ABSTRACT

BRESTENSKY, LAURA G. Planar Models for Noncrossing Partitions in Affine Type.
(Under the direction of Nathan Reading).

In a finite Coxeter group W, there is a notion of a lattice of non-crossing partitions
given by the interval [1,c|r in absolute order. However, when W is infinite, [1, ¢|r may
not be a lattice. The goal of my thesis is to create combinatorial models for [1, ¢]; when
W is of affine type, and to extend [1,c|r in such a way that it becomes a lattice. This

extension follows the example of work from McCammond and Sulway.



© Copyright 2022 by Laura G. Brestensky

All Rights Reserved



Planar Models for Noncrossing Partitions in Affine Type

by
Laura G. Brestensky

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Mathematics

Raleigh, North Carolina
2022

APPROVED BY:

Corey Jones Kailash Misra

Radmila Sazdanovic Paul Swartz

Nathan Reading
Chair of Advisory Committee



DEDICATION

To Mom and Dad.

i



BIOGRAPHY

The author was born Butler, Pennsylvania, and completed her Bachelor’s degree in math-
ematics at a small liberal arts college near her hometown. She moved to Raleigh, North
Carolina to pursue her doctorate at North Carolina State University. Other than math,

she loves playing tennis and hanging out with her dogs, That Grace and Colby.

1l



ACKNOWLEDGEMENTS

Special thanks to my advisor, Nathan Reading, for all his help and encouragement
throughout this process; to my committee members, for their time, questions, and con-
structive feedback; to my family, for their endless love and support in everything I do; to
Rebekah, Emily, Natalie, and Brittany for their friendship through thick and thin; and

to Joe, for being my rock.

v



TABLE OF CONTENTS

List of Figures . . . . . . . . e Vi
Chapter 1 INTRODUCTION . . . . . . e e 1
1.1 Noncrossing partitions . . . . . . . . .. e e e 1
1.2 Noncrossing partitions ofanannulus . . . . ... ... .. ... ... .. 4
1.3 Noncrossing partitions of a disk with two orbifold points . . . .. .. .. 8
1.4 Noncrossing partitions of an annulus with two double points . . . . . .. 10
15 ThesisOverview . . . . . . . . . 13
Chapter 2 BACKGROUND . . . . . . . . . . e e e 15
2.1 CoXeter groUupS . . . v v v i e e e e e e 15
2.2 Noncrossing partitions . . . . . . .. e 17
23 Anetype. . . . .. 19
Chapter 3 AFFINE TYPE A . . . . . . e 21
3.1 Ane permutations and a largergroup . . . . . . ... ... 21
3.2 Projecting to the Coxeterplane . . . . ... ... .. ... .. ...... 24
3.3 Noncrossing partitions of anannulus . . . . .. ... ... ........ 31
3.4 Bijections . . . ... e 33
3.5 Isomorphisms . . . . . . ... 41
Chapter 4 AFFINE TYPE C . . . . . . . . e e 51
41 Anetype Cbackground . ... .. ... ... .. .. ... .. ... 51
4.2 Symmetric noncrossing partitions of an annulus . . . . .. ... ... .. 54
4.3 Noncrossing partitions of a disk with two orbifold points . . . . ... .. 57
Chapter 5 AFFINE TYPE D . . . . . . . . . . e 66
5.1 Permutations of TypeD . . .. .. .. .. . .. . . ... .. .. ... 66
5.2 Projecting to the Coxeterplane . . . .. .. ... ... ... ....... 70
5.3 Noncrossing partitions of an annulus with two double points . . . . . . . 75
54 Bijections . . . . . . .. 78
5.5 Isomorphisms . . . . . . .. e 102
References . . . . . . . . e 113



Figure 1.1
Figure 1.2

Figure 1.3

Figure 1.4
Figure 1.5
Figure 1.6
Figure 1.7

Figure 1.8

Figure 1.9

Figure 3.1

Figure 3.2

Figure 3.3

LIST OF FIGURES

The noncrossing partition lattice for TypeAs (picture due to Nathan
Reading). . .. .. ... . . . . . . 2
The noncrossing partition lattice for TypeB s (picture due to Nathan
Reading). . . .. .. . . . . . . e 3
For the Coxeter element = S$5S55,S:153S4, We have the projection

to the Coxeter plane shown on the left. Rolling this up gives the
annulus on the right, with 1, 3, and 4 as our outer points and 2, 5,

and 6 as ourinner points. . . . .. .. ... ... .. ... 5
Examples of noncrossing partitions of an annulus. . . . . . . . .. 7
A labeled disk with two orbifold points. . . . . . .. .. ... ... 9
Noncrossing partitions of a disk with two orbifold points. . . . . . 10

For the Coxeter element = SgS55,S1S3S4, We have the projection
to the Coxeter plane as shown on the left. Rolling up these vertical

lines gives the annulus ontheright. . . . ... ... ........ 11
Examples of noncrossing partitions of an annulus with two double
POINES. . . . . . e 13
A noncrossing symmetric partition of an annulus with two double
points with dangling annular blocks. . . .. ... ... ...... 14

For the Coxeter element = $4555,51S3S4, We have the annulus
above, with 1, 3, and 4 as our outer points and 2, 5, and 6 as our
iNNer points. . . . . . . . . . e 25
For the Coxeter element = S5S55,S:153S4, We have the projection

to the Coxeter plane (left), which we can roll up to the annulus
(right) with 1, 3, and 4 as our outer points and 2, 5, and 6 as our
INNer poiNts. . . . . . . . . . 30
A noncrossing partition of an annulus with a non-dangling annular
block (P1), a noncrossing partition of an annulus with a dangling
annular block (P,), and noncrossing partitions of an annulus with

no annular blocks Pz andPy). . . ... ... ... ... ..... 32
Figure 3.4 Noncrossing partitions of an annulus with the dateline marked in

red. . . . . e 34
Figure 3.5 Noncrossing partitions of an annulus wherg (P) = p(P9 for =

(1 2). . e 39
Figure 3.6 Noncrossing partitions of an annulus with some edges shown in blue. 42
Figure 3.7 An edge inQ that leaves one block ofP between numbers, and

enters another block ofP between numbers. . . . ... ... ... 46
Figure 3.8 Two noncrossing partitions of an annulus ifIC_. . . . . ... .. 50
Figure 3.9 Two minimal upper bounds for the partitions above. . .. .. .. 50
Figure 3.10 Dangling annular blocks xes this problem. . . . . . .. ... ... 50
Figure 4.1 An annulus with inner and outer points labeled fot = SgS4S350S15,Ss. 53

Vi



Figure 4.2 The intersections of the cylinder and the axis are marked with

symbols. . . . . .. 56
Figure 4.3 Alabeled annulus with the dotted toggle line and identifying arrows

markedinred. . . . . . .. ... 58
Figure 4.4 A disk with two orbifold points, with the dotted toggle line. . .. 58
Figure 4.5 Examples of noncrossing partitions of a disk with two orbifold

points with all non-orbifold blocks in P, and P,, a top orbifold

block in P3, and a double orbifold block inP4. . . . . . . ... .. 60
Figure 4.6 The dateline of the disk with two orbifold points is shown with a

dottedredline. . .. ... ... . .. .. ... ... . ... ... 62
Figure 5.1 A labeled annulus with two double points foc = S3SS057S,S554S1. 71
Figure 5.2 The projection to the Coxeter plane foc = S,S455535051S7Se, Pro-

ducing the annulus ontheright. . . . . ... ... ... ...... 75
Figure 5.3 Examples of noncrossing partition of an annulus with two double

points; P, has all disk blocks,P, has two symmetric blocksP3 has

a stitched disk, andP,4 has a non-dangling annular block. . . . . . 78
Figure 5.4 A noncrossing symmetric partition of an annulus with two double

points with dangling annular blocks. . . .. ... ... ...... 79
Figure 5.5 Splitting a symmetric pair of didks into two symmetric pairs of

disks (ks1 =2 3)( 2  3). . . v o 99
Figure 5.6 Splitting a symmetric non-dangling annular block into a symmetric

pair of disks and a symmetric non-dangling annular block {.; =

(BB 3 6). .. 100
Figure 5.7 Splitting a symmetric disk (containing the upper double point) into

a symmetric pair of disks (xk+2 =( 1 3)(21 3)).. ... ... .. 100
Figure 5.8 Cutting a symmetric non-dangling annular block into a stitched

disk (ks2 =( 123)@ 3). ... 101
Figure 5.9 Turning dangling annular blocks into a symmetric pair of disks

( k+1 — \2). .............................. 101
Figure 5.10 Noncrossing partitions of an annulus with two double point®

(lefty and Q (right). . . . . . . . . . . ... 111
Figure 5.11 Two least upper bounds foP and Q. . . . . . . . ... ... ... 112

Figure 5.12 The noncrossing partition that is the join of the partitions pictured

in Figure 5,10 INRC2. . . . . ... ... ... 112

vii



Chapter 1

INTRODUCTION

In this paper, we will examine several types of a ne Coxeter groups. For each type, we
will construct a planar model for the poset of noncrossing partitions. We also extend the
noncrossing partitions to a poset that is a lattice. In this introduction, we will summarize
major de nitions and results. Further de nitions and background are given in Chapter 2.

1.1 Noncrossing partitions

A Coxeter System is a pair (W;S) where W = hSjRi for R = f(st)™Y : s;t 2 Sg
satisfying m(s;s) = 1, m(s;t) 2 orm(s;t) = 1 (meaning there is no nite m(s;t)
such that (st)™&Y = 1) for s 6 t, and m(s;t) = m(t;s) for all s;t 2 S. The re ections

in W are the elementsT = fwsw !:w 2 W;s2 Sg. These are precisely the elements
of W that act as re ections (i.e. have an i 1)-dimensional xed space and a (1)-
eigenvector) in the re ection representation oflW. SinceS T, the set of re ections
generatesW.

There is a standard representation ofV where the elementsS act as re ections. For
nite Coxeter groups, the re ection representation consists of rigid motions xing the
origin. When the there is a re ection representation consisting of rigid motions not all
xing the origin, the Coxeter group is calleda ne .

The absolute length orre ection length "+ (w) of an elementw 2 W is the number
of letters in a shortest expression fow as a product of elements off . Such a shortest
expression is called aeduced T-word for w. The absolute order 1 is the partial
order onW dened by u 1 w if and only if “t(w) = “r(u) + “t(u w). A Coxeter
element is an elementc 2 W that can be written as a product, in some chosen order,
of the elements ofS, each appearing exactly once in the product. WhelV is nite,
the interval [1; ¢}y in the absolute order between the identity and a Coxeter elemermt



Figure 1.1: The noncrossing partition lattice for TypeAs (picture due to Nathan Read-
ing).

is a lattice [7], often called theW-noncrossing partition lattice . This is named after
the type A case, wherédV is the symmetric group and [ic]; is modeled by noncrossing
partitions of a cycle (see Figure 1.1), originally introduced by Kreweras in [13]. In [3],
Biane expanded upon this idea, showing that the noncrossing partitions of a cycle are
connected to the symmetric group, and are {t]; in that case.

In type B, where W is the group of signed permutations, the elements of;[dr are
modelled by centrally symmetric noncrossing partitions (see Figure 1.2) [19], [1]. There
is a planar model for type D as well, detailed by Athanasiadis and Reiner in [1].

The de nition of [1;cly was motivated by the study of Artin groups , groups as-
sociated to a Coxeter systemW;S) generated by S, subject to the braid relations
(stym™Y = 1 of W, but without the relations s = 1 for s 2 S. In general nite type,

[1; c]r is a \Garside structure" for the Artin group Art (W). This leads to a \dual presen-
tation" of Art (W), which is isomorphic to the original Artin group [2], [6]; thus spherical
Artin groups have a decidable word problem and are torsion-free.

Note that the fact that [1; c]; is a lattice is crucial to proving these results. The moti-
vation for our work in a ne type comes from a series of papers [5], [14] that culminated
in [15], in which McCammond and Sulway extended results on Artin groups from nite
type to a ne type. When W is a ne, we call the Artin group Euclidean .

McCammond and Sulway's work, as well as our work on typ&, was foreshadowed
by [10], in which Digne proved the lattice property for a single choice of Coxeter element



Figure 1.2: The noncrossing partition lattice for TypeBs (picture due to Nathan Read-
ing).

of an a ne Coxeter group of type A (an element which we will later see correspond to
noncrossing partitions of an annulus with exactly one point on the inner boundary or
exactly one point on the outer boundary). He also gave a representation of ¢}k as
non-crossing paths in an annulus (which correspond to our \noncrossing partitions of
an annulus with no dangling annular blocks"), and gave the length function on j&]r.
However, for other Coxeter elements in type& and in other in nite types, the interval

[1; c]r is not necessarily a lattice. McCammond and Sulway's results need the lattice
property for all Coxeter elements; thus they must extend the a ne Coxeter group to a
larger group by \factoring" translations.

The Coxeter elementc is a translation along a line called the \Coxeter axis," along
with a nite order transformation of a subspace orthogonal to the Coxeter axis. In most
cases, this nite-order transformation decomposes as an orthogonal direct product. (For
example, it could be a half-turn, which is a product of two re ections orthogonal to
each other.) This is the case where j&]r is not a lattice. To make it into a lattice,
McCammond-Sulway expand the a ne Coxeter groupW by allowing \factored" trans-
lations. McCammond and Sulway were able to prove several facts about Euclidean Artin
groups by extendingW to a larger group, which they call thecrystallographic group
and then showing that the analog of [Ic]; for this larger group is a lattice. They use
the lattice to make a dual presentation of a \Garside group" that is larger than the
Artin group. The relationship between the Garside group and the crystallographic group



is analogous to the relationship between the Artin group and the Coxeter group. They
were then able to deduce the properties that they desired, such as that every irreducible
Euclidean Artin group is a torsion-free centerless group with a nite dimensional word
problem and a nite-dimensional classifying space [15, Theorem D]. The combinatorial
model for [ c]r in types A and D in this thesis leads to a natural way to factor transla-
tions, di erent from McCammond-Sulway, that extends [1c]; to a lattice.

In this thesis, we will work with the Coxeter groups for a ne types A, C, and D, with
results based on joint work with Nathan Reading which will eventually form part of a
joint paper.

1.2 Noncrossing partitions of an annulus

We begin with type A, ;. De ne an a ne permutation to be a permutation such
that (i+n)= ()+nforali2 zand , (i)= ”;1 . The group of ane
permutations is denotedS,. The simple re ections in S, are s;;Sy; 'S, wheres; is an

in nite commutative product of adjacent transpositions:
i ni+l n@ii+)(i+ni+l+n)

To extend the interval [1; c]r to a lattice, we will de ne a larger groupS; (mod n)
consisting of all permutations of Z suchthat (i+ n)= (i)+ nforalli 2 Z. De ne ;
to be the permutation with one nontrivial cycle, the innitecycle (i n i i+n ).

set of all ; and their inverses, which we will also call the set of albops . The reason we
use the term \loop" will become clear when examining the planar model for typ#&.

The planar models for nite types A, B, and D can be obtained by projecting &V -
orbit to a special plane called theCoxeter plane , and we will use the same idea in
a ne type. To begin, we construct the orbit for type A.

Using the standard re ection representation of typeA, i, we can nd a geometric
representation ofS, that acts on vectorse; for all i 2 Z. Consider the vector spac®"*!
with basis vectorse;;::;;e +1. We de ne a vector = e,+; €1, which is xed by all
simple re ections, and de neej., = ¢+ foralli 2 Z. So we then de ne

8
S if]
si(e)= & 1 if]

i (mod n);

i +1 (mod n); or

g otherwise.



Figure 1.3: For the Coxeter element = SgS55,S153S4, We have the projection to the
Coxeter plane shown on the left. Rolling this up gives the annulus on the right, with 1,
3, and 4 as our outer points and 2, 5, and 6 as our inner points.

We will describe the a ne Coxeter groupW in terms of its action onfe; ;i 2 Zg, and as
a shorthand, we obtain the usual description in terms of its action on the indice2 Z,
as the groupS,. A permutation 2 S, acts onR"*! by sending eacle; to e ().

Now that we have an orbit, we project this orbit to a special plane. A Coxeter element
c has eigenvalue 1 with multiplicity 2 and a 1-dimensional xed space. The plane spanned
by a 1-eigenvector and generalized eigenvector is called tBexeter plane . (One could
consider the Coxeter plane irv or in the dual spaceV under the dual action; it will
be more convenient to do the latter.) If we project everg; to the Coxeter plane, we will
get two parallel lines, repeating themselves mod. The Coxeter elementc acts on the
Coxeter plane by a shear transformation, moving one line ef's up and the other down.

If we take this projection and \roll up” the lines, identifying eache; with e;., so there
are exactlyn points, we will get an annulusA with n labelled points on the boundaries,
as in Figure 1.3. The points that are moved up by are on the outer boundary and are
calledouter points , and the points that are moved down byc are on the inner boundary
and are calledinner points . Our choice of Coxeter element corresponds to a choice of
which integers are outer points and which integers are inner points.

We de ne a partition of the annulus to be a set partition of |n], together with



a choice, for each blockB, of an embedded annulus or disk iA. (We will reuse the
symbol B to refer to the embedded annulus or disk.) The annulus or disk is required to
be disjoint from the boundaries ofA except at the numbered points. IfB is anannular
block (i.e. associated to an embedded annulus), thdd must \go around” the hole in
A. In particular for annular blocks, one boundary component oB may only contain
outer numbered points, and the other may only contain inner numbered points. A non-
annular block will also be called alisk . A dangling annular block is an annular block
that either contains only outer points or contains only inner points (meaning that one
boundary of a dangling annular block is a noncontractible circle in the interior o&). A
partition of the annulus isnoncrossing if the embedded blocks are pairwise disjoint and
if it has at most one annular block. We consider noncrossing partitions of the annulus up
to topological equivalence. Thus a noncrossing partition of the annulus is determined by
the underlying set partition, the identity of each block as annular or non-annular, and
the cycle of points found along the boundary of the disk or the cycles of points along the
inner and outer boundaries of the annular block. We writ® C . for the set of noncrossing
partitions of the annulus associated ta;, and HC_ for the set of noncrossing partitions
that have no dangling annular blocks. Examples of noncrossing partitions of an annulus
can be found in Figure 1.4.

We begin our important results for typeA by de ning the partial order on noncrossing
partitions of an annulus as followsP Q if there exist embeddings o and Q such
that each block inP is a subset of a block inQ. With this partial order, we prove the
following results: bothIC. and RC, are graded and their rank function is described
by n (where is the number of non-annular blocks)RC. is a lattice (though R C,
is not), and HC, and MC, are isomorphic to [1c]r and [ c]r[. respectively (where
[1; clr[ L is the analog of [1c]; for the larger groupMC.).

The isomorphismp : HC, ! S, is de ned by reading the cycle notation of a
permutation from the embedding of the partition in the annulus, keeping the inte-
rior of the block to our right. Each annular block in the partition becomes two in-
nite cycles; more specically, an annular blockB involving outer boundary points
a; < ap < < a; and inner boundary pointsh, < b, < < b; would become
twoinnitecycles( aa aa+n ) bBhbh i1 b n ) Eachdiskinthe
partition becomes an in nite collection of nite cycles, symmetric to each other modula:
f(a; + kn am + kn) : k 2 Zg. For each block, we read around the block, recording the
boundary points as we read. However, each time we circle the hole of the annulus, we
instead record the boundary points plus (if we've circled the hole clockwise) or minus
n (if we've circled the hole counterclockwise).



Figure 1.4. Examples of noncrossing partitions of an annulus.

We can then extendp to a map HC.! Sz(mod n), using the same convention of
reading cycles as before, however we now allow for a dangling annular block, which will
become one in nite cycle. The extension of the map is an isomorphism of lattices from
NC.to [1;cr..

Example 1.2.1. Using the partitions pictured in Figure 1.4, we have the following:
p(Py)=:( 10)56)(1112):(::13479:)(::82 4:)
p(P2) = (. 4)( 2)( 10)(2)(4)(5 6)(8)(10)(11 12)::(:::1 3 7 9x)
p(Ps)= (5 2 1 4)( 3)(0)(1452)(3)(6)(7 10 11 8)(9)(12)
p(Ps)=:( 5 32)( 2)( 10)1 38)4)5 6)(79 14)(10)(11 12):

These results bring us to our conclusion for typ&, ;.



1.3 Noncrossing partitions of a disk with two orb-
ifold points

We then turn our attention to a ne type C, i, using the results we found in typeX, ; as
our foundation. We nd analogous results to those in typeX,, ; by utilizing a \folding"
technique, by which we are able to skip several steps of the \projecting to the Coxeter
plane" process.

We begin by realizing the Coxeter groupN of type C,, ; as the group ofane
signed permutations . (These are the permutations : Z! Zwith (i+2n)= (i)+2n
foralli2 Zandalso ( i) = (i) for all i 2 Z. Note that this means that xes 0,
and thus xes all multiples of n.) We consider this Coxeter group to be a subgroup of
another Coxeter groupW? of type A, 3. The Coxeter groupW?is the subgroup ofS;,
consisting of elements that x all multiples ofn. The Coxeter groupW of type C, 1 is
the subgroup ofW°whose elements satisfy ( i) = (i)foralli2 Z.

For type C, 1, our choice of Coxeter element corresponds tosigning of the set
f1,:::;n 1g. Namely, for eachi = 1;:::;n 1, we choose a positive label for if
si 1! s in the Coxeter diagram forW or choosing a negative sign onif s; ! s ;.
The elements of the signing thus become outer points on the annulus, and their negatives
become inner points. Thus, we begin our construction of the planar diagram for ty@ 1
with a labeled annulus as in typeX,, 3, with 2n 2 labeled points, and the inner/outer
points determined as described above.

Note that W is the set of permutations inW° xed by the involution , which sends
a permutation in W°to a permutation ( ) given by ( )(i) = ( 1). This map

corresponds to a geometric map on the annulus, where we think of the annulus as a
cylinder, and rotates this cylinder about a vertical axis and changes the sign of each
point. Doing this geometric map on the annulus turns it into a disk, where the two points
that are xed by this geometric map become two orbifold points. Thus we have disk
with two orbifold points , as shown in Figure 1.5.

In our next step, we use the same map as described in typeA;, ; on this annulus
with labeled points based on our signing. Because of the placement of these numbered
points 1;:::; (n 1) on the annulus, the involution on [1c]} corresponds to a
symmetry of the annulus. With this way of thinking, we have an immediate result that
the mapp: NC.! [1; c]’T*[ _ restricts to an isomorphism fromR C_ to [1;c]$.

We can then de ne apartition of the two-orbifold disk D to be a set partition
of the signing, together with a choice, for each blodR, of an embedded disk iD. The
disk is required to be disjoint from the boundary oD except at the points numbered by



Figure 1.5: A labeled disk with two orbifold points.

elements of the blockB. A block B may not contain an orbifold point on the boundary
of B, but can contain neither, either, or both of the orbifold points in its interior. A
partition of the two-orbifold disk is noncrossing if the embedded blocks are pairwise
disjoint. Several examples of noncrossing partitions of a disk with two orbifold points are
shown in Figure 1.6. We writeCE for the set of these noncrossing partitions, up to
topological equivalence.

We de ne a partial order on noncrossing partitions of the two-orbifold disk by setting
P Q if and only if there exist embeddings oP and Q such that each block inP is a
subset of a block inQ. We re-use the symboR C¢ to mean the setCE with this partial
order. Utilizing our analogous result from typeA, ; and easy general lattice theory, we
have a result that the posetd CE of noncrossing partitions of the two-orbifold disk is a
lattice. We also have that the rank function ofdCE is

(n 1) (#blocks of P) + (#orbifold points enclosed by blocks of P):

Similarly, de ning a map p® : ACE ! [1;c]¢ in an analogous way to how we de ned
the map p in type A, 1 (reading around blocks with consideration for how we cross the
date line), we obtain the result that the mapp® is an isomorphism fromRC¢ to [1; c]¢.

These results conclude our discussion of ty&, ;.



Figure 1.6: Noncrossing partitions of a disk with two orbifold points.

1.4 Noncrossing partitions of an annulus with two
double points

Finally, we turn our attention to type D, ;, where we will proceed similarly to type
A, 1.

De ne the group of a ne doubly even signed permutations to be the subgroup
of the group of a ne signed permutations (permutations that are typeC) with an even
number of positive integers that are sent to a negative integer and an even number of
integers less tham that are sent to an integer greater tham. The group of a ne doubly
even signed permutations is denote8?. The simple re ections are

so=(1  2)( 12
ss=(ii+1)( i i 1)fori=1;:::;n 2,and
sh1=(n 2n+( (n 2) (n+1);

and the setT of reectionsisf(ij +2kn)( i j 2kn):1 i<jjj nmk2Zg.
We also de ne a larger groupS¢ (even) of permutations  of Z where instead of re-

10



Figure 1.7: For the Coxeter element = SgS55,5:1S3S4, We have the projection to the
Coxeter plane as shown on the left. Rolling up these vertical lines gives the annulus on
the right.

quiring separately thatfi 2 Z :i> 0; (i) < 0ghas an even number of elements and that
fi2Z:i<n; (i) >nghas an even number of elements, we require that the number of
elementsofi 2 Z:i> 0; (i) < Ogplusthe numberofelementsdfi 2 Z:i<n; (i)>ng
is even. We will call these permutations ne jointly even signed permutations
We write

=00 2nii +2n 0 )( i+2n i i 2n )

fori= 1, 2 (n 1).DeneL=1f (1, 1,15 n 10 . Then SE(even) is
generated byT [ L. Similarly to type A, 1, we are interested in the interval [1c]r[ . in
S¢ (even), which is the interval analogous to [1c]; but with generating setT [ L.

We then carry out a \project to the Coxeter plane" process as before, this time
resulting in a projection of three vertical lines that repeat themselves moh2If we take
this projection and \roll up" the lines so there are exactly 2 4 points, we will get
an annulusA with 2n 6 labelled points on the boundariesn 3 points on the outer
boundary andn 3 points on the inner boundary, in addition to two points in the interior
of the annulus, which we will calldouble points . More speci cally, for the upper double
point, we choose a label from the sdtl; 2g, and for the lower double point, we choose a
label from the setfn 2;n 1g. The inner and outer points are described by a signing of
the remaining numbers inf1;:::;n 1g. Figure 1.7 shows an example of the projection
to the Coxeter plane, and the rolled up annulus with two double points.

Now that we have this annulus with two double points, we can begin constructing

11



our planar model. We de nesymmetric partition of the annulus with two double

points to be a symmetric set partition off 1; 2;:::; (n 1)g, along with a choice, for
each blockB, of an embedded annulus, disk, astitched disk (a disk with two boundary
points identi ed) in A that encases no double points, the upper double point, the lower
double point, or both double points. An annular block may belangling or non-dangling,
where a dangling annular block only contains outer points, only contains inner points,
or only contains double points. The annulus or disk is required to be disjoint from the
boundaries ofA and the double points except at the points numbered by elements of the
block B. A stitched disk or annulus is required to contain a circle that is non-contractible
in the annulus. Double points may lie on the boundary of a block or in the interior of a
block. The embedding itself must also be symmetric in the sense that the magakesB

to B, where isthe same rotational symmetry that appeared in our discussion of type
Ch 1. A symmetric partition of the annulus with two double points isnoncrossing if
the embedded blocks are pairwise disjoint, except perhaps at the double points, and if
it has at most two annular blocks. We consider noncrossing partitions of the annulus up
to topological equivalence. Several examples of these noncrossing partitions can be seen
in Figures 1.8 and 1.9. We writédlC? for the set of noncrossing symmetric partitions of
an annulus with two double points anddC2* for the set of noncrossing partitions of an
annulus with two double points with no dangling annular blocks.

As in types A and C, we de ne the partial order on noncrossing partitions of a
symmetric partition of the annulus with two double points as followsP Q if there
exist embeddings ofP and Q such that each block inP is a subset of a block inQ.
With this partial order, we prove that both HCP and HC, are graded, and the rank
of a noncrossing partitionP in BCP or HCP with r pair of symmetric disks ands
symmetric annular blocks isn 1 r + s. In addition, we prove that the posetlC? is
a lattice (though RC>" is not).

We will once again de ne a mapp, this time from BCP to SP by reading the
cycle notation of a permutation from the embedding of the partition in the annulus with
two double points. We read around each block, keeping the interior of the block to our
right, recording the boundary points as we read. However, each time we circle the hole
of the annulus, we instead record the boundary points plumZif we've circled the hole
clockwise) or minus 2 (if we've circled the hole counterclockwise). In addition, if a block
contains a double point in its interior, we get a transposition corresponding to that double
point.

The map p is an isomorphism of posets frolC> to [1;c]r.

Example 1.4.1. Using the partitions from Figure 1.8, we have the following:
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Figure 1.8:

p(P1) = (1)(
p(P2) = (5)(
p(P3) = (2)(
p(P4) = (4)(

Examples of noncrossing partitions of an annulus with two double points.

1)) 2)345(3 4 5676 7)

5342 3 4 2)(1 1)6 10)(7 9)

2)(@)( HG) 5)(1 3 6 15 13 10)(7 9)

HE)( 51 DT 23614 ) 2 3 6 14 )

To understand HCP, we extendSP to a larger group, namely the groupS¢ (even).
We de ne [1; cly; . using an analogous de nition to that of [1c]r.

The extension of the mapp is an isomorphism of lattices fromfC2 to [1; clr ..

These results bring us to our conclusion for typ®, ;.

1.5 Thesis Overview

In Chapter 2, we will de ne key terms and outline key preliminary results. In Chapter 3,
we will establish and prove our results for typeX, beginning with a projection to the
Coxeter plane, then using that projection to construct our planar models. We then de ne
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Figure 1.9: A noncrossing symmetric partition of an annulus with two double points
with dangling annular blocks.

noncrossing partitions and a map from these noncrossing partitions to the interval, d+.
We nish the chapter by proving that this map is a bijection and an order isomorphism.
In Chapter 4, we use the results we found for typ& to obtain similar results for type C
by de ning a map that allows us to utilize symmetry of the annulus to create a new
planar model. Using this symmetry and our typeA results, we prove our results for
type C. Finally, in Chapter 5, we use a similar process from Chapter 3 to establish and
prove our results for typeD; namely, we will once again start with a projection to the
Coxeter plane, then construct a planar model. We then de ne our typ® noncrossing
partitions and a map from these noncrossing partitions to [t]. We conclude by proving
that this map is a bijection and an order isomorphism.
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Chapter 2

BACKGROUND

In this section, we give general background on Coxeter groups and root systems. We
assume the most basic de nitions and facts about Coxeter groups.

2.1 Coxeter groups

Let (W;S) be a Coxeter system. We recall the construction of é&ymmetrizable)
Cartan matrix  associated toW. Write S = fs;;:::;s,g and write m(i;j ) for the order
of sis; in W. A Cartan matrix A isann n matrix [g;] with a; =2 for i =1;:::;n,
with non-positive o -diagonal entries such thata; a; = 4cosm, and with a; =0 if
and only if a; = 0. The Cartan matrix A is symmetrizable if there exist positive real
numbersdi;:::;d, such that dia; = d;g; for all i;j. Any Coxeter group W admits
a symmetrizable (in fact symmetric) Cartan matrix A, but it may not be possible to
chooseA with integer entries. We will assume throughout that every Cartan matrix is
symmetrizable.

If a symmetrizable Cartan matrix for W can be chosen with integer entries, then
W is called acrystallographic  Coxeter group. A given crystallographidV may admit
multiple symmetrizable Cartan matrices with integer entries.

The choice of a symmetrizable Cartan matrixA for a Coxeter groupW species a

Speci ¢ re ection representation. LetV be a real vector space with basis,;:::; ,. For
eachi, we dene  to be d 1, where thed; are symmetrizing constants forA, as
above. We de ne a symmetric bilinear formK onV by K( ; ;)= a; foralli;j. The

symmetry of K follows immediately from the fact that thed; are symmetrizing constants
for A. For eachi, we haveK (d; * i; i)=2,s0d = 1K ( i; ).

We will describe a representation oV on V in the language of group actions. (That
is, we describe how an element &V acts onV, rather than de ning notation for an
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explicit homomorphismW ! GL(V).) The simple re ection s; acts on a vectorx by

si(x)= x  K( r;x) . In particular, s; acts on a simple root ; by si( ;)= ; & ;.
Equivalently, si( )= ; @&  for each simple co-root ;.
The orbitof f 4;:::; ,gunder the action of W is the set ofreal roots associated to

A. This set is nite if and only if W is nite, in which case, the real roots constitute the
root system associated to A. (When W is nite, the root system is usually de ned to
include some additional vectors calledimaginary roots that we will mostly not need
here.) The positive roots are the roots in the nonnegative span of the simple roots.
Every root is either positive or negative (meaning that its opposite is positive). WheA
has integer entries, the real roots have integer coordinates in the basig:::; ,. The
height of a positive root is the sum of its coordinates in the basis of simple roots.
Given a representation of a group on a vector spatg there is a standard construction
of the dual representation of the group oV . Representing the action of a group element
gony 2 V asgy and the action ofgonx 2 V asgx, the dual representation is de ned
uniquely by the requirement thathgx;gyi = hx;yi forall x 2 V andy 2 V. The dual
representation can also be described in terms of matrices. bt :::;v, be a basis fovV

If y 2 V is written as a column vector ofv;-coordinates andx is written as a row vector
of v, coordinates, thenhx;yi is the usual matrix product of the row times the column. If
G is the matrix for g acting on v;-coordinate (column) vectors and is the matrix for g
acting onv; -coordinate (row) vectors, thenD = G 1. (Thus if both actions are written
in terns of column vectors, there is a transpose.)

In particular, the representation of W as linear transformations ofV has a dual
representation as linear transformations oY . We will generally work with the simple
roots basis 1; ., of V. However, we will work with a basis 1;:::; , of V thatis

associated toA. P
The re ection s; acts onV by xing ; forj 6 i and sending ; to | o1 i k-
More generally, supposd is a re ection whose ( 1)-eigenvector inV is the root
Then the action oft on V  xes the hyperplanefx 2 V :hx; i =0g and negates the
vector K( ; ). (This is the elementx 2 V such that hx;yi = K(y; ) forally 2 V.
The j-coordinates ofK ( ; ) are obtained by multiplying A by the column vector of
i-coordinates of .)
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2.2 Noncrossing partitions

The re ections in W are the elementsfwsw ! :w 2 W;s2 Sg. These are precisely
the elements ofW that act as re ections (i.e. have an 6  1)-dimensional xed space
and a ( 1)-eigenvector) in the re ection representation ofW. Speci cally, given a re-
ection t = wsw !, the root = w ; is its ( 1)-eigenvector and the hyperplane
fv2V :K(v; )=0gisits xed space.

SinceS T, the setT of re ections generatedV. The absolute length or re ection
length "+ (w) of an elementw 2 W is the number of letters in a shortest expression for
w as a product of elements of . Such a shortest expression is calledreduced T-word
for w.

We de ne the absolute order 1 to be the partial order onW dened by u tw
if and only if "t (w) = “r(u) + “t(u w). Those familiar with the weak order onW will
notice that the absolute order is the analog of the weak order, where the usual length
function ~ is replaced by t. In particular, the absolute order is characterized by the
Pre x Property (with respect to reduced T-words). Slightly less obvious, but still well
known, is the fact that the absolute order is also characterized by the Subword Property
(again with respect to reducedr -words), analogous to the Bruhat order.

A Coxeter element is an elementc 2 W that can be written as a product, in some
chosen order, of the elements &, each repeated exactly once in the product. Coxeter
elements of W correspond to acyclic orientations of the Coxeter diagram (or Dynkin
diagram) associated to/V: There is an arrows; ! s; in the oriented diagram if and only
if s; precedess; in every reduced word forc.

Given a choice of Coxeter element, we de ne a skew-symmetric bilinear form . on
V by

2 a; if s; followss; in c;
Le( 75 )= S 0 ifi=j;, or (2.2.1)
' a; If s; precedess; in c:
The skew-symmetry of! . follows from the de nition of simple co-roots and the sym-
metrizability of A. As a consequence of [17, Lemma 3.8], we have thafcx;cy) = ! .(X;y)
forany x;y 2 V.

A source-sink move is an operation on an acyclic orientation that chooses a partic-
ular source or sink and reverses all arrows on it, thus changing it from a source to a sink
or vice versa. A simple re ections; is a source in the acyclic orientation associated to
if and only if there is a reduced word foic starting with s;. Similarly, s; is a sink if and
only if it can occur as the last letter of a reduced word foc. Doing a source-sink move
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at s; corresponds to conjugating by s;j, thus movings; from the beginning of the word

to the end or vice versa. WheW is of nite type, all Coxeter elements are conjugate by
source-sink moves. Indeed, this is true whenever the Coxeter diagram is a tree, and thus
in particular in all a ne types except A, ;. In that type, every acyclic orientation can

be transformed by source-sink moves to an orientation whesg is the unique source and

sk Is the unique sink for somek.

The starting point for this paper is the interval [1; c]; in the absolute order between
the identity and a Coxeter elementc. When W is nite, this is a lattice [7], but when
W is innite, [1;c]r can fail to be a lattice. The lattice [% c]; is often called theW-
noncrossing partition lattice , hamed after the type-A case, where {t]; is modeled
by noncrossing partitions of a cycle [3, 13]. In types B and D, there are also planar models
for [1; c]y [1, 19].

WhenW is of nite type and cis a Coxeter element, there is a special plane, called the
Coxeter plane , on which c acts as a rotation by%. Here, h is the Coxeter number
(the order of ¢, which is independent of the choice af because all Coxeter elements are
conjugate in nite type). The existence of such a plane follows from the fact that has
a pair e of conjugate eigenvalues. The Coxeter plane gures prominently in [8], and
a direct construction of the plane is found in [21].

In the nite classical types A, B, and D, the Coxeter plane is closely related to
the planar diagrams for noncrossing partitions found in [1, 3, 13, 19]. The relationship,
explored in [16], is as follows: Given a nite Coxeter groupWv, nd a small orbit o.
Any elementw of W acts as a permutation ofo, and in particular decompose® into
cycles. One project® orthogonally onto the Coxeter plane and considers the set partition
de ned on the projected orbit by this cycle decomposition. In types A, B, and D (and
alsoHjz and I,(m)) for the smallest possible orbit, there are simple criteria to decide,
from the resulting planar diagram, whethew 2 [1; c]r. For example, in typeA, 1, where
W is the symmetric groupS,, the smallest orbit has sizen and projects to a circle in the
Coxeter plane. The Coxeter element is an n-cycle that follows this circle in a clockwise
direction, and w 2 [1; cJ; if and only if the projected cycles ofw are disjoint and all go
clockwise.

In this paper, we implement the \project a small orbit to the Coxeter plane" con-
struction in a ne type, to create planar diagrams for [1; c]; in the classical a ne types.
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2.3 Ane type

The Coxeter groups ofa ne type  are precisely the Coxeter groups that admit a Cartan
matrix A with determinant O such that every principal minor of A has positive deter-
minant. Equivalently, K is positive semi-de nite but not positive de nite, and for each
i =1;:::;n, the restriction of K to the span off i;:::; ,gnf ;gis positive de nite.
There is a well known classi cation of Coxeter groups of a ne type. Every Coxeter group
of a ne type is crystallographic. Some Coxeter groups of a ne type admit multiple inte-
ger symmetrizable Cartan matrices, but we will make the standard choice (which comes
from a uniform construction starting with a nite crystallographic Coxeter group. See, for
example, [11, Chapter 4].) We will call this choice atandard a ne Cartan matrix
associated tow.

We will not need the details of the construction of a standard a ne Cartan matrixA,
but we will describe some of the properties of such ak First, A admits a 0-eigenvector
with positive integer coordinates. We choose such an eigenvectauch that the gcd of the

obtained from A by deleting row a and column a is the Cartan matrix associated to an
irreducible Coxeter groupW of nite type. Let , be the nite root system associated

group (the standard parabolic subgroup oW generated byS nfs, g. The root system

n has a uniquehighest root , a root whose height is strictly greater than the height
of any other positive root. (This is a property of any nite crystallographic root system.)
Third, 4 . Finally, the real roots associated tA are precisely the vectors + k
for 2 , andk?2 Z.

When W is of a ne type, the dual representation restricts to an action on the a ne
hyperplanefx 2 V :hx; i =1g, acting by (Euclidean) rigid motions. We will refer to
this a ne hyperplane as E and write Eq for the linear hyperplanefx 2 V :hx; i =0g
parallel to E.

It is sometimes convenient to identify the a ne hyperplaneE with the linear span
of the fundamental weights ofA ,, by ignoring the , -coordinate of a vector inE. (The
vector in E can be recovered uniquely because ever? E hasE = fx2V :hx; i=1g
and becauséh ; ; 1 & 0.) In a di erent way, the linear hyperplane Ey can be identi ed
with the span of the root system , by identifyingaroot 2 , with K( ; ).

In the action of W on E, are ection t 2 W associated to aroot = + k xes the
setfx 2 E :hx; i = kg, whichisan (0n 2)-dimensional a ne subspace ofE, and thus
an ane hyperplane in E. The vector K( ; ), which as noted earlier is normal to the
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re ecting hyperplane fort in V , is also in the linear hyperplaneE, parallel to E.

As mentioned in Section 2, in nite type, for each Coxeter element there is a plane
called the Coxeter plane on whictc acts as a rotation. In the a ne case, there are two
analogs of the Coxeter plane, one contained M and the other inV .

In an a ne Coxeter group, the action of a Coxeter elementc on V has the eigen-
value 1 with multiplicity 2, but has only a 1-dimensional xed space. The xed space is
spanned by (which indeed is xed by every element oW). There is a unique gener-
alized 1-eigenvector . associated to contained in the subspacé/,, . (The fact that .
is a generalized 1-eigenvector associated taneans that ¢ 1) .= . See [18, Propo-
sition 3.1].) The plane spanned by and .is xed as a set byc, and will be called the
Coxeter plane in V.

The action of the Coxeter element on V also has a 1-dimensional xed space and
a generalized 1-eigenvector as we now describe. First, [18, Lemma 3.5] veri es that the
the vector! ((; ) 2 V spans the xed space ot onV . (This is the linear functional
sending eachy 2 V to ! .(;y).) Since! . is skew-symmetric, the eigenvector.(; ) is
in the linear hyperplaneE,.

We can similarly describe the generalized 1-eigenvector foiin V in terms of the
generalized 1-eigenvector. for cin V:

Lemma 2.3.1. The vector! .( ¢; ) 2 V is a generalizedl-eigenvector forc, associated
to the 1-eigenvector! o(; ).

Proof. We need to show thatc !'( ¢; )="'c( i )+ !'<(; ). Since . is a generalized
1-eigenvector associated to, we know thatc . = + .Thus!c¢ )="!c( ¢ )+
(s ). We will verify that ! (C¢; ) = € !¢ ¢ ). Writing x for ! ¢( ¢; ), for any
y 2 V, we have

hexyi = e tyi = 1o( e ly) = Le(c oY)

as desired. O]

The plane inV spanned by! .(; )and!¢( ¢; ) will be called the Coxeter plane
in V.

To implement the \project a small orbit to the Coxeter plane" construction in a ne
type, we need to decide whether to consider an orbit M or V and whether to project
to the Coxeter plane inV or V . We will see below, as we consider speci ¢ types of a ne
Coxeter groups, that taking an orbit in V and projecting to the Coxeter plane inV
works well. (Other choices appear to work less well.)
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Chapter 3

AFFINE TYPE A

We now focus our attention on the a ne Coxeter groupW of type A, ;. We begin
with a concrete construction of the associated root system and use the root system to
realize W in the usual way as as the groufs, of a ne permutations. We characterize
Coxeter elements inW, construct the Coxeter plane inV , and project an orbit to that
plane. That projection lives on an in nite strip but has a symmetry that leads us to
wrap the strip onto an annulus. We model theW-noncrossing partitions [1c]r on the
annulus. Many aspects of our model for [t]; are already present in [9]. Following the
lead of McCammond and Sulway [15], but also following the lead of the combinatorics,
we construct a larger poset containing [T}y that is a lattice.

3.1 Ane permutations and a larger group

m(si; Si+1) = 3 and otherwisem(s;; ;) = 2. A Cartan matrix A for W is symmetric and
has o -diagonal entriesa;j.; = 1, and other o -diagonal entries 0. Throughout our
treatment of type A, 1, we take indices modn for simple re ections and simple roots.
(Thus, in particular, a,.1 = ay3.n = 1.) We now construct a root system forA.

tobees; e,anddenee foralli 2 Zbytherulee,, = ¢+ foralli?2 Z.
(This is consistent with the de nition of and de nese; uniquely for eachi.) Since the
vectors e are indexed byZ, indices on vectorse are not interpreted mod n. We de ne
a symmetric bilinear formK on R"*! by taking the usual inner product on the linear

K(;x)=0forall x2 R",
Dene vectors =€+ € and - = ;fori=1;:::;n. (This is consistent with



taking indices on simple roots modulm, becausegi+n+1  €+n=(€+1 + ) (g + )=

e+ € foralli 2 Z.) The linear span of the vectors ;:::; , is the subspaceV of
R"™1 consisting of vectors whose coordinates sum to zero. We hd<v¢ -; ;) =2 and

K( r; i+1) = 1foralli, and otherwiseK( ; ;) =0, so that K( ; ;) = & for
all i and j. Thus we have constructed simple roots and a fortd corresponding to the
Cartan matrix A. We compute

8

Ze. ifj =i (modn);
si(g)= _e 1 ifj=i+1(modn); or

g otherwise.

The positive roots for A are the vectors of the forme; ¢ fori <j 2 Z with
i 6 ] (mod n). Any given positive root has in nitely many expressions as a di erence
€ €,becauses; € =(€+n ) (&:+:n )= €+n €+, andso forth. The re ection
t orthogonal to a roote; e has

2 e+ if k=] (modn);
t(ex) = §ekﬂ- i if k=1 (modn); or

© e otherwise.

Given a positive root = ¢ €, the vector + ise., €, another root. The

set , of roots that can be written as (g &) forl <] n is a nite root
system of typeA, i, and the full set of real rootsin isf +k : 2 ,;k2Zg. The
corresponding nite Coxeter groupW , , generated byfs; : i =1;:::;n 1gisisomorphic

to the symmetric group S,, and acts naturally on the subspacé/,, of V, consisting of
the vectors inR"*! whose coordinates sum to zero and whose+«1) St coordinate is zero.
We will describe the a ne Coxeter groupW in terms of its action onfe; : i 2 Zg, and
as a shorthand, we obtain the usual description in terms of its action on the indice2 Z,
as the groupS, of a ne permutations . (See, for example, [4, Section 8.3].) These are
permutations of Z such that (i+n)= (i)+nforalli2zZand [, ()= ”;1 :
A permutation 2 S, acts onR"*! by sending eacte; to e (i)-
The simple re ection s; in W is an in nite commutative product

(i ni+l n@ii+(i+ni+1+ n)

of adjacent transpositions, and similarly the re ection orthogonal to a roog; € is an
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in nite product @ njp n@j)i+nj+n) of transpositions. We will take the
mod-n symmetry for granted throughout, and often write eacts; as ( i +1) and more
generally write a re ection as { j ). With this shorthand notation, the set T of re ections
inS,isf(ij):i<j;i 6 (modn)g.
We will also consider the larger grougBz(mod n) of permutations of Z such that
(i+n)= ()+nforalli 2 Z. Itis straightforward to verify that Sz(mod n) is a
subgroup of the groupS; of all permutations of Z. A permutation 2 S;(mod n) acts
on R"™! just like an a ne permutation: by sending eache; to e .
A permutation 2 Sz(mod n) is uniquely determined by itswindow notation
2 Sz(mod n) whose window notation has entries summing to"‘;1
following about the sum of entries in the window for 2 Sz(mod n).

. We can say the

Lemma 3.1.1. Suppose; 2 Sz(mod n). Then

P ; n+1
2. (1) (mod n).

n
i=1 2

Proof. If1 i<] nand (i) (j) (mod n), then write (i)= (j) kn for some
k2 Zwith k6 0. Then (i+ kn)= (j) contradicting the fact that is a bijection and
thus proving Assertion 1.

Since 2 Sz(modn), foreachi 2 f 1;:::;ng, we can write (B uniquely as (i)+ (i)n
for (i); (i()2Zwithl (i) n.Then [, (i)isequalto [, ()= 1, ( (i)+

(1)n), which by Assertion 1 equals ”‘;1 + L, (i)n. That proves Assertion 2. m
P
Furthermore, one can show that the map 7! % T ”;1 IS a surjective

homomorphism fromSz(mod n) to Z, whose kernel is the subgroufs,.
We conclude our preliminary discussion db;(mod n) by determining a small gener-
ating set (and a larger one).

Proposition 3.1.2. The group Sz(mod n) is generated by the sets;;:::;s,g[f 10,
where ", is the permutation whose only nontrivial cyclei¢ 1 n 1 1+n ).

P
Proof. Suppose 2 Sz(mod n). Lemrlgla 3.1.1.2saysthat ., (i)= ”;1 + kn for some
k2 Zz. Witing °for*,* ,wehave [, Yi)= "' ,so °2S,.SinceS, is generated
by fsi;:::;s,0, we see that = "% Oisin the group generated byfs;;:::;s,g[f “19. O

The symbol \";" suggests \loop", looking ahead to the fact that ; will correspond
to a noncrossing partition of the annulus whose only nontrivial block resembles a loop
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at 1. We will also be interested in other \loops". Writing s =( i nii+n )

Sz(mod n) is generated by the sefl [ L, where as beford is the set of all re ections in
S,. We call elements ol loops . The setT [ L shares an important property with the
set T of generators ofS,: It is closed under conjugation inS,.

Just as we are interested in the interval [Ic]; in the absolute order onS,, we will
also be interested in the analogous interval in the grouf;(mod n), with respect to the
generating setT [ L. We write [1;c]y; . for this interval, where the subscript suggests
not only the generating set, but indirectly also the group where the interval lives.

3.2 Projecting to the Coxeter plane

In Section 3.3, we will introduce a model of the interval [X]; in the case wherec is a
Coxeter element inS,. In preparation, we describe the choice of a Coxeter element$y
in terms of placing the integers 1.::;n on the boundary of an annulus. At the end of
the section, we will see how this placement of numbers on the annulus arises from the
\project an orbit in V to the Coxeter plane inV " construction described in Section 2.3,
but as a start, we introduce it as a way of encoding the choice of

We take a xed embedding of the annulus in the plane as the region between two
concentric circles. Recall from Section 2.2 that Coxeter elements correspond to acyclic
orientations of the Coxeter diagram. In typeA,, 1, the Coxeter diagram is a cycle with
eachs; adjacent tos; ; and sj+; (with indices modulon as usual). Thus the choice of a

Coxeter elementc is exactly the choice of; ;! sjors;! s ;foreachi=1;:::;n. We
record the choice ot by placing eachi 2 f 1;:::;ng on the outer or inner boundary of the
annulus as follows: The numbers are placed in clockwise order over one full turn about
the center of the annulus. Aninteger 2 f 1;:::;ngis placed on the outer boundary if and

onlyifs; ;! s;(i.e.s; 1 precedes; in c)or on the inner boundary ifand only ifs; ! s;

boundary of the annulus, and will call themouter points or inner points according
to which boundary component they are on (see Figure 3.1). This construction creates a

nonempty set of outer points and a nonempty set of inner points. (If there are no outer
points, or if there are no inner points, the corresponding orientation of the diagram is a
directed cycle, and thus does not specify a Coxeter element.)

We see that this placement of inner and outer points is meaningful in describimgas
a permutation in S;,.
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Figure 3.1: For the Coxeter element = sS5S,S:S3S4, We have the annulus above, with
1, 3, and 4 as our outer points and 2, 5, and 6 as our inner points.

Lemma 3.2.1. Let c be a Coxeter element db, and make the corresponding placement

counterclockwise (and therefore decreasing) order, themis the permutation with two
in nite cycles

( aa na n a na a a ay+na+n atn )
and
( bb+nb+n Dby+rnbb by nbb n by n )

Proof. Since every orientation of the Coxeter diagram fa®, is conjugate, by source-sink
moves, to an orientation such thats, is the unique source andy is the unique sink, we
can prove the lemma in two steps. The rst step, whose details are omitted, is to compute
that the lemma holds in the case where = s,Sy, 1 Sk+1S1S2» Sk, SO that the outer

The second step is to show that the conclusion of the lemma is preserved under source-

sink moves. Suppose has cycles as described in the lemma, and suppGseés a source.
That means thati is inner andi + 1 is outer. After the source-sink movej is outer and
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i+1isinner. Conjugating by s; = (i i+1) serves to swap andi+1 in the cycle notation
for c, thus preserving the conclusion of the lemma. H; is a sink, the proof is the same,
with inner and outer reversed. O

Recall that the Coxeter plane inV is spanned by the 1-eigenvectdr.(; ) and an
associated generalized 1-eigenvectay( ; )ofcinV . Here, .isthe unique generalized
1-eigenvector associated to that is contained inV,, . (See Lemma 2.3.1.) The choice of
outer and inner points is also convenient for writind ¢(; ) in the basis of fundamental
weights.

Proposition 3.2.2. Let c be a Coxeter element 08, with its associated assignment of
inner and outer points. Then

1 X X X X
E!C(; )= (i 1= (i 1= i i
1in 1in 1in 1in
i outer i inner i outer i inner
i+1 inner i+1 outer

The quantitiesi 1 andi + 1 occurring in the proposition are interpreted modn.

Proof. The coecient of ;in!¢(; )is!¢(; ). Since = 1+ + ,, Equation
(2.2.1) and the skew-symmetry of . imply that

Pe(b 7)= telryid) Pl iv0)= 104

taking the \+" in the rst if and only if i is an outer point, and taking \+" in the
second if and only if i +1 an inner point. Thus the coe cientof ;in! (; )is2ifi
is outer andi +1 is inner, is 2 ifi is inner andi + 1 is outer, or is 0 otherwise. We have
veri ed the rightmost expression for%! <(; ), and the other two expressions follow. [

We will write #inn for the number of inner points, #out for the number of outer
points, (#inn ) for the number of inner points less than or equal t&, and so forth.

Lemma 3.2.3. Let c be a Coxeter element 08, with its associated assignment of inner
and outer points. Then

c

(# inn) e (#out) e = b «;

i outer i inner k=1

1 X X X
n

whereb, = 3[(#inn )(# outy )  (# inns )(# out ()].

26



P P
Proof. Write for%((#inn) e (#out) e). The subspace/,, ofV is the

i outer i inner

subspace oR"*! with (n+1) %t coordinate 0 and with coordinates summing to 0. Thus is
indeed inV,, , so we need aonly verify thalt:)it is a generalized 1-eigenvecto|£ associated to

Lemma3.2.1impliestha( | j,er €)=  ouer & ANACC | iner €)= | inner &
Thusc( )= + %[(#inn)+ (#out)] = + , as desired. Furthermore,
1 X
", @
i inner
j outer
1 X X1 X X1
= = k k
n i inner k=i i inner k=j
j outer j outer
i<j j<i
1 X : .
== [@#Nn ) (#out 5 ) (#nn 5 )(#out ()] O
k=1

We now explain how the placement of the numbers; 1::;n on the boundary of an
annulus arises by projecting an orbit iV to the Coxeter plane inV . The construction is
greatly simpli ed by working in R"*! rather than the subspaceV. Speci cally, we think
of V as the quotient ofR"** modulo the line spanned bye; + + ey+1, SO that we can
name a vector inV more conveniently by naming a vector irR"*!. (For example, for
i 2 Z, we can writee; 2 R"*! for the vectore; ——-(e;+  + ens1) 2 V.) In particular,
we will write expressions of the forntx;yi for x 2 V. andy 2 R"™, interpreting y as
a vector inV (or equivalently, extending the pairingh ; i to a bilinear mapV  R"*!
by declaringhx;e; + + ey i =0forall x2 V).

The most natural orbit of W isfe; :j 2 Zg, on whichW acts by a ne permutations
of indices. The following proposition will help us project this orbit to the Coxeter plane.

Proposition 3.2.4. Leti2f1;:::;;ngandj 2 Z. Thenh;gi= -+ L1

P .
Proof. It is straightforward to verify that = [, =T i = €ns1 ﬁ(eﬁ + €41 ). Since
the ; are dual basis to the -, and since - = ; foralli =1;:::;n, we conclude that

the proposition holds in the casg¢ = n + 1. We complete the proof by showing that the
proposition holds for somg 2 Z if and only if it holds for j + 1. Sinceej.1 = € + |
(with the index on ; interpreted modulon), we see that

8
. <hyi;gi+1 ifi=j (modn); or
h i;ej+1I = .
" higi otherwise
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The proposed formula foih ;; i exhibits the same behavior ag is replaced by +1. [

P
Since eachg; is i”=1 hi;gi ++ ﬁ(el + + ens1), and since =  for all i,
Proposition 3.2.4 implies the following formula fore; as a linear combination of simple
roots (and the vectore; + + €n41):

+ 4+ :

i=1
As a consequence, we can describe how the 1l-eigenvettdr; ) in V pairs with
eache;. Sincehx; e; + + e+l =0 forall x 2 V by convention, we can write the
pairing of ! .(; ) with g as! ¢(; &), taking the conventionthat! .(; e;+ +e,+1)=0.

Proposition 3.2.5. Let c be a Coxeter element &,, represented as partition of 1;:::; ng
into inner points and outer points. Then%! ¢(; &) takes two distinct values (di ering by
1 and having strictly opposite signs), ag ranges overZ, taking the positive value if and
only if j (mod n) is an inner point.

Proof. Propositions 3.2.2 and 3.2.4 imply that

1 X i ioi1 X i i i1
=l €)= + +
2 L5 &) _ n+1 n . n+1 n
I outer I Inner
i+1 inner i+1 outer
.. P T P i1 . o
This is  jouer —— iinner —— plus a quantity that is independent of

i+1 inner i+1 outer

j. Thus asj runs through Z in increasing order,%! ¢(; §) increases by 1 every time
j (mod n) becomes an inner point, and decreases by 1 every tinémod n) becomes an
outer point.

To complete the proof, it remains to show that 0< %! ¢(; €) < 1 for somej such
that | (mod n) is inner or that 1< %! ¢(; &) < 0 for somej such thatj (mod n) is
outer. We will estimate %! o(; en+1). We have

1 (o) = X i ,on i X i ,on i
A ] 1) —
2 ot _ n+1 n B n+1 n
i outer i inner
i+1 inner i+1 outer

Since these sums are over 1i n, all of the oors are zero, so

1| ( e ) — X I X I .
A Cly ©n+l) — :
+ +
2 i outer n+1 i inner n+1
i+1 inner i+1 outer
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Both sums in the above expression have the same number of terms, because the
elements of the cycle (1 2 n) switch from outer to inner the same number of times
they switch from inner to outer. If 1 is outer, then each term in the rst sum is smaller
than the corresponding term in the second sum, so th%t! c(; en+1) < 0. But also, the
rst term in the second sum is smaller than the second term in the rst sum, and so
forth. Thus %! <(; en+1) is greater than the rst term in the rst sum minus the last term
in the second sum, which is at Ieash—{1 > 1. On the other hand, if 1 is inner, then each
term in the rst sum is larger than the corresponding term in the second sum, so that
%! c(; ens1) > 0. Also, the rst term in the rst sum is smaller than the second term in
the rst sum, etc., so %! c(; en+1) is less than the last term in the rst sum minus the
rst term in the second sum, which is at mostﬂTll < 1. O

Proposition 3.2.5 lets us describe the projection of the orlfig; : j 2 Zgto the Coxeter
plane inV . This plane is spanned by the 1-eigenvectdr.(; ) and the generalized 1-
eigenvector! .( ; ). We will call the direction of ! ((; ) the \horizontal" direction in
the Coxeter plane, and call the direction of .( ¢; ) the \vertical" direction.

into inner points and outer points, and consider the projection of the orbite; :j 2 Zg
to the Coxeter plane inv .

1. The projection takesfe; :j 2 Zg into two distinct vertical lines.

2. One of the two lines has negative coordinate in the horizontal direction and contains
the image off g; : j (mod n) is outerg, while the other line has positive coordinate
in the horizontal direction and contains the image dfe; :j (mod n) is innerg.

3. If j<j %andj andj°are either both outer or both inner, then the projection of;o
has strictly larger vertical coordinate than the projection o§; .

4. The vertical distance between the projection of; and the projection ofej,, is
independent of] .

Proof. Proposition 3.2.5 implies immediately that the inner and outer points project into
two vertical lines as in the statement of the theorem. The vertical di erence between the
projection of g; and the projection ofej,, is!c( ;€ + ) !'c( ;€)= "!c( ¢ ), Which
is independent of] .

To complete the proof, we rst evaluate! ¢( ;¢ ). This equals! c(c ;€), and
since . is a generalized 1-eigenvector associated to the 1-eigenvectat further equals
e( ¢+ ;6). Thus!( ;e t g) 'o( og)is!e(; g). If j (mod n)is outer, then
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Lemma 3.2.1 says thatt e is the next smallest integer that is outer (modn). Also
Proposition 3.2.5 says that! ¢(; €) is negative, and we conclude thak; projects to
a strictly larger vertical coordinate than the next smallest outer integer. Similarly, if
j (mod n) is inner, then Lemma 3.2.1 says that 'e is the next largest integer that
is inner (mod n). In this case, Proposition 3.2.5 says that ¢( ; ) is positive, and we
see thate; projects to a strictly smaller vertical coordinate than the next largest inner
integer. O

Figure 3.2: For the Coxeter element = SgS55,5:1S3S4, We have the projection to the
Coxeter plane (left), which we can roll up to the annulus (right) with 1, 3, and 4 as our
outer points and 2, 5, and 6 as our inner points.

Theorem 3.2.6 suggests that, after projecting the orbite; : j 2 Zg to the Coxeter
plane inV , we can pro tably consider the vertical direction in the Coxeter plane modulo
the vertical distance described in Theorem 3.2.6.4. When we do so, instead of mapping
the orbit into the two boundary lines of an in nite strip, we map the orbit into the
two boundary circles of a cylinder, which we atten to an annulus. We choose to do the
attening in such a way that the vertical line with negative horizontal coordinate becomes
the outer boundary of the annulus, while the other line becomes the inner boundary, as
in Figure 3.2. Each modn classfej;k, : K 2 Zg in the orbit maps to a single point on
the boundary of the annulus. We recover (up to shifting the points along the boundary
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without changing their order) the annulus with outer and inner points, as described at
the beginning of Section 3.2.

3.3 Noncrossing partitions of an annulus

Fix a Coxeter elementc in S, encoded by a choice of inner and outer points on an
annulus as described in Section 3.2. We refer to this annulus As

De nition 3.3.1. De ne a partition of the annulus A to be a set partition of

in A. (We will reuse the symbolB to refer to the embedded annulus or disk.) The an-
nulus or disk is required to be disjoint from the boundaries oA except at the points
numbered by elements of the blocB. If B is anannular block (i.e. associated to an
embedded annulus), therB must contain a closed curve that can't be contracted, within
A, to a point. (Less formally, B must \go around" the hole in A.) In particular, one
boundary component ofB may contain only outer numbered points, and the other may
contain only inner numbered points. A non-annular block will also be called disk . A
dangling annular block is an annular block that either contains only outer points or
contains only inner points. Thus one boundary of a dangling annular block is a noncon-
tractible circle in the interior of A. A double-boundary disk is a disk that contains
points on both boundaries ofA.

A patrtition of the annulus is noncrossing if the embedded blocks are pairwise
disjoint and if it has at most one annular block. (Given that the blocks are pairwise
disjoint, the restriction to at most one annular block serves only to rule out the case of
two dangling annular blocks, one connected to the inner boundary and one connected to
the outer boundary.) We consider noncrossing partitions of the annulus up to topological
equivalence: two noncrossing partitions are equivalent if and only if they are related by a
homeomorphism fromA to itself, xing the boundary of A pointwise, that is homotopic to
the identity, with the boundary of A xed pointwise at every step of the homotopy. Thus
a noncrossing partition of the annulus is determined by the underlying set partition, the
identity of each block as annular or non-annular, and the cycle of points found along the
boundary of the disk and how the disk \wraps" around the annulus, or the cycles of points
along the inner and outer boundaries of the annular block. We will refer to di erent, but
topologically equivalent, choices of annuli and disks as di eremmbeddings of the same
noncrossing partition.

We write HC. for the set of noncrossing partitions of the annulus associated
and N C. for the set of noncrossing partitions that have no dangling annular blocks.
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Figure 3.3: A noncrossing partition of an annulus with a non-dangling annular block
(P1), a noncrossing partition of an annulus with a dangling annular blockR3), and
noncrossing partitions of an annulus with no annular blocksRz and Py).

De nition 3.3.2. We de ne a partial order on noncrossing partitions of an annulus by
setting P Q if and only if there exist embeddings oP and Q such that each block in

P is a subset of a block inQ. We re-use the symbolflC. and HC, to mean the sets

M C. and RC_ with this partial order.

Example 3.3.3. From the noncrossing partitions in Figure 3.3, we can see th&, P ,
because each block i, is a subset of a block irP;. We can also see thaP, P 1 for
the same reason. HoweveR; is not belowP;, because the double boundary block with
1;2;4; and 5 is not a subset of a block ifP;.

We will prove various facts about the posetfiC. and MC_. First, we give an
algebraic-combinatorial realization of each poset, by giving an isomorphism frddC . to
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the interval [1;c]y [ L in Sz (mod n) that restricts to an isomorphism fromMC. to the
interval [1;c]r S,. In the process, we characterize the cover relations BC. and NC_,
show that both posets are graded, and describe the rank function. Finally, we prove that
N C. is a lattice.

3.4 Bijections

We now de ne the mapp : HC. ! Sz(mod n) that will serve as an isomorphism to
[Lclrpo.

De nition 3.4.1. Given P 2 HC_, we de ne a permutation p(P) by reading the cycle
notation of a permutation from the embedding of the partition in the annulus. Each
component of the boundary of each block is read as a cycle by following the boundary,
keeping the interior of the block on the right. The entries in the cycle are the inner and
outer points that we visit along the boundary, but we add a multiple oin to each, and
the multiple of n increases or decreases according to h&wvwraps around the annulus.
Speci cally, we put a radial line segment between and 1 (as shown in red in Figure 3.4).

By analogy, we call this segment thedate line . Each time we reach an inner or
outer point, we record its value (between 1 and) plus wn, wherew is the number of
times we have crossed the date line clockwise minus the number of times we have crossed
counterclockwise, since starting to read the cycle. When we return to the numbered
point where we started, if we have added or subtracted a nonzero multiple of then we
continue around the boundary again. In that case, the cycle is in nite, and we also read
the backwards direction of the in nite cycle in the same way, but following the boundary
with the interior on the left. For each cycle that is read from a block, the permutation
also has all moda translates of the cycle, if they are di erent.

Thus, if B is an annular block, we will read one in nite cycle if the annulus is dangling

the inner points in B in counterclockwise order from the top (and therefore decreasing).
Then we read cycles

( aa na n a na a a a+na+n at+tn )

( bh+nb+n b+ n b b b b nb n b, n ):

If B is dangling then either' =0 or m = 0 and one of the two cycles is not present.
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its mod-n translates (@; + 'n a+ n)for 2 Z.

Figure 3.4: Noncrossing partitions of an annulus with the dateline marked in red.

The following is the rst main theorem of this section.

Theorem 3.4.2. The mapp:HC.! Sz(mod n) is an isomorphism fromBC. to the

interval [1;clr; . in Sz(mod n). It restricts to an isomorphism from M C, to the interval
[1,clr in S,.

We begin with the easiest piece of the proof of Theorem 3.4.2.

Proposition 3.4.3. The mapp is one-to-one.
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Proof. Suppose is a permutation in the image ofp. Then has a unique disjoint cycle
notation with at most two in nite cycles. If the cycle notation has two in nite cycles,
then these cycles uniquely specify a non-dangling annular block. If there is one, then it
uniquely speci es a dangling annular block. The nite cycles uniquely specify disks. Thus
only one noncrossing partition of the annulus maps to. ]

To show that the image ofp is [Lc]r;. and that the image of its restriction to
MC, is [Lc]r, we will need some lemmas about the interactions between a permu-
tation p(P) and the re ections in S,. Recall that the set T of re ections in S, is
f(ij):i<ji 6] (modn)g and that the notation (i j) is shorthand for an in nite
product (i nj n)(ij)(i+nj+n) of transpositions.

Lemma 3.4.4. If P 2 HC_, then the permutationp(P) can be factored inton
re ections, where is the number of non-annular blocks d?.

Proof. Case 1: IfP has no annular blocks, then we choose a disk blo& in P cor-
responding to a cycleX:  Xn) in p(P) and let ; = (X1 X,). Then ;p(P) has cy-
cles &q1)(X2 Xm) in place of (X3 Xm). We then let , = (X, X3) and so on. Then
m 1 > 1p(P) has singleton cyclesX;)(x2)  (Xm). Less formally, we break each el-
ement away from the disk until each element is in a block by itself. We have factored
(X1 Xm) into m 1 re ections. Doing this for every block inP, we factor p(P) into

n re ections.

Case 2: IfP has an annular block, let = (a b+ n) wherea is the largest element
of the inner boundary component of the annular block anth is the smallest element of
the outer boundary component of the annular block. Applying this re ection makes a
permutation p(P9 for a partition P°that agrees withP except that the annular block of
P becomes a double-boundary disk iR% Then we proceed as in Case 1. This takes one
more re ection than in Case 1, but since one fewer of the blocks Bfis non-annular, we
still write p(P) as a product ofn re ections. m

Lemma 3.4.5. If P 2 RC,, then the permutationp(P) can be written as a product of
n elements, each a transposition or loop, whereis the number of non-annular blocks
of P.

Proof. If P has no annular blocks or a non-dangling annular block, the construction in
Lemma 3.4.4 factorg(P) into n re ections. It remains to check the case wherE has

a dangling annular block. Recall the notation;=( i n i i+n )fori=1;:::;n.
If P has a dangling annular block on the outer boundary, corresponding to the cycle
( a a a a;+n ), then ‘allp(P) has a cycle of the form &, a ;) instead.
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If P has a dangling annular block on the inner boundary, corresponding to the cycle
( bbb b b n ), then ', p(P)hasacycleoftheformly b by) instead.
We complete the argument just as in Case 2 of the proof of Lemma 3.4.4. ]

It will be convenient to restrict our attention to permutations in Sz(mod n) that have
at most 2 in nite cycles, which can only be of a speci ¢ form: each in nite cycle is either
monotone increasing and only contains elements that are found on the outer boundary, or
is monotone decreasing and only contains elements that are found on the inner boundary.
If there are two, one is increasing and the other is decreasing. We call such permutations
annular permutations . Informally, the annular partitions are the permutations whose
disjoint cycle notations can be interpreted, using something resembling an inverse map
to p, as partitions of the annulus (not necessarily noncrossing), with at most one annular
block.

Lemma 3.4.6. Supposex is an annular permutation in Sz(mod n). Suppose is a
re ection such that x has more classes of nite cycles thar has. Then is described
by one of the following:

() exchanges two elements of the same nite cyclexof

(i)  exchanges two elements of the same in nite cycle xfwith a di erence of at
mostn 1.

(i)  exchanges two elements of di erent in nite cycles of.

Conversely, if is described as in(i){(iii) , then x is an annular permutation and has
exactly one more class of nite cycles thar has.

In the proof of Lemma 3.4.6, we will use the following lemma:

Lemma 3.4.7. Let x 2 Sz(mod n) with g classes of nite cycles and let 2 T. Then
x hasq 1 classes of nite cycles if:

(iv)  exchanges two elements of di erent nite cycles of (whether in the same class
modulon or in di erent classes), or

(v) exchanges an element of a nite cycle of and an element of an in nite cycle
of x.

Proof. Note that any class whose elements are not exchanged byill not change. So
it is su cient to examine what happens to the classes of cycles who do have elements
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exchanged by . If = (& b), wherex has nite cycles (a; a, a) and (b, b Bn)
in di erent classes modulon, then in x, those two nite cycles combine into one nite
cycle@ a & 1b ba bhbb Bia &)l =(a a+qn) forsome
nonzerog 2 Z and x has a nite cycle (a; a, ay), then necessarilyi 6 j and without
loss of generalityi <j . In X, this in nite class of nite cycles becomes two nite classes
of in nite cycles including the cycles (  a; a 1 g +kn a+gn a+qn )and
@ &ga1a 9agn ).

If = (& Bb) wherex has an innite cycle ( a; a a ay+n ) and class
of nite cycles (b, b, bm), then in x, these cycles combine into one in nite cycle
( @ma ai1fhutbhhbbk Bi1a aa+tn ) O

Now we can prove Lemma 3.4.6.

Proof of Lemma 3.4.6. As in the proof of Lemma 3.4.7, it is su cient to examine what
happens to the classes of cycles that have elements exchanged.dyemma 3.4.7 implies
that exchanges two elements of the same nite cycle or two elements of in nite cycles
(the same cycle or two di erent cycles). So it remains to prove that the number of classes
of nite cycles increases by exactly 1, that does not exchange elements of the same
in nite cycle with di erence greater than n 1, and that x is annular.

If = (& @) exchanges two elements of the same nite cycley( a, ay), then
X has cycles & a 3 1 g a)(a & a 1), an increase of 1 class of nite
cycles.

Supposex has an in nite cycle (a; a a+n ) If = (g a)withi<j,
then x has an innite cycle ( & a 1 & a & + n ), which is still mono-
tone increasing, and a new nite cycle & g 1). If = (a a + qn) with i <j

andq 1, then x has an in nite cycle (& 8 1 & Qgn )andan innite cycle
( & a 1 a+gn a+qgn a+(g+l)n ) and their classes modulm, but no
new nite cycles are created. If exchanges two elements of a decreasing in nite cycle
of x, then the proof is similar.

If = (& b) exchanges elements from in nite cycles ( a; ax ay+n )and
( by bh b n ), thenin x these two in nite cycles are replaced by a single
classe of nite cycles

(@ ai1b bnbh n B na n a n) O

As a consequence of Lemma 3.4.6, we can relate the re ection length of an element
of [L c]y to the number of nite cycles it has.
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Lemma 3.4.8. If x 2 [1;c]y has t(X) = k, then the cycle notation ofx has exactly
n Kk classes of nite cycles.

Proof. Note that ¢ has no nite cycles and 1 (c) = n, and also that 1 hasn classes of
nite cycles and "1(1) = 0. By Lemma 3.4.6, multiplying by 2 T can decrease the
number of nite cycles by at most 1, so on every maximal chain frorato 1, the number
of nite cycles must increase by 1 on every cover relation. m

We now prove an analog of Lemma 3.4.6 for loops.

Lemma 3.4.9. Let x be an annular permutation inSz(mod n). Suppose 2 L is such
that "x has more classes of nite cycles thar has. Then'x has exactly one more class
of nite cycles than x has. Furthermore, " is a loop involving an element of one of the
in nite cycles of x and is in the opposite direction as that cycle (i.e. it is increasing if
the cycle is decreasing, or vice versa).

Proof. We check all cases, namely whethérinvolves elements in a class of nite cycles
or elements in an in nite cycle and whether is in the same or opposite direction as that
in nite cycle.

If (a;  a)is a nite cycle of x, then ", x has, in place of that nite cycle, an in nite
cycle (  a; a 1 a+n a+ha+n ), and thus has one fewer classes of
nite cycles. Similarly, *,'x has one fewer classes of nite cycles.

If X has a monotone increasing in nite cycle ( a; a, a ap+n ), then 4 is
in the same direction, and , X instead has two in nite cycles

( & &i1a+n a+na+2n &g 1+2na+3n )

and
( & & ay+tn g 1+tna+2n  );

so that the number of classes of nite cycles has not increased. On the other hahg%x
has a nite cycle (g an a4+ n a, 1+ n), so we have turned the in nite cycle into
a nite cycle, increasing the number of classes of nite cycles by 1. The case of loops
interacting with monotone decreasing in nite cycles ok is similar. O

We now state an analog of Lemma 3.4.8 for;[d]r[ .. We write "1 (x) for the length
of x 2 Sz(mod n) (the length of a shortest expression fox as a product of elements of
T[ L). The proof of Lemma 3.4.10 is the same as the proof of Lemma 3.4.8, except that
it uses Lemma 3.4.9 in addition to Lemma 3.4.6.
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Figure 3.5: Noncrossing partitions of an annulus wherg@ (P) = p(P9 for = (1 2).

Lemma 3.4.10. If x 2 [1;c]y; L has t[L(x) = k, then the cycle notation ok has exactly
n k classes of nite cycles.

Proposition 3.4.11. The image of the magp is contained in[1; cJr[ ..

Proof. SupposeP 2 RC. hask non-annular blocks, so thatp(P) has k classes of nite
cycles. We argue by induction ork that p(P) 2 [1;Clr( ..

If k =0, then P is the partition consisting of one non-dangling annular block, and
thus p(P) = c.

If k > 1 then we show that there exists either 2 T such that p(P) = p(P9 or
* 2 L such that "p(P) = p(P9 for someP°2 RIC. with k 1 non-annular blocks.

If there are two disk blocks inP that can be combined to make a larger disk block in
a noncrossing partitionP? then as in the proof of Lemma 3.4.7, choosingto exchange
two elements the corresponding nite cycles, we can make it so that the combined cycle
reads clockwise around the combined block iR° (see Figure 3.5). Thusp(P) = p(P9.

Suppose there are not two disk disk blocks iR that can be combined. If there is
no annular block, then there is a unique non-annular block, which is a double-boundary
disk containing all the numbered points. In this casep(P) has a single class of cycles
(a1 g b bn), where a;;:::; 8 are outer points (modulon) and by;:::;h, are
inner points (modulon). Setting = (a;+ n by), we have p(P) = c.

If there is an annular block, then every disk block either contains only outer points
or contains only inner points. By symmetry, we assume that there is a disk block that
contains only outer points and that the corresponding cycle ip(P) is (a1 a;), written
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with a; < < a;. Let P%be the noncrossing partition obtained by putting the points

block cannot be combined with any other disk block, the points; 1 anda; +1 are in
the annular block (possibly witha; 1 = g + 1). Write the in nite increasing cycle in
p(P)as( & m @+ *+ N  )with g, =a+landa,=a+n 1. Asinthe
proof of Lemma 3.4.7, choosing to be (g aj.1), we see that p(P) = p(P9.

In every case, we have constructe®®such that p(P) and p(P9 di er by multiplying a
single element off [ L on the left. SincePhask 1 non-annular blocks, by induction ork,
we see thatp(P9 2 [1;clr L. In particular, "t (p(P9) = n (k 1) by Lemma 3.4.10.
Thus, r;(p(P)) = n (k 1) 1, but since by Lemma 3.4.5, we can construct a
factorization of p(P) into n  k re ections and loops, it has re ection lengthn k. We
conclude thatp(P) < p(P9, sop(P) is also in [L c]r L. O

Proposition 3.4.12.  The restriction of p maps®C, into [1;c]r.

Proof. We re-use the argument from Proposition 3.4.11. The only case in which we are
forced to use a loop in that argument is the case where there is an annular block and
also a disk block containing all numbered points on one of the boundaries. In that case,
the annular block is dangling. ]

Proposition 3.4.13. The mapp:MC.! [1;c]r . is onto.

Proof. Considerx 2 [1;c]rp. with “rp(x) = n k. Writing x as ¢ ¢ 1 1C with

each ; in T[ L, Lemma 3.4.10 implies that each; 1€ has exactlyi classes of nite
cycles. We argue by induction ork that there exists P 2 HC_ such that p(P) = x. The
base case is Lemma 3.2.1. kf> 0, then by induction, there existsP°2 R C. such that
p(PY= 1« 2 1€. Depending on whether  is a re ection or a loop and on which
case of Lemma 3.4.6 or Lemma 3.4.9 falls into, we constructP 2 BC. from P°by one
of the following operations:

(1) Splitting an non-annular block into two non-annular blocks if x exchanges ele-
ments of the same nite cycle;

(2) Splitting an annular block into a new annular block and a non-annular block if
k exchanges elements of the same in nite cycle;

(3) Cutting an annular block into a double-boundary disk if x exchanges elements
of di erent in nite cycles; or
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(4) If «is aloop andP®has a dangling annular block, turning the dangling annular
block into a non-annular block.

(5) If  is a loop andP? has a non-dangling annular block, turning the annular
block into a dangling annular block and a non-annular block.

By Lemma 3.4.6 or Lemma 3.4.9 (and looking at the details of the proofs of these lemmas),
we see thatp(P) =  « 1 1C. We have proved thatp is onto. ]

Proposition 3.4.14. The image of the restriction ofp to HC, is [1;c]r.

Proof. We re-use the argument from Proposition 3.4.13. ¥ 2 [1; cJy, then by induction
P%2 RC.. Since each; is a re ection, only the rst three operations from the proof of
Proposition 3.4.13 apply, and in particularP is also inHC. . O

3.5 Isomorphisms

We have proved thatp is a bijection from BC. to [1;c]r; . and that its restriction to

M C, is a bijection to [1 c]r. To complete the proof of Theorem 3.4.2, it remains to show
that p is an order isomorphism, and similarly for the restriction op. Ultimately, we will
do this by characterizing cover relations indC. and C, and comparing them with
cover relations in [1c]y and [1 ]y, but rst, we need to develop some more tools for
studying noncrossing partitions of an annulus.

De nition 3.5.1. De ne an edge to be a continuous, non-self-intersecting path that
connects one numbered point to another or connects a numbered point to itself by going
around the hole of the annulus, but is otherwise disjoint from the boundary of the annulus.
We consider edges up to topological equivalence, with two edges taken to be equivalent
if and only if they are related by a homeomorphism fronA to itself, xing the boundary
of A pointwise, that is homotopic to the identity, with the boundary of A xed pointwise
at every step of the homotopy. Thus an edge is uniquely identi ed by which numbered
points it connects and which direction and how many times the edge wraps around the
hole of the annulus.

For a noncrossing partition of an annulus?, an edge of P is an edge that is com-
pletely contained in a block ofP (shown in Figure 3.6). We de ne theedge set of P to
be the set of all edges dP.

A non-dangling annular block contains an in nite number of edges, because there is
an in nite number of edges between a point on the outer boundary and a point on the
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Figure 3.6: Noncrossing partitions of an annulus with some edges shown in blue.
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