderson's Method 2
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4.3.2, Random~Effects Model

a). Two-stage nested design
The model used here is the same one that is defined by (4.2.2.2.).
Crump [8] has presented the formulae for the variance of Henderson's

Method 1 estimates of 02 and 02. The formulae are

1 2
4
var 52 =2 99
2
n-a
r a n2 a n2
var 52 = 2 04 1 1 (Z )2 + ) x
1 = 2 5| 5 g w b 2
2 2 i=1 i i=l w
n, (a~1) n i
a n3 1
_ 2 2 i,
n . 2 n-a
i=1 W,
n, 2 2
where w, = * , 0= 91 , and n, = . * Zni~)
i — 0" ———
1+ pni 2 a~-1 n
9

- -2
The covariance of Oi 02 is

4
2 . -
s 02) = 72 %
1 2 —————
n, (n-a)

cov(G
bj. Three-stage nested design
The model used here is defined by (4.2.2.3.)., Searle [31]
gave the formulae for the elements of the variance-covariance matrix
of the estimates defined by Henderson's Method 1. To aid iﬁ the
presentation of the elements of the variance-~covariance matrix,

Searle defined several expressions involving the nij's.



Let

y
a 9 a z nij
ky = .Z n; /n ky, = Z 3=1
i=1 i=1 ni.
Py P
= n,, /n k, = n,,
3 i=1 j= + 4 i=1 j=1 +J
m
a Zl 3 a (2 n?.)z
ke = ) Lk i kg = ) 3
1=lﬂ——5f——— i=1 n
2 .2
a (z n,.) a 2
N R kg = ) n (Jnl)
7 i=1 2 8 i=1 * i -
n,,
i
k, = n? b = ) m,
9 45 1 i=1
2 | .
(n - klz) [kl(n + kl) - 2k9/nJ

2 2 2
ky [n(ky, = k)" + ky(n - k12> 1+ (@ -k Kk,

2(n - k3) [(k,, - k3) k5 + (n - klz) k6 /n]

12
2(n - klz) (k12 - k3) k4 /n

[a-k )2 @-D @-D-@-k) @-1 b -a
L 2
(ky, - k)" @=-1 ®-a] /(a-b)
(n - k12)2 [k3 (n + kl) - 2k8/n]
(-%.)% @- k)
12 1

(- k) (0= k) (kyy = ky)

the above expressions one has
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var 53 = 3
n->b
N2 a2 ~2
cov (02, 03) = -(b - a) var 03 [/ (n - klZ)
cov B2, 52 = [k, -~ k) (b -a)/(n=-k.) - (a-17T -
1* 73 12 3 12
var 5% /(n - kl)
2 4 4 4 2 2 2 2
var 01 = 2(21 °1 + zz cz + 23‘03 + 224 01 02 + 225 ol 03
2 2 2 2
+ 226 o, 03) /[(n - kl) (n - klz) ]

4 2 2
), = r - -
var Oy L2(k7 + nk3 2k5)02 + 4(n klz)c2 0y

+20 - a) (- a)0a/ (-] /@ - k)
2 2, . 4
cov (07,0,) = {2 [k, - k, + (kg - k4)/ nl 0,

+2(¢-1) ® - a)Ug/(n - b)) = (- k) (kyy - ky)

~2 .
- var 02}/[(n - kl) (n ~ klz)J

¢). Two-way classification with sub-sampling

The model equation for the two-way classification with sub-
sampling is given by (4.2.3.1.). Searle [30] gave the formulae for
the elements of the variance~covariance matrix of the estimates
defined by Henderson's Method 1.

The method presented by Searle is the following:

lees= | &) H = 1 0 0 -1
2
5, o 1 0 -1
~2 -1 -1 1 1
| %3] - -




o o= r-1 s L = T, P = n—kl k1 -k, k12 - kq
¢-1 Ta Rk nky KRy
'-— - — — — — -
| o -r-etl T3l Rty kyRy nokgyoky, k3
T4
T — :
Tl = z n, Yi--’ uncorrected sum of squares for rows
i=1 ' |
S =2
I, = z n_j Y4j-’ uncorrected sum of squares for columns
3=1

T, = Z z n,. ?? » uncorrected sum of squares for interaction
1] ij "ije

4 n Y... , sum of squares for the mean

=
]

k, = § n? /n k, = f n? /n ko= ) ) nZ /n
1 jo1 I 2 j=1 °j 3 i ij
2 2
- I n
n, J n,,
i j

Henderson's Method 1 estimators are defined by

PS = HL-B_!GZ
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\ ~2 ~2 ~2 a2
Since o4 is independent; of Gl, 02, 03

var S = P_l [Hvar t H' + m m' var 82 ] (P_l)' oo (4.3.2.1))
~20 -1 n2
cov (S, 04) = -P "~ m var o,
var 52 - 2 o (4.3,2.2.)
n-~-n'

Therefore to find var S it is necessary to find var t whose elements

Z d = 02 and e = GZ.

. 2 _
are defined next. Let a = Ul, b = 02, 3

_ _ . 2
var T, = 2 {) L§ n, (ni.a + nijb + ny s d + e)/ni.]

1 i ij
2
P G g,
i#4' n, n,,
.

: 5 2
var T, = 2 {] [Z n s (nija + n.jb + nijd + e) /n.j]

2
(g n,. n,.,)
i 43 a®)

j# n,n.,
J73 5 Mgt

= 2 2
var T, = 2 g § ng s Enij (a+b+d+ e/nij) + (ni. nij) a
+ {n, - nij) béj
var T, = 2 [} n,, (o, a+n_,b+n,.d+ e)/n1°
A i3 ij Vi *j ij



|
o~
~1
k
~
B
o
4+
o]
o
+
=]
o
+
o
et

cov (T1 ’TZ) =

cov(Tl,TB) = 2 - +
i.
bZZZn?. (n, -n,,)
i3 13 . 1ij
n,
i.
cov(T;,T,) = z}Z—-l(n atn bHnd+e) (o
1]
2
~JZ“.J“ij Ly
b +dd—t )
i. =R
ZZn ja+n b+n d+e)
cov(T,,T3) =2 i j rJI +
-]
2 2
a ani. (n; ~n..)
i3 1. 4j
n
«J
n, n,,
1 i, 1]
cov(Tz,T)—ZZZ—-—l(n a+n b+n d+e) (a =————+ bn ,
ij n g .
Z 2
N
az + e)
n
+J

- 2
cov(T3,T4) 2 g § nij (ni.a + n.jb + nijd + e)

h
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Bﬁshwand-Andeééonv[S] also considered this model aﬁdwthey found
the variance-covariance matrix for the estimates defined by Henderson's
Method 3. Note that Bush and Anderson's method is limited to con-
nected designs. They used the same technique as Searle did for the

two-way classification. Let

B 7 il oo [rol
S¥ = |oj | ,H*=[0-1 1-1] ,m= [r-1], T* = T,
~ T
%
G% 100 1-1 -1 2
T
3
2% T%
o3 |0 0 0 1 n__ 3
L. — - p—
% = — - k%
P n k2l 0 n k21 kl
0 n-k;, n-ky,-ki
%
0 0 ki
L p—

Tl’TZ;TB’klZ’kZI’ n' and m are defined here exactly the same as

Searle's definition for them.

A

B C' vy and n_ =n"~-1r~-c+ 1.
rc re ‘rc rc

-~
TZ=1’C
Since Tl, Tz, T3 are the same as above, then the formulae for

their variances and covariances are also the same. Therefore, those

formulae will not appear here. In order to find the variance of TZ
and the covariances which involve TZ, Bush and Anderson defiﬁed several

expresgions involving the nij's and these expressions are

. ’ 2
* = 1 * = !
kl tr | Crc Crc Brc ] k2 tr {[Crc Crc Brc] }
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k*=tr[C' ¢ B _¢' C B ]
¥ rc ru ru ru rc rc

k¥ =tr ] C' C B c' ¢_ B ]
c re cu cu cu rc re

k¥ =¢tr JC!' A'AC__B_ 1
re rc re

where A'A is a diagonal matrix whose elements are the cell frequencies
. .

and Bg is defined as | Cé (A'A)_l Cg ]-1. Y is defined to be the
estimated population cell means.
The C' matrices all have n' columns with each column correspond-

ing to an occupied cell. Cl, is a ¥ X n' matrix defined by

c! =n if the cell (i,k) is the jth occupied cell

ru i,j ik

=0 otherwise.
Céu is a ¢ X n' matrix defined by

' _ _ PR ., th .
iy 1,3 n if the cell (k,i) is the j  occupied cell

= 0 otherwise.

To define C,. it is necessary to first define Cé and Cé.' Cé-is a
(r~1) by n' matrix in which each row is a contrast between two of the
r rows in the r x c¢ classification. If any cell is empty, the column
associated with the empty cell is omitted. Cé is a (c~l) by n' matrix
in which each row is a contrast between two of the ¢ columns in the

r X ¢ classification. C;c is also a matrix of contrasts and these
contrasts are determined by multiplying corresponding elements in the
rows of C; and Cé. By taking all the (r-1)(c-1) combinations of rows
of C; and Cé, the rows of C;c are formed. When some cells are empty,

some of the combinations of the rows of C; and C' do not form con-
: c
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trasts and hence for these combinations there is no row in C; . To

C

understand better the formation of these C' matrices, the example -

which Bush and Anderson used is presented.

Consider a 3 X 3 classi~

fication:
Columns 1 2 3 Total
Rows
1 07 019 g .
2 Ty T2 3 .
3 f31 139 N33 g,
Totals n.l n.2 n.3 n
Let n;y =0, nyy =g =my) =nyg =1ny) =105, =1, nyy =mngg = 2.

Therefore, the C' matrices all have 8 columns as there are 8 non-

enpty cells.

1

ru

'

cu

Note that here the first row of C; is

#
=1

lo

Mo

0

-

0 0
2 1
0 0
2 0
0

0 0
0 0
11

000 0
10 0 0
0 1 1 2
01 0 0
00 1 0
10 0 2
0 0 -1 -1
1 -1 -1 -1

a contrast between row 1 and row

3 with the column corresponding to cell (3,1) having a zero coefficient
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since'ﬁii = 0. The second row of C; refers to a contrast between row
2 and row 3. Cé is formed in the same manner except now one is in-

terested in contrasts between columns.

Cé = 0 01 0-1 1 0-1

1-1 0 1-1 0 1-1

The first row of Cé refers to a contrast between column 1 and column
3 and the second row of Cé refers to a contrast between column 2 and

column 3.

c! = 1-1 0 0 0 0-1 1
rc
0 01 0-1-1 01

60 0 0 1-1 0-1 1

Row 1 of C;c is formed by the combination of row 1 of C; and row 2 of

Cé. Row 2 is formed by the combination of row 2 of Cé and row 1 of Cé

and row 3 is formed by the combination of row 2 of C; and row 2 of Cé.
The combination of row 1 of C; and row 1 of Cé does not éause a row in
C;c to be formed as this combination does not result in a contrast.

‘ Having formed all the above expressions, the formulae for the

variance of T% and the covariances involving T% are

4 4
4 4 2 2
% = % %
var T4 2 kz 03 + 2 nrc 04 + 4 ki 03 04
% 4
= *
cov(Tl,T4) 2 kr 03
cov(T,,T%) = 2 k* 04
\T2°74 " e 73
I 4 2 2
% = E3 N E
COV(T3’TZ,) Z_ks G3+ anc o4+ 4ki 0,0,
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Having the above formulae enables one to use the method of Searle

given in (4.3.2.1) and (4.3.2.2).

4.3.3.. Mixed Model. Blischke [3] found the variance-covariance
matrix for the two-way classification model with sub-~sampling. He
worked with estimates defined by Henderson's Method 2. The model equa-

tion is

i=1, 2, «vo, T (4.3.3.1)

[ 3K
It
=

.
N

>

-
[¢]

: 2, - 2
where Yj are constants, {ri} are NID(0,07), {eijk} are NID(0,0%),

and the'{ri} and {eijk} are mutually independent. The usual 'dot'

notation for subscripts shall be used, e.g. n, =%t n,,,n , =2 n,,,
i. j oij o i7ij
n = % § nij' Blischke applied the method developed by Searle, i.e.
PS=H t-m 0;, cov(S,Og) = —P—l m var Gg (4.3.3.2)
-1 ' ' "2 -1,
var 8 =P © [Hvar t ' + mm' var 0, 1 (™) (4.3.3.3)
"2
where § = 0, P = n - k3, H=(1,-1), m=r + K- Ke - 1, t= ( L
Tf
4
~ 20
k, = l-z n2 and var 02 -2
3 n 3 i. 2 n-r-ctl

. To find Tr and T,., Blischke defined the following: a C matrix with

f’

(c-1) rows and (c~1) columns with the matrix being defined by

2
ni .
1] if §=3"
M



r n,.n,.,,

SN
z n .

i=1 P,

where j = 1, 2,

«, (e-1) and j

n, X,
7. =X . - Z iji..
J Je My,
~ c-1 PP
Yj = . z CJJ Z.,
j'=1 )
Yi-= Xl - z ninJ
i3’
where c3J
2
Te =Y [/ n. Let
c-1 c¢c-1 ¢ .
: s : n,.n,.,,
'Zl c12q 'Zl i1 :
r o AEL 3 ELAE .
i.
c-1 c-1 st
Kf =-l» Z n .n ,CJJ
Pyt )

Then H var t H'

where var Tr

var Tf

cov(Tr,Tf

= var Tr + var T

1€ 54 3"

1

=1, 2, vouy, (c-1).

is the j,j'-th element in C—l. Then Tr = Z (Yi_/ n, ) and
i .

-2 cov(Tr,Tf)

£
52
4 2.2 ii', 4
2nk 0. + 4(n+z.*)QlGZ + 2(rt2K + Z Z' W“')c2
1 1 11
2 4 22 2 2
2k361 + 4(l+Kf)k30162 + 2(1+Kf) g,
r . r
1 4 1 22
== — . 4
) =260 L ong wi )0y + Alkgts ) ny oz 0070,
i=1 i=1
T OE. 4
_2(1+2Kf+.;z w0,
i=1 "i.

8L
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c-1 Cil 1 Z Z
where z,., = n,,n,,..c7 , = Z.4s Z o, = z. .,
ii 421 4'=1 iy i3t i. fo i Wk 3 ii
r .
Wigr =0y Dge o, and wy o= g' wiyve Applying (4.3.3.2) and (4.3.3.3)

enables one to find the variance-covariance matrix of the estimates

defined by Henderson's Method 2.

4.4, Asymptotic Variance-covariance Matrix of Maximum Likelihood

Estimates of Variance Components

Searle [33] worked with the model

where Y is a vector of n observations; B is a vector of fixed effects;
"u is a vector of random effects; and X and Z are known matrices, often
design matrices. The random effects are normally distributed with

2

. , . . . 2
zero mean and variance~covariance matrix A which involves 01, 62, vees

02. Therefore
var Y = var Zu = Z A Z' = V.

Searle shows that the asymptotic variance-covariance matrix of the
maximum likelihood estimates of the fixed effects and the q variance

components is

v@,5) = (X' vx of ™t

: T
0 2
where T is defined by tij = tr {y7! A vt Vj}, and V, and Vj are the

partial differentials of V with respect to Oi and G?.



CHAPTER V

COMPARTISON OF ESTIMATION PROCEDURES

5.1. Criterion

One of the purposes of this study is to compare several pro-
cedures (Koch, ANOVA, and maximum likelihood) for estimating the
components of variance. The first decision that must be made in doing
the comparison is what will be the criterion for saying one procedure
is better than another procedure. Bush and Anderson [5] compared pro-
cedures and designs for the two-way classification and they used the
variance of the variance component estimate. Goldsmith [12] compared
three-stage nested designs and he used the trace, the adjusted trace,
and tﬁe determinant of the variance~covariance matrix as his criteria
for comparing the designs. The adjusted trace is the same as the
trace except that each element involved in the sum has been scaled by
the size of the variance components involved. Goldsmith came to the
conclusion that the trace performed best as é criterion for determining
which design was better. Another possible critefion results from the
subtraction of the variance-covariance matrix of one set of estimators
from the variance-covariance matrix of another set of estimators. If
this difference is positive (negative) semi-definite, one is able to
discuss the relative merits of the sets of estimators. This pro-
cedure was tried for several designs and the resulting difference

matrix was never positive (negative) semi-definite.
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Based on the above, it was decided that considering the variance

of each estimator was the most relevant criterion for this study.

5.2. Procedures to be Compared

The estimation procedures to be compared are the following:

1) modified Koch

2) ANOVA

a)

b)

.C)

Henderson's Method 1: use the sums of squares from the
usual analysis of orthogonal data and equate these sums
of squares to their expectations which were obtained
under the assumption of a random model.

Henderson's Method 2: adjust the data for the fixed
effects by obtaining the least squares estimates for the
fixed effects, and then, using the adjusted data, apply
Method 1.

Henderson's Method 3: use some conventional method to
compute mean squares for the non-orthogonal data, and
then equate these mean squares to their expéctations and

solve for the estimates.

3) maximum likelihood.

The particular type of ANOVA estimator to be compared is a func~

tion of what design is being considered. This results from the fact

that there is no general theory or method which has been applied to

the ANOVA technique of estimating variance components. To find the

variances of the ANOVA estimators for any design requires a formidable

amount of work. Therefore in this comparison one is limited to de-

signs for which the variance formulae have already been derived in the
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literature. The following table shows which estimators are compared.

The table also shows for what models the estimators will be compared.

" 'RANDOM "MODEL
Model Two-way Two-way Two-stage Three-stage
Estimation Classi- with Sub-  Nested Nested
Procedure fication sampling
ANOVA 1 v 4 4 4
ANOVA 2 * *
ANOVA 3 4 v
Modified Koch v Y v v
Maximum Likelihood v v v 4
" 'MIXED MODEL
Model Two-way Two-way with  Two-~way with
Estimation Classification  Sub-sampling Nesting
Procedure
ANOVA 2 , 4 X
Modified Koch: v v v
Maximum Likelihood 4 v v

The v represents the models for which the estimation procedures are to
be compared. The * indicates that Method 2 in these instances is the
same as Method 1 as Blischke assumed the.mean to be zero. The X indi-
cates that Method 2 could be compared except for the fact that

Blischke did not allow for the interaction term to be random.

5.3. Designs

Twenty-one different designs were considered for the random model
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and five different designs for the mixed model. For each of the
designs, different combinations of values for the variance components
were considered. Ninety-four different combinations of designs and

values for the variance components for the random model were investi-

~ gated and 18 different combinations were considered for the mixed

model.

It is hoped that by covering a wide range of designs these com-
parisons would give some idea of the relative merits of the various
estimation procedures over the whole spectrum of possible design con-
figurations and not be limited just to the designs that have been
investigated here.

The aesigns which were studied are pfesented in 5.3.1 and 5.3.2,
The model equations will be presented again, but not the underlying

assumptions as these are given in Chapter IV.

5.3.1‘“RandOmeffegts‘Model

TWO-WAY CLASSIFICATION
The model equation is

Y5 = %

+ T + Cj + eij i=1,2, ... , 1

and the assumptions about this model are given following (4.2.3.1).
For this model, four combinations of values for the variance compo-
nents and eight different designs were considered. The different
combinations of values are as presented in the following table (Oi,

2
02’,and Og,are givgn):



W N

1) 49 49 7
2) 4 17
3) 1 49 7
4) 7 7 7

The eight designs considered and the parameters are the following:

1) S-type Design 2) L—typé Design
11100000 11000000
111210000 11000000
01111000 11000000
00111100 11000000
00011110 11000000
00001111 11111111
00000111 11111111

3) Random Design 4) L-type Design
11000001 10000000
01111100 10000000
11101101 10000000
10011010 10000000
01110101 11111110
00000110 11111110
00000010 11111111



88

5) S-type Design 6) L-type Design
11110000 11100000
11111000 11100000
11111100 11100000
01111110 11100000
00111111 l1111111
00011111 11111111
00001111 11111111

- 7) Random Design 8) L-type Design
10001101 11000000
10101110 11000000
11101011 11000000
01001111 11111100
11101010 11111111
10111110 11111111
11110010 11111111

TWO-WAY CLASSIFICATION WITH SUB-SAMPLING

The model equation is

Yijk =, +or, + cj + (rc:):.Lj + eijk i=1,2, oo , T
j=1,2, «o. , C
k=1, 2, e gy

and the assumptions are given following (4.2.3.1). Four combinations
of values for the variance components and three different designs

were considered. The different combinations of values are



1)

3
4)

1) S-type Design

2

® o

1

2

The

13

and the assumptions are given after (4.2.2.2).

1

1

36

36

1

1

o %
36 6
1 6
36 6
6 6

0000 111
1000 111
1100 211
1110 121
2111 121
1211 122
1121 111

TWO-STAGE

model equation is

%

+ a, +b,.
i ij

00

00

2) L-type Design

00

00

00

00

11

11

11

NESTED

3) Random
0 100
0 201
0 211
0 010
1 111
1 201
1 111
2, s a

Design

0

0

1

1

Seven different

20

11

01

21

01

11

01

89

‘ designs and three different combinations of the values of the variance
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components were investigated. The different values of the variance

components are -

The designs

1)
2)
3)
4)
5)
6)

7)

n

n

considered

25,
25,
25,
25,
25,
50,

50,

17

(%]
=]
]

are as follows:
3, n; = 3, n
3, ny = 8, n
2, n, = 12, n
6, n; =n, =
20, o, n,
6, n, = 2, n
6, n; =n, =

THREE-STAGE NESTED

The model equation is

Y

ik

and the assumptions about the model are given

o

0

+ a, +b,, +e..
i ij

ijk

i=1 2,

k=1, 2,

6 °
N7 7 = ny4=2
8, ng = 10, ng = 20
6= 2
s A
’mi
LY ij

following (4.2.2.5).

Eight designs and four combinations of the values of the components

of variance were studied. The components of variance and their values

‘are presented in the following table:



2 2 2

9y 93 93

1) 49 28 7
2) 49 1 7
3) 21 49 7
4 7 7 7

To define the designs, consider the following structures given by

-Goldsmith [12], along with the m, and the nij for each structure.

Structure Number

Stage 1 2 3 4 5
N
2 ,
s LD
m, 2 -2 2 1 1
ny 2,2 2,1 1,1 2 1

The first structure is used when two second-stage samples are taken
from each first-stage sample and in turn, two third-stage samples are
taken from each second-stage sample. Similarly the second structure
is used when two second-stage samples are taken from each first-stage
sample and in one of the second-stage samples, two third-stage sam-—
ples are selected, while in the other second-stage sample, only one
third-stage sample is selected. ... Likewise, the fifth structure is
used in a design when only one second-stage sample is selected from
each first-stage sample, and in turn only one third-stage sample is

selected from each second-stage sample. The designs considered are

91



presented in the following table where the elements in the table are

the number of each structure involved in the design:

Structure 1 2 3 4 5 Number o?
number observations
Design

1 A 3 0 3 0 18 36

2 3 0 9 0 6 36

3 6 0 6 0 0 36

4 0 3 0 3 21 © 36

5 0 6 o 3 12 36

6 » 0 9 0 3 3 36

7 5 0 5 0 30 60

8 5 0 15 0 10 60

5.3.2 Mixed Model
TWO-WAY CLASSIFICATION

The model equation is

It
=
M
&
-
|a]

Yij = ri + Yj + eijk i

1l
=
-
N
-
-
(¢}

3

k=1, 2, ... , n

and the underlying assumptions are given following (4.3.3.1).

Blischke assumed that the mean equals zero while the maximum likeli-

hood procedure and the modified Koch technique do not require this
assumption. Three sets of values for the variance components and two
designs were studied. The values for Oi and Og are presented in the

following table:
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Gl 0'2

1) 49 7
2) 7 7
3) 7 49

The designs and parameters are as follows:

1) BIB Design
| 110100
011010
001101
000110
100011
010001

101000

1

2) Random Design

110

011

111

100

010

00090

000

0

1

0

1

0

0

0

TWO-WAY CLASSIFICATION WITH SUB~SAMPLING

The model equation is

Y.., = o, + r, + Yj + (ry)ij + eijk

ijk

i

N

k

and the assumptions are that oy is a constant,'{yj} are unknown param-

: 2. . 2
eters, {ri} are NID(O,ql), {(ry)ij} are NID(O,OZ), and {eijk} are

2 , | . , |
NID(O,GS). It is also assumed that the {ri}, {(ry)ij}, and {eijk} are

mutually independent.

2

of Oy s

Two designs and four combinations of the values

presented in the following table:

"2 2 ; .
02,_and 04 were considered. The combination of values are
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1) 49
2) 14
3) 49

& 7

94

2 2
0'2 03
49 7
49 7

1 7

7 7

The designs and parameters are

n= 28

1) BIB Design r=7,c=17 2) Random Design r = 3, ¢ = 6

2101

0210

0021

0002

1000

6100

1010

TWO-WAY

000 221411
100 312021
010 032111
101
210
021

002

CLASSIFICATION WITH SUB-SAMPLING AND NESTING

The model equation is

Ti9k

= ao + ri + sij + Yk + (rY)ik + eijkk i=1,2, «v. , T

k=1, 2, oo , C

L =1, 2, +.. ,n,

- . . ) 2
where o, is a constant, {Yk} are unknown parameters, {ri} are NID(0,07),

0

_ 2. - 2 : 2
{Sij} are NID(O,GZ), {(rY)ik.} are NID(O,OB), and {eijk,%} are NID(O,G4).

It is also assumed that the random variablesA{ri},l{sij}, {(rY)ik},

and‘{eijkk} are mutually independent. One design and four combinations
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of the values of the components of variance were investigated. The

combinations are

2 2 2 2

op 9, 093 9,
1) 36 12 24 6
2y 36 12 12 6
3) 36 36 6 12
Ly 6 6 6 6

The design and its parameters are

1 2 3
1) ¢ 1 2 3 4 5
r [ n.
i
1 § 112 1 1 2 1
P11 1 0 1 2
2
b2 |1 0 1 0 1
; 111 2 1 1 0
31210 1 3 2 1
{3 11 0 1 1 1 |

5.4. Results

In this section the results of the sﬁudy are presented in terms
of a type of asymptotic efficiency. The asymptotic efficiency of
estimate A is obtained by dividing the asymptotic variance of the
maximum likelihood estimate by the variance of estimate A. The actual
values of the ﬁariances of the estimators are presented in the appen-
dix.. The actual values of the variances thus also allow the comparison

of designs in addition to the comparison of estimation procedures.



The tables in this section confain the 'asymptotic' efficiencies
of the various methods of estimation for the combinations of designs
and variance component values given in section 5.3. For the models
considered, the designs are identified by the numbers assigned them in

the preceding section.

5.4.1. Random-Effects Model

TWO~WAY CLASSIFICATION

EFFICIENCIES OF ESTIMATION PROCEDURES

Design Variance Component Koch Method 1 Method 3
Number 1 and its value
(S Design)
ci = 49 \ .673 672 .838
O§ = 49 .622 .622 . 830
o§ - 7 .016 .016 .166
) v
Gl = 49 .851 . 850 734
03 =1 .034 .035 . .095
Og = 7 .058 .059 157
) .
Ul = 1 046 046 094
Og = 49 .839 .838 .730
Gg = 7 .079 .080 .159
2
Gl = 7 .755 .759 .385
Og = 7 .718 .732 .379
a§ = 7 .345 .362 . 160



Design

Number 2
(L' Design)

Number 3
(Random)

Variance Component
and its value

WM DN

WD EN

WMo N NN WM NN =N

WD N

WNhNdNDEHEDN

WN NP

It

L]

it

49
49

7

49

49

49

49

Koch

455
448

.010

.583
.018

.030
.018
.616

.030

.567
.557

. 245

.626

673

.018

.752

.069

<112

.040

. 866

070

Method 1

.519
.518

.014

.634
.037

.061

.037
.676

.063

.669
671

.362

.640
.678

.020

.752
.078

.127

.057
. 866

.098

97

Method 3

.649
.717

.582

.582
411

.540

.406
.648

.538

.682
712

.563

Since design 3
is not a con-
nected design,
Method 3 is

not applicable,



' Design Variance Component Koch Method 1 Method 3
and its value

ci = 7 .729 . 760
: cg =7 .752 .765
i c§ = 7 .363 405
Number 4 oi = 49 477 497 .546
(L Design) 5
of = 49 : .599 .636 . 835
cg = 7 017 .020 .083
2
of =49 .525 .551 .488
o§ =1 .040 114 046
og = 7 .069 .185 .080
4." 2 ' ,
of = 1 .026 .026 .039
) o) = 49 726 .729 753
0§ = 7 045 .046 .071
2
ot = 7 .682 .702 .257
cg = 7 .660 . 754 .220
c§ = 7 .342 413 .078
Number 5 o? = 49 .797 .795 .896
. 1
(S Design) 2
o2 = 49 .769 .765 .886
o§ = 7 .023 .022 .273
) 2
o] = 49 .845 . 844 . 803
,‘ cg = 1 .069 .061 .162
og = 7 .122 .110 . 269



Design

Number 6

(L Design)

Number 7
(Random) -

Variance Component Koch
and its value

(JJQN NQN i—'QN

NN EFEDN

WNDNDN DN WM NN WNNDNDEFEN wQNNNI'—‘N W

LWNNNDREND

i

1l

il

1 .085
49 842
7 .149
7 .829
7 .808
7 . 429
49 .678
49 .691
7 .019
49 712
o1 .037
7 .068
1 .035
49 .749
7 .064
7 .731
7 .739
7 .361
49 .810
49 .759
7 .026

Method 1

.081
841

.145

.836
.822

. 465

<717
. 734

.026

.733
.080

.140

.082
.773

142

.798
.813

514

. 811
.763

.027

99

Method 3

.160
. 799

.270

.624
.614

.271

<779
. 830

.636

.700
472

.623

472
.751

.622

.782
. 808

.632

Since design 7
is not a con~

nected design,



Design

Number 8
(L Design)

Variance Component
and its value

Q Q
WP RPN

Q

Q Q Q Q Q
WRNNN RN WP NN =N

Q

WMNNDN N

NN EN

Q
WK NN DN

W EN

t

i

1]

49
1

7

49

49

49

Koch

.851

.087

.152

.133

.817

.223

.839

. 804

452

.666

.761

.024

.679
.070

124

.042

. 796

.075

.755

.788

418

Method 1

.851
111

.190

Q44
.818

244

. 845
.828

.502

.692
.789

.031

.694
.151

.249

.075
. 811

131

.799
. 846

.548

100

Method 3

Method 3 is

not applicable.

.738
. 896

.636

.663
473

.629

464
.811

.613

.780
.833

.630
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For the S designs and for the'experimenté Whefe the cells con-
taining the observations have been selected at random, there is almost
no difference in efficiency between the modified Koch procedure and
Henderson's Method 1. Method 3 is very susceptible to the value of
the variance components being estimated, and Method 3 is very poor
when the components of variance are equal. For the L designs, Method
3 seems to be better than Method 1 or the Koch technique. Method 1 is
somewhat better than the modified Koch procedure for the I designs

although the difference in efficiency is never greater than 0.117.

TWO~WAY CLASSIFICATION WITH SUB~SAMPLING

EFFICIENCIES OF ESTIMATION PROCEDURES

Design Variance Component Koch Method 1 Method 3
and its value

Number 1 0% = 36 .762 .763 764

(S Design) ;
o5 = 36 .728 .729 746
cg = 6 .109 111 .116
o7 = 6 .976 .976 .976
Oi = 36 .848 .847 .682
og =1 .118 .122 .04
cg = 6 .349 .362 114
OZ - 6 .963 .963 .963
Gi = 1 .101 .103 . 106
02 = 36 .838 .837 .768
og = 6 .211 .217 .187
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. " Design " Variance Component Koch  Method 1 Method 3
and its value

oF = 2 .993 .993 .993

or = 6 .794 .806 .187

s = 6 .767 .796 .181

5= 6 .682 725 114

o= 6 .967 .967 967

Number 2 o? = 36 .666 . 709 778

(L Design) ]2'

05 = 36 662 .712 .809

o= 6 .105 152 486

or = 6 .972 .972 .972

9 oF = 36 .712 .733 .699
or= 1 .086 .207 .313

ot= 6 .283 .513 472

o= 6 959 950 . .959

ol = 1 026 .150 414

o2 = 36 724 L7647 .731

ot = 6 .134 .295 .562

oi = 2 .992 .992 .992

o2 = 6 .708 - .805 649

o2 = 6 .699 .813 .651

0t = 6 647 794 476

ot = 6 .963 .963 .963



Design Variance Component - Koch Method 1
and its value '

Number 3 02 = 36 .773 .778
1
(Random) 2
o5 = 36 711 730
cg - 6 .006 .132
ci = 6 .973 .973
2
o% = 36 .842 . 842
cg = 1 .106 171
0§ = 6 .331 456
02 = 6 .961 .961
2
o2 = 1 134 .157
og = 36 .802 .803
og = 6 .261 . 309
cZ = 2 .992 .992
2
ol = 6 .798 .818
c% = 6 .733 . 804
0§ - 6 .682 757
oZ = 6 .964 .964

In the two-way classification with sub-sampling for
there is almost no difference in efficiency between the
technique and Method 1. Both of these methods also are

for S designs than Method 3 which does very poorly if th

103

Method 3

Since design 3
is not a con-
nected design,
Method 3 is

not applicable.

S designs
modified Koch
somewhat better

e variance com-

ponents are equal. For the L designs, Method 3 seems to be better than

either Method 1 or the modified Koch procedure, although

drops in efficiency when the variance components are equ

Method 3 again

al. Method 1
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'again.is a littlé bétier than the Koch estimators for L désigné with
the greatest difference in efficiency being 0.23. For random designs

Method 1 again is somewhat better than the modified Koch method,

although here the greatest difference in efficiency is only 0.126.

TWO-STAGE NESTED

EFFICIENCIES OF ESTIMATION PROCEDURES

Variance Component Design Koch Method 1  Design Koch Method 1
and its value

oi =7 1 .582  .582 2 666 .666

og =1 .851  1.000 .997  1.000
2 _

o] =1 589  .613 666 .666

03 =1 851 .999 .997  1.000
2

of =1 334 .542 666 .672

og =7 .838  .984 997  1.000

oi =7 3 .500  .500 4 829 .829

o5 =1 .999  1.000 .992  1.000
) |

o7 = 1 500  .500 831 .833

03 = 1 .999  1.000 992 1.000
2

o =1 500 .502 .830  .847

a, = 7 : .998  1.000 .990 .999



' Variance Component

and its value

o, =7
2
02_1
2
2
02—1
2
g =1
2
62_7
2
2
o = 1
2
Gz"'l
G -1
2

5 .895

.997

. 949

.935

722

772

7 . 831

.998

.832

.998

.831

.997

‘Design Koch Method 1 " Design

.997

.949

. 935

.722

772

. 831

1.000

. 832

1.000

.837

1.000

Koch

.633

.805

.686

. 805

.503

.793

Method 1

.634

1.000

.706

1.000

. 780

.986
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For the two-stage nested designs, Method 1 does much better than

Koch's estimators in designs which are very unbalanced.

If one uses

the designs which Prairie [26] has shown to be optimal, then there is

‘almost no difference in efficiency between the two estimation methods.

(See Chapter VI for a further discussion of two-stage nested designs.)



Variance Component Design Koch Method 1
value

and its
g

a

W NdEN WD EHEN WNNDNE N WD RED

WMNN NN

WM NN N

i

i

49
28

7

49

21

49

49

28

49

THREESTAGE NESTED

EFFICIENCIES OF ESTIMATION PROCEDURES

1 . 837

.779

.997

.762

.993

.931

. 722
.668

.998

. 840
.876

. 964

3 . 824
.810

.997

845

. 993

.932

.901
.918

.997

.763
. 895

. 931

.855
. 801

.998

.921
.936

. 964

.848
.954

.997

.846
.895

.932

Design

Koch Method 1

812

.736

.995

.813
. 963

.871

.694
.668

.998

. 820
.918

. 957

<948
.948

.998

.851

.957

.993

. 869
.942

.995

.814
. 834

. 871

.875
. 886

.998

. 921
.977

.957

.949
<949

.998

. 854
.985

.993
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Variance Component Design Koch Method 1
and its value

WCroNNEHEDND WNNDDNEN

WD WNDNNFN WM NN N W dNdEN

WD EFEN

"

U i

]

21

49

49

28

49

21

49

49

28

.767

.780

. 999

. 845

.936

.976

.910
.961

.998

.822
. 966

.992

.849
. 864

.998

.881
.891

.976

. 847
779

.997

.866

.934

. 999

. 899
. 999

.976

.910
.962

.998

.822

.984

.992

.850
.864

.998

.887
.896

.976

.911

.918

. 997

Design

Koch

.820

. 806

.998

.856
. 855

.970

.892
.979

.999

.870
.971

.993

844
.935

.999

.879
.926

.982

Method 1

.821
.807

.998

. 864
.863

.970

. 892
.980

.999

.870
.983

.993

. 844
.936

.999

.883
.930

.982

107
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Variance Component Design Koch Method 1
and its value

o = 49 8  .827  .885
o’ = 28 736 .ok
6§ = 7 995 .995
o = 49 .827  .828
o2 = 1 963 .834
o2 = 7 871 .871
of = 21 706 .889
0> = 49 668 886
o> = 7 .998  .998
Gi = 7 .836  .939
o2 = 7 , 018 .977
c§ = 7 957 957

For the three-stage nested designs, both techniques of estimation

. 2 .
use the same estimate of 03, hence the comparison must be based on the

1 2

signs involving structures 1, 3, and 5, Method 1 is usually better

estimates of 02 and 02. For designs 1, 2, 3, 7, and 8, that is, de-

than the modified Koch method, although the Koch estimator of G% is

better when Gi >> G;. For designs 4, 5, and 6, that is, designs in-

volving structures 2, 4, and 5, there is almost no difference in the

procedures although Method 1 always has an efficiency greater than or

equal to the efficiency of Koch's.technique.
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5.4.2.. Mixed quel'
TWO-WAY CLASSIFICATION

EFFICIENCIES OF ESTIMATION PROCEDURES

Variance Component Design Koch Method 2 Design Koch Method 2
and its value

Oi = 49 1 .030 .834 2 .386 .735

5 (BIB) (Random)

0, = 7 .000 .571 .013 .571

oi = 7 .016 .721 _ 416 674

og = 7 - .004 571 .221 .565

<=7 .008  .521 .369  .399

og = 49 .015 .571 453 . J545
TWO-WAY CLASSIFICATION WITH SUB~SAMPLING

Variance Componenﬁ Design Koch Design  Koch

. and its value

oF = 49 1 .704 | 2 .607
o) = 49 .313 .205
0§ =7 .017. - .021
qi = 14 .419 544
cg = 49 .679 .273
o§ = 7 .033 .040
ci = 49 .809 641
cg = 1 . . 024 .075
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‘ Variance Component Design Koch ° Design Koch
and its value

= 7 1 042 2 . .177

62
%3

2
or = 7 477 .600
0% = 7 443 .298
0§ = 7 . 243 405

TWO-WAY CLASSIFICATION WITH SUB-SAMPLING AND NESTING

EFFICIENCIES OF ESTIMATION PROCEDURES

Variance Component Design Koch
and its value

N ci = 36 1 .5094
8 cg = 12 : .2305
2
0% = 2 .2532
= 6 0111
2 )
2
of = 36 .5081
oF = 12 .1991
o§ =12 .1579
2
64 = 6 .0135
ci = 36 .5603
02 = 36 4461
2 _
ot = 6 0850
2
o, = 12 .0298

Q
N
I
o

.5768

[
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Variance Component Design Koch
and its value

c% -6 . 1 .6357
2"

os = 6 .3565
2 .

;= 6 .1351

The modified Koch technique does best in the mixed model when
there are several observations in each level of the fixed effect.
This is because the estimation procedure does not form any diff;;—
ence of observations unless the observations are in the same level of
the fixed effect. The results for the mixed model show this. For
design 1 in the two-way classification, three is the maximum number
of observations in any fixed-effect level, and the modified Koch
technique does very poorly. - For design 2 in the two-way classifica-
tion, there are four observations in one fixed-effect level and there
is a considerable increase in the effiéiency of the modified Koch
method. If there are very few observations in the fixed-effect
levels, another mefhod of estimation of variance componeﬁts (instead
of the modified Koch method) should be used. However, if there are
several observations in several of the fixed-effect levels, then the
modified Koch technique should be quite competitive (with respect to

efficiency) with the ANOVA estimates.



CHAPTER VI

TWO-STAGE NESTED DESTIGN

6.1. Introduction

In his second article on variance components, Koch [21] stated
that there exist numerous possible ways for forming estimators based
on the concept of squared differences. The results in Chapter V show
that the ANOVA estimators have an éfficiency greater than or equal to
the efficiency of the Koch estimators for the two-stage nested design.
Motivated by this finding and also by Harville [16] who has shown
Koch's estimators to be inquadmissible (i.e. there exist other esti-
mators whose variances are less than or equal to the variances of
chh's estimators with the inequality holding for at least one point)
in the twé—stage nested design, two other ways of combining the squared
differences to form estimators shall be considered. The variances of
these new estimators shall also be studied to determine whether these
new estimators are quadmissible.

6.2. New Estimators

The model being considered is defined by (4.2.2.2) and the model
equation is

= 0 i = “oe
Yij 0 + ai + bij i 1, 2, , a

|_.|
[
o
~»
Ca
S
P

2

NN

2, .
2031 + 62) i#k
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k;f:The*ééﬁiﬁatés'pééSentéd by Koch'[21] are

2

ai = (b - hz)v/ 2 . and 62 =h, / 2 where
a —l a arni nk 2
hy=1] n () ] E - E Lo 10y -Y)°  end

i=1 i # k j=1 2=1

[Tn-n 1t § 0 T, v )2
n,(n,- : e ™ . .
2 jep 101 i=1 1 # 8 ij ig

=a
0

A different set of estimators can be defined by considering a different

combination of the squared differences. Define

> 1 Ei Ei 2
h, ., = ———— x,., - Y.,) and then define
2,1 ni(ni i) ;41 ij i

~ a —l a ~
hy=1] (-1 17" ] (@-Dh, .
i=1 i=1

By this definition the fact that there are 'a' classes in this design

has been taken into consideration. The new estimators are then

22
62 = h2 / 2 _ (6.2.1)
82 = (n, - h,) /2 (6.2.2)
1 -1 2 T
6; is the same as the ANOVA estimator of Gg as can be seen by the fol-
lowing:
~ n, n
1 i vi 2
h, , ===} ) (X,, -Y,)
2,1 ni(ni 1) 349 ij il
n,
T a El zl (Yi' - Yl )2
im =1 M ’
Then
a a - n
T -1 N i 2
By = 1) =) 17 ) T (=D J oy =907 ]
i=1 i=1 i 7 j=1
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5 8 By 2
== y zl(Y1 -1
i=1l j=1 J ‘
2 1 ¢ W 5 |2
6-=h, /2= 7 )(. . -%.)
2 2 n-a .24 521 i i

Another set of Koch type estimators can be formed by taking a differ-

ent combination of the squared differences (Yij )2, i # k. Define

=Yg

2

f N

Zl Zk(Y -y i4k

)
iM% j=1 g=1 1 k&

l,ik oo
and next define

- 1 @
ho= L7
1 a(a-1) 3

~2 ~ Pay

02 = h2 / & (6.2.3)

o2 = (h. -h) /2 (6.2.4)
1 1 2 ' e

These two sets of estimators will be compared with two sets of
ANOVA estimators. The first set of ANOVA estimators is the usual

ANOVA estimators

2% ~2
62 = MSE = 62 (6.2.5)
Gi* = 9£5;32-(MSA MSE) (6.2.6)
‘Z“ :
where
a n,
MSE = E%E' Il - ?i,)z and
i=1 j=1 - y
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a
1
MSA = == [ E

: . .
The second set of ANOVA estimators has 6; as the estimate of Og, but

instead of using MSA, one works with the unweighted sum of squares

between classes, that is

-~ 1 a _ - 2 - a ?
MSA=—[ )} (¥, -% )] whereY¥ = } ’i.
a~1 i, . . _—
- oi=1 i=l a
1 g = - .2
E(MSA) = -7 El .Z I, -¥ )71
i=1
02 a
1 a ,&5..n,
i=l i
Therefore
AL _ - 1 )
6] = MSA Z an, MSE | (6.2.7)

i=1
’ . . : 2
Since all four sets of estimators have the same estimator of Oys the
L 2 . .
estimates of 0, are the only estimators which must be compared. The

. 2 .
estimators of oy that will be compared are

~

2
1) 61 = (hl - hz) /] 2 = hl / 2 = MSE  where
by /2= IZ(n-n)X IR
) . 1.
n"En. i=1 J =1 i=1
1
a n
¢2 : 1,2 2
- InZ I v - () [, Y, -Y0 DI
-Zn i=1 j=1 Y13 = e B
1 a
= =5 [nssT~ ] n SSE, ]
n - n. i=1
€1
SST = 2 Zl i' YZ, / n and SSE, = zl (Y.. - ¥ / n )2
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Therefore

62 = [ n sST - Z n, SSE; ] i - MSE
1 2 v 2
i=1 * n--)n,
-
_ 1 SSE
= ;z—g—i-[ n (SSA + SSE) - - Zlnl SSE, 1 - ==

* 1

: n(a l) MSA + Z [ (Zn -nn -an + n, a)(n - l)MSE 1]

n - nl i=l (n —Zn ) (n-a)
2) ;2 = (% - E Y / 2= ; /] 2 —‘MSE where
1 1 2 1
~ a ~
hl = a(a—l) E 4 E hl,ik
a a
1 n, SSE, + n, SSE - = 2
YEED) ) ) E [ D ™7 7% P+ (3, - 9,071
n, n
ik
a = 2
=2[zSSEl+Z (Y:L —Y”) 1
i=1l an, i=1 a-1
Therefore _ - 2
~g a SSEi a (Yi -Y ) SSE
0y = n T a1 ~ n-a
i=1 i i=1
a(n-a-a ni)(n - l)MSE ~
= (n-a)an =+ MsA
i=1 i
* -
3y 6%% = 2a=l) e ws)
1 2 2
n —Zn,
i
b 62 s ? MSE
) 1 ‘MSA - S, an
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6.3; Variaﬁéesrof the Estimates of Gi

The expressions for the four estimators are all defined in terms
of MSA, MSA, MSEi, and MSE. Therefore to find the variance of each

estimator, one needs the variances and covariances of these four quan=-

tities.
264
The variance of MSE is ' —a gince MSE is the estimator of
, 20‘2‘
O%. The variance of MSEi is therefore given by a1 The covariance
i

of MSE and MSA is zero and the éame is therefore true of M’SEi and MSA.

The variance of MSA is given by

_Zn
var(a) = —— [ (a-1)or + 2 ——+ 0% 0% +
2 - 2 n 1
(a-1)
2,2 2v 2 3
(Zni) + n Xni -2 nZni .
2 1
n
The variance of MSA is given by
var(MSA) = —g—-04 I g 1_. 2 2 +
-1 °1 " a(a-1) 421 04 l P
1 2 81 4
—-—————-[(2 2. @’ ) o
2 2 2 . 2 2
(a~1)"a n; i=1 ng

~ ~

The covariance of MSA and MSE (and MSEi) is zero since MSA is also a
function of the means as is MSA. Given the above variances and
covariances, one then has the following formulae for the variances of

the estimators:
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var(gi) = _"TTJLTZ—E I n2 (a—l)2 var(MSA) +
GRS
2 - 2
a [(Jn; -nn, ~an+an)(m -1)
) [ — = - = ] var(MSE,) ]
i=1 n - a .J 1
~o ~ af(n~-a~-an,)@ -1 2
var(cl) = var(MSA) + .2 [ - P i a)l J var(MSEi)
i=1 i
var(@i*) = [ Eiiﬁf:f%l ]2 [ var(MSA) + var(MSE) ]
n~ - Zn,
i
~ a
var(@i**) = var (MSA) + ( z ——1—4-)2 var(MSE)
1=1 4

6.4, Comparison of Estimators

N *
Since 6% and 6? both involve MSA they will be compared with each

k% ' .
other and Oi and 6i< will be compared with each other as they are

both functions of MSA.
' , ~2 2% . S
In the comparison of 61 and 81 , the variance of MSA plays no

role as it has the same coefficient in both var(@i) and var(@ix).

Therefore the only quantities to be compared are

a (Zn? -nn, ~an+an,)(n, -1) 2 2 04

z = = T = 2 versus
n,~1

i=1 n - a 4 i

4
n (a - 1) 2 202
n2 - an © n-a
-1
220 o L. 2%
Assume that var(ﬁl) 2~Var(61 ) and see if this assumption can be

proved to be true.
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a ‘r(zni -nn -an+ta ni)

Assume —(——2—'];—2——2‘ L . 2 O'; (ni—l)' >
n —Zni) i=1 n- a :
4
n (a - l)']2 202
n2_— Eni n-a
2 2
a (Zn. -nn, —an+an,) (n, -1)
or ) = - - - > [n(a-1) ]2
i=1 n - a
or —(Zni)z + nZni + (n—a)fni + aZni > n2
or ,(n—a)(ini - Zni) > (o~ Zni)z
2 2
or [ [, -D 10 nj@ -1 > [am -1 ]

let a. =n. vn.-1 and b, = vn,~1 . Then one has
i i i i i
o 2 o 2 2
(Zbi) (Zai) > (Zaibi)

which is just the Cauchy-Schwarz inequality. Hence this implies that

the original assumption is true.

~

*% ~
In the comparison of Oi with 6% the variance of MSA plays no

~

role as this term has a coefficient of one in both var(Oi) and

T3
Var(ﬁi”).k Therefore the basis of the comparison is
2 4 4
a [(n-a-a ni)(ni -1 20, a 4 20,
an, (n~-a) n,-1 Versus v an ) n-a
i=1 i i i=1 i

~

%ok
Assume that var(ci) > var(c’?i< ) and see if this assumption can be

shown to be correct.



Va (ﬁ -a-a ﬁi)(ni - 1) -

S i=1 an, (n - a) n,-1 Cd=1 i

n

or (n—a)(2%~92
i .
i

or @-I < @-a@E-
i i n,
1
ni—l 2 : n,-1
or (J=—)7 < [l -D 1[5
i n A

i

Let a; = yni—l and bi = yni—l / n, . This results in

(Japb, )% < (JaD( D

which is the Cauchy-Schwarz inequality. Hence this implies that the

initial assumption again is correct.

Therefore the two Koch type estimators can be dismissed as they

are inquadmissible. There are other possible combinations of the

(n—a)(n+a)2%—- < - zli-(nz—Zan+a2) + az(a,n)
i
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square differences and some of these other combinations may be better

than the ANOVA estimator, or at least quadmissible with respect to

the ANOVA estimator.

The two ANOVA estimators have also been compared for the same

designs that Koch [20] considered in his comparison of estimates of

the mean.in the random-effects model. In the table which follows, the

design parameters are a = 5, and then n, 0ys Ny, Dg, n4, and n

4
specified. Following these parameters are the coefficients of Gl,

2 .
oy Og,_and Og for both ANOVA estimates. These are



Al

Bl

Al2

B12

A2

B2

I

%
coefficient of 0? in var(Gi )

2] (Zni )2 + nZZni —,ZnZni 1

coefficient of 64

(n2 - Zni)2,

2/ (a-1

1

in var(8

29k

1)

%*
coefficient of Oi 02 in Var(Gi )

b4n/ ("~ )n))
“ - I

*%
coefficient of Oi Og in Var(6i )

4 1
aa - 1) Zﬁ;

%
coefficient of 03 in var(@i )

= 2(

10 .

11

12
13

n

2 (n~1)(a-1)

)
2 v 2
n2-Jn’

n

coefficient of 04

Z_
2
a

N NN

( Zi—_)z - Zﬁf
1

- a

N NN

(a-1)2

[FCREE I O

. %%
o, in var(@l )
1 2
( 25— )
I Zl§‘+ i
n, n-a
i
1 Bl
4 ns A
2 2 .500 .500
2 3 .510 .500
3 3 .515 .500
3 3 .514 .500

Al2

.500
.458
421
.388

B12

.500
467
.433
.400

A2

.225
175
.139
.113

121

B2

.225
.183
.150
.123
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Bl - Al2 B12 A2 ‘B2

“Al

.151
.125
.099
.103
.078
.132
.107
.082
111
.087
.064
. 091
.069
.096
.074
.073
.052
.078
.057
.057
.062
.042
.088
067
. 047
.046
072
.052
.033
.056

124
.101
.093
.083
.078
. 090
.074
.070
.074
.063
.059
.062
.053
.055
.048

440
.407
.367
.373
.333
. 425
.380
.340
.392
347
.307
.358
.313
. 365
.320
.325
.280
.332
.287
.292
.298
.253
.350
.305
.260
.265
.317
.272
.227
.283
.238
.290
.245

.406
.373
.359
.345
.333
.364
.330
.320
.333
.306
.298
.308
.286
.292
.273
.286
.268
.272
.256
.267
.255
«241
.256
<243
.232
.239

.240
.229
.219

.225
.216

.216
.208

.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500

.553
.552
.509

543

13
14
14
15
15

5

.500

.612
.582
.531
.608
.564
.517
.596
<544
.637
.569
.579
.524
.612
.545
.560
.586
.523
«697
.606
.537
.561
.660
.577
514
.626
.551
.634
.560

16

5

16

16

17

17

17

18
18
19

19
19
19

.053
.046
.047
.042
.045
041

20
20
20
21
21
22
22

.036
.040
.037
.033
.035
.035
.032
.029
.031
.028
.028
.026

8

22
22
23
23
23

.500
.500
.500
.500
.500
.500
.500
.500

8

24
24

.037
.062
042

25.
25



25
25
26
26
27
28
28
28
29
29
30
31
31
32
34
34
35
37
40

Co U1 LW L1 M L L1 P L W N UL N NN WWN U w
o & 0 UL oo L1 U1 1 W L1 W LT L1 N W L W U W
O 0 o 0 0 Co W1 o o L1 o W1 L1 oo L1 L1 Lkt Ul W
0 0O O 0 0 0 0 0 G 6 0 Wi o © 0 L1 o Lt
® 0 0 0 W o ™ W 00 O O W o O 0 0 W U1 o™

In the table the following inequalities hold: Bl <

and Al2 < B12 with equality holding in balanced designs.

Al

.594
.500
.601
.534
571
644
574
514
.610
.546
.578
.576
.521
.548
.569
.519
.542
.512
.500

Bl

.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500
.500

Al2

.213
.200
.204
.197
194
.192
.186
.181
.182
177
174
.168
164
.160
.152
.149
.146
.136
.125

Bi2

.250
.200
.257
.212
.223
.275
.230
.185
242
.197
.208
.215
.170
.182
.200
.155
.167
.140
.125

123

A2 B2

.027 041
.024 .024
.025 047
.023 .028
022 .033
.022 .057
.020 .038
.019 .020
.019 .043
.018 .025
.018 .029
.016 .035
.015 .017
. 015 .021
.013 .031
.013 .014
012 .018
.010 011
.009 .009

Al; A2 < B2;
The author

has attempted to prove the inequalities, but his attempt has not met

with complete success. For example, to prove that Al2 < B12, that is

4 4 1

2 2 = a(a-1) zn,

n2-Tn2 ;
i

, the following has been used.

that showing the above is equivalent to showing that

a (a-1) < (n2 - Zn

2,v1
i)z}{.—'
1

First note

(6.4.1)

If one is able to show that the minimum of the right hand side (RHS)
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of (6.4.1) is a(a-1), then it is true that A12 < Bl12. To do this,

one must find the'Set:{ni} which minimizes the RHS of (6.4.1) subject

to the constraints Z n, =n and ni >0 fori=1, 2, ..., a. Let
f(n,,n n ,A) = (n, - Z n2) Z L + Ao - z n.) (6.4.2)
l’ 2""’ a’ 2 i ni i « e

Then, upon differentiation of f, one has

1

35—-= - (" ~ % ni) n% - 2 n, - A i=1,2, ..., a
i

2l

)
k

Setting these partial derivatives equal to zero and then solving for
the'{ni} and X one then has the critical points of f. Doing this im-

plies that

ol

1 .
-2 n, 2-5 i=1, 2, ..., a

2 2
A== (" - )
Lo, )

n,

=

One choice for the'{ni} such that the solution for X is consistent for
9

i = 2, v i = = L., = i i = =

i=1, 2, > ais n; =n, n_ and this along with 5 0

means that n, =-§ for i =1, 2, ..., a. This means that ) = -a(atl).

To determine whether this critical point is a relative minimum, a rel-

ative maximum, neither, or indeterminate, one examines the second par-

tial derivatives evaluated at the critical point that has been found.

1 2
-27 = =2—3(a—2a+2)

and
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If one forms the matrix of these second partial derivatives and then
finds the eigenvalues of this matrix, it is possible to determine
whether the critical point that has been found is a relative maximum,

a relative minimum, neither, or indeterminate. For example, let a = 2,
that is, there are just two classes. This is a degenerate case as the

function f is a constant, that is

2 2 2.1 1., _ ,2 2 2,1 1,
(n —nl»—nz)(al+52) = (0" -n; - (0 -n) )(nl+———n_nl)-—2n

or 2n Z_a(a-l) = 2

Let a = 3. Then the matrix of second partials is

This matrix is positive definite which implies that all the eigenvalues
are positive reals. This in turn implies that the critical point which
has been found is a relative minimum. One can continue doing the same
thing for larger values of a, e.g. if a = 4, the matrix of second par-

tials is
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o=

This matrix is also pésitive definife which implies that taking n, =
i=1,2, ..., ais a relative minimum;"It is desired to show that
taking n, = %-, i=1, 2, ... ; a gives an absolute minimum, not a
relative minimum, and to do this requires the finding of the other
critical points of (6.4.2) and this is where the attempt becomes unsuc—
cessful.

One can usé the same procedure in an attempt to prove that
Al > Bl and A2 < B2, but in these cases again one can only show rela-
tive, not absolute minima.

For the situations considered in the table, if one knows that

2 2 2%% 2 2 2 2%
>> * >
o1 0y, one should use 61 to estimate 07. If o >> 0> then 31
should be used to estimate 02.

1



CHAPTER VII

SUMMARY AND FUTURE WORK

7.1. Summary

In this study the estimation procedure proposed by Koch [21] has
been extended and modified. The ANOVA technique, the maximum like-
lihood method and the modified Koch procedure’have also been compared
using the variance of the estimate as the criterion for the compari-
son.

The modification of the Koch method is necessary since the pro-
cedure does not lead to a unique set of estimétors unless there are
as many mean squares in the ANOVA table as there are variance compo-
nents in the model. Otherwise the technique results in the solving
of r equations in s unknowns (r > s). When Koch's procédure results
in a unique set of estimators, the matrix formulation of Chapter II
gives thg same set of estimators. For those situations when Koch's
method does not yield a unique solution the matrix formulation does

~give a unique set of estimators.

The extensions presented in this dissertation are as follows:

1) the technique does not require that the random variables in

the model come from infinite populations;

2) the estimation technique does not require that the random

variables come from any specific distribution (Koch did not

require this either in his formulation);
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3) the‘variance—édVariance métrix of the modified Kocﬁ’eStimators
is presented assuming that the random variables come from a
normal distribution. The groundwork is laid for finding the
variance-covariance matrix for distributions other than the
normal also.

4) the method obtains estimates of the variance components under
the assumption of a mixed model. It is not necessary to esti-
mate the fixed effects to obtain estimates of the components
of variance.

The comparison of the various procedures is based on a type of
'asymptotic' efficiency. The asymptotic efficiency of 8? is obtained
by dividing the asymptotic variance of the maximum likelihooa esti-
mator, 5?, by the variance of Gi, that is

. . ~2
asymptotic variance of Oi

asymptotic efficiency of Gi = : 5
variance of 61
The conclusions are presented for each particular model discussed
under the random-effects model and for the mixed model ;s a whole.
The conclusions are as follows:

1) two-way classification: the modified Koch procedure and
Method 1 are almost the same for S designs and 'random'
designs. Both of these procedures seem to do better than
Method 3 which is affected greatly by the values of the
variance components. When the variance components are equal,
Method 3 does very poorly. For the L designs Method 3 seems
fo be better than Method 1 or the Koch technique. Method 1

does a little better than the Koch approach, although the
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greatest &ifférence in éfficiéncy is only 0.117.

2) two-way classification with sub-sampling: the conclusions are
the same as for the two-way classification.

3) two-stage nested: when one uses the designs which Prairie[26]
has shown to be optimal, there is almost no difference in effi-~
ciency between Koch's procedure and Method 1. When there is
a large unbalance in the design, then Method 1 is much better
than Koch's procedure.

4) three-stage nested: both Method 1 and the Koch method do a
good job here, although Method 1 usually has a somewhat higher
efficiency than the Koch approach.

For the mixed model, if there are only a small number of terms

in each level of the fixed effect, it is best to use Method 2 or some
other technique to estimate the components of variance. The modified
Koch technique gains in efficiency as the number of observations in
the levels of the fixed effects increases.

In summary, the efficiencies of the Koch method are-generally
slightly lower than the ANOVA estimators. The fact that the Koch
technique is very general, that it allows variances to be calculated
without constantly deriving new formulae limited to specific classes
of designs, and that the method is easy to apply are advantages which

may outweigh the generally lower efficiencies.

7.2. Suggestions for future work

We feel that considering the squared differences or cross-
products of differences is a good approach to the estimation of vari-

ance components. What needs to be done now is the determination of
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whether there exist better ways of combining these cross-products of

differences to improve efficiency. Specific problems that require

investigation are the following:

1)

2)

3)

4)

5)

6)

Does there exist a combination of squared differences (and
crogss~products of differences) which will makelthe Koch type
estimators quadmissible in the two-stage nested design?

In the mixed model, use the squared difference and cross-
product of differences approach along with the estimation of
the fixed effects.

Investigate what happens to the variance formulae assuming
some distribution other than the normal.

Consider different designs and determine whether the conclu-
sions given above are still valid.

Consider a different criterion, such as the determinant and
see if the above conclusions still hold.

Adjust the A matrix of Chapter II by a weight matrix to
account for the different sizes of the variance components

in order to improve efficiency.



APPENDIX A

DERIVATIVES OF MOMENT GENERATING FUNCTIONS

2 2

_ -]; .
If mfl,fz(tl’tZ) = exp] 5 (tl Ty + 2 ty ty Ty, + ty r22) 1,
am(tl,tz) '
then T = m(tl’tZ) (t1 Ty + t2 r12) .
1
Bzm(tl,tz)
Tt o mty,t) [ 1y, + (g vy + £y 1) (kg 1y o+t Typ) ]
1 9%
83m(tl,t2) 2
v 2 or m(ty,ty) {[2 6 g Ty + £y 1y Toy F Ty T,]
1 2 :
(b 1y + 8y Ty + (b 1y + £y 1)) X
(b T3y + ty Tpy) ]}
34m<tl,t2) )
v 2 0e 2 m(ty,t,) {rll oy * Typ + (ryy g Ty, £y) X
1 %

2
(2 1) 1y Tyt By Tyg Top H by xy,) Frpl Tyt
(ty rqq + by Ty ) (E) Ty + 8y xp0) T4 (B Tqp

r + t r2

ty Typ) (kg Ty Ty ¥ ) Ty + 208

5 T1p Top) ¥+
(b Ty + £y Ty)(ty Tpg + 8y Ty )L ryy + () 7y

ty Tp) (kg Xqp + By Tho) ] }
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L4
%_fff}ile =1 + 2 r2
2 11 22 12

2
Btl 8t2 0,0
This is the result presented in (2.5.11). The result presented in
(2.5.13) is derived by considering the same moment generating func-

tion as above and finding the partial derivatives and evaluating at

the point (0,0).

84m(t1,t2)
3 = m(ty,ty) ((E) Tyq + by 1) (28 1) Typ £ 8y Ty X
ot ot :
1 9%
Tyt 5y 12) t 2w T+ (b Ty FE rlZ)
Doy, + (b mp 6y 1y (ey 1y, + &) 1p0) T
rpy [rgy + (b vy + 6y 1) () 1y + 85 1) 14
(t) Tyq T8y 1190 (2 &) T Typ By Tyq Top F
ty 12)}
Bém(t ,t,)
. 1°27 =3y
.3 - 11 712
Btl atz 0,0

To obtain the result presented in (2.5.16), one uses the moment gen-

erating defined by

A 1 0,2
f fz’f (tl,tz,?3) = exPI‘E'(tl T + 2 t; t, Ty, + 2 t; ty Tyg
2 2

+ tz : 22 + 2 t2 t3 rz3 3 r33) ]
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aﬁ(tl,tz,tB)' |
- = m(tl,tz,tB)(tl T + t2 Y1y + t3 r13)
t
1
2
9 m(tl,tz,t3)
= m(tl,tz,t3)(r12 + tl ¥y + t2 Too + t3 r23)
ot dt
1 %%
83m(tl,t2,t3)
= m(tl,tz,t3) (t ti, + t Tyq + t3 r33)[ iy +
3. dt. Ot
1 9ty oty
(tl 12 + t r, + t3 r23)(tl Ty +_t2 tio +
tgryg) 14+t 1y, ryg bty Xy g 2ty Tyg Tyg
By Typ To3 Ty Tyy rza{}
a4m(tl,t2,t3) :
5 = m(ty,ty,t) ( [ xyy+ (b xpp + by Ty + £5 Tyy) X
ot ot ot
1 9ty 9t
(t) v +t) 1+ tgryg) JL () 19y + £y 1y, 4
tg Tyg) (kg Tyg+ by rog F tgTas) 4 r13 1+ 199 75
ryq Tygt (Bp rq + by Ty, by ) (e 1y, Ty
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To obtain (2.5.19) consider the moment generating function
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APPENDIX B

TABLES OF VARIANCES

The tables presented here are in the same order as those in

Chapter V. Only the values of the asymptotic variance of the maximum

likelihood estimator are presented as one can obtain the values of the

other variances by using the asymptotic variance of the maximum like-

lihood estimator and the table of efficiencies presented in Chapter V.

RANDOM~EFFECTS MODEL

ASYMPTOTIC VARIANCES OF MAXIMUM LIKELIHOOD ESTIMATORS

TWO-WAY CLASSIFICATION

Variance Component Design 1

and its wvalue

ci = 49 854.06

03 = 49 757.99
2 ,

o= 7 8.13
) |

0% = 49 748.37
2

02 = 1 4.36
2

03 = 7 7.69
2

ol— 1 4,29

cg = 49 666.67
2

0”3 = 7 . 7.81

Design 2

863.34
754.43

"8.15

774.12
4,41

7.56

4.31
681.41

7.53

Design 3

875.77

743.59

8.14

769.07
4,51

7.90

4.14

662,52

7.55

Design 4

919.95
749.62

8.13

821.91
4,37

7.80

3.88
676.53

6.97
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Variance Component Design 1 Design 2 Degign 3 Design 4
and its value

ci = 7 27.99 30.61 29.98 35.47
og = 7 26.69 27.75 25.70 26.29
0§ = 7 7.83 7.88 7.82 7.63
Degign 5 Design 6 Design 7 Design 8
oi = 49 815.56 823.00 813.25 834.06
c§ = 49 718.05 719.83 ©720.05 716.12
c§ = 7 b 45 4. 45 h.45 4,45
ci = 49 731.11 740.43 730.51 749.86
ag = 1 2.30 2.33 2.30 2.31
cg = 7 4.39 4.36 4.37 441
ci -1 2.28 2.32 2.28 2.30
02 = 49 647.04 651.58 649.85 648.32
0% = 7 442 4.36 hobih 4.29
oi = 7 23.18 24.24 22.99 25.34
0% = 7 : 21.48 21.85 21.74 21.36
cg = 7 4,43 442 4.43 441
TWO~-WAY CLASSIFICATION WITH SUB-SAMPLING
Variance  Component Design 1 Design 2 Design 3

and its value

o? = 36 473.45 482.23 471.00
02 = 36 422,12 424.68 423.89
cg = 6 19.27. 19.03 19.21
ar = 6  10.04 10.00 10.01
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Variance Componeﬁt Design 1 "~ Design 2 Design 3
and its value
o} = 36 422.29 533.45 421.88
' 03 =1 - 447 4.39 bbb
og = 6 18.82 18.47 18.69
OZ = 6 9.91 9.86 9.89
gi = 1 2.60 2.62 2.60
o§ = 36 362.16 366.04  364.23
0§ = 6 6.35 6.24 6.38
ci = 2 1.13 1.13 1.13
oi = 6 22.64 23.98 22.47
03 = 6 21.76 22.33 22.03
c§ = 6 18.95 18.65 18.88
02 = 6 ' 9.94 9.90 9.92

TWO-STAGE NESTED

Variance Component Design 1 Design 2 Design 3. Design 4
and its value
of = 7 . 34.51 33.80 50.12 17.49
o5 =1 .09 .09 .09 11
2
o = 1 .93 .84 1.17 52
o5 =1 .09 .09 .09 11
2 :
0] = 1 2.68 2.32 2.46 2.69
2

=7 4.39 4.45 4,26 5.15



138

Variance Component Désign 5 Degign 6 Design 7
and its value

=7 6.48 17.25 16.90

02
1
2 :

0, = 1 .40 .05 .05
2

0] = 1 - .58 .46 .42

dg =1 .38 .05 .05
2

9y =1 12.52 1.30 1.16

ol =1 15,14 2.20 2.23

THREE-STAGE NESTED
Variance Component Design 1 Design 2 Design 3 Design 4

and its value

oi = 49 745.36 627.95 763.07 1070.13
0% = 28 360.05 201.87 187.00 708. 44
cg = 7 16.28 16.26 8.14 16.31
oi = 49 266.84 326.07 453.77 255.00
og =1 16.11 14.79 8.06° 34.69
og = 7 15.20 14.23 7.61 16.22
oi = 21 850.17 490.64 507.87 1593.77
cg = 49 845.90 492.20 493.38 - 1590.32
og = 7 16.30 16.30 8.16 16.30
oi = 7 51.53 34.21 34.21 92.94
0% = 7 50.96 37.02 27.21 94.23
og = 7 15.75 15.64 7.97 15.85
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’ | Vériénce ‘Cromponent Dés_ign 5 Design 6 Design 7 ‘Design 8
and its value

ci =49 791.36 772.66 447,22 376.77

03 - 28 360.46  245.27 216.03 121.12

og = 7 10.87 8.16 9.77 9.75

oi = 49 296.34 380.62 . 195.64

o% = 1 18.83 130.50 8.87

c§ = 7 10.81 8.11 8.54

ci = 21 862.05 629.70 294.38

03 = 49 852.81 616.17 295.32

og = 7 10.87 8.16 9.78

2 .

o2 = 7 53.23 40. 87 20.52

' cg = 7 50.33 35.30 22.21
c§ = 7 10.62 8.02 9.38

MIXED MODEL

ASYMPTOTIC VARIANCES OF MAXIMUM LIKELIHOOD ESTIMATORS

TWO-WAY CLASSIFICATION

Variance Component Design 1 Design 2
and its value
0% = 49 753.67 772.17
o= 7 7.00 7.00
2
0] = 7 25.67 27.58
’gg = 7 7.00 6.92
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TWO-WAY CLASSIFICATION WITH SUB-SAMPLING AND NESTING

Variance Component
value

and its

i

n

]

=

i

7

49

TWO-WAY CLASSIFICATION WITH SUB~SAMPLING

49

49

7

14

49

7

49

36

12

24

193.67

343.00

Design 1

1340,33
438.33

13.98

345.09
438.15

13.97

747.40
13.97

13.15

38.47
31.20

13.56

Design 1

1690.02
275.79
154.00

4,77

1182.91

326.88

Design 2

2349.84
450.86

8.16

404,24

450.66

8.15

1666.23
6.19

7.33

57.11
23.63

7.93

140
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‘ -~ Variance Component Design 1
and its value

oi = 36 1501, 71
ci =12 210.95
cg = 12 52.90
2
0‘4 = 6 . , 4,74
2
Ol = 36 2577.71
c% = 36 1115.32
2 _
03 = b ‘ 43.61
o2 = 12 18.39
4
) .
Gl = 6 102. 44
2 _
02 = 6 61.53
2

,‘ 03 = 6 20.88
2 _
64 = 6 4.65
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