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SUMMARY

When a plate is subjected to heating, cooler supporting members usually resist to the ther-
mal expansion of the plate at edges, and the compressive thermal stresses will cause the buck-
ling of the plate.

The thermal buckling of a rectangular plate subjected to non-uniform temperature distri-
bution has already been treated by many authors. However, in the practical structural ele-
ments, a rectangular plate with a central circular hole has often been used from the requirement
for the functions of the systems and the reduction of the weight of the structures. Owing to
the complexity of the analyses, we have as yet very little information as to the thermal buckling
of a multiply-connected plate so far as known to the present authors.

Therefore, in this paper, thermal stresses and thermal buckling of a rectangular plate with
a central circular hole, which is clamped along the outer rectangular boundary and free from
surface tractions along the inner circular boundary, are treated when the plate is subjected to
two-dimensional steady temperature distibution. The two-dimensional thermal stresses of the
clamped rectangular plate with a free circular hole may be solved by the complex variable me-
thod using the analytic continuation and the point-matching method, whenever the boundar-
ies of a plate are clamped or, on the contrary, free from surface tractions. Therefore we use this
method to obtain the thermal stress field in the prebuckling state.

Furthermore, expressing the deflection mode of the buckled plate into the trigonometric
double series that satisfy the conditions of the clamped rectangular boundary, the thermal
buckling criterion and the corresponding deflection mode of the plate are obtained by the Ritz
energy method under the assumption that the thermal stresses acting in the middle plane of
the plate remain constant during the deflection. In this treatment the boundary conditions for
the inner circular boundary are satisfied as the natural boundary conditions.

Numerical calculations are carried out for the rectangular plate of dimensions a by » with
a central circular hole of radius ¢, and the effects of the circular hole and the aspect ratio b/a
on the critical temperature of the plate are studied and the following results are obtained:
(1) For the aspect ratio b/a=2/3, the critical temperature decreases according to the increase
of the diameter ratio 2¢/a of the circular hole. (2) For the ratio 2c/a=1/3, the critical temper-
ature decreases according to the increase of the aspect ratio b/a of the plate for the case
b/la=1/2~4/3.
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1. Introduction

When a plate is subjected tc heating, cooler supporting members usually
resist to thermal expansion of the plate at edges, and the compressive
thermal stresses will cause the thermal buckling of the plate.

The thermal buckling of an unpierced rectangular plate subjected to non-
uniform temperature distribution has already been treated by N. J. Hoff [1],
T. Hayashi (2], J. M. Klosner and M. J. Forray [3] and K. Miura [4]. However,
in the practical structural elements, a rectangular plate with a central
circular hole has often been used from the requirement of the functions of
the systems or the reduction of the weight of the structures. But, we have as
yet very little informations as to the thermal buckling of a multiply-
connected plate so far as the present authors known.

Therefore, in this paper, thermal stresses and thermal buckling of a
rectangular plate with a central circular hole, which is clamped along the
outer rectangular boundary and free from surface tractions along the inner
circular boundary, are treated when the plate is under the steady state of
two-dimensional temperature distribution. In the analysis, the two-dimensional
thermal stresses in the prebuckling state of the plate are obtained by the
complex variable method utilizing the analytic continuation and the point-
matching method. That is, generalizing the Muskhelishvili'’s basic equations
for isothermal plane elasticity [5] into thermoelasticity and applying the
Buchwald’s and Davies’ approach of analytic continuation [6], one of two
complex potentials is continued analytically into the inverse region of the
problem with respect to the inner circular boundary. Then a combination of
the two complex potentials is obtained which satisfies the boundary condition
on this circular boundary identically, leaving one of the potentials
arbitrary. This potential is then determined so as to satisfy the condition
on the outer rectangular boundary approximately, using the Laurent series
expansion and the point-matching method.

Furthermore, expressing the deflection mode of the buckled plate into
the trigonometric double series that satisfy the supporting condition of the
¢lamped rectangular boundary, the thermal buckling criterion and the
corresponding deflection mode of the plate are obtained by the Ritz energy
method under the assumption that the thermal stresses obtained in the pre-
buckling state of the plate remain constant during the beginning of the
deflection. In this treatment, the boundary condition on the inner circular
boundary is satisfied as the natural boundary condition.

Numerical calculations are carried out for various configuration of the
plates and the effects of circular hole on the thermal stresses and the
thermal buckling criterion of the plates are examined.

2. Thermal stresses in a rectandqular plate with a central circular hole
2.1 Basic equations
Under the steady state of heat flow without any heat generation at the

inner points, the two-dimensional temperature function tT(x,y) is a harmonic
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function. Denote by G(z) the analytic function of the complex variable z=x+iy,
the real part being t(x,y), and put
g(z)=afG(z)dz (1)
Then, generalizing Muskhelishvili’s basic equations for isothermal plane
elasticity [5] into thermoelasticity, the thermal stresses and displacements
are given in terms of g(z) and two complex potentials, ¢(z) and ¢ (z), as
follows [7]:

IyexTyy=2 [#(2) +97(2) ] (2)
Uyy—oxx+2icxy=2[E#«z)+¢%z)] (3)
u+iv=(1+v) /E- [k (z) -2¢(2) -¥(2) 1 +g (z) (4)

where

a=coefficient of linear thermal expansion

v=Poisson’s ratio

E=Young’s modulus

k=(3-v)/(1+v)

From the physical viewpoint, the temperature and the stresses must be

single-valued in the region. Therefore the general forms of g(z), ¢(z) and
Y(z) that assure the single-valuedness of the temperature and the stresses may

be given by

* * *
g(z)=L zlogz+M-logz+g (z) (5)
¢(2)=L-zlogz+M Zogz+¢*(z) (6)
Y(z)=N zlogz+K Zogz+w*(z) (7)

where
*
L , L=real constants

*
M , M, N, K=complex constants
* * *
g (z), ¢ (2), ¢ (2)=holomorphic functions of z
Then the increments of rotation W, displacements (u,v), resultant forces
(X,¥) in the directions of x- and y-axes, respectively, and resultant moment
MO along an arbitrary closed contour, surrounding the inner circularxr boundary,

may be given by

lwg12 = 2n/E. [41+EL"] (8)
[(utw,y) +i(v-0 %) 12 = 21i/B. [ (3-v) M+ (L+v) Femn") (9)
[X+iY]AA = 2m[-M+H] (10)
M, = 21 0a{x]. (11)

0 * *
That is, the constants L , M , L, M, N, K involved in eqs. (5)—(7) represent

the single-valuedness of the functions g(z), ¢(z) and ¥(z), and the physical
meanings of these constants are given by egs.(8)—(11).
2.2 Thermal stresses in a rectanqular plate with a central circular hole
Now consider a rectangular plate of dimensions a by b with a central
circular hole of radius c as shown in Fig.l.
If the temterature on the inner circular and the outer rectangular
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boundaries are Ty and zero respectively, the temperature distribution is
symmetrical about x- and y-axes. Hence only a quarter part of the plate will
be considered. Then the temperature which satisfies the condition on the inner
circular boundary can be represented as

n ~-4n_2n
-c r

s -2
T=Ti+A0Zog(r/c)+£5 A2n(r Yeos2nb (12)

The substitution of eq.(12) into the boundary condition at all points on the
outer rectangular boundary results in the infinite number of linear equations
for the infinite number of unknown coefficients. However, since the outer
rectangular boundary does not coincide with coordinate lines r=const. or 8=
const., it is difficult to find an exact solution for the temperature function
(12) . In order to obtain an approximate solution, the infinite series in
eq.(12) is truncated at the N-th term, leaving N+l coefficients to be
determined. If we choose N+l points along the outer quarter boundary and apply
the truncated series (12) to the boundary conditions at these points, N+l
equations are obtained for N+1 unknown coefficients., Solving these set of
equations, N+1 unknown coefficients are determined and the approximate
solution for the temperature function is obtained.

Then, the function g(z) defined by eq.(l) is given by

(z—2n+l _ -4n z2n+l

-2n+1 2n+1l

where the terms related to rigid body displacements are omitted. Comparing

g(z)ta[AozZogE + {t;-Rg)z + éi A c )1 (13)

2n

eq. (13) with eq.(5), we obtain

L*=aA0 ’ M =0 (14)
Next, we will consider the state of stresses and displacements in the
prebuckling state of the plate, where the inner circular boundary is free from

surface tractions (crr=cre=0) and the outer rectangular boundary is fixed
(u=v=0). In this case, it is simpler to take a modified form of the boundary
condition on the circular boundary. It can,be shown [5] that the resultant

force P on arc AB of the boundary is given by
P=X+i¥=i (4 (2) +2¢(2) +7(2) 15 (15)

The .boundary condition to zero stress on the circle, therefore, can be written
as

¢ (2)+2¢'(z) +Y/(z) =0 (16)
Oon the other hand, the boundary condition on the rectangular boundary is
given by eq.(4) as follows

-k (z) +2¢(2) +¥(2) =E/ (1+V) - g (2) (17)
In order to find ¢(z) and Y(z) from these equations, we introdece the
analytic continuation approach proposed by Buchwald and Davies [6]. Denote by
S* the inverse of the given region S with respect to the circle Jzl=¢, and

*
define the analytic continuation of ¢(z) from S to 5§ by the equation
—_ 2 — 2 *
¢ (2)=-2F () V() z€S (18)

L 2/3
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V'(z) -——¢(z) ¢(——) z€ S (19)

Substituting eq. (19) into the left hand side of eq.(16), it is obvious that
the condition on the inner circular boundary is identically satisfied if, and
only if, ¢(z) is analytic in both S and S* and also continuous across the
circle |z| =c. On the other hand, substituting eq.(19) into eq.(l7), we can
write down the boundary condition on the outer rectangular boundary in terms
of ¢(z) only as follows

2 2
o S Tz =2E
—k¢(z) - (F)+ (z-7) ¢'(2) =759 (2) (20)
From the physical viewpoint of the problem, assuming egs.(8)-(11) equal
to zero, and considering eq. (14), we obtain

L—_T ==y M—N—O ; Im{K}=0 (21)

Therefore, expanding ¢ (z) in eq.(6) as a Laurent series in s+s , and using
symmetry arguments of the problem, we obtain the formal expansion of ¢(z) as

follows
__OE o0 2n+1
o(z)= Thozlogz+zB, ..z (22)
where all the coefficients are real. Then, substituting eq.(22) into the
boundary condition (20) for the outer rectangular boundary, we obtain
4n
C) 2n+l_(c =2n-1
2B, .1 {-xz _(22n+1 +(2n+1) (r2-c?) 3 }
B (entoga-alogarls toge- (r-c) /514 2B g (2) (23)
==FAlkzlogz 0gZ+3- log r-c zh+7,9(2

The point-matching method is used again here to obtain B2n+1' If we
replace é; in eq.(22) by g;%, eq. (22) contains 2M unknown coefficients.
Considering eq.(23) for M+l points on the quarter part of the rectangular
boundary ‘and taking real and imaginary parts of eq.(23), 2M equations are
obtained, since the imaginary part of eq.(23) is identically satisfied on
X- ans y-axes. Solving these 2M equations for 2M unknown coefficients, B2n+l
are determined and an approximate solution for ¢(z) is obtained.

In the present treatment, as y(z) is represented in terms ¢(z) by eq.(19)
it is unnecessary to.obtain y(z). Namely, by substituting eq.(19) into egs.
(2)—(4), the stresses and displacements are expressed by ¢(z) only as follows:

Tyt Iyy ™ 2[¢’(Z)+¢/(Z)] (24)
yy"°xx+2i°xy=2[zz o ¢(z)+—{¢(z)+¢(—)} (25)
u+iv=1fE'—"[.<¢(z)+¢(§—) 27 < T2 14g (2) (26)

3. Thermal buckling of a rectangqular plate with a circular hole

When the temperature of the plate rises to some level, the plate which
is subjected to the thermal stresses undergoes some lateral bending
consistent with given supporting conditions.

The Ritz energy method can be used for the present investigation of the
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thermal buckling problems of pierced rectangular plates. Under the assumption
that the thermal stresses acting in the middle plane of the plate remain
constant during the beginning of the deflection, the total change of the
potential energy Al of the plate at buckling is given as the sum of the
energy of bending AUb of the plate and the total work AV done by the forces
acting in the middle plane of the plate, that is

AH=AUb+AV
g 3 \J 32w 3 wa W
St ~2(1-V) (—=— }]dxdy
s ( x2 ay ) ax By (axay
h JwWow aw 2
“é[oxx ax xy x§y Yy ay ldxdy (27

As for the supporting conditions of the plate discussed in the preceeding
section, we will treat the case where the inner circular boundary is free and
the outer rectangular boundary is clamped. Then, considering symmetric
deflection with respect to x- and y-axes, the deflection of the buckled plate
can be represented by the trigonometric double series that satisfy the
supporting condition on the clamped rectangular boundary, as follows

w=hZka {coszglx-( 1) }{coe2mr -(-1)" , (m,n=1,2,---) (28)

Since the total change of the potential energy at buckling must be stationary,
then

Q

ATl

a
8mn

=0 (29)

Using the notation

* * *
0™ xx/aET , 0yy=cyy/qETi , oxy=cxy/aETi (30)
A=aria /1r2h2 (31)
B=b/a (32)
and substituting egq.(28) into egs.(27) and (29), we obtain a system of
homogeneous linear equations in an
k1l ,_ k1 _ - P
%%(Amn—kan)amn—O ’ for k,1=}1,2, (33)
where Akl and Bki are given as follows
aflan?iy ) (mic,n, 1)+ () 2 2o, ok m, 1+’ () 23, (m,k,n, 1)
+vk? (323, (k,m, 1,n) 42 (1-v) mk (3) ()3, (mXk 0, 1) (34)
1 2 1
1o 3 (1-v7) (mka g (m, &, n, 1)+ () () T (mk,n, 1)
1
m(g) I, (m,k,n,1) +k (5) 3, (k,m,1,0) } (35)

where

2my 2k'rr 2n

g, (m,k,n,1)= gscoa—g—x 008 Tx{cos=; L

Try-(-l)n}{coe2 ==Ty-(-1) }dxdy

k 2nm 2.

J,(m,Xk,n,1)= ﬁé{caegglx-(-l)m}{cosz Tx-(-1) }cos—B—y-coe—%ﬁy dxdy
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2mm 2k

J3(m,k,n,1)=5fscos———x{coe 2 2Lm

1Tx-(-l)k}{coe—gﬂ-y—(—l)n}cos———y dxdy

J, (m,k,n, l)-_ﬂssmn—mlx eian—x aingﬁﬂy emn—s—y dxdy (36)

2mm . 2km 2nTm 21m 1
Jg (m,k,n,1)= KS xxeln———x etn—a—x{coe———y-( 1) }{coe—s—y—(—l) }dxdy
- 2 2 . 2
J6(m,k,n,l)= ﬂécyy{coe—glx-(-l)m}{cosggﬁx-(-l)k}ain gny s¢n—%—y dxdy

2 2nmw

. *
J7(m,k,n,l)= ﬁécxyeinzgﬂx{cos—gﬂx-(—l)k}{cos Ty (- l)n}singéﬂy dxdy

The set of homogeneous linear equation (33) constitutes a eigenvalue problem,
and the solution of which goves the thermal buckling parameter A cr @8 eigen-
values and sets of associated relative values of the coefficients a — i.e.
the buckling modes.

In this treatment, the boundary condition that the stresses are free on
the inner circular boundary are automatically satisfied as the natural
boundary condition.

4, Numerical results

The method of solution outlined in the foregoing sections is applied to
investigate the thermal stress distribution and the thermal buckling criterion
of a rectangular plate with a central circular hole under the steady state of
temperature distribution. In this paper, Poisson’s ratio v is assumed to be
1/3. Using the point-matching method, the temperature function T(x,y) and the
complex potential ¢(z) are approximately determined by taking N=19 and
retaining 20 coefficients in eq.,(12) and by taking M=16 and retaining 32
coefficients in eq.(22), respectively. For pierced rectangular plates with
aspect ratio B=2/3, stress distributions on x-axes are shown'in Fig.2 as a
function of hole size, and for pierced rectangular plates with hole size c/a=
1/6, stress distributions on x-axes are shown in Fig.3 as a function of aspect
ratio.

To calculate the critical temperature ) or from eq. (33), the integrals
involved in egs.(36) are numerically evaluated by Simpson double integral
method. Table 1 and 2 show the critical temperatures when we take 4, 6 and 9
coefficients an in the deflection function (28). From these tables, it is
seen that a good approximation for the critical temperature will be obtained
by taking only 9 coefficients ajgr a12' a13, a21, ayq0 ay3s a31, a32, a33 in
eq. (28). For pierced rectangular plates with aspect ratio B=2/3, critical
temperatures are shown in Fig.4 as a function of hole size, and for pierced
rectangular plates with hole size c/a=1/6, critical temperatures are shown
in Fig.5 as a function of aspect ratio. Lastly, the typical deflection meode
of' a pierced rectangular plate with B=2/3 and c¢/a=1/6 is shown in Fig.6.
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Table 1. Critical values of A in €q.(33) for pierced rectangular plates
with aspect ratio B=2/3

hole size Terms used in the deflection function (28)
2117 212 3117 @127 334 q117 #1270 213
c/a 3517 @ 3317 3327 3, 3217 33+ 2353
8317 2337 333
Aor Aor Aor
12 1.69 1.68 1 67
1/9 1.73 1.71 170
1/6 2.16 2.14 2 12
1/5 1 2,55 2.47 2 46

Table 2. Critical values of A in eq. (33) for pierced rectangular plates
with hole size c/a=1/6

aspect ratio Terms used in the deflection function (28)
8117 212 3117 2120 213 8117 2127 313
8 a1 3z 3217 3337 3y 317 33+ 353

8317 33¢ 333

Acr Acr Acr
3/6 3.88 3.80 3.71
4/6 2 16 2,14 2.12
6/6 109 1.08 1.08

8/6 0 813 0.811 0.801



Fig.2

— 10 —

L 2/3

Fig.l Rectangular plate with a circular hole
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