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SUMMARY

As the numerical results for elastic structures are in general approximate it is desirable
to have bounds for the unknown stresses or displacements. Using a Hilbert space where
every state of a linear elastic structure is associated with an element f of this space, global
bounds for an unknown state f are easy to obtain, if two approximate or comparison states
f% and f~ are known

W =fN<If™ = £ or fF=risIf™ = £
where the elastic energy norm is used and where ™~ has to fulfill at least the geometrical
and /¥ at least the static conditions of the given problem. Unfortunately finite global bounds
do not exclude infinite local field quantities (e.g. stress). In this sense global bounds are
useless but nevertheless they provide some indication on the overall accuracy of the analysis.

Due to Weber loca of fcan be obtained in a point p,
if for a certain Green- ~ are available. To avoid infinite
mtegrals, the singulari his leads to the regular parts f~
and f satisfying now boundary. The desired difference

between the field quantity & and a special approximate quantity & y is then

F oy ~ Fawl < W7 = f70- U7 = 71
Usually these four comparison states are not known and the problem has been to find them,
especially f ~ and f . In this paper a method will be presented by which the four comparison

states can be computed.
Starting point is the minimal problem that results from the demand of minimal bounds
W =f~1- 1% = £~ — Min.

A transformation with the theorems of Colonetti, of Betti-Maxwell-Rayleigh and of
Southwell- Eshelby Rieder leads to four separate minimal problems for the calculation of
the four comparlson states. In particular we have for f~ and f the Dirichlet’s principle
and for f® and f ~ Castigliano’s principle.

The difficulty of the four variational problems arises from the fact that in general inhomo-
geneous essential_boundary conditions are prescribed, which have to be fulfilled exactly
(in particular for f ~ and f ~ there are already rational or logarithmic functions on the boun-
daries prescribed).

To solve these variational problems a finite element method will be established using
elements which are able to satisfy prescribed inhomogeneous boundary conditions exactly.

It will then be shown that the finite element analysis for the computation of f~ and f~
can be nearly synchronized: the final two systems of algebraic equations differ only on the
right hand side. Therefore it is only necessary 1o set up just one coefficient matrix and to
invert it once. As the same applies for £~ and f we can state that the computational work
for local bounds is not much more than that for global bounds, where only £~ and f* are
needed. Several numerical examples will be given.
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NOTATIONS
£ Tensor (underlined greek letters)
a Vector (underlined small latin letters)
A Matrix (underlined capital latin letters)
a Vector transponed
ﬁ\| Matrix transponed
Erve g = 8{/’ q," Double scalar product of two tensors of order two
with Einstein's sum-conventionj i=1,2,3; j=1,2,3
n-g = n; OLTJ. Scalar product of a vector and a tensor
[=} _é = aq; bi Scalar product of two vectors
ab = (a; bJ) Dyade product of two vectors

axb E(é"bajbh) Vector product

1 if 1,9,k = 123, 231, 312
€k =4 -1 if i,j,k = 213, 321, 132

o if two indices are equal

Symbols for differentiation:

- i ; 2 s m 2
V—lax’*z'a%*ﬁaz‘at—axi-
Divg = V-g = 0.7
Ink & = V<& =<V £ = €t Ejmn % m &,

Defw = 4 (vw +wV) £ £(qw +gw)



1. INTRODUCTION

By the dual analysis for elastic structures (Castigliano's principle
and Dirichlet's principle) we obtain global bounds to the solution or
bounds to the influence coefficients [1]. This provides already a control
on the overall accuracy of finite element results. But we will have no
information wether the stress in any considered point of the structure
is extraordinary high or even infinite. It is therefore desired to have
local bounds for any fieldvalue (in particular for stresses) of the struc-
ture. This is possible with the use of Green's function [2,3,“,5]. But
the difficulty in this concept is how the admissible approximate Green's
functions can be found and how the enormous computational work can be re-
duced towards a practical utility of the method. This paper will bring
new considerations in this field.

2, GENERATION OF FORMULAS FOR LOCAL BOUNDS

A general state of a linear elastic body is determined by geometric
and static conditions, which are imposed on the body.

Geometric conditions are given by prescribed displacements Wg on the
part Sw of the boundary and prescribed extra strains (non-elastic
strains) £9 in the interior V of the body. Extra strains could be caused

by a temperature field, magnetization or plastiec deformation. With éq

weintroduce now the incompatibility tensor
(2.1) Q = < /nk €Q

From the mathematical point of view % and Wg mean the inhomogenities of
the compatibility conditions in the interior and on the surface of the
body.

(2.2) /nk_ﬁ

2
(2.3) W= W on Sw conditions

Q .
-lnk g in ¥ geometric

Static conditions are given by prescribed forces ps on the surface 8
and 2 in the interior V. Corresponding to the extra strains we introduce
the extra stresses jrk.

(2.4) p = DivagX

From the mathematical point of view the forces p and L, mean the inhomo-
genities of the equilibrium conditions in the interior and on the surface
of the body.
(2.5) DI‘I/ G = - = _ . K :

- R Diva in ¥ static
(2.6) NG = Ps on Sp conditions

where N is the normal unit vector.
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With every elastic state of the body we associate now an element $ of a
Hilbert-space ®# . As scalar product of two states f and f we take the
elastic interaction energy [6].

2.1 {£ £} =fd--EdV =[E-.FaV
with 1v v
(2.8) L/L= Ik X - jk X = stressfunction

and
2

(2.9) £ = Defiw -£¢

a partial integration yields

2 4 1 2
(2.10) {5 £} = [ p] + [£,W] [£,p] * [F,w]
where we introduced the abreéeviations

(2.11) [f p] =, Jw-g dV "’fwz'f-’sds
(2.12) [f,\ij = = [ (nk kKX -¢*%)--E2dV
"‘3[(/’7 .X' .(_% ) 4 _vasclS

In Fig.1 we introduce for the unknown state S some comparison or
approximate states satisfying not all the prescribed geometric and static
conditions. For this comparison states it is in general possible to cal-
culate the stress tensor O (or the strain tensor), usual by using stress
or displacement functions (see (2.8) and (2.9)). With this comparison
states we can derive how much in a point x the approximate fieldvalue \}T
differs from the unknown fieldvalue at the worst [2,3,”,5]

@ | o -Fwl € s fsT s -7

with the norm notation |f| {55} and
cav o= [§7p] - [;”,WJ + {5 £ 57} Sp =1
asy % = [£p] - [F5wW] {57 5253 S =1

Qae & =[£p] - [Nw] A H {55 g -

i.e. we have upper and lower bounds for }:' . For the value 3_; we have
smaller bounds. But this is connected with more computational work for
the approximate value .g .

The type of the obtained fieldvalue F (displacement,stress etc.)
depends on the singularity which we use for the state f .

WITH THE FINI E METHOD

/To calculate the bounds in (2.13) we need the comparison states
Sf R f’g) F~ This states are in general not known and we will deter-

mine them from the condition that the bounds should become a minimum
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(3.1) D fr=s~ |- |F~-1 — M
or squared
(3.2) p* (=1 + 15 1® ~2 {5257} )
(I5~1° + 1571° -2 {85573 ) = min
For the scalar products {f% §} and {f")f“’“} we apply (2.10)
(3.3) p? = (ls™° -2[f%w] [ -2[57p] )
(F17 -2 w) 17 -2 0 8] ) —Min

s
'~

and we can deduce four different variational problems

(3.1) G~ I£%]1° - 2[5% w] — M

(3.5 G~ 1571° = 2057 p] — Min
(3.5) G [£~1° - 255 W) — Min
(3.7) ¢~ = | -2 Bl — Min

The minimization of G~ and é§~ corresponds with Dirichlet's principle
and leads to the determination of ™ and J;V . In the variational process
the demanded geometric conditions in Fig.1 for F~ and ;fN are essential
whereas the static conditions are natural.

The minimization of G~ and va corresponds with Castigliano's principle
and leads to the determination of f  and jﬂg . In the variational process
the demanded static conditions in Fig.1 for £~ and ng are essential
whereas the geometric conditions are natural.

For all the four variational problems we can write
* *q 2 *
Gy - 6T = |~ 2(F ] — Min

The finite element method will play a fundamental part for the solution

of this problem and will moreover lead to some essential reduction in the
computational work as we will see lateron. For this purpose we will divide
the state " into two parts

* * >k
3.9
(3.9) S S A
where
* x* X
(3.10) J.-;' JCB * 'fExl-ra

should fulfill the essential conditions and
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* 7 X = 1(1)N

*
(3.11) Ka »
v p'x l@:= constants

should approach the natural conditions in the variational process but with-
out violating the already satisfied essential conditions. The state J;tﬁu
meets the essential conditions in the interior (if they are inhomogeneous
at all). Tor f resp. £~ the state J;:hﬂ will be represented by -g¥
r'esp.jfQ (see (2.8) resp. (2.9)). The state Jg* takes care of the essen-
tial boundary conditions. To find a representation for the state J%*
that is actually the main difficulty of methods establishing bounds by
means of Green's function, because there are inhomogeneous boundary condi-
tions to be satisfied exactly. FTor jgv and sz (fig.1) we have even pre-
scribed rational or logarithmiec functions on the boundaries, as the singu-
larity state‘? is seperated. Because of this prescribed boundary functions,
it is in general impossible to find admissible variational functions
covering the whole domain. The interpolation problem will be easier, if
the domain is seperated in subdomains. Then the inhomogeneous boundary
conditions have only to be satisfied on the part of the boundary which
coincides with the surface of the body. For various shapes of finite
elements the author has developed interpolation functions which interpolate
not only nodal values but also boundary functions and their derivatives.
[7,5]

As the states ﬁ%f E; must satisfy the homogeneous essential
conditions (natural conditions are not specified) for any constants ﬁif
the states Z& are load- or self-stress-states (see Fig.1 and [9] ).
This states are easy to represent by usual conforming finite elements [10].
In the following we will use (3.9) together with (3.11) for the variational

process
(3.12) f* = j_;.* + BB £=1¢1) N
In particular we have
~ ~ 1 az o AR
(3.13) F \,g + B bg £ % + B bj
(rr@g” PO
(3.14) £ = £ +ﬁ(:b:n F +/é:" b:

£
m =10)§N n =1@)§*

=~

e

I
U

The comparison states £~ and drN are characterized by different inhomo-
geneous geometric conditions, which are satisfied by different states f;v
and q?" . But we can however use the same unit states b multiplied with
different parameters. As the same applies for 5% and £ ye have



b 58 L=m=1(1)g~
(3.15) ., .,
b}- b, J=n=100)g>

This ecircumstances will turn out as a great advantage in the further

computation.
%
To calculate the value G of the functional (3.8) we use now €(3.12)

and obtain
Gao G = By B +eAb, &} -2p7 (B, ]
+ {_fg")_{s*} -2 ["cs*) f] — Min i,}=1(1)7"

For the sake of simpler presentation we introduce the following matrices

and vectors
(3.17) (ﬁ*)ij {b;, b}

(3.18) “—Z*)L B

* * * % *
(3.19) ("), ~{b, &) + b, ] = (-ry + 7)),
(3.20) Z* {é: ;? "2[4;>f]
* * * * *
where v 7 b, 4} r, b, t]
Then we can write for the funtional (3.16)
% = X ¥ K _ * o * ™My
(3.21) G k Bk 2R + gt = Min
The condition for the minimum
—-,;aG)t = 0 L= 1010 g*
IB;

yields the system of equations

(3.22) B*k* =r*

*
By inverting B we get the unknown parameter

* -1 X
(3.23) RY = (B*) r
¥
We multiply now (3,22) with the calculated vector jg of (3.23)
* * 2 X _ & x - * x4\ -1 5
(3.24) R B*R"Y =kr* = r*(8%)" r

The calculation of the functional simplifies a great deal if (3.24) is
substituted into (3,21)
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(3.25) G* = - R'r* o+ y*
or with (3.23)
(3.26) G* = -r¥(B*)7r* oy

The value G is then - with the exception of J* - a by-product when the
system of equations (3.22) is solved : we just have to carry out the scalar
product of the vectors of the right side before and after the inversion.

The four variational problems (3.4) till (3.7) cause four systems of
equations like (3.,22). But we will see that it is not necessary to have
four systems. It is enough to invert two matrices 8% because (3.15) yields

(3.2 B~ = B~ and B~ = B~

This means that only two coefficient matrices have to be build up and in-
verted, which reduces the computation work by nearly one half.

Wwith (3.27) we have for the four funtionals (3.4)-(3.7)

G -x" (BT oy
& SE (BB YT
(3.28) ~ FUNE ~
G -rr(gT) T v yg
S NN A o
where
(r~); =-{b, &3 +[b,p] = (-8 +5K7)
(r*);  =={bj, %} *IBw] = (-7 + %),
(3.29) . - ,
CIN),L =_£b|'.)‘§.s'} + [bl.)ﬁ] C -E‘ + -E-2~>1_'
(Eﬁ} {b; f“} [b;,w] = (-~ + £ j
A AU A BRI )| L=1c1)g”
~ ~ £ }=1(1)q%
T =487, 47 -2047 W]

<
Hd
1

Q

e
]
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With (3.1)-(3.7) and the values of (3.28) we have for the bounds of (2.3)
(3.30) D = V(6% +6~)- (8= + &G~)

The approximate fieldvalue Jg from (2.16) we calculate with the four com-
parison states we obtained from the condition that the bounds should become
a minimum.

(3.31) x = [j:P] [F%w]  + 5 {s™sr™ F~- 5~}
We have now according to Fig.1
R N N I
and according to (2.10)
{4% 67
(£~ F7}
This we insert in (3.31)
F o= 03] -Fwl +2{6557) -4 {5748}
+5 5] -5 0F5w] #3578 -5 15 %]
With (3.13)-(3,15) and (3.29) we obtain

g =[05p - [Fw)

JB] ¢ [FY W]
(£ el + [F5 %

SRR IR R Yo ]
+3 (£ 8) -2 (45wl +E B -3KES
AR YA R AR 1 -
~4 e -k -4 EEY L EBTRS

Because of

EB R  KEBK R - KEFT o= (B

k’; B'x, e Y Bwh’k‘» _ ‘P’:’r'x R”“P’z — Y_HCBx)%Fm

- - - - - - - _-/ - - -
= F¥(B) "™

and [f = -1, +l;* (see (3.29)) some terms disappear
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LR IR CAM RS SFANIIRS JESE I RRS SESANIES 1€

E=IFpl -3 w) - (£7w] - [£7 w] + {47 £7F -E£7(87)"c”

Finally we present some numerical results. For a built-in uniformly loaded
square plate (Kirchhoff's theory) we hHave calculated the bounds for the
displacement w and the moment M, = My in the center of the plate. For this

purpose the following singularities were used:

I. W= g%ﬁ % r? 1n( % )2 (generating bounds for the displacement)
II. % = - {(1+V) in( £ )2 + 2(1-¥) l(-2]( en. bounds for the moment)
S a r2ltgen:
V=z0,3 = arbitrary length N = flexural rigidity p = load

The domain was divided in four elements.(Fig.2.). The results are compiled

in Fig.3.
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Satisfied resvectively aporoached

eometric values static values

Elastic state in V on S in V on S
General elastic state Q
S o= Flrf" £ £ s £ &
Load-stress-state of £
characterized by hom. geometric 5 e o £ s
Self-stress-state of f @
. 5 < W o o
character zed by hom. static cond.) =
~ 4
Comparison state of £ 5 £ W R 5B
~ Q
Comparison state of f ST € —W P Bs
CGreen's state fo = ;ca +fv
with sineular part g F (o] ] o o
and repgular part f
Fundamental state
satisfies everywhere the homosen. 00 . oo
:q. (2.2) and (2.5) except in the 5 ° -\1{5 © B
»oint X; where there is a singularity
Regular state
: 4 b4 ] 00
tares in Green's state f for the 5 o] -w 9] -P
-s s
satisfaction of the boundary condi-
tions
Green's comparison state of § N
2 v ~ o —
VLI S f o —o o
freen's comparison state of f .
° ° v ®x —»0 — 0 o
F¥ - F o+ F2 5 o
- o0, -3
Regular comparison state of & & @ - W o —r-p
- — \:-/ [
Regular comparison state of f © s o £
Fig. 1
h
h Yy
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J; = Moment
Functional G~ -2.1196 n®pl10”%/n -2,1196 n®p?10"2/N
&~ 13,8696 h2107%/N 3,0203 h?10"2/N
6= 2.5221 n®pl10” /N 72,5221 hW8pl107 /N
&= -13.2250 h2107 /N -2,9878 nl10"2/N
Bounds D 0.509 hZpio” /N o.11%  h'pta”?/
Fieldvalue & 9.017 hepto”?/N 1,936 h'n10" %/
Fieldvalue F ("exact") 9,2y 2,016
Deviation | &=L o0z 2,18 4.0

Deviation

D
maximal |?| loo%





