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LINEAR REPRESENTATIONS OF PROJECTIVE PLANES
IN PROJECTIVE SPACES
by

R. H. Bruck1 and R. C. Bose, University:of North Carolina

1. Introduction. In connection with Af}] we raised the following question:

Can every (non-Desarguesian) projective plane be imbedded (in some natural geometric

fashion) in a (Desarguesian) projective space? In the present paper, which suggests

one possible version of a theory of linear representations, we feel that we have
made a useful start on an answer. It should hardly be necessary to point out that
the phrase "natural geometric fashion" admits -- and perhaps deserves -- many
interpretations.

Roughly speaking, the paper splits naturally into two parts. The first part,
comprising sections 2 - 8, is concerned with a general theory of linear representa-
tions. The second part, made up of sections 9 - 14, exploits the particular type
of linear representation given in [';7 to provide a new version of the theory of
translation planes.

Suppose given a (Desarguesian) projective space, £, a "point-set”, GEﬁ and a
"line-get", C’I. If '“‘P’ € ( consist of non-empty, finite-dimensional projective
subspaces of £, and if the system

(1.1) n(zZ, ep P) e() ’

consisting of the members of Cp as "points" (point-spaces), the members of & ( as

"lines" (line-spaces) and the containing relation of £ as incidence relation

lPermanent address: Department of Mathematics, University of Wisconsin,
Medison, Wisconsin. The paper was written while Bruck was on leave at the Univer-
sity of North Carolina. The authors had the support of the National Science Founda-
tionaﬁrgnt No. GP 16-60 and the Air Force Office of Scientific Research Grant
No. -63.
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(point-space contained in line-space), satisfies the axioms of a projective plane

(our axioms (1), (2), (3),jthen we call (1.1) & presentation. A projective plane =

has a linear representation (1.1) if = is isomorphic to the presentation (1.1).

Every finite projective plane has linear representations in great profusion
(compare Theorems 3.1, 5.k, 5.5 and equations (5.3), (5.4).) The real problem --
which we cannot claim to have solved here -- is to find types of presentations which
will lead to new and deep information about the structure of planes.

In section 4 we introduce four normalization axioms which are neither automatic

nor (in essence) restrictive for presentations and which are helpful in simplifying
proofs and comnstructions.

In section 5 come the lattice axioms (4),(4'). According to (), the intersec-
tion of two line-spaces coincides with the unique point-space "of intersection";
and (4*) is the "point-line dual" of (4). The only planes with linear representa-
tione subject to (L) and (4') are the Desarguesian planes (Theorem 5.3), yet every
finite plane has linear representations subject to (4) or (4'), as desired
(Theorems 5.%, 5.5.)

In section 6 we introduce two (dual) concepts of rigidity. A line-space, R,
of a presentation (1.1) is rigid provided that, for every two point-spaces A, B,
at least one of which is contained in R, the projective subspace A + B is the unique
line-space containing A and B.. (in these terms, axiom (hﬁ) states that every line-
space is rigid.) A presentation subject to axiom (4) and having a rigid line-space,
R, is a translation plane with respect to the "line" R (Theorem 6.1.) A good deal

of information about such presentations is given in Lemmas 6.2, 6.3.
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Section T contains two completeness axioms (5), (6). Axiom (5) states that

each point of I is contained in exactly one poinbspace; axiom (6), that a point-
space is either disjoint from a line-space or entirely contained in the line-space.
In the presence of axoim (5), axioms (4) and (6) are equivalent (Lemma 7.1.)

Lemma: T.2 and Theorem 7.3 give methods of "improving" the properties of a presenta-
tion subject to axioms (4), (5), (6). It might be added here that we do not know
the class of all plenes defined by the presentations subject to axioms (%), (5), (6).

In section 8 we construct presentations subject to axioms (4), (5), (6) for any
Desarguesian plane over a skew-field F such that F is finite-dimensional over its
center., Here we may have axism (4'), or one rigid line-space, or no rigid line-
space, as desired. In the latter case (see Example 8.3) we encounter a type of
pregentation which may perhaps yield planes other than translation planes; the
possibilities are still quite unknown.

In section 9 we point out that the construction in Zi;] can be reinterpreted as
a presentation subject to axioms (4), (5), (6), possessing a rigid line-space R
which is a hyperplane of I, and such that the point-spaces not contained in R are
points of £, To sum up, the first part of the paper presents no new information
about the structure of projective planes but merely lays a foundation for a theory
of their linear representations,

At this point we should like to acknowledge with thanks a letter from Mario
Benedicty to Bruck. Commenting on [717, without being aware of Examples 8.1, 8.2 --
vhich we had already obtained -- Benedicty suggested, in essence, the study of
presentations subject to axioms (4), (5), (6). In so doing, he started us thinking

about the present theory of linear representstions.
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The second part of our paper, devoted to the comstruction, given in [ _]_.7, of
translation planes, is concerned with the theory of spreads. We shift at will
between three points of view. Let us first discuss matters here in purely geometric
terms.

By a t-spread,.d, over a skew-field F we mean a collection of (t-1) - dimen-
sional projective subspaces over F of a (2t - 1) -~ dimensional projective space Tt
over F such that each point of ¥ is contained in exactly one member of £ . To each
spread & corresponds a unique translation plane sr(,&). We may call £ Desarguesian
(for example) when n(8 ) is Desarguesien. A necessary condition that.& be Pappus
is that the underlying skew-field F be a field.

Now let F be a field. To each triple A, B, C of mutually disjoint (t - 1) -
dimensional subspaces of L™ there corresponds & unique regulus ¢4 = R(4, B, C),
namely a collection & of (t - 1) - dimensionael projective subspaces of I ' maximal
in the property that every line of L' which meets A, B and C meets every member of
(2. At - spread .§ is called regular if & conteins Q(A, B, C) for every three
distinct members A, B, C of ,X . Every Pappus spread is regular. If F has more than
two elements, every regular spread is Moufang. In particular, if F = GF(q), q > 2,
the properties of being regular, Pappus, Desarguesian or Moufang are equivelent for
spreads over F. All spreads over GF(2) are regular but (as noted more precisely
below) not all are Desarguesian.

Agein let Z' be a (2t - 1) - dimensional projective space over a skew-field F
and let ,X s ,J * be two distinct spreads of L' with at least one common member, If
2 is the collection of all members of .4 which are not members of ,é’-', and if ¢ is

similarly defined with .4, £* interchanged, then % is an example of a switching set
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of ©%, with ¥ ' as one of its conjugates. (For an abstract definition, see section
13.) If a spread .dof L' contains a switching set X , we may derive & new spread,
g, from .£ by replacing )¢ by a conjugate, 3¢ *  In the case that F = GF(q) we show
that T always has switching sets; they exist in greater variety of types the more
prime-factors t has. As one consequence, there exist non-Desarguesian t-spreads
over GF(q) (for t 2 2) except perhaps when q = 2 and t is a prime. Therefore the

following is true: If the positive integer n is a _]Eime-Power such that every

trenslation plene of order n is Desarguesian, then n = p or 2P whers p is a prime.

This result seems to be new for n an odd power of 2. (See Hall / 4/.)

The theory of spreads, as sketched above, is develcped by representing a spread
in terme of linear transformations (see section 10,) For t 2 2, let W be a t-dimen-
sional vector space over a skew-field F of left operators. Let © be a collection of
1inear transformations of W over F such that (i) ¢ contains O and I; (ii) the differ-
ence of each two distinct elements of ( is nonsingular and (iii) € is tramsitive
on the nonzero elements of W. To € corresponds & t-spread over F whose members may
be considered to be the elements of (€ together with an additional symbol, <. Call
a collection &, equivalent to € if it can be obtained from € by iteration of
transformations of the following types: (a) A similarity transformation
X —> Pt xp ; (b) An inversion X —> x1 (understood to interchange O and «);

(¢) An affine transformation
-1
X—> (T - 8) " (X-8)

(where S, T are distinct, but otherwise arbitrary, elements of C D) 12 L, S ! ,

are equivelent spreads (corresponding to equivalent collections of linesr transforma-



tions) then the translation planes (&), n( Jl) are isomorphic. If .4 is a
t-spread over F corresponding to a collection (® of linear transformations of W,
then the conditions that £ be Moufang, Desarguesian or Pappus can be stated in
terms of © . For example, & 1is Desarguesian if and only if (C, +, .) is a skew-
field. (See (11.2), (11.3), (11.4), end Theorems 11.1, 11.2, 11.3.) On the other
hand, £ is regular if and only if F is & field and, for each collection € ¢ €quiva-
lent to & , it is true that e, is eloséd under multiplication by elements of F.
(For the implications of regularity, see Theorem 12.1 and Corollary.) For the
theory of switching sets of PG(2t - 1, q), we regard the finite field GF(qF) as &
collection (corresponding to a Pappus spread) of linear transformation of a t-dimen-
sional vector space over GF(q). (See Theorems 13.1, 13.2) Finally, in section 1k,
we find 256 spreads of PG(7, 3) by applying the theory of switching sets to a Pappus
spread; but we do not examine the equivalence classes of the 256 spreads in detail.
A third way of looking at spreads mey be noted briefly. If € is a collection,
representing a spread, of linear transformations of the t-dimensional vector space
W over F, we may turn W into a (right) Veblen-Wedderburn system (W, +, .) by defin-

ing multiplication as follows: Choose any non-2zero element, 1, of W and define

w(lX) = wX

for every w in Wand X in €. If £ is the spread corresponding to & , then

(W, +, .) 16 a coordinate ring of n( & ), and & 1s the set of all right multiplica-
tions of (W, +, .). By shifting our point of view, as convenient, between the three
vays of studying spreads, we develop the theory of spreads without appealing expli-

citly to the theory of collineations of pro jective space.
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In conclueion, we should like to express our thanks to Dale Mesner who pro-

vided a lively audience of one for the evolution of the present paper.
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2., Preliminaries. lLet £ be a (Desarguesian) projective space over a gkew-field

F. As noted in Bruck and Bose [1], we may represent I in the form

(2.1) = = =(V/F)
where V is a vector-space (of finite or infinite dimension; depending on L) over F
as a ring of left operators. Here, for each non-negative integer s, an (s - 1)-
dimensional projective subspace of I is an s-dimensionsl vector-suhbspace of V over F.
(We are using the term "projective subspace" in the narrow semse of "projective sub-
space over the coordinate skew-field F of I.") In particuler, I has finite dimension
d-l precisely when V has finite dimension 4 over F,

In the representation (2.1), & point of £ is a l-dimensional vector subspace of
V over F. We shall regard the projective subspaces of L as poiut cets. For example,
with this convention, the zero vector-subspace, {o]l sy of V over F is the empty pro-
Jective subspace of & (and has projective dimension -1.,) The containing relation of
V induces a containing relation among the proJjective subspaces of £. If C is a
non-empty collection of projective subspaces of Z, the intersection, ~ €,of C
is the set of all poinis common to all the members of ¢, and is a projective sub-
space of Z., Again, the union of € 1is the intersection of the collection of all
projective subspaces of L which coniein every member of € , and is & projective sub-
space of Z., If X Y are projective subspaces of I, X ~ Y and X + Y denote the inter-
section and union, respectively of the (collection of ) subspaces X, ¥, Similarly
for three or more subsgpaces.

The following simple lemma will prove convenient:

Lemma 2.1. Let I be a Desarguesian projective space end let 20 be a@ossibly

empty) projective subspace of £. Then the quotisnt space E/):o , consisting of all

projective subspaces of £ which contain Zo" 48 s Desarguesian projective space for
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which Zo counts as the empty projective subspace. In addition, there exists at least

one projective subspace L' of T such that £ = Zo + It &36,25 ~ gf is empty. For

each such T‘, the guotient spece ZZZO is isomorphic to ©'. Moreover, if Zufand P

are preessigned Desarguesien projective spaces over the same skew-field F, then there

exists at least one Desarguesian projective space ¥ over F such thet §[Z° is isomor-

phic to L',

Proof, We may assume, for the first part of the lemma, that I has the repre-
STmmmm—
sentation (2.1). Then I has a unique representation as a vector-subspace v, of V

over F. The definition of E/Zo shows at once that

zfs, = SN/,

where V/Vb is the familiar quotient vector-space of V over F. The vector-space V can

be represented in at least one way as a direct sum

V = V_+ VW
o}

where W is a vector-subspace of V over F, Thus, if
£ = z(W/F),

then Z = Zo + L' and Zo,a Z' is empty. In addition, Z/Zo is isomorphic to Z*. This
proves all but the last sentence of Lemma 2.1; and the last sentence should now be
obvious,

If = is given by (2.1), then the dimension formula
(2.2) dim A +dim B = d4im (A B) + dim (A + B)

holds if A, B are finite-dimensional vector subspacesof V over F, where dim A denotes
the dimension of A as a vector space over F. When we substract 1 from each of the

four terms in (2.2), we see that (2.2) is equally valid if A, B are finite-dimen-
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sional projective subspaces of I and if dim A denotes the (pro jective) dimension of

A. In the sequel we shall use (2.2) without comment; it will be clear from the con-
text whether vector-space dimension or projective dimension is intended.

At one or two points in the sequel we shall need the concept of a hyperplane.
A hyperplene of a projective space I is a maximal proper projective subspace of Z.
In other words, a proJective subspace L' of a projective space I is a hyperplane of
£ provided (a) there exists at least one point of L which is not in Z' and (b)
P+ Z! = L for every point P of T which is not in Zg.

3. Linear representations of projective planes. Let us now attempt to repre-

sent (not necessarily Desarguesian) projective planes in texrms of (Desarguesian)
projective spaces., We want the representations to be linear in the following sense:
£ is a (Desarguesian) projective space and n is a (not necessarily Desarguesian)
projective plane., Each point or line of n is a non-empty, finite-dimensional projec-
tive subspace of £, and the incidence relation of n is that induced by the containing
relation of £, If we denote the point-set of n by fp and the line~-set of x by &, G
the following axioms must hold:

(o) I 1s a Desarguesian projective space and Gp’ C"[ are collections of non-

i

empty, finite-dimensional projective subspaces of X,

(1) A, B are distinct members of (S‘p, then A + B is contained in exactly

one member of {

(2) If S, T are distinct members of € ,, then S ~ T contains at lemst one
s {

member of é?p.

(3) 'There exists at least one sat A, B, C, D of four distinct members of @p

such that no three of A, B, C. D are contained in the same member of & {

When we speak of the presentation

(3.1) n = =(Z, ep, Ef)
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we shall understand thet axioms (0) - (3) hold and that =n is a system consisting of

the members of C:p, as its points, the membe?s of C?l, as its lines, and the contain-
ing relation of £, as its incidence relation. Since, in the light of axiom (0), the
axioms (1), (2), (3) are merely the standard axioms of incidence for & projective
plane, we see that every presentation is & projective plane. In particular, then,

we may draw upon the various elementary consequences of the axioms of incidence. For
example: 6very member of (?p (o C [) is contained in (contains) at least three dis-
tinct members of & { (of ep) ; if 5, T are distinct members of € g then 8~ T
contains & unique member of é?p; if A, S are members of CZV f? respectively, and
if one of A, S is preassigned, the other may be chosen so that A ¢ 8.

The following theorem shows that axioms (0) - (4) are not very restrictive:

Theorem 3,1, If n is a finite projective plane with precisely v distinct lines,

and if F is a skew-field, then z has & presentaticn (3.1) with £ a v-dimengional pro-

Jective space over F,

Proof. We shall actually show somewhat more, To begin with, let = be merely a

system consisting of & collection of objects called points and of a finite collec-
tion of v distinct point-sets, called lines, such that the following axioms are veri-
fied:

(1) Each point of n is contained in at least one line of =,

(i1) If P, Q are two distinct points of =z, then the set of sll lines of n con-

taining P is not identical with the set of all lines of = containing Q.

The effect of these axioms is as follows: If the lines of x are numbered from
1 to v, then each point P of = corresponds uniquely to a non-empty subset of-
1, 2, «es, Vv consisting of the numbers of the lines which contain P. Clearly axioms

(1), (i1) are satisfied not only by every finite projective plane but by a much
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broader class of experimental designs,

Now we proceed as follows: We represent & in form (2.1) where V is a (v + 1)-
dimensional vector-space over F, and we select & basis for V:

(3-2) V = [f’ el, e2, esey ev}o

We number the lines of x from 1 to v and ve assign to line i of n the v-dimensional
subspace Li of V defined as follows:
(3.3) L, = {r + €1 €py eees ev],

. L2 = { ) £+ 855 sesy ev},
and so on. Mbrg specifically, Li has & basis consisting of f + ey snd the basis
elements‘ej, J ﬁ i, Next, to each point P of n we assign a l-dimensional vector-

subspace.

(3.4) P* o= e re gy te )t -ty J

uniquely determined by the requirement that i(1), i(2), ..., i(k) are distinct posi-
tive integers which enumerate precisely those lines of n which contain P, It is then
easy to verify that P”CELJ precisely when J is one of 1(1), ..., i(k).

This shows that m -- subject to axioms (1), (ii) -- always has a representation
subject to axiom (0), with incidence determined by the containing relation of Z; It
% heppens to be a projective plane, then axioms (1), (2), (3) also hold. And now
the proof of Theorem 3.1 is complete,

Theorem 3.1 suggests that there must exist a rich theory of linear representa-
tions of projective plenes, but it tells us 1little else, A truly useful theory of
linear representations should exploit the theory of Desarguesian projective spaces
in order to throw new light upon the theory of proJective planes., We make a start

towards such a theory in the sections which follow.
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4, The normalization axioms., It will be convenient to consider certain normali-

zation axioms which are not direct consequences of axioms (0) - (3) yet (to within

isomorphism) do not restrict the class of projective planes with linear representa-

tions. These are as follows:

(N.1) Each member of (_‘?p is the intersection of the members of e] vhich con-

tain it.

(N.1*) Each member of 4 [ is the union of the members of ep contained in it.

(N.2) The empty projective subspace of I is the intersection of @I.

(N.,2') The whole projective space I is the union of é’p_._

Before stating a lemma concerning these axioms, we need a precise concept of

isomorphism. By an isomorphism, (6, ¢), of a presentation

n(z, Gp’ 6’1)

upon & presentation

"(Zhlp 5}()
we mean an ordered pair, (8, @), such that 6 is & one-to-oné mapping of &, upon (‘5‘1'),
¢ is & one-to-one mapping 81 upon CZ'[ , and the following condition is satisfied:

(1) A & S precisely when A6 2 5S¢ , for all A in . :'S'P and S in C"I .

By & smoothipg isomorphism we mean an isomorphism (6 s ¢) which satisfies two
two additional conditions:

(ii') If a member A of é"P is the intersection of a non-empty collection of
wembers S of & [ then A9 is the intersection of the collection of corresponding
members 8

(11') If a member S of € { is the union of & mon-empty collection of members
A of L?p, then S® is the union of the collectinn of corresponding members A6.

Ir LDRY n3 are three presentations, and if k = (6, ¢) is a isomorphism of ty
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upon 1, and k' = (é*;, Q‘) is an isomorphism of T, UpOR Tz, then kk' =(99', o0 ) is an
isomorphism of x, upon 7 and K = (9'1, Q'l) is an isomorphism of x, upon #;. If K k'
are both smoothing isomorphism then kK' is a smoothing isomorphism., Our first lemma
gives a nafural example of en isomorphism.

Lemms 4.1. Let (3.1) be a presentation, and let X' be & projective subspace of

. A necessary and sufficient condition that the mapping

(4.1) Xe=——> X ~ZI!

(where X ranges over the projective subspaces of &) should irduce on isomorphism of

the presentation (3.1) uvpon a presentation

(¥.2) x(z', e]'p , ek )

is that, for all A in é’p and S in &,, if A ~Z' is contained in S5, then A is con-

tained in S,

Proof, The mapping (4,1) induces a single.velued mapping 6 of C’P upon & cols
lection G’I‘) and a single-velued mapping ¢ of & ( upon & collection @.!'( , where we
define
(4.3) A= A~Z, 8¢ = St
for every A in é’p end S in é’l . If (9,%) is an isomorphism of (3.1) upon (k4.2)
then, in particular, A ~ Z' < S implies A< S,

Conversely, let us assume that A ~Z' « S implles A= S, IfA ~Z' is empty
for some A in é”P, then A~ Z' « S, whence A < 5, for every S in G[. This is &
contradiction. Therefore, the members of 8; (and hence the members of & }}() are
non-empty and (gf course) finite-dimensionsl projective subspaces of '. If A, B
are members of C?P end if S, T are members of C { such tba.t A+ BO < 82~ T2, then

A8 = A~ X' =S ~ T and hence, by the condition, A= S ~ T, Similarly, B=S ~T.



15
As a consequence, if A # B, then S = T; equivelemtly; if S # T, then A = B. This
is enough to show that 6 and ¢ are one-to-ome, that (4.2) is a presentation, and,
finally, that (6, 2) is en isomorphism of (3.1) upon (4.2). And now the proof of
Lemma 4,1 is complete,

Although Lemma k4,1 is fairly obvious, it is quite importamt; on more than one
occasion the authors have drawn invalid conclueions by failing to check the necessary
(and sufficient) condition, |

Our next lemms bears more directly than the preceeding one upon the normaliza-

tion axioms:

Lemma 4.2. Every presentetion (3.,1) has a* least one smoothing isororphism upon

a presentation (4.2) which satisfies the four rormalization axioms (N.1)--(N.2').

f@_ﬁ;’}; As the proof of Lemma 4,2 will suggest, a preseubaticn (5.1) is likely
to have at least two essentially different smoothing isomorphisms upon presentations
subJject to the four normelization axioms,.

& Let (3.1) be any presentation. We begin by defining a smoothing iso-
worphism (9, I) as follows: I is the identity mapping of e { For each A in é’P,
Ap is the interscction of the membgre of G’I which cortain A, We set Z' = I,
= Co, €% = £ 1= & . Wenote that, by definition, A < S if and only

p P ! { [ ’ holds
if A6 ¢ S, for all A in cf’p, S in C’[, Hence, the property (i) of an isomorphism/
and n(Z', 8;) , (?2) is & presentation., If a given meaber A of fp is the intersec-
tion of & non-empty collection of members S of Cy, then A6= A. Hence (ii) holds.
If a given member S of (& [ is the union of a non-empty collection of members A of

C’p, then, since A ¢ A6 cS. for each such A, S is also the union of the collection

of corresponding members A, Hence (ii') holds. Thus we see that (9, I) is a smooth-

ing isomorphism. Since each member of é’i’ has the form A9, A in E‘P, and since
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é'/é = G[ s it is clear from the @efflnition of 6 that the presentation
n(zt, (Sé, 6{'() satisfies axiom (N.1), It should also be clear that if n(Z, {?p, c?[)
satisfies any one of the normalization axioms, so does n(z', 1'3’ ek).

Again let (3.1) be any presentation, and define (I,¢) as follows: I is the
identity mapping of é’p.' For each S in GI s S¢ is the union of the members of G’p
which are contained in S. This time, much as before, we may verify that (1,2 ) is a
smoothing isomorphiem of (3.1) upon a presentation which satisfies (N.1'). Moreover,
if (3.1) satisfies any one of the normalization axioms, so does the new presentation.

By iterating the two procedures in the two possible orders, we may define two
smoothing isomorphisms (91,61), (92, §2) of the presentation (3.1) upon presentations
which satisfy (N.1), (N.1'). The precise definitions are as follows: (a) For each
A in Ep, Ae‘l is the intersection of the members of & [ vhich contein A, and, fer

each S in EI, S§l 15 the union of the A9, where A ranges over the members A of @P

1
which are contained in S. (b) For each S in 6[’ 892 is the union of the members of
(S’P which are contained in S and, for each A in CP, A62 is the intersection of the

S¢_ where S renges over the members of @I vhich contain A. It should be clear that,

2
unless (3.1) itself satisfies one of (N.1), (N.1'), the two smoothing isomorphisms
will have different effects.

At this point we may reduce our considerations, without loss of generality, to a
presentation (3.1) vhich satisfies both of (N.1), (N.1'}. Let I be the intersection
of 81. Then, in view of (N.1), Z is also the intersection of @ . Similarly, by

(N.1'), if =, is the union of & o’ then I

1 1
I' to be the quotient projective space T /z (See Lemma 2,1), (.°' to be the collecs

is also the union of E’ Iz Now we define

tion of all members A of C?p, considered as proJjective subspaces of L', and e I'
to be the collection of all members S of C?[, considered as projective subspaces of

£'. It should be clear that the identity mapping of Z:l induces a smoothing isomorph-
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iem (8, @) of (3.1) upon =(Z', C?P', C?lf), and thet the latter is e presentation
subject to all four normalization axioms. This completes the proof of Lemme L2,

Later we shall note the effect of the normalizing procedures Jjust described upon
the presentation given in the proof of Theorem 3.1.

In what follows we shall consider additional axioms for presentations without
necessarily imposing the normelization axioms; The latter will have their value in
simplifying proofs and constructions.

5., The lattice axioms. Let us introduce the following notations in connection

with a presentation (3.1):

If A, B are‘distinct members of é?P, then [A, Bl is the unique member of é?l
containing A + B.

If S, T are d.istinct members of & { then [S, T]) is the unique member of (fp
conteined in S~ T.

The axioms (0) — (3) say almost nothing sbout the relation of [A, BJ to A + B or
of [S, T] to S ~T. Ia order to intensify the relationship between the presentation
(3.1) and the "carrying" space I, one is tempted to impose one or both of the follow-

ing lattice axioms:

() If S, T are distinct members of Cf[ , then [5, T] = 5.1,

(4*) 1If A, B are distinct members of C?p, then [4, Bl = A + B,

The axioms (4), (4') are dual to one another, We begin by studying the effect
of (4).

Lemma 5.1, If (3.1) is a presentation subject to axiom (4), then there exists

a proJective subspace £ of I with the following properties:
Q

(1) A~B = % for every two distinct members 4, B of C?P.
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(11) 1If A, S are members of @p’ &,, respectively, and if A is not contained

in §, then A~S =Z.

Proof. We begin by proving an auxiliary proposeition:
———

(111) If A, B are distinct members of é’p and if S is & member of E’[ which

contains A but not B, then S~ B = A~ B.

We note that (i), (11) certeinly imply (iii)——and this explains why (iii) is not
gtated in Lemme 5.1. To see that (iii) is true, note that [A, R]-is a member of C"l

which contains A and is distinct from S. Hence, by (4),

S~ [A’. JB] = Ao

However, [A, B]~B = B, and, consequently,

A~B = 8~[A BlAB = 8§ B,
which proves (iii).
Next consider three distinct members A, B, C of @p. If no member of e{ con-

tains all three of A, B, C, then, by (111),

[a, BlAC = AA~C = BAC,
and similarly with A, B, C permuted. Hence, in this case,
(5.1) A~B = A~C = BA~C.
If some member, S, of @f contains all three of A., B, C then there exists at least
one member, D, of ep which 1s not contained in S, Since S = [4, B] and since
A, B, D are distinct, then, by the previous case with C replaced by D,

S~D = AADzB~D=AAB.

This last equation must remain true when A, B, C are permuted. Therefore (5.1) holds
for every three distinct members A, B, C of (?p.

Finally, let A, B, C, D be any four distinct members of é’p. Then, by several
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applications of (5.1),
A~B = A~C = A~D

= BA~C = B~D = C~D,
Now it is clear that I exists with property (i). And then we deguce from (iii) thaet
£, also has property (11). This completes the proof of Lemma 5.1.

The following lemma is clearly dual to Lemma 5.1 and hence requires no further

proof:

Lemma 5.2. If (3.1) is a presentation subject to axiom (U4'), then there exists

a projective subspace I. of I with the following properties:

1

(1) 8+ T= I, for every two distinct members S, T of ‘Ef .

(i1) If A, S are members of (?p, (51 , respectively, and if A is not contained

in S, then A + S = Zl.

The following theorem is probsbly known in a more general lattice-theoretical
formulation., Nevertheless, it is a significant part of the present investigation.

Theorenm 5.3. If the presentation

n = n(Z, @p, eﬁ

satisfies both of the lattice-axioms (4), (4'), then the projective plene x is

Degarguesian,

Sketch of proof. In view of Lemme 4,1, we may assume without loss of generality
thet the normalization axioms ere also satisfied. In this case Lemma 5.1 holds with
Zo empty, and Lemma 5.2 holds with Zl =2, It follows repidly that, for some positive
integer t, each member of C?P has (projective) dimension t-l? each member of C?[
has dimension 2t-1 and the whole space & has dimension 3t-1. At this point we use

the vector-space representation (2.1) and prove the theorem of Desargues for = by

vector-space methods. We may safely omit the details, inasmuch as & similar but
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somevhat more complicated proof must be given later. (see Theorem 6.1.)

We shall omit examples of Theorem 5;3 until we have introduced certain "complete-
ness" axious.

Our next theorems will show that axiom (4) or (4'), taken alone, places very
little restriction upon presentations. It will be convenient to begin with a defini-
tion. If n is a positive integer and if F is a skew-field, let
(5.2) d(n, F)
be the least positive integer d such that a d-dimensional projective space L over F
contains at least one set of n2 + n + 1 distinct points having the property that each
subset of 2n + 1 distinct pointe, chosen from the set of n? +n + 1, is linearly
independent. This meens that if 1 < k S 2n + 1, each k of the points have as their
union a proJjective subspace of I of dimension k - 1. Obviously
(5.3) onS alp, F) S o2 +n
for all ghoices of n and F, Moreover, if, for q a prime-pover, d(n,q) denotes
d(n, F) for the case F = GF(q), it is easy to see that
(5.4) d(n, @) = 2n
for 8ll sufficiently large q. For example, d(2,q) =5 for q =2, 3, 4, 5 but
d(2, q) = 4 for every other prime-power q. Now we are ready for a theorem:

Theorem 5.4, Let x be a projective plane of finite order n, let F be a skew-

field, and let d(n, F) be the integer defined above. Then = has a presentation (3.1)

which satisfies axiom (4) and the four normalization axioms (N,1)—(N.2') and has the

following additionsl properties:

(1) £ is a d(n, F)-dimensional projective space over F.

(1i) Each member of c?P is a point of Z.

(1ii) Each member of € { is an n-dimensicnal proJjective subspace of Z.
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Remarks, 1l. In an earlier form of the present theorem, the dimension, a(n, F),
of £ was replaced by n2 + n, The improvement was suggested by Dale Mesner.
2. It seems likely that d(n, F) = 2n vhenever F has sufficiently meny elements.
Simple counting erguments show that this is true when F = GF(q). (see belowo)

Proof. It will be convenient to define

(5.5) V= n2 +n+1l, k=n+1,
of '
We choose L to ssatisfy (1)/ﬂheoren 5.4, Then, by definition, there exists at least
one set
(5.6) Pys Pps eees By

of v distinet points of I having the property that, for 1 § k 5 2n + 1, each k of
these points generate & projective subspace of £ dimension k - 1 over F. We take f?p
to be the collection whose v meuwbers are the points (5.6).

Next we enumerate the v distinct points of n as 1, 2, ..., Vo To the 1th point
of n we make correspond the ith member, Pi’ of C?p. To each line L of = there cor-
responds & unique set, J(L), of k distinct positive integers determined by the
requirement that i is in J(L) if and only if the ith point of n lies on L. To L we
meke correspond the n-dimenslunal projective subspace, L',of I generated by the

k = n + 1 distinct points P, 1 € J(L). And we define é} to be the collection whose

i
members are the L', vhere L ranges over the v lines of &, It should be clear at once
that
(5.7) n:(Z',, é)p: e{):
so defined, is a presentation of n. Now consider two distinct lines L, Mof n, and
note that

dim(L' ~ M') = dim L' + dim M' - dim (L' + M')

=2n - dim (L' +M'),
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Now L, M intersect in a unique point of n, say the 10 point., Hence J(L) s J(M) con-
8ists of precisely 2n + 1 distinct integers, and L! + M' is generated by 2n + 1 dis-

tinct members of Cip; that is, of (5.6). Hence
dim (L' ~ M) = 2n - 2n =0,

Therefore L' .~ M' is & point, namely the point Pi’ This shows that the presentation
(5.7) satisfies axiom (k).

If the union of t?P is &,, and if Z, has dimension less than d(n, F), we have
a contradiction to the definition of d(n, F), Hence Z, =Z. Thus axiom (N.2') holds.
By the definition of C?I, axiom (N.1') holds. Since axiom (4 ) holds, and since the
members of Czp are points, then axioms (N.1), (N.2) hold. This completes the proof
of Theorem 5.k4.

In a d-dimensional Desarguesisn space I, & valid theorem regarding pro jectives
subspaces of & remains valid when, in the statement of the theorem, an s-dimensional
subspace is replaced by a {des-l)sdimeneionsl subspace for each 8, and uplons and
intersections are interchenged., Applying this duality to Theorem 5.4k, we get:

Theorem 5.5. Let 1 be a projective plane of finite order n, let F be a skev-

field, and let d(n, F) be the same integer as in Theorem 5.4, Then n has & presenta-

tion (3.1) which satisfies axiom (4') and the four normalization axdoms and has the

following sd¢itional properties:

(1) £ is a d(n, F) - dimensional projective space over F.

(11) Each member of é°£ is a byperplane of E,

- w-{4i4) Each member of C?p is a projective subspace of I of dimension.

d(n, F) - n - 1 over F,

e s A e 2 o = s s e e

Just as in the case of Theorem 5.4, the original form of Theorem 5.5 had d(n,F)
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replaced by n2 + n, In this weaker form, Theorem 5.5 was obtained from the construc-
tion given in the proof of Theorem 3.1 by applying the normalization techniques (see
the proof of Lemms 4.2). Then Theorem 5.4 (in its weaker form)was obtained by duality.

It is quite possible that every projective plane = of finite order n has s pre-
sentation (3;1) with £ of dimension less than d(n, F). One possible method of proof
would be to start from the presentation (3.1) given in Theorem 5.5 and then attempt
to apply Lemma k4.1.

In view of Theorem 5.3, we can impose at most one of axioms (4), (4') if we hope
to construct presentations of non-Desarguesian projective planes, Since (4), (L')
are dual axioms, it matters very little which of (4), (4') we decide to investigate
further. We choose to retain axiom (4)., In view of Theorem 5.4, 1t seems desirable
to add further axioms as well.

Before leaving this section we shall skeich a rough proof of (5.4). Set

a8 = n + n, b = 2n
and let g be any prime-power such that
az ® .
Let ©Z = PG(2n, q) be the projective space of dimension @n = b over GF(q) and suppose
that, for some t in the range b + 1 § t 5 a, vwe have found a set T of t distinct
points of £ each b + 1 of which are independent. Then each set of b points in T

generates a hyperplane of I, end the number of hyperplanes so generated is at most
£y < <
< @5,

Therefore, there is at least

(P * 1) - (-1} (g-1) = 1

voint P of £ vhich is in nome of these hyperplanes. But then the set T w P consists
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of t + 1 district points of £, each b + 1 of which are independent. Therefore, by
mathematical induction, we get (5.4), —— It should be obvious that the lower bound
for q can be impreved greatly by a more refined analysis.

6. Rigidity. The following definitions will be useful in connection with a
presentation (3.1):

A member, A, of dﬁp is rigid (with respect to f?l) if, for every pair of dis-
tinct members S, T of (5? such that at least one of S, T contains A, it’'is true that
(s, T]= S~T.

A member, S, of £ { 1s rigid (with respect to (_°P) if, for every pair of dis-
tinct wmembers A, B of C%p guch that at least one of A, B is contained in S, it 1is
true that [A,B] = A + B.

Note that axiom (4) can now be restated as follows:; Every member of C:p is .
rigid. Similarly, sxiom (4') can be restated as: Every member of C:( is rigid.
Since, in the present paper, we intend to retain sexiom (4), the concept of rigidity
will mainly be of interest in connection with members of C?I'

For the next theorem we need the geometric definition of a translation plane. A

projective plane x is a translation plane with respect to & line L of n if Desargues'

theorem holds whenever the center of perspectivity is a point of L and the axis of
perspectivity is the line L itself, A very deep theorem states that if a projective
plane = is a translation plene with respect to two different lines then n is & trans-
lation plane with reppéct to every ore of its lines. In this case x 1s a Moufang
vlane (a plane coordinatized by en alternative division ring). For more details, see
Marshall Hall [4]. Wwe may add the following: Let n be a projective plane, L be one

of its lines, and n. be the affine plane obtained from = by deleting L and its points.

1
Then n is a translation plane with respect to L precisely when “l permits a certain
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principle of parallel propogation of triangles, frequently called the Little
Desargues' Theorem, In Bruck [5] this principle is called the Vector Axiom.

The following theorem together with its corollary, shows that, for a presentation
(3.1) subject to axiom (L), the existence of ome rigid member of cf’l implies that the
corresponding projective plane is a trenslation plane; and the existence of two dis-
tinct rigid members of 6’1 implies that the plane ig Desarguesisn. The fact that
Moufang planes do not enter explicitly shows clearly that rigidity is a property of
representations and not of projective planes.

Theorem 6.1'. If the presentation
(6.1) x = =(Z, Ep, @1)

gatisfies the lattice-axiom (4) and if some member, R, of G’[ is rigid, then the

projective plane x is a transletion plane with reppect to the line Rof n, If, in

addition, some two members A, B of é_ei exactly one of vhich is contained in R, have

the ssme dimension, then axiom (4*) holds end x is Desargussian,
Corollsry. If the presentation (6,1) satisfies axiom (4) and if two distinct

members of ti’{ are rigid, then n is Desarguesisn.

Remark., 'lo prove the Corollary we need only verify axiom (4*) by simple calcu-
lations. There is no need, for example, to sppeal to the deep geometric theorem

about Moufang planes mentioned above.

Proof. Let us cell a member, A, of _ ideal or affine according as A is con-
g . b2
*
tained in R or not contained in R. And let é; be the collection of affine members
of (f’p. Again, let us call R the ideal member of C ‘; 81l other members of & { are
*

affine members, and é’[ denotes the collection of affine members of (g & Then the
systen

* %* *

*
T = n(Z,@p ,81 )
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is the affine plane ﬂ* obtained from n by leleting the line R and its points.

In view of Lemma h..l we may assume without loss of generality that the normali-
zation axioms are satisfied. Then, by Lemma 5.1, every two distinct members of C’p
are disjoint (have no common points); indeed, eagh member A of C’p is disjoint from
every member, S, of (.OI which, does not contain A. We use these facts in computing
(projective) dimensions as follows:

The ideal member, R, of (9{ contains at least three distinct (ideal) members
A, B, C of C?p. By rigidity, R = A + B, Since A ~ B is empty, and hence has dimen-
sion -1,

dim R dimA + aim B - (-1)

dimA + dim B + 1.

The same is true with A, B C permuted. Hence, there must exist & positive integer i

such that

*
6.2 dlmA = 1 -1 Ae & - ;
(6.2) , > ~Cp
(6.3) dimR = 21 - 1.

Next let A, B be two (affine) members of é’p* and set
¢ = [a, B] AR
Then C is an ideal member of C?P, and
(A,Bl]= A +C =3B + ¢
since R is rigid. .Therefore
dim [A, Bl = dim A + dimC + 1,
and the same is true with A replaced by Bl. Hence there must exist a positive integer
a such that
(6.%) dmd = a - 1, Ae é’pf

(6.5) dim$ = i + a - 1, Se@[*.
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. Again, if A, B are two distinct members of & P* , our formulas yleld
dim [A, Bl- dim (A +B) =1 - &,
Therefore
: (6.6) 12a,

with equality precisely when axiom (4') holds. This explains the final sentence of
Theorem 6.1 (and also explains the Corollary.)
As previously shown, if A, B are distinct members of Gp*’ then
[A,Bl= A+C = B+C
where C « R, Consequently,
[A,B] +R = A+R =B +R,
From this and the normalization axiom (N.2') we may conclude that

(6.7) A+R = I, Ace é’P*.

’ By (6.7) end the fact that A ~ R is empty, together with (6.3), (6.4),
(6.8) dimfZ = a +2i-1.
In addition, (6.7) implies the following proposition:

*
(I) If the projective subspace W of L conteins at least one member of C°p , then

(6-9) W + R =3,

(6.10) dimW = dim (WA~ R) +a.

Note that to get (6.10) we use the formula
dim W + dim R = dim (W +R) + dim (W~ R)
together with (6.9), (6.8) and (6.3).
. The form of Desargues' Theorem which we need for the proof of Theorem 6.1 may be
stated as the Pollowing proposition:

*
(II) 1Let A, B, C, A', B', C' be six distinct wmembers of é’P and let 0, C", A"
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be three distinct ideal members of (fb such that (1) [C, A] does not contain O and

(11) the following equations hold:

(6.11) (A, A']J R = [B, B'1J~R = [C, C']JAR = 0,
(6.12) (A, B] AR = [A', B']JAR = ()
(6.13) (B, cJ]AR = [B', C']~R = A",

Then there exists en ideal member, B", of @, such that

(6.14) [c, Al AR = [c',A']JAR = B",

Proof of (II), We begin by concentrating on A, B, A', B', O and C". (We shall
derive, without explicit formulation &8s & proposition, a crucial result involving

these six members of C?p.) Let us define

(6.15) Z = A+B+A' +B,

(6.16) 0, = (A +A') ~ R, 0, = (B + B') ~R,
05 = (A +A') A (B +B'),

(6.17) ¢, = (A +B) ~.R, C, = (A' + B') ~ R,
c3 = (A +B) ~ (A* +B"),

Clearly

Oy c [a, A*]~[B, B'] = 0cR,

by (6.11), and hence

= = ' ) ' .
05 OBAR (A +A')Y)R~(B+B') ~R= 0, ~ 0,

Thus and similarly,

(6.18) 05 = °1’"‘°2’ c5 = C, ~C,

By proposition (I), together with (6.%),

dim 0, = dim (A +A') ~-a = & - 1.

Thus and similerly,

(6.19) dim 0, = dim O, = C, = dmC, =a- 1.
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From (6.15), (6.16), (6.18),
dim Z = dim (A + A') + dim (B + B') - dim (olnoe).
Applying proposition (I) three times to this, we get

dim (Z ~R) +8 =dim 0, +dim 0, + & - dim (01"02)

1 2
= 2a + dim (ol + 02).

Thus and similarly,

(6.20) dim (ol + 02) = dim (c1 + 02) = dim (Z~R) - a .
Ir
(6.21) Z, =0, +0, +C, +C

1 1 2 1 2’
then, obviously, by (6.16), (6.17), (6.15),

(6.22) Z, < Z AR

Again,
0, < {a, 8] ~R = O,
Thus and similarly,

A\
(6.23) 01 + 02 <0, Cl + 02 = Cc".

Since 0 -~ C" is empty, we see from (6.23), (6.21) that

(6.24) dim 2, = din (0

1 + 02) + dim (cl + Ce) + 1.

1
Now let us set

(6.25) dim (ZA~AR) = a+k-1
so that, by (6.20),
(6.26) | dim (ol + 02) = dim (cl + Ce) =k - 1.
We note from (6.26), (6.19) that
>

k-1l-= dim01=a-1
or
(6.27) k2 a.
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On the other hend, by (6.25), (6.22), (6.24), (6.26),
| kK+a-12 dim Z, = 2k -1,
whence a 2 k. By this and (6.27),
(6.28) k = 8

By (6.28) in (6.26), and by (6.19), 0, + 0, has the same (finite) dimension as

2

Ol'br'bé. Therefore O. = O,.. By this and (6.18), we may write

1 2
*
(6.29) 0, = 0, = o3 = 0.
Similarly,
*
(6.30) ¢, = C = c5 = C,

Moreover, by (6;28) in (6.25), end by (6.28), (6.25), (6.24),

Z ~R and Z, heve the same dimension 28 - 1, Thus, by (6.22), Z~R = Z,.
Now we use (6.29), (6.30) in (6.21) and get

(6.31) Z~R = 0% + C%,

In addition, by (6.29), (6.30), equations (6.16), (6.17) simplify to

(6.32) (A +A')~AR = (B+B')AR =(A+A')~(B+B') = 0%
(6.33) (A+B)~R = (&' +B')AR = (A+B) (A" +B') = C*
where

(6.34) o* « O, C* « C,

(6.35) dim O* = dimC* = a - 1.

Equations (6.31) - (6.35) constitute the "erucial result" to which we referred
at the beginning of the proof of proposition (II). If now we replace A, B, A', B',
o, ¢ by B, C, B', C', 0, A" respectively, we may conclude on like grounds that if
(6.36) X = B+C+B' +C'

then
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(6.37) X~ R = 0% + A%

(6.38) (B+B')~R = (C+C')~R = (B +B') A~ (C+C') = 0%
(6.39) (B+C)~ R = (B' +C')AR = (B+C)~ (B +C') = Ax,
where

(6.40) 0% < 0, A* < A,

(6.41) dim O*% = dim A*¥* = a - 1.

Note that, because (B + B') ~ R occurs both in (6.32) and (6.38), O* has the same
meaning in formulas (6.36) - (6.41) as in formulas (6.31) - (6.35).

Next we define
(6.42) B* = (C +A) ~ (C' +A4A").
We shall use vector methods to prove that
(6.&5) B¥* <« C¥* + A%,

Pefore embarking on the proof of (6.43) let us note that (6.43), together with
(6.42), (6.40), (6.34), implies that

B* <[C, Al ~[C', A'] ~R.

Hence, if we know that (6.43) holds and that B¥ is non-empty, we will be able to con-
clude that (6.14) holds for some ideal member, B", of éip (where, of course, B" con-
tains B*.) Therefore, we may end our proof of (II) (and of Theorem 6.1) with the
proof of (6.43).

By (6.15), (6.36),
(6.44) 7 +X=A+B+C+A" +B" +C".
Consequently, all of the projective subspaces A, B, C, A', B', C', 0%, A*, B*, C¥* are
contained in Z + X. Moreover, with the possible exception of B¥, all of these sub-

spaces have projective dimension a - 1.
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Next we need:

(6.45) Each of A +B, B +C, C + A is disjoint from O%.

We see this as follows: Since, by hypothesis, [c, Al is disjoint from O, and since
C + A, O* are contained in [C, A], 0, respectively, then C + A is disjoint from 0%,
On the other hand, A+B & disjoint from O% on the grounds that O, C" are distinct
ideal menbers of felf and that fA, B] comtains C" and therefore must be disjoint
from O%., And B+C is disjoint from O¥ on similar grounds.

At this point, we represent the projective space 7 + X as a vector-space over the
gkew-field F. We begin by selecting a fixed but arbitrary basis for O* over F:
(6.46) o* = {el, s voes ea}.
We note that 0%, A, A' are a-dimensional vector subspaces over F, that each two inter-
sect in the zero vector-space {0}, and that

0% + A =0% +A' = A+ A",

Hence (compere the similar remark in Bruck and Bose [1] ) there exists a unique basis

85 cees By
of A over F such that
_ |
(6.47) A= {al, cees aa}, A' = {el tag, eees et aa].
Similarly
(6.148) B = [bl, cees ba}, B' = {el by, eeep @y ¥ ba},
- LI,
C = {cl, ceey ca}, c' = {el UCTPIPRPPIL ca}.

Since, by (6.45), B + C is disjoint from O*, the vector-space
O* +A +B = 0¥ +A' +B
must have dimension 3a. Since, further,

A* = (B"’C)ﬁr(B' +Ci),
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it is clear from (6.48), (6.46) that

(6.49) A* = {bl = Cyy eees by - ca} .

Similarly

(6.50) B* = fe; -8y,..00, -0 )
C* = {al-bl, ...,aa-ba} .

Moreover, each of A%, B¥, C¥ has dimension “a as a vector-space. It is clear

from (6.49), (6.50) that

(6.51) A¥ + B¥ = B¥ 4+ C¥ = C¥ + A%,

This is more than enough to complete the proof of (6.43), proposition (II) and
Theorem 6.1,

At an earlier point we merely sketched the proof of Theorem 5.1. There we
needed to prove the unrestricted form of Desargues' Theorem. However, the essence
of the omitted proof (after some preliminary calculations concerning dimensions)
is a set of equations analogous to (6.46) - (6.51).

Tt will be convenient to sum up some of the details of the proof of Theorem
6.1 in the following lemma:

Lemma 6.2, If a presentation

(6.52) x(2,e,§ )

satisfies axiom (4) and the normalizetion axioms, and if € Thas a rigid member

R, then there exists an ordered pair (i, a) of integers i, a with the following

Erogerties:
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(a) 1 > a>0.

(p) £ has dimension & + 2i - 1.,

(c) R has dimrension 2i - 1.

(a) Each member of &, , distinct from R, has

dimension & + i - 1.

(e) A member, A, of ep has dimension i-1 or a-l

according as A is conteined in R _or not con-

tained in R.

The question of the possible relationships between the integers i and a is
an interesting one, According to Theorem 6.2, the case a = i cccurs only for
Desarguesian planes. Later we shall give '"natural" examples in which & divides
i. The following lemma shows that a given projective plane may be associated with
a range of values for a:

Lemma 6.3. If a projective plane # has a presentation (6.52) which satis-

A

fies the hypotheses of Lemma 6.2 with a > 1, then % has another presentation

which satisfies the hypotheses of Lemma 6.2 with the pair (i, a) replaced by the

pair (i, a-1). '

Proof. Let Z' be any fixed hyperplane of & which contains R. ILet ex') be

the set of all projective subspaces A ~ X', A € ep, and let e:,’ be the set

of all projective subspaces SAZt, S5 € € IR We shall prove that
(6.53) n(Z, eé: ‘eb )

is a presentation with the desired properties. For the proof we shall use the
notation and results of the proof of Theorem 6.1.

If A is in e;, then A+ R=y . Hence, if W is a projective subspace
of I containing at least one member of e;, then W is not contained in =7,

For any W not contained in X', W+ X' =2 and
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dn(WA2') = dim W+ dim Z' - dim Z
= dim W-1 .
In perticular,
(6.54) dim(A~Z') = a - 2, Aceg ,
(6.55) @im(8 ~2) = a-1+1-1, s«eej
Now suppose that A, S are in €, €, respectively. If [AAZ') (8.~ 5

D

is non-empty, then A .~ 8 is non-empty. But then, as shown in the proof of

Theorem 6.1, A is contained in S, From this it follows rapidly that (6.53)

is indeed a presentation. Indeed

[A~Z, B.~5] = [A B] ~ X

for every two distinct elements A, B of -ep, and

[S ~Z, T ~ )

(SAZ')A(TAZ')

for every two distinct members S, T of -ez
*G; , ~€p - e;, respectively, then

[A ~ Z', C]

il

S, T] ~ 5 = S~T ~Z'

In addition, if A, C are in
J 2

[A A 8',C ~3Z)] = [A, C] —~ X

A+C)~2 = (A~Z) + C,

the last step following, for example, by compauison of dimensions.

These remarks should suffice for the proof of Lemma 6.3.

marking that, although the mapping

X ———> X I

Tt seems worth re-
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(where X ranges over the projective subspaces of I ) induces an isomorphism
of the presentation (6.52) upon the presentation (6.53), this mapping does not
induce a smoothing isomorphism of (6.52) upon (6.53). What is much more likely is

that there exists a smoothing isomorphism of (6.53) upon (6.52).

7. Cgletion axioms. The following completion axioms are of interest in

connection with a presentation (3.1):

(5) Each point of I 4s contained in exactly one member of -eE.

(6) If A, S are members of , respectively and if A ~ S 1is non-

43,5

empty, then A < S,

We can, of course,write down duel axioms (5'), (6'), but we shall omit these.

Lemma 7.1. If a presentation (3.1) satisfies exiom (5) and one of ¥, (6),

— e e e e

then the presentation satisfies all three of (4), (5), (6) end all of the normali-

zation axioms.

Proof. Let (3.1) be a presentation satisfying exiom (5). In particular,

prvipepatind
f

then, if A, B are distinct members of lp, A ~B is empty,

Suppose further that (3.1) satisfies axiom (4). Then, by Lemma 5.1, if A,
B are members of ep and S 1is a member of € p) which contains B but not A,
A ~S = A~ B, which is empty. Hence axiom (6) holds.

If, on the other hand, axiom (6) holds, let S, T be distinct members of
€, endlet P bea point of 5 ~T. By axiom (5), P is contained in a
(unique) member, A, of -Ep. Then A~ S ~ T is non-empty and hence, by axiom
(6), A €« 8 ~ T. However, ST comtains one and only one member, s, T1,
of -CP. Therefore [S, T] = S ~T. That is, axiom (4) holds.

At this point we may assume all three of axioms (4), (5), (6). We note that
axiom (4) implies axiom (N.1), that axioms (&), (5) imply axiom (§.2), and that
axioms (5), (6) imply axioms (N.1') and (N.2'). This completes the proof of

Lemma 7.1.
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Lemme_7.2. Let (3.1) be a presentation satisfying axioms (&), (5), (6),

===ty

and let %' be a projective subspace of I having the property that A o

is non-empty for every member of A of '({".p. Then the mapping

(7.1) X w—> X' = X ~ 2

(wvhere X ranges over the projective subspaces of % ) induces an isomorphism of

the presentation (3.1) upon & presentation

(7.2) TEE RN A

which also satisfies axioms (4), (5), (6).

Proof. Here, of course, EI" is the collection of all projective subspaces

of form A .~ I', A & fp, and C’é is the collection of all projective subspaces
of form 8 ~ Z', S € E,Z'

If A~Z < S, where A, 8 are members of 2?13’ Bz respectively, then
A —~ I is non-empty and, therefore, by axiom (6), A < S. Consequently, by
Lemma 4.1, (7.2) is a presentation and the mapping (7.1) induces an isomorphism of
the presentation (3.1) upon the presentation (7.2). Similarly, if (AAZ)A(SAZ )
is non-empty, then A < S and hence A~ Z'< 8 ~ Z'. Therefore (7.2) satis-
fies axiom (6).

If P is a point of &' then, as a point of X , P is contained, by
axiom (5) , in exactly one member, A of Ep. Therefore P is conteined in at
least one member of EI'), namely in A ~ Z'. If B is a member of Gp dis-
tinct from A then P is not contained in B or B ~ Z'. Therefore (7.2) satis-
fies axion (5). In view of Lemma 7.1, the proof of Lemma 7.2 is now complete.

The following theorem is intuitively obvious from Lemma 7.2, but nevertheless

requires proof:
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Theorem 7.3. If a projective plane 7t has a presentation (3.1) which

S~

satisfies axioms (4), (5), (6) then = has a presentation (3.1) which satisfies

not only axioms (4), (5), (6) but also the following requirement: To each hyper-

plane Z' of I there corresponds at least one member, A, of E?P such that

A~Zt is empty. This means, in particular, that various menbers of t:p;,are

points,
Proof. (By Zorn's Lemms and Lemma 7.2) Let <L be a non-empty collection of

==sa=

projective subspaces of I , linearly ordered by inclusion, having the property that
if L is in <Q: , them L ,~ A is non-empty for every member A of E?p. Let
Lo = ~of . Consider a member, A, of C?p and the collection € ~ A of
all spaces L ~ A, L « . The collection o€ —~ A consists of non-empty pro-

jective subspaces of the finite-dimensional projective space A and is linearly

ordered, Hence oL ~ A 1is finite and has Lo ~ A as its least member (even
though L, is not assumed to ke in £ ) Therefore L /~A is non-empty for every
merber A of ‘(ip; Consequently, by Zorn's Lemma, there exists a projective sub-
space Zo of £ with the following two properties:

(1) A~Z  is non-empty for every member A of t:p'

(ii) 1If £t is a projective subspace of % which is properly contained in
T, then A ~ I' is empty for at least one member A of Zﬁp.
Applying Lemma 7.2 (with X' replaced by 25) we get the conclusion of
Theorem 7.3. - Note that if = is assumed to be finite or (more generally) if Z
is assumed to be finite-dimensional, Theorem 7.3 follows directly from Lemma 7.2

without the aid of Zorn's Lemma.
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8. Some presentations of Desarguesian planes. We begin by recalling some

facts ebout skew-fields and Desarguesian projective planes,

The center, C, of a skew-field K ds the set of all c¢ in K such that
ck = ke for every k in K, Aﬁd C is not only a sub-skew-field of K but also
a field. By a theorem of Kaplansky [2], & necessary and sufficient condition that
s skew-field K have finite dimension over its center C is that K satisfy a
non-trivial polynomial identical relation.

Next let 7 be a Desarguesian projective plane coordinatized by a gskew-field
K. First let us suppose that = satisfies a (universal) configuration theorem
which is non-trivial in the sense that/%: neither & consequence of Desargues' Theo-
rem nor equivalent to the assertion that K has characteristic p for some prime
p. Then (see Marshall Hall [3]) X satisfies a non-trivial polynomial identical
relation, Conversely, if K satisfies & non-trivial polynomial identical relation,
then % satisfies a non-trivial (universal) configuration theorem. By these re-
merks, coupled with the above-mentioned theorem of Kaplansky, a necessary and
sufficient condition that = satisfy a non-trivial (universal) configuration
theorem is that K have finite dimension over its center C. Now we are ready for
our first example,

Egggg;g=§é%é Let K ©be a skew-field which has finite dimension, t, over

somee sub-field F of its center. Let = be a (Desarguesian) projective plane

coordingtized by K. In the sense of (2.1) we may represent = in the form

n =Z (WK)
where W is a 3-dimensional vector space over K as a ring of left-operators.
Since K is t-dimensional over F and since F is contained in the center of K,
we may represent W as a 3t-dimensional vector-space V over F with the

following properties:
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(i) V admits X as a skew-field of left operators .
(ii) For O < 8¢ 3, the s-dimensional vector subspaces of W over K are
precisely the st-dimensional vector subspaces of V over F which are K-spaces
in the sense that they are mapped into themselves under left-multiplication by

elements of K, Now we define

£ = (VP ,

take Z?p to te the collection of all t-dimensional vector subspaces of V over
F which are KX-spaces, and take E} to be the collection of all 2t-dimensionel

vector subspaces of V over F which are K-spaces. Then, as is easily verified,
ﬂ(z 2 ep)8£)

is a presentation of % which satisfies axioms (4), (&t), (5) and (6). Moreover,
in the notation of Lemme 6.2, we have i = a = t.

Exemple 8.1 shows, in particular, that non-trivial configuration theorems
for Desarguesian plenes may be studied in new forms in higher dimensionel space over
a field. Using this example, and choosing ' to be a projective subspace of &
such that A ~ 2' is non-empty for every member A of ¥ we may derive new
presentations of ® - via the method of Lemma 7.2 - which satisfy axioms (L),
(5) and (6) but not always (U4'). We shall treat two cases.

Example 8.2, We start from Example 8.1, so that the projective space X

e e, St Wiy S e STV tms et St
Sty

has dimension 3t-1, the members of Z?p nave (projective) dimension t-1 and the
members of E} nave (projective) dimension 2t-1. We single out some member, R,
of t?z (and we observe, in passing, that the members of tﬂP contained in R con-
gtitute a spread of R in the sense of Bruck and Bose [1].) And, finally, we choose

a 2t-dimensional projective subspace, z', of I which contains R. Then
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R is a hyperplane of X', If A is a member of EP not contained in R, then

A ~R is empty, A + £*= A + R =Z , and

dim(A ~3t) = dimA + dim Z' - dim &

(t-1) + (2t) - (3t-1) = o.

Hence A .~ Z' is a point for each member A of Z?p which is not contained in

R. Now it is easy to verify that

n(Zh el 8 o
constructed in the manner of Lemma 7.2, is a presentation of the Desarguesian plane
% which has precisely the form given in Bruck and Bose [1]. The presentation
satisfies axioms (4), (5), (6). In addition, R is a rigid member of
Moreover, in the notation of Lemma 6.2, we have i =1t, a=1. It may be added
that, had we taken the projective subspace &' containing R to have dimension
2t + k instead of 2t, where 0 < k< -1, we would have arrived at a presen-
tation with a=k+ 1, 1i=t.

Before coing . to the next example we wish to have a lemma. We recall that
if t is a positive integer and q is a prime-power, then Z = PG(2t-1, q) is
the projective space of dimension 2t-1 over the finite field GF(q). Moreover,
a spread.,_4g, of £ is a collection of (t-1)-dimensional projective subspaces
of £ having the property that each point of Z is in one and only one member of
& . The number of members of . is q? + 1.

Lemme 8.3. Let .8 be a spread of I = PG(2t-1, q) and let Z ' bea

projective subspace of & of dimension 2t-k where 2 <k < t. PFor

1<igk let @ be the number of distinct members A of .& such that

A N 5 has dimension t-1. Then we may draw the following conclusions:




() If 1<ic< (k+1)/2 , then x, =0 or 1.

(b) If 1<1<j<k and 1+ Jgk, then x%, =0

(c) The equations

K t
(8.1) ZIoox = q +1 ,
i=1
k
(8.2) 2 qk'i X = q# + qk'l
i=1
hold.
gggg;;§£z=;. If k=2, t2>2, then X, = 1, X, = q?.
Corollary 2. If k=3, t >3, then either
t
(a) X = 1, x, =0, X = a4,
.t
or (B) % =0,%=a+1, %X =0 -4d.

Proof. We begin by assuming that, for integers 1, J such that

e e S S
-]

1<ig<j<k there exist distinct members A, B of _& such that A ~Z',
B ~ Z' have dimensions t-i, t-j respectively. Then, since A, B have no
common points,
(A ~ Z') + (B~ Z ')
is a projective subspace of X' of dimension
(t-1) + (t-3) + 1 =2t + 1 - (i + ) .

fherefore we must conclude that

i+ §J >k + 1 .
When we interpret this result for the cases i =J, 1<, we get (a), (v),

respectively,

To prove (c), consider a member, A, of & and set

w = dim (A + V).

Lo
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Then
dim (A ~%') = dim A + dim X' - W
= (%-1) + (2t - k) - w
and 2t-k < W < 2t-1.

Hence dim (A .~ Z') = t-1 where 1< 1 <k, Now the significance of the numbers
x; is clear, as well as the truth of (8.1). To prove (8.2) we note that, if
P is a point of Z', there exists one and only member, A, of _& such that
P is in A ~ Z¢. counting the mumber of points of t in two ways and
multiplying the results by g-1, we get
k
z
i=1

t-1+1
(a 1.

- l)xi = q2t-k+l -

Adding (8.1) to this, and dividing the result by

t-k+1
q

2

we get (8.2). This completes the proof of Lemma 8.3.

Corollaries 1, 2 follow readily from Lenma 8.%. Similarly, if, in Lemma
8.3, we teke k = b, t > 4, we get three cases, each as precise as the two cases of
Corollary 2. As is easily seen, the situation is much more complex if

t >k >5. Now we are ready for

Example 8.4, We begin by discussing & type of presentation

(8.3) = u(Z, C’p, Ez)

subject to axioms (&), (5), (6) in vhich the projective plane = has order q?

(q being & prime-power) and

(8.4) r = PG(6, q)
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For all we know to the contrary, the additional requirements which we impose on
the presentation need not force 7r to be even a translation plane, let alone
Desarguesian. However, as & proof of consistency, we conclude by showing that the
Desarguesian plane of order q5 has such a presentation.

Since »r has order q3 , ‘the number of members of C’D or of Z.} is
given by

(8.5) e = 161 = L+

By axiom (6), each member, A, of (& 1s disjoint from each member, S, of & 7
which does not contain A, As a consiquence, distinct members of BP are dis-
joint, By these facts and axiom (5), if S is a member of Eﬁ , each point of S
lies in one or only one member, A, of Z?p; and A is entirely contained in S.

Since 77 has order qs, each member of Zf£ contains precisely q3 + 1 distinct

members of (_op and each member of cf’p is contained in precisely c_? +1

members of C’Q . Our special conditions are indicated briefly as follows:
(8.6) Cp = ool vy
(8.7) l@é! =1, ‘6’1' - @+ & !0301 S
W , 1
(8.8) 5} = L v 0[?5\40295 ,
(8.9) lof)_‘_l = a+l, lofBl = q_j-q_, lcﬁ%l = q6 ,
& 0 &

(8.10) <f33 : 1 0 q3

685 : 0 q+l @-q

Equations (8.6) - (8.10) are to be interpreted as follows: @i denotes the
collection of all i-dimensional members of (,Op. & L and of 3 (W ef é denote,

respectively, the collection of all 4_dimensional and all 3-dimensional members
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of &, . The collections L 3 and oL j are disjoint and can be distinguished
according to table (8.10). Table (8. 10) is to be interpreted as showing the
number of members of fp of each of the three types contained in a member of

ot p) of any specified type. For example, if S is in 37% then S contains
g+l lines in 8p and q3-q points in Ep. Since the members of (‘?P are

disjoint, the number of points of S contained in the members of C?p is

(#13(ar)) + (P-) =@+ +arl ,
as it should be. Neturally, (8.7) gives the number of members of é?p of each
type and (8.8) gives the analogous numbers for (f’z

If S, T are distinct wembers of Zf.’z , then, by axiom (4), 8 ~ T 1isa
member of c‘j’p. On tre other hand, if A, B are distinct members of (2

p
and if § is the member of & , containing A, B, we have

(8.11) S > A+B ,

(8.12) dim S > dim A + dim B + 1.

There will be equality in (8.11) precisely whea there is equality in (8.12). 1In
particular, equality must hold in (8.11) if Ae (P, B¢ 631, or
Ae (¢, B € @o. The reason is that, in each case, table (8.10) uniquely
determines the type of S, and equality results in (8.12). Similarly, equality
holds in (8.11) if A, B € (Pl and if § is mot in &); in this case,
s ed 5 However, this discussion makes it clear that axiom (41) fails and
that (7, has no rigid lines.

The above discussion allows us to deduce that a table showing the number of

members of € p) of each type which contain a member of C’p of specified type

mist have the following form:
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<y Ly Ly

a; art £-q 0

(8.14) F 1 0 <
@ 0 1 %

To verify (8.14) we consider a member, A, of é’p and a suitably chosen member,

s, of & such thet A is disjoint from S . If T is a member of C
o 2 o o y4

containing Ao then T is distinct from So’ T ~ So is a member of pr;

and we will have

(8.15) T o= A+ (T ~8,)

for every such T provided the dimensions match. To begin with, let Ao be the
unique member of 6’2 and let So be any member of & é Then Ao is dis-

joint from So and T .~ So is either one of g+l members of * 1 or one

of q3-q members of 630. We must conclude that (8.15) holds in either case.

This verifies the line opposite @2 in table (8.14%). It shows moreover that if

we are given the unique member Ao of 5';, one member, So’ of £ é end

all the members of o D contained in So’ we can determine the ¢+l members

of °81+ and tle q_5 -q members of of5. Next let A be a member of & , end

let S, bea member of oL L disjoint from A . Again we get (8.15) for every
member, T, of (?p which contains Ao. And this time we can verify the line

opposite (P. in tables (8.14). At the same time we note that if we are given

1
two distinct members S, S, of é?fh (so that Sl ~ 32 is the unique member of

():'2) together with all members of (P contained in S, or S., we may express

1 2’
each of the q6 members of oF 5 uniquely in the form Al + A2 where, for
i=1,2, A; is one of the q3 members of 631 contained in S,. Finelly, let

A ‘be a member of GDO end let So be a member of <& - Since a member, T,
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of CDZ which contains Ao must be in ;Z% or ofé , we verify (8.15) and
hence the line opposite 630 in table (8.1k).
At this point it should be clear how we might attempt to construct a presen-
tation (B.3) with the properties explained above. It is by no means clear, how-
ever, whether even one such presentation exists. We may obtain a (Desarguesian)

example as follows:
Let

1
(8.16) R( oz, Cr Gy
be determined as in Example 8.1 for the case that F = GF(q) and t = 3. Here

(8.17) o = P8, a) ,

each member of 81') is a projective subplane of Z', eand each member of 1 z'
is a projective 5-space of X', Moreover (8.16) represents the Desarguesian
projective plane (of order q3 ) over GF(qB). Our first step is to show that we
can find at least one 6-dimensional projective subspace, X , of ' such that =
contains no member of (& .8" We may show this as follows: If Al, A2, are

distinct members of (¢ then S = A, + A, is a member of C z' and there exists

I')’ 1 2

a member, A5, of GI') disjoint from S. Since each A, 1is a plane of &, we
may choose a line Li of ' in Ai for i =1,2,5. Then, since Ll, L2 are
dis joint, Ll + L2 is a 3-space of S, and, since S, L5 are disjoint, the space
z = L+ L+ L3 has dimension 6. If the 6-space X, so constructed, con-
tains a member of (¢ 4! then (compare Example 8.2), for each member A of LOI',,
either A < X or A ~ % is a point. This contradicts the fact that Ain z

is a line, i = 1,2,3, Hence I contains no member of fﬂ"
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Now let I bYe any 6-dimensional projective subspace of Z' which contains

no member of (© ﬁ" If A is a member of 51'), then

dim(A ~ I ) dGmA + dim £ - dim(A+ X))
2 2+6-8=0.

Hence A ~ L has dimension O, 1 or 2, Moreover, by Lemme 7.2, the mapping
X > X ~ &,

where X ranges over the projective subspaces of %', induces an isomorphism of
the presentation (8.16) upon a presentation (8.3) subject to axioms (&), (5) and (6).
We wish to show that the resulting presentation (8.3) also satisfies (8.4) - (8.10).
If s contains two distinct members A, B of (?]; then = contains the
member A + B, of &,', a contradiction. Hence I conteins at most one member of

e pr If 8 is a member of é.?z', then

4 dim(8 ~ %) = dmS + dm £ - dim (A + Z)

[1AV4

z 5+6-8=3.

Hence S ~ Z has dimension 3 or 4 for each S in Cz'. Now we may apply the

Corollaries of Lemma 8.3 with the following replacements: t = 3, the
T = PG(5, 9) of Lemma 8,3 is replaced by S; the spread . of Lemma 8.3

is replaced by the spread consisting of all members A of (?z’ contained in the
member S8 of (& 4's the subspace L' of Lemma 8.3 , of dimension 2t-k, is
replaced by S ~ Z, of dimension 6-k. In particuler, k=2 or 3. Also, for
i=1,...,k x is the number of members A of é"I') euch that A < S8 and
dim (AAZ )=t -1=3-4i, Thus we have three possibilities (when we remember

that t = 3):
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(I) aim (8. AZ) = &4; x1=l, x2=q5.
R . _ _ _ 3
(II) d.:l.m(S/'\Z)=3, xl—l, xa—o) X5-—q.
(I11) ain (SAZ) =3 x =0, X,=a+1 X =0 - aq

The cases (I), (II), corresponding to x, =1, occur precisely when the member S
of Z' contains a member A of & 1‘) which is also contained in % . Since
£  contains at most one member of & I’) , we deduce that there certainly exists a
member S of 2.}' which corresponds to case (III). Consequently, there most
exist at least one member, Ao’ of C’é such that Ao A 2 is a line. We choose
such an Ao' Then, for every member A of CI'” distinct from Ao’ the member,
A+ A, of %’ must obey case (I) or case (III). Of the q5+ 1 members of Caz'
containing A, let y obey case (I) and the rest obey case (III). Then, by

counting the points of & in two ways, we deduce that

(a+1) + y(qF + q? +®4+q+1l-q-1)

+ (q? +1 - y)(q? rPrq+l-g-1)

= q§ + Q§ + q& + q? + q? +q+1

and hence that y = 1. In particular, £  contains a (unique) member of & I'J .
Furthermore, if ?i denotes the collection of all spaces of dimension i and
form A ~ Z ,tAé /j’l') , equations (8.6), (8.7) hold. Next we define °L=1+’
°f5’ of% /b{:e the collections of all spaces of form 8§ ~ £, Se& &', corres-

ponding to cases (I), (II), (III) respectively. If now we take A/ to be the
unique member of I'J contained in ¥ and consider the members of C?:e con-
taining Ao, we may use elementary counting to deduce the first two equations of
(8.9). The third then follows immediately from (8.5), (8.8). Moreover, table
(8.10) corresponds to cases (I), (II), (III). This completes our discussion of

Exemple 8.4,
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Example 8.1, 8.2, 8.4 should suffice to show that among the presentations
subject to axioms (4), (5), (6) there can be broad structural differences, even if
we assume that the presentations yield Desarguesian planes. Let us point out
the differences once more. If a projective plane = has a presentation of the
type in Exsmple 8.1, there is a maximum amount of symmetry. All point-spaces have
the same dimension, all line-spaces have the same dimensions, and all of the
axioms (&), (4*),(5), (6) are wlid. In particular, = is Desarguesian. If =«
has a presentation of the type in Example 8.2 there is still a great deal of
symmetry, Here one (rizid) line-space plays a special role, yet all affine point-
sapces have the same dimension, all ideal point-spaces have the same dimension,
and a1l affine line-spaces have the same dimension., Axiom (4') fails but axioms
(%), (5), (6) hold and (since one line-space is rigid) = is necessarily a trams-
lation plane., TFinally, we may regerd Example 8.4 as representative of a much
broader class of presentations satisfying axioms (%), (5), (6). Here no line-
space is rigid. Even more, every line-space contains point-spaces of distinct
dimensions and every point-space is contained in line-spaces of distinct dimensions.
We are at present largely ignorant of the nature of presentations of this latter
type, aside from the fact that they exist, but surely we have the right to expect in

the future & rich harvest of new combinatorial designs.
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9. The basic representation of a translation plene. We begin, for conven-
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ience of reference, by repeating a construction, given in Bruck and Bose [1], of

an affine plane

(9.1) x =x (2, ', .5).
Here I is a (Desarguesian) projective space of (some) finite even dimansion 2%,
£ ' ig a hyperplane of £, and £ is a spread of 2. (Thus & is a

collection of (t-1)-dimensional subspaces of 5! having the property that each
point of ' is contained in one and only one member of & .) The points of =
are the points ¢f Z which are not contained in %', The lines of =n are the
t-dimensional subspaces of X vwhich are not contained in Z' end which inter-
sect '  in menbers of &£, one for each line.

Tt was shown that = is en (affine) translation plane. Moreover, if =« is
some (affine) translation plane, and if R is one of the coordinatizing right
Veblen-Wedderburn systems, & necessary and sufficient condition that = have a
representation (9.1) is that R be finite-dimensional over its left-operator skew-
field . In addition, if R has finite dimension t over some gkew-field F
contained in the left-operator skew-field of R, then =« has a presentation (9.1)
with I of dimension 2t over F.

In [1], the :affine plane (9.1) was imbedded in a projective plane

(9.2) o = x*(z , =,.4)

by adjoining the members of AL to = as "points at infinity" and the spread
to = as the "line at infinity." If, for our line at infinity, we use the hyper-

plane L' instead of the spread £ , we get a presentation

(9.3) (2, & &)
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subject to axioms (4), (5), (6) and such that C?z has a rigid member, namely X °'.
(Note that, in terms of (9.1), the members of Z?P are the points of n and the
members of ,<? ; and the members of sz are the lines of = and the hyperplane

£1))

The presentation (9.3) satisfies the hypotheses of Lemma 6.2 (as well as
axioms (5), (6)) and corresponds to the case i =t, & = 1. Since we can readily
go back from (9.3) to (9.1), we now have the complete story (in so far as existence
is concerned) about presentations (9.3) which satisfy axioms (4), (5), (6) and
have i =t, a =1,

Either (9.1) or (9.3) can be considered as the basic representation of a
translation plane. In the sections which follow, we shall favor (9.1).

Before we leave this topic, we wish to pursue Lemma 6.2 a little farther.
Suppose that R is a right Veblen-Wedderburn system having finite dimension t
over some skew-field K contained in the left-operator skew-field of R. Suppose
further that K has finite dimension , s, over some subfield F of the center
of K. If = is a projective plane with coordinate ring R, then = has a
presentation (9.3) where Z is a projective space of dimension 2t over K, each
member of Eip has dimension O or t-1 over K, and each member of Zf} has
dimension t or 2t-1 over K. More or less as in Example 8.1 ?but with 3
replaced by s) we can represent I as a projective space L ¥ over F in
such a way that for each integer k >1, & (k-1)-dimensional projective subspace
of I (over X) is represented as an (sk - 1)-dimensional projective subspace of

T % (over F). 1In this way we replace (9.1) by a presentation
R(om o, Br, W

which satisfies the hypotheses of Lemma 6.2 (and also the axioms (5), (6)) and

has 1

st, a = 5. From such & representation, if s >1, we can clearly get
4

more complex representations, analogous to that in Example 8.4,

/

For the rest of this paper we shall be occupied with (9.1).
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10. Spreads as_sets_of transformations. 1In [1l] we described a correspon-

dence between spreads and sets of matrices. Here we rephrase matters slightly,
replacing metrices by linear transformations.
Let F be a skew-field, t > 2 be a positive integer, and ' be a

(2t - 1)-dimensional projective space over F. We represent Z' in form
(10.1) Zt = I (V/F)

where V is a vector space of dimension 2t over F as a ring of left operators.
Then a spread,,J2 of X' Dbecomes & collection of t-dimensional vector subspaces
of V over F having the property that each nonzero vector of V 1lies in
precisely one member of _ & .

Let A, B, C be an ordered triple of three distinct t-dimensional vector
subspaces of V, mutually disjoint in the sense that each two have only the

zero-vector in common, Then there exist one and only linear transformation

a - a'
of A upon B over F such that the linear transformation
8 - a+ &'
maps A upon C. To each linear transformation X of A into A over F there

corresponds a unique t-dimensional subspace, J(X), of V given by

(10.2) J(X) = {aX + a* | a € A}.

Then we define the first of

(10.3) J(®) = A = {a |ace a)
JO) = B = f{a' |a € A)
JI) = ¢ = {a+a | ae a}.

The last two definitiona are special cases of (10.2). However, as long as we
understand that A, B, C are mutually disjoint t-dimensional (vector) subspaces
of V and that a - a' is a linear transformation, (10.3), (10.2) sum up our

discussion so far. We should add that each t-subspace J of V which is dis-
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joint from A = J(®) has form (10.2) for a unigue linear transformation X of A

into A.

If X is an linear transformstion of A into A over F, let us define
(10.3) null X,

the nullity of X, to be the dimension of the subspace of V consisting of all a

in A such that aX = 0. Then, obviously,
(10.4) vector dim { J(X) ~ J(¥)} = null (X-Y) .

In particular, J(X), J(Y) are disjoint if and only if X-Y is nonsingular.
Now let A, B, C be an ordered triple of three distinct members of a
spread, £, of ='. Then, in terms of the above representation,,xf corresponds

uniquely to a collection

(10.5) e = &(a B, C)
of linear transformations of the vector space A (into itself) over F subject to

the following conditions:

(1) & contains 0 and I.

(i1) If X, Y are distinct members of & , then X-Y is

nonsingular.

(iii) If a, b € A, a# 0, there exists one and only one X

in &€ such that aX =1b .

Note that (iii) states that the nonzero vector b + a' is contained in a
unique member, J(X) , of & .

We note that conditions (i), (ii), (iii) are concerned with a collection
of linear transformations of a fixed t-dimensional vector space A over F. If

Cf]_ is a collection, with properties (i), (ii), (iii), of a t-space A, over
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F, and if P is any one-to-one linear transformation of Al upon A over F,

then the conjugate set

(10.6) e =t e, r,

consisting of the linear transformations P'lXi P, X; in C?l, has the properties

(i), (ii), (4ii) and involves A rather than A We shall make careful use of

l.
the process of conjugation in discussing the following operations on & collection

©
(I) Inversion. X - X* , for all X in ¥, where 0¥ = 0 and X¥ = xt
if X£0.

(II) Affine transformations, For two distinct but arbitrarily chosen menbers

Q, R of &,
(10.7) X- % = (R-Q)71(x-4
for all X in & .
Let us begin by noting that if (& has properties (ii), (iii) but not
necessarily (i), then the transformation (10.7) maps & into a collection & *

with all of the properties (i), (ii), (iii). It will be convenient to write

(10.5) in the form

(10.8) E = &(3(=), 30), I1)).

To understand inversion, let us attempt to replace & vy

Ex = £(3(0), 3(=), I(T)).

If we define the linear transformation @ of V by

a 6 = a', a' o =4a, VvV a& A=J(w),

then we note that 6r2 is the identity transformestion of V, that

J(w)e = J(0), J(0)e = (=)
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end that, for X e &, X£0,

J(X) e {aX6 +a'0 | a e J())

{a+(aX)' |ae J(»))

fl

{axL 4 a | & € ()}

JxYy .

This means that 6 (&% 6 is obtained from ¢ by inversion. To understand the

affine transformation (10.7), we attempt to replace & by

E* = ﬁ(J(oo), J(Q): J(R) )'

Here we attempt to define & linear transformation ¢ of V by the requirements

that
akKQ + (aK)' s

a¢ = a, a'p

(a +a')sd aLR + (alL)*

for all & in A = J(=), where K, L are linear transformation of A into A,
Then we must have

I + KQ=1IR, K=1,

whence
®-7t .

Therefore, for every X in &, if b=a K ,

K =1L

(aX* + a')¢ = a(X* + KQ) + (a K)' = bX + b?
provided that X* is given by (10.7). Now we have

J(=)o = J(=), J(xx)e = J(X),

for all X in &, vhence ¢ (&% o1 consists of the matrices X¥, We may sum

up these results in a lemma:
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Lemms_10.1. ket £' be a (2t-1)-dimensional projective space over a skew-

field F, expressed in the vector form (10.1). Let A, B, C and Al, Bl’ Cl be

two ordered triples of mutually disjoint members of a spread & of X', Then, if

e = a-'a(A’ B, C); El = 5(Al, Bl, Cl) 2

there exists a collection 2% obtained from ¢ by iteration of affine trans-

formations and inversion guch that

£ = L =% p

where P 1is a nonsingular linear transformation of V upon V over F which

maps Al, Bl’ Cl upon A, B, C respectively.

Proof: In view of tke preceding discussion it is enough to note the

=

following schema, which indicates the effect of successive transformetions:

X © R ] T
-1
Xl_(S-R) (X -R) : w 0 I T,
-1
X, = X~ @ 0 ® I T,
-1
x3 _(T2-I) (X2-I) - o 0 I

Here it is assumed that J(R), J(8), J(T) are three mutually disjoint members
of ,cf . (In the last line of the schema, the dash represents a linear trans-

formetion in which we are not interested.)
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11. Geometric properties of spreads. It will be convenient to introduce some

terminology in connection with spreads. If (as in section 10), £ is a spread
of a (2t-1)-dimensional projective space I' over a skew-field F, we shall

spesk of .& as a t-spread with coordinate skew-field F or as a t-spread over a

skew-field F, Each collection & defined as in section 10 (See, for example,

(10.5)) will be called a representation of & (by linear transformations.)

In addition, if n is an affine translation plane defined by (9.1), we shall

call the defining spread £ a Moufang, Desarguesisn or Pappus spread according as

the plane = 1is Moufang, Desarguesian or Pappus. Let us recall here that an
affine or projective space is a Pappus space if and only if it satisfies the axiom
of Pappus or, equivelently, if and only its coordinate rings are (isomorphic)
fields. Also, a projective plane is Moufang if and only if it satisfies the Little
Desargues' Theorem; an affine plane is a Moufang plane if and only if the corres-
ponding projective plane is Moufang. And Moufang plenes are those whose coordinate
rings are (isomorphic) alternative division rings.

The discussion in [1] regarding the coordinate rings of a translation plane
mey be rephrased as follows: Let ® be an affine translation plane given by
(9.1), where, for t > 2, ,<§ is & t-spread over a skew-field F. Let & be
& representation of & by linear transformations of a t-dimensional vector space
A over F (as a ring of left-operators.) Choose some nonzero vector, 1, of A

and define multiplication in A by

(11.1) a{lX) = X

for every a in A and X in ¢ . Then the system (A, + ,.), where + de-
notes vector addition, is a coordinate ring of = , namely a right Veblen-
Wedderburn system. Moreover (to within isomorphism) every coordinate ring of the
affine plane x (though not of the corresponding projective plane) may be obtained

in this manner,
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Although the properties of the right V. W. system (4, +, .) will depend
to some extent upon the choice of the identity element 1, we shall consider
only properties for which the choice of 1 is irrelevant. We begin by stating

the more immediate properties in an informal manner:

(11.2) (A, +, .) is & division ring precisely when & is closed under

addition (and then (¢, +) is an abelien group isomorphic to (A, +).)

(11.3) (A, +, .) is a (right) near-field precisely when ¢ is closed under

multiplication (and then (&, .) is a group with zero, isomorphic to
(4, .) .

(11.4) (A, +, .) is a skew-field precisely when (& , +, .) is a Tig {and

trer { €, +, +) &s a skew-Iield isomorphic to (A, +, .).)

We shall treat these properties in turn. If X, Y are elements of ¢ , there

are uniquely defined elements S, P of ¢¢ such that
(11.5) X +¥) = 1S, Y %E AP ..

Let us define

b = JX, c 1 .

Then, for all a in A,

ab + ac aX+aY = a(X+7Y) ,,

a(b+c) = a(1X + 1%) = a(1S) = as .

Hence we will have the left distributive law

ab + ac = a(b+c)

for all a, b, ¢ in A ifandonly S = X+ Y for each choice of X, ¥; that
is, if and only if & 1is closed under addition. When <& is closed under addition

the mapping
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(11.6) X -» X
is an isomorphism of (¢& , +) upon (A, +). Since a division ring is merely

a right V. W, system with the left distributive law, we have proved (11.5).

Again, with a8, b, ¢ as before,

(ab)e (aX)c

i
1

aXyY

a(be) a(cY) a(1XY) = &a(1P) = aP.

[}
i

Hence we will have the associative law of multiplication if and only if P = XY

for each choice of X, Y; that is, if and only if & is closed under multiplication.
When & is closed under multiplication, the mapping (11.6) is an isomorphism of
(& , .)upon (A, .). Since a right V. W. system (A, +, .) is a right near-
field if and only if (A, .) is associative and hence a group with zero, we have
proved (11.3). Since a skew-field is merely a division ring with associative

multiplication, (11.4) is row obvious. Our first theorem depends for its truth

upon deep known results:

Theorem 11.1. For t > 2, let & be a t-spread over a skew-field F, and

let 2 be a representation of £ by linear transformations. Then each of the

following statements implies all the others:

(1) £ is Moufang .

(ii) Every representation of 3 by linear transformations is

closed under addition

(iii) & is closed under addition and contains xt for every

nonzero X in &

(iv) & is closed under addition and contains "X for a1l

X, Y in & with Y £ 0.
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Indication of proof. (For various statements which we leave unproved, and for

adequate references to the literature, see Bruck [5], Hall [3].) (i) is equiva-
lent to the statement that every coordinate ring of = (the affine translation
plane (9.1)) 1is a division ring and hence (by (11.2)) is equivalent to (ii).
Next we shall show in deteil that (ii) implies (iv).

By (ii) and (11.2), (& , + ) 1is an abelian group. By this and Lemma 10.1,
(&%, + ) is an abelian group if & % is obtained from & by inversion. If X,
Y arein £, with Y £ 0, then XY 1 X is certainly in & if X =0or Y.
Hence we assume X £0,Y andset Z=Y-X, Then X, Z and Y are nonzero

elements of £ . Hence # % contains

We note that

XW2 = 2+X=1%, w=xtyz?

Hence W is & nonzero element of & ¥, Therefore ¢ contains

wl - ozyvhkx - x-xy?

and x-wt - xylx.

X

Thus (ii) implies (iv). Taking X = I, we see also that (iv) implies (iii).
Next we consider the meaning of (iii).

First let us assume merely that &£ is closed under addition so that, by
(11.2), (A, +, .) is a division ring. ILet Db be an arbitrary nonzero element

1 1

of A and let b~ be the unique element of A such that b b~ = 1. Then

(11.7) b=1X, bpl=1Xx, 1¥X' =1
for unique {nonzero) elements X, X0 of ¢& . Moreovey if X is an arbitrary

nonzero element of & , there exists one and only one element X' of &  such
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that (11.7) holds with b = 1X, For all a in A,
(ab)b™l = ax X' .

Hence the division ring (4, +, .) will have the right-inverse property

(ab)b'l = a
(for all a, b in A with b £ 0) if and only if (iii) holds. However (and
this is a deep result) a division ring has the right inverse property if and only
if it is alternative, This ends our sketch of the proof of Theorem 11.1.
For the sake of completeness, we restate (11.4) as follows:

Theorem 11.2, Under the hypotheses of Theorem 11.1, a necessary and sufficient

et s et s S i S S s v e
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condition that _& be Desarguesian is that (¢, +, .) be a skew-field.

Proof: Obvious from (11.4) and Theorem 11.1.

We may remark that Theorem 11.2 leaves something to be desired: We should
like more precise information about the relation of the skew-field (¢ , +, .)
to the coordinate skew-field F of .#. Our next theorem givas sharper results

for Pappus spreads,

let ¢ be a representation of &£ by linear trensformations. Then we may draw the

following conclusions:

(i) If £ is a Pappus spread, then F is a field.

(11) A necessary and sufficient condition that £ be a Pappus spread is that

(&£ , +, .) bea field,

(i41) If (&, +, .) is a field, then F is a fleld and (&, +, .) is an

algebra over F, More precisely, ¢ contains an irreducible linear transformation

X and consists of all elements of form

t-1
= c, X
i=o i

i

where the coefficients «c lie in the field F.

i
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Proof. X 1is Pappus if and only if some (and hence every) coordinate ring
(A, +, .) of the corresponding translation plane -+ is a field and hence if and
only if (2 , +, . ) is a field. As shown in [1], if A= (4, +, .) isa
coordinate ring of the translation plane (9.1), then F 1is a sub-skew-field of the
left-operator skew-field of A. 1In particular, if A is a field, then F 1is a
field, Next suppose that ( ¢, +, .) is a field, so that F is a field. Let

f bein F and let T be the unique element of & such that

1T = £1.

Then, for every a in A, by commtativity ,
aT = a(1 T) = a(f 1) = (fl)a = ®Hla) = fa .

That is, T is the scalar linear transformation f I. Consequently, for every f
in P and X in {2, ¢ contains the transformation (f I)X = £ X. Now it is
clear that (¢ , +, .) 1is an algebra (of dimension t) over F. The rest of
the conclusion of (iii) should be clear. This completes the proof of Theorem 11.3.
We note, in passing, the following geometric proof of (i). Starting from =,
given by (9.1), we pick & line L ofl 51 which is contained in no member of & 5
and a projective subplane, Zb, of £ which contains 1 but is not contained in
', It is easy to see that, if =« * is the extension of =n to a projective
plane, then %, 1is isomorphic to a subplane of 1¥, Hence, if = is Pappus,

2

then 22 is Pappus and F is a field.
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12, §S§2%§£=£E£S§2§- Before we introduce the concept of regularity we wish
to review some well-known facts. Let I' be a projective space and let J¢ be
a non-empty collection of non-empty, mutuelly disjoint projective subspaces of x,
Then by & transversal to 2 we mean & line, L, of Z' which has exactly one
point in common with each member of 9% . In particular, if 2Z' = Zi + 22
for two disjoint, finite-dimensional projective subspaces Zi, z 5 of ',
then it is easy to see that each point of Z', other than a point of Z 1 ©°F

z o lies on exactly one transversal to ;l’ Zé.

Now let us specialize to the case that, for t > 2, A, B, C are three
mutually disjoint (t-1)-dimensional projective subspaces of & (2t-1)-dimensional
projective space I'., Then each point of A, B or C 1lies on exactly one
transversal to A, B, C; and two distinct transversals are skew (i.e., disjoint.)
Let I be a transversal to A, B, C. We wish to determine the conditions ensuring
that to every point P of L there corresponds at least one (t-1)-dimensional
projective space D containing P such that every transversal to A, B, C has
exactly one point in common with D. For this purpose, let M ©be a transversal
to A, B, C distinct from L. Since L, M are skew, the projective subspace

25 =L +M is 3-dimensional and meets A, B, C in the lines A', B', C’
respectively. Every transversal to A, B, C is either disjoint from ZB or
contained in 23; in the latter case, it is a transversal in Z% to the three
skew lines A, B) C! If D exists for a given point P of L, then  Z; meets
D in a line D' through P with the property that every transversal in X 3
to A', B!, C' is also a transversal to D'. Hence, if D exists for every P,
8 well-known property of projective 3-spaces tells us that ZB is a Pappus space.
Moreover, if 25 is a Pappus space, then to each point P of L, there corres-
ponds one and only one line D' of Zs which contains P and meets every

transversal in ZB to A', B', C'. In particular, for the property which we want,



65
we must assume that the coordinate skew-field of D and % 3 is a field.

Let us specialize once again. For t 22, let £ be a (2t-1)-dimensional
projective space over a field F, and let A, B, C be an ordered triple of mutually
disjoint (t-1)-dimensional projective subspaces of . We represent ZI' in
form (10.1) and A, B, C in form (10.3). The points of A are the i-dimensional
vector spaces {a} , a € A, e # 0. The unigue transversal to A, B, C con-
taining the point {a} is the line {a, a'} . We observe that A = J(ac) con-
tains the point ( a)} for each a £0 in A eand thet, if k is an element of
F, J(xI) contains the point ke + a} for each a £0 in A, ~ We must note,

jncidentally, that the mapping kI is defined by

a(kI) = ka
for every a in A, Hence kI is a linear transformation of A for every k in
T only because the skew-field F 1is in fact a field. - Since, in the preceding
paragraph, we saw that there could be st most one D for each point P of L, we
now see that the spaces A = J(«) end J(kI), k € F, are all the (t-1)-dimensional
projective spaces of  I' vhich meet every transversal to A = J(»), B = J(0),

C = J(I) in exactly one point. The collection consisting of these spaces we call

the Eegulus

(12.1) g2 = (Z(a, B, C)

corresponding to (or conteining) A, B, C. Thus, for a (2t-1)-dimensional projec-
tive space It over & field F, (t > 2) a regulus is a collection, L, of
mutually disjoint (t-1)-dimensional projective subspaces of I' with the following
properties: (i) (K has at least three distinct members. (ii) Ew ry transversal
to three distinct members of (% is a transversal to JC . (1i1) If L is a

transversal to (£ , each point of L 1lies on a (unique) member of & .
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In the case t = 2, the members of (¥ are lines. In this case, the trans-
versels to A, B, C (and hence to the members of (X ) themselves constitute a
regulus (%', the opposite regulus to (R, and the two reguli x , J2' are
symmeirically related. For t > 2, the situation is clearly different.

Now we come to the concept of a regular spread. For > 2, let 4 be a
t-spread over a field F. We define ,X to be regular provided that, for every
three distinct (and hence mutuslly disjoint) members A, B, C of &£ s L con-
tains the regulus (¢ (A, B, C).

We note that if F = GF(2), then (A, B, C) has only the three members A,

B, C. That is: every spread over GF(2) is reguler. It is known that, if

t =2 or 3, all planes of order 2t are Desarguesien and (hence) Pappus. We
shall be unable to give any further information in this paper about t-spreads over
GF(2) where t is a prime, As the following theorem shows, regular spreads over
fields other than GF(2) are very well-behaved:

and let .£ be a t-spread over F, If K is a Pappus_spread, then _J is regular.

If X is regular, then 4 is a Moufang spread.

Corollary. If t>2 and if q >2 where q is e prime-power, a t-spread

et et e o
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over the finite field GF(q) is regular precisely when it is Pappus.

Proof. The Corollary depends on the known fact that, for finite projective

s i s
=====

planes, the Moufang, Desargues and Pappus properties are all equivalent. We proceed
to a proof of the Theoren.

To begin with, let the spread & ve regular., Then, in the notation of section
11, each representation 2 of £ contains all the scalar transformations kI,

k € F. We start from some & and perform the affine transformation

X o X* = (T-8)" (X-8)
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where S, T are two distinct elements of ¢ . The corresponding representation
¥ % must contain X* = kI for each k in F. Thus ¢ must contain
X = (L-%)$S + kT
for each k in F. Taking S = 0, we see that & must be closed under scalar
multiplication. Since F has at least three elements, we cen choose k so that

k and 1-k are nonzero. Then, if w is defined by

(L-X%Xw = k,

we see that ¢ must contain

(L - k){ws8) +kT=k(S+T)
and hence must contain S + T. Here we have assumed 8§ # T. However, since c
is closed under scalar multiplication, we may now conclude that ¢ is closed under
addition. Therefore every representation of £ is closed under addition. Comn-
sequently, by Theorem 11.1, .§ is Moufang.

If, on the other hand, we assume that & is Moufang (and thet F 1is a field)
then £ will be regular precisely when, for each representation & of £, o4
is closed under scalar multiplication. We have been unable to decide whether, in
fact, ¢ is closed under scalar multiplication. However, if & is Pappus, this
is true by (iii) of Theorem 11.3. The proof of Theorem 12.1 is now complete.

It seems a reasonable conjecture that regularity and the Moufang property are
equivalent properties for spreads over a field F. The conjecture is true when F
is the field of rationals, There remain the field F = GF(2) and the infinite
fields other than the field of rationals.

Before we leave this topic, we wish to record a simple but useful property

of regular spreads:
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Lemma 12.2. For t > 2, let o' be a (2t-1)-dimensional projective space

over a field F and let £ be a regular spread of Z'. Let L beea line of

T ' contained in no member of £ &and let (R be the collection consisting of all

members of .4 conteining points of 1. . Then OC is a regulus of 2t (and, of

course, L is a transversal to 2.)

P_:_I_'g____*g_f. There is no loss of generality in assuming that F has at least 3
elements and hence that the line L has at least four points. Clearly the con-
taining relation of I' sets up a one-to-one correspondence between the members
of (¢ and the points of L. Also, L is a transversal to C£. If A, B, C are
three distinct members of <&, the regulus di’l = (2(A, B, C) has one and only
one member which contains & specified point of L. By regularity, d?l is in /00
Consequently, (¥, = (¥, as claimed.

13. Switching sets. For t > 2, let o be a (2t-1)-dimensional projective

=y

space over a field F. By a partial spread, ¢, of L' wve mean a non-empty

collection, 2¢, of mutuelly disjoint (t-1)-dimensional projective subspaces of I'.
By a proper partial spread, 9¢ , of Z' we mean & partial spread, 20 , of =
which is not a spread of s,

By a switching set, 2¢ , of I' we mean a proper partial spreed, 4 of L'

for which there exists at least one conjugate partial spread, 2 ', with the
following properties:
(1) 2¢ and 9¢' have no common members.

(ii) 2¢ and 2DL' cover the same points.

By (ii) we mean that a point P of Z' lies in a member of ¢ if and only if P
lies in & member of 24 ', Note that 21' is a proper partial spread, in view of

(i1), and hence that J¢' is a switching set with 2r a8 one of its conjugates.
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Switching sets may be used as follows: Suppose that a spread, &, of =
contains a switching set DL . Let 9{' be any conjugate of J¢ . Then the
collection, .J£ ', obtained from & by replacing 9t by D', is also a spread
of Zt, Note that £ anda £ are distinct but have at least one common
member,

Conversely, let L s £ be two distinct spreads of ' which have at
least one common member. Let 2¢ be the collection consisting of all members of
_& which are not members of Jt, and let S¢' be defined in the same
menner with X and F*' interchanged. Then Dt end ' are conjugate switching
sets.

In the special case t = 2, let 9¢ be any proper pertial spread of the 3-
space ' which is a disjoint union of (one or more) reguli, R, of .
Then 9¢ is a switching set with a conjugate, O¢t, consisting of the union of the
corresponding opposite reguli, ¢2'. Thus, in terms of spreads, a fairly rich
theory of switching sets for the case t=2 has been sketched in [1]. We might
add that Dele Mesner has found a switching get of a finite 3-space which is not a
disjoint union of reguli.

Returning to the general case t 2 2, consider a peir, I, 95: of conjugate

switching sets of Z '. We may call J¢, X' a regular pair if

dgim (FJ —~ J') = d-1
for a fixed integer 4 as J, J' Yrange 6ver the members of 9L, DL' respec~
tively. Here, necessarily, & >1, in view of property (ii). When t =2, the
obvious example of a regular pair is a pair of opposite reguli. As the next
theorem shows, there exist many examples of regular pairs of conjugate switching

sets for t > 2.
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Theorem 13.1. Let

o S g Sty 8 e S s T o e dnt

(13.1) t=4s, Q=qd

where d, s are positive integers, gq is a prime-pover, and

(13.2) 522, Q>2.

1V

If & is a Pappus t-spread over GF(q), and if A, B are any two distinct mem-

vers of &8, then X may be expressed as a disjoint union

(13'3) /5 = {A, B} () %1 (o %2 -/ oo V%Q,-l

such that, for each i, the collection P = ﬁz’i is a switching set of

' = Pe(2t-1, q) with the following properties:

() The number of members of X is

(13.4) 12¢] = (q¥ -2)/(a-1).

(b) A conjugate, J¢', of 2¢ may be chosen in at least ¢(s) different

ways so that 27, 2¢' is a regular pair with

(13.5) dm (J ~ J') = d-1

for every J in 2¢£ and J' in 940,

Remarks. (1) If q > 2, we need only assume that _& is regular. (See

e g o
Pt

Theorem 11.1 and Corollary.) (2) For tiecase that t = s = 2, we may characterize
the decomposition (13.3) uniguely by requiring that for each i, the lines A, B

be conjugete non-secants of the doubly-ruled quadric defined by the regulus A T
Tt is not clear whether an equally geometric characterization exists in other cases.
(3) As the proof will show, the case that s is a prime is especially imteresting.

Tn comection with (b) we actually construct 1 + &(s) = s switching sets, one
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of which is 2+¢ , such that every two of the switching sets form a regular conju-
gate pair with property (13.5).

Proof. Let A, B, C be an ordered triple of distinct members of A& . Then

e s s
b=t~ —i—

we shell construct, in a unique manner, the switching set <X in the decomposition
(13.3) vwhich contains C. We represent 4, B, C in form (10.3) and define

(a4, +, .) by (11.1). Then (A, +, .) is a field A= GF(qt). The corresponding
representation, £ , of & by linear transformations of A 1s the set of all

right multiplication R(a), a € A, of A. Here, of course,

(13.6) b R(a) = Dba
for every b in A, If we define the mepping 4 of the field A by

(13.7) a¢.—.aQ v a € A ,
3

then ¢ is both a linear transformation of A and an esutomorphism of A of
order s. The multiplication cyclic group generated by ¢ has ¢ (s) distinct
genera‘bors.. Let © be any one of these ¢ (s) generators. Note that the
elements of A fixed by 6 (or by ¢ ) form a subfield GF(Q) of A = ar(Q®).

Fach & in A = GF(Q°) has a relative norm, N(&), defined by
s-1

(13-8) N(a) ] 8 Gi o
=0

|

Let 27 be the multiplicative group consisting of the linear transformation R(a)
where & has relative norm 1. For 9 we take the collection of spaces ‘3(Im);
and for 21' we take the collection of spaces J(8 /7 ). Note that if a, D

are arbitrary nonzero elements of A end if a = be, then, for x in A,

x(R(a) - OR(D)) = O
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if and only if
(13. 9 X0 = xc.
It is easy to see that (13. 9 has a nonzero solution x = if and only if N(c¢) = 1.
If (13.9) has a solution X £ 0, then the set of all solutions of (13.9) is the
set of all elements of form

k X,
where k ranges over the solutions of k 6 = k; that is, over the elements of

GF(Q) = GF(qd). In this case, the solutions of (13.9) form & d-dimensional vector

subspace of A over GF(q). Thus, in the notation of (10.3), if &, b £ 0,
(13.10) mil (R (a) - 6R(b)) = & or O

according as N(a) = N(b) or N(a) # N(b). By this and (10.%) ,

(13.11) vector daim { J(R(a) .~ J( R(p)) } = 4 or O

(for &, b # 0) according as N(a) = N(b) or N(a) # N(b). This is more than
enough to show that 9¢ = J(97.) end 2(' = J(6927, ) form a regular pair

of conjugate switching sets with

(1332 (T~ F ') = d-1.

Moreover, J7 is contained in _§ end contains J(I) = C .
Note that if s is a prime, and if ¢ is defined by (13.7), & can be
chosen as Oi for any 1 # 0 mod s. Moreover, if 0, i, J are incongruent

mod s, and if N(a) = N(b) £ 0, then
m11( 6 R(s) - & R(b)) = d.

This means that every two of the & =1+ ¢(s) sets J( 6 ®on),

0< n<s, forma regular pair J¢ , 9¢ ' of conjugate switching sets subject to
(13.12) 'The corresponding situation when s is not & prime is equally clear but
not worth stating.

It should be obvious that the Q - 1 switching sets in (13.3) corresponds to
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the Q-1 cosets off}}(in,tne'multiplicatiVe'group of :::, Here we are teking for
granted tne fact that the order of 7/{ , and hence tne order of jaf’, is

7. ( t
Ml = X (a° - 1)/(e - 1) .
However +the multiplicative group of & is cyclic of order qﬁ-l; and an element

a of A nas relative norm 1 if and only if a’ =1 wuere

1+Q+Q% + ... + Qd'l
@%-1)/(e-1) = (a®-1)/(a-1) .

Hence 77{ nas order r, as we assumed.

=
"

i

Tnis completes the proof of Tneorem 13.1. With very little change, we can
prove somewnat more, as follows:

Suppose as before that t = ds, s > 2, but now assume thatéfy is a Pappus
spread over an infinite field F wnicn is a cyclic spread in the sense that the
field A = (A, +, .) is a cyclic extensfon of F, with a generating automorphism
of order %. Tnen, as before, A hnas an automorphism ¢ of order s. From this
point onwards, we proceed as before. The main difference is thatxﬁfmust now be
decomposed in terms of infinitely many switching sets.

Referring to the hypotueses and proof of Theorem 13.1, suppose that,éyp is
represented by & , consisting of the matrices R(a), e € A, If we define

(: 1 in terms of 8 by replacing 7/{ by 677{ , tihen :fl does not contain
I and uence does not, properly speaking, represent & spread. However if we
choose a in A so that N(a) # 0, 1, and define fiz fron € by replacing

?vZR(a) by €7/( R(a), tuen 6?2 does not represent a spread Q//E. Moreover
as 1s easily seen, 6?2 is not closed under addition. Tnerefore )ff' is not

Pappus (and hence, of course, not Moufang.) Tnus we nave the following:
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Theorem 13.2. Let g be a prime-power and let t>2 bean integer. Then
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e

either (i) there exists & non-Desarguesian translation plane of order qt or

(ii) g=2 and t is a prime,

Proof. First we recall, from [1], that if _& is a t-spread over GF(q), then

the translation plane defined by .& has order qt. If q > 2 we may apply
Theorem 13.1 with d=1, s=t%t, Q=q If a=2 end t = ds with dze, s >2,
we may apply Theorem 13.2 with Q = qd = 2d s> 2. In either case, by the remarks
in the paragraph just preceding Theorem 13.2, there exists & t~spread K over
GF(q) which 1s not Moufang. This proves Theorem 13.2.

We may add the remark that if q =2 and t is a prime, then (13.3) still
holds with Q@ - 1 =1 and with &£ = %1 corresponding to the whole multipli-
cative group of & . But then we have no means of constructing a non-Desarguesian

spread from the given Pappus spread & , even though we have a perfectly good

switching set in /g .

1k, An example. As an illustration of the power of Theorem 13.1, we shall

e et e et 1y e B gy e
pet =

discuss planes of order 3h in terms of l4-spreads over GF(3). Here g=3, t=h.
We can take d=8=2, Q=9, ¢(s) =1, or d=1, s=4 Q=3 ¢(s) =2

Consider the matrices (over GF(3))

( 0] 1 0 0] fl 0] 0 0
X = o 0 1 O , T = ‘O o 0 1
\O c 0 1 \0 o 1 1
‘1 1 0 O \0o 1 2 1
These satisfy the relations
xu =I+X , T’lXT=x3, Th=I,

where T is the U-rowed identity matrix. The matrix X is irreducible and has

multiplicative order 5,4-1 = 80. Thus (in matrix form) the collection & con-
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sisting of the zero matrix O and the 80 powers of X is a field GF(Bh) which
represents & Pappus spread & over GF(3). Let % be the multiplicative group of
order 10 generated by X8 Then ZC represents a switching set of & , and
'1‘2% represents a conjugate switching set. Again, let £ be the multiplicative
group of order 4o generated by X2. Then oY represents a switching set of ,J R
and each of TX |, TBC,Y; represents a conjugate switching set.

Let us note the cosets, formed from 2¢, which are contained in . &, TL

and TBSC'
L X, 0<ig3
P i TILXE 0<i<3
DL PIXE 0<i<3 .

For a given i, 99X X' isa (representation of a) switching set with conjugate
Te% Xl; and T 9CX" is a switching set with conjugate switching set T35'6 X

Now let us note that the following collections represent spreads:

e o , £, L X

e o , £, TLX .
Here ¢ is Desarguesian (or Pappus) but ' is not. We may analyse £ further
by expressing o and <L X in terms of cosets %Xzi and 9‘51(21"'1. Ir 97
is any of these 8 cosets except ¢ itself, we may derive a new representing
collection from ¢ by replecing 7L by Tea)?'L ; and we mey make up to 7 such re-
placements simultaneously. Similarly, ¥ ' contains cosets o Xzi end
T ¢ X25'+l. If 7% is any of these 8 cosets except 9¢ itself, we may derive a
new representing collection from ¢&' by replacing 9n by T2 9 ; and, again,
we can make up to 7 such replacements simultaneously. In all we get

0.0l = B . 256

collections representing spreads.
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Note that we have been discussing representations (9.1) with t = 4, q = 3.

7

The 27 collections obtained from  can be distinguished from the 2° collec-
tions obtained from €' on the following basis: The planes corresponding to
the former have representations (9.1) with t =2, q = 9; the planes corresponding
to the latter collections do not. The planes cor® sponding to all of the 28
collections do have something in common, however, as the reader may verify by con-
sidering the role of a switching set corresponding, for example, to Ti K XJ.
Namely, all of the planes have systems of (translation) subplanes of order 9 to
which may be applied the process of Ostrom for planes of order 92. (See the dis-
cussion in [1].)

If le- is any one of our 28 collections, Tf,l determines an equivalence
class consisting of all collections obtainable from (jl by the processes of
inversion, affine transformation and conjugation. It would be of interest to have
a system of representatives for these equivalence classes - and perhaps also a
system of representatives for the subclasses under conjugation. Then one would have
a good start on the problem of determining all translation planes of order Bh.

The discussion of translation planes of order pu, p prime, is completely
analogous to the above for p odd, and corresponds to the case t =2, q = L for
p =2,

Similar studies may be made of translation planes of order pt where t 1is

s fixed positive integer and p is a variable prime,
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Added July 30, 1964. The foregoing was turned over to the typist about

April 15, 1964, In letters to Bruck dated June 14 and June 19, 1964, respectively,
Glnter Pickert and Wilbur Jomsson pointed out the close connection between our
paper [1) and an earlier paper of Andre [6]. (See also Pickert[7], pp. 199-220,
especially pp. 199-200.)

We may interpret Andrg 's comstruction briefly as follows: Let t be a positive
integer, V be a 2t-dimensional vector space over a skew-field F, lLet Kbe s
collection of t-dimensional vector subspaces of V over F such that each nonzero
vector of V lies in exactly one member of K. Define a system xt = n(K) as follows:
The points of = are the vectors in V. The lires of = are the cosets X + v vwhere X
is in K and v is in V, The incidence relstion of n is the containing relation of
V. Then x is a translation plane. Moreover, & translation plane = can be re-
presented in form n(X) precisely when x can be represented by Bose's construction.
(See section 9 of the present paper).

It should be observed that the Andre’and Bose constructions are quite differ-
ent. The former uses a vector space of even dimension 2t. The latter uses a pro-
jective space of even dimension 2t (and hence a vestor space of even dimension
2t, The latter uses & projective space of even dimension 2t. The latter uses &
projective space of even dimension 2t (and hence a vector space of odd dimension
2t + 1,) On the other hand, both constructions depend upon a spread. As Andre,
himself points out , the K of André's construction (called by Andre/ a congruence)
1s, in our terminology, the vector space form of & spread of (2t - 1)-dimensional
projective space. Thus the statement in [1]-- that spreads are used for the first
time in [1] for the geometric construction of planes-- is debatable.

The theory of spreads is, of course, equally important for both constructions.
In particular, Theorem 13.1 of the present paper is implicitly given by Andre’

( (6], p. 184.)
We should like to apologize here for & typographical blunder in [1]: We have

consistently misspelled the neme OSTROM.
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