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SUMMARY

The complex structure of a nuclear reactor must be designed and built to withstand
not only the normal operating conditions, but also the conditions which could occur in
unusual circumstances in which larger than normal or faster than normal temperature vari-
ations exist. Thermal stresses are always critical factors in the design of the components.

Because graphites have excellent thermal, nuclear, and thermal shock resistance, and
actually get stronger as temperature increases to about 4000°F, they are frequently used
as components of reactors. The crystal structure of graphite has orthotropic symmetry, and
this property must be included in the analysis or design of components using this material.
Ribbed steel containment vessels could also be analyzed as orthotropic structures.

In variations, induced stresses and deformations are calculated
for an shell of finite length (such as shells used for cladding fuel
rods o nment) when acted on by a thermal shock which is an in-

stantaneous heaj pulse acting in a small area of the thin shell structure. The quasi-linear
theory of thermoelasticity is assumed. The material of the shells is taken to be homoge-
neous, and orthotropic in both mechanical and thermal properties. The material constants
are assumed to be independent of temperature. ,

Using the methods of transform calculus, the Green’s function for the variation of
temperature is found frony infinitely long shell. Then the variations of temperature in a
shell of finite length with various given boundary conditions are obtained by the method
of reflections, such as frequently used in potential field theory. Infinite series solutions are
written in terms of theta functions. These are rapidly convergent for small values of time.
Error bounds are found for the use of truncated series in calculation. Once the solutions
are obtained for temperature distributions, the differential equations of thermoelasticity are
solved by a method of double Fourier Transforms. Solutions for the thermal stresses and
induced deformations in an orthotropic thin shell of finite length with simply supported
edges are obtained.

The materials assumed for use in the numerical examples are grades ATJ and ZTA
graphite. Curves for heat storage and temperature distribution in a thin cylindrical shell
of finite length are obtained as functions of time. The radial displacements, membrane for-
ces, and bending moments are also calculated as functions of the space coordinates. These
functions fell off rapidly with distance in both the axial and circumferential directions from
the instantaneous hot-spot source point. The functions for radial deflection and axial
membrane forces are monotonically decreasing in the axial direction, but oscillatory in the
circumferential direction. For the circumferential membrane forces and bending moments,
the curves oscillate in both axial and circumferential directions, except the curves for cir-
cumferential bending moment in the axial direction. The membrane forces are always
compressive in the neighborhood of the heat source.
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1. Introduction

Takeuti and Noda [1] and Hsu [2] investigated the problem of thermal shock on a finite
disk. DeSilva and Whitman [3] extended Nordgren's work [4] by employlng Green's functions to
study cylindrical elastic shells of infinite length. Recently, Shirakawa [5] used Fourier
Transforms in a study of a finite cylindrical shell subjected to an instantaneous hot spot.
All of these investigations were restricted to objects made of isotropic materials. Problems
involving thermal shock on structural elements of anisotropic media have received only a
little attention [6,7,8].

The purpose of this paper is to investigate the temperature variations, induced stresses,
and deformations which occur in an orthotropic cylindrical shell of finite length when a ther-
mal shock acts on a small area of the shell structure. The quasi-linear theory of thermo-
elasticity 1s assumed. the material of the shells is assumed to be homogeneous, and ortho-
tropic both in the mechanical and thermal properties. Also the material constants are taken
to be independent of temperature.

Using the methods of transform calculus, the Green's function for the temperature in an
infinitely long shell is found. Then, the variations of temperature in a shell of finite
length with a given boundary condition are obtained by the method of reflections [7]. Solu-
tions for the thermal stresses and induced deformations in an orthotropic thin shell of finite
length with simply supported edges are obtained by use of double Fourier Transforms.

The material used in the numerical examples is graphite. Graphical presentations of
temperature variations and elastic responses in a thin shell of finite length due to a thermal
shock are given. Finally, the significant trends, and the effects of material orthotropy of

the graphite on the temperature field and elastic responses are discussed.

2, Heat Conduction Equations

Consider an orthotropic cylindrical thin shell of average radius a, and thickness h. A
cylindrical coordinate system, which is oriented in such a manner that the principal direc-
tions of heat conduction as well as elasticity coincide with the coordinate axes, x, ¢ and
z, 1s shown in Fig. 1. Without loss of generality, the temperature at any point of the thin
shell can be assumed as

T(x,9,2,8) = T (x,6,t) + 2T, (x,¢,t) , 1)

where T0 is the temperature of the middle surface, T, is the temperature gradient in the

direction normal to the middle surface of the shell,lt is the time variable.

The right side of the equation (1) states that a hot-spot on the surface of a thin shell
can be treated as a sum of two equivalent hot-spots; the first temperature term To(x,¢,t) is
induced by a "plane hot-spot", and the second le(x,¢,t) is induced by another hot-spot
called the "bending hot~spot." The resultant temperature T is the sum of the effects due to
both hot-spots, and varies linearly along the normal to the middle surface of the shell.

Assuming that no heat source exists in the shell, and heat transfer on the shell surface

follows Newton's law, the heat conduction equations for a thin cylindrical orthotropic shell

can be written as follows [8];

p%p (@) © _ el
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3T
+ k -nT - cp
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and T is the ambient temperature. In equations (2), c 1s the specific heat, p' 1s the den-
sity of the material of shell, h' is heat transfer coefficlent on the surface of the shell, h

1s the thickness-of shell, and kx, k, and kz are the thermal conductivities in the x, ¢ and z

]
directions, respectively.

By methods of transform calculus, the general solutions of Eqs. (2) for a shell of
infinite length heated instantaneously at the time l:0 by a hot-spot at (xo,¢), are

1O =B 6 Grb,tix 0,6 T, = HG (oo, Ex,,0,,t ) )

where Ho and Hl are the amounts of heat released by the plane and bending hot-spot, respec-—

tively; functions Go(x,¢,t) and Gl(x,d),t)

(x—xo)ch'
- - )
. N, (t=tg)/ep b (et ) 4-0,,
G, (x,45t) = T Znaher 0305 » T¢) (4a)
(x—xo)zco'
- t- ' A —
G, ( ) be nl( to)/cp cp! Akx(t_to) ¢_¢o
X, 0,t) = - e 0, (—— , T,) (4b)
1 “hacp, /4nkx(t t) 3Y 27 ¢
are Green's functions, in which theta function, 63, is defined as [9]
1y 2
0,(x,t) = — Z exp[- (n+x)“/t] R t>0,
3 N rag—
To- 21r2t 2
or 03(x,t)=1+2):em cos“mmx , t>0,
m=1
k, (t=t )
and ¢ =-% o
¢ 2.2
T a"cp
Therefore, temperature variation in an orthotropic cylindrical thin shell of infinite
length due to a thermal shock at (xo,ubo,to) is
T(x,6,2,£) = HG + z H Gy (5)

By the method of reflections, the solutions of temperature field for an orthotropic thin
shell of finite length L, with constant temperature at both ends are [8]

- - T

n,(e=t )/cp

e X=X, xhx . ¢‘¢0
Cole®®) =7 traneor (0367 » T " 036 > D) Ol s ) s (62)
-nq (=t )/ep’ _
Gy (x,¢,t) = fl_o— e (ﬂ’_ ) -9 (ﬂ 7] 0 (m T,) 6b
1 Tien 'L 30 303 0 T 00 Ty (6b)
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B kx(t—to)

* 12ept

where T

3. Thermal Stresses and Deformations
Based on Sander's first-approximation theory of thin shell [10], the differential equa-
tions for an orthotropic cylindrical shell subjected to non-uniform heating may be written as

follows [8]:

4 4
1 9 * 1 3 *1 3
2 a2t % 2 ”7—4—4]T1: (72)

3 3
* 3 * 1 23
+ [Fl +F —3} T (7e)

where u, v, and w are the displacements of a point of the middle surface in x, ¢, and z direc~
tions; Ex and E¢ are Young's moduli; G is the shear modulus; vx¢ and v¢x are Poisson's ratios;

and a {s the average radius of shell. The coefficients are defined as follows:

= = = ' = =
v v¢ vx¢ N vx v¢x N ax ax + v¢a¢ 5 a¢ u¢ + vxux
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For a cylindrical orthotropic thin shell of length L with both ends hinged, the boundary

conditions are:

v=0, w=0, N =0, M =0, at x=0,L .
x x

3.1 The solutions for the displacements in the shell due to a plane hot-spot are obtained by

a method of double Fourier transform. They are:

-n (t=t )/cp'
o o 2 2
s Thicp” el T L 5,me
® —n2n21¢ Sl(m’n) 1
+ 2 Zl e g;?E—ET COS[H(¢‘¢O)]J
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v= mhLcp' 2 mzl nzll Sz(m,n)SB(m,n)
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3.2 The solutions for the displacements due to a bending hot-spot are:

(8a)

(8b)

(8c)
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The stress resultants are:

S
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Substitution of displacement functionsu, v, and w into equation (10}, force resultants

and moments can be calculated.

4. Numerical Examples
The examples for an orthotropic cylindrical shell subjected to an instantaneous point

source located at the point (L/2,0) are presented. Temperatures at both edges are assumed



to be the same as the amblent temperature.

2, h/a = 0.05 and a = 2 ft.

dimensions are L/a =

examples.

One short cylindrical shell is selected.

Its thermophysical properties are listed [11].

ZTA Graphite is used 1n the numerical

Note that the thermophysical

Its
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contents of the D-type ZTA graphite are obtained from those of the C-type by interchanging

the subscripts x and ¢.
Properties

EX/EO
E¢/E0
G /EO

a¢/a0

_ 6 :
E0 = 10" psi

Type of material Properties
C D
2.85 0.7 a¢/a0
0.7 2.85 k_/k
X o
0.5 0.5 k¢/ko
1.26 14.96 v
X
v
¢
> a =1 in/ (in. °F) s ko =

Type of material

C D
14.96 1.26
104.02 38.7
38.7 104.02
0.204 0.05
0.05 0.204

1 BTU/(hr.ft.°F) .

For convenience, the following nondimensional parameters are used in the figures which

illustrate the results.

h'

H
g
o |z

v =
R

(NN

(CUTP)

In general,

Tl/(Hl/whaacp') s w' =

) ko(t—to)
T 2 ’
a cp

w/(Ho/wahcp'

)

(Nx’N¢)/[“o“oEo/"32°°'(1'“x“¢)] ,

(Mx,M¢)/[HoaoEo/ﬂacp'Ez(l—vxv¢)] and £ =

Té = T(o)/(Ho/nhach') )

(=

the numerical results indicate that the reversal of the thermal and mechani-

cal properties of two principal directions of the ZTA graphite material affects the tempera-

ture fields, stresses and deformations considerably.

From

a careful examination of the

results obtained one concludes that the cylindrical shell undergoes smaller deformations and

stresses 1f the grain direction of graphite is placed in the circumferential direction of the

shell.
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Fig. 1. Variation of Temperature.
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Figure 2. Membrane Forces due to a Plane Hot Spot (Bi = 0.2, x' = 0.5).
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Figure 3. Bending Moments due to a Plane Hot Spot (B1 = 0.2, x' = 0.5)
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