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of the Solution of Boundary Value Problems in Mechanics

J. Kucwaj, J. Orkisz 
Politechnika Krakowska, 

Institute of Structural Mechanics, ul. Warszawska 24, PL-31155 Krakow, Poland

A development of an analytically-numerical method of the solution of 
boundary value problems of applied mechanics is considered. The symbolic 
programming is applied to enable full computer approach to the Rvachev 
R-function method in domains of arbitrary shape, that may be concave and 
multiconnected. The method is realized in two steps. In the first step so 
called general structure of the solution is automatically derived in the 
analytical form. Numerous and laborous analytical operations, especially 
differentiation of complicated elementary functions are necessary then. 
In the original version of the method they had to be manually performed 
by the user.

The general solution strictly satisfies all prescribed boundary 
conditions and moreover contains some free functions. In the second step, 
which is of numerical character, these free functions are approximately 
determined by means of any known discrete procedure in order to satisfy 
the considered differential equation or to minimize the given functional.

A study set of subroutines written in the FORTRAN STANDARD code 
was worked out, to realize various required symbolic operations. They 
were associated with the Ohebychev approximation and the least square 
approach to enable solution of wide class of boundary value problems. 
A numerical test is presented.



1, Introduction

An analitically - numerical method of solution of boundary-value pro­
blems of applied mechanics is presented. The symbolic programming was used 
to obtain fully automatic computer approach to the R-function method [6,7] s 
applied in one or multi-connected domains of an arbitrary shape. The method 
is realized in two steps. In the first step so called structure of the so­
lution is derived in the analytical form. It is a mapping B = B($) of 
a set of functions defined in the considered domain into another set, also 
defined in 52 , but strictly satisfying prescribed boundary conditions and 
moreover containing some free functions 5 . In the second step, having 
obtained the above mentioned formulas, one may use various discrete methods 
[1] for the numerical determination of these functions in order to satisfy 
the considered equation or to minimize the given functional.

To build the solution structure B(H) in the R-function method the 
functions w : Rn—> R satisfying:

o(x)>0 if xe >
o()=0 if xe09, (1)
w(x) 4 0 if X 4 52

and q : R->R satisfying all prescribed boundary conditions Li((x)= (i(x) 
at xe0k: , i= 1,2,...k, are used. The form of the • and Y functions 
depends on the shape of the domain S2 . In the case of complicated domains 

of they are derived using set theory operations applied to the equations simple 
subdomains.

The following R-functions are the most frequently used to derive the 
co function:

xA.y - (x+y- 3+92 )(x2+y2) , (2)

xV.y =(x+y++9F)(x2+y)f . 03)
They correspond to ‘or’ and ‘and’ operations respectively. Using these R- 
functions one may obtain the arbitrarily smooth co and qP functions for 
domains of any shape and to derive structures of solution for the wide 
class of boundary value problems of mathematical physics. Since R-functions 
are elementary ones this task may be programmed on computers. In the present 
paper the first version of such program is given to derive the structure of 
the solution in the analytical form. Algorithms and corresponding symbolic 
programs were prepared to realize automatic generation of a source code of 
a subroutine calculating:
- the function w in an arbitrary point of RR;

a to- partial derivatives - xi a .— of an arbitrary order

Using these subroutines and a discretized method a study computer 
program was prepared to solve selected boundary problems in mechanics.
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2. R-functions and generation of the domain of an arbitrary shape 

R-functions [6,7] are real functions of many variables. The sign of 
each R-function is uniquely defined by the sign of its arguments. R-function 
are related to the functions of k-valued logics. For our purposes,however, 
functions of two and three-valued logics are sufficient.

Let us denote by B3 the set {0,1,2] and introduce the following ope­
rations:

X V Y = max {x,Y}, x,YeB3 ,
X A Y = min {x,Y}, x,Y€B3 ,

that respectively denote alternative 
k

the mapping F : 33—called the

S3(x) = sgn x + 1 , x € R .

Using these denotations we may write

and conjunction. Moreover let us define 
function of three- valued logics, and

the following definition:

R-function associated with a function F of three-valued logics is the 
k / \ kmapping f: R —*R, such that for each x = (X, , • . 1X)) 6 R holds

S3 [*(x,,..,%2] = F[S3(x,),...83(*) J •
The relation between R-function and equations &:=0 of subdomains 

92; C. R" , i = 1 , ... ,k in n- dimensional Euclidean space is explained by 
the following theorem:
let

c : Rn —►R, i = 1 ,... ,k,

&{ = { x 6 Rn: Ci (x) > 0 } , i = 1 , .. ., k, 

are open sets while

w i(x) =0 if x e 092: , CO (x)<0 if x 4 Q: ; 
k anF : 33 —*33 is arbitrary function of three- valued logics,

&={xeRn: F(S3(,(x) S3( We(x)) =2}, and
f is an R-function associated with F, then the function

CO (x) = f ( co, (x) , . . . &x(x) ) at X € Rn 

fulfils the relations (1).

The function (2) eg is associated with conjunction,whence

S3(x As) = S3(x) A S3(y), 

while the function (3) corresponds to alternative, whence
S3(x V, y) = S3(x) v S3(y) .
From the theorem above mentioned one may conclude how to get the 

function co : Rn—>R where (+4 i xeS,
Sgn co(x) = 0 i xe 0Q ,

-1 i x 4 5 .
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The domain 9 is obtained using the theory of set operations applied to 
known simple subdomains 92, i = defined by the given equations
w: = 0, where functions c: satisfy conditions (1). The required function 
w is the R-function associated with a function of logics F corresponding 

to the theory of set operations used to build the domain & . The argu­
ments of that function are functions o,..., OK. It is worth to mention, 

that since the composition of R-functions corresponds to a composition of 
associated functions of logics, in order to obtain the required function co 
it is sufficient to use the R-functions related to alternative and conjunction 
only [6,73 .

Similar basis are needed to form the function ( strictly satisfying 
all prescribed boundary conditions. For boundary value problem every type, 
in a local Lu = g or a global Lu dS = min formulation, the theory of 
R-function supply us with the proper structure of solution B(w,4, ).

3. Computer approach
3.1 The computer approach is realized in two steps. In the first one the 
structure of the solution B(w,q,$) in the analytical form is automatically 
derived. This comes to the generation of subroutines calculating the 
functions c and Q , their derivatives and LB. Symbolic programming [2-5J 
was applied ie automatic generation of series of chars, which in our case 
correspond to FORTRAN expression. They are brought later on to the form 
of required subroutines. Such approach allows user to avoid very laborous 
and time consuming operations, necessary for the manual derivation of all 
formulas appearing in the first step of the R-functions method and required 
so far in the original version of the method.

General idea of calculation procedure is presented in the Fig.1

BOUNDARY VALUE 
PROBLEM

Lu=f H 92. , kiu=4 wQ

ALPHANUMERIC DATA

OPERATOR Q=F(9)
9

PROGRAM OF SYMBO­
LIC GENERATION OF 
THE STRUCTURE

| NUMERICAL DATA •

L
Y:

______ Y_ —
SYMBOLIC VALUE OF 
THE OPERATOR L 
ON THE STRUCTURE

COMPILATION PROGRAMS OF NUME­
RICAL ANALYSIS

EXECUTION OF THE 
PROGRAM

V
RESULTS

Fig.1
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3.2 . Symbolic operations

Subsequent step of the symbolic programming applied are shown in the 
flow chart (Fig.2)

INPUT
LOGICS 92 =F(9)

EQUATIONS OF SUBDOMAINS 2; : =0

CONVERSION OF LOGICAL OPERATIONS
INTO R-FUNCTIONS

DERIVATION OF THE FUNCTION C AND ITS 
DERVATIVES D“ w

_______________ Y___________
AUTOMATIC GENERATION OF SUBROUTINES 
CALCULATING w AND Dc

INPUT
BOUNDARY CONDITIONS
DIFFERENTIAL EQUATIONS

Fig. 2

_______________ ____________V
STRUCTURE OF THE SOLUTION

u = B(&,«, )

Alphanumeric data, are introduced according to the rules presented 
in the Table 1. R-function assumed are described by the formulas

Tabie 1

Symbol Operations Arguments

set theory R-function set theory R-function

math. 0 _V A __ 9 92 co c
FORTRAN * + AIL SUM F F(D F FCT)

(2) and (3) were assumed as basic ones. The data are transformed la­
ter on into the form of functions. Let us explain such transformation on 
the following example. Let the domain be

2=Q,n (2,UR,)UQ, UQ, .
The input data in this case are:

F(1) * (F(2) + F(3) ) + F(4) + F(5) , 

and finally we get
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SUM(AIL(F(1), SUMF), (3) , SUM(4), F(5))) •
This expression is transformed into simple expressions using formulas (.2) 
and (3). Later on all neccessary derivatives are generated, provided the 
functions F(l) are replaced by corresponding initial data. Finally the 
required subroutines of FUNCTION type are formed.

3.3 . Numerical solution
Let the structure of the Solution u = B(w,,P) of the boundary 

value problem

Lu = f in 92 ,
liu = q: , i = 1,... ,k in oSi

is found. The following relations hold then:

14BC5) =4, Vem,
where 7 is a space of the functions defined on the 9 . if v,,...,vell
form the base of this space and A, ,•••,A N €R are coefficients, one may 
write N

$= Ai •
Using any known discrete method one may find A: •

3.4 Numerical test

As a simple tests the torsion of the prismatic bars of the square 
cross-section and three quarter of circle one were considered:

A u = -2 i 2 , U = 0 in 09
the structure of the solution is u = then [6] . An aproximation by 
three Chebychev polynomials

v. = T(x) T.(y) , i = 1,2,3

combined with the least-square approach was applied. Numerical results 
referred to the central point of the square are presented in the table 2.

Table 2

Number of integration 
points in &

Value u in the 
central point

20 x 20 = 400 0,154594

25 X 25 = 625 0,146572

30 x 30 = 900 0,142635

35 x 35 = 1225 0,140023
38 x 38 = 1444 0,140167
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4 * Final remarks

A full computer approach to the analitically numerical R-function 
method of solution of boundary-value problems is presented. All analytical 
formulas are generated by symbolic programming. When compared with the FF 
and FD methods the following advantage, of the method considered may be 
mentioned:
- significant decrease of the total number of degrees of freedom is possible 
- boundary conditions are satisfied exactly,
- real, curvilinear shape of the boundary is assumed.

On the other hand some disadvantages may be observed:
- complicated form of the solution, 
- complicated algebraic expressions have to be derived and calculated, 
- 8 type expressions of a definite value may appear at the intersection of 

boundaries given by two different equations.

Though the present paper is a preliminary study, the results obtained 
so far encourage to further investigations like: 
- combination of the method with various numerical approach-es like FEM, 

FDM, Ritz, Galerkin etc,
- analysis of the generation procedure of the structure of solution in or­

der to secure results of required smoothness,
- investigation of effectiveness of the method, 
- various improvements of the computer program, 
- application to a wide class of boundary value problems in applied mecha­

nics.
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