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SUMMARY

A new approach to a solution of boundary value problems of thermoviscoelastoplastic
structures is presented. A concept of piecewise linearization which permits a superposition
of nonlinear quantities within the short discretized time increment leads to a coupling of
effects of various material characteristics over the entire history domain. Thus, the task
of arriving at a single constitutive equation reflecting all of these effects is replaced by one
of superimposing independent constitutive equations governing elasticity, viscosity, and
plasticity with one on top of the other within a small discretized time increment. Combined
nature of material response is reconstructed and maintained throughout the history of
load-deformation process by successively recalculating the material kernels based on the
results of the previous time increment.

In order to achieve this goal we first write the constitutive relations for the free energy ¢,
the stress tensor o'/, the entropy n and the heat flux g as follows:

0 = 0TI, Y, 0, V6, oD, o] 0
a.'! = 2[_]: n= H[_]’ q‘ = Q[_] (2)

where v,;, 0, and P ;7 in (1) are the strain tensor, absolute temperature and internal variables
for viscous behavior, respectively; ) and ? denote “elastic ” and “plastic ”, respectively.
The symbols [-] in (2) refer to the identical functional representation as in (1). Elastic and plas-
tic components of strain and internal variables are separated. This is because of the assump-
tion that viscous effect could prevail in the ranges of either elasticity or plasticity and that

the free energy may be expressed in the form,
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Here Ty, is the relaxation time.

With these preliminaries together with the first and second laws of thermodynamics
one derives the equations of equilibrium and heat conduction. In the present study, a three-
dimensional structure and numerical integration is carried out in time domain. As a result
of this formulation complete transient deformation and stress fields can be calculated from
the input heat source. The computed results so far obtained have confirmed the soundness
of the present theory and computational schemes,
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1. Introduction

Despite extensive studies in recent years on thermodynamics of non-linear dissipative
media, practical applicatlions of existing theories to solve complex engineering problems do
not appear to be readily available.

Since the fundamental studies by Coleman and Gurtin [17 many investigators have attempted
to incorporate the nonlinear behavior to materials with memory from the viewpoint of irrever-
sible thermodynamic processes. An equation of evolution as proposed by Coleman and Gurtin
(1] which includes the rate of change of hidden or internal state variables was used by
Kratochvil and Dillon [2,3], Tseng [4], and Hahn [5]. Their work was then related to the
theory of dislocations in dealing with the internal state variables. These studies may ap-
pear to be in contrast to constitutive equations of differential type proposed by Goleman
and Mizel {6], Schapery [7] and Kestin [8]. However, under certain suitable conditions most
of the qualitative results are similar to those obtained by Coleman and Gurtin [17. As al-
ternate approaches to [1-5], Perzyna and Wojno [9] used a symmetric second order tensor for a
hidden variable, and Valanis [10,11) introduced a functional "endochronic theory"., Liu and
Lee [127 and Green and Naghdi [13] discuss the kinematical interpretation of finite strains
assoclated with plastic strains., The viscoplastic theory by Malvern [14] and the limiting
maximum stress-strain relationship by Lubliner E15] and Cristescu Llé] may also be noted.
More exhaustive review on the thermoviscoplasticity may be found in Oden and Bhandari (18]
who used the Coleman approach and variational principle in arriving at a thermodynamic theory
of viscoplasticity.

Some of the previous studies based on the free energy functional In terms of histories
of strains and temperature involve considerable difficulties in handling the plastic behavior
coupled with thermoviscoelasticity. The objective of the present paper, therefore, is to in-
troduce an incremental theory which facilitates both analytical formulation and computational
procedure using the finite element method. An earlier work by the authors [19] without the
viscous effects substantiated the effectiveness of the present approach. It was also demon-
strated that either classical theory of plasticity or dislocation theory using the work of
Lindholm [20] may easily be incorporated into the final form of governing equations of equil-
ibrium and heat conduction [19,21].

In the present studv a smoothness assumption of free energv to be 'continuous" function-
al of the past histories of "inelastic" strains is not considered. Instead, we assert that
such smoothness can be assumed to be valild only for a small time interval or a fraction of
loading increments., Thus, a concept of piecewise linearization which permits a superposition
of nonlinear quantities within the infinitesimal or discretized history is effectively util-
ized such that, in essence, the difficult task of coupling the effects of thermoviscoelastic-
ity and thermoplasticity is carried out on the basis of material kernels initially decoupled.
Then, coupling or direct superposition is established by determining the plastic kernel from
independent viscoelastic responses within the small time interval or loading increment, This
result then is carried over to the next time increment by suitable difference operator.

Basic thermodynamic preliminaries and the proposed thermoviscoelastoplastic model are
presented in Section 2. Applications of this model, then, to obtain equations of heat con-
duction and equilibrium are given in Sections 3 and 4, respectively. Finally, some example

problems and concluding remarks are presented in Sections 6 and 7, respectively.
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2, Thermodynamics of Inelastic Solids with Memory

We begin with the results of the first and second laws of thermodynamics. The summary

is given below:

Conservation of mass fpodVo = fpdv (la)
Conservation of linear and angular momentum ZW: + pFJ-VpiiJ =0, ot = git (1b)
Balance of energy pe = ot ¥V, * qlli + ph (1e)
Clausius-Duhem inequality D+ él- ¢6, =0 (1d)

D = peﬁ - qJ'J - ph (le)

Here p 1s the mass density with the subscript , indicating undeformed configuration. o'/
is the second Piola-Kirchhoff stress tensor; superposed dots represent time rates; strokes
and commas are covarlant and ordinary differentiations; F' and u’ are the body forces and
displacements; Yy 1s the strain tensor; €, h, and T are the internal energy, heat supply
and entropy per unlt mass; q1 is the heat flux per unit area; 0 is the absolute temperature;
D is the internal dissipation. It is understood for small strains p, = p and for rectangu-
lar cartesian coordinates covariant and ordimary differentiations are the same.
The Helmholtz free energy 1s defined as

© = ¢-01] (2)
which upon substitution of (le) leads to

pp = oY, - D - pTf 3

The basic approach to the present study, as followed in the previous work [19] by the

authors, 1s to express the thermodynamic variables in incremental quantity for a small time
interval. This permits derivation of governing equations with a minimum of mathematical ma-
nipulations and simpler computational scheme, thus avolding complexities as occuring in the
functional theory of thermodynamic processes [1-13], It 1s proposed that the continuous
histories of material behavior may be discretized for a small time interval At such that the
free energy, the stress,(ghe)heat flux, the entfogy, and the plastic strain rate are func-
tions of elastic strains Y, plastic strains Vid, absolute temperature  and a set of inter-
nal (hidden) variables o, ;(r = 1,2, ...n) = %5;)+(Jiz)with (e) and () indicating "elastic"
and 'plastic'" behavior, respectively. Separation of the internal variables into elastic and
plastic components was not attempted in the previous literature. This idea, however, forms
an important part of the present paper. Further elaboration will be given later. 1In spite
of the principle of equipresence it can be shown that heat flux is a function of the tempera-
ture gradient while other quantities such as the free energy, stress and entropy are free of

its dependency. The foregoing statements can be written in the form

waey = 80V ey, v laey, ecary, O ey, Wl (ae)) (4a)
otd(ar) = 5,0v 5 tany, v, s, (a)fJ(Ao (giJ(At)] (4b)
e = K0S tan, e, s, B 6y, @ 0e)] (4e)
qi (ot) = étvlJ(At), ¥ilae, e@ry, voae), a”(At),%?fJ )] (4d)

A(P). (o) s ()
Tey = 35V ey, v e, 0 L85 e, W8] (4e)

L4/2



N —

o(r o ™)
300 = 400 ey, v, seo), @ e, 9 b)) )

L4/2

It 1is important to note here that all variables above are Iincremental quantities with the
T
range of smoothness confined within the small interval At. The internal variables(azj =

(TYe) (m(r)
@y + dlg are assumed to represent the time dependent viscous behavior, A superposition of

(&§:)and \f? implies viscoelastic properties whereas that ofSITJ)and Vid)refers to viscoplas-
tic behavior. For materials exhibiting no viscous properties, we would have(azj removed
from eq. (4a-e) above. The preceding arguments immediately suggest that one feasible form
of the free energy is the superimposed sum of all individual contributions of linear and

nonlinear behavior for the small time interval At, so that

(o) * )
pp(At) = —E‘Ju”YH(At)ijz,(At) + —ENMVH(At)vM(At) - BHIT(AE) Y (AE) - B“T(At)vf’;(At)

2 n noox X5 ) n
- iZT(A—tl -z B;,J)T(AtSa”(At) -z B,J)T(At)(a,’J(At) +2 D g ';fli‘ozi(j)(mf&) et
o T= r=1
(')(P) @) 2 (T (e P
oy (O BE) + i‘;”i 25 BEVeL0e) +‘&¥§’<At)viz’<m)§ )

where E' %4 and B!? are tensors of elastic and thermoelastic moduli; Bl gnd B0 are ten-
sors of plastic and thermoplastic moduli, their explicit forms to be derived later; c is the
specific heat; T and T, are the temperature change and reference temperature; Etg?z is the
array of material stiffness constants related to the internal variables. The specific forms

e (M e
of @,y and oy, are taken as

t t
D00y = [T (E2) ke ar, Qo0 < [ e (HED) Hhoc, mer @
where T is the time variable and T(,) is the relaxation time. It should be noted here that
a product of Vi:)Viz)is not included in (5) because of lack of its explicit form of kernel,
but the role of this term will be adequately accommodated by introducing the concept of
equivalent yield stress in the computational process. This argument applies to(grzgsgﬂalso.
Rewriting (3) likewise for a small time interval At and decomposing the total strain
into elastic and plastic components,
poae) = o e lics ey + ¥} - e - Mooten o
Dropping (At) for simplicity and in view of eq. (4), eq. (7) becomes
%\"ﬂ(:u i”%—\v{. s 204 +9$\—YS,)(.°) Do PEEQST) - o“«}fa,)- ot 1y{®% p + pNT =0 (8)
f‘” ’ vy DYy %
Performing the partial ?ifferentlatlon in (8) and requiring that (8) must be valid for all

arbitrary values of Vid and T, we obtain

otd = maRdy{pd T 4 E E‘(Q.V (f)(.) 9

ol = Bi]yij)-f By ;T + T Btg)&3§°)+ r%ﬁggg?ﬁ%’ (10)

o= A o o LD S UG B
\?ij)&r:f) + ,5131(:?(02(1)+ l;: B:;.‘)Tgl'i(f) (1)

It is also seen that the internal dissipation depends on the energy associated with plastic
strains and elastic and plastic components of internal variables,

To obtain a numerically more manageable form of the internal variable(;lz of (6), we
introduce a discretized form of ng with a linear variation in a small time domain At. This

operation leads to p

) (F e

Pas) = D8 e-1) + @ Yed (s-1) + C 1{UL(S) (12a)
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Vo) =D a1y + 5 Wy (e-1) + B ae)

where s represents any discretized time step and

L) ) Ty (r) (r) (r)y (ry  Teed ry
(A=exp<T(At)), B=T(,.)(<P-A> C=Tiry\l - & ] At 1 -4

Substituting (12) into (11) gives
*, (») P) ok .
D(s) =H 1kA9; | (8)V, g ()45 T ()4 D Lo )0t ¢ (s)V. ] Xe)
(e} (GILRICH (X)s
+¢ \7‘(‘ (s ))(A oy (s-1) + B vﬁz(s 1) 2 vk,&(s
) wlp) ()" )p) (r)e(
+C V”(s)><A drg (s-1) +B Vo Le-1) + B3 )
). n (T)EXe ) (rube)
+cC vu(s))} + Z; Bg,’)T<A &y g (- 1)+B'V”(s 1)
r=
We now consider for a moment a linear thermoelastic behavior alone, and then let the load
increase incrementally and permit the material to undergo plastic strains in increments. In
this process we avold a need for considering a yileld function combining viscous and plastic
behavior. Rather it is the purpose of the present study to determine status of ylelding
in increments based on incremental viscoelastic stresses, This treatment makes it possible
to use any plasticity theory completely independent of viscoelastic behavior. A superposi-
tion of these distinctively different properties then requires the incremental stresses to
assume the form
19 = glivdg 11g Lot &) ool gy fiyg 13
dotd = E Y4 - B T+r51§(,) doyy + E k4 - BLIdT (13)
Here we may use von Mises yleld criteria and after some algebra [19,23-26], we obtain
* - * -
EiJk‘e = -} lEiJlnzpqzlnEkfzpq s Btd = -4 lBlﬂZlnzszidkfl , H = E(p) + ngzcuEr'tu
in which E¢,) is the plastic modulus, Z,, is defined as Z ; = (3/25)(dJ/d'’), with & = equiva-
lent yleld stress and J = second deviatoric stress invariant, Detalls of these derivations

are given in [197],

3., Heat Conduction Equations

It should be noted that if in elastic rangqukz is gii)contributing to viscoelastic
stress which will then be used to calculate ﬁ“kz, 313 etc, If, however, the state of
stress is in the plastic range, then(alg is WEZ contributing to dissipation during the plas-
tic deformation. This reasoning is the basis for distinguishing the elastic and plastic com-
ponents of the internal variables.

A local form of the conservation of energy in terms of the entropy, internal dissipa-
tion and heat variablesas defined in (le) and (10) will be used to derive governing heat
conduction equations and subsequently the finite element model, Rewriting (le) for a small
time interval At iIn rectangular cartesian coordinate, we have

0 (at)N(At) - ¢ (At) ,; - ph(At) - D(At) = O (14)
In view of (10) and dropping (At) for simplicity, (14) assumes the following form:

* . ~ e~ T( 8 n
(THTCs)) {(B1Y + BL + 89 Y080 + (B + BYie) + < 4 3 Qr‘%gf?(s’
<} =1

P),
+ ZBt")( Z(J (a)} - q4;¢s) - ph(8) - Ds) = 0 (15)
=

where

* -1 % o 1%,

BtY =B Bz, ZgEP kL B =" B”ZUZNB“ , B=H Bz ,z,,BF¢

*

It can easlly be shown that B!?, ﬁ“ f, and B need be evaluated only for anisotroplc solids,

their values being zero for isotropic solids, Since elastic strains can always be determined
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from the elastic constitutive law and the total strains from the displacements by solving the

equilibrium equations, it is always possible Lo calculate the plastic strains as a difference
between the total and elastic strains.

In order to apply the finite element method to (I5) it is first necessary to introduce
interpolation functions associated with nodal values of temperature and displacements in the
form, T = (RT*, u = wlNuN. For the 8 node isoparametric element, we have ® = 1,.,.8,
No=1,...24, y = 1,2,3., 4 and yyy are the normalized interpolation functions for tempera-
ture and displacements, respectively.

The strain-displacement relationship is given by
Yy = %(ui,J + uy,; tuy,qug,y), or Yy = ANiqu + CNMiJuNuM
where Ay, and Cym;; are the strain transformation operators

1 1
Augg = 30w sy s Gemey = Sk dkm sy

Of all the possible avenues for solving the differential equation (15), Galerkin's me-
thod appears to be most convenient when combined with finite elements. Let the local resi-
dual of (15) be R and we require this residual to be orthogonal to the subspace spanned by
the function (} for each finite element. This yields

(R, q,>=fﬁn.,dv =0
J:(To +Qy T (S)> 3(5” +B1J + é 1) (Ang g+ 2Cupy yul )W (s) +

( (®)
S O E SH ORI DY WTORAE S Sh O
abs ) + enfa + D(s) 0,] av = 0 (1)

If we introduce the linear Fourier law, q* = Wi, s where ! is the thermal conductivity

matrix, it is possible to write

qu,JOR dv =fq“nj (O dA -fq"ﬂn yydv =fq"nJﬁRdA ft"ﬂﬂ,iﬂs,Jdvf
v A v A v

subject  to the boundary conditions q’ny = -q - @ (I-T") where ny; {s the unit normal to the
surface, & is the film coefficient, T and T’ are the element temperature and the ambient
temperature respectively and q is the value of heat flux on an element surface. The final

form of the local finite element heat coaduction equation becomes
(TVP)

N ERe) BT B (e) B @(s) + R (o) g () B R (8) - (7).

fdv,
+f ol € dA
A
(s) Qpdv
(@ - aT (s) dA
S dvI(s) T
To

pseudo thermoelastoplastic coupling vector,

(T i3 3 ~ ~
Rles [ ot @) (e + 20w a6+ [ ()0 B IR avE (s)

pseudo thermoviscoplastic coupling vector,
(] ) (e) n (t) (7
Py (8) f( B&.)ozu (s)+ EB&,Ja“ (~)oﬂav
r
pseudo thermoviscoplastic dl%alpatlon vector, fD (s) t/ﬁ D(s)(kdv
To the knowledge of the authors, the above heat conduction equation for thermoviscoe-
lastoplasticity with a complete list of explicit terms ready for computation is presented

here for the first time.
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4, Equilibrium Equations

It 1s understood that the heat conduction equation derived earlier results from the
second law of thermodynamics, whereas equilibrium equations can be obtained from the first
law of thermodynamics or the minimum potential energy principle. The finite element equili-

brium equation may be written in the form
Yy (a)
fv ot! —ﬁ-"-m dv = Fy (18)

(a)
where Fy 1s the nodal load vector. Now taking a variation of (18) to obtain incremental

form, we have

By, f (a)
fv dot? ;l—lﬁ— dv + J otd {g—z,%rl}dv = dFy 19)

It {s seen that the first term and second term in the left-hand side of (19) represent in-
cremental changes in stresses for material nonlinearity and incremental changes in strains

for geometric nonlinearity, respectively. In view of (13), we rewrite (19) in the form

Introducing interpolation functions into the strains and subsequently to the incremental
stress (13) the equilibrium equation (19) may be written in a compact form,

M (e) (a) ®) . u ] (TEP ) o) )
Jundi(s) + (Ryw  + Kyw + Kyy)du(s) = dFy (s) + dFy (s) + dFy (s) + dFy (s) (20)

ey (&) (p)
where Jyy, Kun, Kyy, and Kyy are the viscosity matrix, linear stiffness matrix, geometric

stiffness matrix and plastic stiffness matrix, defined as
) ®)
Jun =f _21 gt;")‘f' CAnygAny gdv 5 Kuy = IE”MAMLJANUNV,
v = v

(e
KMN)= J.ZU”CNMHdv > Kf:n:)= J. Et dphoy sBuygdv
v v

(TEP) (v)
and dFy and dFy are the pseudo thermoelastoplastic load vector and pseudo viscous load
vector( given by
TEP) %, M
dFy (s) = j (B!9 + B') Op(Ayyy + 204wy yuls)dv)dT(s)
v
) n r £) M
dFy (s) = j I g%:‘;zfA(;(&aﬂ(s-l) +(BAMk£(dﬁ(s-1)}AN“dv
=1

vrT
All terms not represented so far may be grouped in dIS:)(s) which may be called the pseudo
higher order nonlinear load vector. This vector, however, may be dropped because of its
negligible contribution.
5. Solution Procedure

For convenience let us rewrite here the equations of heat conduction and equilibrium in
a compact form

MasT® (8) + RysT(s) = Pa (s) 1)

JMNdl'xM (s) + K,“,duM (s) = dFy (s) (22)
where P and Fy are the sum of all vectors appearing in (17) and (20), respectively; and Kyy

is the sum of all stiffness matrices.
These vectors contain not only the input but also the histories of past stresses, strains,

and temperature, It should be noted that values of strains, displacements and temperature
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with (s) implying the current time increment can be lagged one time step in order to facili-

tate a direct numerical integration of the equations (21) and (22). The direct numerical
integration may be based on linear variations of the displacement rate dud" and temperature

rate T® within a time increment. Recall that we used a linear varlation of strain rate YV,

earlier to discretize the intermal variable(aad for explicit integration and this corresponds

to our present assumption of a linear variation of the displacement rate., This leads to a

recurrence formula for displacements,

adls) = @an + 55 Ko™ (B (5D - Kan &t duls-1) + dule-1)} + du(s-I5E + du(s-1) (23)
Similarly,
T(e) = (Nes + g—t R”)'1 (s (8) - R”(é—t TS (s-1) + T®(s-1) }+ T(s-l)é—t- + T(s-1) (24)

In the earlier paper [19] however, the authors used a linear variation of temperature rather
than the temperature rate within a time increment originally proposed by Wilson and Nickell
[22]. This is in the form,

Ts) = 2(Ras + 25 Nas) ™ (Ba (673) + 22 Wiy ™ (-1} - T (s-1) (25)

which 1s simpler and perhaps more stable than (24). Another attractive numerical integration
scheme is the fourth order Runge-Kutta method, tried in the present analysis and proved to
glve almost ldentical results as those discussed in (23) and (24),

Mechanical or thermal loading or both can be treated simultaneously. First elther nodal
displacements or nodal temperatures are calculated depending on initial and boundary condi-
tions and input data available. Based on either one of these quantities the other may then
be calculated. These histories then will be carried over to the next time increment with
the process being repeated as far as desired, The yleld conditions are checked with the
equilibrium equation in connection with stresses, element by element [23,24,25]., If any
element has yielded the plastic matrices ﬁijkz, gidkz, etc., must be constructed for that
element and the standard iterative cycles are repeated until convergence is achieved within
the time interval [19].

In the present study, we use the three-dimensional linear isoparametric function for
both temperature and displacement, and the integration for spatial domain is carried out by

an 8 point Gaussian quadrature [26].

6, Applications
Although external mechanical loadings can easily be applied, an example given here is

intended for determining temperature distributions, deformations and stresses only due to a
heat supply specified to a three dimensional body as shown in Figure 1, The computer program
is capable of also handling any type of geometrical and thermal boundary conditions includ-
ing the surface exposed to time dependent ambient temperature.

The three dimensional solid divided into 144 finite elements (equal size) is fixed at
both ends of the x-coordinate where no temperature is permitted to change. All surfaces are
insulated with a reference temperature of T, = 27° C, Other data are given in Figure 1. An
integration time increment of .0l hr. was used, which appears to provide a good eolution sta-
bility. The translent temperature distributions are shown in Figure 2  The curves indicate
the temperature rise from the reference temperature T, = 27° ¢, It is noted that effects of
plasticity on temperature distributions are negligible.

Figure 3 shows the transient displacements, w in the z-direction along the x-axis (sym-
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metrical results beyond 600 mm). It appears that the thermoviscoelastoplastic deformation
is larger than the thermoviscoelastic deformation in general, However, this 1s not the case
at the center (x = 600mm) where the heat source is provided during the early stage of defor-
mation, This 16 an indication that time must elapse before plastic deformation can occur.

To study effects of viscosity on displacements the results for elastic and elastoplastic
analyses are compared in Figure 4., At t = .4 hours it is clear that the elastoplastic dis-
placements are largest, followed by the elastic, viscoelastoplastic, and viscoelastic dis-
placements as expected,

The observation noted in Figure 3 is further emphasized in Figure 5 and Figure 6. Here,
for a given magnitude of stresses to develop, it takes larger strain or more time for thermo-
viscoelastoplastic behavior than for thermoviscoelastic behavior. In Fig. 5, the stresses
in the x-direction, oy for the top (first) layer are in tension and increase with time. Tt
is 1interesting to note that thermoviscoelastoplastic stresses are much smaller except at the
center for .1 hour. For the third layer (see Figure 6) where the stresses are locked the
center portion develops larger stresses as expected,

To give an idea of the stress-strain relationship which may be indicated by the stress-
time relationship, Figure 7 shows the equivalent stress-time curves for the element A as
shown in Figure 1., The plastic failure occurs after approximately 3 minutes at approximately
the prescribed yleld stress of 2.5 kg/mn® and the thermoviscoelastoplastic stresses gradually
increase and level off whereas the thermoelastic stresses keep increasing but are expected to
decay when temperature equilibrium is reached. Once again effects of viscosity are demon-
strated by a comparison with elastic and elastoplastic cases, and it is clear that slightly
higher stresses are associated with viscosity.

Lastly, ylelded reglons based on viscoelastoplasticity are shown in Figure 8. Yielding
starts about halfway between the edges and the center and gradually spreads to both direc-
tions, A complete yielding occurs after approximately 0.28 hours.

It 1s important to note that the present procedure takes into account the rate-dependent
plasticity by means of direct superposition of thermoviscoelastic behavior and thermoelas-
toplastic behavior within a small time increment, and, that this coupling and histories are
carried over to the next time increments,

Unfortunately, the authors are unable to locate reliable experimental data or analytical
results of other investigations if available to compare with our results. A future verifi-

cation of the present results 1s needed.

7. Concluding Remarks

An incremental theory of thermoviscoelastoplasticity, the finite element formulation,
and an example problem have been presented, An assumption of smoothness of free energy
functional containing inelastic behavior with the current values of thermodynamie process
taken as a "continuous functional’ of past histories is considered invalid. Rather, such
smoothness is assumed to be acceptable only for a small time interval,

In conclusion, this incremental theory requires a minimum of experimental data and is
quite flexible iu incorporating any type of yleld criterion, a classical theory of plasticity
or dislocation theory. The results of an example based on the classical theory of plasticity
presented here appear to be reasonable although a verification by experimental data in the

future is needed.
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