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SUMMARY

In recent years the thermoelastic problems of composite cylinder have received consider-
able attentions because of their use in the nuclear industry, in construction engineering, and
others. Then, in our previous papers[1,2], we have solved the transient thermal stress problems
in an isotropic, composite, hollow, circuler cylinder made of different materials due to
symmetrical and asymmetrical heating. Moreover, considering the trend of the recent practical
nuclear application, it can be seen that the laminated composite media or bonded orthotropic
composite cylinder are used extensively in high temperature environments.

According to this tendency, in the present paper, we have discussed the effects of tran-
sient thermal stresses in an orthotropic composite circular disk due to asymmetrical heat
generation or heating. In this paper, we have analyzed for the different two types of asymmet-
rical temperature distribution, one of which is concerned with an instantaneous point heat
source as the illustrative example of the asymmetrical heat generation, and others is related
to the prescribed arbitrary temperature distribution f(6) at the outer boundary standing for
the asymmetrical heating.

As for the heat conduction problems, we have taken into account all the orthotropic
properties of the material in polar coordinate system introduced in the heat conduction equa-
tion. The first example of a point heat source is developed analytically with the aid of the
method of separation of variables, while the second example of asymmetrical heating is
analyzed using with the method of Laplace transforms.

Next, we have analyzed the transient thermoelastic problems with the aid of the stress
function approach of the orthotropic material which is correspond to the Airy's stress func-
tion method for the isotropic material. And, taking into account all the orthotropic proper-
ties included in the fundamental equation, the stress analysis carried out for the above-
mentioned different two temperature fields.

Numerical examples are carried out for several cases, varying with the elastic constants,
to examine the effect of the orthotropic property on the temperature distribution, stress dis-
distributions, displacements, and are compared with the case of the isotropic material.

From the results obtained, it is concluded that the temperature and stress distributions
of the composite disk become too complicated in accordance with the variety of the orthotropic
property of the material. Especially, the hoop stress distribution 0pp exhibit the complicated

behavior remarkably.



1. Introduction

In recent years, thermal stress problems of composite cylinder made of different mate-
rials have received considerable attentions because of their use in the nuclear industry, in
construction engineerings and chemical engineerings and others. In our previous papers[1,2],
we have treated of the transient thermal stress problems in an isotropic composite cylinder
due to symmetrical or asymmetrical temperature field by heating. Now, considering the trend
of the recent nuclear industry and others, it can be seen that the laminated composite media
or bonded orthotropic composite cylinder are used extensively in high temperature environments.

Therefore, in this paper, we shall analyze the transient thermal stress problems in an
orthotropic composite disk due to asymmetrical temperature distributions, one of which is
concerned with an instantaneous point heat source as the illustrative example of asymmetrical
heat generation, and the other one is related to a different temperature field that is given
by arbitraery function f(9) at the outer boundary as the example of asymmetrical heating.

In the first place, considering all the orthotropic properties of the materials in
polar coordinate system, unsteady-state heat conduction problems under the above-mentioned two
different heat conditions will be analyzed, namely, the first example of a point heat source
is developed analytically with the aid of the method of separstion of variables, while the
second example of asymmetrical heating is analyzed using with the method of ILaplace trans-
formation.

Secondary, the thermal stress problems associated with the above-mentioned two heat
conditions will be developed analytically using with the stress function approach for the
orthotropic material, which is corresponds to the Airy's stress function method for the iso-
tropic material. In these treatments for thermal stress problems, all the orthotropic proper-
ties of the material are also taken into consideration, therefore these characteristics are
included in the fundamental differential equation.

And then, numerical calculations are carried out for several cases, varying with the
orthotropical elastic constants, to examine the effect of the orthotropic property on the
distributions of the temperature, stresses and displacements. And these results obtained for
the first example of a point heat source will be shown in figures as the variations along
radial or circumferential directions aganist the nondimensional times.

2. Theoretical formulation

Consider a composite, hollow, circular disk, as shown in Fig.l, of its radius of inner,
interface, outer surface given by a, b and ¢, respectively. And we suppose that the composite
disk is made of the materials with the orthotropical characteristics in poler coordinate sys-—
tem. Throughout the paper, subscript Latin indicies are associated with inner and outer disks,
respectively. We shall now analyze the transient heat conduction and thermal stresses asso-
ciated with the heat generation of a instantaneous point heat source. And then, we shall
explain the theoretical development of the similar one associated with the heat supply on the
outer boundary, briefly.

2.1 Theoretical development for heat generation of an instantaneous point heat source

2.1.1 Heat conduction problem

The transient heat conduction equation of the composite disk, having orthotropic charac—

teristics in polar coordinate, with no internal heat generation takes the form

B, 2. 95y/3t = o2 (320 /307 + 27 8Ty /dr) + v 2. 320; /302, (i=1,2) (1)
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where T;=T;(r,0,t) denotes temperature chenge, a;? and B;? means the ratio of conductivities
and thermal diffusivity in O-direction, respectively, and are given by

ag® = Ngi/Apy,  Bi® = hgi/ev, (2)
in which )\r, Ag are the thermal conductivites in r- end 8-directions, ¢; and Y{ are specific
heat and density.

Taking into account the heat transfer on inner and outer boundaries, we may suppose for
the heat conduction of instantaneous point heat source that the temperature field resultsina
constant value of 0° as the time tend to infinity, and then, by the method of separation of
variables, the fundamental solution of eq.(l) can be obtained as

Ti=nzoszzemp(—a;26i an.:it) (A Tonlp, 1) B Yo n (P, P MC, ; sin n0+D . cos no} (3)
in which Asi, Bgi, Cni and Dy are the unknown constants, and p,g; denotes the eigenvalues,
these quantities are determined so as to satisfy the boundary conditions.

The boundary conditions for the composite disk are given by

T1/9r - hyT1=20 on r=aq, T9/3r + hoTg=0 on r=e, }(h)
T7="Tg, Ap7.0T7/0r=Apg.3T2/3r on r=Dhb.
where hg; and h, are the relative heat transfer coefficients on inner and outer boundaries.
Substituting eq.(3) into the conditions at the inner and outer boundaries givenby eq.(lL),

temperature solution can be written as
o [o~]

_ 2 .
7(p,8,T) = nzoszlemp(-wns'r)/l (w, 0) {Cns sin n6+D, _cos nb} (5)

in which the unknown constants Cyg and Dyg are to be determined from the initial condition.
And the following expressions and notations are use in eq.(5),
A(wnsp)={ul ((unso)X{oaznZ_)_’Ug(mnig)-Kwnfa_1V2 (w,lsg) Y, (i;p;é)
Uglwygp) {arnb™ Wg (w,gb) -wpga” V1 (wygh) ], (b<p <e)
Ur(wngp)={(o1na™ ~hg) Y n(wns) -tnsa Yo ns1(ng) Wo, duyep 1 (a1na” '=ha)J o p (wng) —wpga”
Joint1 (W) Yain(Wygp), Uz((uy[sD)={(0tz7’lc_1+hc)Ya2n(Kwnsg)-Kumsa‘IYa2n+1(Kumsg)}e{un(Ku)nsp)
—{(aznc_1+hc,)Ja2n(KmnSE)—Kwnsa_1J0L2n+1(|<wﬂsg)}Yum(Kwnsp), Vilwygp)={ (ina” '~hg) Xy 5 (wns)
~tnga” Yo nt1(tng) Waynr1 (Wegp) =L (drna” =hg) g 5 (wng ) -wnsa g ne1 (ns) Yane1(w,gp),
Va2 (wngp)={ (ane™  +he) Yo, n (KUne) -Kunga Yo ,nt1 (K ee) Mo ,uag (King0) -1 (aane™ #ho)d g,y (Kunse)
~Ktga gy (Kinge) Moyna1(Kingp)
Wns=Png1a, T=Bioi%a”’t, Pns27KPnsls k=B1B3 o001, p=r/a, b=b/a, c=c/a, A=Ara/Ar:. (6)
Similarly as before, from eq.(3) and the heat condition at the interface given byeq.(h),

the eigenvalues wyg for each value of n (n=1,2,...) can be determined as the positive root

of the following trascendental equation.

XU[ (wF) {uzﬂb_ 1U2 (LUE)—K&KZ_IVZ ((.UE) }—Uz ((DE) {amb_lul (wg)—wa_ lV1 (NB) }=0 (7)
If we assume that the initial condition is biven by the following relation
P(r,0,t)=Ff(r,0) at t=0 (8)

then the unknown constents C,g and Dy, included in eq.(5) can be determined from eqs.(5) and

(8), then we have the relation from these equations as follows,
[e2] o
20 ZIA(wnsp){Cns 8in nb+D,g cos nB} = f(r,6) (9)
n=0s=

Now, for eq.(9), we can operate the orthogonal transformation with respect to the trigonometric
functions and Bessel functions with the aid of the transcendental equation (7), thus the

unknown terms Cypg and Dyg are determined, and for instance Dyg can be written as
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Dns-m[Uz(wnsb) f f 2U1 (W, p) f (1, 0) cosnbdrdd+ac U1 (w, b) j j rUz(u)y,sp)f(r,O)eosnedrd ]8
a-m (lO)

in which €,=2, ey=1 (n;Z) and

T=0U2 (b ) 1202 (wyb) - 5y, (wnsh) ) j 103 (w0 dr

Otl?’L

+Ak? Ul(wnsb){ 1(wygb) - wy/a. Vl(wnsb)}f rU3 (wygp)dr, (11)

Next, assuming that the initial temperature field f(r,0) is represented by the instant-
aneous point heat source of its intensity S, assigned to arbitrary position (r, 8,), then
f(r,08) take the form ’

f(r,8) =5.8(r-r,).6(6-0,)/r (12)
in which & denotes Dirac's delta function. Substituting eq.{(12) into eq.(10), the temperature
solution for ‘the ca.se of 1nstantaneous point heat source can be written as follows

T(p,0,T) = Z z exp(- u),lls't)A(uonso)*3 ﬂICduns po) cos nd (13)

in which 64 is assumed to be zero and

Cluygpo)=Uz(tyghb)Ui(Wygpo)  for 1<p,<b,  =Ac2Uilwygb)U2(wygp,) for P<po<e, po~ro/a.
2.1.2 Thermal stress problem

Transient thermal stress problem associated with the above-mentioned temperature field

can be developed theoretically by the stress function approach for the orthotropic medium
which is correspond to the Airy's stress function method for the isotropic materials. First,
the stress-strain relations for orthotropic medium in polar coordinate can be written as

Eppi=011{0ppi101210004 10017,  €60{=07970rrita224000:1%0iT7,  Eppi=AgeiOprpi (14)
in which Oag and Eyp are the stress and strain tensors respectively, and agp the elastic con-
stants, Oy and og the coefficient of thermal expansion in r- and 8-directions.

And then, the only compativility condition to be satisfied in terms of strain components is

2

3% (r€rBi) _ 8, ,0%80%, , 3%Enni ofrri .
3706 "o’ ap 0t 367 T Gr (15)
On the other hand, stress components Oyg can be given by the stress function Xx(r,08) as follows
Opp=r 2. 8%x/30%41° 1.0y /0r,  0ge=0x/0r®, 0,q=- 3(r 1.0x/30)/8r. (16)
Substituting egs.(1lL4) and (16) into eq.(15), the fundamental differential equation in terms
of stress function X(r,0) in orthotropic medium is obtained as follows
(9% /0r"+2r 1.0% /00 B ;0 2. 0% /00 4B ;77 2. 0/0r-2B,,m7 0. 8 /00302428, 2. 3" /002002
+2(Byi+Bgs ) % 3%/802487,2 *. 3% /30" ) xy =-vi(a2/gra+(2-ug)r 1L/ Braugr 2.8%/002 r;,  (1T)
vhere, Bri=ajzi/apgi, B2i=(ajpitageil/agass Wi=opg/Qgi, Vi=0gi/aggq.
Referring to temperature solution (13), and assuming that the stress function )(,L-(p, 0,1)
take the form

© o

X3 (0,8,1) = Z Z exp(-w,lT) Ry (p )e Cluygp o) cOSNO (18)

it can be seen that the expression for Ry;(p) is determined from eq.(17) using with eq.(13),
and shown as
1) When n=0 and By;=1, v B 5
Rpi(p)= Cp14#C02ip*#C03¢ Inp +C0aip% n p+ Tq'[-fp' oa(l-an)f‘gi(p)dp+p2fp p(1+lnp)foi(p)dp
i

P 0 i
-inpf  p*fpi(p)dp-p?inpf ofps(0idp],
0; o;

2) When n=0 and B;;#1,
148 1_F. ) vy L 1+E. P o-E,
Roi(0)=Co13#C02ip7*5L +Co5ip =51 #0430 +gryg 7 | f p*foilp)dptes o L p™ T if i (0)dp
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_Ezlpz-aﬁp‘; o2*Eis,. (0)do _pzfp‘; of o (0)do1, E2=8,,

3) When n=1,
Rn(o)=011io+012~b91'”+013 P ’“+014lplno+“[ o,f ozlnpfz—b(p)dw—l—p
fli(p)dp—ngip“)”“I o2 Mp s (0)do+ oanJ' Zfzifp)dpl, Ai=14871,+2B .

4) When n> 2,

1+my4 1+mos 1-mq; 1-m 2-m
Ry (p) =Cpaqp™ 104 Cpgip 20 # Cpgpp” 1L 4 naif 7ty W[ nyip! lifo 7 x

, P .
1+Ag 1—>\1/'rp PZ‘/‘)\LX
T

0

- P o, - o

fni(o)dwmzéolmzﬁp_og Mg, (p)dp+m ) 0! '"JLI pgﬁ"”fm(o)dp m 191 ”'ZLI . ”’37«f 5 (p2cl,
1

mlz,L. and m;i are the roots of the eguation m" - (1+B_-17;+2821,'”,2)m +Byp(n —1)2= 0. (19)

The modified Michell's conditions for an orthotropic medium under a nonuniform temperature
distribution, which is the physical conditions that the displacements and rotation must be
single-valued, have already described [3]. Then, substituting x(p,6,7) into the modified

Michell's conditions, we find

2
_vgat o pAlupgp) B
Cpai== 71 % . +(ju)A(w p)]| 0, for B, =1
_ Vig? [o 3A(wgsP
Cpgs=" 711- 61)L 5o + (1-p)A(w p)] |p o, for By #1 (20)
_vig? 23/1{(»1 o)
Crgp= 7 P22 1s” - uipA(wlsp)]IFp
1 ap
In eqs.(19) and (20), p; are chosen as
pr=1 for 1<p<h, pa=c for b<p<e (21)

Thus, the stress components Oyg can be calculated from eq.(16) using with x(p,8,T) given
by eqs.(18) and (19), and the integral constants are determined so as to satisfy the boundary
conditions. For the composite medium, the boundary conditions at the interface are given by
the stress components and the displacements. Then, we have to formulate the expressions for
displacements. The stress-strain relations for the orthotropic medium are given by eq. (1),
whereas strain components in terms of displacements are

o1 -1 -1 o
=Tt AT .auei/ae, Zerei-—p .Suri/aer U

Substituting eq.(22) into eq.{1L), and using the expressions for the stress components given

e .=du_./dr, ¢

rri pi 807 #0uy /07 (22)

01

by eq.(16), displacements up; and ug; can be obtained.

Next, we consider the boundary conditions determining the integral constants. For the
composite medium, we can assume that the composite disk is bonded at the interface. It follows
from this assumption that at the interface the stress normal to the interface and the shear
stress along the one, and the displacements are continuous. Then, the boundary conditions
available for the asymmetrical thermoelastic problems are

g

rrlzo’ a =0 at r=a, g =0 a =0 at r=c¢,

rol rr2 7° ro2 (23)
Opp1™%rr2, Tro1 Oves, Yr1~Y%pz, o1~ %82 at r=b.

Thus, all the integral constants become determined values, and the distributions for the stress
components and displacements can be calculated numerically.

2.2 Theoretical development for heating on the outer boundary

2.2.1 Heat conduction problem

We consider the transient heat conduction problem under an arbitrary temperature distribu-
tion due to a heat supply on the outer surface. Now, we assume that the temperature distribu-

tion of the outer surrounding medium can be expressed as an arbitrary function f(0) of coor-
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dinate S,Wand can be expanded into the Foufier series as shown in the following form.

£(0)=1 c cosnd, co=L ['ra)as, o =% [, £(0) cos node,  (n>1) (o)
n=0

On the other hand, the initisl and boundary conditions for the composite disk are
=0, Ty=0 at t=0. (25
3T /dr - hyl =0 at r=a, AT2/3r + hyl'y = hof(0) at r=¢, } (26
T1=T;5 , Ap7+9T1/3r = Appg. 0T 2/3r . at r=»h.

In order to obtain the temperatu:(-'e solution of fundamental equation (1), we may introduce the

)
)

Laplace transformation. Performing the Laplace transform on eq.(1l) and boundary conditions
(26) under the consideration of the initial condition (25), and considering the symmetry for
0=0, then the temperature solution of eq.{1), with the aid of the separation of veriables,
can be obteined in the subsidiary space. Using the residue theorem, we may perform the inver-
sion of Lapls.cg tor;ansform, we obtain the complete temperature solution, and expressed as

= w2 i /H
7,(0,6,7) nzaszoexp( wnST)an / g €08 1 (27)

in which
B, =-cg B M1+Balnp}, 3020=-eOEBC{'X(HBGan)+Ba1np/b}, Hpgp = -By(1-eBglnb/c)-AeB, (1+Bx
1nb), Byp=-cpeBoh (a1n+B,) p® M (ain-By)p~ M7}/ (20un), B = —anBc% (M (p/B)0an+(p/bT
H(0antB, ) D™V (0 n-B, ) B~ %17 / (ayn) +{ (p/B) 2= (0/8) " %2 H (ayn#B ) D1 7= (0an-B, ) b~%1} faon] ,
Hyo= —% [ (a17+B,) D014 (=B ) b=t H (azn+cBg) (¢/b)%2"=(0yn-cB,) (¢/B)™%2"} foun +{ (aan+
#Bp) b0 (01n-B ) B~V H (auanteB,) (0/5) %2 (aon-cB,) (6/B)~%21} fan], BL = -anBc%X{- (oan
=B ) Gr#nsGsY, By = 2e,0Ba -M-0anGsikbuy g6 7}~ (01n-By) FitwygFa}-Gs{-oun(ain-B, ) F1+(can
-Bg) by gF a#anw, gF 3-bw, g Fu} ], Hpyg = A[{w2-201n(0in-Bg) YFy+(0yn-Bg ) by gF o+ (011-Bg ) wyeF s
~BunfsFy ) [an (aon+cB,,) Fs-aankow, g Fe- (0n+GBs) kbuygF 7+< 2bewfoFs 14 [ ~ (01n-By) F1+u, ;F3 1 [{ 203 x
n? (QanteB ) - (GanteB, )k D 2wl -0k e 2y ls Ys +icty, g (K2 B 2wy fg—oan (0anteB ) YFe+kbu, (k2 e i
~0an(0pnteBg) YFr+eBak *bowdsFo 1+ {-203n? (a1n-By)+(a1n-B,) b 2wl tarnw,2 Y 1+bw, g {oan (a1n-By)
W oty {oan(ain-By)-b2w 2 Y a+B bw f 'y 11 - (anteB ) F s+keuwy, g Fe 1+ [ ~c1n(ain-By ) F1+(a1n-Bg) %
Duy,  Fatoiiny gl a-bw, 2o 1 [ {~202n(0ontcB, )+ 2 e 2w g YF s+cCUng (0lan+eB ) Fo+ibuy, o (0ontcB,) Fo-k 2bex
WsFel, Bg=ahg, By=ahe, Gr=Jdy nltng! Yain(pung)~Jarn(Puns) Yoin(ng)s Ga=Jg ne1
(W) Yo n(Pyg) =d o1 (PUng) Yo 1 (ng)s Gs=dg,n(kbung) Yy ,p (kpwng)=J o m (KPins) o on (Kbums)
G7 = I pnt1 (KDUng) Yo yn (Kpns) =d g yn (Kpune) Yo,mt1 (Kbung) , F1=Gi|op » Fs=Gilpp »
Fs=Gs|p=z , F71=0G7|p=z , Fa=lon(Wng) Yo ne1(bing) o nig (bung) Yo nltnsls Fusdg ne1liys)*
Yo 1n47 (Bng) =I5 1t 1 (bioyg) Yoy ins1 (Wng) s Fe=dy,n(kbums) Yan+1(Kcwng) -doont1 (Ketys) Yoon (Kbuy,g),
Fo=d o, nt1(Kbwng) Yoy g 1(KeWyg) =T o np1 (KeWyg) Yo s 1 (KD, g) (28)
The wyg values (s=1,2,...) for each values of n (n=0,1,...) can be determined as the positive
root of the following transcendental equation
M- (01n-By) Fr+wF s Hoan(aonteB,) Fs-oankewl s— { onteBa) KDWF 7+ 2bew? Fg }
#H~a1n(a1n-Bg) F1+(01n-Bg) BuF 2+ 1nwF 3-bw?Fy H - (0onteBg ) Fs+cowFe } = 0 (29)
and the values of w,g for &=0 are zero.
2.2.2 Thermal stress problem
Now, we consider the thermal stress problem. Referring to the temperature solution given
by eq.(27), we may develop the theoretical formulation in the similar manner as the above-
mentioned procedure illustrated for the case of the heat generation. Then we shall leave out
the descriptions for the thermal stress problem in this case.
3. Numerical results

For illustrative purpose to the foregoing analysis, numerical calculations are carried
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out for the first case of & instantaneous point heat source. The computation for the transient
heat conduction is carried out for the following data

b=2.0, e=3.0, A =2.0, k=0.5, o1=0,=1.0, hg=he=®, po=2.0 (30)
And the numerical results for the thermal stresses and displacements are presented for the
several cases of orthotropic material constants as shown in Table 1. Several numerical results
for the temperature, thermal stresses and displacements are shown in Figs.2-6 for several
dimensionless times in dimensionless forms. Fig.2 show the variations of the temperature
distribution, and Figs.3 and 4 show the variations of the radial and hoop stress distributions,
furthermore Figs.5 and 6 show the radial and circumferential displacements. And the isotropic
results correspond to the case IT shown in Fig.3.

From the results shown in these figures, it can be seen that the temperature, stress and
displacement distributions of the composite disk become too complicated in accordance with
the orthotropical material constants.
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Table 1 Orthotropic material constants of composite disk

Bz Bag  mp vp/vy 922

case I 0.6 1.0 1.0 2.0 2.

o

case I 0.8 1.0 1.0 2.0 2.0
caseIl 1.0 1.0 1.0 2.0 2.0 ¢
case IV 1.0 1.2 1.0 2.0 2.0
case V 1.0 1.4 1.0 2.0 2.0 )
i=2
2 £
& Tavs (8x0°) & Figure 1 Composite hollow
Tavss (-20) circular disk
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Figure 2 Temperature distributions along 6=0° and interface
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