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ABSTRACT

An ill-conditioned least squares (LS) problem has a solution which may be highly sensi-
tive to small perturbations in the data. This paper presents sensitivity results for the LS
weight vector of an all-zero adaptive equalizer in an ill-conditioned signal environment. The
ill-conditioned data results from severe amplitude distortion introduced by the data channel.
Specifically, a theoretical upper bound for the relative change in the magnitude of the
weight vector due to additive noise is derived as a function of the channel characteristics
and equalizer order, and simulation results are presented which indicate the derived bound

to be applicable over a wide range of equalizer orders.

1. INTRODUCTION

Many applications of adaptive filtering such as channel equalization [1], AR spectrum
estimation [2], and line tracking [3] must operate in environments which are extremely ill-
conditioned. Ill-conditioned data is marked by a large eigenvalue spread in the correlation
matrix and this implies a high degree of signal correlation. In LMS filtering, the smallest
eigenvalue is responsible for the duration of the adaptation period, and if \.;, is nearly
zero, as occurs frequently in many applications, LMS type algorithms may require hundreds

of thousands of iterations to converge even for stationary data.

However, the adaptive parameter convergence rate in exact least squares (LS) algo-
rithms is less affected by signal correlation properties, making LS methods attractive in
applications requiring rapid adaptation in poorly conditioned signal environments. Adap-
tive LS filters typically converge shortly after the filter has filled with data, provided the
noise power is relatively small compared to the signal power. Very ill-conditioned data can
cause two distinctly different effects on the least squares solution: (1) numerical error accu-

mulation and (2) increased solution sensitivity. Concerning error accumulation, an ill-



conditioned LS problem can cause the accumulation of round-off errors leading to a com-
puted numerical solution which deviates significantly from the theoretical, infinite precision
solution. In fact, ill-conditioning is a prime contributor to rapid divergence of fast, adaptive,

recursive L.S. squares filters [4].

Concerning solution sensitivity, an ill-conditioned LS problem also has a solution which
is highly sensitive to small changes or perturbations in the data [5]. Additive noise, inaccu-
racies in signal measurement devices and quantization are examples of small data perturba-
tions. Another example is identification of systems whose inputs are inaccessible. If the
inaccessible input is active during identification, then the data used by the filter is perturbed

impulse response data, and bias will be present in the estimated system parameters.

This paper examines the sensitivity to additive noise of an adaptive LS transversal
equalizer operating in an ill-conditioned signal environment. Additionally, this introductory
paper is limited to an investigation of the steady state, or converged LS filter solution. The
main result is the derivation of a simple upper bound for the relative change in the magni-
tude of the weight vector as a function of the equalizer order and channel poperties.
Finally, simulation results are presented which compare this bound to actual values. Results
in this paper show that the bound is very nearly attained for a wide range of equalizer ord-

ers, provided the noise level is relatively low.

2. THE EQUALIZATION PROBLEM

A data channel with transversal equalizer in the training mode is shown in Figure 1.
The presence of d (1) and the DELAY device in the lower branch of Figure 1 signifies d (1) is
present during the training phase at the receiver. For simplicity in this initial examination,
the data d (1) is assumed to be a pseudo-random sequence of =1’s. The channel is modeled

as a causal, linear phase Mth order FIR so that only amplitude distortion is introduced. The



equalizer is transversal of order N, also with causal impulse response. From Figure 1, the
input x (1) to the equalizer is thus related to d (1) by

M-1

x(n)y= 3 cdm—i)+ v(n) (1)

i=0
where the c; are stationary channel impulse response values, and v(n) is additive white

2

Gaussian noise with variance o;. At steady state, the equalizer output y (1) is given by

y(n) = Niol w;x(n—1) )
i=

where the w; are the tap values of the equalizer. The delay in the training path provides
compensation for the composite delay of the channel and equalizer. The objective of the
equalizer is to produce an overall system impulse response from d(n) to y(n) which is as
close to a single impulse as possible. With no noise present, the steady state LS solution w

is given by the solution to
C'Cw=C'n (3)
where w is the N X1 vector of equalizer coefficients to be determined, w is the desired sys-
tem impulse response vector (null vector with a single unit entry), and C is the

N +M —1XN convolution matrix of the channel given by
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The symmetric matrix C"C is the statistical auto-correlation matrix of the equalizer input
x(n) provided the data sequence d(n) is white and v(1)=0. The vector C"w is the statisti-
cal cross-correlation vector of x (1) with d(n —D) and is simply the channel impulse response
sequence in reverse order, embedded in a null vector. Hence (3) is identical to the statistical
normal equations given by

Rw =p 4)
where R is the N XN auto-correlation matrix of x(n) and p is the N X1 cross-correlation vec-
tor of x(n) with d (1 —D). The value of the delay D determines the location of the unit entry
in m and hence the center of the channel impulse response in p, and is usually chosen so

that the unit entry in = is near the center of the vector.

In recursive least squares algorithms (RLS), a set of sample normal equations is solved
at each time iteration to adapt the equalizer tap values. As time progresses, and if the data
forgetting factor A\ is set to unity as in the prewindowed case, the sample normal equations
evolve into the statistical normal equations [2]. In this paper, it is assumed that enough
data has been processed so that the sample normal equations may be replaced by the statist-

ical normal equations.

The autocorrelation values for x(n) are defined by

R(m) = E {x(n)x(n +m)} (5a)
where x(n) is given by (1) and E{} denotes expected value. With the uncorrelated additive

noise v (11) present, substituting (1) into (5a) yields

R,(0)=R(0)+ a2 R,(m)=R(m) m+0 (5b)
where the subscript v has been attached to the autocorrelation values of x (1) with the noise

present. From (5b) it is seen that the noise alters only the main diagonal of R in (4), produc-

ing a "noisy" set of equations given by



(R + o21)w, = p, (6)

where w,, is the solution to the noisy problem. The following section next quantifies the

relative change from w to w,, as a function of data conditioning.

3. EFFECTS OF ILL-CONDITIONED DATA

Ill-conditioning in the equalization problem occurs as a result of severe amplitude dis-
tortion imposed by the data channel. Phase distortion produced by the channel has no
impact on the conditioning [6]. The degree of ill-conditioning present is quantified by the

condition number K (R) of the correlation matrix given by [5]

A

max

KR) = IR[IIR7Y]] = )\

: @)
mmn

where the Euclidean norm has been used for the matrix norms, and is defined for a sym-
metric matrix A as the maximum eigenvalue of A. Let A, and \;, be the maximum and
minimum eigenvalues of the correlation matrix R. These are bounded by the maximum and

minimum, respectively, of the channel power transfer function [6]. Thus, if the channel

power transfer function contains a zero on the unit circle, A ,;, may attain a very small value

min
causing K(R) from (7) to become extremely large. It should be noted that with the all-zero

channel model chosen, a large condition number is the result of a small A, and not a large

Amax- Lhe relative change in the LS solution to

[R+eaR)w, = p (8)

due to small € has an upper bound [5] given by

_ wy = will |leAR|] 2
Sw‘ ||w“ = K(R) “R” + O(e) (9)

where from (6) AR may be taken as the identity matrix and e the noise variance ¢2. Substi-

tuting (7) into (9) and neglecting the higher order terms, then gives



_qyy o1l -1 2|t
5. = lIRIIIR ”W = IR o 211 10
But since |[R7!|| = /A, and |lo21ll = o2, then the following simple bound results
from (10):
ol
8y = : 11)
)\min

It remains to determine the relationship between A ;. and the channel power transfer

function. Consider the normalized channel spectrum shown in Figure 2, where P, is the

min
minimum value of the channel spectrum. Let there be k — 1 vanishing derivatives of P (w) at
o = wy, where the kth derivative is non-zero and has a value of B. Then, as shown by Par-

ter [7], the minimum eigenvalue of the Toeplitz matrix R has the asymptotic expansion

Apin = P

min

A 1
min T F‘;\% + O[F]' (12)

where A is a constant dependent on k. In general, the next term of the expansion is unk-
nown. If P, = 0, then \_;, asymptotically approaches zero as the equalizer length is

increased. Thus, a severely ill-conditioned problem arises when the channel has a spectral

null with multiple vanishing derivatives at the null and a lengthy equalizer is applied.

The rate of growth of the upper bound (11) is obtained by substituting (12) into (11).
Assuming P ;. =0, and retaining only the second term of the expansion gives
o 2k!N*

d, =
Thus, the number of vanishing derivatives of P (w) at ® = w, dominates the rate of growth of

(13)

8, as a function of the equalizer order.

4. EXPERIMENTAL RESULTS

In order to test the analytical upper bound for 3, three different channel models were

examined, each with a single zero at wy= m/3. Channel 1 has an impulse response



sequence V3, —1/V3, 1/\/3—). Its corresponding power spectrum has a single vanishing
derivative at w; and is illustrated in Figure 3. Channel 2 was obtained by convolving the
Channel 1 impulse response with itself and again normalizing to unit energy. The resulting
power spectrum has three vanishing derivatives at w,. Finally, Channel 3 was obtained by
convolving the Channel 2 impulse response with itself yielding a channel spectrum with
seven vanishing derivatives at w,. Plots comparing the actual values for §, with the bound
(11) for channels 2 and 3 are shown in Figure 4. The actual values were computed by taking
the solutions to (4) and (6), and substituting irto the definition (9) for 8, for 5= N =50. The
upper bound (11) was computed using an eigenvalue-eigenvector decomposition for R. Since
the random data d(n) has unit power, the signal-to-noise ratio (SNR) at the input to the
equalizer is
SNR = 1/a?. (14)
In all cases, the bound for §,, had a rate of growth predicted by (13), e.g. N* for Chan-
nel 2 and N® for Channel 3. The value of the noise variance for Channel 2 in Figure 4a is
o2=510"* As can be seen, 3, is approximately three orders of magnitude larger than the
additive noise for N > 35. The rate of growth of the actual 3, and its bound are nearly the
same over the range of equalizer orders shown. This is in contrast to Figure 4b which shows
the actual value to be leveling off for N > 25, while the bound continues to grow as N8 The
leveling off of the actual 8, is a result of improved conditioning caused by the noise. As N
is increased, the condition number K(R) grows as N 8. However, the small noise variance
0Z=10"7 added to the main diagonal of R significantly improves the problem condition.
For small values of N, the improvement in conditioning due to the noise is negligible, and

therefore the upper bound and actual values for &, grow at nearly the same rate.



In terms of the physical problem of equalization, these results have the following appli-
cation. If the channel contains a spectral null with several vanishing derivatives such as
Channel 3, then the equalizer tries to produce a large gain over the weak spectral region.
However, if broadband noise above a certain level is added by the channel, the spectral gap
is filled enough so that the large number of vanishing derivatives no longer dominates the
conditioning of the problem determined by (12). As an example, figure 4c shows that if the
noise level is reduced to 02 =107, then the actual 3,, very nearly attains the upper bound
over the range of equalizer orders 10 = N =40. No leveling in the actual value of 3, occurs

because the noise does not significantly improve the problem condition.

To demonstrate how the results of the steady state analysis may be extended to adap-
tive LS filter applications, a 31-tap fast transversal equalizer was simulated with Channel 2.
Trajectories of the main tap value wys for both noisy(cZ=510"%) and no-noise data are
shown in Figure 5. The data in Figure 4a predicts 3,, = 11% which suggests that an approxi-
mate 11% relative change can be expected from the no-noise to noisy steady state tap
values. After 5000 iterations, the relative change in the coefficient vector was found to be
8, =9.4 % and the relative change in w;5 was 7%. Interestingly, it is also evident from Fig-
ure 5 that the severe ill-condition of the data has significantly slowed the convergence rate

of the FTF algorithm. Regular RLS using the matrix inverse lemma converged even more

slowly.

5. Conclusion

This paper has presented a simple bound for the additive noise-induced change in the
magnitude of the coefficient vector of a transversal equalizer operating in an ill-conditioned
signal environment. An asymptotic expansion for the minimum eigenvalue of a Toeplitz

matrix has allowed a bound for the noise-induced change in the equalizer to be predicted as
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a function of the equalizer length and noise variance. Simulation results have shown that

the bound is accurate for highly ill-conditioned channels operating with relatively low-level

additive noise. It has also been shown that the ill-conditioned problem arises as a conse-

quence of vanishing derivatives of the channel power transfer function at its zeroes.
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Figure 1 Transversal Equalizer in Training Mode.
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Figure 3 Impulse Response and Power Transfer Function of Channel 1.
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Figure 4 Relative Change in Equalizer Tap Values and Theoretical
Upper Bound as a Function of Equalizer Order.
a) Channel 2 with SNR = 33 dB
b) Channel 3 with SNR =30 dB
c) Channel 3 with SNR = 60 dB.
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Figure 5 Main Tap Trajectories for a 31 Tap Fast Transversal
Equalizer Operating with Channel 2 and SNR = 33 dB.



