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Abstract

A novel semiparametric regression model for censored data is proposed as
an alternative to the widely used proportional hazards survival model. The
proposed regression model for censored data turns out to be flexible and
practically meaningful. Features include physical interpretation of the re-
gression coefficients through the mean response time instead of the hazard
functions, and a rigorous proof of consistency of the posterior distribution.
It is shown that the regression model obtained by a mixture of parametric
families, has a proportional mean structure (as in an accelerated failure time
models). The statistical inference is based on a nonparametric Bayesian
approach that uses a Dirichlet process prior for the mixing distribution.
Consistency of the posterior distribution of the regression parameters in the
Fuclidean metric is established. Finite sample parameter estimates along
with associated measure of uncertainties can be computed by a MCMC
method. Simulation studies are presented to provide empirical validation of
the new method. Some real data examples are provided to show the easy

applicability of the proposed method.
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1 Introduction

The framework of generalized linear models (GLM) popularized by McCullagh
and Nelder (1989) is arguably one of the most flexible statistical tool and is used
extensively in almost all fields of applications. However, such a flexible framework
is not widely available in the area of survival regression models for censored data. A
key motivation of this article is to develop a flexible class of regression models that
are similar in spirit to the GLM but retaining the semiparametric structure of the
widely used proportional hazard (PH) models. It is shown that such an objective
may be achieved by a class of mixture models where the mixing distribution is left
unspecified.

An important feature of most of the semi-parametric regression methods with
censored data is to keep the error distribution unspecified (and hence estimate
it nonparametrically). A parametric form is usually specified for the regression
function using some link function. However, for regression models with censored
data, the link is specified through the hazard function of the response (usually
the survival time) instead of the familiar mean response. The Cox proportional
hazard regression model (Cox, 1972) and the associated partial likelihood theory
of estimation was a breakthrough in developing a flexible method of regression for
censored data. The huge success of PH models testify the many needs for this type
of semiparametric regression models.

The structure of PH is quite different from the usual GLM for regression, in
that the link function is not specified via the mean but rather through the hazard
function. The so-called PH structure is interesting but it may be hard to interpret

the regression coefficients. Sir D. Cox himself once remarked (see Reid, 1994) that

“Of course, another issue is the physical or substantive basis for the
proportional hazards model. I think that’s one of its weakness, that
accelerated life models are in many ways more appealing because of
their quite direct physical interpretation, particularly in an engineering

context.”

An Accelerated Failure Time (AFT) model is characterized by specifying the con-
ditional survival function, S(¢t|Z = z) of survival time, T" given the covariates,
Z = z, as S(t|z) = So(tg(zTB)), where Sy(-) is an unspecified baseline survival
function. If Sy(-) is specified parametrically (with possibly some unknown pa-

rameters), then we get a parametric AFT model. Under such parametric models
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estimates of the regression coefficient 3 can be obtained by maximum likelihood
or Bayesian method, for a given completely known link function g(-). The para-
metric AFT models have such direct physical interpretation but the parametric
models lack the semi-parametric appeal of the PH models. Therefore, other types
of regression models for censored data that retain simple physical interpretation
and a semi-parametric appeal, are desired.

Among the various extensions of the traditional linear model, the AFT mod-
els and the least squares method to accommodate the censored data seems most
appealing, simply because the model is well known, widely used, well understood
and well tested (see Wei, 1992). Some early attempts of such extensions are due
to Miller (1976) and Buckley and James (1979). However, no rigorous proof of
consistency was presented and the iterations in the computation of the estimate
may not converge. Koul et al. (1981) developed a simple least square estimation
method based on “synthetic data”, as termed by Leurgans (1987). The main idea
of this approach is to replace the censored observations by a set of estimated “re-
sponses” and then obtain the usual least square estimate for regression parameters
based on the such estimated responses. Using a U-statistic representation, Koul et
al. (1981) showed that their estimates are consistent and asymptotically normal
under some regularity conditions. Following on this simple idea of using synthetic
data several extensions of the method have appeared in the literature that uses a
more efficient way to obtain estimated responses (see Zeng, 1984, Lai et al., 1995,
Zhou, 1992 and references therein). These developments have been very exciting
but generally lacks stability of the estimators and hence are not as widely used as
the PH model.

A flexible class of semiparametric regression models have been developed in
this article. The proposed method of parameter estimation is quite different as
compared to the “synthetic data” approach. But the proposed method is similar
in spirit to the previous approaches in terms of having a physical interpretation of
the regression estimates. It is shown that a class of mixture models can be used to
obtain proportional mean models. This is also satisfied by the familiar accelerated
failure time models if the baseline survival function, S(-) is left unspecified and
is estimated nonparametrically (see Jin et al., 2003). However it is generally not
straightforward to obtain an estimate of the asymptotic variance-covariance ma-
trix of the regression parameter, 8 and Jin et al. (2003) and Park and Wei (2003)

used a resampling method to obtain such an estimate. For our proposed mod-



els, such estimates can be computed easily from the posterior variance-covariance
matrix of 3. Another class of models related to our approach would be the trans-
formation models (see Chen, Jin and Ying, 2002 and Cheng, Wei and Ying, 1995),
where the survival time is transformed using an unspecified monotone function but
keeping the error distribution completely known. However under this model the
estimated transformation may not be a smooth function and hence lacks straight-
forward interpretation enjoyed by AFT models. Because of the straightforward
implementation of the Markov Chain Monte Carlo (MCMC) method in a mixture
model, we find that a nonparametric Bayesian perspective with a mixture model
is particularly attractive. Moreover, we show that such computationally intensive
methods can be easily implemented using freely available softwares like WinBUGS
(Spiegelhalter et al., 1999). In addition to the computational stability and sim-
plicity of the proposed method, using the results similar to that of Ghosal et al.
(1999), we show that the posterior distribution is consistent.

The rest of this article has been organized as follows. In Section 2, the mixture
model is described along with proportional mean interpretation for the regression
parameters. In Section 3, we discuss how Markov Chain Monte Carlo (MCMC)
method can be easily implemented to obtain the estimates based on posterior
distribution of the parameters. We discuss posterior consistency of the proposed
model is presented in Section 4. Simulation studies are presented in Section 5.
Finally, in Section 6 we present couple of real data examples to illustrate our
method. Proofs are presented in the Appendix.

2 The Proportional Mean Regression Model

Mixture models have been used for a variety of inference problems including density
estimation, clustering analysis and robust estimation; see Lindsay (1995), McLach-
lan and Basford (1988), Banfield and Raftery (1993), Robert (1996) and Roeder
and Wasserman (1997). In the Bayesian context, mixture models for density es-
timation were introduced by Ferguson (1983) and Lo (1984) who used a Dirichlet
process prior on the mixing distribution and obtained expressions for Bayes esti-
mates. Escobar and West (1995) developed this idea further and provided MCMC
algorithms for the computation of the posterior distribution of parameters of a
normal mixture model. The choice of the kernel depends on the range space of

the variable of interest. For the entire real line, the normal kernel is usually



used. A beta kernel has been considered for densities on the unit interval (see
Petrone, 1999), while a gamma, Weibull or lognormal kernel seems to be appro-
priate on the positive half line (see Kottas and Gelfand, 2001). More generally,
Feller approximation techniques can be used as shown by Petrone and Veronese
(2002). Consistency and rates of convergence issues for Bayesian density estima-
tion in mixture models have been studied by Ghosal et al. (1999), Ghosal and
van der Vaart (2001), Ghosal (2001) and Petrone and Wasserman (2002). For
survival models without covariates, consistency has been studied by Ghosh and
Ramamoorthi (1994), Ghosh et al. (1999) and Kim and Lee (2001). In this article
we propose using an infinite mixture of standard parametric distributions (such as
the Weibull distributions) to model the conditional distribution of a survival time
given a set of covariates.

For each subject ¢ = 1,...,n, let T; denote the failure time and C; denote
the censoring time. The observed survival data are X; = min(7;,C;) and A; =
I(T; < C;), where I(+) is the indicator function; these and all other variables are
independent across i. Let Z; denote a p-dimensional vector of covariates associated
with subject 7. Assume that for each subject ¢ the conditional survival function of

T given Z = z (suppressing the subscript 7) is given by,

S(t]z.8) = / " Syt ug(=T B dH (u), (1)

where Sp(+) is a survival function with a specified functional form, but may involve
additional unknown parameters. The link function g : R — [0, 00) is completely
specified. The mixing distribution function H(-) is left unspecified, which will be
estimated nonparametrically with the constraint H(0) = 0. It follows that the
density of T" given Z = z is then given by

plt]z.B) = / " u(t/ug(278)) (g (=7 B)) " dH (), 2)

where pj, is the density function corresponding to the survival function S,. Notice
that (??) leads to an AFT model with So(t) = [° Sb(ﬁ) dH (). In other words, the
baseline survival function is modeled as a mixture of parametric survival function
with an unknown mixing distribution.

Let m = [ tpy(t)dt = [;° Sy(t)dt stand for the mean of the distribution with

survival function S,. Then
B(T]z,0,0) = mg(="8) [ ndH(w) 3)
0

5



and hence we obtain the proportional mean model,

E(T]z1.8) _ g(=18)
E(Tlz2.8)  9(z1B)

As a consequence of the above property in equation (??), we will call the proposed

(4)

model as Proportional Mean Regression (PMR) model. In most applications a

logarithmic link is chosen for g7', that is, g(w) = ¢“. Putting in the equation

(7?), we obtain, - )
E(T|z, 8
o (Errfee ) = =1~ =9

which provides an easy interpretation of the parameter B8 as the unit change in
the logarithm of the mean response with respect to a unit change in the covariate.
Henceforth, we shall assume the logarithmic link function. Note that the mixing
distribution H(-) has been left completely unspecified.

We shall use a Weibull survival function with an unknown shape parameter as
a choice for Sy, i.e., we assume that Sy(t,a) = e*". The distribution with sur-
vival function e7**/** will be referred to as Weibull (o, A) distribution, the Weibull
distribution with scale parameter A and shape parameter . One may use other
parametric families such as log normal or gamma. More generally, any parametric
family supported on the positive half line may be considered. All these families,
particularly the Weibull and the gamma, form very flexible classes of life distribu-
tions. However, unlike the gamma or the lognormal family, the Weibull distribution
enjoys the advantage that the survival function does not involve transcendental
functions, and hence it will be easier to explicitly write down the likelihood for
censored data. It is interesting to notice that mixture of Weibull distribution (as
in (?7)) can be seen as a location mixture model on a log-scale. More specifically,
for Weibull mixtures, when we choose a log-link for g~1, the conditional density of

Y =log(T) given Z = z is given by
p(ylz.B8) = / " (e ug(27B)) (ng (278)) " dH (1),
_ / " oy — log(u) — 278)) (ug(=" ) dH (1)

0

where f,(t) = exp{t—e'} is the Gumbel’s Extreme value density. Thus log(u) takes
the role of the location parameter and « the scale parameter in the above location
mixture. Therefore, letting & — oo, mixtures over y can approximate any arbitrary

density in the total variation distance. As the total variation distance is invariant



under monotone transformations, the same conclusion holds in the original scale.
Thus, Weibull mixture can adequately represent an arbitrary density in (77).

A likelihood based method to estimate the parameter 8 would require maxi-
mization of over the space of all distributions H(-) with the property H(0) = 0
and the shape parameter «. Such an approach may yield efficient estimates for
B and under regularity conditions a large sample estimate of the standard error
of the estimate can be obtained. Optimizations over such large space of param-
eters may be computationally challenging. Alternatively, one may use a set of
estimating equations (see Jin et al., 2003) to obtain parameter estimates. However
it turns out that for semiparametric AFT models such estimating equations can
be non-monotone and leads to multiple solutions. In our nonparametric Bayesian
approach, we use MCMC method to obtain the marginal posterior distribution of
B by integrating out the nuisance parameters H(-) and «.

Prior distributions play a crucial role in Bayesian inference. Informative priors
can be used if deemed plausible. However, in the present set up, it is desirable to
choose the prior distribution by some default mechanism. A priori, it is assumed
that («, 8) is independent of H(-), and that H(-) has a Dirichlet Process (DP)
Prior, denoted by DP(M, Hy(+)) with base measure H,(-) and precision parameter
M. The proposed model can be equivalently written as a Bayes hierarchical model

as follows:

T
T\ Z;, o, iy 3 ~ Weibull (a,uieziﬁ)

wlH() A H()
H() ~ DP(M,Hy)) (5)
(.8) ~ m(a.B)

where the joint density 7(«, 8) is usually chosen to be of the product type and
often taken to be the diffuse uniform prior on R? x (0,00). A moderate value of
M is usually chosen. Let IT denote the joint prior distribution of («, 3, H). Note
that from the properties of a DP it follows that,

B(HO) s o) = 7 Ho () + 57 Hal), (6)

where H, () is the empirical distribution function of pq, ..., p,. However, these
latent variables 1, ..., u, are not directly observable, and hence the posterior

distribution may only be computed by MCMC methods. In the next section we



discuss how to obtain the posterior distribution of the parameters given the ob-
served data {(X;, Ay, Z;),i=1,...,n.}

3 Model Fitting

For the proposed PMR model, the posterior distribution of the parameters can not
be obtained in a closed form. Gibbs sampling with a data augmentation step will
be used to obtain MCMC samples.

First assume that T;’s are indeed observed. In this case, a simple strategy to
obtain samples from the posterior distribution of (3, «, H(-)) can be described as
follows (see Dey, Muller and Sinha, 1998):

Gibbs Sampling: Initialize the parameters B8 and o(®. At the k-th iteration of
the Gibbs sampler the full conditional density of u; given (,B(kfl), atk=1), ul(kfl), [ #
i,T;, Z;) is given by,

o(Ti| 2, p, %70, 8% V) Hy(),  with probability g}’
VI > 0) 4+ M I < i), with probability g, I # i,

where . )
oo oy Z i, 1, o=, g1 it <i
I3 Ml(k_l)pb(ﬂ|zi7ﬂl(k_l)7 O((k_l)“B(k_l)) Fl>i

and -
Q(()IZC) X M/ pb(ﬂ|Zz7uv a(k_l)uﬂ(k_1)>de(M>7
0

such that qé’:) + > i ql(f) = 1. Note that if we choose a conjugate base measure
Hy(+) , the above integral can be evaluated analytically and hence samples can be
obtained by an inversion method. Otherwise a numerical one-dimensional integral
can be used to compute ¢f.’s. For our model we may achieve conjugacy by choosing
an appropriate gamma distribution for p. The full conditional density of (8, «)

given {(,ugk),Ti, Z;),i=1,...,n} is given by,
k k
L[ p(TiZ:, " 0, B) Ey (1)
i=1

which is a log-concave density and hence a adaptive rejection sampling (see Gilks,
1992) can be used to sample from the above density. Thus a Gibbs sampler as

described above can be used to obtain approximate samples from the joint posterior
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distribution of the parameters given the observed data. If desired the posterior
mean of H(-) can be obtained from the MCMC samples using (77?).

When censoring is present, an imputation method can be used to “replace”
the censored data by the imputed values. This is done as follows. If A; = 1, set
T, = X, otherwise set T; = (UH—X;)‘“7 where U,’s are independently exponentially
distributed with means u,-eZ e .1 =1,...,n. Alternatively a finite approximation
for DP (see Ishawaran and Zarepour, 2002) can be used within the software BUGS
to implement the Gibbs sampling. In fact, for our simulation study we use a finite
approximation technique to implement the required Gibbs sampling using BUGS.
This is achieved by introducing latent variables L = (Ly, ..., L,) which indicate
the group membership for the hidden variables u;’s. More precisely, (?7) can be

written as,

T
Ti|Li,a, 3 ~ Weibull(a,pJLieZiﬁ)

Li|w T Multinomial({1,..., N}, w)
1271 Zfzvd Hb('),lzl,...,N

M
~)

M
~  Dirichlet(—. ...
w iric et(N, ,
(,B) ~ =(a,B)

where N is chosen appropriately to approximate the DP. Notice that, L; € {1,..., N}
takes random multinomial values with Pr[L; =] = w;, for [ = 1,..., N. The above
hierarchical framework which uses a finite dimensional Dirichlet distribution (with
N possibly depending on n) can be used for programming in BUGS. For instance,
we may use N = /n for large n and N = n for small n (see Section 5 of Ishwaran

and Zarepour, 2002 for more details).

4 Consistency of Posterior Distribution

Consistency is an important desirable large sample property of the posterior dis-
tribution which provides a useful validation of a particular Bayesian method in
use. For discussion and examples of a of inconsistency, the readers are referred to
Diaconis and Freedman (1986) and Ghosh and Ramamoorthi (2003). A celebrated
theorem of Schwartz (1965) gives sufficient conditions for posterior consistency

in terms of conditions involving the existence of appropriate tests and the prior
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positivity of a neighborhood defined by the Kullback-Leibler divergence. Useful
extensions of Schwartz’s theorem are given by Barron et al. (1999) and Ghosal et
al. (1999). The goal of the present section is to justify our Bayesian analysis of
the PMR model by posterior consistency.

We shall assume that the domains of Z, 3 and «, and the support of H are com-
pact. The compactness assumption is agreeably somewhat restrictive. However,
unbounded scale mixtures are often known to misbehave in terms of asymptotic
properties. Also, we assume, without loss of generality that 0 is a possible value
of the covariate Z. If not, we may shift the covariates to satisfy this condition.
We further assume that the true density py of T' given Z = z is actually a scale

mixture of Weibull:
T T
po(t|2) :/O‘O(N‘fﬁoz)_aot%_l exp(—(t/pePo #)%0)dHo ),

so that ag, B, and H, are respectively the true values of the parameters o, 3
and H. The covariates are assumed to be i.i.d. with an absolutely continuous
distribution supporting the vector 0 on R?. The density of Z at z will be denoted
by q(z). Let faﬂ,H(x, J, z) stand for the joint density of (X, A, Z), that is,

p(zla, B,2)q(z), it A=1,
faﬂvH(x’(S’ 2) = { S((x||a,ﬂ,z>)q((z)), it A =0,
where p(z|a, 3, z) and S(x|a, B, z) are as defined in equations (2) and (1), respec-
tively. Note that the class of distributions that are supported in a given compact
domain is also compact with respect to the weak topology on the space of probabil-
ity measures. Hence the parameter space of («, 3, H) with respect to the product
of Euclidean, Euclidean and weak topology, is also compact.

The following is the main theorem of this paper.

THEOREM 1. Suppose that the prior density w(c,3) for (a,3) has compact
support containing (o, B,) and the base measure Hy of the Dirichlet process has
compact support that contains the support of Hy. Then the posterior distribution
(e, B, H) € |(X1,A1),..., (X0, Ay)) of (a, B, H) given (X1,A1),...,(Xn, Ay)
1s consistent with respect to the Fuclidean distances on (3 and « and the weak

topology on H, that is, given any € > 0 and a weak neighborhood N of Hy,
H{<aa/37H) : |Oé - a0| <é¢, |/6 _130| <g, H €N|(X17A1)7- s (X’mAn)} —1

almost surely in P(‘i:OﬂO’HO)—probability.
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This gives a large sample justification of our procedure. The proof of Theo-
rem 77 is given in the Appendix.

If the covariates are not random, but arise deterministically from a design, then
by largely a similar analysis and using posterior consistency results for indepen-
dent, non-identically distributed observations as in Amewou-Atisso et al. (2003),
consistency will follow if the values of the covariate gradually fill up its range space

as the sample size increases. The details are omitted here.

5 A Simulation Study

We performed extensive simulations to explore the sampling properties of the Bayes
estimates obtained by the proposed method. We present only some of the signifi-
cant findings from our simulation experiments. In order to perform the simulation
experiments, we generate the data from the model (??). In particular we use the
following data generation scheme:

Data Generation Process (DGP): Fix true values B, = (—0.5,0.5),a9 = 1.0
and the sample size n = 50, 100 and 200.

1. Generate U; w Beta(3,3) and set Z; = 6U; — 3. This ensures that support

of Z,;’s is compact.

2. Generate [1; Weibull(a* = 1, u* = 2). This means that the mixing distri-

bution is also a Weibull distribution.
3. Generate T; ~ Weibull(ag = 1, uieZiTBO)

4. Generate C; i Weibull(a*, 24*). We also perform simulation where C;’s are

inde T
allowed to depend on Z;’s. In particular we generate C; i Weibull(o*, 4.5¢Z 6).

These choices of censoring variable ensure that the censoring rate is about

30% on average.
5. Set X; = min(7;,C;) and A; = I(T; < )
6. Observed data: {(X;,A;,Z;);i=1,...,n}

We fit the semiparametric Bayesian model to the data generated from above
DGP and repeat the method 500 times with a fixed burn-in time of 500 iterations
followed by a sample of size 1000 from the posterior distribution of 8 and a. We

11



have tried several combinations of true values, mixing distributions and censoring
variables for our simulations. In this article we present results based on only
one set of true values for four different samples sizes and two different censoring
mechanisms.

The results are presented in Tables 1 and 2 by increasing sample size. In each
table we present the average five-number posterior summary values, viz. posterior
mean, posterior sd, posterior 2.5% and 97.5% percentiles and the posterior me-
dian with associated standard error (s.e.) from 500 Monte Carlo repetitions. In
addition, we also present the coverage probability (cp) based on a 95% equal-tail
posterior interval obtained by posterior 2.5% and 97.5% percentiles. For example,
in Table 1, for n = 100, the entry —0.491 for (3, is the average of 500 posterior
means with s.e. 0.172 (which is the standard deviation of 500 posterior means).
Similarly the entry 0.166 is the average of 500 posterior sd’s with s.e. 0.027. Fi-
nally, a cp of 0.935 means that 93.5% of 500 posterior 95% intervals (based on
posterior 2.5% and 97.5% percentiles) contained the true value of 5 = —0.5. We
observe that at an average censoring rate of about 30% the Bayes estimates (i.e.
posterior mean and median) are nearly unbiased as sample size increases and also
the coverage probability of a 95% posterior interval approaches the nominal value
of 95%. In addition, we see that the average length of a 95% posterior interval
decreases with increasing sample size, thus making the intervals tighter. For in-
stance, for (B, the average length of 95% interval drops from 0.977 (for n = 50)
to an average length of 0.467 (for n = 200). Similar observations can be made
based on Table 2. These results numerically assert that consistency of posterior
distribution of 3 and a. We repeated similar studies for other mixing distributions
and for lower and higher censoring rates, the results were very similar to what we
see in Tables 1 and 2.

6 Applications to real data sets

We now apply our proposed models to some popular real data sets that have been
analyzed by other authors. In particular we fit our semi-parametric models to
ovarian cancer data set (with n = 26, small sample size) and multiple myeloma

data set (with n = 65, moderate sample size).
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n = 50
mean  sd 25%L  97.5%U median  cp
61 | -0.505 0.244 -1.000 -0.036  -0.501 0.927
s.e. | 0.273 0.053 0.313 0.288 0.271
By | 0.516 0.248  0.055 1.032 0.534  0.928
s.e. | 0.253 0.055  0.269 0.289 0.253
« 1.116 0.241  0.721 1.641 1.134  0.948
s.e. | 0.224 0.051 0.148 0.289 0.233
n =100
mean  sd 25%L  97.5%U median cp
61 | -0.491 0.166 -0.821 -0.165  -0.483 0.935
s.e. | 0.172 0.027  0.192 0.170 0.173
By | 0.494 0.167 0.172 0.828 0.491 0.938
s.e. | 0177 0.027  0.178 0.197 0.176
« 1.032 0.188  0.716 1.430 1.021  0.954
s.e. | 0.176 0.042 0.115 0.235 0.183
n = 200
mean  sd 2.5%L  97.5%U median  cp
61 | -0.502 0.121  -0.753 -0.279  -0.504 0.949
s.e. | 0.123 0.009 0.113 0.098 0.102
Gy | 0.497 0.118  0.261 0.728 0.496  0.948
s.e. | 0.120 0.013 0.131 0.139 0.129
a | 099 0.152  0.727 1.305 0.967 0.951

s.e. | 0.145 0.034  0.072 0.168 0.128
Average observed censoring 29.25% (range 10% - 40%)

Table 1: Sampling properties of Bayes estimates when the censoring mechanism
does not depend on covariates. True values: 3; = 0.5, 0 = 0.5, = 1.0. The s.e.
denotes the standard deviation of the corresponding posterior summaries (e.g.,

mean, sd etc.) over 500 replications.
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n = 50
mean  sd 25%L  97.5%U median  cp
61 | -0.487 0.234 -0.953 -0.028  -0.487 0.925
s.e. | 0.258 0.063  0.283 0.282 0.258
By | 0.502 0.233  0.037 0.956 0.503  0.928
s.e. | 0.248 0.052  0.266 0.278 0.248
« 1.121 0.244  0.723 1.654 1.137  0.945
s.e. | 0.239 0.053 0.153 0.309 0.247
n =100
mean  sd 25%L  97.5%U median cp
61 | -0.489 0.159 -0.819 -0.175  -0.489  0.939
s.e. | 0.165 0.024 0.188 0.168 0.169
By | 0.495 0.163  0.179 0.817 0.493 0.940
s.e. | 0.167 0.021 0.172 0.190 0.171
o' 1.029 0.179  0.710 1.422 1.018  0.953
s.e. | 0.168 0.038 0.108 0.230 0.177
n = 200
mean  sd 2.5%L  97.5%U median  cp
61 | -0.502 0.115 -0.746 -0.280  -0.503 0.950
s.e. | 0.123 0.009 0.113 0.098 0.102
Gy | 0.501 0.105  0.287 0.709 0.500 0.949
s.e. | 0.110 0.010 0.126 0.133 0.124
« 1.004 0.144 0.719 1.294 0.990 0.949

s.e. | 0.140 0.028  0.067 0.160 0.121
Average observed censoring 32.34% (range 15% - 42%)

Table 2: Sampling properties of Bayes estimates when the censoring mechanism
depends on covariates. True values: #; = 0.5, 35 = 0.5, = 1.0. The s.e. denotes
the standard deviation of the corresponding posterior summaries (e.g., mean, sd

etc.) over 500 replications.
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mean sd  25%L 97.5%U median
G 1-0.922 0.243 -1.460 -0.487 -0.911
o | 2470 0.640 1.330 3.760 2.440

Table 3: Posterior summaries of the regression parameter (3) and the shape pa-

rameter (o)

6.1 Analysis of ovarian cancer data

Consider a study on ovarian cancer as reported in Edmunson et al. (1979). In this
study n = 26 patients were monitored and age for each patient were also recorded.
Let X, denotes the number of days patient ¢ was on the study. For each patient,
let A; denote the age (recorded as number of days per 365.25). It was of interest to
find a relation between the X;’s and the A;’s using statistical regression methods.
However in this study 53.84% of the observations were censored. We obtained the
posterior distribution of 3, under the model log[E(T'|Z)] = AS.

Using the proposed semiparametric method based on Weibull mixture models,
we obtain the summary of the posterior distribution of (3, «) using the Gibbs
sampling algorithm described in Section 3. In order to maintain numerical stability,
we transformed the X; to X;/500 and also standardized the covariate age to Z; =
(A; — A)/sd(A), where A and sd(A) = 10.1 denote the sample mean and standard
deviation of A;’s. The results are summarized in Table 3. In addition, we can
obtain the entire posterior density of a and g based on MCMC samples. In Figure
1, we plot the trace and kernel density estimates of («, 3) based 2000 burn-ins and
5000 samples from three independent chains. From the plots it appears that the
chains mixed well and there were no apparent problems with convergence to the
stationary distributions. The MCMC diagnostic software CODA available in Splus
and R was also used to check convergence. The Gelman-Rubin 50% and 97.5%
shrink factors (based on three dispersed starting values) was found to be 1.00 and
1.01, respectively for 3, which indicates good mixing (as also evident from the
trace plots in Figure 1).

From Table 3, it is apparent that age has a significant negative effect on the
mean survival time. More precisely, for unit increase in age (in days/365.25), the
expected survival time (on the log scale) decreases by 44(= 0.9 % 500/10.1) days

for patients with ovarian cancer. This type of straight forward interpretation is
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MCMC output

Trace of alpha Kernel density for alpha
(5000 values per trace) (15000 values)
o ©
- T ovarang e ©
<
« o
5_ o
« N
o
© o
2000 4000 6000 0 2 4
iteration alpha
Trace of beta Kernel density for beta
(5000 values per trace) (15000 values)
N — ovariani— ovarian3
© ) —
©
©
o
o
<lr o
2000 4000 6000 -2 -1 0
iteration beta

Figure 1: Trace and density plots based on MCMC samples from the posterior

distribution of («, 3) for the ovarian data
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possible only for these kind of AFT models.

6.2 Analysis of multiple myeloma data

We analyze a data set on multiple myeloma reported by Krall et al. (1975). This
data has recently been analyzed by Jin et al. (2003) using a semiparametric AFT
model. We compare our findings to that of Jin et al. (2003). In this study n = 65
patients were treated with alkylating agents and survival time (in months) were
monitored along with several prognostic variables.

In order to compare our results to that of Jin et al. (2003) we select log
of the blood urea nitrogen measurement and the hemoglobin measurement, both
measured at diagnosis as the covariates and standardize them to bring numerical
stability. In other words, we fit a model such that log(E(T|Z)) = Z*3, where
Z = (Z1,Z5)T denotes the vector of standardized covariates and B = (81, 32)”
denotes the vector of regression coefficients to be estimated. Similar to the previous
application we ran 3 independent parallel chains to draw MCMC samples from
the posterior distribution of («,3). In Figure 2, we plot the trace and density
estimates of («, 3) based 5000 samples from three parallel chains after a burn-in of
2000 samples. The Gelman-Rubin 50% and 97.5% shrink factors (based on three
dispersed starting values) was found to be 1.00 and 1.01, respectively for 3, which
indicates good mixing (as also evident from the trace plots in Figure 2). It appears
that there is no problem of convergence of the samples to stationary (posterior)
distribution.

Based on the final 15000 samples we compute the posterior summaries of («, 3)
and present these values in Table 4. First notice that the posterior means and
median of 3 are quite similar to those obtained by Jin et al. (2003), which are
presented in (). Also from the posterior MCMC samples of 3 we can easily obtain
the posterior correlation coefficient of 3 to be Corr (3, 52|data) = —0.187. This is
clearly an advantage of a Bayesian method over the frequentist method, as almost
any posterior summary can be computed from the posterior samples generated by
the MCMC method. Note that, Jin et al. (2003) had to use a resampling method to
compute the asymptotic variance covariance matrix of B In contrast, our method
produces the entire posterior density of B using a relatively simple code in WinBUGS
(that can be obtained from the first author). Further, our interval estimates of 3
as presented in Table 4, are based on the exact (finite sample) posterior percentiles

as compared to large sample normal percentiles of Jin et al. (2003).

17



MCMC output

Kernel density for alpha
(15000 values)

Trace of alpha

(5000 values per trace)

N — myelomat myeloma3

- myeloma2

<
0
© —
<
Q.
© o~
—
To)
d o
2000 4000 6000 0.6 0.8 1 1.2
iteration alpha
Trace of beta[1] Kernel density for beta[1]
(5000 values per trace) (15000 values)
N — myelomat myeloma3 N
- myeloma2
—
—
o o -
2000 4000 6000 -1.5 -1 -0.5 0 0.5
iteration beta[1]
Trace of beta[2] Kernel density for beta[2]
(5000 values per trace) (15000 values)
N
T velomaz e N
—
i =] —
2000 4000 6000 -0.5 0 0.5 1
iteration beta[2]

Figure 2: Trace and density plots based on MCMC samples from the posterior

distribution of («, 3) for the myeloma data
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mean sd 2.5%L  97.5%U  median
051 -0.534 0.175 -0.870 -0.190  -0.531
freq est. | (-0.532) (0.146) (-0.818) (-0.246)
0o 0.202 0.168 -0.128 0.528 0.199
freq est. | (0.292) (0.169) (-0.039) (0.623)
« 1.040 0.074 0.885 1.170 1.050

Table 4: Posterior summaries of the regression parameter (3) and the shape pa-
rameter (). Within () corresponding frequentist estimates obtained by Jin et al.
(2003) are presented.

For this study, it appears that log of the blood urea nitrogen measurement
has a significant negative effect on the log of the mean survival time, whereas
hemoglobin does not seem to have a significant effect. Based on our study we
may conclude that, for unit increase in log blood urea nitrogen, the expected
survival time decreases by 5.53(= exp(—0.534/0.312)) months for patients with
multiple myeloma. This again illustrates the straight forward interpretation of the
regression coefficients based on semiparametric PMR/AFT models.

Appendix

In this section, we prove the main theorem by verifying the conditions of the
following general result .

THEOREM 2. Let Yy, ...,Y, be i.i.d. with density p lying in a class P of proba-
bility densities which is compact under the total variating metric. Let Il be a prior
on P and py be the true value of the density and let Py be the probability measure
corresponding to py. If for all € > 0,

H{pEP:/polog@<5}>O,
p

then the posterior distribution is consistent at py under the total variation (or the
L) distance a.s. [P§°], that is, for all e > 0,

H{pEP:/]p—po\<€|Y1,...,Yn}—>1 a.s. Bg°.

19



PROOF. Observe that a compact set has finite metric entropy. Taking P itself
as the sieve at each stage, (ii) of Theorem 2 of Ghosal et al. (1999) is satisfied.
Alternatively, as P is compact under the variation distance, which gives a topology
stronger than the weak one, the two topologies actually coincide on P. Thus,
total variation neighborhoods are also weak neighborhoods. As Schwartz’s (1965)
testing condition is satisfied for the weak topology (see Theorem 4.4.2 of Ghosh
and Ramamoorthi, 2003), the result follows. O

To verify the conditions of Theorem 7?7, we shall need the following three lem-

mas.
LEMMA 1. The model is identifiable.

PRroOF. Let f, 3 4 (x,6,2) = fon 3 1, (2,6, 2) for all (z,6,z). Putting 6 =
1, we can work only with the first term in the definition of f_ B Hence for all

(2,2),
/0 " (e By exp [ (/ue By a ()
= | anlue By e expl e Py ). (0
Putting z = 0, (??) reduces to
[ e el o)t ()

B /000 agp 2~ expl—(x/p)*2]d Ha (1) (8)

for all x > 0. Taking ratio, letting z — 0 and using the dominated convergence
theorem (DCT), we obtain

i gor—er — o cap” M dHL(p)

z—0 Jo agume2dHa(p)

(9)

Because of compact supports, the right hand side (RHS) of (?77) is a finite positive
number, while the left hand side (LHS) is so only when a; = as. Thus it follows
that a1 = ay = «, say. Using the transformation g +— p=* and letting H,
and H; respectively as the probability measures induced from H; and H, by this

transformation, we obtain, for all x > 0,
/ Xexp[—Az®]dH,(\) = / X exp[—Az|dHy(N). (10)
0 0
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Thus the Laplace transforms of the two measures AdH;(\) and AdH;()\) agree
everywhere, implying that the measures are themselves equal. Hence H; and H,
are equal and so are H; and H,.

Now going back to (?7), letting x — 0 and using the DCT, we obtain, for all
z, e %0 — e‘zTﬁ2, and so B, = B,. This completes the proof. O

LEMMA 2. Consider the product topology on (o, 3, H), where o and B are
gwen the usual Euclidean topology and H the weak topology. On the densities
fop3 (2,0, 2), put the total variation (or the Ly) distance defined as

8ot~ Fun Byl = [ [ 1o (08.2) = g, 8. 2] dadz. (11

Then
”fozl,,,BV,Hl, - fa,ﬁ,H” — 0
if and only if (v, B,, H,) — (a, 3, H). In other words, the variation topology on

the densities is equivalent to the product topology on the indexing parameters.

ProOOF. For the “if” part, it suffices to show that the densities converge point-
wise and then apply Scheffe’s theorem. Fix (z,d, z). We shall show the proof only
for 6 = 1.

As yhas a fixed compact range, the integrand az®~ ! (ue? B) = exp[—(z /e B)a]
in the definition of f B 88 a family of functions of («, 3) indexed by p is equicon-
tinuous. For a given € > 0, find v large enough so that the integrands are e-close

for all . For such a v, in the decomposition,

o B, — foBul <Vfa g om = Fupm| Y apm —fapul  (12)

the first term on the RHS is clearly less than . The second term on the RHS
converges to 0 as ¥ — oo since H, converges weakly to H and the integrand is a
bounded continuous function of u.

To prove the “only if” part, consider any subsequence of the original sequence.
By compactness of the domains of «, 8 and i, we can extract a further subsequence
along which a,,, 8, and H, converges in the respective topologies to o*;, 8% and H*,

— 0.

say. Thus by the “if” part, along that subsequence, || fo N .- 3 -
Hence fa,BH = f. B e and so by Proposition ??, («,8,H) = (o, 3%, H*).

Therefore the original sequence must converge to («, 3, H). m
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LEMMA 3. For all € > 0,

H{(a,ﬁ,H)://faoﬂoﬂologwdxdz<€} > 0.

Proor. The log likelihood ratio is given by

pa,ﬁ,H(IB,zﬁ)

log o (2.2.0)° if § = 1,

Aa,B,H) = g By "5
» M | SQ/BH(m,Z,(S) £ 0
08— @z Ho=0.

SQO,,BOVHO( ,Z,0)

We shall show for § = 1; the other one is similar (in fact, simpler). Note that 3, a,
z are all bounded. Thus the integrand defining fm B.n is bounded above and below
by functions of the form Cz"1e®"?. Taking ratio and then logarithm, A in the tails
(in z) is bounded by a multiple of a power of x. This is integrable with respect

to the true density, and hence we can find a central region, outside which, the
f
contribution to the integral [ [ fos, B, 1o log % dxdz is small. In the central

region, the family indexed by (x, z) is equicontinuous in the parameters. Rest of
the proof follows as in that of Theorem 3 of Ghosal et al. (1999). [

PrOOF OF THEOREM ?7. Lemma 77 shows that it suffices to consider neigh-
borhoods with respect to the distance (??). Also, the space is compact. The

condition of prior positivity has been verified in Lemma ??7. The proof therefore
follows. O
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