ABSTRACT

Glotov, Petr. Time Reversal of Electromagnetic Waves in Randomly

Layered Media. (Under the direction of Jean-Pierre Fouque.)

Time reversal is a general technique in wave propagation in inhomogeneous
media when a signal is recorded at points of a device called time reversal mir-
ror, gets time reversed and radiated back in the medium. The resulting field
has a property of refocusing. Time reversal in acoustics has been extensively
studied both experimentally and theoretically. In this thesis we consider the
problem of time reversal of electromagnetic waves in inhomogeneous layered
media. We use Markov process model for the medium parameters which allows
us to exploit diffusion approximation theorem. We show that the field gener-
ated by the time reversal mirror focuses at a point of initial source inside of the
medium. The size of the focusing spot is of the kind that it is smaller than the
one that would be obtained if the medium were homogeneous meaning that the

super resolution phenomenon is observed.
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1 Introduction

...When I start describing the
magnetic field moving through
space, I speak of the E- and B
fields and wave my arms and you
may imagine that I can see them.
T’ll tell you what I see. I see some
kind of vague shadowy, wiggling
lines — here and there is an E
and B written on them somehow,
and perhaps some of the lines have
arrows on them — an arrow here
or there which disappears when I
look too closely at it ...I cannot
really make a picture that is even
nearly like the true waves. So if
you have some difficulty in mak-
ing such a picture, you should not
be worried that your difficulty is
unusual. . .

R. Feynman, [2], v. 2, sec. 20-3

Electromagnetic field and its dynamics is the driving force of a great number of natural

phenomena. It is described by a system of partial differential equations, called Maxwell

equations (published in 1873):

V x E=—uo,H (1)
V- (eE)=p (2)
VxH=J%+40E+e),E (3)
V- (uH) =0 (4)

Evolution of electromagnetic field depends on the media which enters in the governing equa-

tions in terms of the coefficients e(permittivity) and p(permeability). In our case we will set

conductivity o to be zero. The electromagnetic field is a mean of transfer of information.



Also it can be used to obtain information about the medium. Propagation of electromag-
netic waves in homogeneous media is well studied and exact methods of solution have been
developed ([6]). On the other hand waves in inhomogeneous media are very complex be-
cause of multi scattering. Different approximations are used in order to obtain a solution.
For example in radar imaging systems it is reasonable to use Born approximation for the
scattered electromagnetic field, which basically keeps track only of one scattering event and
if the target is compact in shape than multiple scattering does not contribute much to the

resulting field. Born approximation briefly consists of the following equations:

E=E'{+ E° E' E° are incident and scattered fields (5)
2 1 _
(V C(m)Qat E(t,x)=J(t,x) (6)
L i
<v2 - cgat> E'(t,x) = J(t,x) (7)
1 1
@p @ +V(x) (8)
then
<v2 - Cﬂaf) E* =V (x)0’E (9)
0

whose solution can be written as
B = /g(t @ — 2)V(2)2Edrdz (10)

where g is corresponding Green’s function. Born approximation consists in using E* instead
of E:

E*~E} = /g(t —1,@ — 2)V(2)0}E'drdz (11)

It makes the problem linear in V(x). This method is not a good choice when the medium

has a lot of inhomogeneities since multiple scattering events become significant. When the



medium is very complex and inhomogeneous, so that it is hard to solve the problem even
numerically, it is a good idea to describe such a medium as random and then to try to
obtain statistical properties of the field. Some quantities have a property of having point
distributions which means that their value does not depend on the particular outcome of the
random media. We refer to Ch. A of [1] for more specifics and an overview of other methods
and approaches. We next describe some basic notions required for statistical description of

waves in random media.

1.1 Markov processes

Markov process Y (z) is a set of random variables taking values in an auxiliary space S
such that the sigma-algebras (information) generated by {Y'(s),s > z} and {Y (s),s < z} are
independent given the value Y (z). For the case of layered random medium we can say that
“medium to the right of z is independent of medium to the left once we know the medium
at the point 2”. As an example one can think of a stack of sheets each made of different
kind of material (chosen randomly and independently) and having random thickness with
exponential distribution. The fact that thickness distribution is exponential is important, it
provides the Markov property for the process. If say all the sheets had the same thickness
then such a process by itself would not be Markovian since by looking to the left we could
find out the location of the last discontinuity and thus we could predict where the next
discontinuity would take place. In this case knowing all the past and the present would
not be the same as knowing just the present, meaning that Markov property would not be
satisfied for this media. However, we could consider the process (Y (z),7(z)) where 7(z)
denotes the distance from the previous jump. This process is Markovian: the present state

contains all the information about the “past” to the left that is relevant for description of the



“future” to the right. We next describe the notions of semi-group and infinitesimal generator
of a Markov process. Let ¢ be a real-valued function on S. Then Y (z) acts on ¢ in the

following way, defining the operator Pi:

(Psg)(2) = E[p(Y (2 + 5))[Y (2) = z] (12)

We have assumed here that the process Y(z) is homogeneous: the conditional distribution
function Fy (44 (-|Y(2)) of Y (2 + s) conditioned on Y'(z) does not depend on z but only on

s. The family of operators Py constitutes a semi-group:

P,., = P,P, (13)

Indeed, taking conditional expectation wrt Y (z + s) we obtain

Pspnd(z) = E[p(Y (2 + 5 + 1))V (2) = 2] =E[E[$(Y (2 + s + h))[Y (2 + 5)][Y (2) = 2]

(14)
=E[Pho(Y (2 +9))[Y (2) = 2] = PsPao(x)
The infinitesimal generator of the semi-group is defined by
d;:s =LP;, =P,[ (15)
and then P, in terms of L is
P, = esF (16)

1.2 Martingales, martingale problems and diffusion approximation
theorem

A random process M (z) is a martingale if the expectation of the value of the process at some
point in the future given the past and the present is equal to the value of the process at the

present: E[M(z + h)|M(2'),2' < z] = M(z). For a homogeneous Markov process Y (z) with



infinitesimal generator £ the process M(z)

M(z) = (Y (2)) = (Y (0)) — /O Lo(Y (s))ds (17)

is a martingale. On the other hand, if we are given an operator £ and the process M(z)
defined above is a martingale under a probability measure P for any ¢ from a class of functions
which is large enough then the process Y is a Markov process with infinitesimal generator L.

In our case some quantities describing wave propagation satisfy equations of the kind

dXe
dz

(2) = éF (Xs(z),Y (632) 9 . X°(0) =z € R (18)

The joint process (X¢,Y*, 1) is Markovian with the generator

.1 1 10
L= —F(y,2,7) Vot 5Ly + -5 (19)

where Ly is the infinitesimal generator of Y. The theorem below shows that the processes
X¢ themselves converge in distribution to a diffusion process and gives the expression of the
limiting generator. The proof is based on construction of a set of test functions ¢°(x,y, 7) of
particular kind and an operator £ such that ¢*(x,y,7) — ¢(x), LS¢%(x,y,T) — Lo(x) when

e —0.
Diffusion Approximation Theorem (with fast phase) [1]. Consider the system

dXe
dz

(2) = %F (Xs(z),Y (E%) g) . XE(0) = 2 € RY (20)

Assume that Y is a Markov, stationary, ergodic process on a compact space with generator Ly
satisfying the Fredholm alternative. F(x,y,T) is smooth, periodic with respect to T with period
Zy, has bounded partial derivatives in x and satisfies the centering condition E[F(x,Y (0))] =
0 where E denotes the expectation with respect to the invariant probability measure of Y. Then
the random processes (X¢(z)) >0 converge in distribution to the Markov diffusion process X
with generator:

Zo )
ﬁf(x)zzio/o /0 QuE[F (2, Y (0),7) - V(F(z, Y (u),7) - V f(x))]dr. (21)



In this thesis we deal with medium which is layered ((e,u) = (e, £)(2)) and random, i.e.
the electromagnetic parameters of the medium are an outcome of some random process. The
medium and the field length scales are related as £? and ¢ meaning that the wavelengths we
deal with are much larger than the characteristic size of inhomogeneities and at the same
time are much smaller than length of wave propagation (when we pass to the limit e — 0).
This particular choice of scales allows using the above theorem and thus computing statistics
of quantities we are interested in. At the same time we should note that since the governing
system is hyperbolic and we are interested in the field in finite time, the quantities of our
interest do not depend on the medium which is far enough from the source and the mirror,
and so the medium needs to be layered only in a certain volume around the mirror and the

source. This fact may become important in applications.

1.3 Time Reversal

We track down the electric field in a special experiment which will be described now. The
picture is shown on Fig. 1. The space —L < z < 0 is filled with random medium. The
medium outside this slab is homogeneous. From now on small bold symbols as well as
letters with subscript ¢ represent vectors in transverse planes z = const, while z-components
of vectors are in regular font. A point source located at S = (xs, zs) generates a current
(Jo,t, Jo-) at time ts. The electric field is then recorded at points of the mirror M, time
reversed, and a current proportional to the result is generated at each point of the mirror.
We analyze the resulting field. We show that the field focuses at the source point and we
derive some approximations which indicate that in this way we obtain super resolution effect.
In the following several chapters we provide the analysis of this problem. The acoustic case is

treated in [1] and we follow the general pattern developed there. Historically, time reversal in



RANDOM
MEDIUM

Figure 1: Time Reversal experiment setup

ultrasound acoustics has been experimentally investigated by M.Fink and his collaborators

[7], and also by group of W.Kuperman [5].
2 Transformations of Maxwell equations

In this section we describe some preliminary transformations we apply to Maxwell equations.

2.1 Maxwell equations in Fourier domain

We perform a special form of Fourier transform which for the E vector is given by
E(w,k,2) = /E(sc7 2,t)e s~ ) gy iy (22)

Then Maxwell equations in Fourier domain are written as

(Z:)m + zUaZ> x E = %UMI:I (23)



<Z:)n + zoaz> (E) = p (24)
(Z:)n + z082> xH=J®+ 0B - “weE (25)

€

(i(;m + z()az) () =0 (26)

We then take dot products of these equation with & and k* where for any vector w we have

defined w' = w x zo. We define ([3]) components as

E) = ko E, (27)
Ey=ko- Ef (28)
H =Ko Hf (29)
Hy = —ko- H, (30)

Then the original vector quantities can be expressed as

E = Et + Z()EZ = HQEl — K,(J)'EQ + ZoEZ (31)
ﬂ:ﬁt+Z0ﬁZ:7H0[A{27I€(J)'ﬁ1+20ﬁz (32)

From Maxwell equations it follows that

2 =

E 7H‘ﬁtj_:7/€ﬂ-1

€ €

2.2 Two systems and homogenization

From the system (23)-(26) by taking dot products with & and kK we can derive that the

components defined above satisfy the following two systems of equations:

dEl o w l€2 ~ KR 2 M(tsfh‘st)

e e L Oz =) 3
dﬁ iw ~ A iw —ke®

My ey — - B O 05(: — 2 (35)



and

dEg W A

& e )
dH, i 2. 5| iw
e = Dy Jp (o 2 (37)

The medium is described by the parameters € and g which are random processes:

e:€(1+n(€%)) (38)

=nfre () g

c=a (e (3) (@0
% - % (1 + i (6%)) (41)

We next apply homogenization techniques ([1]) to the systems above. We change variables

by
E; g2 e || 4,
- (42)
H, 1% g e || By
where
,{2
S Y (13)
KQ
o = el = e g (44)
H1
_KZQ € A K
6 =) = Lol (45)
€ €
62 - 62(’%) = lJJ = /J (46)




Applying the ansatz (42) into (34),(35) and (36),(37) we get the equations for A;, B;:

d A; . m; ni672iw)\iz/€ A;
B; _nieinkiz/a —m; B;
where
- S L) (18)
my = 5 wY — —m 3 UCS|
1/, K2 1 _
ny = 5 ((#V - anl)g - 77651) (49)
1,1 K2
my =g (glﬂ/ +& (677 - 711/1)) (50)
1,1 _ _ 2
g = §<§—2,uu—§2(en— —11/1)) (51)

The advantage of this form is that the expectation of the rhs is zero, which is a necessary
condition for application of some other asymptotic methods.
We then introduce reflection coefficients R; = A;/B; which satisfy corresponding Riccati

equations:

d i ) 1WAz TiwA;z
ity _ i (QmiRi +n; (672 S +Rl-262 S )) (52)
dz €
dz—; 1 TwA;z
= Zﬁn (ml —+ niez EA Rl) (53)
dz €

The expectations of rhs of these equations are also zero.

3 Time Reversal

Briefly the time reversal (TR) experiment consists of the following two stages. At first a
source inside of the inhomogeneous medium generates a current at some unknown time %
and location (xs, z5). This in turn generates an electromagnetic field throughout the medium,

and this field is recorded at points of a TR mirror. Then at each point of the mirror the

10



signal is being time reversed and a source generates a current which is proportional to the

time reversed signal. We want to analyze the field in the medium.

The jumps in the field components are

Az (Zs)ei?w(tsin'ms)

o=

>

— —ro - Ji(z)e Bt

— kg Ttz )e B

The jumps for waves coefficients are then the following:

A~ ~ w2z

A, = (6 B, + €. e

J J

B, = 36 1B, + €/, ) =¥

J

or in terms of the current

Ler P 7 _iwMZs dw(y ep
[Ad., = 5(& 1/26(2) (20) — Y20 -y (24))e— S22 2 (e mrm)
1 - K 7 = 1WA 25 Gw .
[B1., = 5(=& 1/26(2 )Jz(zs) P ()6 )
1 7 WA2Zs  iw
[A2], = _551/250 FL(z)e St i, e,)
_ 1 1/2 s iwAgzs (4, —emy)
[Bel., = _552 ko-Ji(z5)e” € e=
1 T iwAazs  qw
= 5521/253_ . Jt(zs)e%e?(ts*ﬂ-ms)

(63)

A source at a point z,; creates a current which in turn creates a jump of the solution.

We introduce the P;(a,b) — the propagator matrix which describes the flow given by (47).

11



P;(zp, ) satisfies

. ) o—2iw;z /e
P m; n;e
aaz z?w P, P(zp,z = z9) =1d (64)

_ni€21w)\7¢z/s —m;

Using symmetries in the previous equation we can show that P; has the form
a B
Pi(z0,2) = (2, 20) (65)
B

Ql

where the column vector (o, 3)T solves (47) with the initial conditions

a(zg,2) =1, B(z0,2) =0 (66)
We employ propagator to get the effect of a source at the observation point by using the
following equation:

Pi(25,0) | Pi(—=L,zs) +Jis | = (67)

where Jg is the jump at the source point. Different kinds of experiments provide us with
some conditions at end points which are specific for those experiments, but P;’s are the same.
These equations allow us to express observations in terms of the jump and P;’s. Next we

compute the observations of the two stages of TR experiment.

3.1 Stage 1: Signal at the mirror

To compute the signal at the mirror we use the fact that we know part of the waves at the

end points:

12



This equation allows us to express A;(0), B;(—L) (A;(0) is used to get the observation signal)

in terms of the source and propagator matrices:

- -1

A;(0) 10 0 0
= —PZ‘(ZS7O)P,‘(—L,ZS) PZ‘(ZS7O)JS
By(—L) 0 0 0 1
_ -1
1 0 0 0
= — P;(—L,0) P;(zs,0)Js
0 0 0 1
a;(—L,z) _ Bi(—L,z)
_ Bi(2,0)8;(—L,z)+a;(2,0)a; (—L,z) Bi(2,0)8;(—L,z)+a;(z,0)a; (—L,z)
_ Bi(2,0) _ a;(z,0)
L Bi(2,0)B:(—L,z)+a;(2,0)a; (—L,2) Bi(2,0)8:(—L,z)+a;(2,0)a; (—L,z)

This gives us the following expression for A;(0):

Ai(0) = | T,i(2s) —Rgil(zs) | Js = To.i(2:)[Ailz. — Rg,i(2)[Bil-.

where

a;(=L, z)
Bi(2,0)8:;(—=L, 2) + a;(—L, z) a;(z,0)
Bi(—L, 2)
Bi(2,0)8:;(=L, z) + a;(—L, 2) a;(z,0)

Ty,i(z) =

Ryi(2) =

o Hi(z=0
67?(757:4-2) 2ok 1(Z 7w7K’)

(2re)? / (= =0)
/

dwdk

~1/2
t*n-w)aﬂ’f”fl / A1(z=0,w,K)

== 0) dwdk

67%(

13



—1/2
= —1/e—if(t—“'w)uﬂﬁgl/eis(ts—wws)
(2me)? e(z=0)

iwAzg iwAzg

x(Tgvlsavl(w,f-@)e_ = —Rg1Shi(w,k)e = )dwdn

E(t,z=0,x)

_ 1 / (k) 2
2me)3

(2me)?
(noEl z=0,w,k) — kg FEy(z = 0,w, n)) dwdk

- —i(t-rem), 2
2me)? / “

(2me)3
(mofl Az = 0,0, K) — K€Y Ap(z = 0,0 n)) dwdk

X

X

1 iw iw
_ - - (t—rx), 2 (ts—K-xs)
~ (2me)3 /e we

iwA] zs iwA] zs )

X (K/of}/Q (Tg’15a716_ e — Rg’lsb’le c

—Ky 51/2 (Tg,2Sa72e_ i‘*’*gzs — Rg QSb 26“"*5225 )) dwdk

where

Sur(en) = 56 s T~ €1 0 - 3)
Sualw.k) = 56 LS = 6 - B
Sa2(w, k) = —*51/2 ko - I

Spo(w, k) = —*51/2 o-JF

3.2 Stage 2: Time Reversal

We use the time reversed electric field from the first stage as a source for the current at the

second stage:

JTR(:c, z = 07 t) = E(:c, z = 07 —t)Gl(—t)Gg(w)

14
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where GG; and G9 are some appropriate window functions. Our next goal is to compute the

field generated by this source. We first compute Fourier transform of the current:

jTR7z(W> 'i)

= e%"(t—nw)E‘Z(—t’ z2=0, éB)Gl (t)G2 (w)dtdw

1 A (wHw & (WK —wk “,5_1/2
1 & a 2 1
Gre) / 1 < . ) 2 ( - ) w e(z=0)

iwyzs

- l
W (¢ k' -x o o
x ec (ts <) (Tg71 (zs,w', K') Sq1 (25,0 K ) =

iwAyzs

—Ry1 (25,0, K") Sp1(zs,w', K )e™ = ) dw'drk’

jTR,t(wa 'ﬁ)

1 A (wH+w\ o (WK —wk ! (4 el
:(27rs)3/G1< e >G2< e )waes(ts ’

iwAyzs

X (n{) i/Q {Tg,l (25, ', K') Sq 1 (25,0 K ) e <

TwA] 2z
—Rg1 (25,0, k') Spa (25,0, K') e’%}

1172 ror ;o iwAazs
— KRS |:Tg72(287w7’4’)5(1,2(28’0-)7'{’)6 €

iwApzg

—Ry o (25,0, K') Spa (25,0 K )™ < } ) dw'dr’

(82)

We next compute the field generated by this current inside of the medium at an arbitrary

depth z. First we find the waves at the end points from the equation

0 A; 7r(0)
P;(—L,0) +Jitr =
B; rr(—L) 0
—1
Ai 7 (0) 10 0 0
= — Pz(—L, 0) JTR
B;rr(—L) 00 0 1

15
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This gives the field in the medium:

Ai,TR(Z) 0 0 Ai,TR(O)
= Pi(_La Z)
Bi,TR(Z) 0 1 Bi,TR(_L)
- -1
0 0 1 0 0 0
= Pi(—L,z) - Pi<—L,0) JTR (85)
0 1 0 0 0 1
_ Bi(2,0)B;(—L,z)+a;(2,0)a; (— L,2) JTR (86)
0 — a;(—L,z)
Bi(2,0)B;(—L,z)+a;(2,0)a; (— L,z)
[Ai,TR]o
Jrr = (87)
[Bi,TRr]y

It happens that here we have the same expressions as in Stage 1:

Airr(2) Ry,i(2)
= —[Birrl (88)
Birr(2) Ty,i(2)
The jumps [B; rr], are given by the time reversal current (81) and (82) using (61) and (63)
(we don’t plug it in yet):

K -
1/2;JTR,Z - 511/2"@0 -JrRt) (89)

1 _

[Burrl.,—o = 5(-&
_ lap s Loap s

[Barrl., o = —5& ko IR = 56 TR - JrRa (90)

In time domain we get

1 el ~ A
ErRu(t,z, @) ~2me) /e e (tmm @), 2 (H1,0E1(Zaw17"€1) - "éfoEz(Z,thl)) dwidk

1 iw iwy Az iwy Az
:73 /eiTl(tinl'm)w% (KLO (fi/QAl(Z,wl,K/l)67 1;1 - fi/2Bl(Z,wl,K1)6 1; )
(2me)
—K1 (55/2/12(2,601, K1)e~ e 55/232(2,001, l‘él)ew?w)) dwidky
=continued as equation (245) (91)

16



dwldK1

1 /eiiil (tfnl'w)WQ Hlﬁl,TR(valvﬂl)
(2me)3 ! €(z)

1 iwy
_ ——L(t—k1-x), 2
= — (27-(-5)3 / e B wl

—-1/2 _iwiMyz 1/2 (SRS E
K1 (fl /Al,TR(Z,wl,m)e E -1-51/ Birr(z,wi, k1)e™ ¢ )

€(z)
1 iwg
- = ——t(t—k1-x), 2 B
(27¢)3 /e wi [Burrlo
_ iwy Az iwy Az
K1 <€1 1/2Tg,1(2,w1,/‘01)67 : +€i/23g,1(2,w1,/€1)6 :
X dwldh‘,l

€(2)

=continued as equation (246) (92)

ETR,z(t» Z, £E) = -

X

dwldnl

Here the window functions Fourier transforms are defined as
G (w) = / Gy (et dt (93)
o) = / Go(2)e—*dy (94)
Changing wy to —ws we get equations (247) and (248).
3.3 Zoom in with w’s and K’s

Window terms decay when their arguments go to infinity (which happens when £ — 0) so

we make change of variables:

w1 = w +eh/2 (95)
wy =w —eh/2 (96)
Ki =k +el/2 (97)
Ky = —K +¢l/2 (98)

This gives equations (249) and (250).

17



3.4 ¢ — 0: the leading order

Since there are terms with nonzero limit as € — 0 inside of the integrals, we can cancel terms

of the order ¢, for example those having dot product of two almost perpendicular vectors:

1 \" 1
<—r@ + El) . <f-c + €l> =0O(e) (99)
2 Jo 2/
Next step we make is we use the following Taylor expansion of the exponents:
dX;
Ai (| +0k]) = X (|K]) + 2o 0K (100)
For the derivatives of the A’s we have
dM (k) € K
- __ 101
dk €1 )\1(&) ( )
dXa (k) I (102)
dr /_Ll )\2(H
This gives for example
67i?“’()\1(|n+%el|)z7)\1(Fn«#%sl\)zg) _ 67’?‘*’)\1(&)(2725)6%"%%(ZJPZS)(]_ + 0(8))
(103)

where k = |k|. As result we get (251) and (252). We have canceled O(¢) terms, and the ones

we had left are of lower order.

We next consider the case of homogeneous medium.

4 Homogeneous medium
In homogeneous medium (e(z) = € = €, u(z) = i = fi1) we have Ty ; = 1 and R, ; = 0. It
also implies that A1(k) = A2(k).
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4.1 Recorded field

We first compute the field at the first stage of the TR experiment.

—1/2

1 ’@f iw
E.(t,z=0,z) = — AT — < temthre(@—zs) =M (R)2) gy 104
(t,z=0,x) CEEE /w < =0) 1(w,K)e wdk  (104)

1 iw _ . _ _ K)z
Bl 2 =0,2)= W/wz (“Oéi/zsme?(“ the(@—2s) = (x)2)

— Ké‘fimsa,ze%(tFH“'(m*wS)*)‘?(“)%)) dwdk (105)

We now apply stationary phase approximation: for E, and the first term in the expression

for E; the phase is
W
o= ?(ts —t+ K- (x—x5) — AN (K)zs) (106)

We first compute the fast phase approximation wrt k for a fixed w. The stationary point is

L = ( Ve (107)
V224 — x)? SM

ks = (& — xs) T — xy)

and is independent of w.

To compute the approximation we need the determinant of Hessian of ¢ wrt «:

€ £ _1 4,2 & _1
det HQS = det Wzs_iL 1+ & Ai(r)? k1 €1 A1(r)? R1K2
) e 14+ £ _ 1 2
RO IR T L
_3_ __
3 S L— o

e (k)
All the eigenvalues of the Hessian matrix are positive.
The stationary point is the same for both fast phase terms in the F; integrals and we

compute

Ai(ks) = Aa(ks) = _EVa (109)



€1(kg) = ——2 % (110)

SM

SM i
S) =— £ 111
falrn) ==y (1)

The value of the phase at kg is
iw GVIE o JEE\  iw __

s)= — | ts—t —Ts| 5 = —(ts—t M 112
) =2 (1=t fo - Py + YN ) = (e shIVE) (112)

So we have the following approximation:

lir%1 (/ ﬁ&(n)_l/zsa,l(w,n)eis(ts_t+“'(w_ms)"\1(“)Zs)dn> e~ (ts—t+SMVEF)
e—0 &

27 ; = 1 Ks = Ks =
_ AT i22-2)F 1722 N2 fs g /28s 5
— 2 DT (1) (60 () T () )
Sx1(ks)2
irpe [ elx— a2, .
= Sz —x,) - 11
ITE ( ) + z5(x — x5) - J; (113)
Similarly

lim = (/ H&(Vo)”zsa,l(w,,g)ei:<ts—t+w(m—ms>—xl<n>zs>dm) o= 2 (to—t-+S M /7iE)
K

e—0 ¢
2m ; = K 1 Ks & Ks =
_ i(22-2)z Ks 124 —1/2_Hs _ 1/28s
— TR g )2 () - k) )
S)\l(KS)Q
imhZs e, zs(@x —xy) - J,
__ - 114
w SM3 (e(zs) + |z — xs|? (@ -, (114)
and
1 _ ,
“r%é (/ 152(")1/25(1,2(%"@)6?“5t+”'(zms)’\2(“)z-“)dn> e~ (ta—tHSM VD)

Ks Ks

21 ) - KT 1 Kg - Jt
= 2T 2 (k)2 <2§2(l€s)1/2 t )

_amp(e — xy) - Ji
- wSMx —x|?

(x —x5) (115)
Plugging in we get

Ez(ta z=0, CC)
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= _Ti/w/iw (‘m _ ws|2jz + z4(x — x4) - jt) e%“’(tsftJrSM\/;?)dw

(27e)3 SM3
(116)
Ei(t,2=0,x)
- (27:;)%21\4 W l_SZM2 (jz ' Zé(ﬂf;_—gfrsss)l2 Jt) o

We can cancel the remaining fast phase by picking ¢ = t5; + SM /i€ + €T. We assume

that the source current is of the form

goz| 7 (t;t5>5(m—ws)5(z—zs) (118)
Iz
and so
J=e fi (@)5(2 — 24)j (119)
f-
We get
E.(ts+SMyae+¢cT,z =0,x) = — (27&% (l — a2 £LT) + 2a(z — ) - F1(T))
(120)
Ei(ts + SMy/ue+eT,z=0,x) :(2;)5;]\/[ [— 5322 <f;(T) + zg(m|; filsgt(T)) (x —xy)
(x — =) FI(T)" I
(121)

As a check, we must be able to obtain a vector expression for FE, meaning it may only depend

on the SM vector and its orientation wrt f (free space). Indeed, we can compute that the

21



quantities above give for FE

s o (CF(T) + SMo (f'(T) - SMy)) - (122)
4.2 TR field

TR field is given by

3/2

3
ETR,Z(taZ7x) W/Gl Gg (hli—le {m/ —|— 61 )

o H et (@4, () (4+20)) + (58 (st20) Hl (240

j

eiTw(_(t+t3)+(w_w'9)"‘_)‘1(")(2_25))5(1’1 (25, w, —K)drdldwdh (123)

1 1 = A
Erpa(t z @) =5 (27)523 /G1 (h)Ga (he + wl)w!
2
D S 3/2
l { &1 (k)2 1 (k) }
% 6’7(15 s—t+(ztxs) k— Al(n)(erzé))Jr%‘*’( (m+mb)+)\l(h) (z+25))
x ¢ 2t (@) k= (k) (=2 5 L 0 Yk
_ g (k)32 Bt e () i (Lt ity ()
x ¢ &t @-—m) w=de(m) (=2 g~ " Yk
dkdldwdh (124)

For general and fixed t, x and z both fast phase terms have the same stationary point

Vi = i(sr:—até)\/lTE (125)

=t (x — x4 ) ——
Kg (SC ms) \/(Z_ZS)2+|:E_$S|2 SM

and if we pick the particular t = —t; + T, € = s + X and z = z; + €Z we can cancel

the fast phase at all. Now we need to show that this gives us focusing - meaning that the
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amplitudes are of order one. We compute the vector quantity Ergr(t, 2, x) as

1 - . . ih(ts s K— K)zs)tiw( =tz @,
Bralt =) =55 558 / Gt ()G (s + wh)= CTHX RN (02) lEt e m )z i (s e ) o
1 351( ) 32y 000 K2 3/2\C (. ., )
[e{ﬁ &k )+T}Sa,1(zs,wﬁ'@)zo - W+fl (R)™ 0 Sa (25, w, —K) Ko

— & (r)*? S(L,Q(zs,w,n)né] drdldwdh

After change of variables | — k = hk + wl and integration wrt h and k we get

Erg(t, z,x) 3@nis /G1 ( (R ))G2 (ms _~_,€)\12(5H))eiw(—T+X.n—,\l(n)Z)w2
1433 K -3/2y_ 162 -
_i{’i\/gl(i’i)‘k %}Sa,l (zs,w, —K)Zg — —F——=—+& (K)3/2 Sa.1 (zs,w, —K)Ko
€ € 51 (@62
s <n>3/25a,2<zs,w,—n>ng] s (126

The domain for the k integration is restricted to the propagating modes only. Change of

variable Kk — y =z, + nﬁ gives

ETR(t,Z,IE) = 83 /Gl (t + )Gg (y)eiw(—T— SMF:éﬁ‘ZUw?

Js(w) - SM )SM

o) - ( S

X
SM?

] dydw (127)

where SM (y) = (y — s, —2s) is the vector from the source (xs,zs) to the mirror point

(y,0). Now we look at the far field of a sinusoidal waveform (following [1]):

f=5n <1fw) et 4 cc. (128)
Ga(y) = g2 (%) (129)
a < zg (130)

Changing y — u = ¥ and w — v = Ty (w + wp) we get
ﬂg 2 T SM(X.Z) ~ 2
Erg(t,z,x) ( /G1 (t + ) (u)e’ i( g —wo) (-T— %G1 2) (T —wo>
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(Fs-) - sna) sm1
SN2

X L
SM?

[fo(v) - ] dudy (131)

In the last integral SM denotes vector (au — x4, —z5).

After expanding the terms in the exponential in (131) into Taylor series wrt au we get

the approximation

=22 9 ) ' .
ETR(t7Z’:B) = s 5 (.fO _ (‘fOOSQ’)OS> ewu(T—io‘sa(o}f9 Z>)
2(271’)305 os (_l+(x,z).05)
T T~ 05Ty
OS\. [(awy (OS-(X,Z
< 0+ )in (55 (P e X)) ) a2

Its magnitude is given by

i2a2w?

|ETr(t, 2, )| = . (fOOO:;)OS] <_T (X’Z)OS>

0S - (X,2)
2(21)3082 [f o T, = OST, o8 <“’° (T 08 >) ‘
oS N awqo oS - (X7 Z) .
X G1 (ts + C) ‘%92 (COS <OS2 g X

2 T (X,Z)~e3> Cos(wo (T_e3~(X7Z)>)‘

pran [fo — (fo- e3) e3] <—+ z
<o (1 T ) o (35 (2557 ) o -t 20 317

~ 2(21)30852 w T,

ol

(133)
where

€1 :(Zsmsa —‘:I:S|2)0 (134)

1

T
= 135
€2 ‘ws| ( )

(0]
=-——. 136
€ =53 (136)

e is the unit vector orthogonal to OS and es. Formula (133) is in agreement with Rayleigh

resolution formula: the size of the focal spot is of the order of )‘(38‘(’]2 in ey direction and of

% in ey direction. Rayleigh formula says that the size of the focal spot of a beam with
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carrier wavelength \g focused with a system of size a from a distance L is of the order of

AoL/a. Also the angle formulas from section 15.3.2 [1] apply here.
5 Random medium

In random medium we should analyze the general expressions (251) and (252). The fast
phase term is the same as in the homogeneous medium case, so we have to pick parameters

in the same way as we search for a nonzero limit: ¢t = —t;+eT, * = xs+eX and z = z,+e2.

5.1 FErp. in random medium

We first deal with Erg . and we cancel the exponents with ¢ factor :

1 1 ) ) )
E ; t ith(ts+xs-k)+ivl-xs iw(—T+X K)
TR, ( ,Z,%) 26(25+€Z) ( ) &3 /6 €

G (1) (o -+ )t { W4 (6) /2 (€(0)) 2 + /B )}

1 1 1
(zs, n+2£l>Rg,1 (z,w—l—Qah,ﬁ—&—Qsl)

% 6 2 N (K)22s+iwA ( /-c)ZS (zs,w, —Iﬁ})

1 1 1 1
— Ry (stw 25h,f€+26l>Rg,1 (z,w+2€h,l<a+25l>

thA1(Kk)zs+HiwAi (k) Z —iw =

X e O] S (25, w, —K)

1 1 1 1
+Ty1 (stw_zghv_“+25l)Tg,1 (Z,w+26h,n+2gl>

—ih1(k)zs—iwA (k) Z+iw <

X e €1 Al(n) sSa 1 (Zsa w, _H)
1 1 1
— R4 zs,w—iah,— El Ty z7w+§5h7n+§5l
x e~ e )2z miwh () 217G TG —&)] drdldwdh (137)

Instead of dealing with the propagators coefficients directly we express T, ; and R, ; in
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terms of reflection and transmission coefficients:

Tw K W,K _L7 N = 5
CORNMELZ) NS G 0) R (2 0)™ R~ L 2)™ (138)

Ry(z,w,k) = e
1- Rw,n(za O)Rw,n(_L7 Z) m=0
T (2,0) >~ ~
T,(z,w, k) = = - = T (2,0)Ry 1(2,0)" Ry (=L, 2)™ 139
o) = e = D T R 0) R (139

We look for the expectation of Erg ., so we have to study the expectation of each term in

(137). We for example pick the term with the product of two transmission coefficients:

27 2 2 2
N~ ch el ~ eh el " eh el
Z T <w - 7,—1@—!— Q,ZS,O)Rl <w - ?,—n—i- 2,25,()) Ry (w - ?,—n—i- 27—L7zs>

- h l - h l " h l "
xTy <w+52,n+52,zs+€Z,0>R1 (w+2,n+€2,zs+aZ,0> Ry (w+527n+€27—L7z5+€Z>

h l h l
Tg,l <237W i —K + €>Tg71 (ZS +€Z,w+ i,h‘/+ €> =

m

(140)
We can drop the €Z term in the boundary because of continuity, and since the coefficients
for two separate regions are independent, the expectation goes to each of them. So we need

to study the expectations of products of the kinds

——m 1 1 1 1
(TR )(w—Qsh,—H+2£l) x (TR™) (w+25h,ﬁ+2al)

and

m

1 1 1 1 \"
R(w—2eh,—n+2el) XR(M+2<€h,KZ+2El> .
5.1.1 Expectation of R'Re

We switch to the magnitude dependence in slowness. Let

1 1 P 1 1 !
Upg=R w+§€h,ﬁ+§sl,zo,z R w—iah,ﬁ—isl,zo,z (141)
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Differentiating and using (52) (and expanding A; (/i + %8 l)) we obtain

s, iw
dz = s 2(p — @)m1,kUp,q
2iwX (k)= ih1 (K)2z—iw = Bl » —ihA1 (k) z4iwE Lz
te  tmy, (pUp-H,q@ 1(k) ARG — qUp 4 1€ 1(k) BN
_ 2iwAg ()2 —ihA i€ Kl b £ _nl
+e < Mk (pUp—Lqe IR e qUp,g+1€’ R X 2

(142)
with the initial condition Uy (2 = 20) = 1o(p)10(q). We next perform the following Fourier

transform:

1 —ith(T— K)z)+iw — £ 2
Ve :4771_2//6 h(T—(p+a@) M (k)2)+ l(n (r+a) 5 *1(”>>Up’qdhdl (143)

p.q

Then V,, ,’s satisfy the following differential equations:

ove oV, € k 0V,
p.q P.q P.q
Z'pa A _ h
0z (p+ @) Aa() or (p+aq) € Ai(k) On
w 2iwAq (k)2 _ 2iwAg (k)=
+ = 20— @)m1kVpgte = ni(PVpr1,g — @Vpg-1) +e = N1k (PVp-1,4 — @Vpg+1)

(144)
We now apply the infinite-dimensional version [4] diffusion approximation theorem in complex

case [1]. The limit diffusion process is

oV, € k 0V,
AVpq = —(p+ @)A1 (k) 8?’qu —(p+ Q)a ) 82"1

+ martingale part
+ w? (Vg ((€* 4+ P°) (2Yms + Yn1) — 490Ymy ) + P0¥ny Vopst,g+1 + Vo1,4-1)) d2
(145)

Taking expectation we get

OEV, . OEV, 4 € ,




2 [_E%,q ((q2 +p2)(27m1 + Yy ) — 4PCI’Ym1) + PqYn, (Evp+1,q+1 + Evpfl,qfl)]

(146)
The only nonzero diagonal subsystem satisfies
% = —210)\1(/‘9)% - 2175 /\j )%]37 + Wy, (=2fp + for1 + fp-1)
(147)
fo(z =0) = 10(p)d(7)0(n) /w (148)
Defining a Markov process (IV,),55, on N with the generator
LH(N) = v, N2 (=26(N) + ¢(N = 1) + (N + 1)) (149)

we find

o) = éE {1%_05 <T — o (k N ds) o ( = Al( ) / Nsds> (NZO - p]

)
:%E |:1Nz=05 (7—2/\1 N )‘N B } <n_T€€1/\1:’$)z)
K ) (150)

1
=-—w )
pr (w, Ky T,y 20, 2) (77 61 & )

Finally we have

1 1 1 1 e
E(RP)|w+ zeh,k+ —el,zp,2 | (RP) lw——eh,k— —¢€l,z0,2 =9
2 2 2 2
/ngl) (@, 5.7 20, 2) eir[hfwlii)\l(’:)z]dT y 62ipz[ P (m)+wl £ ot | (151)
5.1.2 Expectation of TR'TRY
Lets denote
1 1
Up.q = (T'RP) (w—i- —ch,k+ - 3 El ) 20, 2 )(TRQ) (w — ish,ﬁ — 25l,zo,z) (152)

28



Using (52) and (53) as above we derive the equations

dUpy _ iw
dz 2 2(p — @)m1,kUpq
2iwy (k)2 . i &kl . &kl
+e T T Nk ((p + 1)Up+1,qelh/\l(n)z WENET — qUp 1€ I AI(K)Z)
_ 2w ()2 7ih>\1(l€)z+iw€i)\'€7(l~)2 ih)\l(n)zfiwgik"i(lﬁ)z
+e = Ny (pUp—1,4€ 10 — (g + 1)Upgt16 13w

(153)

with the initial condition US (2 = z0) = 1lo(p)lo(q). Taking the same as above Fourier

transform we get:

1 —ih(T— K)z)+iwl | n— £ 2K

‘/;iq = m //e h(r=(pta)Ai(k)2)+ l(n (pta) €1 %1(~>)Up7qdhdl (154)

ove oV, € k 0V
Pa _ A Pg € p.q
0z (p+ @) (r) ot (p+4) € Mi(k) On
Z.w 2iwAy (k)2
+ = 2(p— Q)ml,nvp,q +e < N1,k ((p+ 1)‘/;)+1,q - qu,q—l)
_ 2iwAy (k)=
+e B N1,k (p‘/;j_l,q — (q + 1)Vp7q+1) (155)

We now apply the diffusion approximation theorem in complex case [1]. The limit diffusion

process is

€ Kk O0Vp,
£ LCrag,
€1 )\1(%) 877

Wha =~ + D () 7220z — (p + 0
+ martingale part
+ 0 (Vg 20— @)y, + (PP + P+ P+ +1) 7m,)

+ Pq¥n, Vp-1.9-1 + (0 + 1)(q + D)vn, Vpt1,94+1) dz (156)

Taking expectation we get

OBV _

OEV,
o —(p+q)/\1(ﬂ)7p’q—(p+®
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+w? (~EVpg (200 — 0)*ym, + (0 +¢* +p+a+ 1) 7,

+0qym EVp1,g-1 + (0 4+ 1)(q + D)y, EVpr1,441) dz (157)

These uncouple into subsystems for EV}, ,1,, and the only nonzero values are those of f, =

EV, » which satisfy

oy _ _ ofp _, € K Ofy

0z 2pAa (%) or 2p€1 A1(k) On
+ Wy, (= (202 +2p+ 1) fp + P2 fom1 + P+ 1) fpi1) (158)
(159)

Defining a Markov process (N).>,, on N with the generator

LOH(N) =w?yp, (— (2N? + 2N +1) ¢(N) + N?¢(N — 1) + (N + 1)’¢(N + 1))  (160)

we find
1 z € K z
fo(2) = —E [1%05 (T — 2\ (k) / Nsds) 5 (n ~2550 / Nsds> N = p]
_ %E {1%_05 (T — (k) / Nsds) ., = p} 5 <n - Tflh(”m)Q)
iVVTET’l) (w, Ky T, 20,2) 0 (n — T;)\l&)2> (161)

Finally we have

1 1 1 1 -
E (TRP) (w—|—25h,/§—|— 251,2@,2) (TRP) (w—25h7n—2al,z0,z) =0

/W;STJ) (w, K,y Ty 20, 2) eiT[h_wl%ﬁ]dT X e%pz[fh)\l(ﬁ)ﬂ)l%ﬁ] (162)
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5.1.3 Expectation of TRPTRP
Introduce the “left going propagator” PL(z,0), z < 0 satisfying

. X ,—2iw;z /e
dPr  w My n;e

- PE (163)
dz € _nie2iw>\iz/s —m;
PF(z=0,0)=1 (164)
Then PF(z,0) = P;(2,0)~" and PF can be written as

Vi O @ =B
PE(2,0) = (2,0) = " (=0 (165)

o i =B

_ Bi(2,0) §;(2,0)

The adjoint reflection coefficients Ei(z, 0) = = satisfy the Riccati equation

a;(z,0) 7i(2,0)

aRi(,0) _ d (ZE0) =2 (2mi (5) B (5) (55 4 B2

dz  dz \i(z,0) € € e2

(166)

Ri(z=0,0)=0 (167)

Changing variables z — 2z = zp — y we obtain the equation

dR; W 20 — ~ 20 — 2iwA; 2 2iwA; ~ 2iwr;zg  2iwh;
L= (o, 0—Y R, +n; 0—Y (6%6_% n R?e_ 2 oeTy>
dy € g2 g2

(168)
20 <y<0 (169)
Ri(y = z0) = 0. (170)
This gives
~ 2iw; 20
d |:Ri€_ E ] iw P . ) 2w
| w A 0o—Y 3 _21w21z0 N B 2WEAIy 5 Zzwilzo
d—y = (2mz ( = > [Rle } +n; ( = ) (e + {Rze

(171)
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which has the same form as the Riccati equation (52) for the coefficient R; meaning that

2iw;z

since the noise is stationary R;(z,0) and R;(z,0)e” =~ have the same distribution. Also,

T(z,0) = T(z,0). Hence

2piz((wt SN (G —(w—L)r (- )

E[TRTR| =E[TRTR e :

_ & [Frrre] & (et st L o

_ /WZ()T,I) (w, K, 7, 2,0) eiTI:h—wl%7AIFN>2]dT % eQipz[h)\l(H)*wléih?m)] + O(e)

(172)
5.1.4 Expectations of Tng and RgR7g
Combining the formulas from the previous sections we get
1 1 1 1 -

ETy 1 (zs,w — éeh, —Kk+ 2€I)Tg,1 (zs +eZ,w+ §Eh,li+ 2£l) =9

> /WT(LT’U (w, K, T, 25,0) T etE ] g ¢ im0l

n=0

X /Wy(ll) (w, K, 7, — L, 25) €7 [t st ] g x 2inse [ et 5]

= Z/WQT’U (W, K, T, 25, 0) r WD (w, k6, 7, — L, 2,) eiT[h_Mé *1‘1)2]617 (173)

n=0

Similarly

1 1 1 1 .
ERy1 (Zsaw - 55}% —K + 2€l>Rg71 <zs +eZ,w+ §5h,n+ 25l> e
- i € __ K __ ; ek
Z/WTST’I) (w, K, T, 25,0) Gl s ] gy s i [P -t w6 ]
n=0
- / WO (w0, 5,7, L, 2) € P w07 ] g7 ¢ 20z [hha ()t i

_ o0 . € K
= [t s | § / WD (0,7, 20,0) £ WE, (i, 7, — L, ) 70 it
n=0

(174)

32



5.1.5 Expectation of Erp .

We need to switch to magnitudes using

k-l

l faad
n—|—€2‘:n—|—€2“ +O(e2) (175)

Then the limit is

1iI%EETR7z(t72a$) = /6ih(ts+ms'“)+WL'mseiw(_T"'X'“)
E—

2¢(zs) (2m)8¢e3
Gr ()G (s 4+ ww* {261 ()22 (€ (0) 7 + 1/ ()}

[_eihAl (k)zs+iwA1 (k) Z —iw =

AR5 Gy 1 (2w, — R [~RA ()b xits £ ]

> iT|h—w b €
X Z/WT(LT’D (w, Ky T, 25,0) %, Wr(Llle (w,k,T,—L,25)e [h A1(r)? El]dT
n=0

—ihA1(K)zs—iwA (K) Z+iwE By o~
+e 1(%) 1(®) e A1le) Sa,l (ZS,W7 7"“’)

> iT|h—w—l €
X Z/Wg’l) (W, K, 7, 25, 0) %7 W (w, 5,7, —L, 25) € [h—esithe él]drl drdldwdh
n=0

(176)
We change variables | — k = wl + hk and get

26(125) ﬁ /még (kz)wQ{KS&(/{)*B/Q (e(0)) 7 + ”\/51(7“)}

lim EE7R . (t, 2, @) =

. 1 — Zs T ik- € K2s L € Kk __
|‘_eW(—T'*'X‘N-H\l("C)Z)elh(tS 52x1(n)+52,\1(m)2)+1k (ms+€1 () T xl(n)z)

Sb,l (ZS,U.), _H> Z W’I'(LTJ) (w7 K’a Ta ZS? O) *T W’r(izl (w7 K" T7 _L7 zS)

n=0

. ; ___zs T - & kis __ & __ R
+ ew(—T'FX'R—)\l(H)Z)em(ts 52A1(m)+a?x1(n)?)+lk (w3+€1 M) T Al(m)é)

San (zs,w, —K) Z WflT’l) (w, K, T, 25,0) *, W,(Ll) (w, K, 7, —L, 2z) | dedkdwdhdr

n=0

(177)
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Integrating wrt h and k we get

Sy BB st 2, ) :ﬁﬁ / @ (“ S EN T NP ) “ (‘” i EAT(ZM TN )“’2
(96067 (6 (0) 4 VB )

_eiw(—T+X‘n+/\1(ﬁ)Z)mZ Wy(LT,l) (w, K, T, 25,0) * Wn+1 (w, K7y — L, 25)
n=0

W THXRTMODG, 1 (G w, =) YW (@, 5,7, 24, 0) s WD (@, 5,7, = L, 24) | disdwdr

n=0

(178)
5.2 Erp; in random medium
The field is given by (with ¢t = —ts +eT, x = x5 +eX and 2z = 2, + £2)

h(ts+xs-k)+iwl s zw( T+X- K,)G (h)G (hK+wl)w4

('U

1 1
ETR’t(t,Z,iL') 5 (27r /

i w

1 1
<g, Zsy W sh —K+ < EI)R <Z,w+2gh7ﬁ+25l>

€ )—2 + 61 (H)3/2}

ZUJ _
X e's A1 (K)2zs+iw (K ZSa L (stw K,)

— R (ZSvW §€h,*f€+ 2€l)Rg,1 (z,w+ ieh,rﬂr 25l>

K-l -
ihAs(R)zeiwd (R) 2 —iw 2 S0526 " (o0 W, — k)

1 1 1 1
9,1 <ZS»W—2€ha—'@+25l>Tg,1 (z,w+25h,n+25l)

—ihAr(K)zs —iwAs (8) Ztiw 2 50 >Zsm

X e

X e

+Rg,1 (Zs7w_28h,—li+28l)Tg’1 (Z;w+25h,ﬁ+25l>

% e—l’;Al(n)zzs—iwAl(n)ZW> Ko

34



1 1 1 1
- & (5)3/2 <_Tg’2 <zs7w— ish, —K + 26[)}292 (z,w—i— §€h7l<,+ 25l>

iw ) -
X e )\2(;{)2z3+zw/\2(f$)ZSa72 (287 w, 714‘,)

1 1 1 1
+ Ry 2 (zs,w §€h,ff<a+ Qsl)Rgz <z,w+ ieh,er 25l>

e (1) 20 i (1) 2 —ico i sl
x eMA2(m)zatiwda (W2 i 502G () w, — k)

1 1 1 1
+Ty.2 (stw25ha"ﬂ+25l)Tg,2 (Z,w+26h,m+25l)

e—ihkz(n)zﬁ—iwkg (k) Z4iw L~

wl o, =
X i1 X2 (k) bSa,2 (zs,w7 —K,)

1 1 1 1
— Ry (ZS,w—Zsh,—m—i—zsl)ng <Z,w+26h,n+25l>

X e_%AQ(”)QZS_i“AQ(”)ZSm (25, w, —n)) nol] drdldwdh (179)

The coefficients have the same structure as the ones in the expression for Erg ., and since

the equations for the reflection and transmission coefficients are also similar, we can use the
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results from above. For the expectation we get

1 . . -— .
EETRt(t z,T) = 653 /elh(t#msIKHWLES&W(?TJFX%)Gl (h)G2 (he +wl)w4

1
2
H NACE <o>‘2 +& (@3/2}

% <_ ih1(Kk)zs+iwAy (k) Z— Zw€1 Al(n) qm 27,z5[ h)\l(H)erM(h)fl]

x Z/W(Tl) Wy Ky T Zss )* W (LU KR, T, L Zs) ZT[h Al(m)z 61j|d'7—

—zh)q(n)z —iw1 (k) Z+iw < 5 Al(n) sm

> iT|h—w el €
X Z/WflT’l) (w, K, T, 25, 0) *, WS) (w,kyT,—L,z5) e [h 202 51]d7> Ko
n=0

_ 52 (H)3/2

x ( Waale)entivrn () 2wy sty g o i

K-l o

/W(T2 W, K, T, 25, 0) #, n+1 (w,kyT,—L, 25) eiT[hiw A2 ()2 ﬂ]d'r

+e —thXa(Kk)zs—iwAa (I{)ZJrlw .

A8, 5 (200, —K)

XD / W) (0, 5,7, 20,0) sr WD) (w157, — Iy 7)€ [P 50007 &]d7> HOJ‘] drdldwdh

(180)
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Integrating as in the z component case we obtain

1 1
]EETR_’t(tVZ,CC) = — 2(27.[_353/

2s T € Kzg €
Gy (t, — Go (s + — —r=
' ( AR 02)\1(%)2> ’ (m e "

K2 e (0)72 1/£3/2
{ AC) 0) "+ & (k) }

e}
X (eiw(_T+X'”+>‘1(“)Z)Sb71 (25, w, —K) Z WD (w, K, T, 2, 0) %, W,(Llﬁl (w, k, T, —L, z5)

n=0
oo

4 W CTHX =MD G (o w, —K) Z WD (), k7, 25, 0) %, WD (w0, &, 7, — L, 2,)

n=0

=

KZg

_ Zs T N2 . E K 3/2
o <t‘9 c%mﬁc%(w)% ("’"”mzw) Tm2<n>2)§2(“)

)=

X (ei“’(TJrX"”)‘?(“)Z)SbQ (2zs,w, —K) Z W2 (w, K, 7, 25, 0) *, W,(igl (w, K, 7, —L, 25)

n=0

4 WCTHXRk=22(R2) G o (2w, —K) Z W2 (w, k, T, 25,0) %, WP (0, k, 7, —L, )

n=0
(181)
5.3 High frequency wave form
We further compute the field with the source satisfying (128)—(130) and |zs| < Ll(z)c
5.3.1 Approximations for W,()i) and WpT’i
Denote
LD = L0 (,5) = — 1 (182)
loc loc ) w2’7ni (H)
Using the same method as in [1] we obtain
ngi) (w, K, T, =L, 25) foee P, (-)T (‘)1 (183)
2L10Ai(K) ) 2L10 N (k)
d u \"
P, = — 1 184
o0 = 5o | () T (180
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Then

W (w, 5,7, ~L, 2,) = 8(7) (185)
0 1 1
Wl (wv K, T, —L, Zs) = @) 2 1[0,00] (7_) (186)
2L, (k) 14 -
2Li0 N (k)
i 1
W2( )(w K,y —L,zs) = T 310,00 (T) (187)

N 2
2 L(l) >\i K 2
( loc) ( ) <1 + 2Ll(f,)c>\ ( )>

Using the probabilistic interpretation (161) as in [1] we find the approximations

WD (w, K, 7, 25, 0) & (1 - 'i‘?' ) 5(r) (188)
Lig,
1
WD (w0, k7, 26,0) & ————— 110005 s (1) (T) (189)
QLEZ)CAZ( ) [0,2]2s ]| \i (k)]

5.3.2 Convolutions

WSRJ) (wv Ry T, Zs, 0) = Z W?STJ.) (wv Ry T, Zs, 0) *r Wffh (wa R, T, _L7 Zs)

n=0
N 1 _ L LW
- (i) LY o ’
T loc T
2w (14 s ) Lo (1+ s )
(190)
WéT’i) (w, K, T, 25,0 ZW(T %) (W, K, T, 25,0) *; Wff) (w, Kk, 7, —L, 25)
n=0
[zs|
G s 1
e Mo 8(r) + |LZ( 5 (191)
loc (%)
2420 (1+ s )
2] 2% i
~ (1 ~ 7O §(t) + L(é) 5 (192)
loc loc i)
2L (%) (1 RETIEe <n>>
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5.3.3 Integration

We change variables as 7 +— v = 762/\215(&) tE K Y =T — U1 552&, y—u=21
w iy =Ty(w+ wp). Then
K=Kl — %au, where k.1 = %ws (193)
U1 U1
M(R) = M (ker) + a—P kot -+ Olaul?) (194)
M (Ke1)v1
_ a
M(Ker) = |0 |1 —&p 2 (195)
1
7 =M (Ke1) (zs + v162)\1(/1071)) + O(a|ul|) (196)
The inverse of the Jacobian (in mixed variables) is
- 2 2 2
_ €1\ 2 a1 (k)
J1= (7) A 197
€ v (197)

Then the approximation for Erg . is

_ €1 2 CL2 /\1(%071)2 Iiil ¥ 2
ernatom) = () gty | 255 Gstesonto S 1) (7 )

(HQ‘ fo.:(7) —&1(Ke1)Ke1 - fo,t(7)> Gi(ﬁf“’“)(7T+X'(”“1*%“’0*Z()‘l(’“’l)“ﬁ””'“))

1_ 2s 018X\ (Ke,1)

1 |2s| 2L,)
X —
(1) Ze 40182 A1 (K1) > (1) 2o 018271 (Ke.1) °
2/\1(KC71)Lloc <1 += 12L§11>. - > foe LlocAl(HCvl) (1 += 12L§11) = )
f = i = —w - (ke — D qu)— Ke1)ta st e—ke,1 U
+<Hz,1 f(e),(zz(’;) +§1(HC,1)RC,1 : fO»t(7)> € (T"’ O)( r+x ( 170 ) Z(Al( 1) XTTR, Tyey Ret ))

Zg _ Zs 1
X <1 — |L(1|)> 1) (/\1(&0,1) (Zs + ’U162)\1(/€c71))) + | (1|)

/ | - 2 ’ ]
L zst+v1E2 A1 (Ke,1
loc 2 l(lgAl(Kc,l) ( - 12[(11)( * )>

loc

dudydv, + O(a®) (198)

39



Similarly we obtain for Erp ¢

2

_ 11 >l ran? )\1(/‘%,1)2 El(fic,l) Ke1 Y 2
EETR’t(t’Z"”)‘_2<2w>SC2[(6) e <£1<nc,1>2e<o>2+1> (7 )

X <</€2 fO,z(’Y) o fl(”c 1)K/c 1- fO t(’)’)) ei(ﬁfwo)<7T+X-(nc,l*%au)+Z(A1(mc,1)+a7/\l(ﬁjl)vl RC’IM))

Q

1 = zetviehi(kea)

1 |2s| 2L,
>< —
(1) Ze 411821 (K1) S ) (1) Ze+v1E2A1 (Fe.1) °
QAl(Hcvl)Lloc <]_ + 512L§11)61> loc Lloc)\l(ﬁcvl) (1 + 512L§11)Cv1)
7 R i 7= —wo )| — (ker1— 2 au)— K oL ke qu
+<Hz,1f3&zz(’)y) + &1 (ke )Ke,t - fo,t(V)) 7 0) (T X (ke = Hrow) =2 (N (re ) Hasroliym meaw) )

or, (M)

loc

Kel — 61Mau) dudydvy
0

Zs _ Zs 1
X (1 — L(‘J}) § (M (Ken) (25 +v18° A1 (Ke1))) + |L(1|) 5 )
loc loc 2Ll(;g/\1(’ic,1) (1 + WW)
+

_ 2 2 9 2
(2) [ 252 600+ o) 22 ) (e

2 Re,2

y (ei(;w—uo) (—T4+X - (re2—Thaw)+2 (ha (ke 2)+ax; oty ko))

1 — ZzeFv2e®Aa(kez)

1 |2s] 2Li5)
) (2) z2s+v282 X2 (Ke,2) 2 L(2) (2) 250282 )Xo (Ke,2) °
D)L (14 2ol ) B 1205, 0) (14 2aigtecal)
loc loc
4 (7 —w0) (T4 X (o2 S au) =2 (a(re ) tasgpirg ke avu) )

loc

loc

X (1 - |L(52|)> ) (>\2(f€c,2) (Zs + UQEQ)\Q(HCQ))) 4 |L(92|) i )
loc 912\, (Ko z) <1 + HWW)

_ L
(ncg — 61Mau) dudryduvy | + O(a®) (199)

(%) 0
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where for the second integral term we used

Zs T

N S WSS W
_ B
K—1Y==xT,— Us—CK
M1
Yy
y—u==
a

w7y =Ty,(w+wp)

fi€ Ri€
K =Kca2 — —au, WwhereK,o=—x,
U2 U2

i

/\2(/%,2)02
2

Xo(Ke2) = o | €l (1 - ﬂlglf)sg‘ )

2

Xo(K) = Aa(Ke2) +a Ke,2 -u+O(\au|2)

T = Xo(Ke,1) (zs + UQEQ)\Q(K/CQ)) + O(alul|)

We next consider different cases similar to ones in [1].

(200)
(201)
(202)
(203)

(204)

(205)

(206)

(207)

Refocusing of the front. If we assume that the support of Gy is narrow of the the form

[To — 6, To + 6] with e < § < 1 then to have focusing we need to pick Tp so that the argument

of the delta function would run through 0:
Zs + '1)162)\1(:‘16’1) =0

Solving for v; we get

JA+ 2P

V1,0 = -
c

and then Tél) =t + @ and

C

EETR’z(t, Z, 13) =

(208)

(209)

2
c

€ 2 A (keq)? (1) u  Kai 2 e F
(E) 4526(25)U%70(27T>3G1 (TO )/92( )<€1(f<ac,1)26(0)2 +1> ( 17 ¢(z,) + & (ke 1)ken - Jou(7)
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|zs|

y (7 B wo>2 ei(Tw—wfwo)(7T+X~(Rc,1f%au)7Z(/\1(fic,1)+aﬁﬂc,1'u)>e_mdud,y_’_O(aB)
(210)

In the last equation k. ; is computed at v and we plugged more precise exponential ex-

pression for the last factor in the integral since it comes actually from the approximation

(191). Integrating we get to the leading order in a:

- 2 2 2 .2 __ l=sl _ _
€1 a®X (ke )*wg &) W\ ~ [ Hwoa [ _ €Z
EErs .(t, 2, :_(7) ’ Eortre ) @ (T ) X+—2 k.
rr:(t % ) ¢) 1@e(z )2, 2mp " BN e G W T

eiwo(T—X ke 1+ZA (Ke,1))

“2,1
X @fO,z + &i(Ke1)Ke - for

ﬁ(*TJrX-KZC,l*ZAI(NC,l))
2
X % + 1| + (wo = —wp) + O(a®)
€1(ke1)?€(0)
(211)

As for Erp+ we perform the same kind of manipulations over both of the integral terms,

assuming (G; has support [To(l) -4, Tél) +0]U [TO(Q) -4, TO(Q) + 9]. We get

ei\2 M (ke1)? ——ars— i ez
(efl) 71( 2"1) e Ll(;i("“ml)Gl (To(l)>g2 </LUJO(I <€1X + e HC,1>)

é vi, V1,0 A1(e,1)

2

2
a”w,
]EETR7t(t7 Z, :13) = m

eiwo(T—=X tc1+ZM (K1)

Tiw(—T+X<ncwl—Z)\1(nC,1))

§1(ke1) Kz,l
s (sl<n0,1>2e<0>2 ' 1) i

K2
X (6(;:) fo, + & (Ke1)ke - fO,t)

)

2 |25 Z [
Ao(keo)? —Tm o 4
N (m> Malkea® g, (10), (ewoa (m x4 m))

iz V30 V2,0 A2 (Ke2

€

2
100 (T— X ko 3+ Z A (10.)) §2(Fie,2)” (KC,Q)L]
T (—T+X -c,2—Z A2 (e 2))

0
Re,2

1
X (l‘ic,l . fo,t )

(212)

Long coda ' refocusing. Here we assume that we record a part of coda: G1(t) = 1j7, 1,(t)

1Coda is an incoherent part of a signal in time domain, it follows coherent part and its waveform looks
like noise.
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where maX(Tél),TO(Z)) < Ty < T,. The integration of (198) and (199) in this case goes
different way then in the front focusing. Here argument of the delta functions does not take

on the value of 0 and other terms come into play. We only compute the leading in |z4|/ Ll(:))p

terms. We compute the 7,, dependence on k:

=2

% (’777 + Yy 2'777177) K+ €fl (’VWI + Y + 29900 — 29 — Vv — ’71/771) K® + E%p? (v + Tn = VYvm — ’7771/)
4(&fi — K?)

(213)

The leading term of Erg , is

€1

wrnst.55) = (2) gy | 2w (g 1) (7 )

1

X </{371f072(7) — fl(ﬁc,l)ﬁc,l . fo’t(fy)> ei(%in)(7T+X.(nc’lig’ulfau)+Z(A1(n""1)+a/\1(mi}?1)v1 K'c’lvu))

X > dudydv; + O(a®)

2/\1(%,1)[/(1) (1 + %

loc
(214)

Upon the change v1 — wy = - we get

2 2 2

wrnat o) = - (2) gy | et o (g g o) (7 )

« <K,(2:’1 f(LZ(fy) _ 51(1%,1)'@6,1 . f07t(’7)> ei(%—wo)(—T-"—X.(Kac,l—Elﬁwlau)"t‘Z()q(Hc,l)+G%Nc‘1“U'))

1
X s dudydw; + O(a®)

(1) . +52>\1(~c,1)
2A1 (Kcal)Lloc 1+ 2L(1)1

loc

(215)
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We transform it to

EErs.,(t, 2, @) (gl)Q a*
2\, 2, &) = — | — 5 _
T, €/ 4c%ee(0)2e(zs)2(2m)3
1 i(ifwo)(fTJrX-(n 17€1ﬂw1au)+Z()\1(n )ta g 1-u)) Y 2
X /Gl(ts + ;)92('“)6 e “ AR ) <T —wo)
1 w

(K21 + €(0)2 X1 (Ke1)?) (€K§,1f0,z(7) — €(zs) A1 (Ke1)Ke 1 fO,t('Y))

. +E2’\1(K/c,1) 2
221 (Ke) LY (1 + W)

dudrydw; + O(a®)

2t
(216)
For Ll(iz we have
4 ELji — K>
W _ [ = 217
loc(w7 KJ) w2E A4:‘<C4 + ElﬂA2H2 + E%ﬂon ( )
where
Ay =Y+ v = 27mun (218)
Ay = Yon T Yov + 20 — 2% — Vv — Yom (219)
Ao = + %0 = Yom = Vo (220)
Also
K1 = €AW T, (221)
V1 —&pw? |z,
A (Kei) = \/gg (1 — & |a,-s\2) - - (222)
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We integrate in w and v and get

€1 azwg

2 1 A4
EE z ta ) = — |\ — — ts — )G m €1 X — .
TR:(t % @) ( € ) 4¢2€e(0)2e(25)%(2m)3 /Gl( + w1 )92 (uwoawl (61 Al(ncﬁl)n 1))

(k21 + €(0)2 A1 (Ke,1)?) (E'{ggfo,z(’) —e(zs) (ke ) ke, - fo’t('))

(1) s ZNle) ?
(e L (14

loc

T (T+X ke, 1+ 21 (Ke,1))

67iw0(X'Kc’l+Z)\1(NC’1))dwleinT + O(CLS)

2 2

€ a 1\ . N _ CELE1 W L5
--(2) 1%ee(0)2¢(2)2 (27)7 /G1 <t5+w> 92 | Aoawn | &X = e
° ! 1 — & w? ||

cewd [As (@i, ))* + @ ide (@i e, )” + 32 Ao

861 (@11 — (@ o 4])*) /1 = e |,
2
& (@) + <G (1 et |z, )

2
ey/1—e1awdles|?
+

“JSE(ZS Y J[As@pwn e ) @ A2 (61w |@s|) >+ A2 Ao)
1+

8e1 (e17i— (€1 awn |os])?)

(ctamulen) e - E - et o Pere. - fudl) )

. g 3 ) ;
e—lwo(ﬁuwlics'x-ﬁ-%zv1—61!1111%\935\ )dwlezng + O(ad)

o (*T+€1ﬂw1ms-X+%Z 1—& pw?|as |2)

(223)
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We first consider the case x5 > 0, 25 = |zs|. Change wy — p = |xs|wi/E1 L gives

(1)
e pta’wietwoT COS(02 ) T woap €1 pZx
EErR.(t,z,2) = — 0 Gyt s G Ay _Po%s
T ( § m) 32(277) (0)26(28)2$s /Cos(9§1)> ! ( ot D > 92 CXs € Tsy/1 —p2
__ __ DX 7,/1-p?
(Aap* + Aap? + Ao) (ce1p? + €(0)2(1 = 1)) p [ V@D fo.o() — e(z) /T - P72 m(ﬂ(—i+p S p)
_ 2
(1—p2)2 (1 + wi (Aap*+A2p>+A0) (pzs+ ?xsvl—zﬂ))

8c2p(1—p2)
e iwg (p zeX 17;)22) dp + O(QS) + (wo — —wp)
(224)
where
cos (oY) = £V (225)
T; —ts

For Ergr we obtain

M
T €2u3a2w4eton /cos(% ) ( Ty 61#) woap €1 pZx,
EE t,z,x) = — L Gy ts + 0 2x -
7 ) T 32(2m)3V/€€(0)2e(2) s Jeos (60 ! P 92\ "z, 3 z5y/1 — p?

61 Ts z 2
(Asp" + Aap® + Ao) (c@p® + c(0)2(1 = p) [VE@po.o() — e(z) L-%:ngﬂ<ﬁi+p mff)
(]_ _p2) ( w2 (Aap*+A2p?+Ap)(pzs JF\/»Is\/ﬁ))

8c2p(1—p?)

Sl GV VAR

(MM)Z ea’witetwoT COS(Gf)) T/ €M1 woap H1 pZx
/ Gy <ts + = ) 92 —X - ——
Cf

T 32(2m)3x, os(6() D CTs
u1 wi +Z\/72
<B4P4 + 32272 + BO) [ims : fd—t()} ( T + ZT )

(1 _p2)% ( w2 (Bap*+Bap?+Bo)( J(pzs+4/ 5 £ Ts4/1 )

I xs/1 — p?

v/ ei07)

8¢2p(1—p?)
+ O(a3) + (wo — —wp)

(226)
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where

and

B4 =T + Yo — 271/11/

By = Yoy + Vv + 2% — 27 — Ynvr =~ Yvan

Bo =% +Y — Yoy — Yo

cos (9§2)) = szﬁ

i s

(227)
(228)

(229)

(230)

To perform integration we fix the argument to be its center value cos(f) and linearize the

exponent around it:

i 1 . .
0 = 5 (01" +65”)

p— p=cos(?) —sin(AV)¢

(231)

(232)

Also to the slow terms in the product we apply the middle point theorem from calculus:

f f(z)g(z)dz = f(c f g(z)dz for some c. Then the (X,Z) dependence is given by the
products
1 ~ éxy X
|Err,. (T, X, Z)| ~|cos (wo (T— - <cos(9(1))1/6_1w +sin(0M)z ) )‘
c € T

— cos(f (1)
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(cxs tan(6(M) ( V € sin(¢
(1) _ c .
sinc (wOM (sin(Q(l)M / %M cos( 9(1 >>
2c € Ty

[ €el COS(é(l))fO,z(~) €(zs )8111(19(1 ) - for(. )] —

)
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where
wy = (sin(e(l)) %E, —cos(9(1))> (236)

(237)

€ s
wy = (cos(é(l))q / elws,sin(ﬂ_(l))> (238)
€ Ty

We also can write (235) in terms of characteristic directions similar to w;’s. Note that in
general w; is not orthogonal to ws. Here the arguments of sinc function do not depend on
a and the OS dependence can be compensated for by time window function width. This
demonstrates the super resolution effect: the effective aperture at the focus point can be

made of order one and independent of OS.
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5.4 Focal spots comparison

We plot the refocused spots for the time reversal experiment in homogeneous and random
media assuming the same geometry of the mirror and its location with respect to the source,
the only difference is the presence of the inhomogeneous medium and the part of the received
signal which is being re-radiated. It shows the difference in the shape of the refocusing
spot and demonstrates that in the inhomogeneous case the effective aperture gets enhanced

significantly.

10 10

-0 10 -0 5 10

-10 -0

Figure 2: Refocus spot in homogeneous and random media

5.5 Statistical stability of the refocused pulse

To show the statistical stability of the pulse we consider the variance of the pulse amplitude.
We prove stability only for Erp . since other components can be treated similarly. The
square of the amplitude is a sum of several terms. We consider one involving product of four

generalized transmission coefficients. Expanding generalized coefficients in serieses we will
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have a sum of terms like

mn11
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(239)

By independence of propagators of the two slabs [—L, z;] and [z, 0] we need to study the

expectations of

h I h 1 P
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(241)
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Using the same method as in [1] Sec. 9.2.4 we obtain that
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(242)

if p1 = ¢1, p2 = g2 and the limit is zero otherwise and similarly for the products (241). This

proves that

EE'J%R,Z = (EETRJ)Q

which is equivalent to the fact that the variance of the refocused waveform is zero:

E[Erg. — EErg.]" =0.

6 Conclusion

(243)

(244)

We have studied the the refocusing of the pulse obtained in time reversal experiment of

electromagnetic waves. The propagation of electromagnetic waves is described by two systems

which is the main difference from the acoustic case. On the phonomenological level this leads

to anisotropy of the effective medium which in particular demonstrates itself in different pulse
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orientation of two transverse components.
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7 Appendices
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8 Appendix with long formulas

The formulas in this appendix are too large to be put in the main course of the thesis. They

were obtained using software written in Maple, exported in LaTeX and post processed with

scripts in emacs text editor.
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