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Abstract

In this paper, the discrete type of least square in the weighted
residual method is used to give the elasto-plastic solution of
cylindrical flat shell. The method presented in the paper may be
effectively applied to solve the elasto-plastic problems of the
cylindrical flat shells with more complicated loadings and boundary
conditions.

The authors of this paper have worked out concrete computations
for several calculation examples, using the available programme on
a microcomputer. For these illustrations, the results of the
elastic solution compared with that of the classical analytical
solution are well agreed, while the results of the elasto-plastic
solution compared with that of the FEM solution, the deviation is
not significant. It shows the effectiveness of the method
presented by this paper.

INTRODUCTION

It is well known that for many practical engineering problems, the
classical analytical solutions are hardly obtained. Especially, it
is more difficult to get the elasto-plastic solutions or even the
problem can not be solved at all. If the FEM solution is used,
then,not only a large amount of work is required for entry of
original data and expends much computer time but also their results
are not desirable. By using the weighted residual method (Xu,1987)
there are specific advantages: simplicity, accuracy, quickness,
less work and cost, easy programming, the known residuals and very
suitable to use micro computer for practice.

This paper has used the discrete type of least square in the
weighted residual method to solve the elasto-plastic problem of
cylindrical flat shell. The trial function has been chosen such
that neither the interior differential equation nor the complete
boundary conditions will be satisfied. This is a hybridization
method. At the first, find an elastic solution of the cylindrical
flat shell and then gradually increase the loading by certain
order until the nodal points of the network reaching the elastic
limit. The corresponding strain is divided into two parts (elastic
and plastic srainsg, and according to the elasto-plastic constitu-
tion relation, the equivalent loading associated with the plastic
strain is obtained. Through a series of iteration process, the
elasto-plastic solution of the cylindrical flat shell is then
obtained, that is to use these linear solutions to approach the
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elasto-plastic solution.
FUNDAMENTAL EQUATIDNS AND BOUNDARY CONDITIONS

For the cylindrical shell shown in Fig. 1, we follow the basic

assumption of flat shell, in analysing. Its strain components can
be written as:
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in which, u, v, w are the niddle-face displacements of the cylin-
drical shell R is the radius of the shell.

If the plastic strain is denoted by ",", then the linear relation
between stress and elastic strain for isotropic material is
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in which, 6', q, 2; are the stress components, E is the modulus

of elastlclty, G is the shear modulus of elasticity and mis the
Poisson's ratio.

The differential equations of the cylindrical flat shells are:
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h --- thickness of the shell
THE DISCRETE TYPE OF LEAST SQUARE
Now the trial functions are chosen as follows:
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in which, I is the span along x direction.

In view of the trial functions in equation (3%-1) do not satisfy the
interior differential equations and the boundary conditions, there-
fore, substitute u, v and w of equation (3-1) into the fundamental
equation (2-4) of cylindrical flat shell and the corresponding
boundary conditions. Select some point (interior points) in the
domain v. to give the interior weighted residual equations, and at
the same time, also select some poins (boundary points) at the
boundary S to give the boundary weighted residual equations. Com-
bine these interior and boundary weighted residual equations and
finally they are writton in the form of matrix:

R} = [K1{r} - ({a} +{&}) (3-2)

in which {R} is the column vector of weighted residuals, [K] is the
coefficient matrix not varying with the iteration process, fr}is_
the indefinite coefficient vector and {Q]-is the loading vector.jQ}
has the same effect as {Q}on resulting in the displacements u, v, W,
therefore, it is referred to as the equivalent loading vector
resulting from the plastic strains.

According to the principle of least square, in order to let the
residual be minimum, we have to take the sum of squares of resid-
uals to the 1imit value and finally obtain a set of nonlinear equa-
tions with {r} as unknown vector. The matrix expression is as

follows: . . _
[KI [(KI{r} =[K] ({Q} +iQ}) (3-3)
which may be written as:

Kt=F (3-4)
THE ELASTO-PLASTIC SOLUTION FOR CYLINDRICAL FLAT SHELL
In order to calculate the plastic strain, assume the material of

47



cylindrical flat shell follows Von Mises' yield criterion and its
correlative flow criterion. ILet the uniaxial plastic strain-stress

curve be
e" = F(0) (4-1)

Extending this relation to cylindrical flat shell, obtain

in which, y
¢! =(%s )(e?+ey* verey +e5)” (4-3)
0: = (0% +0y-Cxly +3Tiy )2 4-4)

From equation (4-2), we may obtain
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The increment stress-strain relation, according to Prandtl-Reuss
law of flow, is
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In the iteration process (weng, 1982), we use the increment instead
of the differentiation and use the lower index n to indicate the

iteration up the n th step. Assuming up to (n-1) th step, we have
known the displacements Wo_qs vn_1and W the stresses (§

n-1° xn-1’
6yn—1 ”nyn—1; the increment loading {AQ} and the increment equiv-

alent loading {4Q}, after using equations (3-4) and (3-1) to find
Wy V,, W,y We obtain auw = u, -u . Avn= Yy V-1 AV, =W W g

On the other hand, from the known 6xn-1 , 6yn—1’ Txyn—1 , thus ac-

cording to equation (4-3), (4-4) and (4-5), Ae"; may be obtained.
Thus, from equation (4-6), ae" Ae"yn and Aenxyn can be found.
From these increment plastic strain {40} can be calculated, and on
substituting it to equations (3-4) and (3-1), u, v, w and au, av,
AW are obtained once again. Repeat such procedure above, until
the difference values of au, av, aw between two successive times
are so small that they can be neglected.

ILLUSTRATIONS

Example (1). Square plate (Let—% ————— » O, the cylindrical flat
shell degenerates into a thin plate) with four sides simply sup-
ported, is subjected to uniformly distributed lateral load q, as
shown in Fig.2. The material is ideal elasto-plastic with
Poisson's ratio s =0.3. The curve in the figure shows the relation
between loading and the central deflection of plate (interms of
dimensionless parameters) calculated both by reference (B#cklund,
1974) and this paper. Mp, in the figure, is the yielding moment of

the plate.

Example (2). For the cylindrical flat shell shown in Fig.3. the
material is ideal elasto-plastic with modulus of elasticity

B=2.1x10% MN/n®, Poisson's ratio s =0.0, yield limit G,=4.1 MN/m2,
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half span length I=7.6m, radius R=7.6m, sickness of shell h=0.076mn,

ol=40". The shell is subjected to uniformly distributed vertical
load. The curve in the figure shows the relation between the load
and the vertical displacement of point B at the middle of free edge,
as calculated by both the reference (Backlund, 1974) and this
paper.
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SOME EXPLANATION

1. If the chosen trial function cannaturally satisfy the interior
equations (boundary method) or the boundary equations (interior
method), then the required amount of interior storage can be saved
and get excellent effect. For the rather complicated boundary
conditions, however, it is difficult to find obove trial function,
and is not easy to arrange a programme of extensive suitability for
commen use.

2. If the structure and load are all symmetric, we may calculate
quarter or half shell, in order to save the required amount of
interior storage and the computer time, provided that the points
disposition of symmetrical edges must satisfy the symmetrical
condition of the cylindrical flat shell. The two examples men-
tioned above are all be calculated with quarter shell.

3. In calculation of increment equivalent loading {ACQ],numerical
method has still been used for the operation of all equations.
Generally, six or eight equal intervals are made along the
thickness of the shell.

4. TFor the convergence criteria generally may be classified into
types of non-equilibrium force, displacement and energy, the
displacement convergence criterion has been used in this paper, and
that is determined by the asymptotic degree of displacement
increment mode.

5. In above two examples the results obtained by this paper has
only a little difference to that by reference (Bicklund, 1974).
This may not be referred to error, owing to that these two methods
are both of the numerical solutions.

CONCLUSICN
The method presented by this paper may be used to analyze elasto-
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plastic problem of plates and shells. It has the distinct

advantages that not only both the formulas and calculation
procedures are rather simple, but also it is easy for programming
and operating by microcomputer. Meanwhile, it has reflected more
accurately the stress and displacement fields in the elasto-plas-
tic problem of cylindrical flat shell. It has only a little
error and can satisfy, generally, the engineering requirements.

This method can easily extend to rather complicated elasto-plastic
problem of plates and shells. Thus, compared with FEM, it has the
advantages: less entry of information, greatly decreasing the
amount of handwork and furthermore, less computer time to be
expended.
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