
ABSTRACT

BRESTENSKY, LAURA G. Planar Models for Noncrossing Partitions in Affine Type.
(Under the direction of Nathan Reading).

In a finite Coxeter group W , there is a notion of a lattice of non-crossing partitions

given by the interval [1, c]T in absolute order. However, when W is infinite, [1, c]T may

not be a lattice. The goal of my thesis is to create combinatorial models for [1, c]T when

W is of affine type, and to extend [1, c]T in such a way that it becomes a lattice. This

extension follows the example of work from McCammond and Sulway.
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Chapter 1

INTRODUCTION

In this paper, we will examine several types of a�ne Coxeter groups. For each type, we

will construct a planar model for the poset of noncrossing partitions. We also extend the

noncrossing partitions to a poset that is a lattice. In this introduction, we will summarize

major de�nitions and results. Further de�nitions and background are given in Chapter 2.

1.1 Noncrossing partitions

A Coxeter System is a pair (W; S) where W = hSjRi for R = f (st)m(s;t ) : s; t 2 Sg

satisfying m(s; s) = 1, m(s; t) � 2 or m(s; t) = 1 (meaning there is no �nite m(s; t)

such that (st)m(s;t ) = 1) for s 6= t, and m(s; t) = m(t; s) for all s; t 2 S. The re
ections

in W are the elementsT = f wsw� 1 : w 2 W; s 2 Sg. These are precisely the elements

of W that act as re
ections (i.e. have an (n � 1)-dimensional �xed space and a (� 1)-

eigenvector) in the re
ection representation ofW. Since S � T, the set of re
ections

generatesW.

There is a standard representation ofW where the elementsS act as re
ections. For

�nite Coxeter groups, the re
ection representation consists of rigid motions �xing the

origin. When the there is a re
ection representation consisting of rigid motions not all

�xing the origin, the Coxeter group is calleda�ne .

The absolute length or re
ection length `T (w) of an elementw 2 W is the number

of letters in a shortest expression forw as a product of elements ofT. Such a shortest

expression is called areduced T-word for w. The absolute order � T is the partial

order on W de�ned by u � T w if and only if `T (w) = `T (u) + `T (u� 1w). A Coxeter

element is an elementc 2 W that can be written as a product, in some chosen order,

of the elements ofS, each appearing exactly once in the product. WhenW is �nite,

the interval [1; c]T in the absolute order between the identity and a Coxeter elementc
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Figure 1.1: The noncrossing partition lattice for TypeA3 (picture due to Nathan Read-
ing).

is a lattice [7], often called theW-noncrossing partition lattice . This is named after

the type A case, whereW is the symmetric group and [1; c]T is modeled by noncrossing

partitions of a cycle (see Figure 1.1), originally introduced by Kreweras in [13]. In [3],

Biane expanded upon this idea, showing that the noncrossing partitions of a cycle are

connected to the symmetric group, and are [1; c]T in that case.

In type B, where W is the group of signed permutations, the elements of [1; c]T are

modelled by centrally symmetric noncrossing partitions (see Figure 1.2) [19], [1]. There

is a planar model for type D as well, detailed by Athanasiadis and Reiner in [1].

The de�nition of [1 ; c]T was motivated by the study of Artin groups , groups as-

sociated to a Coxeter system (W; S) generated by S, subject to the braid relations

(st)m(s;t ) = 1 of W, but without the relations s2 = 1 for s 2 S. In general �nite type,

[1; c]T is a \Garside structure" for the Artin group Art (W). This leads to a \dual presen-

tation" of Art (W), which is isomorphic to the original Artin group [2], [6]; thus spherical

Artin groups have a decidable word problem and are torsion-free.

Note that the fact that [1; c]t is a lattice is crucial to proving these results. The moti-

vation for our work in a�ne type comes from a series of papers [5], [14] that culminated

in [15], in which McCammond and Sulway extended results on Artin groups from �nite

type to a�ne type. When W is a�ne, we call the Artin group Euclidean .

McCammond and Sulway's work, as well as our work on type~A, was foreshadowed

by [10], in which Digne proved the lattice property for a single choice of Coxeter element

2



Figure 1.2: The noncrossing partition lattice for TypeB3 (picture due to Nathan Read-
ing).

of an a�ne Coxeter group of type ~A (an element which we will later see correspond to

noncrossing partitions of an annulus with exactly one point on the inner boundary or

exactly one point on the outer boundary). He also gave a representation of [1; c]T as

non-crossing paths in an annulus (which correspond to our \noncrossing partitions of

an annulus with no dangling annular blocks"), and gave the length function on [1; c]T .

However, for other Coxeter elements in type~A and in other in�nite types, the interval

[1; c]T is not necessarily a lattice. McCammond and Sulway's results need the lattice

property for all Coxeter elements; thus they must extend the a�ne Coxeter group to a

larger group by \factoring" translations.

The Coxeter elementc is a translation along a line called the \Coxeter axis," along

with a �nite order transformation of a subspace orthogonal to the Coxeter axis. In most

cases, this �nite-order transformation decomposes as an orthogonal direct product. (For

example, it could be a half-turn, which is a product of two re
ections orthogonal to

each other.) This is the case where [1; c]T is not a lattice. To make it into a lattice,

McCammond-Sulway expand the a�ne Coxeter groupW by allowing \factored" trans-

lations. McCammond and Sulway were able to prove several facts about Euclidean Artin

groups by extendingW to a larger group, which they call thecrystallographic group ,

and then showing that the analog of [1; c]T for this larger group is a lattice. They use

the lattice to make a dual presentation of a \Garside group" that is larger than the

Artin group. The relationship between the Garside group and the crystallographic group
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is analogous to the relationship between the Artin group and the Coxeter group. They

were then able to deduce the properties that they desired, such as that every irreducible

Euclidean Artin group is a torsion-free centerless group with a �nite dimensional word

problem and a �nite-dimensional classifying space [15, Theorem D]. The combinatorial

model for [1; c]T in types ~A and ~D in this thesis leads to a natural way to factor transla-

tions, di�erent from McCammond-Sulway, that extends [1; c]T to a lattice.

In this thesis, we will work with the Coxeter groups for a�ne types A, C, and D, with

results based on joint work with Nathan Reading which will eventually form part of a

joint paper.

1.2 Noncrossing partitions of an annulus

We begin with type ~An� 1. De�ne an a�ne permutation to be a permutation � such

that � (i + n) = � (i ) + n for all i 2 Z and
P n

i =1 � (i ) =
� n+1

2

�
. The group of a�ne

permutations is denoted~Sn . The simple re
ections in ~Sn are s1; s2; :::sn where si is an

in�nite commutative product of adjacent transpositions:

� � � (i � n i + 1 � n)( i i + 1)( i + n i + 1 + n) � � �

To extend the interval [1; c]T to a lattice, we will de�ne a larger group SZ (mod n)

consisting of all permutations� of Z such that � (i + n) = � (i ) + n for all i 2 Z. De�ne ` i

to be the permutation with one nontrivial cycle, the in�nite cycle (� � � i � n i i + n � � � ).

The group SZ (mod n) is generated by the setf s1; : : : ; sng [ f `1g. We de�ne L to be the

set of all ` i and their inverses, which we will also call the set of allloops . The reason we

use the term \loop" will become clear when examining the planar model for type~A.

The planar models for �nite types A, B, and D can be obtained by projecting aW-

orbit to a special plane called theCoxeter plane , and we will use the same idea in

a�ne type. To begin, we construct the orbit for type ~A.

Using the standard re
ection representation of type~An� 1, we can �nd a geometric

representation of~Sn that acts on vectorsei for all i 2 Z. Consider the vector spaceRn+1

with basis vectorse1; :::; en+1 . We de�ne a vector � = en+1 � e1, which is �xed by all

simple re
ections, and de�neei + n = ei + � for all i 2 Z. So we then de�ne

si (ej ) =

8
>>><

>>>:

ej +1 if j = i (mod n);

ej � 1 if j = i + 1 (mod n); or

ej otherwise.
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Figure 1.3: For the Coxeter elementc = s6s5s2s1s3s4, we have the projection to the
Coxeter plane shown on the left. Rolling this up gives the annulus on the right, with 1,
3, and 4 as our outer points and 2, 5, and 6 as our inner points.

We will describe the a�ne Coxeter groupW in terms of its action onf ei : i 2 Zg, and as

a shorthand, we obtain the usual description in terms of its action on the indicesi 2 Z,

as the group ~Sn . A permutation � 2 ~Sn acts onRn+1 by sending eachei to e� ( i ) .

Now that we have an orbit, we project this orbit to a special plane. A Coxeter element

c has eigenvalue 1 with multiplicity 2 and a 1-dimensional �xed space. The plane spanned

by a 1-eigenvector and generalized eigenvector is called theCoxeter plane . (One could

consider the Coxeter plane inV or in the dual spaceV � under the dual action; it will

be more convenient to do the latter.) If we project everyei to the Coxeter plane, we will

get two parallel lines, repeating themselves modn. The Coxeter elementc acts on the

Coxeter plane by a shear transformation, moving one line ofei 's up and the other down.

If we take this projection and \roll up" the lines, identifying eachei with ei + n so there

are exactlyn points, we will get an annulusA with n labelled points on the boundaries,

as in Figure 1.3. The points that are moved up byc are on the outer boundary and are

calledouter points , and the points that are moved down byc are on the inner boundary

and are calledinner points . Our choice of Coxeter elementc corresponds to a choice of

which integers are outer points and which integers are inner points.

We de�ne a partition of the annulus to be a set partition of [n], together with
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a choice, for each blockB, of an embedded annulus or disk inA. (We will reuse the

symbol B to refer to the embedded annulus or disk.) The annulus or disk is required to

be disjoint from the boundaries ofA except at the numbered points. IfB is an annular

block (i.e. associated to an embedded annulus), thenB must \go around" the hole in

A. In particular for annular blocks, one boundary component ofB may only contain

outer numbered points, and the other may only contain inner numbered points. A non-

annular block will also be called adisk . A dangling annular block is an annular block

that either contains only outer points or contains only inner points (meaning that one

boundary of a dangling annular block is a noncontractible circle in the interior ofA). A

partition of the annulus isnoncrossing if the embedded blocks are pairwise disjoint and

if it has at most one annular block. We consider noncrossing partitions of the annulus up

to topological equivalence. Thus a noncrossing partition of the annulus is determined by

the underlying set partition, the identity of each block as annular or non-annular, and

the cycle of points found along the boundary of the disk or the cycles of points along the

inner and outer boundaries of the annular block. We writegNC c for the set of noncrossing

partitions of the annulus associated toc, and gNC �
c for the set of noncrossing partitions

that have no dangling annular blocks. Examples of noncrossing partitions of an annulus

can be found in Figure 1.4.

We begin our important results for type ~A by de�ning the partial order on noncrossing

partitions of an annulus as follows:P � Q if there exist embeddings ofP and Q such

that each block in P is a subset of a block inQ. With this partial order, we prove the

following results: both gNC c and gNC �
c are graded and their rank function is described

by n � � (where � is the number of non-annular blocks),gNC c is a lattice (though gNC �
c

is not), and gNC �
c and gNC c are isomorphic to [1; c]T and [1; c]T [ L respectively (where

[1; c]T [ L is the analog of [1; c]T for the larger group gNC c).

The isomorphism p : gNC �
c ! ~Sn is de�ned by reading the cycle notation of a

permutation from the embedding of the partition in the annulus, keeping the inte-

rior of the block to our right. Each annular block in the partition becomes two in-

�nite cycles; more speci�cally, an annular block B involving outer boundary points

a1 < a 2 < � � � < a i and inner boundary points b1 < b2 < � � � < bj would become

two in�nite cycles ( � � � a1 a2 � � � ai a1 + n � � � )( � � � bj bj � 1 � � � b1 bj � n � � � ). Each disk in the

partition becomes an in�nite collection of �nite cycles, symmetric to each other modulon:

f (a1 + kn � � � am + kn) : k 2 Zg. For each block, we read around the block, recording the

boundary points as we read. However, each time we circle the hole of the annulus, we

instead record the boundary points plusn (if we've circled the hole clockwise) or minus

n (if we've circled the hole counterclockwise).

6



Figure 1.4: Examples of noncrossing partitions of an annulus.

We can then extendp to a map gNC c ! SZ(mod n), using the same convention of

reading cycles as before, however we now allow for a dangling annular block, which will

become one in�nite cycle. The extension of the mapp is an isomorphism of lattices from
gNC c to [1; c]T [ L .

Example 1.2.1. Using the partitions pictured in Figure 1.4, we have the following:

p(P1) = :::(� 1 0)(5 6)(11 12):::(:::1 3 4 7 9:::)( :::8 2 � 4:::)

p(P2) = :::(� 4)(� 2)(� 1 0)(2)(4)(5 6)(8)(10)(11 12):::(:::1 3 7 9:::)

p(P3) = � � � (� 5 � 2 � 1 � 4)(� 3)(0)(1 4 5 2)(3)(6)(7 10 11 8)(9)(12)� � �

p(P4) = :::(� 5 � 3 2)(� 2)(� 1 0)(1 3 8)(4)(5 6)(7 9 14)(10)(11 12):::

These results bring us to our conclusion for type~An� 1.

7



1.3 Noncrossing partitions of a disk with two orb-

ifold points

We then turn our attention to a�ne type ~Cn� 1, using the results we found in type~An� 1 as

our foundation. We �nd analogous results to those in type~An� 1 by utilizing a \folding"

technique, by which we are able to skip several steps of the \projecting to the Coxeter

plane" process.

We begin by realizing the Coxeter groupW of type ~Cn� 1 as the group of a�ne

signed permutations . (These are the permutations� : Z ! Z with � (i+2n) = � (i )+2 n

for all i 2 Z and also� (� i ) = � � (i ) for all i 2 Z. Note that this means that � �xes 0,

and thus �xes all multiples of n.) We consider this Coxeter group to be a subgroup of

another Coxeter groupW 0, of type ~A2n� 3. The Coxeter groupW 0 is the subgroup of~S2n

consisting of elements that �x all multiples ofn. The Coxeter groupW of type ~Cn� 1 is

the subgroup ofW 0 whose elements satisfy� (� i ) = � � (i ) for all i 2 Z.

For type ~Cn� 1, our choice of Coxeter element corresponds to asigning of the set

f 1; : : : ; n � 1g. Namely, for eachi = 1; : : : ; n � 1, we choose a positive label fori if

si � 1 ! si in the Coxeter diagram forW or choosing a negative sign oni if si ! si � 1.

The elements of the signing thus become outer points on the annulus, and their negatives

become inner points. Thus, we begin our construction of the planar diagram for type~Cn� 1

with a labeled annulus as in type~A2n� 3, with 2n � 2 labeled points, and the inner/outer

points determined as described above.

Note that W is the set of permutations inW 0 �xed by the involution � , which sends

a permutation � in W 0 to a permutation � (� ) given by � (� )( i ) = � � (� i ). This map

� corresponds to a geometric map on the annulus, where we think of the annulus as a

cylinder, and � rotates this cylinder about a vertical axis and changes the sign of each

point. Doing this geometric map on the annulus turns it into a disk, where the two points

that are �xed by this geometric map become two orbifold points. Thus we have adisk

with two orbifold points , as shown in Figure 1.5.

In our next step, we use the same mapp as described in type~An� 1 on this annulus

with labeled points based on our signing. Because of the placement of these numbered

points � 1; : : : ; � (n � 1) on the annulus, the involution � on [1; c]AT corresponds to a

symmetry of the annulus. With this way of thinking, we have an immediate result that

the map p : gNC c ! [1; c]AT [ L restricts to an isomorphism fromgNC �
c to [1; c]CT .

We can then de�ne apartition of the two-orbifold disk D to be a set partition

of the signing, together with a choice, for each blockB, of an embedded disk inD. The

disk is required to be disjoint from the boundary ofD except at the points numbered by

8



Figure 1.5: A labeled disk with two orbifold points.

elements of the blockB. A block B may not contain an orbifold point on the boundary

of B , but can contain neither, either, or both of the orbifold points in its interior. A

partition of the two-orbifold disk is noncrossing if the embedded blocks are pairwise

disjoint. Several examples of noncrossing partitions of a disk with two orbifold points are

shown in Figure 1.6. We writegNCC
c for the set of these noncrossing partitions, up to

topological equivalence.

We de�ne a partial order on noncrossing partitions of the two-orbifold disk by setting

P � Q if and only if there exist embeddings ofP and Q such that each block inP is a

subset of a block inQ. We re-use the symbolgNCC
c to mean the setgNCC

c with this partial

order. Utilizing our analogous result from type~An� 1 and easy general lattice theory, we

have a result that the posetgNCC
c of noncrossing partitions of the two-orbifold disk is a

lattice. We also have that the rank function ofgNCC
c is

(n � 1) � (#blocks of P) + (#orbifold points enclosed by blocks ofP):

Similarly, de�ning a map pC : gNCC
c ! [1; c]CT in an analogous way to how we de�ned

the map p in type ~An� 1 (reading around blocks with consideration for how we cross the

date line), we obtain the result that the mappC is an isomorphism fromgNCC
c to [1; c]CT .

These results conclude our discussion of type~Cn� 1.
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Figure 1.6: Noncrossing partitions of a disk with two orbifold points.

1.4 Noncrossing partitions of an annulus with two

double points

Finally, we turn our attention to type ~Dn� 1, where we will proceed similarly to type
~An� 1.

De�ne the group of a�ne doubly even signed permutations to be the subgroup

of the group of a�ne signed permutations (permutations that are type ~C) with an even

number of positive integers that are sent to a negative integer and an even number of

integers less thann that are sent to an integer greater thann. The group of a�ne doubly

even signed permutations is denoted~SD
n . The simple re
ections are

s0 = (1 � 2)(� 1 2);

si = ( i i + 1)( � i � i � 1)) for i = 1; : : : ; n � 2, and

sn� 1 = ( n � 2 n + 1)( � (n � 2) � (n + 1)) ;

and the setT of re
ections is f (i j + 2kn)( � i � j � 2kn) : 1 � i < jj j � n; k 2 Zg.

We also de�ne a larger group~SC
n (even) of permutations � of Z where instead of re-
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Figure 1.7: For the Coxeter elementc = s6s5s2s1s3s4, we have the projection to the
Coxeter plane as shown on the left. Rolling up these vertical lines gives the annulus on
the right.

quiring separately that f i 2 Z : i > 0; � (i ) < 0g has an even number of elements and that

f i 2 Z : i < n; � (i ) > n g has an even number of elements, we require that the number of

elements off i 2 Z : i > 0; � (i ) < 0g plus the number of elements off i 2 Z : i < n; � (i ) > n g

is even. We will call these permutationsa�ne jointly even signed permutations .

We write

` i = ( � � � i � 2n i i + 2n � � � )( � � � � i + 2n � i � i � 2n � � � )

for i = � 1; � 2; � � � � (n � 1). De�ne L = f ` � (n� 1); � � � ` � 1; `1; � � � `n� 1g. Then ~SC
n (even) is

generated byT [ L. Similarly to type ~An� 1, we are interested in the interval [1; c]T [ L in
~SC

n (even), which is the interval analogous to [1; c]T but with generating setT [ L.

We then carry out a \project to the Coxeter plane" process as before, this time

resulting in a projection of three vertical lines that repeat themselves mod 2n. If we take

this projection and \roll up" the lines so there are exactly 2n � 4 points, we will get

an annulusA with 2n � 6 labelled points on the boundaries,n � 3 points on the outer

boundary andn� 3 points on the inner boundary, in addition to two points in the interior

of the annulus, which we will calldouble points . More speci�cally, for the upper double

point, we choose a label from the setf 1; 2g, and for the lower double point, we choose a

label from the setf n � 2; n � 1g. The inner and outer points are described by a signing of

the remaining numbers inf 1; : : : ; n � 1g. Figure 1.7 shows an example of the projection

to the Coxeter plane, and the rolled up annulus with two double points.

Now that we have this annulus with two double points, we can begin constructing
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our planar model. We de�nesymmetric partition of the annulus with two double

points to be a symmetric set partition off� 1; � 2; : : : ; � (n � 1)g, along with a choice, for

each blockB, of an embedded annulus, disk, orstitched disk (a disk with two boundary

points identi�ed) in A that encases no double points, the upper double point, the lower

double point, or both double points. An annular block may bedangling or non-dangling,

where a dangling annular block only contains outer points, only contains inner points,

or only contains double points. The annulus or disk is required to be disjoint from the

boundaries ofA and the double points except at the points numbered by elements of the

block B. A stitched disk or annulus is required to contain a circle that is non-contractible

in the annulus. Double points may lie on the boundary of a block or in the interior of a

block. The embedding itself must also be symmetric in the sense that the map� takesB

to � B , where� is the same rotational symmetry that appeared in our discussion of type
~Cn� 1. A symmetric partition of the annulus with two double points isnoncrossing if

the embedded blocks are pairwise disjoint, except perhaps at the double points, and if

it has at most two annular blocks. We consider noncrossing partitions of the annulus up

to topological equivalence. Several examples of these noncrossing partitions can be seen

in Figures 1.8 and 1.9. We writegNCD
c for the set of noncrossing symmetric partitions of

an annulus with two double points andgNCD; �
c for the set of noncrossing partitions of an

annulus with two double points with no dangling annular blocks.

As in types ~A and ~C, we de�ne the partial order on noncrossing partitions of a

symmetric partition of the annulus with two double points as follows:P � Q if there

exist embeddings ofP and Q such that each block inP is a subset of a block inQ.

With this partial order, we prove that both gNCD
c and gNC �

c are graded, and the rank

of a noncrossing partitionP in gNCD
c or gNCD; �

c with r pair of symmetric disks ands

symmetric annular blocks isn � 1 � r + s. In addition, we prove that the posetgNCD
c is

a lattice (though gNCD; �
c is not).

We will once again de�ne a mapp, this time from gNCD; �
c to ~SD

n by reading the

cycle notation of a permutation from the embedding of the partition in the annulus with

two double points. We read around each block, keeping the interior of the block to our

right, recording the boundary points as we read. However, each time we circle the hole

of the annulus, we instead record the boundary points plus 2n (if we've circled the hole

clockwise) or minus 2n (if we've circled the hole counterclockwise). In addition, if a block

contains a double point in its interior, we get a transposition corresponding to that double

point.

The map p is an isomorphism of posets fromgNCD; �
c to [1; c]T .

Example 1.4.1. Using the partitions from Figure 1.8, we have the following:
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Figure 1.8: Examples of noncrossing partitions of an annulus with two double points.

p(P1) = (1)( � 1)(2)(� 2)(3 4 5)(� 3 � 4 � 5)(6 7)(� 6 � 7)

p(P2) = (5)( � 5)(3 4 2 � 3 � 4 � 2)(1 � 1)(6 10)(7 9)

p(P3) = (2)( � 2)(4)(� 4)(5)(� 5)(1 3 6 15 13 10)(7 9)

p(P4) = (4)( � 4)(5)(� 5)(1 � 1)(7 9)(� � � � 2 3 6 14� � � )( � � � 2 � 3 � 6 � 14� � � )

To understand gNCD
c , we extend ~SD

n to a larger group, namely the group~SC
n (even).

We de�ne [1; c]T [ L using an analogous de�nition to that of [1; c]T .

The extension of the mapp is an isomorphism of lattices fromgNCD
c to [1; c]T [ L .

These results bring us to our conclusion for type~Dn� 1.

1.5 Thesis Overview

In Chapter 2, we will de�ne key terms and outline key preliminary results. In Chapter 3,

we will establish and prove our results for type~A, beginning with a projection to the

Coxeter plane, then using that projection to construct our planar models. We then de�ne
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Figure 1.9: A noncrossing symmetric partition of an annulus with two double points
with dangling annular blocks.

noncrossing partitions and a map from these noncrossing partitions to the interval [1; c]T .

We �nish the chapter by proving that this map is a bijection and an order isomorphism.

In Chapter 4, we use the results we found for type~A to obtain similar results for type ~C

by de�ning a map that allows us to utilize symmetry of the annulus to create a new

planar model. Using this symmetry and our type ~A results, we prove our results for

type ~C. Finally, in Chapter 5, we use a similar process from Chapter 3 to establish and

prove our results for type ~D; namely, we will once again start with a projection to the

Coxeter plane, then construct a planar model. We then de�ne our type~D noncrossing

partitions and a map from these noncrossing partitions to [1; c]. We conclude by proving

that this map is a bijection and an order isomorphism.
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Chapter 2

BACKGROUND

In this section, we give general background on Coxeter groups and root systems. We

assume the most basic de�nitions and facts about Coxeter groups.

2.1 Coxeter groups

Let (W; S) be a Coxeter system. We recall the construction of a(symmetrizable)

Cartan matrix associated toW. Write S = f s1; : : : ; sng and write m(i; j ) for the order

of si sj in W. A Cartan matrix A is an n � n matrix [aij ] with aii = 2 for i = 1; : : : ; n,

with non-positive o�-diagonal entries such thataij aji = 4 cos �
m(i;j ) , and with aij = 0 if

and only if aji = 0. The Cartan matrix A is symmetrizable if there exist positive real

numbers d1; : : : ; dn such that di aij = dj aji for all i; j . Any Coxeter group W admits

a symmetrizable (in fact symmetric) Cartan matrix A, but it may not be possible to

chooseA with integer entries. We will assume throughout that every Cartan matrix is

symmetrizable.

If a symmetrizable Cartan matrix for W can be chosen with integer entries, then

W is called acrystallographic Coxeter group. A given crystallographicW may admit

multiple symmetrizable Cartan matrices with integer entries.

The choice of a symmetrizable Cartan matrixA for a Coxeter groupW speci�es a

speci�c re
ection representation. LetV be a real vector space with basis� 1; : : : ; � n . For

each i , we de�ne � _
i to be d� 1

i � i , where the di are symmetrizing constants forA, as

above. We de�ne a symmetric bilinear formK on V by K (� _
i ; � j ) = aij for all i; j . The

symmetry of K follows immediately from the fact that thedi are symmetrizing constants

for A. For eachi , we haveK (d� 1
i � i ; � i ) = 2, so di = 1

2K (� i ; � i ).

We will describe a representation ofW on V in the language of group actions. (That

is, we describe how an element ofW acts on V, rather than de�ning notation for an
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explicit homomorphism W ! GL(V).) The simple re
ection si acts on a vectorx by

si (x) = x � K (� _
i ; x)� i . In particular, si acts on a simple root� j by si (� j ) = � j � aij � i .

Equivalently, si (� _
j ) = � _

j � aji � _
i for each simple co-root� _

j .

The orbit of f � 1; : : : ; � ng under the action ofW is the set ofreal roots associated to

A. This set is �nite if and only if W is �nite, in which case, the real roots constitute the

root system � associated to A. (When W is �nite, the root system is usually de�ned to

include some additional vectors calledimaginary roots that we will mostly not need

here.) The positive roots are the roots in the nonnegative span of the simple roots.

Every root is either positive or negative (meaning that its opposite is positive). WhenA

has integer entries, the real roots have integer coordinates in the basis� 1; : : : ; � n . The

height of a positive root is the sum of its coordinates in the basis of simple roots.

Given a representation of a group on a vector spaceV, there is a standard construction

of the dual representation of the group onV � . Representing the action of a group element

g on y 2 V asgy and the action ofg on x 2 V � asgx, the dual representation is de�ned

uniquely by the requirement that hgx; gyi = hx; yi for all x 2 V � and y 2 V. The dual

representation can also be described in terms of matrices. Letv1; : : : ; vn be a basis forV

and let v� 1; : : : ; v�
n be the dual basis forV � , de�ned by hv�

i ; vj i = � ij (Kronecker delta).

If y 2 V is written as a column vector ofvi -coordinates andx is written as a row vector

of v�
i coordinates, thenhx; yi is the usual matrix product of the row times the column. If

G is the matrix for g acting on vi -coordinate (column) vectors andD is the matrix for g

acting on v�
i -coordinate (row) vectors, thenD = G� 1. (Thus if both actions are written

in terns of column vectors, there is a transpose.)

In particular, the representation of W as linear transformations ofV has a dual

representation as linear transformations ofV � . We will generally work with the simple

roots basis� 1; � � � ; � n of V. However, we will work with a basis� 1; : : : ; � n of V � that is

dual to the simple co-roots basis� _
1 ; : : : ; � _

n , rather than dual to the simple roots basis.

(This choice may seem odd, but it is precisely what is required to take full advantage

of the symmetrizability of A.) The vectors � 1; : : : ; � n are the fundamental weights

associated toA.

The re
ection si acts onV � by �xing � j for j 6= i and sending� i to � i �
P n

k=1 aki � k .

More generally, supposet is a re
ection whose (� 1)-eigenvector inV is the root � .

Then the action of t on V � �xes the hyperplane f x 2 V � : hx; � i = 0g and negates the

vector K ( � ; � ). (This is the element x 2 V � such that hx; yi = K (y; � ) for all y 2 V.

The � i -coordinates ofK ( � ; � ) are obtained by multiplying A by the column vector of

� i -coordinates of� .)
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2.2 Noncrossing partitions

The re
ections in W are the elementsf wsw� 1 : w 2 W; s 2 Sg. These are precisely

the elements ofW that act as re
ections (i.e. have an (n � 1)-dimensional �xed space

and a (� 1)-eigenvector) in the re
ection representation ofW. Speci�cally, given a re-


ection t = wsi w� 1, the root � = w� i is its (� 1)-eigenvector and the hyperplane

f v 2 V : K (v; � ) = 0 g is its �xed space.

SinceS � T, the setT of re
ections generatesW. The absolute length or re
ection

length `T (w) of an elementw 2 W is the number of letters in a shortest expression for

w as a product of elements ofT. Such a shortest expression is called areduced T-word

for w.

We de�ne the absolute order � T to be the partial order onW de�ned by u � T w

if and only if `T (w) = `T (u) + `T (u� 1w). Those familiar with the weak order onW will

notice that the absolute order is the analog of the weak order, where the usual length

function ` is replaced by`T . In particular, the absolute order is characterized by the

Pre�x Property (with respect to reduced T-words). Slightly less obvious, but still well

known, is the fact that the absolute order is also characterized by the Subword Property

(again with respect to reducedT-words), analogous to the Bruhat order.

A Coxeter element is an elementc 2 W that can be written as a product, in some

chosen order, of the elements ofS, each repeated exactly once in the product. Coxeter

elements ofW correspond to acyclic orientations of the Coxeter diagram (or Dynkin

diagram) associated toW: There is an arrowsi ! sj in the oriented diagram if and only

if si precedessj in every reduced word forc.

Given a choice of Coxeter elementc, we de�ne a skew-symmetric bilinear form! c on

V by

! c(� _
i ; � j ) =

8
><

>:

aij if si follows sj in c;

0 if i = j; or

� aij if si precedessj in c:

(2.2.1)

The skew-symmetry of! c follows from the de�nition of simple co-roots and the sym-

metrizability of A. As a consequence of [17, Lemma 3.8], we have that! c(cx; cy) = ! c(x; y)

for any x; y 2 V.

A source-sink move is an operation on an acyclic orientation that chooses a partic-

ular source or sink and reverses all arrows on it, thus changing it from a source to a sink

or vice versa. A simple re
ectionsi is a source in the acyclic orientation associated toc

if and only if there is a reduced word forc starting with si . Similarly, si is a sink if and

only if it can occur as the last letter of a reduced word forc. Doing a source-sink move
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at si corresponds to conjugatingc by si , thus moving si from the beginning of the word

to the end or vice versa. WhenW is of �nite type, all Coxeter elements are conjugate by

source-sink moves. Indeed, this is true whenever the Coxeter diagram is a tree, and thus

in particular in all a�ne types except ~An� 1. In that type, every acyclic orientation can

be transformed by source-sink moves to an orientation wheresn is the unique source and

sk is the unique sink for somek.

The starting point for this paper is the interval [1; c]T in the absolute order between

the identity and a Coxeter elementc. When W is �nite, this is a lattice [7], but when

W is in�nite, [1 ; c]T can fail to be a lattice. The lattice [1; c]T is often called theW-

noncrossing partition lattice , named after the type-A case, where [1; c]T is modeled

by noncrossing partitions of a cycle [3, 13]. In types B and D, there are also planar models

for [1; c]T [1, 19].

When W is of �nite type and c is a Coxeter element, there is a special plane, called the

Coxeter plane , on which c acts as a rotation by 2�
h . Here,h is the Coxeter number

(the order of c, which is independent of the choice ofc because all Coxeter elements are

conjugate in �nite type). The existence of such a plane follows from the fact thatc has

a pair e
� 2�i

h of conjugate eigenvalues. The Coxeter plane �gures prominently in [8], and

a direct construction of the plane is found in [21].

In the �nite classical types A, B, and D, the Coxeter plane is closely related to

the planar diagrams for noncrossing partitions found in [1, 3, 13, 19]. The relationship,

explored in [16], is as follows: Given a �nite Coxeter groupW, �nd a small orbit o.

Any element w of W acts as a permutation ofo, and in particular decomposeso into

cycles. One projectso orthogonally onto the Coxeter plane and considers the set partition

de�ned on the projected orbit by this cycle decomposition. In types A, B, and D (and

also H3 and I 2(m)) for the smallest possible orbit, there are simple criteria to decide,

from the resulting planar diagram, whetherw 2 [1; c]T . For example, in typeAn� 1, where

W is the symmetric groupSn , the smallest orbit has sizen and projects to a circle in the

Coxeter plane. The Coxeter elementc is an n-cycle that follows this circle in a clockwise

direction, and w 2 [1; c]T if and only if the projected cycles ofw are disjoint and all go

clockwise.

In this paper, we implement the \project a small orbit to the Coxeter plane" con-

struction in a�ne type, to create planar diagrams for [1; c]T in the classical a�ne types.
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2.3 A�ne type

The Coxeter groups ofa�ne type are precisely the Coxeter groups that admit a Cartan

matrix A with determinant 0 such that every principal minor of A has positive deter-

minant. Equivalently, K is positive semi-de�nite but not positive de�nite, and for each

i = 1; : : : ; n, the restriction of K to the span of f � 1; : : : ; � ng n f � i g is positive de�nite.

There is a well known classi�cation of Coxeter groups of a�ne type. Every Coxeter group

of a�ne type is crystallographic. Some Coxeter groups of a�ne type admit multiple inte-

ger symmetrizable Cartan matrices, but we will make the standard choice (which comes

from a uniform construction starting with a �nite crystallographic Coxeter group. See, for

example, [11, Chapter 4].) We will call this choice astandard a�ne Cartan matrix

associated toW.

We will not need the details of the construction of a standard a�ne Cartan matrixA,

but we will describe some of the properties of such anA. First, A admits a 0-eigenvector

with positive integer coordinates. We choose such an eigenvector� such that the gcd of the

coordinates of� is 1. Second, there is an index a�2 f 1; : : : ; ng such that the matrix A �n

obtained fromA by deleting row a� and column a� is the Cartan matrix associated to an

irreducible Coxeter groupW of �nite type. Let � �n be the �nite root system associated

to A �n , let V�n be the span off � 1; : : : ; � ngnf � a� g, and let W�n be the associated Coxeter

group (the standard parabolic subgroup ofW generated byS n f sa� g. The root system

� �n has a uniquehighest root � , a root whose height is strictly greater than the height

of any other positive root. (This is a property of any �nite crystallographic root system.)

Third, � a� = � � � . Finally, the real roots associated toA are precisely the vectors� + k�

for � 2 � �n and k 2 Z.

When W is of a�ne type, the dual representation restricts to an action on the a�ne

hyperplane f x 2 V � : hx; � i = 1g, acting by (Euclidean) rigid motions. We will refer to

this a�ne hyperplane as E and write E0 for the linear hyperplanef x 2 V � : hx; � i = 0g

parallel to E.

It is sometimes convenient to identify the a�ne hyperplaneE with the linear span

of the fundamental weights ofA �n by ignoring the � a� -coordinate of a vector inE. (The

vector in E can be recovered uniquely because everyx 2 E hasE = f x 2 V � : hx; � i = 1g

and becauseh� a� ; � i 6= 0.) In a di�erent way, the linear hyperplane E0 can be identi�ed

with the span of the root system ��n by identifying a root � 2 � �n with K ( � ; � ).

In the action of W on E, a re
ection t 2 W associated to a root� = � + k� �xes the

set f x 2 E : hx; � i = kg, which is an (n � 2)-dimensional a�ne subspace ofE, and thus

an a�ne hyperplane in E. The vector K ( � ; � ), which as noted earlier is normal to the
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re
ecting hyperplane for t in V � , is also in the linear hyperplaneE0 parallel to E.

As mentioned in Section 2, in �nite type, for each Coxeter elementc there is a plane

called the Coxeter plane on whichc acts as a rotation. In the a�ne case, there are two

analogs of the Coxeter plane, one contained inV and the other in V � .

In an a�ne Coxeter group, the action of a Coxeter elementc on V has the eigen-

value 1 with multiplicity 2, but has only a 1-dimensional �xed space. The �xed space is

spanned by� (which indeed is �xed by every element ofW). There is a unique gener-

alized 1-eigenvector
 c associated to� contained in the subspaceV�n . (The fact that 
 c

is a generalized 1-eigenvector associated to� means that (c � 1)
 c = � . See [18, Propo-

sition 3.1].) The plane spanned by� and 
 c is �xed as a set byc, and will be called the

Coxeter plane in V.

The action of the Coxeter elementc on V � also has a 1-dimensional �xed space and

a generalized 1-eigenvector as we now describe. First, [18, Lemma 3.5] veri�es that the

the vector ! c(�; � ) 2 V � spans the �xed space ofc on V � . (This is the linear functional

sending eachy 2 V to ! c(�; y ).) Since ! c is skew-symmetric, the eigenvector! c(�; � ) is

in the linear hyperplaneE0.

We can similarly describe the generalized 1-eigenvector forc in V � in terms of the

generalized 1-eigenvector
 c for c in V:

Lemma 2.3.1. The vector ! c(
 c; � ) 2 V � is a generalized1-eigenvector forc, associated

to the 1-eigenvector! c(�; � ).

Proof. We need to show thatc � ! c(
 c; � ) = ! c(
 c; � ) + ! c(�; � ). Since
 c is a generalized

1-eigenvector associated to� , we know that c
 c = 
 c + � . Thus ! c(c
 c; � ) = ! c(
 c; � ) +

! c(�; � ). We will verify that ! c(c
 c; � ) = c � ! c(
 c; � ). Writing x for ! c(
 c; � ), for any

y 2 V, we have

hcx; yi = hx; c� 1yi = ! c(
 c; c� 1y) = ! c(c
 c; y);

as desired.

The plane in V � spanned by! c(�; � ) and ! c(
 c; � ) will be called the Coxeter plane

in V � .

To implement the \project a small orbit to the Coxeter plane" construction in a�ne

type, we need to decide whether to consider an orbit inV or V � and whether to project

to the Coxeter plane inV or V � . We will see below, as we consider speci�c types of a�ne

Coxeter groups, that taking an orbit in V and projecting to the Coxeter plane inV �

works well. (Other choices appear to work less well.)
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Chapter 3

AFFINE TYPE A

We now focus our attention on the a�ne Coxeter groupW of type ~An� 1. We begin

with a concrete construction of the associated root system and use the root system to

realize W in the usual way as as the group~Sn of a�ne permutations. We characterize

Coxeter elements inW, construct the Coxeter plane inV � , and project an orbit to that

plane. That projection lives on an in�nite strip but has a symmetry that leads us to

wrap the strip onto an annulus. We model theW-noncrossing partitions [1; c]T on the

annulus. Many aspects of our model for [1; c]T are already present in [9]. Following the

lead of McCammond and Sulway [15], but also following the lead of the combinatorics,

we construct a larger poset containing [1; c]T that is a lattice.

3.1 A�ne permutations and a larger group

The Coxeter groupW of type ~An� 1 is the Coxeter group withS = f s1; : : : ; sng and with

m(si ; si +1 ) = 3 and otherwise m(si ; sj ) = 2. A Cartan matrix A for W is symmetric and

has o�-diagonal entriesai i +1 = � 1, and other o�-diagonal entries 0. Throughout our

treatment of type ~An� 1, we take indices modn for simple re
ections and simple roots.

(Thus, in particular, an;1 = a1;n = � 1.) We now construct a root system forA.

Consider the vector spaceRn+1 , with standard basise1; : : : ; en+1 . Furthermore, de�ne

� to be en+1 � e1, and de�ne ei for all i 2 Z by the rule ei + n = ei + � for all i 2 Z.

(This is consistent with the de�nition of � and de�nes ei uniquely for eachi .) Since the

vectors ei are indexed byZ, indices on vectorse are not interpreted mod n. We de�ne

a symmetric bilinear form K on Rn+1 by taking the usual inner product on the linear

span of e1; : : : ; en but setting K (en+1 ; x) = K (e1; x) for all x 2 Rn+1 . In particular,

K (�; x ) = 0 for all x 2 Rn+1 .

De�ne vectors � i = ei +1 � ei and � _
i = � i for i = 1; : : : ; n. (This is consistent with
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taking indices on simple roots modulon, becauseei + n+1 � ei + n = ( ei +1 + � ) � (ei + � ) =

ei +1 � ei for all i 2 Z.) The linear span of the vectors� 1; : : : ; � n is the subspaceV of

Rn+1 consisting of vectors whose coordinates sum to zero. We haveK (� _
i ; � i ) = 2 and

K (� _
i ; � i +1 ) = � 1 for all i , and otherwiseK (� _

i ; � j ) = 0, so that K (� _
i ; � j ) = aij for

all i and j . Thus we have constructed simple roots and a formK corresponding to the

Cartan matrix A. We compute

si (ej ) =

8
>>><

>>>:

ej +1 if j = i (mod n);

ej � 1 if j = i + 1 (mod n); or

ej otherwise.

The positive roots for A are the vectors of the formej � ei for i < j 2 Z with

i 6= j (mod n). Any given positive root has in�nitely many expressions as a di�erence

ej � ei , becauseej � ei = ( ej + n � � ) � (ei + n � � ) = ej + n � ei + n and so forth. The re
ection

t orthogonal to a root ej � ei has

t(ek) =

8
>>><

>>>:

ek� j + i if k = j (mod n);

ek+ j � i if k = i (mod n); or

ek otherwise.

Given a positive root � = ej � ei , the vector � + � is ej + n � ei , another root. The

set � �n of roots that can be written as� (ej � ei ) for 1 � i < j � n is a �nite root

system of typeAn� 1, and the full set of real roots in � is f � + k� : � 2 � �n ; k 2 Zg. The

corresponding �nite Coxeter groupW�n , generated byf si : i = 1; : : : ; n � 1g is isomorphic

to the symmetric group Sn , and acts naturally on the subspaceV�n of V, consisting of

the vectors inRn+1 whose coordinates sum to zero and whose (n +1) st coordinate is zero.

We will describe the a�ne Coxeter groupW in terms of its action onf ei : i 2 Zg, and

as a shorthand, we obtain the usual description in terms of its action on the indicesi 2 Z,

as the group~Sn of a�ne permutations . (See, for example, [4, Section 8.3].) These are

permutations � of Z such that � (i + n) = � (i ) + n for all i 2 Z and
P n

i =1 � (i ) =
� n+1

2

�
.

A permutation � 2 ~Sn acts onRn+1 by sending eachei to e� ( i ) .

The simple re
ection si in W is an in�nite commutative product

� � � (i � n i + 1 � n)( i i + 1)( i + n i + 1 + n) � � �

of adjacent transpositions, and similarly the re
ection orthogonal to a rootej � ei is an
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in�nite product � � � (i � n j � n)( i j )( i + n j + n) � � � of transpositions. We will take the

mod-n symmetry for granted throughout, and often write eachsi as (i i + 1) and more

generally write a re
ection as (i j ). With this shorthand notation, the set T of re
ections

in ~Sn is f (i j ) : i < j; i 6� j (mod n)g.

We will also consider the larger groupSZ(mod n) of permutations � of Z such that

� (i + n) = � (i ) + n for all i 2 Z. It is straightforward to verify that SZ(mod n) is a

subgroup of the groupSZ of all permutations of Z. A permutation � 2 SZ(mod n) acts

on Rn+1 just like an a�ne permutation: by sending eachei to e� ( i ) .

A permutation � 2 SZ(mod n) is uniquely determined by its window notation ,

the sequence [� (1); � (2); : : : ; � (n)]. The a�ne permutations ~Sn are the permutations in

� 2 SZ(mod n) whose window notation has entries summing to
� n+1

2

�
. We can say the

following about the sum of entries in the window for� 2 SZ(mod n).

Lemma 3.1.1. Suppose�; � 2 SZ(mod n). Then

1. f � (1); : : : ; � (n)g contains exactly one representative of each congruence class modn.

2.
P n

i =1 � (i ) �
� n+1

2

�
(mod n).

Proof. If 1 � i < j � n and � (i ) � � (j ) (mod n), then write � (i ) = � (j ) � kn for some

k 2 Z with k 6= 0. Then � (i + kn) = � (j ) contradicting the fact that � is a bijection and

thus proving Assertion 1.

Since� 2 SZ(mod n), for eachi 2 f 1; : : : ; ng, we can write� (i ) uniquely as� (i )+ � (i )n

for � (i ); � (i ) 2 Z with 1 � � (i ) � n. Then
P n

i =1 � (i ) is equal to
P n

i =1 � (i ) =
P n

i =1 (� (i )+

� (i )n), which by Assertion 1 equals
� n+1

2

�
+

P n
i =1 � (i )n. That proves Assertion 2.

Furthermore, one can show that the map� 7! 1
n

� P n
i =1 � (i ) �

� n+1
2

��
is a surjective

homomorphism fromSZ(mod n) to Z, whose kernel is the subgroup~Sn .

We conclude our preliminary discussion ofSZ(mod n) by determining a small gener-

ating set (and a larger one).

Proposition 3.1.2. The group SZ(mod n) is generated by the setf s1; : : : ; sng [ f `1g,

where`1 is the permutation whose only nontrivial cycle is(� � � 1� n 1 1+n � � � ).

Proof. Suppose� 2 SZ(mod n). Lemma 3.1.1.2 says that
P n

i =1 � (i ) =
� n+1

2

�
+ kn for some

k 2 Z. Writing � 0 for ` � k
1 � � , we have

P n
i =1 � 0(i ) =

� n+1
2

�
, so� 0 2 ~Sn . Since~Sn is generated

by f s1; : : : ; sng, we see that� = `k
1� 0 is in the group generated byf s1; : : : ; sng [ f `1g.

The symbol \`1" suggests \loop", looking ahead to the fact that`1 will correspond

to a noncrossing partition of the annulus whose only nontrivial block resembles a loop
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at 1. We will also be interested in other \loops". Writing ` i = ( � � � i � n i i + n � � � )

for i = 1; : : : ; n and L = f `1; : : : ; `ng [
�

` � 1
1 ; : : : ; `� 1

n

	
, Proposition 3.1.2 implies that

SZ(mod n) is generated by the setT [ L, where as beforeT is the set of all re
ections in
~Sn . We call elements ofL loops . The set T [ L shares an important property with the

set T of generators of~Sn : It is closed under conjugation in~Sn .

Just as we are interested in the interval [1; c]T in the absolute order on~Sn , we will

also be interested in the analogous interval in the groupSZ(mod n), with respect to the

generating setT [ L. We write [1; c]T [ L for this interval, where the subscript suggests

not only the generating set, but indirectly also the group where the interval lives.

3.2 Projecting to the Coxeter plane

In Section 3.3, we will introduce a model of the interval [1; c]T in the case wherec is a

Coxeter element in~Sn . In preparation, we describe the choice of a Coxeter element in~Sn

in terms of placing the integers 1; : : : ; n on the boundary of an annulus. At the end of

the section, we will see how this placement of numbers on the annulus arises from the

\project an orbit in V to the Coxeter plane inV � " construction described in Section 2.3,

but as a start, we introduce it as a way of encoding the choice ofc.

We take a �xed embedding of the annulus in the plane as the region between two

concentric circles. Recall from Section 2.2 that Coxeter elements correspond to acyclic

orientations of the Coxeter diagram. In type ~An� 1, the Coxeter diagram is a cycle with

eachsi adjacent to si � 1 and si +1 (with indices modulo n as usual). Thus the choice of a

Coxeter elementc is exactly the choice ofsi � 1 ! si or si ! si � 1 for eachi = 1; : : : ; n. We

record the choice ofc by placing eachi 2 f 1; : : : ; ng on the outer or inner boundary of the

annulus as follows: The numbers are placed in clockwise order over one full turn about

the center of the annulus. An integeri 2 f 1; : : : ; ng is placed on the outer boundary if and

only if si � 1 ! si (i.e. si � 1 precedessi in c) or on the inner boundary if and only ifsi ! si � 1

(i.e. si precedessi � 1 in c). We will identify the numbers 1; : : : ; n with their positions on the

boundary of the annulus, and will call themouter points or inner points according

to which boundary component they are on (see Figure 3.1). This construction creates a

bijection from the set of Coxeter elements to the set of all partitions off 1; : : : ; ng into a

nonempty set of outer points and a nonempty set of inner points. (If there are no outer

points, or if there are no inner points, the corresponding orientation of the diagram is a

directed cycle, and thus does not specify a Coxeter element.)

We see that this placement of inner and outer points is meaningful in describingc as

a permutation in ~Sn .
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Figure 3.1: For the Coxeter elementc = s6s5s2s1s3s4, we have the annulus above, with
1, 3, and 4 as our outer points and 2, 5, and 6 as our inner points.

Lemma 3.2.1. Let c be a Coxeter element of~Sn and make the corresponding placement

of the numbers1; : : : ; n on the boundary of the annulus. Ifa1; : : : ; ak are the outer points

in clockwise (and therefore increasing) order andb1; : : : ; bn� k are the inner points in

counterclockwise (and therefore decreasing) order, thenc is the permutation with two

in�nite cycles

(� � � a1 � n a2 � n � � � ak � n a1 a2 � � � ak a1 + n a2 + n � � � ak + n � � � )

and

(� � � b1 + n b2 + n � � � bn� k + n b1 b2 � � � bn� k b1 � n b2 � n � � � bn� k � n � � � ):

Proof. Since every orientation of the Coxeter diagram for~Sn is conjugate, by source-sink

moves, to an orientation such thatsn is the unique source andsk is the unique sink, we

can prove the lemma in two steps. The �rst step, whose details are omitted, is to compute

that the lemma holds in the case wherec = snsn� 1 � � � sk+1 s1s2 � � � sk , so that the outer

points are 1; : : : ; k and the inner points arek + 1; : : : ; n.

The second step is to show that the conclusion of the lemma is preserved under source-

sink moves. Supposec has cycles as described in the lemma, and supposesi is a source.

That means that i is inner and i + 1 is outer. After the source-sink move,i is outer and
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i +1 is inner. Conjugating by si = ( i i +1) serves to swapi and i +1 in the cycle notation

for c, thus preserving the conclusion of the lemma. Ifsi is a sink, the proof is the same,

with inner and outer reversed.

Recall that the Coxeter plane inV � is spanned by the 1-eigenvector! c(�; � ) and an

associated generalized 1-eigenvector! c(
 c; � ) of c in V � . Here,
 c is the unique generalized

1-eigenvector associated to� that is contained in V�n . (See Lemma 2.3.1.) The choice of

outer and inner points is also convenient for writing! c(�; � ) in the basis of fundamental

weights.

Proposition 3.2.2. Let c be a Coxeter element of~Sn with its associated assignment of

inner and outer points. Then

1
2

! c(�; � ) =
X

1� i � n
i outer

(� i � � i � 1) = �
X

1� i � n
i inner

(� i � � i � 1) =
X

1� i � n
i outer

i +1 inner

� i �
X

1� i � n
i inner

i +1 outer

� i :

The quantities i � 1 and i + 1 occurring in the proposition are interpreted modn.

Proof. The coe�cient of � i in ! c(�; � ) is ! c(�; � _
i ). Since � = � 1 + � � � + � n , Equation

(2.2.1) and the skew-symmetry of! c imply that

! c(�; � _
i ) = � ! c(� _

i ; � i � 1) � ! c(� _
i ; � i +1 ) = � 1 � 1;

taking the \+" in the �rst � if and only if i is an outer point, and taking \+" in the

second� if and only if i + 1 an inner point. Thus the coe�cient of � i in ! c(�; � ) is 2 if i

is outer andi + 1 is inner, is � 2 if i is inner andi + 1 is outer, or is 0 otherwise. We have

veri�ed the rightmost expression for 1
2 ! c(�; � ), and the other two expressions follow.

We will write #inn for the number of inner points, #out for the number of outer

points, (#inn � k) for the number of inner points less than or equal tok, and so forth.

Lemma 3.2.3. Let c be a Coxeter element of~Sn with its associated assignment of inner

and outer points. Then


 c =
1
n

 

(# inn)
X

i outer

ei � (# out)
X

i inner

ei

!

=
nX

k=1

bk � k ;

wherebk = 1
n [(# inn � k)(# out>k ) � (# inn>k )(# out� k)].
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Proof. Write 
 for 1
n ((#inn)

P
i outer ei � (#out)

P
i inner ei ). The subspaceV�n of V is the

linear span of the simple roots� 1; : : : ; � n� 1 (i.e. all simple roots except� n ). This is the

subspace ofRn+1 with ( n+1) st coordinate 0 and with coordinates summing to 0. Thus
 is

indeed inV�n , so we need only verify that it is a generalized 1-eigenvector associated to� .

Lemma 3.2.1 implies thatc(
P

i outer ei ) =
P

i outer ei + � andc(
P

i inner ei ) =
P

i inner ei � � .

Thus c(
 ) = 
 + 1
n [(#inn) + (#out)] � = 
 + � , as desired. Furthermore,


 =
1
n

X

i inner
j outer

(ej � ei )

=
1
n

X

i inner
j outer

i<j

j � 1X

k= i

� k �
X

i inner
j outer

j<i

i � 1X

k= j

� k

=
1
n

nX

k=1

� k [(#inn � k)(#out >k ) � (#inn >k )(#out � k)] :

We now explain how the placement of the numbers 1; : : : ; n on the boundary of an

annulus arises by projecting an orbit inV to the Coxeter plane inV � . The construction is

greatly simpli�ed by working in Rn+1 rather than the subspaceV. Speci�cally, we think

of V as the quotient ofRn+1 modulo the line spanned bye1 + � � � + en+1 , so that we can

name a vector inV more conveniently by naming a vector inRn+1 . (For example, for

i 2 Z, we can writeei 2 Rn+1 for the vector ei � 1
n+1 (e1 + � � � + en+1 ) 2 V.) In particular,

we will write expressions of the formhx; yi for x 2 V � and y 2 Rn+1 , interpreting y as

a vector in V (or equivalently, extending the pairingh �; � i to a bilinear map V � � Rn+1

by declaringhx; e1 + � � � + en+1 i = 0 for all x 2 V � ).

The most natural orbit of W is f ej : j 2 Zg, on which W acts by a�ne permutations

of indices. The following proposition will help us project this orbit to the Coxeter plane.

Proposition 3.2.4. Let i 2 f 1; : : : ; ng and j 2 Z. Then h� i ; ej i = i
n+1 +

� j � i � 1
n

�
.

Proof. It is straightforward to verify that
P n

i =1
i

n+1 � i = en+1 � 1
n+1 (e1 + � � � + en+1 ). Since

the � i are dual basis to the� _
i , and since� _

i = � i for all i = 1; : : : ; n, we conclude that

the proposition holds in the casej = n + 1. We complete the proof by showing that the

proposition holds for somej 2 Z if and only if it holds for j + 1. Since ej +1 = ej + � j

(with the index on � j interpreted modulo n), we see that

h� i ; ej +1 i =

8
<

:
h� i ; ej i + 1 if i = j (mod n); or

h� i ; ej i otherwise:
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The proposed formula forh� i ; ej i exhibits the same behavior asj is replaced byj +1.

Since eachej is
P n

i =1 h� i ; ej i � _
i + 1

n+1 (e1 + � � � + en+1 ), and since� _
i = � i for all i ,

Proposition 3.2.4 implies the following formula forej as a linear combination of simple

roots (and the vectore1 + � � � + en+1 ):

ej =
nX

i =1

�
i

n + 1
+

�
j � i � 1

n

��
� i +

1
n + 1

(e1 + � � � + en+1 ):

As a consequence, we can describe how the 1-eigenvector! c(�; � ) in V � pairs with

eachei . Sincehx; e1 + � � � + en+1 i = 0 for all x 2 V � by convention, we can write the

pairing of ! c(�; � ) with ei as! c(�; ei ), taking the convention that ! c(�; e1+ � � � + en+1 ) = 0.

Proposition 3.2.5. Let c be a Coxeter element of~Sn , represented as partition off 1; : : : ; ng

into inner points and outer points. Then1
2 ! c(�; ej ) takes two distinct values (di�ering by

1 and having strictly opposite signs), asj ranges overZ, taking the positive value if and

only if j (mod n) is an inner point.

Proof. Propositions 3.2.2 and 3.2.4 imply that

1
2

! c(�; ej ) =
X

i outer
i +1 inner

�
i

n + 1
+

�
j � i � 1

n

��
�

X

i inner
i +1 outer

�
i

n + 1
+

�
j � i � 1

n

��
:

This is
P

i outer
i +1 inner

� j � i � 1
n

�
�

P
i inner

i +1 outer

� j � i � 1
n

�
plus a quantity that is independent of

j . Thus as j runs through Z in increasing order, 1
2 ! c(�; ej ) increases by 1 every time

j (mod n) becomes an inner point, and decreases by 1 every timej (mod n) becomes an

outer point.

To complete the proof, it remains to show that 0< 1
2 ! c(�; ej ) < 1 for somej such

that j (mod n) is inner or that � 1 < 1
2 ! c(�; ej ) < 0 for somej such that j (mod n) is

outer. We will estimate 1
2 ! c(�; en+1 ). We have

1
2

! c(�; en+1 ) =
X

i outer
i +1 inner

�
i

n + 1
+

�
n � i

n

��
�

X

i inner
i +1 outer

�
i

n + 1
+

�
n � i

n

��
:

Since these sums are over 1� i � n, all of the 
oors are zero, so

1
2

! c(�; en+1 ) =
X

i outer
i +1 inner

i
n + 1

�
X

i inner
i +1 outer

i
n + 1

:
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Both sums in the above expression have the same number of terms, because the

elements of the cycle (1 2� � � n) switch from outer to inner the same number of times

they switch from inner to outer. If 1 is outer, then each term in the �rst sum is smaller

than the corresponding term in the second sum, so that12 ! c(�; en+1 ) < 0. But also, the

�rst term in the second sum is smaller than the second term in the �rst sum, and so

forth. Thus 1
2 ! c(�; en+1 ) is greater than the �rst term in the �rst sum minus the last term

in the second sum, which is at least1� n
n+1 > � 1. On the other hand, if 1 is inner, then each

term in the �rst sum is larger than the corresponding term in the second sum, so that
1
2 ! c(�; en+1 ) > 0. Also, the �rst term in the �rst sum is smaller than the second term in

the �rst sum, etc., so 1
2 ! c(�; en+1 ) is less than the last term in the �rst sum minus the

�rst term in the second sum, which is at mostn� 1
n+1 < 1.

Proposition 3.2.5 lets us describe the projection of the orbitf ej : j 2 Zg to the Coxeter

plane in V � . This plane is spanned by the 1-eigenvector! c(�; � ) and the generalized 1-

eigenvector! c(
 c; � ). We will call the direction of ! c(�; � ) the \horizontal" direction in

the Coxeter plane, and call the direction of! c(
 c; � ) the \vertical" direction.

Theorem 3.2.6. Let c be a Coxeter element of~Sn , represented as partition off 1; : : : ; ng

into inner points and outer points, and consider the projection of the orbitf ej : j 2 Zg

to the Coxeter plane inV � .

1. The projection takesf ej : j 2 Zg into two distinct vertical lines.

2. One of the two lines has negative coordinate in the horizontal direction and contains

the image off ej : j (mod n) is outerg, while the other line has positive coordinate

in the horizontal direction and contains the image off ej : j (mod n) is innerg.

3. If j < j 0 and j and j 0 are either both outer or both inner, then the projection ofej 0

has strictly larger vertical coordinate than the projection ofej .

4. The vertical distance between the projection ofej and the projection of ej + n is

independent ofj .

Proof. Proposition 3.2.5 implies immediately that the inner and outer points project into

two vertical lines as in the statement of the theorem. The vertical di�erence between the

projection of ej and the projection ofej + n is ! c(
 c; ej + � ) � ! c(
 c; ej ) = ! c(
 c; � ), which

is independent ofj .

To complete the proof, we �rst evaluate! c(
 c; c� 1ej ). This equals ! c(c
 c; ej ), and

since
 c is a generalized 1-eigenvector associated to the 1-eigenvector� , it further equals

! c(
 c + �; ej ). Thus ! c(
 c; c� 1 � ej ) � ! c(
 c; ej ) is ! c(�; ej ). If j (mod n) is outer, then
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Lemma 3.2.1 says thatc� 1ej is the next smallest integer that is outer (modn). Also

Proposition 3.2.5 says that! c(�; ej ) is negative, and we conclude thatej projects to

a strictly larger vertical coordinate than the next smallest outer integer. Similarly, if

j (mod n) is inner, then Lemma 3.2.1 says thatc� 1ej is the next largest integer that

is inner (mod n). In this case, Proposition 3.2.5 says that! c(�; ej ) is positive, and we

see thatej projects to a strictly smaller vertical coordinate than the next largest inner

integer.

Figure 3.2: For the Coxeter elementc = s6s5s2s1s3s4, we have the projection to the
Coxeter plane (left), which we can roll up to the annulus (right) with 1, 3, and 4 as our
outer points and 2, 5, and 6 as our inner points.

Theorem 3.2.6 suggests that, after projecting the orbitf ej : j 2 Zg to the Coxeter

plane inV � , we can pro�tably consider the vertical direction in the Coxeter plane modulo

the vertical distance described in Theorem 3.2.6.4. When we do so, instead of mapping

the orbit into the two boundary lines of an in�nite strip, we map the orbit into the

two boundary circles of a cylinder, which we 
atten to an annulus. We choose to do the


attening in such a way that the vertical line with negative horizontal coordinate becomes

the outer boundary of the annulus, while the other line becomes the inner boundary, as

in Figure 3.2. Each mod-n classf ei + kn : k 2 Zg in the orbit maps to a single point on

the boundary of the annulus. We recover (up to shifting the points along the boundary

30



without changing their order) the annulus with outer and inner points, as described at

the beginning of Section 3.2.

3.3 Noncrossing partitions of an annulus

Fix a Coxeter elementc in ~Sn , encoded by a choice of inner and outer points on an

annulus as described in Section 3.2. We refer to this annulus asA.

De�nition 3.3.1. De�ne a partition of the annulus A to be a set partition of

f 1; : : : ; ng, together with a choice, for each blockB, of an embedded annulus or disk

in A. (We will reuse the symbolB to refer to the embedded annulus or disk.) The an-

nulus or disk is required to be disjoint from the boundaries ofA except at the points

numbered by elements of the blockB. If B is an annular block (i.e. associated to an

embedded annulus), thenB must contain a closed curve that can't be contracted, within

A, to a point. (Less formally, B must \go around" the hole in A.) In particular, one

boundary component ofB may contain only outer numbered points, and the other may

contain only inner numbered points. A non-annular block will also be called adisk . A

dangling annular block is an annular block that either contains only outer points or

contains only inner points. Thus one boundary of a dangling annular block is a noncon-

tractible circle in the interior of A. A double-boundary disk is a disk that contains

points on both boundaries ofA.

A partition of the annulus is noncrossing if the embedded blocks are pairwise

disjoint and if it has at most one annular block. (Given that the blocks are pairwise

disjoint, the restriction to at most one annular block serves only to rule out the case of

two dangling annular blocks, one connected to the inner boundary and one connected to

the outer boundary.) We consider noncrossing partitions of the annulus up to topological

equivalence: two noncrossing partitions are equivalent if and only if they are related by a

homeomorphism fromA to itself, �xing the boundary of A pointwise, that is homotopic to

the identity, with the boundary of A �xed pointwise at every step of the homotopy. Thus

a noncrossing partition of the annulus is determined by the underlying set partition, the

identity of each block as annular or non-annular, and the cycle of points found along the

boundary of the disk and how the disk \wraps" around the annulus, or the cycles of points

along the inner and outer boundaries of the annular block. We will refer to di�erent, but

topologically equivalent, choices of annuli and disks as di�erentembeddings of the same

noncrossing partition.

We write gNC c for the set of noncrossing partitions of the annulus associated toc,

and gNC �
c for the set of noncrossing partitions that have no dangling annular blocks.

31



Figure 3.3: A noncrossing partition of an annulus with a non-dangling annular block
(P1), a noncrossing partition of an annulus with a dangling annular block (P2), and
noncrossing partitions of an annulus with no annular blocks (P3 and P4).

De�nition 3.3.2. We de�ne a partial order on noncrossing partitions of an annulus by

setting P � Q if and only if there exist embeddings ofP and Q such that each block in

P is a subset of a block inQ. We re-use the symbolsgNC c and gNC �
c to mean the sets

gNC c and gNC �
c with this partial order.

Example 3.3.3. From the noncrossing partitions in Figure 3.3, we can see thatP2 � P 1,

because each block inP2 is a subset of a block inP1. We can also see thatP4 � P 1 for

the same reason. However,P3 is not belowP1, because the double boundary block with

1; 2; 4; and 5 is not a subset of a block inP1.

We will prove various facts about the posetsgNC c and gNC �
c . First, we give an

algebraic-combinatorial realization of each poset, by giving an isomorphism fromgNC c to
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the interval [1; c]T [ L in SZ (mod n) that restricts to an isomorphism from gNC �
c to the

interval [1; c]T ~Sn . In the process, we characterize the cover relations ingNC c and gNC �
c ,

show that both posets are graded, and describe the rank function. Finally, we prove that
gNC c is a lattice.

3.4 Bijections

We now de�ne the map p : gNC c ! SZ(mod n) that will serve as an isomorphism to

[1; c]T [ L .

De�nition 3.4.1. Given P 2 gNC c, we de�ne a permutation p(P) by reading the cycle

notation of a permutation from the embedding of the partition in the annulus. Each

component of the boundary of each block is read as a cycle by following the boundary,

keeping the interior of the block on the right. The entries in the cycle are the inner and

outer points that we visit along the boundary, but we add a multiple ofn to each, and

the multiple of n increases or decreases according to howB wraps around the annulus.

Speci�cally, we put a radial line segment betweenn and 1 (as shown in red in Figure 3.4).

By analogy, we call this segment thedate line . Each time we reach an inner or

outer point, we record its value (between 1 andn) plus wn, where w is the number of

times we have crossed the date line clockwise minus the number of times we have crossed

counterclockwise, since starting to read the cycle. When we return to the numbered

point where we started, if we have added or subtracted a nonzero multiple ofn, then we

continue around the boundary again. In that case, the cycle is in�nite, and we also read

the backwards direction of the in�nite cycle in the same way, but following the boundary

with the interior on the left. For each cycle that is read from a block, the permutation

also has all mod-n translates of the cycle, if they are di�erent.

Thus, if B is an annular block, we will read one in�nite cycle if the annulus is dangling

or two in�nite cycles if the annulus is non-dangling. Supposea1; : : : ; a` are the outer

points in B in clockwise order from the top (and therefore increasing) andb1; : : : ; bm are

the inner points in B in counterclockwise order from the top (and therefore decreasing).

Then we read cycles

(� � � a1 � n a2 � n � � � a` � n a1 a2 � � � a` a1 + n a2 + n � � � a` + n � � � )

(� � � b1 + n b2 + n � � � bm + n b1 b2 � � � bm b1 � n b2 � n � � � bm � n � � � ):

If B is dangling then either` = 0 or m = 0 and one of the two cycles is not present.
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If B is a disk, then we construct a �nite cycle (a1; a2; : : : ; ak) and also obtain all of

its mod-n translates (a1 + `n � � � ak + `n) for ` 2 Z.

Figure 3.4: Noncrossing partitions of an annulus with the dateline marked in red.

The following is the �rst main theorem of this section.

Theorem 3.4.2. The map p : gNC c ! SZ(mod n) is an isomorphism from gNC c to the

interval [1; c]T [ L in SZ(mod n). It restricts to an isomorphism from gNC �
c to the interval

[1; c]T in ~Sn .

We begin with the easiest piece of the proof of Theorem 3.4.2.

Proposition 3.4.3. The mapp is one-to-one.
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Proof. Suppose� is a permutation in the image ofp. Then � has a unique disjoint cycle

notation with at most two in�nite cycles. If the cycle notation has two in�nite cycles,

then these cycles uniquely specify a non-dangling annular block. If there is one, then it

uniquely speci�es a dangling annular block. The �nite cycles uniquely specify disks. Thus

only one noncrossing partition of the annulus maps to� .

To show that the image ofp is [1; c]T [ L and that the image of its restriction to
gNC �

c is [1; c]T , we will need some lemmas about the interactions between a permu-

tation p(P) and the re
ections in ~Sn . Recall that the set T of re
ections in ~Sn is

f (i j ) : i < j; i 6� j (mod n)g and that the notation (i j ) is shorthand for an in�nite

product � � � (i � n j � n)( i j )( i + n j + n) � � � of transpositions.

Lemma 3.4.4. If P 2 gNC �
c , then the permutation p(P) can be factored inton � �

re
ections, where � is the number of non-annular blocks ofP.

Proof. Case 1: If P has no annular blocks, then we choose a disk blockB in P cor-

responding to a cycle (x1 � � � xm ) in p(P) and let � 1 = ( x1 x2). Then � 1p(P) has cy-

cles (x1)(x2 � � � xm ) in place of (x1 � � � xm ). We then let � 2 = ( x2 x3) and so on. Then

� m� 1 � � � � 2� 1p(P) has singleton cycles (x1)(x2) � � � (xm ). Less formally, we break each el-

ement away from the disk until each element is in a block by itself. We have factored

(x1 � � � xm ) into m � 1 re
ections. Doing this for every block inP, we factor p(P) into

n � � re
ections.

Case 2: IfP has an annular block, let� = ( a b+ n) where a is the largest element

of the inner boundary component of the annular block andb is the smallest element of

the outer boundary component of the annular block. Applying this re
ection makes a

permutation p(P0) for a partition P0 that agrees withP except that the annular block of

P becomes a double-boundary disk inP0. Then we proceed as in Case 1. This takes one

more re
ection than in Case 1, but since one fewer of the blocks ofP is non-annular, we

still write p(P) as a product ofn � � re
ections.

Lemma 3.4.5. If P 2 gNC c, then the permutationp(P) can be written as a product of

n � � elements, each a transposition or loop, where� is the number of non-annular blocks

of P.

Proof. If P has no annular blocks or a non-dangling annular block, the construction in

Lemma 3.4.4 factorsp(P) into n � � re
ections. It remains to check the case whereP has

a dangling annular block. Recall the notatioǹ i = ( � � � i � n i i + n � � � ) for i = 1; : : : ; n.

If P has a dangling annular block on the outer boundary, corresponding to the cycle

(� � � a1 a2 � � � ai a1+ n � � � ), then ` � 1
a1

p(P) has a cycle of the form (a1 a2 � � � ai ) instead.
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If P has a dangling annular block on the inner boundary, corresponding to the cycle

(� � � bj bj � 1 � � � b1 bj � n � � � ), then `bj p(P) has a cycle of the form (bj bj � 1 � � � b1) instead.

We complete the argument just as in Case 2 of the proof of Lemma 3.4.4.

It will be convenient to restrict our attention to permutations in SZ(mod n) that have

at most 2 in�nite cycles, which can only be of a speci�c form: each in�nite cycle is either

monotone increasing and only contains elements that are found on the outer boundary, or

is monotone decreasing and only contains elements that are found on the inner boundary.

If there are two, one is increasing and the other is decreasing. We call such permutations

annular permutations . Informally, the annular partitions are the permutations whose

disjoint cycle notations can be interpreted, using something resembling an inverse map

to p, as partitions of the annulus (not necessarily noncrossing), with at most one annular

block.

Lemma 3.4.6. Supposex is an annular permutation in SZ(mod n). Suppose� is a

re
ection such that �x has more classes of �nite cycles thanx has. Then� is described

by one of the following:

(i) � exchanges two elements of the same �nite cycle ofx.

(ii) � exchanges two elements of the same in�nite cycle ofx with a di�erence of at

most n � 1.

(iii) � exchanges two elements of di�erent in�nite cycles ofx.

Conversely, if � is described as in(i) { (iii) , then �x is an annular permutation and has

exactly one more class of �nite cycles thanx has.

In the proof of Lemma 3.4.6, we will use the following lemma:

Lemma 3.4.7. Let x 2 SZ(mod n) with q classes of �nite cycles and let� 2 T. Then

�x hasq � 1 classes of �nite cycles if:

(iv) � exchanges two elements of di�erent �nite cycles ofx (whether in the same class

modulo n or in di�erent classes), or

(v) � exchanges an element of a �nite cycle ofx and an element of an in�nite cycle

of x.

Proof. Note that any class whose elements are not exchanged by� will not change. So

it is su�cient to examine what happens to the classes of cycles who do have elements
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exchanged by� . If � = ( ai bj ), wherex has �nite cycles (a1 a2 � � � ak) and (b1 b2 � � � bm )

in di�erent classes modulon, then in �x , those two �nite cycles combine into one �nite

cycle (a1 a2 � � � ai � 1 bj bj +1 � � � bm b1 b2 � � � bj � 1 ai � � � ak). If � = ( ai aj + qn) for some

nonzeroq 2 Z and x has a �nite cycle (a1 a2 � � � ak), then necessarilyi 6= j and without

loss of generalityi < j . In �x , this in�nite class of �nite cycles becomes two �nite classes

of in�nite cycles including the cycles (� � � a1 � � � ai � 1 aj + kn � � � ak + qn a1 + qn � � � ) and

(ai � � � aj � 1 ai � qn � � � ).

If � = ( ai bj ) where x has an in�nite cycle (� � � a1 a2 � � � ak a1 + n � � � ) and class

of �nite cycles (b1 b2 � � � bm ), then in �x , these cycles combine into one in�nite cycle

(� � � a1 a2 � � � ai � 1 bj bj +1 :::bm b1 b2 � � � bj � 1 ai � � � ak a1 + n � � � )

Now we can prove Lemma 3.4.6.

Proof of Lemma 3.4.6. As in the proof of Lemma 3.4.7, it is su�cient to examine what

happens to the classes of cycles that have elements exchanged by� . Lemma 3.4.7 implies

that � exchanges two elements of the same �nite cycle or two elements of in�nite cycles

(the same cycle or two di�erent cycles). So it remains to prove that the number of classes

of �nite cycles increases by exactly 1, that� does not exchange elements of the same

in�nite cycle with di�erence greater than n � 1, and that �x is annular.

If � = ( ai aj ) exchanges two elements of the same �nite cycle (a1 a2 � � � ak), then

�x has cycles (a1 a2 � � � ai � 1 aj � � � ak)(ai ai +1 � � � aj � 1), an increase of 1 class of �nite

cycles.

Supposex has an in�nite cycle (a1 � � � ak a1 + n � � � ). If � = ( ai aj ) with i < j ,

then �x has an in�nite cycle (� � � a1 � � � ai � 1 aj � � � ak ai + n � � � ), which is still mono-

tone increasing, and a new �nite cycle (ai � � � aj � 1). If � = ( ai aj + qn) with i < j

and q � 1, then �x has an in�nite cycle (ai � � � aj � 1 ai � qn � � � ) and an in�nite cycle

(� � � a1 � � � ai � 1 aj + qn � � � ak + qn ai + ( q+ 1) n � � � ) and their classes modulon, but no

new �nite cycles are created. If� exchanges two elements of a decreasing in�nite cycle

of x, then the proof is similar.

If � = ( ai bj ) exchanges elements from in�nite cycles (� � � a1 � � � ak a1 + n � � � ) and

(� � � b1 � � � bm b1 � n � � � ), then in �x these two in�nite cycles are replaced by a single

classe of �nite cycles

(a1 � � � ai � 1 bj � � � bm b1 � n � � � bj � 1 � n ai � n � � � ak � n):

As a consequence of Lemma 3.4.6, we can relate the re
ection length of an element

of [1; c]T to the number of �nite cycles it has.
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Lemma 3.4.8. If x 2 [1; c]T has `T (x) = k, then the cycle notation ofx has exactly

n � k classes of �nite cycles.

Proof. Note that c has no �nite cycles and`T (c) = n, and also that 1 hasn classes of

�nite cycles and `T (1) = 0. By Lemma 3.4.6, multiplying by � 2 T can decrease the

number of �nite cycles by at most 1, so on every maximal chain fromc to 1, the number

of �nite cycles must increase by 1 on every cover relation.

We now prove an analog of Lemma 3.4.6 for loops.

Lemma 3.4.9. Let x be an annular permutation inSZ(mod n). Supposè 2 L is such

that `x has more classes of �nite cycles thanx has. Then`x has exactly one more class

of �nite cycles than x has. Furthermore, ` is a loop involving an element of one of the

in�nite cycles of x and is in the opposite direction as that cycle (i.e. it is increasing if

the cycle is decreasing, or vice versa).

Proof. We check all cases, namely whether` involves elements in a class of �nite cycles

or elements in an in�nite cycle and whether̀ is in the same or opposite direction as that

in�nite cycle.

If ( a1 � � � ak) is a �nite cycle of x, then `ai x has, in place of that �nite cycle, an in�nite

cycle (� � � a1 � � � ai � 1 ai + n � � � ak + n a1 + n � � � ), and thus has one fewer classes of

�nite cycles. Similarly, ` � 1
ai

x has one fewer classes of �nite cycles.

If x has a monotone increasing in�nite cycle (� � � a1 a2 � � � ak a1 + n � � � ), then `ai is

in the same direction, and̀ ai x instead has two in�nite cycles

(� � � a1 � � � ai � 1 ai + n � � � ak + n a1 + 2n � � � ai � 1 + 2n ai + 3n � � � )

and

(� � � ai � � � ak a1 + n � � � ai � 1 + n ai + 2n � � � );

so that the number of classes of �nite cycles has not increased. On the other hand,` � 1
ai

x

has a �nite cycle (ai � � � am a1 + n � � � ai � 1 + n), so we have turned the in�nite cycle into

a �nite cycle, increasing the number of classes of �nite cycles by 1. The case of loops

interacting with monotone decreasing in�nite cycles ofx is similar.

We now state an analog of Lemma 3.4.8 for [1; c]T [ L . We write `T [ L (x) for the length

of x 2 SZ(mod n) (the length of a shortest expression forx as a product of elements of

T [ L). The proof of Lemma 3.4.10 is the same as the proof of Lemma 3.4.8, except that

it uses Lemma 3.4.9 in addition to Lemma 3.4.6.
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Figure 3.5: Noncrossing partitions of an annulus where�p(P) = p(P0) for � = (1 2).

Lemma 3.4.10. If x 2 [1; c]T [ L has`T [ L (x) = k, then the cycle notation ofx has exactly

n � k classes of �nite cycles.

Proposition 3.4.11. The image of the mapp is contained in [1; c]T [ L .

Proof. SupposeP 2 gNC c has k non-annular blocks, so thatp(P) has k classes of �nite

cycles. We argue by induction onk that p(P) 2 [1; c]T [ L .

If k = 0, then P is the partition consisting of one non-dangling annular block, and

thus p(P) = c.

If k > 1 then we show that there exists either� 2 T such that �p(P) = p(P0) or

` 2 L such that `p(P) = p(P0) for someP0 2 gNC c with k � 1 non-annular blocks.

If there are two disk blocks inP that can be combined to make a larger disk block in

a noncrossing partitionP0, then as in the proof of Lemma 3.4.7, choosing� to exchange

two elements the corresponding �nite cycles, we can make it so that the combined cycle

reads clockwise around the combined block inP0 (see Figure 3.5). Thus�p(P) = p(P0).

Suppose there are not two disk disk blocks inP that can be combined. If there is

no annular block, then there is a unique non-annular block, which is a double-boundary

disk containing all the numbered points. In this case,p(P) has a single class of cycles

(a1 � � � aj b1 � � � bm ), where a1; : : : ; aj are outer points (modulo n) and b1; : : : ; bm are

inner points (modulo n). Setting � = ( a1 + n b1), we have�p(P) = c.

If there is an annular block, then every disk block either contains only outer points

or contains only inner points. By symmetry, we assume that there is a disk block that

contains only outer points and that the corresponding cycle inp(P) is (a1 � � � aj ), written
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with a1 < � � � < a j . Let P0 be the noncrossing partition obtained by putting the points

a1; : : : ; aj into the annular block.

If f a1; : : : ; aj g is the entire set of outer points, then as in the proof of Lemma 3.4.9,

`a1 p(P) = p(P0). If f a1; : : : ; aj g is not the entire set of outer points, then since this disk

block cannot be combined with any other disk block, the pointsa1 � 1 and aj + 1 are in

the annular block (possibly with a1 � 1 = aj + 1). Write the in�nite increasing cycle in

p(P) as (� � � aj +1 � � � am aj +1 + n � � � ) with aj +1 = aj + 1 and am = a1 + n � 1. As in the

proof of Lemma 3.4.7, choosing� to be (aj aj +1 ), we see that�p(P) = p(P0).

In every case, we have constructedP0 such that p(P) and p(P0) di�er by multiplying a

single element ofT[ L on the left. SinceP0hask� 1 non-annular blocks, by induction onk,

we see thatp(P0) 2 [1; c]T [ L . In particular, `T [ L (p(P0)) = n � (k � 1) by Lemma 3.4.10.

Thus, `T [ L (p(P)) = n � (k � 1) � 1, but since by Lemma 3.4.5, we can construct a

factorization of p(P) into n � k re
ections and loops, it has re
ection lengthn � k. We

conclude that p(P) < p(P0), so p(P) is also in [1; c]T [ L .

Proposition 3.4.12. The restriction of p maps gNC �
c into [1; c]T .

Proof. We re-use the argument from Proposition 3.4.11. The only case in which we are

forced to use a loop in that argument is the case where there is an annular block and

also a disk block containing all numbered points on one of the boundaries. In that case,

the annular block is dangling.

Proposition 3.4.13. The mapp : gNC c ! [1; c]T [ L is onto.

Proof. Consider x 2 [1; c]T [ L with `T [ L (x) = n � k. Writing x as � k � k� 1 � � � � 1c with

each� i in T [ L, Lemma 3.4.10 implies that each� i � � � � 1c has exactlyi classes of �nite

cycles. We argue by induction onk that there exists P 2 gNC c such that p(P) = x. The

base case is Lemma 3.2.1. Ifk > 0, then by induction, there existsP0 2 gNC c such that

p(P0) = � k� 1� k� 2 � � � � 1c. Depending on whether� k is a re
ection or a loop and on which

case of Lemma 3.4.6 or Lemma 3.4.9� k falls into, we constructP 2 gNC c from P0 by one

of the following operations:

(1) Splitting an non-annular block into two non-annular blocks if� k exchanges ele-

ments of the same �nite cycle;

(2) Splitting an annular block into a new annular block and a non-annular block if

� k exchanges elements of the same in�nite cycle;

(3) Cutting an annular block into a double-boundary disk if� k exchanges elements

of di�erent in�nite cycles; or
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(4) If � k is a loop andP0 has a dangling annular block, turning the dangling annular

block into a non-annular block.

(5) If � k is a loop andP0 has a non-dangling annular block, turning the annular

block into a dangling annular block and a non-annular block.

By Lemma 3.4.6 or Lemma 3.4.9 (and looking at the details of the proofs of these lemmas),

we see thatp(P) = � k � k� 1 � � � � 1c. We have proved thatp is onto.

Proposition 3.4.14. The image of the restriction ofp to gNC �
c is [1; c]T .

Proof. We re-use the argument from Proposition 3.4.13. Ifx 2 [1; c]T , then by induction

P0 2 gNC �
c . Since each� i is a re
ection, only the �rst three operations from the proof of

Proposition 3.4.13 apply, and in particularP is also in gNC �
c .

3.5 Isomorphisms

We have proved that p is a bijection from gNC c to [1; c]T [ L and that its restriction to
gNC �

c is a bijection to [1; c]T . To complete the proof of Theorem 3.4.2, it remains to show

that p is an order isomorphism, and similarly for the restriction ofp. Ultimately, we will

do this by characterizing cover relations ingNC c and gNC �
c and comparing them with

cover relations in [1; c]T and [1; c]T [ L , but �rst, we need to develop some more tools for

studying noncrossing partitions of an annulus.

De�nition 3.5.1. De�ne an edge to be a continuous, non-self-intersecting path that

connects one numbered point to another or connects a numbered point to itself by going

around the hole of the annulus, but is otherwise disjoint from the boundary of the annulus.

We consider edges up to topological equivalence, with two edges taken to be equivalent

if and only if they are related by a homeomorphism fromA to itself, �xing the boundary

of A pointwise, that is homotopic to the identity, with the boundary of A �xed pointwise

at every step of the homotopy. Thus an edge is uniquely identi�ed by which numbered

points it connects and which direction and how many times the edge wraps around the

hole of the annulus.

For a noncrossing partition of an annulusP, an edge of P is an edge that is com-

pletely contained in a block ofP (shown in Figure 3.6). We de�ne theedge set of P to

be the set of all edges ofP.

A non-dangling annular block contains an in�nite number of edges, because there is

an in�nite number of edges between a point on the outer boundary and a point on the
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Figure 3.6: Noncrossing partitions of an annulus with some edges shown in blue.
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